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CLASSICAL SOLUTIONS TO THE SCALAR CONSERVATION LAW
WITH DISCONTINUOUS INITIAL DATA

BY

JEDRZEJ JABLONSKI (Warszawa)

Abstract. Sufficient and necessary conditions for the existence and uniqueness of
classical solutions to the Cauchy problem for the scalar conservation law are found in the
class of discontinuous initial data and non-convex flux function. Regularity of rarefaction
waves starting from discontinuous initial data and their dependence on the flux function
are investigated and illustrated in a few examples.

1. Introduction. This paper deals with sufficient and necessary condi-
tions for the existence and uniqueness of classical solutions to the Cauchy
problem for the scalar conservation law

(1.1) {ut +(f(u))e =0 on £,

U = ug on 0f2,
where 2 = R x (0,00). In contrast to most works on this topic we make
no assumptions on the convexity of f or the entropy of u, but demand
only that f € C2?(R); moreover, we admit discontinuous initial data. As a
consequence, we find a new class of C'! regular rarefaction waves starting
from discontinuous initial data.
More precisely, by a classical solution we mean any function

u € CH2)NCONR U (contug x (0,00)))

satisfying (1.1]), cont uy denoting the set of points where ug is continuous.
We say a function v : R — R belongs to the class C'™ (R) if for every
x € contv and every sequence {zp}nen such that x,, € contv and z, — x
the limit (possibly infinite)
v(z) —v(x
o 20 = 0(zn).
n—o00 Tr— T,
denoted by v/(z), exists, the function v’ : cont v — R is continuous, and for
every T ¢ cont v,
lim  |v/(x,)| = .

contvdz,—7T
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The class of C1™ functions is discussed in Examples and .
The main result of this work reads as follows.

THEOREM 1.1. Suppose that cl(contug) = R and uy has no removable
discontinuities. Equation (1.1 has a unique classical solution if and only if
the following conditions are satisfied:

(1) The superposition [’ oug is non-decreasing on cont ug.
(2) For every x € R the limits
lim uo(zyn) and lim uo(xn),
cont ugdrn—r cont ugdxyp—xt

denoted by ug(z™) and ug(x™) respectively, both ewist.
(3) The function ug does not jump through inflection points of f in the

following sense: if 0 € f"([uo(z7),uo(z™)]) then x € cont ug.
(4) up € C*™(R).
(5) If f"(uo(xz)) =0 for some x € cont ug then ug is differentiable at x.

Notice that, when f is strictly convex, conditions (3) and (5) are trivially
satisfied for all ug, and condition (1) reduces to ug being a non-decreasing
function.

In 2], Smoller discusses classical rarefaction wave for the inviscid Burgers
equation (f(u) = u?/2), which solves the Riemann problem with initial data

(z) = -1 ifx <0,
N T )

The solution is not determined on {(z,t) : |z| < t}, and cannot be C!
regularly extended to this region. However, there exists a solution u in C?(2)
given by
1 ifxet,o00),
u(x,t) = x/t if x € (—t,t),
-1 ifx € (—o0,t],

which is a locally Lipschitz function. In Example we present C'1”-regula-
rization of this problem, while in Example we discuss a C! rarefaction
wave starting from the following discontinuous initial data

x| +1 ifx >0,
u0<x>_{\/"

—(/I|z|+1) ifx <0,
which satisfies (1)—(5).

Conservation laws with non-convex fluxes are discussed in [I]; however,
there are several differences between LeFloch’s results and those presented
in this paper. Firstly, and most importantly, LeFloch discusses weak entropy
solutions, while here C'! solutions are considered. Furthermore, in this paper
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a solution is constructed, whereas in [I] the existence is shown by conver-
gence methods. For technical reasons, LeFloch had to assume that the set of
inflection points of the flux function is finite; we do not need this assumption.

2. Existence and uniqueness. We write {®(z,t)} for {(z,t) : &(x,t)},
where @ is a condition depending on =z, t.

REMARK 2.1. Note that the ordinary differential equation

= [0

defines a family of characteristics, given by {z = f’(ug(z0))t + xo}.

DEFINITION 2.2. Let T be a point of discontinuity of ug. Then the rar-
efaction cone Cz is defined as

Ce={T+ fllug@ )Nt <z <T+ f(uo(xh))t}.
Analogously, the closed rarefaction cone Cz is defined as
Cz={T+ f(wo(@))t <o <T+ f'(uo(T))t}.

DEFINITION 2.3. A function P : 2 — R is called a wug-projection if for
every x € {2 the point (P(x),0) € 02 is either a point of continuity of ug
such that x lies on the characteristic containing it, or a point of discontinuity
such that x is contained in its closed rarefaction cone.

PROPOSITION 2.4. If cl(contug) = R and f'oug is non-decreasing, then
there is a unique ug-projection P.

Proof. For any (z,t) € {2 we can find real numbers ag and by such that
the characteristic containing (ag, 0) lies to the left of (x,t), and the charac-
teristic containing (bg, 0) lies to the right of it.

Suppose we have already defined numbers a9 < a1 < --- < q; and b; <
-+ < by < bg. From cl(cont up) = R we see that the ball B(C”TH”, %) con-
tains a point of continuity of ug, say x. Consider the characteristic containing
(x,0). If (z,t) lies to the right of it, we define a;41 = x and b;y; = b;; other-
wise we set a;+1 = a;, bi+1 = Xx. The intersection of the family ([a;, b;])ien is
a singleton {Z}, for [a;, b;] C [a;—_1,b;—1] and diam([a;, b;]) < (2/3)*(bo — ao),
s0 lim;_,~ diam([a;, b;]) = 0.

If T € contug then (z,t) lies on the characteristic containing (z,0), and
therefore P(z,t) is uniquely defined. Otherwise Cz contains (x,t) and as
the family {Cy}y¢contu, 15 disjoint it follows that P(x,t) is also uniquely
defined. =

LEMMA 2.5. Ifcl(cont ug) = R and f'oug is non-decreasing then the val-

ues of u and f'ou are uniquely determined on, respectively, Q\Ufgécont e
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and Uz¢cont uo Cz- Moreover

w(@o, to) = uo(P(x0,t0))  if (20.t0) € 2\ Uzgeont uy Crs
I (uleo, to)) = *=HIRif (20, 10) € Usgeon o Cr-

Proof. Firstly, let xg = P(x) for some x € 2, and suppose xg € cont ug.
The point x lies on the characteristic containing (xo,0), so u(x) = uo(zo).

The solution u is therefore determined on 2\ |J Cx.

Let now zg = P(x) for some x € Uzgcont ug C%. The point x lies between
the lines L™ = {zx = f'(uo(z™))t + T} and LT = {x = f'(uo(z™"))t + T}.
Suppose for a moment that the solution u is given on I' = {t = ¢y} N Cx.
For any v € I' the characteristic containing it does not intersect the lines
L~ and L* in 2—otherwise it would intersect a characteristic starting from
some point T € contug close to T. On the other hand, every characteristic
starting from I has to intersect 9Cz = L~ UL™. Therefore all characteristics
intersect in the vertex (R?\ £2) NC5z = (z,0) and f’ o u is linear with given
values on 01

T¢cont ug

Hence,
fu(f'(uo(z™))t +T + p,t)) = f'(uo(z7)) +p/t
for any p € [0, f'(uo(2z™))t — f'(uo(2z7))t]. By putting g = f'(uo(z™))to +
T + p we obtain p = 29 — T — f’'(ug(z7))to, and therefore
xTo— T

[ (u(zo,t0)) = "

LEMMA 2.6. If u is a solution to the scalar conservation law with initial
data ug (either in the classical sense, or in terms of Lemma [2.5), and if
cl(contup) =R and x € contug, then

1
g (f' (uo(2))t + 2,t) = =
0 f”(uo(az))t + (hmcont UQDTn—T %Z:(xn)) !
o
ut(f,(uo(x))t +,t) = . Fluolz) up(x)—uo(xn) \—1"
f”(uo(x))t + (hmcont UG DTy —>T Ox—ixzn)

Proof. Let x, € contugy be a sequence of points such that x,, — x. The
partial derivative of u in direction = at (f(ug(z))t + x,t) is given by
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, o MG, 6) — o))+ )
Uy (f'(uo(z))t + ,t) = nl_mo [ (uo(2))t + 2] — [f' (uo(zn))t + 2]
up(z) — ug(zn)

= B (P ouo(@) — o uo(wn))t + (@ — o)
1
= f/’(uo(x))t—l— (limn—>oo %Zz(m)—l-

Similarly,

we(F (o (x))t + . 8) = Tim u(f (ug(x))t + x,t) — u(f (uo(xn))tn + Tny tn)

Tn—T t — tn
for f'(uo(zn))tn + n = f'(uo(z))t + 2. Thus,

/
wo(f (uo(@)t + 2.8) = lim ' (uo(2n)) (uo () — uo(2n))
N8 = 0, FCantea)t — 7w}t — (& — o)
B —f"(uo(x))
o ; uo () —uo(zn) \~1" .
f"(up(x))t + (hmn_)OO T)
LEMMA 2.7. If cl(contug) = R and conditions (1)—(3) hold, then for
every open interval U such that x € U Ncontug = f"(up(z)) < 0 (resp.
" (up(z)) > 0) the function up|uncontu, S non-decreasing (resp. non-

increasing).

Proof. The case of f”(ug(zg)) < 0 can be handled analogously to
f"(up(zp)) > 0, so we can consider only the latter case. Suppose, to the
contrary, that there exist points ag < by such that ug(ag) > wuo(by). The
interval [ag, bp] can then be divided by a point x € B(%Lbo, WTGO) so that
X € contug and wup(ag) > up(x) or ug(x) > u(by). In the former case we
put ai := ag, b1 := X, in the latter a1 := x, by := by. We continue con-
structing the points {a;};en, and {b;};eny with the same algorithm. Note
that up(a;) > uo(b;) for every 4, and {[a; b;]}ien is a descending family of
sets. Let {Z} = N;enlai, bi).

If T € cont ug then the continuity of f” implies that there exists a neigh-
borhood V. = {@ : |& — uo(T)| < €} of up(T) such that f’(a) > 0 for all
@ € Vg, and a neighborhood U, > T such that uo(Uz) C V;. For sufficiently
large n we have ay, b, € Uz, which contradicts condition (1).

Suppose T gé contug. Let x,, € contug be a sequence converging to T
from the left. From f”(ug(x,)) > 0 it follows that f”(up(z~)) > 0 (see
condition (3)). The function f’ is therefore increasing on some open interval
containing [ug(T™), uo(Z™)]. The inequality uo(T~) > uo(Z ") cannot hold as
f o g is non-decreasing. The inequality uo(T~) < up(Z") implies existence
of n such that ug(an) < ug(b,), which is a contradiction. Thus we must
have uo(T~) = up(z), and we can assume T € contug by putting ug(z) =
Uo(f—'—). [
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Proof of Theorem [1.1] First we show that conditions (1)—(5) are nec-
essary. Suppose cl(contug) = R and w is a classical solution to the scalar
conservation law with initial data ug. Moreover ug has no removable discon-
tinuities (which implies Cz # () for every T ¢ cont uy).

CrAM 0. The function x — f'(u(x,t)) is non-decreasing on cont u(-,t)
for every t > 0.

Suppose, to the contrary, that there exist tg > 0, xg,x1 € contu(-, o)
such that o < x1 and f’ (u(wo,t9)) > f'(u(x1,to)). The characteristics
containing the points (xg,ty) and (z1,t) are given by

xo(s) = (f'(u(zo, to))
x1(s) = (f'(u(z1, o))

(S - tO) + Zo, 8)7
(S - tO) + 1'1,8).
Set

1 — X9

~ [ (ulwo, to)) — [ (u(z1, o))
The inequalities on tg, 1, x2 imply t; > 0. Thus,

(i) = xr (1) — (Lo to))zr — f'(u(z1, to))wo )

olt) =x(h) = ( Fla(eo to) — Flutanto)) )

Since u(xo,to) # u(x1,tp) the function u cannot be defined at x¢(t1).

tq

+ to.

CLAIM 1. The limits uo(T~) and uo(TT) exist for every T ¢ cont ug.

The limits f'(uo(Z ™)) and f'(uo(ZT)) exist, as f’ o u is non-decreasing.
Let z,, be a sequence of points in cont ug converging to T from one side (it
exists as cl(cont ug) = R). For every ¢ > 0 the limit of f’(ug(z,,))t+x, exists.
Hence, the continuity of u implies the existence of the limit

m u(f (uo(zp))t + zn,t) = Hm_ ug(zy,).
Ty —7T Ty —T
For given T ¢ cont ug there is no 6 € [ug(T~), uo(Z™)] such that f”() = 0.
Consider f'ou on I' = Cz N {t = to}. As u(-,tp) is continuous and
uw(f'(uo(T™))to + T, t0) = uo(T™), u(f (uo(z™))to + T, t0) = uo(T), every

value from [ug(Z™),uo(Z1)] is in the image of I" under w. If there existed 6
in this interval such that f”(0) = 0, then also

d
%f/ o U(UotO) = f//(u(n7t)) : U:c(ﬁat) =0

for 6 = u(n,ty). However, from Lemma we obtain %f’ ou(z,t) = 1/ty
on I', which contradicts f”(0) = 0.

CLAIM 2. The function ug belongs to C*™ (R).
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By Lemma[2.6] for every sequence x;,, € cont ug converging to x € cont ug,
we have

, _ 1
ug (f'(uo(2))t + x,t) " (uo(x))t + (limxn—m M)_l '

T—Tnp

The limit in the denominator must exist for the value to be well defined. If

we denote it by uf(x), then u, is a function from R to R. For every ¢ > 0,
g (f'(up(2))t + 2, t)

uo(z)) - ugp(f (uo(z))t + 2, t) - ¢

(21) wh(w) = T

Thus cont u, 2 D, where

, 1
D= {x € R :uz(f'(uo(x))t +z,t) # Filuo(a)) 1 t}'

On every sequence x, converging to a point x € contug \ D the function
(uf)~! converges to 0. If z € contug \ D, then f”(ug(x)) # 0, and by
Lemma [2.7] there exists a neighborhood U. 3 x on which g is monotone.
Therefore the derivative u) has a constant sign on Uy, and so u((x,) must
converge to either +o0o or —oo. Thus, cont uf, = cont ug.

Let T ¢ cont ug. From Lemma [2.5]it follows that for every (z,t) € Cg,
1

d o _ B
@f ou(x,t) = f"(u(z,t)) - ug(z,t) = -

Let now x,, be a sequence converging to T such that z,, € cont ug. Then

" (u(uo(xn)t + Tn, t))uz (f (up(xn)t + 20, t) — %

On account of Lemma [2.6] we obtain

1" (o)) 1

W g (wn))t + (et (@n)) T

for every t. Thus, |ug(x,)| — co.

CLAM 3. Ifz € contug and f"(uog(x)) = 0 then ug is differentiable at x.

If f” (up(x)) =0 then from we get |uf (z)| = |ug (f (uo(z))t+2,t)| < oc.

This completes the proof of the necessity of conditions (1)—(5). Now we
shall show that these conditions imply the existence of a classical solution
and its uniqueness in C°(§2 U cont ug).

STEP 4. Set
uo (P(x)) ifxe 2\

(22) U(X) = (f/)—l <33tP(X)> ifx= (377 t) € ngécontuo CTC

Cq,

x¢cont ug
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The function (f’)~! is well defined, because conditions (2) and (3) guarantee
that f' : [ug(x™),uo(z™)] — [f'(uo(z7)), f(uo(xz™))] is a diffeomorphism
and condition (1) implies that the ug-projection P is well defined.

CrLAM 5. We have u € Cl(Ux¢ContuO C,)nc(n2\U

Let (w0, t0) € £2\Ugcont uo Co and (2n, tn) = (2o, to). Obviously P (o, to)
€ cont ug, and therefore P(xy,,t,) — P(x0,ty). Indeed, for sufficiently small §,
we have Bg((xo, t()), 5) C P_1(31 (P(CEQ, to), (5))

From now on, let (Z,,%,) be the subsequence of (z,,t,) that contains
all elements satisfying (zn,tn) € 2\ Uygcont ug C,, and let (T, %,) be the
remaining subsequence. Thus,

W(Tn, tn) = uo(P(En, tn)) = uo(P(xo,t0)) = u(xo, to)

N

x¢cont ug Civ) :

and

Condition (2) implies that
lim uo(P(Tn,tn)”) = lim ug(P(Zp,t,)") = u(zo, to),

n—oo n—00

hence
lim (fn — P(fn, tn)) = f’(uo(azo, to))to,

n—o0

and therefore u(Zy,, t,) — u(xo, to).

Regularity of (f/)~! implies C''-regularity of u on | Cy.

CLAIM 6. If v € C°(£2 U contug) is constant along characteristics and
ul—oy = vlg—gy then u =wv.

z¢cont ug

On account of Lemma we only need to show that there is a unique
@ € C%(Cz N {t =to}) such that
f(u(z,t)) = (x —Z)/tog on CzN{t =1y},
a(f"(uo (@)t + T, t0) = uo(T™),
a(f (uo(TM))t + T, tg) = up(z™).
From the Darboux theorem, [uo(Z ™), uo(z")] C @ (Cz N {t = to}). Suppose,
to the contrary, that there exists (6,t9) € Cz N {t = to} such that @(6) ¢

[ug(T™), up(xT")]. Then there exist a < § < b in Cz N {t = to} which satisfy

However, the equality f'(@(a,to)) = f'(a(b,tp)) contradicts f'(a(x,tg)) =
(x — x)to . Thus, [ug(T™),ue(z")] = u(Cz N {t = to}) and hence u(x,ty) =
(f) M@ —2)t5 ™).

CLAIM 7. For every T ¢ cont ug and (zo,ty) € 0Cz we have Vu(xy,t,) —
Vu(xo,to) whenever (zy,t,) — (zo,to).
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Let us consider the case (z,to) € {z = f'(uo(T™))t +T}. By (2.2), for a
subsequence of (z,t,) contained in Cz, we have
1 —f'(uo(z"))
f"(uo(@))to” " (uo (7))o
Let now X, = (Zn,t,) and let X,, = (T,,%,) be composed of only those
elements that are not in Cz. From Lemma [2.6] it follows that
um(inafw =[f" (UO(P(xna ))t"‘uo(P@mtn))il]ila
wi(@n,tn) = = (w0 (P(&n, 1)) [f" (uo(P(En, )t + ug(P(Zn, 1)) 7171
1

VU($nk ’ tnk) -

Condition (4) guarantees uf(P(Zn,t,))"t — 0, so the desired convergence
holds on (&,,%,). On the other hand, from (2.2), we get

1 _Tn — P(Zp,tn)
@ )t 7 (u(@n, E0))E2 )
and limy, 00 T, — P(T, t) = f'(uo(T7))to-

CLAIM 8. For every (zg,to) € 2\ U
Vu(zg, to) whenever (zy,t,) — (zo,t0).

Vu(Ty, t,) =

Cz we have Vu(zn,t,) —

T¢cont ug

Lemma gives a formula for Vu(zg,tp), but it does not guarantee
that the denominators are non-zero. Condition (5) implies that the values
f"(ug(P(x,t))) and ufy(P(z,t))~" cannot both be 0. From Lemma it
follows that the values must be of the same sign. Hence,

Vu(zx,t)
1 —f'(uo(P(z,1)))
f"(uo(P(z, )t + ug (P, )~ f"(uo(P (2, )t + up(P (2, )~
is well defined for all points (z,t) such that P(z,t) € contug. The fact that
P(Zp,t,) — P(x0,t0) implies Vu(Zp,tn) — Vu(zo, to).

If |ug(P(zo,t0))| < oo then X,, cannot converge to (zg, ). Indeed, other-
wise, from condition (4), we could find a sequence of points of continuity %,
converging to (zo,to) such that |uy(X,)| — oco. If Juj(P(xo,t0))| = oo then
trivially Vu(Z,,t,) — Vu(xo,ty). This completes the proof. m

DEFINITION 2.8. We define an operator R by

lim wo(z) if lm w = lim u
R(uo)(ﬂc)Z{Z?;) (@) N o(w) = lim,uo(@),

LEMMA 2.9. Suppose that cl(cont ug) = R. There exists a unique solution
v to equation (|1.1)) with initial data Rug if and only if there exists a unique
solution u to equation (1.1) with initial data ug, and moreover u = v on (2.
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Proof. It has been proved in Lemma that the solution u is uniquely
determined on Q\ngzcont o C%. As u must be continuous, we can determine
its values on the closure of this set, that is, on £\ Uzgcont u, C-

Let T be a point of removable discontinuity of ug. Then Cz = () and
u(x) = uo(zT) = up(x™) on {z = f'(up(z™))t + T}. The solution would not
change on 2 if we put ug(Z) = up(z~). Analogously, if we change the value
of Rug at a point of continuity x, the region where the solution changes is

Cry=0.u

COROLLARY 2.10. Suppose that cl(cont ug) = R and f is linear. There
exists a unique classical solution to equation (1.1)) if and only if Rug € C*(R).

COROLLARY 2.11. Suppose that cl(cont ug) = R and f is strictly convez.
There exists a unique classical solution to equation (1.1)) if and only if Rug €
C'™ (R) is non-decreasing on cont ug.

3. Examples

REMARK 3.1. The inclusion C1(R) € C'™(R) holds, but it is not true
that either C1™ (R) C C'(R) or even C'™ (R) N C%(R) C C'(R).

EXAMPLE 3.2. Functions that are in C1™ (R):

1. Any function discontinuous at every point is trivially in C1™ (R).
2. An example of a O™ N C? function which is not in C1(R):

o(@) = (sgnz) - v/Jol.

3. An example of a C' function which is continuous almost everywhere:

v(x) = (sgnz) - (v/]z| + 1),

EXAMPLE 3.3. Functions that are not in C'™ (R):

1. Any non-constant simple function. For example,
0 ifx<0,
v(z) = .
1 ifz>0.

2. Any function with infinite limits of both signs of the derivative near a
point of discontinuity. For example

v(z) = ||~

EXAMPLE 3.4. Let us consider the inviscid Burgers equation with initial
data given by

VIl +1 if z >0,
(3.1) uo(@) = {—(\/HJr 1) ifz<0.
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The solution, given by the closed-form formula

\/:c—t+%t2—%t 2+4(z—t)+1 if 2 > ¢,
u(z,t) = —\/—x—t—l—%tQ—%t 2 —4(z+1t)—1 if —t >z,
x/t if —t <z <t,

is presented in Figure [T}

=
——
T

Fig. 1. Solution to the inviscid Burgers equation with initial data (3.1))

The functions f and ug satisfy conditions (1)—(5), so we expect u to be
C1(£2). Indeed, we can compute

1— ——t

d 1 2 —

(\/x—H—étQ—ét t2+4($—t)—|—1>: t24+4(x—t)

dr 2 Jo—t+le Lt /Praz—t)

If we define a = z — t and let a — 0, we obtain

o | VETda—VE
hrn+ d—u(a +tt)a = hm+
a—0 XL a—0 \/(t2 + 40,)(4@ —|— 2t2 — 2t\/m)
_ V2t + da — 2tV + da : 1 1
= lim = lim —(——— = -.

a=0" \/ (2 + da)(da+ 22 — 202 + da) 70T VEHda

It can be similarly shown that w;(z,t) — —1/t> when z — t.
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ExXAMPLE 3.5. Let us consider the inviscid Burgers equation which cor-
responds to the Riemann problem with initial data
[ -1 itx <O,
uo() = {1 if 2 >0,
We can find a sequence {ug} of C ! regularizations that converges almost ev-
erywhere to this initial data, but no such sequence converges in L>°(R). The
main profit of introducing such regularizations (which is obtaining classical
solutions close to a Lipschitz solution of the original problem) can also be
achieved by C'™ regularizations. Let us define
-1 if x < —g,
—(vet—(e—|z])2+ (1 —¢)) ifxe(—¢0),
e2—(e—1|z|)2+(1—¢) if x € (0,¢),
1 ife <.
It is easy to check that vf satisfies conditions (1)-(5), and moreover
luo — V5l oo (r) = €-
Let us denote the solution for initial data vg by v*. Then
o u=10v°on {|z|€[0,t —et]U[t+¢,00)},
o [u—v|<eon{(l—e)t<|z|<t+e}, asu(z,t),v(zt)e(1l—e¢l).
Thus, from Theorem [1.1]it follows that C1(£2) 3 v = u.

vp () =
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