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Abstract. The purpose of the paper is to provide a general method for computing
the hitting distributions of some regular subsets D for Ornstein—Uhlenbeck type operators
of the form %A + F -V, with F' bounded and orthogonal to the boundary of D. As
an important application we obtain integral representations of the Poisson kernel for
a half-space and balls for hyperbolic Brownian motion and for the classical Ornstein—
Uhlenbeck process. The method developed in this paper is based on stochastic calculus
and on the skew product representation of multidimensional Brownian motion and yields
more complete results than those based on the Feynman—Kac technique.

1. Introduction. A detailed knowledge of the hitting distribution (equiv-
alently: harmonic measure) of a domain for a diffusion with a given gener-
ator A is fundamental for solving many potential-theoretic problems, e.g.
the Dirichlet problem for a domain or the Harnack inequality or even the
boundary Harnack inequality for harmonic functions with respect to A.

In this paper we compute the hitting distributions of some subsets D for
operators of the form %A + F'- V on subsets of R™. It is worth pointing out
that even in the case of the classical Ornstein—Uhlenbeck diffusion explicit
formulas for half-spaces or balls were obtained only quite recently (see [2]
and [14]). Although the inspiration for our work comes from the paper [10],
where the potential theory for bounded sets D and the operators

(1.1) %AJrF-V

was established, the purpose as well as most of the technical tools are here
different: instead of setting up a general theory, we focus on providing explicit
formulas for hitting distributions for some important operators of the above
type and sets D. The importance of explicit formulas is highlighted e.g. in
the recent papers [7] and [16], where the precise asymptotics for the Poisson
kernel for Bessel diffusions was obtained. Throughout the paper we assume
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that the vector field F' in (1.1 is bounded and orthogonal to the bound-
ary of D. The method developed here is based on stochastic calculus and
Girsanov’s theorem and consists in computing various integral functionals of
Brownian motion and representing them in terms of special functions.

We provide a closed formula for the density function of the hitting ditri-
bution, i.e. the Poisson kernel of a half-space or a ball for hyperbolic Brown-
ian motion or for the classical Ornstein—Uhlenbeck process. The importance
of hyperbolic Brownian motion stems from the fact that it is the canoni-
cal diffusion on hyperbolic spaces; it also has some important applications
in risk theory in financial mathematics (see [II] and [20]). Explicit inte-
gral representations are crucial in obtaining estimates of the Poisson kernel
and of the Green function [4], [8]. In these papers, the main tool was the
Feynman—Kac formula, applied to describe the distribution of a stopped
multiplicative functional. The present approach, based on methods related
to Girsanov’s theorem, enables us to obtain representation formulas for the
Poisson kernel, different from those mentioned above. The advantage of this
approach is seen in Theorem 4, where we obtain the precise asymptotics
of the Poisson kernel for large values of parameters. Another result worth
mentioning is Theorem 6, where we provide a convenient representation of
the Poisson kernel of a ball. Also the formula for the Poisson kernel of a ball
for the classical Ornstein—Uhlenbeck diffusion is more complete than the one
obtained in [14] (as a series representation only).

The paper is organized as follows. In Section 2 we provide a general frame-
work for the next sections. Throughout the paper we assume that in
we deal with a potential vector field F' on D, orthogonal to the boundary.
Under this assumption, with the aid of stochastic calculus and Girsanov’s
theorem, we establish a general formula for the harmonic measure of the
set D (Theorem 2).

In Section 3 we provide a closed formula for the Poisson kernel P(z,,y)
of a half-space for the hyperbolic Brownian motion on the real hyperbolic
space H" (Theorem 3) and provide an asymptotic formula for P(zy,y)
(Theorem 4). In Section 4 we provide an integral representation of the Pois-
son kernel for concentric balls for hyperbolic Brownian motion on the ball
model D". We remark here that a similar representation from [5] depends on
additional conjectures on the zeros of some hypergeometric functions which
so far remain unsettled. The important tool here, as well as in the next
section, is the skew-product representation of the n-dimensional Brownian
motion. In Section 5 we provide an integral representation for the Poisson
kernel of a ball for the classical Ornstein-Uhlenbeck process (Theorem 7). In
Appendix we collect some useful information on Bessel functions, hyperge-
ometric and Legendre functions and on the skew-product of n-dimensional
Brownian motion.
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2. Change of measure due to Girsanov’s theorem

Notation. For n > 2 we denote by R" the n-dimensional Euclidean
space, (z,y) denotes the standard inner product of z,y € R™, and by |z| we
denote the Euclidean length of a vector x € R™. The ball with center at zero
and radius r is written as B, = {z € R" : |z| < r}; its boundary, which is
the (n — 1)-dimensional sphere, is denoted by S?»~! = {z € R" : |z| = 7} and
the spherical measure on S”~! is denoted by ¢ 1. Furthermore, we write
f(z) ~ g(x) as © — b when lim,_,;, f(z)/g(z) = 1. If for two functions f and
g there exist constants ¢1, co such that ¢; < f(z)/g(x) < ¢g for every x € D
we will write briefly f ~ g,x € D.

Throughout the paper D will stand for a domain in R"™ with a smooth,
connected boundary 9D, and F will be a bounded vector field which is
defined on an open Lipschitz set U containing D. We assume that F' is con-
tinuously differentiable up to the boundary of U and continuously vanishes
on the boundary of U. We further assume that ' = VV on D for a scalar
valued function V' and call the function V' a potential (and F a potential
vector field on D). We set F' =V = 0 on the complement of U. We say that
the vector field F' is orthogonal to the boundary 0D if for every differentiable
curve I': [0,1) — 0D we have F(I'(s)) - I''(s) = 0 for every s € [0, 1).

LEMMA 2.1. Under the above assumptions, if the potential vector field

F' is orthogonal to the boundary of the set D then the potential function V
determined, up to a constant, by the equation

VV(z) = F(x)
is constant on the boundary 0D.

Proof. Fix xg € 0D. The potential V is given by the curve integral

V(z)=\F(r)dr+ V(xo),
¥

where ~ is an arbitrary continuously differentiable path beginning at xg and
ending at x. For x € 9D we choose v to follow the boundary of the set D,
ie. v:[0,1] — 0D, v(0) = xg, v(1) = z. Then

1

V(@) — Viwo) = | F(3(5)) - 7/(s) ds = 0.

0

Since 0D is connected, we obtain the conclusion. m

Throughout the paper we work within the framework of the canonical
representation of processes, i.e. our basic probability space is the space of
all continuous R"-valued functions defined on [0,00) with appropriate o-
fields (see [17]). The standard n-dimensional Brownian motion is denoted by
W(t) = (Wi(0), .., Wa(D)).
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Define a process X by the SDE
(2.1) dX(t) =dW(t)+ F(X(t))dt,
under the conditions specified above. Then X is a local diffusion on U with
generator L = A+ F(z)- V. Since the field F is bounded, X can be defined
as a local semimartingale (see e.g. [17]). Let 7 be the first exit time of the
trajectory from the set D. The harmonic measure w® on 0D is defined as
the distribution of X (7) under the distribution P* of the process X starting
at x € D. We define a local martingale M by the formula
t
(2.2) M(t) =\ F(W(s)) - dW(s).
0
Its quadratic variation is then given by the formula
t
(MY(E) = § [P W (s)) 2 ds.
0
We further define the basic object of our study, namely

(2.3) N(t) = exp (M(t) - ;<M>(t)>.

We now provide the basic formula for the harmonic measure of the process
defined by ([2.1) under some additional conditions.

THEOREM 2.2. Under the conditions stated above, suppose that X is the
process defined by the system (2.1). Assume additionally that:

(i) The vector field F' is potential and orthogonal to the boundary of D.

(ii) For every t > 0,
(2.4) E*[exp((M)(t A T))] < 0.
(i)
(2.5) {N(t AT)}is0 is uniformly integrable.

Then for x € D the harmonic measure w* has the density function

w®(dz) = @V(aD)—V(x)Ex[e—%XE(lVV(W(S))|2+AV(W(8)))ds; W(r) € dz],
where V is the potential function of the field F and V (0D) is its value on 0D.
Proof. According to the process

F(W (1)) - dW (1) — L [FW (1) dt = dM(1) — Sd(M)(1)

is a local semimartingale. Writing, as in ([2.3)),

N (0 = exp (2100 - 500)0))
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we deduce, as an application of [td’s formula, that N(¢) is a local martingale.
If we define a measure Q* by

dQ*
dp=

=N(tAT),
Finr

then, as a consequence of Girsanov’s theorem, (W, Q") and (X, P*) are dif-
ferent descriptions of the same process, up to time 7 (see [10]). Consequently,
for a continuous bounded function f defined on R™ we obtain

E°f(X(tAT))=E*[NtAT); fW(EAT))].

Now, the condition ({2.5) shows that the expression on the right-hand side
converges to E*[N(7); f(W(7))] as t — oo. The left-hand side converges to
E*f(X (7)), by the continuity of the process X. This indicates that indeed
w?® has a density given by

(2.6) w®(dz) = E*[N(1); W(r) € dz].

We now provide a further description of the function w®. Recall that F
is the potential of the vector field B. Define

Z(t) = V(W(2)).
Applying the It6 formula we see that

Z(t) - 2(0) = | VV (W (s)) - dW (s) + %SAV(W(s)) ds
0 0
= M(t) - %(M>(t) + %(M) (t) + %SAV(W(s)) ds
0
Consequently,
21 N = e M0) - 3000

— exp (Z(t) — Z(0) — % vV v (s)? + AV (w(s))] ds>.
0

Observe that Y (7) = V(W (7)) = V(9D) since the vector field F' is orthog-
onal to 0D. Hence, stopping at t A 7 and taking expectation we get, when
t — oo,

w®(dz) = eV @DV @Rz (=3 FIVVIWE)P+AVIW )] ds. 17(1) e dz].

This, together with (2.6, finishes the proof. m

3. Harmonic measure of a hyperbolic horocycle in H”. For every
a > 0 we define H, = {x € R" : z;, > a}. In this section we consider the
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harmonic measure w? of the set H, for the operator

LA B
ALBZIIJHZW—(TL—Q)CU”%, nZQ
i=1 1 m

The motivation for studying this operator comes from hyperbolic geome-
try. More precisely, this is the Laplace—Beltrami operator associated with
the Riemannian metric in the half-space model H" of real n-dimensional
hyperbolic space. From the geometric point of view, the set H, is the inte-
rior of the hyperbolic horocycle 0H, = {x € R" : x,, = a}. Let (B;(t))l,
be the n-dimensional Brownian motion on R"™ with generator % (and not

%%), i.e. the variance E°B2?(t) is 2t. Then the Brownian motion on H",
Y = (Y;),, can be described by the following system of stochastic differ-
ential equations:
dYi(t) = Y,(t)dBi(t),
dYs(t) = Y, (t)dBa(t),
o 2(t) = Ya()dBa(®)

dY,(t) = Y, (t)dB,(t) — (n — 2)Y,(¢t)dt.

By the Ito formula the generator of the solution of this system is Arg.
The Laplace—Beltrami operator can be rewritten in the form Apg = Qx%Ll,
where

1
(3.2) Li=3A+F)-V,

with Fi(z) = (0,...,0,(2 — n)/(2x,)). Now, we make a change of time.
Namely, we write

and
o(t) =inf{u > 0: A(u) > t}.
If we now write

i o(t/2)
Be(t)= | Ya(s)dBy(s), k=1,...,n,
0

then Bj, are martingales with mutual variations (By, B;)(t) = d(k,)t, k,1 =
1,...,n,s0 B= (Bk) is the standard n-dimensional Brownian motion. Sub-
stituting

Yi(t) = Yi(o(t/2)), k=1,...,n,

we find that (3.1)) transforms into the following system of SDEs:
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AV (1) = dB (1),
dYa(t) = dBa(t),
(3.3)
4V, (8) = Zu(t)dBo(t) — (n — 2) QZ‘ff(t).

Again, by Ito’s formula, L, is the generator of the process ¥ = (f’k) Since
the change of time does not affect the exit place, the harmonic measures of
the operators Arg and L are the same.

The potential of the vector field F} is given by Vi(z) = (2 — n) In(zy,)/2.
Moreover, it is easy to check that the vector field F} is orthogonal to 0H,.

Using (2.2) and (2.7)), we obtain
t 2t
2—n ¢ dWy(s) n—2 ds
M)(t) =
2 (S) Wi(s) ' (M) (1) < 2 > (S]Wﬁ(s)’

no = (iﬁ:ﬁﬁi)m_w (5 )

M(t) =

where W (t) = (Wi(t),...,Wy(t)) denotes the standard Brownian motion in
R™ starting from W (0 ) = z. If we put 7, = inf{t > 0: W(t) ¢ H,} we
obtain

(n —2)? YT ds >

E® exp(<M>(t A Ta)) = E* exp< 4 WQ(S)
0 n

_22t/\Tad
SExexp<(n) S ><oo

4 a?
0

Moreover,
W, (0) (n—2)/2 z,\ "2/
N(t A <\ =——""— <|— t>0.
(A7) < <Wn(t A Tg) ~\a ’ -
Now, the results of Theorem imply that

(34) wi(dy) = <”Z”L>(n_2)/2w [exp(—n(nS_ 2) §) Wj(ss)Q); W(r,) € dy].

The above formula enables us to find the density function P,(x,y), © € H,,
y € 0H,, of the measure w?(dy) with respect to the Lebesgue measure on
OH,. The scaling property of n-dimensional Brownian motion implies the
scaling property for the Poisson kernels,

P,(z,y) = al_"Pl(a:/a,y/a), x € Hy, y € 0H,.

Moreover, the Brownian motion W (¢) and the set H; are invariant un-
der translations (Z,x,) + (Z + b, x, + b), where b € R"~!. Consequently,
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Pi(z,y) = Pi((0,2),(y — ,1)) for all z € H; and y € 0H;. We will use
these properties in further considerations to simplify the notation. We will
write

P(J,'n,y) = Pl((ovxn)a (y7 1))7 (/RS Rn_17 and T = T1-
THEOREM 3.1. For every x, > 1 and y € R" ! we have
(3.5)

P(ZL'n, y) =

Lo T RYln) = B %O e g ay
0

P e J2(t) + Y2 (1)
where v = (n —1)/2.

Proof. Observe that the integral appearing in as well as the hit-
ting time 7 depend only on the last coordinate of the Brownian motion
W (t) = (W(t), Wy(t)). Since the processes W (t) and W, (t) are independent
we obtain

n('n72) ST ds

(3.6) wi(dy) = x(n 2)/2 EO )€ dy]Ex”{ 50 W2 1 e ds

(27s)(n—1)/2 ,uxn(ds)>dy,

§
0
(n 2)/2<O§)O exp(—|y[*/(2s))

where
-

n(n — 2)
8

fiz, (ds) = E* [eXp (

O ey

Wj(ss)2>; T ds].

The Laplace transform of u;, is given by

r o n(n—2)¢ ds Td Fon

g, (W) = exp(— 5 (S] Wi (s)? — w(&) s) = eq(7),
where w > 0 and ¢q(z) = —n(n—2)/(82%) — w. The function p(x,) =
E®re,(7) is a gauge function for an appropriate Schrédinger operator based
on the generator of W, (t). Consequently, ¢ is a bounded solution of the
equation

3@ - (M s w)ow -0 w21

such that p(1) = 1. Making the substitution \/x ¥ (xv2w) = ¢(z) we reduce
the above equation to

222w (v 2w) + v 2w Y (v 2w) — <(n;1)2 + 2wx2>¢(1‘\/%) =0,

which is the modified Bessel equation (6.5)) with v = (n — 1)/2. Taking into
account the general form of solutions of (6.5)), the boundary condition and
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boundedness of ¢ we arrive at
K, (zp,V2w)

(3.7) Lo, () = VI LS w20

Since square root can be extended to a holomorphic function on C\
(—00, 0] and the modified Bessel function K, has no zeros in the positive half-
plane Rew > 0, the Laplace transform Ly, (w) can also be extended to an
analytic function on C \ (—oo, 0]. Moreover, using the asymptotic expansion

we obtain

(38) Loty (w)] < |e-t@n—bvEw Lt Elznv2w)

1+ E(v2w)
< 2exp<—(a:n —1)v/2|w]| cos ar§w>

for every w € C\ (—o0,0] such that |w| is large enough. Note that here
argw € [—m,7]. In particular, Lu,, (w) is bounded for |w| > 1. These prop-
erties of Lu,, and its analytic continuation guarantee that we can apply
the inverse Laplace transform to (see [13, Theorem 8.5, p. 267]). More
precisely, there exists a density function of p,, with respect to Lebesgue
measure on (0,00) given by the inversion formula

e

1 14ar
g, (S) = 5 TILIEO S Lz, (w)e*™ dw.
1—ar

To compute the limit we integrate the function fs(w) = Ly, (w)e*™ over a
rectangular contour surrounding the branch-cut of fs which is the negative
real axis. Let I be the positively oriented contour consisting of four horizon-
tal segments vy, = [—r—+i/r,i/r], y2 = [-r—i/r,—i/r], v3 = [-r+ir, 1 +ir],
v4 = [—r —ir,1 — ir], three vertical segments v5 = [—r + i/r, —r + ir],
Y6 = [—r —i/r,—r —ir], y7 = [1 —ir,1 + ir], and a semi-circle 75 = {|w|
=1/r, Rew > 0}. The formula implies that fs is bounded for small w
such that Rew > 0. Consequently, the integral over ~g tends to zero when
r — oo. The boundedness of Ly, (w) for large w implies that for » > 1 and
every s > 0 we have

‘(S + S)fs(w)dw < 2 sup L, (w)re™™ =0

V5 Y6 |w]>1
as r — oo. Finally, using ({3.8]), we obtain

o0
‘(S + S)fs(w) dw‘ < dexp(—(zn — 1) cos(3n/8)\/T) S =5 du — 0
73 Y4 2
as r — oo. The Cauchy theorem together with the previous considerations

and gives
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1+4ar

pa(5) = 5z | Lyt ()™ duo = = i (§ 4 ) fu(w) dw
1—ir 7 72
_ m‘?[m(—i 22,) Ky(i\/ﬂxn)]e_stdt
2mi oL K, (—iv2t) K, (iv/2t)
. _\/JTHOO m KV(men) o5t
- ( K, (in/20) ) o
VT of Evlitzn) ), g2
. §]I ( K, (it) )t dt
_ \/‘TTLOSO Jy ()Y (tan) — Jy(ten) Yy (1) te—51/2 gt
T J2(t) + Y2(1) '

From ((6.3) and (6.4) it is easy to see that J2(t) + Y,2(t) ~ ¢t~ V¢~2" and

T, ()Y, (trn) — Ty (tzn) Y, ()
JH(t) + Y. A(t)

for some constant C' = C(x,,) > 0. With the use of we verify

OSO |, (8)Y, (tey,) — Jy(mgn)yy(t”t °§’e|y|2/(2s)€stz/zd8 Y
T2+ Y2(t) (2ms)(n=D)/2

< C\(t+ DKy (tly]) dt.
0

‘gC(lth), t>0,

0 0

The last integral is finite by and (6.7). Consequently, by Fubini’s the-

orem we obtain

a2 T T, ()Y, (tx,) —

— J dt
- ZIOESZI0
J;

P(iﬁn, y) =

L (ten) Y, (L) °§e|y2/(25)est2/2d3
0 0 (27ms)(n=1)/2

_ 1 Ty, OSO L (Y, (tay) — T, (tz,) Y, ()
T oov—lgutl |y|1171 JE(t) n YVQ(t)

K, 1 (tly|) dt. w
0

The integral formula of Theorem [3.1] can be used to obtain the asymp-
totics of the Poisson kernel P(x,,y) as well as its sharp bounds for small x,,
and large |y|. Note that the results of the next theorem cover those obtained
in [4] (see Theorems 4.9 and 4.10 there; compare also with Theorem 5.3
of [9]). Moreover, the formula allows us to omit laborious and sophis-
ticated computations used in [4] to examine the behavior of P(z,,y) when
ly| tends to infinity. Our approach is simpler and gives more general results.
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THEOREM 3.2. For every o > 1 we have

2
I'(n/2) <« -
(39) P(w‘nay on— 27Tn/2 Z |2n PR Tn — X0, ’y| — Q.

Moreover, for every yo > 0 we h(we

c(yo)
(3.10)  P(zp,y) ~ —T8) /2052 | (xn—1), xn — 1, ly| = yo,

where

n SVK,,_l(syo)ds
c(yo) = ’Z/O‘l /2(8) J2(s) + Y2(s)

Proof. Making the substitution t|y| = s in (3.5)) we can rewrite the Pois-
son kernel in the following way:

P(xn,y)y|" a7 3
— n n VKI/
z — 1 Ttigu—1 S x " | 1(s) ds,
where
1 J, )Y, (xt) — J, (tx)Y,(t
g (z,t) = OY(eh) = JU)V ()

t2(z —1) J2(t) +Y2(t) ’

Since s K, _1(s) is integrable on [0,00) and (6.13)) gives boundedness of
lgu (20, s/|y])| for z,, < R, we can apply the Lebesgue dominated convergence
theorem to get

. P(xnyy)’y|4l/ 1 3
1 = YK, _ d
ndiho(1o0) @ — 1 T2 (v §)3 1(e)do
2 (v+1)
- T2 (v)
and
. P(an, )y zo ¢ mad — 1)K, 1(s)ds
lim = S
(@n,ly))=(z0,00) Ty — 1 mvttor=t 822 (xg — 1)I'(v) (v + 1)ag
(@ —)I@2v) (Crsah)2v)

(2o — DI W)ag™  wvag ' T(v)
whenever z¢ > 1. Here we used formula (6.11)) from Lemma and relation
(6.10). The duplication formula for the gamma function gives (3.9)). In the

same way, using (6.11]), we get
Y S C20) . OSO 25" [yo|* K1 (s) ds
@nsly)—(Lyo) T — 1 a2 (J3(s/ lyol) + Y. (s/1yol))

which, by substituting s = tyg, proves (3.10). =
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As a consequence of Theorem [3.2] we obtain the following sharp bounds
for the Poisson kernel for small z,, and large |y|. Similar results have recently
been obtained in [7, Theorem 7|. Those results are more general (there is
no restriction on z, and |y|), but the methods of proof are much more
complicated.

COROLLARY 3.3. We have

Ty — 1

Proof. Existence and positivity of the limits proved in Theorem [3.2]imply
that for every x € [1,2] there exist e, > 0 and Y, > 0 and strictly positive
constants c1(x), ca(x) such that

=1 =1

< P(,y) < co(2)

(@) m= <

‘y|2n—2

for every o' € [1,2] and y € R"! satisfying |z — 2'| < e, and |y| > Y.
Since the family of intervals (z — e,,2 + €,) is an open cover of [1,2], we

can choose a finite subcover {(z; — €4, 2 + €5,) : ¢ = 1,...,m}. Putting
Y =max{Y,, :i=1,...,m}, ¢ = min{ci(a;) : i = 1,...,m} and c3 =
max{ca(z;) :i=1,...,m} we get

—1 —1
(311) 01% S P(xn7y) S C2|:1;’12ﬁ

for every x,, € [1,2] and |y| > Y. Observe that formula (3.6} implies positiv-

ity of P(z,,y). Moreover, by (3.10), the function P(x,,y)|y|*" 2/(z, — 1)
can be continuously extended to a strictly positive function on the compact

set [1,2] x [1,Y] and consequently (3.11)) is also true for |y| € [1,Y] (with
possibly different constants ¢; and cz). =

4. Harmonic measure of hyperbolic balls in D”. In this section we
consider the harmonic measure of balls associated with the operator

22 L 52 2
(4.1) ALB:wZ%—F(n—z)l || sz 0
1=1

4 Ox? 2 ox;

i=1 1
This operator appears naturally as the Laplace-Beltrami operator on the
ball model of the real hyperbolic space D™ (see [5] for more details).
In particular, if B = (By,) is the standard n-dimensional Brownian motion
then the system of SDEs

dYi(?)
1—|Y(t)]?
describes a diffusion with values in D™ with generator 2Ar . As in the case
of the half-space model, we perform a change of time defined by

=dBy(t) +2(n — 2)Yi(t)dt, k=1,...,n,
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A(w) = (1= |X(s))ds and o(t) = inf{u; A(u) > t}.
0

Then the process defined by
Yi(t) = Yi(a (1))

is a diffusion with values in D™ with generator L.

As in the case of H" in Section 3, the harmonic measures of the operators
Arp and Ly are the same.

We now consider the harmonic measure w; of the ball B, = {x € R" :
|| < r}, r < 1, supported on the boundary of B, which is the sphere
S"=1. We denote by P,(z,y) the Poisson kernel of B, i.e. the density of the
measure w® with respect to the (n — 1)-dimensional spherical measure o7~ 1.
As in the prev10us section, we can write the Laplace—Beltrami operator in

A=z%)* II)

the form Lo, where

] n—2
Ly = §A —|-F2(x) -V  with Fg(a:) = ?W(xh e axn)-

The positivity of the factor (1 —]|z|?)?/2 implies that the harmonic functions
on the ball B, for the operators and Lo are exactly the same and
consequently the harmonic measures coincide.

Moreover, the vector field I is orthogonal to S?~! and its potential
function is Va(z) = 252 In(1 — |z|?). Denote by 7, = inf{t > 0: W(t) ¢ B, }
the first exit time of the Brownian motion W (t) from the ball B,. Note that
7 depends only on the Euclidean norm of W.

The martingale M related to the vector field F5 and its quadratic varia-
tion are

t t
Wi(s) dWi(s) 7 Pds
Mt)=(n-2)\—F——F—, (M)(
Observe that the condition ([2.4)) is fulfilled in this case, since
tAT,
T W (s)|*ds r2(t A7)
E” _gp | WEITds | g -2 ——— =
exp|(n2) s R (K i e L

and the last expression is finite. By (2.7)), the kernel N(¢) is of the form

vo= (=hie) (0 )

e

and it is now evident that {N(t A 7,) }+>0 is uniformly bounded in ¢ so the
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condition ([2.5)) holds. Applying Theorem we obtain

(4.2)  w(dy) = (1 - |x\2>(n2)/2

1—r2

x B [exp (—”(” —2) :S) ( ds >; W(r) e dy],

2 1= [W(s)?)?

From now on we assume that x # 0. For x = 0, from the rotational
invariance of the Laplace-Beltrami operator, we easily see that wy is just
on~1/on=1(S7~1). Recall the skew-product representation of the Brownian
motion,

W(t) = R¥ ()0(A (1)),

where R is the Bessel process with index v = n/2 — 1 starting from |z|
and O is a spherical Brownian motion on S{L*l independent of R%) (see Ap-
pendix). Using the fact that 7, depends only on R*) we find that W (7,) =
RW)(1,)0(AW)(7,)), where © is independent of R™)(r,) and A¥)(7,). Ap-
plying this decomposition to formula we get

L 2y (12072
WE(dy) =( il )

1 — 72

Tr
X S P10, € dy)El*! [exp(g q(RM) ds); AW)(1,) € dt},
0 0
ﬁ Rotational invariance of spherical Brownian motion
implies that the harmonic measure w? is symmetric with respect to the x
axis. As a consequence, its density P,(z,y) depends only on the cosine of
the angle between the starting point x and the point y, i.e.

Pi(z,y) = B, (m (z.9) )

|z ]

where ¢(y) =

If we consider sets of the form A = {n € S7™': (x,n)/|z| € (a,b)}, where
—1<a<b<1, we get (for the definition of the process S see Appendix)

p*ll(©, ¢ A) = PY(S; € (a,b))
b b
=\pf (1 2)m(dz) =2\ pf (1, 2)(1 — 2"/ dz,

a a

where pf is defined in (6.23)). On the other hand, using spherical coordinates
we obtain
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wi(rd) = | P(z,y)do} " (y)

rA
=" lonT2(5772) S Py(z,cos8 ¢)sin™ 2 ¢ dg
cos p€(a,b)

n—1)/2,m—10 _ )
L S P (z,2)(1 — 22)"3/2 4z

a

o
e

r(%)
Comparing both sides we infer that the Poisson kernel P,.(z,y) equals

nt1 g (22 .

a(n=1/2ppn=1\ 1 — r2 0 lz] |y|

where

Tr

py(dt) = EY [exp(S ¢(R™)(s)) ds); AW (7)) e dt], y € (0,7].
0

The formula for p; can be computed from the appropriate formula for the
transition density function for @, which is given in terms of spherical har-
monics, and that approach leads to the series representation for P.(x,y)
presented in [5]. However, we want to compute the Laplace transform of p;
which is the so called A-Green function of the process S,

oo

Ga(x,1) = | eMpf(1,2)dt, € (-1,1),

0
and we do this directly. From the general theory (see for example [3, Chap-
ter II] for a short résumé) the function G is described by solutions of the
second-order differential equation

1— a2 -1
2x u”’(z) — r 5 o' (z) = du(z), z€(-1,1).

(4.4)

Note that the expression on the left-hand side is just Gu(x), where G is the
generator of S described in (6.22)). More precisely, we have

Gaw. 1) = PIDE -y gy,
W)
where ) is a decreasing and 1y is an increasing solution of such that
¢y (1) = 0 and ¥ (—1) = 0. The boundary conditions for the derivatives
follow from the fact that the non-singular points —1 and 1 are reflecting.
Here f* and f~ denote the right and left derivatives with respect to the

speed function s(z). The Wronskian w), is given by

wx = Py (2)pa(x) — da(z)ey ()

and it does not depend on z. Putting £ = 1 in the above formula and using
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the boundary conditions we obtain

pa(Da() _ (@)
Uy Mpa(l) = oa(Dey (1) oy (1)
This implies that Gy(z,1) is uniquely described as a solution of such
that ™ (—1) = 0 and u~ (1) = 1. Making the substitution u(z) = f(z) with
z = (14 x)/2 in equation we reduce it to the hypergeometric equation

21— 2)f"() + ( . 1>z) F(2) — 20f(2) = 0,

ie. equation (6.14) with a = 252 — A(N), B = 2532 + A(\), v = 25,

A(N) = 31/(n—2)2 — 8\. Consider the function

n—2 n—2 n—1 1+
) =2 (M50 - A A ).
The above computation implies that hy is a solution of (4.4). Using (6.16)
and (6.17) we compute the derivative of this function with respect to the
scale function s(x) in the following way:

Gi(z,1) = x e (—1,1).

n—1

d 2 n n n+1 1+2x
i) = 2R (5 - A0 G+ A" )
o +1)/2)\ /1 4 5\ (P71)/2 1 1 n+l 1+zx
T -1 (1—952) 2Fl<2+’4(A)’2_A(A)’ 2 2 >

The first equality and the fact that the hypergeometric function 2F} is equal
to 1 at zero imply h;\r(—l) = 0. Using the second equality and (6.15) we
obtain

_ 2"\ 1 1 n+1
B0 = 2 (54 A0, g - A0 "5
e (s1)

P(5% = AT (2% + A)

Moreover, using once again (6.17) and the definition (6.19) we can express
hy in terms of the Legendre function of the first kind:

1— 2\ G /2 1 1 n—1 14z
me = (157) an(G - A gAY

(1—a?)B=m/A I — 1\ (5 0y
Y C Ry r B PA()\)fl/Z(_x)'

Finally we have just shown that

Ga(w,1) = Bu(\) (1 — 22 B~/ PEE (),
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where
I(%2 — AN D22 + A\N))
2(n+1)/2)\p(n7—1)

Bn(A) =

The second part of formula (4.3) relates to the measure fp,. Observe
that u, depends only on the Bessel process R®™) | which is a one-dimensional
diffusion. For every w > 0 the Laplace transform Lpu,(w) is

n(n—2) ¢ ds T ds
EY eXp<_ S N2z Y S 1/2) =Eey(7),
2 (1= (RBM(9))?) o (RW)(s))
where g(y) = —% — 4z The function ¢(y) = EY4(7) is by definition

the gauge function for the Schrodinger operator based on the generator of
the process R and the non-positive potential g. From the Feynman-Kac
formula, ¢ is a solution of the Schrodinger equation. Using we find
that ¢ is a bounded solution to the second-order differential equation

(4.5) %@”(y) + n;y 1@’(@/) - (m + ;2) o(y) =0,

where y € [0,7), w > 0. The corresponding boundary condition is ¢(r) = 1.
Substituting ¢(y) = y1*”/2w(1f—yz) we obtain

0=(-5)r () i ()
-y (1 —y?) 1—y?

n

2

B 1+y 16y3 n/2 1+y2
1" o 1-n/2 "
o) = <2 1) ¢< y2)+(1—y2)4w 1—y?
4y1—n/2 o 1+y2
+7(1_y2)3(3—n+(n+1)y ) <1—y2)'

Inserting the above formulas into the differential equation (4.5 and dividing
both sides by — % gives

=4yt L1+ 21—yt 1+y2
0‘(1—y2>2“’”(1—y2>‘<1—y>2‘”( >

N ((1 ;yzf)Q [(n;z)2 +2w] . n(n4— 2)>¢(1j

)
:

Moreover, putting z = ?_ﬁy/i and using the equality 1 — (ifyi = (1__4;/22)2
leads to the following differential equation for :
A(— 2
(1— 22" (2) — 229/ (2) + <V(l/ +1)— 1(w;>w(z) =0, z>1,
-z

with v = n/2 — 1 and A(— \/ n —2)2 + 8w. This is the Legendre
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differential equation (6.18)). Thus, the general solution of (4.5)) is given by

2 e A(—w) (1Y 2 A(—w) (1Y
_ 1-n/2 A(—w) 1-n/2 A(—w)
(,O(y) a1y Pz/ <1_y2>+02y Ql/ <1_y2 )

where y € [0,7] and ¢, c2 are absolute constants. Using (6.19) and (6.20)
one can easily check that the function y="P, A(_w)(%) is bounded on

the interval [1, ii‘:;) in contrast to the function y_”Q;A(fw)(}fzz), which

is unbounded in the neighborhood of 1. Thus ¢; = 0 and the boundary
condition p(r) =1 gives

1—faf?

P ()

, o\ /21 p;ACw) (1+|x\2)
> ;o lzl<rw>o0.

46 Ll = (

||

Now observe that for every complex number w such that Re(w) > —v?/2 =
—(n—2)°/8,

ds

_ n(n—=2) ¢mpr ds —Re(w) {7
= (1-(r{")2)2 ()l <R£V)>2]

[y (w)] < B e

—_9)27r
< Ell exp<(n . 2) S C(lj) >
o (s7)?

2 Tr v
_ glal vip_ds \_(r
E exp<2 S(R(”))2> (x) .
0 S

The last equality follows from (see [3] 2.20.4, p. 407])

v ds r\” In(r/z) _v2u_1n’C/a)
P ed}:() 2w d
@ [é (R ()2 ~ Y z) Vory2t v

for y > 0. In particular Ly,(—v?/2) is finite. This implies that the formula

[e.9]

Ly (w) = | €7y (dt)
0

defines a holomorphic function in the complex half-plane Re(w) > —v?/2.
Moreover, for |z| < 1 the function 9Fi(a, 8;7;2)/I'(«) is analytic on C
as a function of «. Using this fact and the representation of P!’ in terms
of the hypergeometric function 9F} we deduce that the right-hand side of
is a meromorphic function of w in the half-plane Re(w) > —v?/2.
In fact, implies that the ratio of the Legendre functions is analytic
for Re(w) > —1%/2 and consequently the denominator has no zeros in this
region (compare this result with Conjecture 5.2 in [5]). Moreover, we have
just proved that holds whenever Re(w) > —v?2/2.
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Now let ¢ = —(n —2)2/16. We have

0 0 c—1i00

= 1.C+§OO ﬁma:(Z)(OSertpf (L <x’y>> dt) dz

|z ly]

c—100 0

—1C+§OO£ )G (1,59 g g
= 2mi A P '

c—100

Taking into account the previously found formulas for the Laplace transform
Lz|(2) and the Green function G (1, x) we finally obtain

THEOREM 4.1. For every x € By, v # 0 and y € S"! the Poisson
kernel P.(x,y) is given by the formula

2F(nT+1) 1—|xf? o Ysin(3=/2
a(n=1/2ppn=1\ 1 —7r2 |z 21

c+ico PV_A(_Z) ( 1+|a|? )

1—|a]? (3—n)/2
8 S prAC2) (L2 B"(Z)PA(z)—l/z(_COS ) dz,
c—100 v (1773)
where

1 (252 — A(2)) (%52 + A(2))

_ N 2 _ 3
Az) = 5 (n—2)2 =8z, By(z) S Ty ’

c= —V2/4 and @ s the angle between x and y.

5. Harmonic measure of the Ornstein—Uhlenbeck process. As in
the previous section, for fixed > 0 we denote B, = {z € R" : |z] < r}.
Consider the vector field F5(z) = Az, where A > 0. It is a potential vector
field with potential function V3(x) = A|z|?/2 and as in the previous cases it
is orthogonal to the boundary of B,.. The corresponding martingale M and
its quadratic variation are

t

£ = A [ Wils)dWis),  (M)(t) = | N2 (s)P ds.

i=10 0
The validity of (2.4) in this case follows from
tAT
E[exp (M)(t A 7)) = E [exp { A2yW(s)|2ds]
0

< E®[exp[N22(t A 7)]] < o0,
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where 7, = inf{t > 0: W(t) ¢ B,}. Since

2 _ 2 T
N(t) — exp )\(‘W(t)’ 5 ’W(O)’ ) [exp(—; S ()\2|W(8)|2 + 211)\) d8>:|,
0

all the assumptions of Theorem are satisfied, and consequently the har-
monic measure wy (dy) of B, for the operator

1
L3:§A+)\J}'V
is
A(r? = |z)
2

Computations in this case mimic those in the previous section so we omit
some details and present only a sketch. For  # 0 the skew-product repre-
sentation of the Brownian motion allows us to write

w?(dy) = exp E¥ (e 2 6 WCIWEP+200) ds. 177y e ).

o0

W (dy) = 02 (P =lzl?) S pllelo, € dy)
0
x El*! [exp <T§ a(RW)(s)) ds); TST % € dt} ,
) ) Ro()
where ¢(y) = 7%2|x|2 — nA, and consequently the Poisson kernel P, (z,y) is
given by
QF(nTH) A2y o (z,y)
T\ 2] 50z (8 ’
Fr(,y) A=) 21 (S) " (17 || |?J’> Hi (),
where
Tr Tr dS
oy (dt) = EY [exp ( S q(Rgl’))ds); S (R(”))Q € dt}, y € (0,r].
0 0 ]

As previously, the Laplace transform Lu,(w) given by

w

Tr 2
(5.1) E%mx&2U$W—M—@”>@:W%@L
0 (Rs)

where g(y) = —’\2—2y2 —nA— ;"—2, can be identified (by applying the Feynman—
Kac formula) as a bounded solution of the Schrédinger equation

2

1 n—1 A w
o) - <y Tt yQ)so(y) 0, ye (), w0,

1/
wwﬂ-%

2 2
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with the boundary condition o(r) = 1. Setting ¢(y) = y ™2f(\y?) we
reduce this equation to the Whittaker equation

P+ @)y - 5= (Mg g ) | o

with parameters k = —n/2 and u = /(n — 2)? + 8w/4. Consequently,
w(y) =y "PlerM (k, i Ay®) + eaW (ks 1, M)

where M and W are Whittaker functions (see [, 13.1.32, 13.1.33, p. 505]).
The boundedness of ¢ implies that ¢co = 0, and the boundary condition

o(r) =1 gives

r>"/2M<k,u,Ay2>

(52) cuy() = (1) G

If we look at , the probabilistic definition of Ly, (w), the same argument
as previously gives that Ly, (w) can be extended to a holomorphic function in
the complex half-plane Re(w) > —(n — 2)?/8. Since the Whittaker functions
are well defined in this region, formula is also satisfied there. As before,

we use the Laplace inverse formula and for ¢ = —(n — 2)2/16 we obtain
0o oo c+i00
.y .y 1 P
ot (o) o = 122 () (5§ amatere )
0 y 0 y c—100
1 c+i0o 5 - y>
= o1, 2 dt | d
i ) E"'“”( ) en ( o y|> ’

—1C+§OOL )G (1,59 g g
= om 252 5 Tl Tyl '

c—100

THEOREM 5.1. For every x € B, x # 0 and y € S"! the Poisson
kernel P.(x,y) is given by the formula

2F(nTH) (1—]x‘2>(n_2)/2<7’ "/2sin(3_")/2go
|z

a(n=1)/2ppn—1\ 1 _ 2 211

c+100 2
% S M(kv 12 >\y )

(B-n)/2 ,
M(k,u,)\rz)Bn(Z)P (—cos ) dz,

) A(z)—1/2

where ¢ is the angle between x and y, A(z) = 1/(n —2)2 — 8z and

L = AT +4)

By(2) = 2+ D/2; " (n)
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6. Appendix. For the convenience of the reader we collect here ba-
sic information about Bessel functions, hypergeometric functions and other
special functions appearing throughout the paper. We mainly follow the ex-
position given in [I] and [12], where we refer the reader for more details (see
also [19] and [15]).

6.1. Bessel functions. The Bessel functions J,(z) and Y, (z) are inde-
pendent solutions of the Bessel equation
2y (2) + 2 (2) + (22 = vA)y(2) =0, veER.

The Wronskian of the pair (J,,(z), Y, (z)) is equal to 2/(7z) (see [19] p. 113]).
The derivatives of the Bessel functions can be expressed by these functions
in the following way:

(6.1) J(x) = Jy_i(z) — %Jy(x), x>0,
(6.2) Y(z) =Y, 1(z) — gyy(x), x> 0.
For every v > 0 we have (see [19, 5.16, pp. 134-135])
x¥ 2I'(v) 1
3 v ~ YV ~ - > +7
(6.3) o) 2l (v+1) (z) r v v =0

6.4)  J(x)~ \/Zcos <$ - % - D

The modified Bessel functions K, (z) are independent solutions to the mod-
ified Bessel equation

(6.5) 2y (2) + 2y (2) — (V¥ + 2%)y(2) = 0.
The following asymptotic expansion holds (see [15] 8.451, (6)]):

(6.6) K, (z) = \/Ze_z(l + E(2), |E(2)]=0(z") as |z] = oo,

whenever |arg z| < 37/2 . The behavior of K, near zero is described by (see

I, 9.6.9))

v (v)
(6.7) K, (z2) ~ — Rez > 0.
The connection between modified Bessel functions of purely imaginary ar-
gument and Bessel functions is given by
s

(6.8) K, (iz) = —Ee*i“ﬂﬂ(Jy(x) —iY,(z)), x>0.
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Finally, we recall the integral representation of K, (see [15, 8.432, (7)]):

0T t+ 22/t
(6.9  Ky(z)== | exp(— +2Z / )t”ldt, z>0,9 R,

as well as the formula ([I5], 6.561, formula 16, p. 676] )

o0

(6.10) Sx“Kl,(x)dx:2“_1F<1+';+V)F(1+’;_V>,
0

where p+1 > v > 0.
For every v > 1/2 we introduce the following function of two variables:
1 J, ()Y, (tz) — J,(tz)Y, (1)
J(z,t) = , >1,¢>0.
| A RS 10 ’

It is obvious that g, is a continuous function on (1,00) x R;. However,
most crucial for the considerations in Section [3 are the following asymptotic
properties of g,,.

LEMMA 6.1. Fiz xqg > 1, tg > 0. Then

(6.11) lim gy (z,t) = ™ i 76
| @0 ™ T BT (v + D
2
6.12 li (7,) = .
(6-12) et D = T ) + V)

Proof. From the Lagrange theorem, there exist 01,05 € (1, ), depending
on x and such that
J, ()Y, (tz) — J,(tx)Y, (1)
trx —t

= J,()Y,(t0) — J.,(t02)Y, ().
Obviously, if x — 1 then 61, 05 also tend to 1. Furthermore, since the Wron-
skian of (J,(2),Y,(2)) is 2/(7wz) we get
J ()Y, (tz) — J,(tx)Y,(t) 2

fi Ju(to)Y, (to) — J,,(t0)Ys (to) = —,
(x,t)gr(ll,to) tr —t (to)Y,(to) " (t0) Yy (to) —

which proves (6.12)). If we use the recurrent formulas for the Bessel function
derivatives (6.1) and (6.2)) we deduce that J,(¢)Y,(t601) — J,,(t62)Y,(t) equals

J(t)Y, (10 J,(t01) Y, (t
T 1 (t0y) — 2 (2N LWOV®N 5 ey,
t 0, 0y
Multiplying the last expression by t, letting (z,¢) — (1,0) and using (6.3)) it
is easy to see that the first two summands tend to zero and the last one tends
to 2/7. Since, by (6.3), we have lim,_,o+ t2(J2(t) + Y,2(t)) = 221" (v) /72,

Jy(tx) — J, (1)
tr —t
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it follows that

lim (x,t) T
1 v 3 = 59,170/
(@210 22v=112(v)

which is (6.11]) for g = 1. For zg > 1 relation (6.11) follows directly from
(6.3):
— -2
lim gy(.’E,t) — 7T(1,‘16 — %y V) — WZ’Z:O xlg m
(2,t)—(20,0) v22v 2 (v) 22vI(v)I (v + 1)xf
Note that Lemmal6.1] together with (6.3)) and (6.4) implies that the func-

tion g, can be extended to a continuous function on [1, 00) X [0, 00) which is
bounded whenever x is bounded, i.e. for every R > 1 there exists C(R) > 0
such that

(6.13) lgv(x,t)| < C(R), (x,t) €[1,R] x[0,00).

6.2. Hypergeometric functions and Legendre functions. For v #
—1,—2,... the hypergeometric function is defined by

e y) — - (a)k(ﬁk)zk -
2F1(a7187’77 )_;) ('Yk)k' s ’ ’<1

Here (a)r = I'(a + k)/I'(a). The function 2 F} is a solution of the hypergeo-
metric equation

(6.14) 2(1=2)u"(2)+ [y — (a+ B+ 1)z (2) — afu(z) =0

regular at z = 0. Whenever Re(y — o — 3) > 0 we have (see [12, Vol. 1,
p. 104, 2.8(46)])

(6.15) o1 (o, B33 1) = ig)fg);(: : g;

The derivative of 9 F} is given by (see [12, Vol. 1, p. 102, 2.8(20)])

d
(6.16) alzzFl(Oéyﬁ?’Y;Z):nyﬂQFﬂa—i-l,B—f—l;’y—i-l;z),

and the following elementary relation holds (see [12], Vol. 1, p. 105, 2.9(2)])
(6.17) 2P (0, B57;2) = (1= )7 o Fi(y — ayy = 573 2).

The Legendre functions are solutions of Legendre’s differential equation
(6.18) (1 — 22" (2) — 220/ (2) + [a(a + 1) — b*(1 — 22) " Hu(z) = 0.

By making an appropriate substitution it can be reduced to the hypergeo-
metric equation and consequently its solutions are given in terms of
the hypergeometric function. More precisely, the Legendre functions of the
first and second kind are defined by (see [12, Vol. 1, p. 122, 3.2(3) and p. 143,
3.4(6)))
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. 14z \ P2
(6.19) Pl(z)= p(l_b)(u—x)

1 _
><2F1<—a,a+1;1—b;2$>, x> 1,
/2 Pla+b41)

(%) = Sarigarori I(a+3/2)

b b+1 1
><2F1<a; +1,“+2+ ;a+3/2;$2>, >1,

respectively. The functions Pf and Qg are independent solutions of 1)

(6.20) @Q° (22 —1)%2

6.3. Skew-product representation of Brownian motion. We now
introduce the spherical Brownian motion on the unit sphere S{“l C R" as
a diffusion on S?_l with generator being one-half of the Laplace—Beltrami
operator A grt of the manifold S{l_l. It is well-known that

0 0

e 2—n Y . n—2 Y : -2

As?q = (sin ¢) 99 [(sm ?) 8¢} + (sin @) AS{kz,

where ¢ i2s the angle between the pole and the given point on the sphere and
A st = 68752. Now, if we consider the action of A gr—1 on functions depending

only on ¢, this reduces to the generator of the Legendre process LEG(d):

1 1 nza] 10> n-2 0

_ : 2—n 8 : _ - 7 ~
§AS{H1 = i(smd)) E?qS[(Sm(z)) 96| = 2 942 + 5 cotqﬁad

Changing variable cos ¢ =t we obtain
1-t2 0> n-10

2 a2 2 ot
We now invoke the classical skew-product representation of the n-dimen-
sional Brownian motion (see e.g. [18, (7.15)] stating that it can be represented
as the product of R®) = {REV);t > 0}, the Bessel process BES(n), v =

n/2 — 1, with generator

1 02 . n—10

2 Or? 2r  Or’

and an independent spherical Brownian motion © = {6(t) : t > 0} on SJ'~*
with time changed according to the formula

(6.21)

ds
AW () = (S) RGP

Moreover, for x # 0, we introduce a process S = {S(t) : t > 0} defined
by S(t) = (z,0(t))/|x|. The process S describes the cosine of the angle
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between the starting point  and the spherical Brownian motion 6. Conse-
quently, the cosine between the starting point = and W (t) is just S(A(t)).
The skew-product representation and the previous considerations imply that
S is independent of the Bessel process R®), and the generator of S is given
by

(6.22) =3 o > ot

with domain Dg = {u € C?[-1,1] : «/(=1) = u/(1) = 0}. Three basic
characteristics of the diffusion: the speed measure, the scale function and
the killing measure are described by the relations (see also [6]) m(dz) =
2(1 — 22)"=32dg, & (x) = (1 — 22)0=")/2 k(dz) = 0. Moreover, the points
—1 and 1 are non-singular reflecting points. We denote by p? (x,y) the tran-
sition density function with respect to the speed measure, i.e.

(6.23) Po(S(t) € A) = | pf(z,y) m(dx), A€ B[-1,1].
A
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