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Abstract. We investigate semi-Riemannian manifolds with pseudosymmetric Weyl
curvature tensor satisfying some additional condition imposed on their curvature tensor.
Among other things we prove that the so-called Roter type equation holds on such man-
ifolds. We present applications of our results to hypersurfaces in semi-Riemannian space
forms, as well as to 4-dimensional warped products.

1. Introduction. We denote by V, R, S, C and « the Levi-Civita con-
nection, the Riemann-Christoffel curvature tensor, the Ricci tensor, the Weyl
conformal curvature tensor and the scalar curvature of an n-dimensional
semi-Riemannian manifold (M, g), respectively. The manifold (M, g), n > 3,
is said to be an Einstein manifold (|B]) if S = (k/n)g on M. Einstein
manifolds form a subclass of the class of quasi-Einstein manifolds. The man-
ifold (M, g), n > 3, is called a quasi-Finstein manifold if at every point
x € M we have rank(S — ag) < 1, for some o € R, which is equivalent to
(S—ag)A(S—ag) =0, ie.

(1.1) %S/\S—ag/\SJrazG:O, G:%g/\g.

For precise definitions of the symbols used here, we refer to Section 2 (see
also [BDG| and [DG3]). If at every point of M we have rank S < 1 then
(M, g) is called Ricci-simple ([DRV]). Quasi-Einstein manifolds arose during
the study of exact solutions of the Einstein field equations as well as during
considerations of quasi-umbilical hypersurfaces of conformally flat spaces.
Such manifolds were investigated by several autors. Quasi-Finstein mani-

folds, in particular quasi-Einstein hypersurfaces, were studied e.g. in [DG4],
[DH4|-|[DHT7| and [G3]; see also [DG3| and references therein.
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It is well-known that the semi-Riemannian manifold (M,g), n > 4, is
conformally flat if and only if C' = 0 everywhere in M. The last equation
yields

1 K
1.2 R=—gNS——F—G.
(12) n—29 (n—2)(n—1)
The Robertson—Walker spacetimes, and more generally, warped products
of a 1-dimensional manifold and an (n — 1)-dimensional space of constant
curvature, n > 4, are conformally flat quasi-Einstein manifolds. Thus, by

(1.1) and (1.2, the curvature tensor R of such manifolds is expressed by

R:;SAS—l—(?ﬂLiQ—a)gAS—i-(OAQ—MI{(n_l))G.

There are also non-conformally flat and non-quasi-Einstein manifolds satis-
fying an equation of this kind. Namely, as explained in Remark [£.1] of this
paper, the curvature tensor R of some semi-Riemannian manifolds is a linear
combination of the tensors S A S, g A S and G, i.e.

(1.3) Rz%S/\S—I—,ug/\S%—nG,

where ¢, 1 and n are some functions. More precisely, the curvature tensor
R of some manifolds (M, g), n > 4, satisfies on a specific open set U
defined in Remark The manifold (M, g), n > 4, is said to be a Roter
type manifold (|[D4], [G2)]) if holds on the set U just mentioned, and U
is a non-empty set. Condition is called the Roter type equation ([D4]).
We refer to [D4], [DH5], [DK], [DP], [DS], [G1] and [K2] for results on Roter
type manifolds. In particular, examples of warped products satisfying
are given in [DK], [DP], [DS], [K1] and [K2].

In Section 3 we consider generalized curvature tensors B having some
additional properties. The main result (Theorem states that under some
conditions imposed on a generalized curvature tensor B, its Weyl tensor
Weyl(B), and Ricci tensor Ric(B) (see (3.5)(3.7)), the tensor B is a linear
combination of Ric(B) ARic(B), g ARic(B) and G, i.e. B satisfies the Roter
type equation , a special case of which is .

It should be pointed out that is known to imply further interesting
relations ([K2, Proposition 4.1]). As a result we also have a family of such
relations when the curvature tensor R of a manifold (M, g), n > 4, satisfies
. Among those relations there is a condition which is invariant under
conformal deformations of g:

(1.4) C-C=LeQly, O),

for some function L, with C - C and Q(g,C) defined as in Section 2 be-
low. A manifold (M, g), n > 4, satisfying (1.4]) is called a manifold with
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pseudosymmetric Weyl tensor. Results on manifolds (in particular, hyper-
surfaces in space forms) satisfying appear e.g. in [ACD], [DD], [DDV],
[IDY1]-|DY3|, [MAD] and [S1]. We also mention that every Chen type ideal
submanifold and every Wintgen submanifold satisfy (see, e.g., [DS1],
[DS2], [DGHE]).

Section 4 contains results on manifolds with pseudosymmetric Weyl ten-
sor. Our main result (Theorem states that under some additional as-
sumptions the Roter type equation is satisfied on such manifolds. We
present some applications of that theorem to warped product manifolds
(Corollaries 4.7), as well as to hypersurfaces in semi-Riemannian space

forms (Theorem Corollary [4.9).

2. Preliminaries. Throughout this paper all manifolds are assumed
to be connected paracompact manifolds of class C*°. Let (M, g) be an n-
dimensional, n > 3, semi-Riemannian manifold and let V be its Levi-Civita
connection and = (M) the Lie algebra of vector fields on M. We define the
endomorphisms X A4 Y and R(X,Y) of Z(M) by

(X AAY)Z = A(Y, 2)X — A(X, 2)Y,
R(X,Y)Z =VxVyZ -VyVxZ -V xyZ,
where A is a symmetric (0, 2)-tensor on M and X,Y,Z € Z(M). The Ricci
tensor S, the Ricci operator S and the scalar curvature  of (M, g) are defined
by S(X,Y) = tr{Z — R(Z, X)Y}, ¢(SX,Y) = S(X,Y) and k = trS,
respectively. The endomorphism C(X,Y) is defined by

aXJﬁZ:RUQHZ—nizCXMSY+SXA@Y—

K
n—1

X Ng Y> Z.
Now the (0,4)-tensor G, the Riemann—Christoffel curvature tensor R and
the Weyl conformal curvature tensor C' of (M, g) are defined by
G(X1, Xz, X3, Xy) = g((X1 Ay X2) X3, Xy),
R(X1, X2, X3, X4) = g(R(X1, X2) X3, Xu),
C (X1, X2, X3, X4) = g(C(X1, X2) X3, X4),
where X1, Xo,... € Z(M). We define the following subsets of M:

Up=lzeM|R-— —" G+0atz),
(n—1)n

Z@z{xéMWS—Zg#OMm}

Uc={z e M|C #0 at x}.
We note that Us UlUc = Ug.
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Let B be a tensor field sending any X,Y € Z(M) to a skew-symmetric
endomorphism B(X,Y), and let B be a (0, 4)-tensor associated with B by

(21) B(Xl,XQ,Xg,X4) :g(B(Xl,Xg)Xg,X4).

The tensor B is said to be a generalized curvature tensor if the following
conditions are fulfilled:

B(X17X27X37X4) = B(XS)X47X17X2)
B(Xl,XQ,Xg,X4) + B(Xg,Xl,XQ,X4) + B(XQ,Xg,Xl,X4) =0.

For B as above, let B be again defined by . We extend the endomor-
phism B(X,Y’) to a derivation B(X,Y')- of the algebra of tensor fields on M,
assuming that it commutes with contractions and B(X,Y) - f = 0 for any
smooth function f on M. For a (0, k)-tensor field T, kK > 1, we can define
the (0, k + 2)-tensor B - T by

(B T)(Xla o Xk, X, Y) = (B(X7Y) T)(Xla . 7Xk‘)
— _T(B(X,Y)X1, Xoy oo Xp) — - = T(X1, .., X1, B(X,Y) Xp).

In addition, if A is a symmetric (0, 2)-tensor then we define the (0, % + 2)-
tensor Q(A,T) by

Q(AvT)(Xla"'7Xk7X7Y) - (X/\AYT)(Xhan)
=-T((X AaY)X1, X, ..., X)) = = T(Xy, ..., Xpo1, (X A4 V) Xp).

In this manner we obtain the (0,6)-tensors B - B and Q(A, B). Setting in
the above formulas B=Ror B=C, T=RorT =CorT =5 A=y
or A =S, we get the tensors R-R, R-C, C-R,C-C, R-S, Q(g9,R),
Q(S,R), Q(g,C) and Q(g,S). The tensor Q(A,T) is called the Tachibana
tensor of the tensors A and T, or briefly the Tachibana tensor (see, e.g.,
IDGT]). We mention that in some papers the tensor Q(g, R) is called the
Tachibana tensor (J[HVI], [JHI|, [JH2|, [PTV]).

For a symmetric (0,2)-tensor E and a (0, k)-tensor T, k > 2, we define
their Kulkarni-Nomizu product £ A T by (|[DG2])

(ENT) (X1, X9, X3, Xy;Y5,...,Yy)
= E(X17X4)T(X2, X3,Y3,. .. ,Yk) + E(XQ, Xg)T(Xl,X4, Ys, ... ,Yk)
— E(X1,X3)T(Xo, X4,Y3,...,Y) — E(Xo, X4)T(X1, X3,Y3,...,Y%).
The following tensors are generalized curvature tensors: R, C', G and EAF,

where E and F are symmetric (0, 2)-tensors. For a symmetric (0, 2)-tensor

E we define the (0,4)-tensor E by E = 1E A E. In particular, we have

g=G= %g A g. Now we can express the Weyl tensor by

1 K



SEMI-RIEMANNIAN MANIFOLDS 153

Let {e1,...,en} be an orthonormal basis of T, M at a point x € M of a
semi-Riemannian manifold (M, g), n > 3, and let

glej,ex) =€jdjn, €5 ==x1, jke{l,...,n}.

For a generalized curvature tensor B on M we denote by Ric(B), x(B) and
Weyl(B) its scalar curvature, Ricci tensor and Weyl tensor, respectively. We
have

Ric(B)(X,Y) = Y ¢;B(ej, X,Y,¢)),

j=1
(2.3) Kk(B) = Zn:ej Ric(B)(ej, ;),
j=1
Weyl(B) = B — ﬁg A Ric(B) + (71—52()(373—1)G’

We denote by Ugjc(p), respectively, Uyey(p), the set of all points at which
the tensor Ric(B) is not proportional to g, respectively, the tensor Weyl(B)
is non-zero.

Let Bhpijk, Thiji, and A;; be the local components of generalized curva-
ture tensors B and T' and a symmetric (0, 2)-tensor A on M, respectively,
where h,i,j,k,1,m,p,q € {1,...,n}. The local components (B-T)p;jxim and
Q(A, T)pijkim of the tensors B - T, Q(A,T), B- A and Q(g, A) are

(B - T nijkim = 9" (Lpij Bahim + ThpjkBgitm + Thipk Bgjim + ThijpBakim )
Q(A, Tnijkim = AnTmijk + AaThmik + AjThimk + AuThijm
— ApmTiije — AimThijr — AjmThik — AkmThijis
(B - A)nkim = 9" (Apk Bahim + Aph Bakim)
Q(9, A)nkim = gniAkm + gkt Anm — Ihm Akl — Gkm Ani-
From the last equation, by contraction with ¢% and ¢"™, we obtain
(24) QA T)nrskim = A Tsknm — Al Tshmk — A Tsknt + A, Tsnik
+ Q(A,Ric(T)) hkim,
(2.5) QA T)rijris = — ATk + A Tsiji + AiTsira + A} Ty
+ Ay Ric(T)s; — Aji Ric(T )ik — 9"° Ars Tiiji,
(2.6) 9°Q(g, A)rkis = tr(A)gry — nAg.
[DG7, Lemma 2.1 and Proposition 2.1| yield

PrOPOSITION 2.1. Let T be a generalized curvature tensor on a semi-
Riemannian manifold (M, g), n > 4. If on Uyyeyi(r) C M we have

T-T - Q(Ric(T), T) = LiQ(g, Weyl(T))
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Jor some function Ly on Uwey (), then at every point of this set we have
(2.7) Ric(T); Tskim + Ric(T)] Tskmn + Ric(T);, Tskn = 0,

where Ric(T);; and Thijp, are the local components of Ric(T') and T', respec-
tively.

For a symmetric (0, 2)-tensor A we define the endomorphism A and the
tensor A? by g(AX,Y) = A(X,Y) and A%(X,Y) = A(AX,Y), respectively.

LEMMA 2.2. Let Eq, Ey and F be symmetric (0,2)-tensors at a point x
of a semi-Riemannian manifold (M,g), n > 3.

(i) (IDGI1], [DG2]|) At x we have
EyNQ(E2, F) + E2 NQ(EY, F) + Q(F, By A E2) = 0.
In particular, if E = E1 = E5y then at © we have

(2.8) EANQ(E,F)=—-Q(F,E).
Moreover (see, e.g., [DG4, Section 3])
(2.9) QE,ENF)=-Q(F,E).

(ii) |K2, Lemma 3.2] At z we have
—(gAF)-(gAF) =Q(F*G).
Moreover, if B is a generalized curvature tensor then
(2.11) G-B=0Q(g,B).
(iii) (see, e.g., [DY5, Lemma 2.4(iii)|) At x we have
Q(E1, B2 NF) + Q(E2, F A Er) + Q(F, Ey A E2) = 0.

REMARK 2.3. Let (M,g), n > 3, be a semi-Riemannian manifold. Let
A, E and F be symmetric (0, 2)-tensors and B and T' generalized curvature
tensors at a point © € M.

(i) |G, Lemma 2| states that if R- E =0 and R- A = Q(g, F') at x then

(E — wg) (F — tlr(—F)g) = 0 at this point. The same proof shows that R

can be ;Leplaced by 17’1
(ii) By |G, Theorem 1], if R- B = 0 and R- A = Q(g,F) at x then

(F — wg) (B — (B) G’) = 0 at this point. Again, R can be replaced

(2.10)

n (n—1)n
by T.
(iii) By [DH2, Lemma 1|, if R-F = aQ(g,E), « € R,and R-A = Q(g, F)
at x then (F —aA— Wg) (E — @g) = 0 at this point. Here too, R

can be replaced by T'.
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(iv) By [DH2, Lemma 2|, if R-B = aQ(g, B), « € R, and R-A = Q(g, F)
at = then (F —aA— MQ) (B — (:f;n ) = 0 at this point, and again

we observe that R can be replaced by T

PROPOSITION 2.4 (see, e.g., [DH3| Lemma 3.4|). Let (M, g), n >3, be a
semi-Riemannian manifold. Let a non-zero symmetric (0,2)-tensor E and a
generalized curvature tensor T, defined at x € M, satisfy Q(E,T) =0 at x.
In addition, let Y be a vector at x such that the scalar p = w(Y') is non-zero,
where w is the covector defined by w(X) = E(X,Y), X € T, M. Then either

i) E—pw@w#0and T=AEANE, N€R, or
(ii) £ = pw®@w and
(2.12) w(X)T(Y, Z,Xl,XQ) +'LU(Y)T(Z,X,X1,X2)
+w(Z)T(X,Y,X1,X2) =0, XY, Z X1,Xo€ T, M.
Moreover, in both cases the following condition holds at x:

(2.13) T-T = Q(Ric(T),T).

3. Identities for generalized curvature tensors. In this section we
present results on generalized curvature tensors satisfying some conditions.

ProrosITION 3.1. If B is a generalized curvature tensor on a semi-Rie-
mannian manifold (M, g), n > 4, then the following identities are satisfied
on M:

(3.1) (n—2)(B-Weyl(B) — Weyl(B) - B) + Z(Bi Q(g, Weyl(B))

= (g A Ric(B)) - Weyl(B) — g A (Weyl(B) - Ric(B)),
(3.2)  Weyl(B)-Weyl(B) = B - B

((g ARic(B)) - B+ g A (B -Ric(B)))

n—2
K(B) 1 .
+ mQ(g,Weyl(B)) - m@((RlC(B))QaG)'

Proof. Using ([2.3)), (2.9) and (2.11]), we obtain the identities
1 .
Q(g, Weyl(B)) = Q(g, B) + mQ(Rlc(B)a G),

(3.3) Weyl(B) - Weyl(B) = Weyl(B) - <B - ﬁg A Ric(B)

5(B)
N 1>G>

= Weyl(B) - B — ﬁg A (Weyl(B) - Ric(B)),



156 R. DESZCZ ET AL.

(34) Weyl(B) - Weyl(B) — (B - ﬁg A Ric(B)

KB) ) e
+ = 2)(n = )G> Weyl(B)
= B - Weyl(B) — 2(9 A Ric(B)) - Weyl(B)
k(B)
+ m@(g,W@yKB)),

B-Weyl(B)= B- B — %g A (B - Ric(B)).
—

From (3.3)) and (3.4)) we easily get (3.1). Further, by making use of (2.3),
[-10) and @.11), we find

Weyl(B) - Weyl(B) = Weyl(B) - B — ﬁWeyl(B) - (g A Ric(B))

—B-B— ﬁ(g/\Ric(B)) -B+ mQ(Q,B)
~ L gA (B Ric(B D+ gz (9 Rie(B)) - (A Rie(B)
b1 A Ri(B)
BB QU B) — QR C)
- a1 Qg A Rie(B)
(g ARiC(B)) - B+ g A (B Rie(B)))

By making use of ([2.3)), we rewrite this as (3.2)), completing the proof. m

PROPOSITION 3.2. Let B be a generalized curvature tensor on a semi-
Riemannian manifold (M, g), n > 4, satisfying on Urie(p) N Uweyi(By C M,

(3.5) B - B - Q(Ric(B), B) = L1Q(g, Weyl(B)),
(3.6) Weyl(B) - Weyl(B) = Lyey()Q(9, Weyl(B)),
(3.7) B - Ric¢(B) = Q(g, D),

where D is a symmetric (0,2)-tensor and Ly and Ly = Lyey () some func-
tions on this set. Then on Urie(p) NUweyi() we have

(3.8) Weyl(B) - Ric(B) = L2Q(g, Ric(B))),
(3.9) Weyl(B) - B = L2Q(g, B),
(3.10) (Ric(B))? = Ao Ric(B) + A\3g,
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(n —Z()?n) —1) + n)\_o 2) Ric(B) + Ay,

(n —2()(373 —1) + n/\_o 2>Q(g,Ric(B))7

(3.13)  Q(Ric(B) — a1g, Weyl(B) + aaQG)

_ 4(111_2)Q(Q,Ric(3) A Ric(B)),

where Ay, A3 and Ay are some functions and

(3.11) D= (L -

(312)  B-Ric(B) = <L2 -

201 = “AB) Lit Ly, (n—2ep= )\20(”i(2B))

n—1
Proof. First of all we note that the following identity is satisfied on a

coordinate domain of a point of Urie(p) N Uweyi(B):
(3.14)  ((9 ARic(B)) - B)nijkim = Q(Ric(B), B)hijkim

+ gniAmijk — IhmAlijk — GitAmhjk + GimAtnjk

+ gj1Amini — 9imAikhi — Gk1Amihi + GemAtjni,
where Aml]k = gT’s RIC(B)TmBs’ij Furthera applylng " " " ‘ )
B7) and (319) to (B.2) we get

(3.15)  gniAmijk — 9hmAtijk — GitAmhjk + JimAlnjk

+ La.

+ gj1Aminhi — 9imAikhi — GkiAmihi + GemAljini
k(B
= ( (B) +(n—2)(L1 — LWeyl(B)))Q(gv Weyl(B))hijklm

n—1
+ (n = 3)Q(Ric(B), B)hijkim

1
~Qagn (D Lymis)?))
n—2 hijkim
Furthermore (2.6) and (3.7)) yield
(a)  Agjr = —Aujr + Q(9, D)uji,
(b) Eij = RiC(B)TSBSi]’T = ((RIC(B))2)U — nDij + tI‘(D)gij.

Contracting (3.15) with ¢"™ and using (2.4), (2.5), and (3.16))(a) we
find

(3.16)

(3.17)  —2(n — 2)Aujk + guFij — g Eik
= —(k(B) + (n — 2)(n — 1)(L1 — L2))Weyl(B)ijj
+ (n — 3)(Ric(B)s; Ric(B)y, — Ric(B)i, Ric(B);1)
—(n— 3)H(B)Blijk
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n —

—(n—3)Q(g, D)iijk + (n — 1) <g A <D —

- (n=2) (o (D - L5 Rac()?)

o (Pt ymis)?) )

= (D) = Ly o (@elB)) ) g )

Now (3.17)), combined with (2.3)) and (3.16))(b), yields

(3.18)  2(n = 2)Aujk = (n = 2)(k(B) + (n — 1)(L1 — L2))Weyl(B)uijk
— (n — 3)(Ric(B)y Ric(B)i; — Ric(B)i, Ric(B) ;1)
+ (n = 3)Q(g, D)iiji — 2(griDij — gjiDir)

. <g A ((n ~1) Z — ;(Ric(B))2 - (";?’_)’;(m Ric(B)))lijk

(n —3)(x(B))? .
B <(n—2)(n—1) —2tr(D) + "2 tr((RIC(B))2)>Glijk-

Multiplying by 2(n — 2) and using we obtain
(n = 2)(s(B) + (n — 1)(L1 ~ L2))Qlg, Weyl(B))
"2 Q(g, Ric(B) A Ric(B)) — (n — 1)Q(g.9 A D)
+ QMg (Rie(B)) 4 DD
+(n—3)Q(g,9 A D)

2(n_2) ( “B) 4 9y (L, - Lz))@(g,Weyl(B))

L Ric(5)?) )

lijk

ij

Q(g,9 A Ric(B))

n—1
+2(n - 2)(n — 3)Q(Ric(B), B) — 2(n — 2)Q(g,9 A D)
+2Q(g,9 A (Ric(B))?),
which leads to

(3.19) Q(Ric(B), B) = Q(g,T1),
where
T = ;(:(_Bi o Lg)Weyl(B) - 4(711_2) Ric(B) A Ric(B)
- %g A (k(B) Ric(B) — (Ric(B))? + 2(n — 2)D),

2(n—2)
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1
n—2

(Ric(B))? + <L2 — (n—;()i)—l)> Ric(B) + Ag,

(320) D=

and A is some function. Now and - 3.19)) yield
B-B=0Q(g9,T) where T =T+ L; Weyl(B).

We can easily check that
(3.21) Weyl(B) - Ric(B) = Q (g, D — ﬁ ((Ric(B))2 — :(_Bi Ric(B))) :

is an immediate consequence of Lemma ( and Next .
and -, in view of Remark - 2.3((iv), lead to Further, and
(B:21) give (3:8). Now (B.9) is a consequence of H ti 29, c» (5X6)
and (3.8]).

Transvecting (3.18) with Ric(B)F, = Ric(B)n-g"™ we get

(3.22)  2(n — 2) Ric(B);, Ric(B); Byjis = a1 Ric(B);, Weyl(B),ji
— (n = 3)(Ric(B)ij(Ric(B)),, — Ric(B)i(Ric(B))3,)
+ (n = 3)(91 Fim + 9ijFim — Ric(B)mDij — Ric(B)imDyj)

— 2(Ric(B)imDij — gjiFim) + A1(gij Ric(B)im — gij Ric(B)im)
+ (K(B) = (n = 1) L2) (g3 (Ric(B))7, — g1 (Ric(B))z,
+ RiC(B)ij RiC(B)lm — RiC(B)Z'm RiC(B)jl),
where Fj,, = Ric(B)] Dy, a1 = (n - 2)(k(B) + (n — 1)(L1 Lo)) and )\
is some function. Symmetrizing (3 in j,m and using and (| ., we

obtain

2(n — 2)(gim}7jl + gijﬂm — RiC(B)lmDij — RiC(B)leim)
= @2Q(g, Ric(B))jmit — (n — 3) Q(Ric(B), (Ric(B))?) jimi
+(8(B) = (n = 1) L2)Q(g, (Ric(B))?) jmi
- (n — 1)(R1C(B)lmDU + RlC(B)ljDzm)
— (n — 3)(Ric(B)imDyj + Ric(B)ij Dim)
+ (n = 1)(gjtFim + gumFij) + (n = 3)(gaFim + gimFj1),
as = aplo + A, and
a2Q(g, Ric(B)) — (n — 3)Q(Ric(B), (Ric(B))?)

+ (K(B) — (n —1)L2)Q(g, (Ric(B))?)
— (n = 3)Q(Ric(B), D) — (n — 1)Q(g, F) = 0,
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which, by (3.20)), turns into

k(B)
n—1

a2
-1

529 Q) =a(s- - Lo ) (Ric(5)?)

n—3
n—2
Applying a suitable contraction to (3.23)) and making use of (2.6)), we get
o (n — 3) tr((Ric(B))?) ..
F = Ric(B
(n—1+ (n—2)n ic(B)

(2n — 3)k(B)
" ((n—zxn— 1)

Ric(B) + (

Q(Ric(B), (Ric(B))?).

L= ) (RiC(B)? + g,

where Mg is some function. Substituting this into (3.23) and using [DV]

Lemma 2.4(ii)| we obtain (3.10]). Now (3.10]) and ([3.20)) lead to (3.11]). Next,
using (3.7, (3.10) and (3.20)) we find (3.12)). From (3.11]) we have

2k(B)
n—1

2(n—2)D = (2)\0 +2(n—2)Ly — > Ric(B) +2(n — 2) Mg,

which can be rewritten in the form

(3.24)  w(B)Ric(B) — (Ric(B))? + 2(n — 2)D

(n = 3)x(B)

:()\0+2(TL—2)L2—|— n_1

) Ric(B) + Asg.

Now (3.19)), by (3.24)), turns into
Q(Ric(B), B)

= Q(m % <:(i3) — L+ Lg)Weyl(B) _

Ric(B) A Ric(B)

1 4(n — 2)

2 (3200 2+ U= ).

+2(n—2) n—1

This together with the identity

Q (Ric(B), —ning A Ric(B) + (7@—2()1(52—1)@

r(B)

—(n = 1)g A Ric(B))

=0 (g, 2(111_2) Ric(B) A Ric(B) —
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gives

Q(Ric(B), B - ﬁg A Ric(B) + (71—2()(373—1)6;)

_ <g, % (Z(_Bi — L+ L2>Weyl(B) T im=2)

+gA<%%?m2+n%2_2£fzy>au30,

Q (Ric(B) - % (7’;(?1 — L+ L2>g, Weyl(B)>

. . Ao — k(B L
= m@(g, Ric(B) ARic(B)) + < 2(2n — (2)2) - _22

i.e. (3.13)). Our proposition is thus proved. m
THEOREM 3.3. Let B be a generalized curvature tensor on a semi-Rieman-

nian manifold (M, g), n > 4, such that the conditions (3.5)-(3.7) hold on
Uric(B) NUweyi(B) C M. Then on this set we have

K(B) )\0
3.25 B-B=|(Ly— B).
(329 (L2 Gy g ) Q)
Moreover, if rank(Ric(B) — a1g) > 2 at a point © € Ugie(p) N Usveyi(B) then
on some open neighbourhood Uy C Uic(p) NUweyi(p) 0f T we have

(3.26) B- % Ric(B) A Ric(B) + g A Ric(B) +nG,

Ric(B) A Ric(B)

and

1

>Q(979ARiC(B)),

where ¢, n and p are some functions on U;.

Proof. (i) Let rank(Ric(B) — a1g) = 1 at a point & € Urie(p) N Useyi(B)>
i.e. at this point we have

(3.27) Ric(B) —aqg=ew®@w, e==+1, weT,M.
Applying (3.27) in (3.13) we find
(3.28) QueawT)=0, T=B+asG, azclR.

From (3.28)), in view of Proposition (ii), it follows that (2.12)) and (2.13)
hold at z. Since Ric(7T") = Ric(B) + (n — 1)asg, (2.13]) turns into

(B +a3G) - (B + a3G) = QRic(B),T) + (n — 1)asQ(g, T),
which, as a consequence of , turns into
B-B = Q(Ric¢(B) —a1g,T) + (a1 + (n — 2)a3)Q(g, T).
This, by , takes the form
BB =eQwew,T)+ (a1 + (n—2)a3)Q(g, B),
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which by reduces to

(3.29) B-B = (o + (n—2)a3)Q(g, B).
This, by a suitable contraction, yields

(3.30) B - Ric(B) = (a1 + (n — 2)as3)Q(g, Ric(B)).

Comparing the right-hand sides of (3.12)) and (3.30]) we get

N lﬁ;(B) /\0
a1+ (n=2)ay =L = (n—2)(n—1) Ly

Therefore (3.29) turns into (3.25)).
(ii) Let rank(Ric(B) — a1g) > 2 at a point = € Uric(p) N Uweyi(B)-
If a1 # 0 at x then from (3.13)) it follows that

Q(Ric(B) — a1g, Weyl(B) + a2 G)

) (Ric(B) — aig, — Ric(B) A Ric(B)> ,

4(n — 2)041

(3.31) Q(Ric(B) - a1g,

Weyl(B) + Ric(B) A Ric(B) + a2G> =0

4(n —2)oy
holds at z. From (B.31)), in view of Proposition [2.4(i), at = we have:

1

Weyl(B) + =2

Ric(B) A Ric(B) + azG

= 711 (Ric(B) — a19) A (Ric(B) — a19),
which leads to (|3.26]).
If @3 =0 at x then from (3.13)) it follows that
1

Q(Ric(B), Weyl(B) + a2G) = 2(n—2)

Q(Ric(B), g A Ric(B)),

(3.32) Q <Ric(B), Weyl(B) + g A Ric(B) + a2G> =0

1
2(n—2)
at . From (3.32)), in view of Proposition [2.4(i), at = we have

Weyl(B) + g A Ric(B) + asG = 7 Ric(B) A Ric(B),

1
2(n — 2)
which leads to (3.26)).

From (3.26)), in view of [K2, Proposition 4.1], it follows that

(3.33) B-B = LyQlg,B)
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on U, where Lp is some function on this set. But (3.33), by a suitable
contraction, gives

(3.34) B - Ric(B) = LrQ(g, Ric(B)).
Comparing the right-hand sides of (3.12) and (3.34) we get
Ly =Ly k(B) Ao

CEDCE R
Therefore (3.33)) turns into (3.25)). Our proposition is thus proved. m

4. Conditions of pseudosymmetry type. Let (M,g), n = dim M,
be a semi-Riemannian manifold. The manifold (M, g), n > 3, is said to be
pseudosymmetric ([BDG], [D3, Section 3.1|, [DHI]) if at every point of M
the tensors R - R and Q(g, R) are linearly dependent. This is equivalent to

(4.1) R-R=LrQ(g, R)

on Ur C M, where Lg is some function on Ugr. The class of pseudosym-
metric manifolds is an extension of the class of semisymmetric manifolds
(R- R =0). We refer to Sections 3 and 4 of [BDG| for a survey of related
results. A geometric interpretation of the notion of pseudosymmetry is given
in [HV1]. We also refer to [DHI), Chapter 6] and [HV2] for a recent exposition
of the notion of pseudosymmetry.

We note that the tensor Q(g, R) of a manifold (M, g), n > 3, vanishes at
x € M if and only if R = ﬁG at = (see, e.g., [D2, Remark 1]). Moreover,
the last condition also implies R - R = 0 at x. Therefore, if R- R # 0 at a
point of M then Q(g, R) is non-zero at this point.

The manifold (M, g), n > 3, is said to be Ricci-pseudosymmetric ([BDG],
D3}, Section 4.1], [DHI]) if at every point of M the tensors R-S and Q(g, S)
are linearly dependent. This is equivalent to

(4.2) R-S=LsQ(g,S5)

on Us C M, where Lg is some function on Ug. The class of Ricci-pseudo-
symmetric manifolds is an extension of the class of Ricci-semisymmetric
manifolds (R -S = 0), as well as of the class of pseudosymmetric mani-
folds (see [BDGI, [D3]). A geometric interpretation of the notion of Ricci-
pseudosymmetry is given in [JH2].

We note that the tensor (g, S) of a manifold (M, g), n > 3, vanishes at
x € M if and only if S = (k/n)g at = (see, e.g., [D2, Lemma 3|). The last
condition also implies R - S = 0 at z. Clearly, if R-S # 0 at a point of M
then Q(g,S) is non-zero at this point.

The manifold (M, g), n > 4, is said to be Weyl-pseudosymmetric ([BDGI,
IDH2, Section 4.1], [DHI]) if at every point of M the tensors R-C and Q(g, C)



164 R. DESZCZ ET AL.

are linearly dependent. This is equivalent to
(4.3) R-C=1I11Q(g,C)

on Uco C M, where Lq is some function on Ug. It is obvious that on Ug
implies , with L; = Lg. Conversely, for manifolds (M, g), n > 5,
onUo C M implies , with Lr = L1. For n = 4 the last statement
is not true (see, e.g., [D3, Section 4.2] and references therein). A geometric
interpretation of the notion of Weyl-pseudosymmetry is given in [JHI].

The manifold (M,g), n > 4, is said to be a manifold with pseudosym-
metric Weyl tensor (JBDG], [D3| Section 12.6]) if at every point of M the
tensors C' - C' and Q(g, C) are linearly dependent. This is equivalent to
on Uc C M, where L is some function on Uc.

We note that the tensor Q(g,C) of a manifold (M,g), n > 4, vanishes
at x € M if and only if C = 0 at = (see, e.g., [D2, Remark 1]). The last
condition also implies R-C' = C-C = 0 at . Clearly, if R-C #0or C-C #0
at a point of M then Q(g,C) is non-zero at this point.

We can also investigate manifolds (M, g), n > 4, satisfying the following
condition on Uc C M (see, e.g., [DDP], [DH3]):

(4.4) R-R—Q(S,R)=LQ(g,C).

We mention that (4.4) holds on every hypersurface M isometrically immersed
in a semi-Riemannian space of constant curvature N™"1(c), n > 4. Precisely,
we have ([DV])

(n—2)k
m@(ga C),

where k is the scalar curvature of the ambient space. We also mention that
conformally flat manifolds, of dimension > 4, satisfying R-R = Q(S, R) were
investigated in [DI].

The conditions 7, as well as other relations of this kind, are
called curvature conditions of pseudosymmetry type. For a survey of results
on such conditions we refer to [BDG], [DG3| and [DG5] (see also [DHI], [G2]
and [S2]).

REMARK 4.1. (i) Let (M, g), n > 4, be a semi-Riemannian manifold and
let U be the set of all points of Us NUc C M at which rank(S — ag) > 2 for
any a € R. In [DY4, Theorem 3.1] it is proved that if a pseudosymmetric
manifold (M, g), n > 4, satisfies (1.4) on Uc C M then
(4.6) Q(S — p19,C — p2G) =0
on this set, where 81 and 2 are some functions on Ug. From (4.6)), in view
of Proposition [2.4(i) it follows that

C — oG = A(S — B1g) A (S — B1g)

(4.5) R-R—Q(S,R) = —
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on U C M, where A is some function on this set. The last equation, together

with (2.2), leads to (1.3).
(ii) In [DH3| p. 40] it is proved that if a pseudosymmetric manifold (M, g),

n > 4, satisfies (4.4) on Uc C M then

(4.7) Q(S — B39, R — B1G) =0

on this set, where f3 and (4 are some functions on Uc. Now from (4.7)), in
view of Proposition [2.4{(i) it follows that ([1.3) holds on U C M.

But on the other hand we have

THEOREM 4.2 (see, e.g., |G2]). If (M,g), n > 4, is a semi-Riemannian

manifold satisfying (1.3) onU C M then the following conditions hold on U :
—2pu—1

S? = aS + By, a:/<;+(n¢3'u, 8=

RC:LRQ(970)7 CR:LCQ(Q)R)a

and (4.1), (1.4) and (4.4), with the functions Ly = %((n —2)(p? —on) —n),

Lo=Lg+ ﬁ(i - a) and L = Lp + %, respectively.

n—1

i+ (n = 1)
¢ M

REMARK 4.3. Let (M,g), n > 4, be a semi-Riemannian manifold with
parallel Weyl conformal curvature tensor (VC = 0) which is neither con-
formally flat nor locally symmetric. Such manifolds are named essentially
conformally symmetric manifolds (e.c.s. manifolds, for short; see e.g. [DRI]).
The local structure of e.c.s. manifolds has been determined (JDR2]). Certain
e.c.s. metrics are realized on compact manifolds (see [DR3] and references
therein). It is known that on every e.c.s. manifold the following conditions
are satisfied: Kk =0, R-R=0,C-C =0 and Q(S,C) = 0. Moreover,
holds ([DH3| Theorem 4.3]). In addition,

1
(4.8) FC = 5AS

on M, where F is some function on M, called the fundamental function
(IDR1]). At every point of M we also have rank S < 2 ([DR1, Theorem 5]).
We note that from it follows immediately that holds at all points
of an e.c.s. manifold at which rank S = 2. It is clear that such points form
the set U.

An immediate consequence of Theorem [3.3is the following result related
to Roter type manifolds.

THEOREM 4.4. If (M,g), n > 4, is a semi-Riemannian manifold satis-
fying on Us NUc C M conditions (1.4)), (4.4) and
(4.9) R-5=Q(g,D),
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where D is a symmetric (0,2)-tensor, then (4.1)) holds on this set. Moreover,
the Roter type equation (1.3) is satisfied on U C Us NUc:.

From this we have

COROLLARY 4.5. If (M,g), n > 4, is a semi-Riemannian manifold satis-

fying on Uc NUs C M conditions (1.4), (4.2) and (4.4)), then (4.1)) holds on
this set. Moreover, the Roter type equation (1.3)) is satisfied on U C Us NUc.

Let M xp M be the warped product of the semi-Riemannian manifolds
(M,g), p=dimM, and (M,g), n—p =dimM,1 <p<n-1n >4,
with the warping function F'. In [DDP] it is proved that holds on every
4-dimensional warped product M x M with p = 1. Thus we have

COROLLARY 4.6. If the 4-dimensional warped product M xp M, with
p = 1, satisfies on Us NUc C M xp M conditions and , then
holds on this set. Moreover, the Roter type equation is satisfied
onU CUs NUc.

Roter type warped products M x g M, with p = 1, were investigated in
IDS]. In [D2] it is proved that (1.4 holds on every 4-dimensional warped
product M xz M, with p = 2. Thus we have

COROLLARY 4.7. If the 4-dimensional warped product M xp M, with
p = 2, satisfies on Us NUc C M xp M conditions and , then
holds on this set. Moreover, the Roter type equation is satisfied
onU CUs NUc.

Roter type warped products M xp J\7, with 2 < p < n — 2, were inves-
tigated in |[DK] and [K2|. We also refer to [DP] for results on Roter type
warped products M X p ]Tj, with p=n — 1.

Finally, we present an application of our main results to hypersurfaces
M immersed isometrically in a semi-Riemannian space of constant curvature

N 1(c), n > 4. Since (4.5) holds on M, Theoremand Corollaryimply

THEOREM 4.8. If M is a hypersurface in N*1(c), n > 4, satisfying on
Us NUc C M conditions and , for some symmetric (0,2)-tensor
D, then holds on this set. Moreover, the Roter type equation 18
satisfied on U C Us NUc.

COROLLARY 4.9. If M is a hypersurface in N'"*1(c), n > 4, satisfying

on Us NUc C M conditions (1.4) and (4.2), then (4.1) holds on this set.
Moreover, the Roter type equation (1.3) is satisfied on U C Us NUc:.

We refer to [GI, Section 3] for results on hypersurfaces in N*1(c), n > 4,
satisfying the Roter type equation . We mention that every Clifford torus
SP(\/p/n) x S"P(y/(n—p)/n),2 <p<n-—2,n+#2p,is a non-conformally
flat and non-Einstein hypersurface satisfying (|G1, Corollary 3.1]).
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