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WEAKLY AMENABLE GROUPS AND THE RNP FOR SOME
BANACH ALGEBRAS RELATED TO THE FOURIER ALGEBRA
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EDMOND E. GRANIRER (Vancouver)

Abstract. It is shown that if G is a weakly amenable unimodular group then the
Banach algebra A, (G) = A, N L"(G), where A,(G) is the Figa-Talamanca—Herz Banach
algebra of G, is a dual Banach space with the Radon—Nikodym property if 1 < r <
max(p, p’). This does not hold if p =2 and r > 2.

Let G be a locally compact group and let A,(G) denote the Figa-Tala-
manca—Herz Banach algebra of G as defined in [Hzl], thus generated by
LV % LP(G). Hence As(Q) is the Fourier algebra of G as defined and studied
in Eymard [EyI]. If G is abelian then A5(G) = LY(GY .

Denote A7(G) = A, N L"(G) for 1 < r < 00, 1 < p < oo, equipped

with the norm [lul[ar = [lulla, + [lul[z-. If G is abelian then A5(G) = {f €
LY(G) : f € L"(GQ)}, with the norm |ju|| = Il e + ”fHLr(G) ifu=f.

A Banach space has the RNP if its unit ball wants to be weakly compact
but just cannot make it, as beautifully put by Jerry UhlL

A Banach space X has the Krein-Milman Property (KMP) [Radon
Nikodym Property (RNP)] if each closed convex bounded subset is the norm
closed convex hull of its extreme points [strongly exposed points] (see [DU,
p. 138]). If X is a dual Banach space, then the RNP and KMP are equiv-
alent (see [DUL p. 190 and p. 218)).

Strongly exposed points are extreme points which are very “smooth”
(they are certainly weak-to-norm continuity points), and the fact that we
can take the above as the definition of the RNP, is owed to the valiant
efforts of many mathematicians (see [DU]).

The Fourier algebra of the torus, A9(T), which is in fact ¢1(Z), has the
RNP, a property possessed by any Banach space which is isomorphic to an
¢y space (see [DUJ), while A3(R) does not possess the RNP.
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And yet, for any compact subset K of R, A% (R) = {u € A>(R) : sptu
C K} does have the RNP (and R can be replaced by any abelian G; here
spt denotes support).

We have proved in [Grl] that for any G and any compact K C G and
any 1 < p < oo, AL (G) = {u € A,(G) : sptu C K} has the RNP. Tools in
abelian harmonic analysis are not available to prove this latter result.

It has been proved by W. Braun in an unpublished preprint [Br] that
if G is amenable then A}(G) is a dual Banach space with the RNP. The
result in [Br] uses the method in [Grl] and the involved machinery of [BrE],
which is avoided below and in |Gr3]. We have proved in [Gr3] the following

THEOREM 0.1.

(A) Let G be unimodular and 1 < p < oco. If G is amenable then A} (G)
is a dual Banach space with the RNP for all 1 < r < max(p,p’).

(B) Let G be unimodular and A2(G) have a multiplier bounded approx-
imate identity. Then AL(QG) is a dual Banach space with the RNP
forall1 <r <2.

(C) If G is SL(2,R) or SL(2,C) then, for any 2 < r < oo, A5(G) does
not have the RNP (see [Gr3l, p. 4382]), even though these groups are
unimodular, weakly amenable (and nonamenable; see [DCH], Thm.
3.7 and Remark 3.8(b)]). Hence the above interval for r is the best
possible.

A group G is weakly amenable if A3(G) has an approximate identity
bounded in the (Herz—Schur multiplier) B2(G) norm (see below).

It is the main purpose of this paper to show that Theorem 0.1(A) is true
if G is merely weakly amenable.

It has been proved by De Canniére and Haagerup [DCH| pp. 481-486]
that any closed subgroup G of any finite extension of the general Lorenz
group SOg(n, 1) for all n > 2 (hence in particular G = Fy, the free group
on N > 1 generators) is weakly amenable. Thus there exists a multitude of
nonamenable groups which are weakly amenable. And yet, Haagerup [Ha]
has proved that G = SL(2,R) x R? is not weakly amenable (see also [Da]).

One will note that, in proving the main result, some difficulties need to
be overcome to prove that Wy (G) is a dual Banach space for all r > 1. This
is done in Section 1.

The main result is proved in Section 2.

In Section 3 we prove that the Banach algebras A7(G) do not factorise
for any noncompact GG and 1 < r < 00, a result announced earlier.

1. Definitions and notations. Denote by PM,(G) = A,(G)* the Ba-
nach space dual of A,(G). We will omit G at times and write A,, L", PM,y,
etc., instead of A,(G), L"(G), PM,(G), etc.
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Let PF, denote the norm closure of L' in PM, and set W,(G) =
PF,(G)*. Then W, is a Banach algebra of bounded continuous functions
on G, studied by M. Cowling [Col].

Define Wy (G) = W), N L™(G), with the norm [lwllw; = [[w[lw, + [[w| L.

Denote by M(A),) the set of multipliers of A, with the norm

lullarca,) = supflluvlla,; v € Ap, |[olla, <1}, u e M(Ap).

If v € Ay, let [lv]|w, be the norm of v as an element of PF,(G)* = Wy(G).

If w € M(As) let my : Ao — A be given by myv = uv. Let M, =
my : PMs — PM; denote the adjoint of m,. The multiplier u € M (As2)
is completely bounded (and My(As) is the algebra of all such multipliers) if
the operator M, : PMy — PMs> is completely bounded on the W* algebra
PMs. The set Moy(Az) is equipped with the norm [|ul|pz,4,) = [ Mull, the
completely bounded norm of the operator M, (see [DCH], [CH], [Jo], where
all the above notions are defined).

It has been proved by Bozejko and Fendler [BF] that My(As3) coincides
with the space By = Ba(G) of Herz-Schur multipliers and ||u|az(4,) =
HU'HBQ'

A group G is weakly amenable if A3(G) has an approximate identity
(A.L) bounded in the || || g,(g) norm.

In an important ground-breaking paper [DCH], De Canniére and Haage-
rup have studied weakly amenable groups G.

2. Wp(G) N L"(G) is a dual Banach space for all » > 1. We have
proved this result, for any group G, in [Gr3| Prop. 2.1] only for r > 1. The
proof there fails in case » = 1. This case requires an entirely different proof,
which is given below.

The result in the title of this section is needed to prove that for all,
1 < r < max(p,p'), 4] is a dual Banach space if G is unimodular and
weakly amenable.

REMARK (for r =1). Let Z =X xY, X = PF,, Y = L*, with norm
|(z,y)|| = max(||z||,||y|). Hence Z* = X* x Y* = W, x L*>*, with norm
I, 5 = 2] + llg*ll- Let D = {(w,w); w € W, N L1} € W, 1 L.
Let U = w*-cl D C Z*. If Uy [(Up)"] is the annihilator of U [Up] in Z [Z*],
respectively, then, since U is w*-closed, U = (Up)? = (Z/Up)* (see [Dal,
p. 822]). Thus U is a dual Banach space.

Let now P : X — X xY be given by Px = (2,0). Then P*: X* xY* —
X* =W, is onto, in fact P*(z*,y*) = z*.

LEMMA 2.1.

(a) W, N L®* =W, NL.

(b) P*U=W,NL.
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Proof. Let w € W, N L>®*. Clearly W, = PF* and L' C PF,. If
f € L' then w(f) = §wfdz. If f € L' N L>® then |w(f)| = |§wfdz| <
lwl|Loox || fl|Loo. Hence if [|f][zee < 1 then |§wfdx| < ||w|[gee. Let now
K C G be compact and f = (w/|w|)1x; then . }w‘ dz < ||w||pe~+. Hence
w € L', which proves (a).

(b) Let (wa,wq) € D C W), x L** satisfy w*-lim(wq, we) = (w,2) €
W, x L°*. Then for f € L' C PF, one has {w. fdz = wa(f) — (wf dz.
And for f € L, (wofdz = wa(f) — 2(f). Thus w(f) = z(f) for all
f € L'NL>®. Hence by (a), w € L'. Thus U = w*-cl D C (W, NL') x L>=*.
It follows that P*(U) = W, N L', since D = {(w,w); w € W, N L'}. »

REMARK. Let N = {u € U; P*(u) = 0} = U N (0,Y*). Then U/N
is isomorphic to W), N L' where U is a dual space and N is a w*-closed
subspace.

THEOREM 2.2. W,(G) N L"(G) with the norm ||w|w, + ||w| - is a dual
Banach space for all 1 <r < 0o, and for all locally compact groups G.

Proof. If r > 1 this is just our Proposition 2.1 in [Gr3]. If » = 1, then
U = X* for some Banach space X and N = (NO)O. Hence by [Dal, p. 822,
Theorem A.3.47(i)], U/N ~ X*/(Np)°’ = Ng. Thus W, N L'(G) is norm
isomorphic to a dual Banach space, thus is a dual space, by the use of the
main theorem of Kaijser [Kal. =

REMARK. Note that a dual Banach space may have two non-norm iso-
morphic preduals (see [BL]).

3. Weakly amenable groups and the RNP. It is the purpose of
this section to prove the main result of this paper, namely:

THEOREM 3.1. Let G be unimodular and weakly amenable, and let 1 <
p < oo. Then for all 1 < r < max(p,p’), A,(G) is a dual Banach space
which has the RNP.

If G is SL(2,R) or SL(2,C) then AL(G), for any 2 < r < oo, does not
have the RNP, a fortiori is not a dual Banach space, by [Gr3].

If G is amenable this is part of [Gr3l Theorem 2.2, p. 4380].

The proofs in [Gr3] will work for proving our main result once we show
that if G is weakly amenable, the W), norm restricted to A, is equivalent to
the A, norm.

It has been proved by M. Cowling [Col] that the group SL(2, R) satisfies
the assumption of the next result.

PROPOSITION 3.2. Assume that A,(G) has an approzimate identity {uq }
such that |[uallpr(a,) < K. Then

Vue Ay, lulla, < (14 K)lullw, < (1 + K)llula,.
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REMARK. It has been proved by Haagerup [Ha] (see [Do] for a different
proof) that if G = SL(2,R) x R? then A5(G) has no multiplier bounded
approximate identity. It is not clear to us if Theorem 3.1 holds for this group.

Proof of Proposition 3.2. Clearly |lu|lw, < [lulla, for all u € A, by the
definition of these norms, hence only the left hand inequality needs proof.

Let eq € Ay N C, satisty [leq — ualla, — 0. As is readily seen, {e,} is
an A.L for A, and for some ao, |leallrra,) < 1+ K if @ > ag. Hence for
any T' € PM,, |leaT| Py, < 1+ K if [|T|pa, < 1. And if v € A, then
|(eaT,v) — (T,v)| = [(T,equ —v)| = 0, thus e, T — T in o(PM,, Ap), i.e.
in w*. Also spt e, C spt ey, which is compact.

Hence if ug € A, then

[uolla, < sup{|(uo, T)[; [IT]| <1+ K, spt T"is compact}.

However if spt T' is compact there exists a net f, € C.(G) such that ||\, fa/|
< ||T'|| and A, fo — T ultrastrongly by [Hzl, Prop. 9, p. 117]. Hence

[uoll 4, < sup{|(uo, Apf)l; f € Co, [|ApfIl <1+ K} = (1+ K)uollw,. =

The algebra B,(G) of Herz—Schur multipliers of G, for 1 < p < oo, has
been investigated by Eymard [Ey1] and Herz [HzI]-[Hz3]. As shown in these
papers (see also [Eu, p. 581))

Ap(G) C Wy(G) C By(G) € MA(G)
and each imbedding is contractive.

DEFINITION 3.3. G is p-weakly amenable if A,(G) has an A.I. bounded
in the || ||, (q) norm. Thus 2-weak amenability and weak amenability are
identical.

We need the fact that 2-weak amenability implies p-weak amenability for
all p. This is hinted in [Ful p. 586], in different terminology, without proof.
We give a proof based on Furuta’s useful theorem [Fu, Theorem 2.4]:

THEOREM 3.4. For any 1 < p < 00, Bo(G) C By(G) and ||u|| B, < ||ul B,
for all u € Ba(G).

Furuta’s proof of this theorem is based on an unpublished theorem of
J. E. Gilbert:

THEOREM 3.5. Let w be a function on G. Then w € Ba(QG) iff there
exists a Hilbert space K and bounded continuous functions u, v from G to
K such that w(z~ty) = (u(y),v(x)) for all z,y € G.

A proof of this theorem has been given in [Hal, and for a different proof
see P. Jolissaint [Jo].



24 E. E. GRANIRER

The proof of the next result is very different from the suggestion, with
no proof, given in [Ful, p. 586].

PRroPOSITION 3.6. If G is 2-weak amenable then it is p-weak amenable
forall 1 < p < .

Proof. Let {vy} be an AL in A3(G) such that |va||, < C. Let {uq} C
AynNC. C A,NC, satisty [|uq — vo¢||A2 — 0. If v € Ay then

[uav —vlla, < [[ua —valla,llv]la, + [[vav —v[[4, — 0.
Moreover
[uallB, < lluallB, < llua —valla, + [lvallB, < 2C

if @ > ayp, for some «p. It follows by Furuta’s theorem that {us} is an A.L
for A,(G) equipped with the || |5, norm, while we need that it be in the
| 1|4, norm.

In contrast to the hint in [Fu, p. 586] we proceed as follows:

Let K be compact subsets of G whose interiors satisfy int Kg 1 G. Let
V = V! be a neighborhood of the unit e of G with compact closure. Let

es(z) = MV) Hlg,v *1v(z)) = A(V) A2V N KaV).
Then eg(x) = 1[0] if x € Kz [z ¢ KgV?], respectively. Choose a subnet {ug}
of {ua} such that [lugeg —egll,, <1 and let sg(x) = (up + eg — ugep) ().
Then sg(x) =1 [0] if z € K [z ¢ KzV?Usptug]. Also

lssllB, <llspllB, < llusllz, +1<2C+1,

by Furuta’s theorem. If v € A, NC, and K = spt v, then K C Kg if 8 > [,
for some By. Let now v € A, and € > 0. Let u € A,NC, satisfy [[v—ul|4, < e.
It 8> f then

lsgv —vlla, <llsg(v—u)lla, + lspu — ulla, + llv —ull4,

< Isgllarca,ye +0+4e < (2C + 2)e.

Thus {sg} C Ap is an AL for Ay, bounded in B, norm, i.e. G is p-weakly

amenable. m

COROLLARY 3.7. If G is 2-weakly amenable then the W), norm restricted
to A, is equivalent to the A, norm.

Proof. Asnoted, ||ssllar(a,) < 55l B,, hence one can apply Propositions
3.2and 3.6. m

Proof of Theorem 3.1. We only need to use Corollary 3.7 to prove that
the W), = PFJ norm restricted to A is equivalent to the A, norm, a fact
well known if G is amenable. Then the proof of Theorem 2.1 in [Gr3] carries
over verbatim to prove that A7 = Wy if 1 <r < max(p,p'), and is hence a
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dual Banach space, by Theorem 3.1 (note that G need not be weak amenable
if p=2).

The RNP part is based on the fact that, if G is separable metric, then
A7(G) is norm separable, a fact implied by the existence in A7(G) of a
multiplier bounded approximate identity (since Theorem 2.2 in |Gr3] is only
based on Theorem 2.1, see [Gr3, p. 4380]). =

4. Nonfactorisation. Improving a result of Burnham [Bu], Lai and
Chen |[LChl Thm. 3.3] have proved that for any noncompact locally compact
group G the algebra A},(G) does not factorise. We extend this result to the
algebras A7(G) for all 1 <r < oo.

THEOREM 4.1. For any noncompact locally compact group G and any
1 <r < oo, the algebra A}(G) does not factorise.

Proof. Assume at first that 1 < r < oco. If A} - A} = A}, let u € AJ.
Then for any n, there exist uy,...,u, in Aj such that v = ... uy,, where
u; € Ap N L". By [Bu, Lemma A], u € L;. It follows that A}(G) = Azl,(G).
Since r > 1, it follows from our Strong Containment Theorem 3.3 in [Gr2]
that this cannot be. The Lai—Chen result completes the proof. m

REMARK. M. Leinert [Le| has given an example of a commutative semi-
simple Banach algebra which factorises but does not even have unbounded
approximate units. Hence the fact that A;(G) has no bounded approximate
identity [Gr2] does not imply that it does not factorise.
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