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Abstract. Properties of a maximal function for vector-valued martingales were stud-
ied by the author in an earlier paper. Restricting here to the dyadic setting, we prove the
equivalence between (weighted) L inequalities and weak type estimates, and discuss an
extension to the case of locally finite Borel measures on R™. In addition, to compensate
for the lack of an L inequality, we derive a suitable BMO estimate. Different dyadic
systems in different dimensions are also considered.

1. Introduction. The Rademacher mazimal function was originally in-
troduced by Hytonen, McIntosh and Portal [10] in order to prove a ‘Carleson
embedding theorem’ for functions with values in infinite-dimensional Banach
spaces. It provided a vector-valued analogue for the standard dyadic maxi-
mal function by replacing the suprema of local averages with their R-bounds.
More precisely, for locally integrable vector-valued functions f on R™ they
set

M f(x) = sup{(EH ZEQ)\Q<f>QH2)1/2 : (Z ]/\Q]2>1/2 < 1}, xz € R",
Q3z Q

where E denotes the expectation for independent random variables ¢¢ at-
taining values +1 and —1, each with probability 1/2, and the vector (f)q is
the average of f over a dyadic cube Q C R™. The RMF property of a Banach
space X was then defined by requiring that for functions f with values in
X we have @

| A f@rde S § |1£@)|P da.
R” R
where 1 < p < c0.
In [10] this property was shown to be independent of p € (1, 00) and also
to be non-trivial in the sense that while many spaces have it, some (e.g. ¢!)
do not.
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The author studied this maximal function in a more general setting of
martingales [12] and showed, employing somewhat lengthy arguments along
the lines of [13] and [4], that the RMF property is characterized by a cer-
tain weak type estimate. A significantly simpler approach is available if one
restricts considerations to the original setting of dyadic cubes. Doing so en-
ables us to extend the characterization of the RMF property and answer
also other natural questions concerning the Rademacher maximal function.
Nevertheless, the question remains whether the RMF property follows from
the better known UMD property—a requirement for unconditional conver-
gence of Haar decompositions of vector-valued functions (see the Remark
on page .

Recently, the Rademacher maximal function has found applications in
vector-valued T'b theorems, where one is typically led to study paraprod-
uct operators, whose boundedness relies on Carleson’s embedding theorems.
This was the case in an earlier version of [7] concerning a (global) vector-
valued non-homogeneous T'b theorem and in a current version of its local
counterpart [11].

The extended characterization of the RMF property is stated in The-
orem [I] below, whereas Theorem [2] entails the BMO estimate. Theorem
states the equivalence of L? inequalities with respect to different dyadic sys-
tems, and the corresponding result for different dimensions is presented in
Theorem 4] The characterization provided by Theorem [I] is discussed in a
more general setting of locally finite Borel measures in Section

R-bounds. Let X be a Banach space and write (¢) for a sequence
of independent random variables attaining values +1 and —1, each with
probability 1/2. Comparison of randomized sums (and their expectations [E)
with square sums lies at the heart of our interest.

DEFINITION. A set S C X is said to be R-bounded @ if there exists a
constant C such that

(] Sems)* <e(3 )"
k k

for all (finite) collections of vectors {{;} C S and scalars {\g}. The smallest
such C' is the R-bound Z(S).

REMARK. e R-bounds satisfy the following ‘triangle inequality’: For
S, S’ C X one has

12(S) — R(S')| < B(S + S) < B(S) +R(S).
(*) This coincides with the R-property in [2, (2.4) Definition] when vectors ¢ are

viewed as operators A — A{ from scalars to X. The concept of R-boundedness appeared
implicitly already in [3].
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Furthermore, R-bounds are monotone and subadditive in the sense that

Z(S) < Z%(Sm) whenever S C USm C X.

In particular, for any sequence (£,)32; C X one has Z(&1,&2,...) <

S0 l1exll- -

e R-bounds always exceed uniform bounds, that is,

sup [|€]| < Z2(5).
£es

Moreover, that Z () < supgcg ||]| holds for all S C X is equivalent with X
having type 2 (see [I, Proposition 1.13]). Recall that X is said to have type

pell,2if
(EH Zek&cHQ)l/Q S (Z ”fk”p)l/p
k k

for all (finite) collections {&;} C X.

The Rademacher maximal function. Let us consider a system 2 =
Urez Zr of dyadic cubes, where each &, partitions R™ into cubes of side-
length 27 and every Q € %, is a union of 2" smaller cubes R € Zj4q. A
standard example of such a system is given by 2, = {27%([0,1)" +m) :
m € Z"}. Note that every Q) € Z is contained in a unique larger cube Q*
with |Q*| = 2™ Q| (] - | refers to the Lebesgue measure) and that for any
two Q, R € Z the intersection Q N R is either (), Q or R. By mazimality
of a dyadic cube @ in a given subcollection of Z we mean that there does
not exist a cube R in the same subcollection for which Q C R. Note that
maximal cubes are always disjoint and cover the same area as the whole sub-
collection. Unless otherwise stated, () and R will always stand for dyadic
cubes in a given system.

For 1 < p < oo, we denote by LP(X) the Lebesgue-Bochner space of
p-integrable functions (essentially bounded for p = oo0) on R™ taking values
in a Banach space X.

1
loc

DEFINITION. The Rademacher mazimal function of f € L
by

(X) is given

1
= méf(y)dy

REMARK. e If X has type 2, then R-bounds are comparable with uni-
form bounds and so .Z f is controlled pointwise by the standard dyadic
maximal function

Mf(x)=Z(flo:Q>x), xeR", where (f)g

Mf(fﬂ)zzggllmczll-
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e Functions with finite Haar decomposition form a dense subspace of
LP(X) when 1 < p < 0o and for such f we have ||.Z f||r» < co. Recall that
every f € LP(X) can be decomposed as

: 6\10
f=lm >0 (f hg)hd,
QeY, 0
k<N
where the sum converges in LP(X) and the Haar functions h% with €
{0,1}™\ {0} are defined as in [8, Section 3]. In particular, each h% is sup-
ported in @, has Sh% = 0 and satisfies |h22(m)| = Q|72 for all 2 € Q.
Furthermore, X is said to have the UMD property if the convergence in the
decomposition is unconditional in LP(X).
e Averages over large cubes have finite R-bounds for any f € LP(X) with
1 < p < o0, that is, given any dyadic cube @ we have Z((f)r : R D Q) < o0.
e ./ preserves the dyadic support of functions with zero mean: If supp b
C @ and {b =0, then for every z ¢ Q and every R > = we have (b)r = 0,
since either RN Q = ) of R D Q. Consequently, .#b(z) =0 for z & Q.

2. L? inequalities and weak type estimates. In this section we
prove that for any Banach space X and any 1 < p < oo, the LP inequality

\ A f@)pde S |If ()P da,
R R
abbreviated as .# : LP(X) — LP, is equivalent to weak type estimates both

on L'(X) and on the Hardy space H'(X). Moreover, we consider weighted
LP inequalities for weights in the (dyadic) Muckenhoupt classes A,,.

Weak type estimates. The Hardy space H'(X) is taken to consist of
those f € L'(X) for which the dyadic maximal function M f is integrable,
so that the norm || f||g1(x) := [[M f]|z1 is finite. An equivalent description
is given in terms of atoms: A function a € L4(X), where 1 < ¢ < o0, is said
to be a g-atom if there is a dyadic cube @) so that

suppa C @, S a(z)dr =0, and |a|Lex) < Q| Y7,
Q

¢ being the Holder conjugate of ¢q. Note that every g-atom a satisfies
lallgrxy < 1. Now H'(X) consists of exactly those f € L'(X) which
admit, for every ¢ € (1, 00], a decomposition into g-atoms ay so that

F=Y Mpar with Y|\ < o0
k k

The weak type Hardy space estimate is the requirement that

1
{z e R" : A f(x) > N S Sl )
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for all A > 0. We write this as .# : H'Y(X) — L% (and similarly for
LY(X)).

The key to the derivation of an L? inequality from a weak type estimate
is a suitable distributional inequality, where .# is controlled by another
maximal operator. For 1 < ¢ < oo we define

1/q
M,f(a) = s <\@r flrla)

LEMMA 1. Suppose that A HI(X) — LY and let 1 < g < 0. If f
has a finite Haar decomposition and Q) is mazximal among cubes for which
Z((f)r:RDQ) >\ for a given X\ > 0, then

[z € Q: A f(z) >2) Myf(z) < OMH S 79
for all 6 € (0,1). Consequently, for every A > 0 and 5 € (0, 1), we have
Hz e R" : A f(x) > 2\, Myf(x) <O} S %_(SHCC eER": A f(x) > N}

Proof. Given a function f with a finite Haar decomposition and a A > 0,
let @ be maximal among cubes for which Z({(f)r: R D Q) > \.

If #f(x)> 2\ foranx € Q, then Z((f)r: R C Q,R > x) > A, since
Z((f)r : R D Q") < X by maximality of Q. If also M,f < d\ somewhere
in @, then

A((f = (Ha)le)(@) = Z((fir— (e RCQ R >x)

> A((flr: RCQ,R3x)—[[{floll > (1=0)A,
as [[(f)qll < Mqf(y) for any y € Q.

Now (f — (f)@)1lg is a g-atom multiplied by 2|Q|1/q/||f1Q||LQ(X) and so

from .# : H'(X) — LY it follows that

He e Q: A f(x) > 2\, Myf(z) <A}
<Hee@: a((f—(No)le)(z) > (1 - 5))\}|
1
S mll(f— (Neo)lallmx) S (1_ A IQll/q /1@l ax
Assuming that M, f < )\ somewhere in (), we obtain

/
(Vireear)" < 1Q1 inf My @) < Q1163
Q

so that from |Q|"/?'|Q|"/ = |Q| we arrive at

o € Q: A f(x) > 20, Myf(e) < N} S +25l@l
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The set {z € R" : #Z f(x) > A} can of course be decomposed into a
disjoint union of maximal cubes in the previous sense and so

\meR”u%ﬂ@>2&Mﬁ@ﬂg&ﬂgfgameR”w%ﬂ@>AH
forall 6 € (0,1). =

REMARK. From . : L'(X) — LY* one can deduce a similar distribu-
tional inequality for ¢ = 1.

Weights. For 1 < p < oo, the (dyadic) Muckenhoupt class A, consists
of weights w (non-negative and locally integrable) such that

<£Ngw@ym)<éﬂéwmfﬂhm>%{§1

for every dyadic cube ). This is equivalent to the requirement that, for any
Banach space X, M; : LP(w; X) — LP(w), i.e.

| Muf(@)Pw(e) de 5§ 1F@)]Pu() d.

R” R”
Due to the ‘reverse Holder property’ of Muckenhoupt weights (see [5, Chap-
ter IV]), every weight in A, belongs to a smaller class A, /, for some ¢ > 1.
Furthermore, every such weight w satisfies the following: There exists a
~v > 0 such that, whenever E C @ for a dyadic cube @), we have

Here, as usual, w is also used to denote the measure w(z) dz.

Characterization of the RMF property. We are now in a position
to characterize the RMF property of a Banach space by the equivalent con-
ditions in the following statement:

THEOREM 1. The following conditions are equivalent for any Banach
space X:

(i) A : LP(w; X) — LP(w) for all p € (1,00) and any w € A,
(il) A : LP(X) — LP for some p € (1,00),
(iii) . : LY(X) — LY,
(iv) A : HY(X) — Lb°°.

Proof. As (ii) is a special case of (i), the equivalence is obtained by
proving that (ii)=-(iii)=(iv)=(i).

(il)=(iii): To perform the Calder6n—Zygmund decomposition for a func-
tion f € LY(X) at height ), let € denote the collection of maximal cubes
among dyadic cubes @ for which (1/]|Q|) SQ | f(x)]| dz > \. We decompose
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f into the ‘good’ and ‘bad’ parts according to
g=lemyef+ D (Hole, b=f-g=> (f—Hle= > b

Qe% Qe% Qev

A standard argument employing the assumption .# : LP(X) — LP applies
to the good part and gives

1
{z eR": Ag(x) > A2} S I fllLrx)

For the bad part we observe that .#b = 0 outside | J%. Indeed, if z ¢ | %
and R 3 z, then (bg)r = 0 for all Q € € and so (b)gr = 0. Consequently,
also

o e B avfe) > A2 < | 9] < 1l

(iii)=>(iv): This is immediate from the fact that || - [[L1(x) < || |51 (x)

(iv)=(i): Given a p € (1,00) and a w € A,, we choose a ¢ € (1, p) such
that w € Ay, Any f with a finite Haar decomposition will then satisfy, for
all A > 0 and ¢ € (0,1), the inequality

w({z e R" : A f(x) > 2\, Myf(x) < OA})
s\
with some v > 0. Indeed, we may write {x € R® : .Zf(z) > A} as a
disjoint union of dyadic cubes @ that are maximal with respect to Z({f)r :
R D Q) > )\, and then appeal to Lemma (1| and to with B ={z € Q@ :
A f(x) > 2N, Myf(x) < OA} to see that there exists a v > 0 so that

K} Y
wlfe € Qs f(0) > 2 My fa) <) 5 (25 ) wl@)

for all 6 € (0,1).
Now, writing a(d) = (6/(1 — ¢))?, we obtain
1A f 1y = 27 § PV w({w € R™ o f(z) > 2X}) dA

0
oo

<$2°a(0) | pX T w({z € R™ - A f(z) > A}) dA

0
oo

+22 | pVPlw({z € R™ : Myf(z) > 6A}) dA
0

2p
= 222(O)A f Iy + 55 1Mo Sl
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Observing that M, f(z)? = M;g(z)P/4 for the scalar function g(z)=||f(x)]|Y,
we may deduce from w € A/, that

1Mo = | Mgl tw(e) de
Rn
< oy | 9@/ w(e) de = C
Rn

Choosing § small enough so that « () < 1/2P, after rearrangement we obtain

2°(Cpq)

12 F Iy S m“f“m wiX)"

REMARK. e Condition (i) can also be seen to follow from (iii) by using
a distributional inequality as in Lemma |1} but with ¢ = 1.

e From condition (ii) it also follows that .# : H'(X) — L', as can easily
be seen from the action of .Z on a p-atom a supported in Q:

S Ma(z)dr < ’Q|1/p/< S M a(x)? d:U) ik < ’Q‘l/p'< S la(z)| d:l:) 1/p <1
R Q 0

e The UMD property of a Banach space X can be characterized by an
analogous result for the dyadic square function given for f € Lloc( ) by

st = g (<] 3 Setiratgea]')” s

QED), 0
|k|<N

where h% are the Haar functions:

THEOREM. The following conditions are equivalent for any Banach
space X :

(i) S: LP(w; X) — LP(w) for all p € (1,00) and any w € Ay,
(ii) S: LP(X) — LP for some p € (1,00),
(iii) S: LY(X) — Lbee,
(iv) S: HY(X) — LY.

The proof proceeds as that of Theorem [If once one has a suitable version
of Lemma [I} In order to prove a distributional inequality—assuming that
(iv) holds—take any f with a finite Haar decomposition and a A > 0. The set
{r € R": Sf(x) > A} decomposes into disjoint cubes @) that are maximal

with respect to
1/2
( ) Y

{f, h%)
Z Z 9 ‘R|1/2

RDOQ 6
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Now, if Sf(z) > 2\ for an z in such a cube @, then

(S~ NNl = (5] X5 S hir o)
RCQ 0
2\ 1/2
> CeAlER T,

ROQ* 0
where the identity follows from the fact that ((f — (f)o)1lg, h%) = (f, h%) if
R C Q and otherwise ((f — (f)¢)1lg,h%) = 0. As in the proof of Lemma
we then find for any ¢ € (1,00) that

> Sf(x (

Hz e Q:Sf(x) > 2 M,f(x) <A}
<Hze@:S((f - (e )Q)( ) > A}

1
S = (ho)lollme S rcz|1/q £ 10 La(x) < 81Q,

where the last step holds under the assumption that M,f < d\ somewhere
in Q.

Observe, in addition, that from [|Sf||zr(w) S || £l 2r(w;x) one can deduce
the reverse inequality || fI|zr(w;x) S [I1SfllLr(w) by duality (cf. [6, Theorem
5.4.7)).

Application to paraproducts. Let us briefly note how the weighted
LP? inequalities for .# can be applied to vector-valued paraproducts. We
define the paraproduct operator Il associated to a given b € BMO by

I, f = Z Q(b, hy)hy,

where, strictly speaking, one considers finite sums and defines I, f as a func-
tional on a dense subspace of the dual. A standard argument via Carleson’s
embedding theorem (see [10, Theorem 8.2, Corollary B.1] or [9, Lemma 13,
Theorem 14]) gives
1/p
LP(w; X)>

1S o) (EHZ% o (b h 5

S HbHBMoll///fHLp(w)

for w € Ay and f € LP(w;X) with 1 < p < co. Assuming that X has
UMD, we have ||y f|| 1p(w;x) S 1Sy f)|| Lp(w)- If; in addition, X has RMF,
then |4 fllzrw) S |1fllLe(w;x) according to Theorem [1} which establishes
the boundedness of II, on LP(w;X). See [10, Appendix B] for historical
remarks.
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3. A BMO estimate. In contrast to other, more usual maximal oper-
ators (such as M;), .# does not in general map L°>°(X) boundedly into L.
Indeed, according to [12, Proposition 4.1] we have:

PROPOSITION. For any Banach space X, A : L>°(X) — L if and only
if X has type 2.

On the other hand, a linearized version of .#Z was shown in [I0, Propo-
sition 7.1] to map L*°(X) into a certain vector-valued BMO space. Recall
that by the John—Nirenberg inequality the (dyadic) BMO norm of a function
f € L .(X) can be given by any of the equivalent quantities

1/p
HfHBMO(X)zsup(msuf(> <>Q||pdw) L l<p<oo

Moreover, the dyadic averages (g)g in the BMO norm of a scalar function
g € L can be replaced by other scalars cq according to the formula

S lg(z) — cql du.

loc

llgllBMmo ~ sup mf

IQ\
THEOREM 2. Suppose that A4 : LP(X ) — LP for some 1 < p < co. Then
-7 fllBmo S I f lBmo(x)
for any f € L (X) with A f < 0o almost everywhere.
Proof. For every dyadic cube @) and every z € Q we have
A(fir:Ro2) < Z({(f)lr—(flo+ (il :RCQ,R>2,R" >Q)
<Z{(ir—(flo:RCQR3>2)+Z(f)r: R DQ),

where the first term in the last expression equals .Z ((f —(f)g)1g)(x). Since
A f < oo almost everywhere, the constant

cq=2Z({f)r : R DQ)
is finite and so for x € Q,
0<Af(x)—cq<A((f—{flo)le)(z).
Consequently, since A4 : LP(X ) — LP,

A f(x) — cqlde < . A((f - (Fo)lo)(x) du

IQ! ) IQ!

s<
<

‘ =

1/p
o (- <f>Q>1Q)<x>pdx>

O

‘ =

é
é

1/p
(@) - <f>Q||pd~’U> < 1 flmvocs,

o

as required. m
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4. Different dyadic systems and dimensions. Up until now, we
have considered the Rademacher maximal function with respect to a fixed
dyadic system on the Euclidean space of fixed dimension. In this section it is
shown that the LP boundedness of .# (as described in Theorem |[1) depends
neither on the system nor on the dimension.

Different dyadic systems. Different dyadic systems on R™ can be
expressed by using a parameter 3 = (3;) € ({0,1}")% according to #° =
Usez 25, with

9P = {Q—k([o, D" +m)+> 2798 :me Z”}.
>k
The standard system corresponds to = 0 and we refer to it by omitting
B altogether. LP boundedness of the Rademacher maximal operator with

respect to 2” is equivalent to uniform LP boundedness of the truncated
operators defined by

MOV f(z) = R(ALf(x): k> N), Nez,
where
Af =Y (Nele
Qezy
stands for an averaging operator with respect to .@,’f . A direct calculation

shows that averages with respect to .@,’f can be obtained from those of the
standard system by translations:

Ag = Tk_IAka, where 75 f(x) = f(:l: + Z 2_j6j>.
>k
Moreover, large (dyadic) translations commute with averaging so that for
k > j we have
Agoj = 0jAg, where o;f(z) = f(x+2778;).

Now that 7,1 = o7k, we see that actually

Af = TNIA;JN whenever k > N,
and hence

MONf =N (T ).

Translations preserve LP norms and so we have arrived at the following
result:

THEOREM 3. Let 1 < p < oo. If the Rademacher mazimal operator is
LP bounded with respect to some dyadic system on R™, then it is LP bounded
with respect to any dyadic system on R™.
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Different dimensions. Let us now consider the Rademacher maximal
operator in different dimensions and prove the following result:

THEOREM 4. Let n be a positive integer and 1 < p < oco. The Rade-
macher mazimal operator is LP bounded on R™ if and only if it is LP bounded
on R (or even on [0,1)).

We restrict our attention to the standard dyadic system on R™ and
note that it divides R™ into 2" ‘quadrants’ {x € R" : a;x; > 0}, where
a € {—1,1}", in the sense that every cube in the standard system is
contained in one of the (essentially disjoint) quadrants. For LP bounded-
ness of .# on R", it thus suffices to consider one of these quadrants, say
{x € R" : z; > 0}. By density of functions with bounded support, we may,
using a scaling argument, restrict to functions supported in the unit cube
[0,1)" and consider only averages over cubes contained in [0,1)"”. Writing
" = Upe €1, where 6} consists of (standard) dyadic cubes @ C [0,1)"
of sidelength 27%, we have reduced the question to LP boundedness of

M) =Z((flo:QeE",Q>x), z€[0,1)".

To see that .# is LP bounded on [0,1)" if and only if it is LP bounded
on [0, 1) we first note that ‘only if” is immediate from the fact that functions
on [0,1) can be naturally viewed as functions on [0,1)" depending only on

the first coordinate. For sufficiency, we provide a way to associate dyadic
subcubes of [0,1)" with dyadic subintervals of [0,1) in a suitable manner:

LEMMA 2. There exists a measure preserving map o : €™ — € which
respects the partial order of inclusions in the sense that, for all Q € €™, we
have p(R) C ¢(Q) if and only if R C Q. Moreover, for every k > 0, the
restriction gy, 1 € — €. is bijective.

Proof. Agreeing first that ¢([0,1)") = [0,1), we proceed inductively.
Namely, if @ = 27%([0,1)" +m) € €7 is mapped to ¢(Q) = 27"%([0,1) +1)
€ ‘Kﬁk, then each subcube R € €7 ; of @ is of the form

R=2""10,1)" +2m + (61,...,6,)) with §; € {0,1},
and we map it to the interval
p(R) = 27" HD([0,1) 42"+ 612" + - + 5,2°),
which is a subinterval of ¢(Q). Note that each subinterval I € ‘Knl(k )
of p(Q) is an image of exactly one subcube R € 4}’ of @ so that each
restriction ¢y, is bijective. m

Again, by switching to a truncation of .#, it suffices to consider, for
each N > 1, functions on [0,1)" that are constant on cubes of €%. Every
such f, when viewed as a function on cubes of €}, can be transferred, using
Lemma [2, to the function f o ¢y on [0,1) (which is constant on cubes
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of %éN) Dyadic averages of f o gp&l include the dyadic averages of f; for
every Q € €)' with 0 <k < N we have
(fa = (f ooy e

A calculation shows that the LP norm of .Z f is at most the LP norm of

M(f o on):

H’//l(fO‘PNWLp[Ql) :2nN Z o(lON I- ID‘])

JEC

> 2nN > BUfoonu@ i p(Q) D )
JeE

= onN Z Foen @ (@) D ¢(R))”
Re%

1

= oon 2 AU QD RY = A f |0y

Re%T

Since the LP norms of f and f o ng,l are equal, Theorem |4{ follows.

5. More general measures. It was shown in [12, Theorem 5.1] that
the RMF property of a Banach space X, as described here by the equivalent
conditions in Theorem [I} guarantees the boundedness of the Rademacher
maximal operator with respect to any filtration on any o-finite measure
space. It is nevertheless interesting to see that the proof of Theorem |[I]is also
directly applicable to a more general (possibly non-homogeneous) setting,
where R" is equipped with a locally finite Borel measure u. We adjust our
averages accordingly by Writing

(Na 7@ S uwy), Q€
Q
which we agree to be zero if u(Q) = 0, and put
Aif = Z (flolg, kel
QEDy

In order to obtain a collection of Haar functions hGQ adapted to u, recall
that every f € LP(u; X) with 1 < p < oo can be approximated by averages
so that Aif — fin LP(u; X) as k — oo. For each N € Z we can then write
the truncated (adapted) Haar decomposition

o
F=3 (Aeaf = Af) + A= D D (Lo + Y (Dele

k=N QED, 0 QEIN
k>N
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which converges (possibly conditionally) in LP(u; X), and functions with
finite decomposition are dense in LP(u; X) (see [7, Section 4]). Again, each
h% is supported in () and satisfies Sh% dp = 0.

A suitable version of Lemma [T} with

M, f(x) =sup S )| duly
Q

can then be formulated as follows:

LEMMA 3. Suppose that 4 : L'(u; X) — LY*°(u) and let N € Z. If
f has a finite (adapted) Haar decomposition, then for every A > 0 and
0 €(0,1), we have

pu{z e R" : Ay f(x) > 2X\, My f(x) < IA})
5
N m#({x ER": AN [f(x) > A}),
where MNf(z) = Z((f)g : Q 2 =, Q € D, k > N) is the truncated
Rademacher mazximal function.

The truncation is needed in order to guarantee the existence of maximal
cubes @, which are now defined by the requirement that Z({f)r : R D Q,
R € Y,k > N) > X. Otherwise the proof proceeds similarly to that of
Lemma, [T

With these observations, the proof of Theorem [I]can be adjusted to show
the following generalization:

THEOREM 5. Suppose that p is a locally finite Borel measure on R™. The
following conditions are equivalent for any Banach space X :

(i) A - LP(u; X) — LP(p) for all p € (1,00),
(ii) A : LP(u; X) — LP(p) for some p € (1,00),
(i) o+ L} (1 X) — L2230,
Proof. (ii)=-(iii): We may argue as in [12], Proposition 6.3]. Given a func-
tion f € L'(pu; X) and a A > 0, we show that

Pl € Bty f(2) > A} S 51 g

independently of N € Z. Gundy’s decomposition (see [I4, Chapter IV, Sec-
tion 2] or [I2, Theorem 6.2]) allows us to write f = g + h + b, where

(1> HgHLl(,u,;X) S HfHLl(p,;X) and Hg”LOO(M;X) S )‘7
(2) [[ANDI L (usx)y + 202N 1Akt 1h = Akbl b uxy S NI L)
(3) p({z € R™: Mb(z) > 0}) S A | FllLr(usx)-
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From .# : LP(u; X) — LP(p) and (1) it is straightforward to see that

1
p{z e R - Ang(x) > A/3}) S S flprux)-
Also,
1
p{z € R : Anb(z) > A/3}) S S llergux)

follows immediately from (3) and the fact that .#Zb(x) = 0 if and only if
Mb(x) =

In order to handle .#Zxh, we first observe that for any sequence of vectors
(&k)724 in X we have

J 00
26 i=1) <Yl
k=1 k=1
Thus for all z € R™,
Mnh(x) < || Anh(z)|| + Z | Ak 1h(z) — Aph(@)]),

so that (2) gives
p({x € R" : Anh(x) > N\/3})

< 3 (IRl o) + 3 T4kt = Ahlliagany) S Sz sx
k>N
Combining the estimates for g, h and b we obtain the desired result.
(iii)=(i): Given ap € (1,00) and an N € Z we may use Lemma [3| to see
that for any f with finite (adapted) Haar decomposition and any ¢ € (0, 1)
we have

£y S 2o iy M

where both sides of the 1nequahty are finite. Choosmg 6 small enough, we
see that N fll1r(u) S 1 fllzp(u;x) independently of N. =

()’
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