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ON A RELATION BETWEEN NORMS OF
THE MAXIMAL FUNCTION AND
THE SQUARE FUNCTION OF A MARTINGALE

BY

MASATO KIKUCHI (Toyama)

Abstract. Let {2 be a nonatomic probability space, let X be a Banach function space
over £2, and let M be the collection of all martingales on {2. For f = (fn)nez, € M, let
M f and Sf denote the maximal function and the square function of f, respectively. We
give some necessary and sufficient conditions for X to have the property that if f,g € M
and | Myg|lx < ||Mf|lx, then ||Sgl|x < C||Sf]lx, where C is a constant independent of f
and g.

1. Introduction. Let (£2, X [P) be a nonatomic probability space. We
denote by F the collection of all filtrations of ({2, X, P), i.e., the collection
of all sequences F = (F,)nez, of sub-c-algebras of X' such that F,, C Fp41
for all n € Z,. For each F = (F,,) € F, we denote by M(F) the collection
of all 7-martingales, and we let M = |Jzcg M(F). For f = (fn)nez, € M,
the mazimal function and the square function of f are defined by

1/2

oo
Mf = suwp [fo] and Sf={>(A.)?} ",
neZy n—0
respectively, where A, f = f, — fn_1 for n > 1 and Agf = fo.

Let X be a Banach function space over {2 (see Definition below).
Recently the author gave in [6] some necessary and sufficient conditions for
X to have the property that if f = (f,) € M(F) is uniformly integrable
and if v = (vy,) is an F-predictable process which is uniformly bounded by
one in absolute value, then

M (v fllx < CIMfllx,

where v x f = ((v * f),) denotes the martingale transform of f by v, and
where C' is a constant which is independent of f and v. One such necessary
and sufficient condition is that if F € F, f,g € M(F), and ||Sg||x < ||Sflx,
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then
[Mgl|x < C||Mf|x-

It is therefore natural to ask when X has the property that if F € F,
fig € M(F), and |Mgl||x < |Mf|x, then

1Sgllx < ClSflx-

Our result gives necessary and sufficient conditions for X to have this prop-
erty.

2. Preliminaries. Throughout this note, we assume that the probabil-
ity space ({2, X, P) is nonatomic, i.e., there is no P-atom in Y. In addition,
we consider the interval I := (0,1] as a probability space equipped with
Lebesgue measure ds.

Given two Banach spaces X and Y, we write ¥ <— X to mean that
Y is continuously embedded in X, i.e., ¥ C X and the inclusion map is
continuous.

DEFINITION 2.1. A Banach function space X over a probability space
is a real Banach space of (equivalence classes of) random variables (i.e.,
measurable functions) having the following properties:

(Bl) Loo — X — L.

(B2) If |y| <|z| a.s. and x € X, then y € X and ||y||x < ||z|x.

(B3) If 0 < zy, T z as., z, € X for all n, and sup,, ||z,||x < oo, then
x € X and ||z||x = sup,, ||zn] x-

We adopt the convention that ||z||x = oo if x is a random variable which
does not belong to X.

Given two random variables z and y, we write x ~4 y to mean that z
and y have the same distribution.

DEFINITION 2.2. A Banach function space X is said to be rearrange-
ment-invariant or r.i. if it has the property that whenever x ~; y and
z € X, then y € X and ||z||x = ||yl x.

By an r.i. space we mean a rearrangement-invariant Banach function
space.

For example, Lebesgue spaces, Orlicz spaces, and Lorentz spaces are r.i.
spaces, while weighted Lebesgue spaces with suitable weights are Banach
function spaces which are not r.i. in general (cf. [3, Section 4]).

Let « be a random variable on (2. The nonincreasing rearrangement of
x is the function z* on I = (0, 1] defined by

() =inf{\ > 0: P(w € 2: |z(w)| > \) <t}, tel,
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with the convention that inf ) = co. Note that z* is a nonincreasing right-
continuous function whose distribution (with respect to Lebesgue measure)
is the same as that of |z|. As a result, nonnegative random variables z and
y have the same distribution if and only if z* = y* on [.

The nonincreasing rearrangement ¢* of a measurable function ¢ on I is
defined in the same way. Of course, if ¢ is nonincreasing, then ¢* = ¢ a.s.
on I.

Suppose that X is an r.i. space over (2. The Luxemburg representation
theorem ([Il, Theorem 4.10, p. 62]) shows that there exists an r.i. space X
over I which has the following properties:

e z € X if and only if z* € X.
o |z||x = ||z*|| ¢ for all z € X.

Such an r.i. space X is unique (cf. [T, p. 64]). For example, L,(2) = L,(I).

Let Lo(I) denote the linear space of real-valued measurable functions
on I.If Z is a Banach function space over I, we denote by B(Z) the collection
of all linear operators T satisfying the following conditions:

e The domain of 7" contains Z and the range of T" is contained in Lo (7).
e The restriction of T' to Z is a bounded operator from Z into itself.

For T' € B(Z), we denote by ||T||p(z) the operator norm of the restriction
of T to Z.

Our result will be stated in terms of the Boyd indices. We now recall
their definition for an r.i. space. For each s > 0, define Dy: Lo(I) — Lo(I)

by
DR

If Z is an r.i. space over I, then Dy, € B(Z) for all s > 0. The lower Boyd
index and the upper Boyd index of Z are defined by

log || D log || D
o, = sup g D1/sllB(z) and B, = int gl D1/sllB(z)
0<s<1 log s 1<s<oo log s

respectively. If X is an r.i. space over {2, then the Boyd indices of X are
defined by ay = a¢ and By = B 4. For example, o = ﬁLp = 1/p for all
p € [1,00]. More generally, we have 0 < ay < fy < 1 for all r.i. spaces X.
See [IL pp. 146-150 and p. 165] for details.

In the proof of our result, we will use an integral operator P and its
formal adjoint Q, which are defined as follows. If ¢ € Li(I), we let

(Po)(t) =
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and if ¢ is integrable over (¢,1) for all t € I, we let
1

(Q8)(t) = | st)ds, tel

t
It is easily checked that if ¢ € L1(I), then Q¢ € Ly(I) and

(2.1) P(Qd) =Po + Q.
Suppose that X is an r.i. space over (2. Shimogaki [7] proved (implicitly)

that Sy < 1 if and only if P € B(X), and that ay > 0 if and only if
Q € B(X) (see [I, pp. 150-153] for a proof).

3. The main result. Before stating the results, let us recall our con-
vention that if X is a Banach function space and z is a random variable
which does not belong to X, then ||z|x = co.

Our result is the following;:

MAIN THEOREM. Let X be a Banach function space over (2. Then the
following are equivalent:

(i) There exists a constant C > 0 such that if F € F, f,g € M(F),
and ||[Mg||x < ||Mf|x, then

1Sgllx < ClISFx-

(ii) There exists a constant C > 0 such that if F € F, f,g € M(F),
and Mg < Mf a.s., then

15gllx < ClSfllx-

(iii) There exists a constant C > 0 such that if F € F, f,g € M(F),
and |1Sqllx < 1Sflx, then

IMgllx < ClIMf|x.

(iv) There exists a constant C > 0 such that if F € F, f,g € M(F),
and Sg < Sf a.s., then

[Mgllx < Cl|Mfllx.
(v) There exists a constant C' > 0 such that if f € M, then
CYISfllx < IMfllx < ClISFlx-

(vi) X can be equivalently renormed so as to be an r.i. space such that
ay > 0.
It is known that the second inequality of (v) holds for all f € M if and
only if (vi) holds (see [5]). The Main Theorem extends this result.

The rest of this note is devoted to the proof of the Main Theorem. We
begin by introducing the following notation:
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e Given a random variable x on (2 and a real number A, we denote by
{z > A} the set of all w € 2 for which z(w) > A.

e Let ¢ be a function on I and let = be a random variable on 2. If
the range of x is contained in I, we denote by ¢(x) the composition

w i Bz(w)).

e If A is a subset of §2 or of I, we denote by 14 the indicator function
of A.

e Let Z be a Banach function space over I. We denote by D(Z) the
collection of all functions in Z which are nonnegative, nonincreasing,
and right-continuous.

The proof of the Main Theorem requires a series of lemmas.

LEMMA 3.1 ([4, Lemma 4]). Let X be an r.i. space over §2. Suppose

A~

there exists a constant ¢ > 0 such that ||Qv| ¢ < c||v|| ¢ for all ¥ € D(X).
Then Q € B(X), or equivalently, ay > 0.

Note that, since ({2, X, P) is nonatomic, there exist nonnegative random
variables £; and £, on (2 satisfying the following conditions (cf. [2, (5.6)]):

(3.1) {& > 01N {& >0} =10,
(3.2) &1(t) = &5(t) = max{1 —2¢,0} forallte I
A straightforward calculation yields the following;:
LEMMA 3.2. Let & and &, be as above, and let ¢ € L1(I). Define ran-
dom variables x, and x, by letting
zy =91 - 51)1{£1>0} and x5 =1(1— 52)1{§2>0}7
and define families of sets {A1(t): t € (0,1/2]} and {A2(t): t € (0,1/2]} by
letting
Aty ={&, > 1-21},  te(0,1/2],
A(t) ={&,>1—-2tF,  te(0,1/2].

=
Cb
S

{lzq] > 0} C A1(1/2) and {|zy| > 0} C A2(1/2).
A1(1/2) N A2(1/2) = 0.
Ai(s) C Ai1(t) and Aa(s) C Aa(t) whenever 0 < s <t <1/2.
P(A;(t)) =P(As(t)) =t for all t € (0,1/2].
(k) —25)"(t) = (x) + x5)*(t) = ¢*(t) for all t € 1.
E[xllAl(t)] = E[xQ]‘AQ(t)] = t(Pw)(%) forall t € (0, 1/2]
LEMMA 3.3. Let X be a Banach function space over §2. If X is r.i. and
if (ii) of the Main Theorem holds, then oy > 0.

Proof. Suppose that (ii) holds. By Lemma it suffices to prove that
(3.3) |Qulix < Cllgllg  for all v € D(X),
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A~

where C' is a constant which is independent of . Fix ¢» € D(X) and let
¢ = Oy — . Of course, we may assume that 1) # 0, which implies that
(Q9)(t) — oo as t — 0+. Note that ¢, Qi), and ¢ are integrable over I. Let
€ > 0 and define a sequence {t,},cz, of numbers in I as follows:

to=1/2,

tn, =1inf{t € I: (Qv)(2t) < (QY)(2tp—1) +&/n}, n>1
Since Q1 is continuous and (Qw)(t) — oo as t — 0+, we have
(3.4) (Qy)(2t,) = (QY)(2ty—1) +¢/n  for alln > 1.

It is easy to check that {t,} is strictly decreasing and ¢, — 0 as n — co.

Let & and &, be random variables satisfying and , and let
{A1(t): t € (0,1/2]} and {Ax(t): t € (0,1/2]} be the families of sets defined
as in Lemma We define random variables z{, =,, y;, ¥,, 2;, and z, as
follows:

x, = d’(l - 51)1{£1>0}a Ly = ¢(1 - 52)1{§2>0}7
Y= (Qy)(1 — 51)1{£1>0}a Yoy = (Qy)(1 - 52)1{§2>0}7
Z1 :¢(1_§1)1{§1>0}a 29 =Y(1 _52)1{52>0}‘

Let A, = A1(tn) U Aa(ty,) for each n € Z,. Define F = (F,,) € F by
Fon=0({A\A,: A€ X}), nels,
and define g = (g,,) € M(F) by
9, =Ely, —ys | Fn], ne€Zy.
Since E[y;14,(t,)] = E[y,14,(,)] by Lemma it follows that

14,

1,4,
= P(A,) {Ely114,¢t)] = Elvglaye)]} + (1 — ¥2)1ona,,

=Yy —¥)lo\a, as.

for all n € Z. Therefore A,g = (y; — y5)14,_\4, a.s. for all n > 1, and
Aog = g, = 0 a.s. Moreover, we have

(3.5) Mg=S8g=|y; =yl =y, +y, as,
because P(A,,) = 2t, — 0. Since Q) is nonincreasing, Lemma implies
(3.6) (S9)"(t) = (yy +y9)*(t) = (Qy)(t) foralltel

Now define h = (hy,) € M(F) by
hp =Elz, + 25| Fpn], ne€Zy.



RELATION BETWEEN NORMS OF A MARTINGALE 19

Since P¢ = Qv by (2.1)), it follows from Lemma that

1.,
(3.7) by = IP’(An)E[(xl +29)1a,] + (2, + xz)ln\An

— o {Bley Layn) + Bloa Ly} + (o + 25)1ova,

= (P9)(2tn)1a, + (21 + 29) 10\ 4,

= (QV)(2ty)1a, + (2 +25)1 o\, as.
for all n € Z,. We need to estimate Sh. If n = 0, then A,h = hg =0 a.s.;
and if n > 1, then by ,
(3.8)  Anh={(Q¥)(2tn) — (Q¥)(2tn-1)}14,

+{z) + 2, = (QV)(2tn-1)}14, 1\4,

= %1/1” +{ry + 2y = (QV)(2tn-1)}14,_\a, as.

Since 2t, <1 =&, < 2t,—1 on Ai(th—1) \ Ai(tn), we see from that

28 — (QV) (2tn—1) |1 4, (b 1)\ As(t)
= [(QU)(1 = &) = P(1 = &) = (Q)(2bn—1) 1, (t,- 1)\ A4 (tn)
<{I(Q9) (1= &) = (QV)2tn)| +$(1 = )M A A
< {(Qu)(2tn) = (Q)2tn-1) + 2} Las(t,mnaicen)
< (e/m+ 2) 1A, (th_ )\ Ai(t)
for n > 1 and ¢ = 1, 2. Note that z; = z; = 0 on A;(t,—1) when ¢ # j, and

that A,,—1\ A, is the disjoint union of Ay (t,—1)\ A1 (t,) and Az (tn—1)\A2(t,).
Then we have

2
ey + 2y = (Q¥) (2tn-1)114, \a, = D |20 = (QU)(2tn—1)1La; (6, 1)\ As(tn)

=1

2
5
< § <n + z,') LAi(tn-1)\As(tn)
i=1

S (8 + zl + 22)1/171—1\/171'

Therefore by (3.8)),
0 2
3
(51 = 3{ S, + oy + 2y~ (@02t )P L, |
n=1
o 1 o
<)) 2z D etz +2)"14, 0,
n=1 n=1

=K%+ (e +2,+29)%  as,
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where 2 =Y °° (1/n?) = 7%/6. Thus
Sh<{r%+ (42, +2) V< (k+1)e+2, +2, as.

Notice that by Lemma [3.2] the nonincreasing rearrangement of the right-
hand side is equal to

(k+1)e+ (21 +29)" (1) = (K + 1) + (1)
It follows that

(3.9) (Sh)*(t) < (k+1)e+¢(t) foralltel.
Now let f = (f,) be the martingale defined by
(3.10) fo=hn+e, nez,.

We estimate M f. Since 2t,, <1 —¢, < 2t,—1 on A;(tn—1) \ Ai(tn), we have
2

(3.11)  (Q¥)(2tn) 14, \a, = D (QU)(2tn) L a2t 1)\ As(2t0)

=1

> Z QU)(1 = &)L A, (20— 1)\ A (2tn)

= Z Yila,2ta\As2tn) = U1+ Y2)1a,_1\4,

for all n > 1. From ({3.4)), (3.7, (3.10)), and (3.11)) we see that
Mf = sup {(Qu)(2tn) +}1a, + |2y + 25 + €[1o\a,]
nesiy

> sup {(Qu)(2tn) +}1a, = Y {(QV)(2tn-1) + e}y, 4,

neEZ4 n=1

> Z(Qf(ﬁ)(Qtn)]‘Anil\An > Z(yl + 3/2)1/1”71\/171 =Y Ty, as.

n=1 n=1

Therefore Mg < M f a.s. by ({3.5)). Since

Sf = {i(Aan + fg}l/2 - {imnh)? +s2}1/2 < Shte

n=1 n=1
and since we are assuming that (ii) of the Main Theorem holds, it follows
from (3.9)) that
1S9llx < ClISfllx < ClSh +ellx < C|[Shllx + Cel1a]x
< C(Sh)"llx + Celllalx < Cll(sk+ e+ [l + Celllolx
< Clr+2)el1allx + Cll¢l ¢
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On the other hand, [|Q¢| ¢ = [|(S9)*|l ¢ = |Sgllx by (8-6)). Thus
194l ¢ < C(r+2)el1elx + Clldl 5
Since € > 0 is arbitrary, we conclude that (3.3 holds, as required. =

LEMMA 3.4 ([4, Lemma 1]; [5, Lemma 5.1]). Let X be a Banach function
space over 2 and let S1 be the set of all nonnegative simple random variables
on §2. Then the following are equivalent:

o There exists a constant ¢ > 0 such that if x,y € S+, * ~4 y, and
{x>0}nN{y >0} =0, then |ly||x < c|z|x.
e X can be equivalently renormed so as to be r.1.

LEMMA 3.5. Let X be a Banach function space over (2. If (ii) of the
Main Theorem holds, then X can be equivalently renormed so as to be r.i.

Proof. Suppose that z,y € Sy, v ~4y, and {x > 0} N{y > 0} = (. By
the previous lemma, it suffices to prove that

(3.12) lyllx < cllz]lx,

where c is a constant which is independent of x and y. We can write

4 L
x:Z)\klAk and y:Z)\lek,
k=1 k=1

where \;, > 0 for all k = 1,...,¢, and where {A;}¢_, and {Bj},_, are
pairwise disjoint sequences of X-measurable subsets of {2 such that

P(Ay) =P(Bg) >0 forallk=1,...,¢

and
<1<;L_J1 Ak) N (kL_Jl Bk> = (.

Let {sn}nez, be the sequence of real numbers defined by
1
Sp = kz_o ma n e Zy,

and fix an integer NV such that sy > Cw/\/é + 1, where C' is the constant
in (ii) of the Main Theorem. For each k = 1,...,¢, let {Ck .}, be a finite
sequence of X-measurable subsets of Aj such that

Cro=Ar, CroDCr1DCraDd---DCyn,
and
1

1
P(Cipn) = Q—n]P’(Ak) = Q—n]P’(Bk) foralln=1,...,N.
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Such sequences {Cy n}2_, certalnly exist, because (£2,% ]P’) is nonatomic.

Furthermore, for each k = 1,...,¢, define a sequence {Dj,,}N_, by
Dk,n:Ck‘,n—l\Ck;,n, n=1,...,N,

and define a sequence {Ej,,}N_, by

n
Epo =10, Ek,n:UDkvm, n=1,...,N.

Then clearly P(Dy,) = P(Ckn) and Eyp, = Ap \ Ciyp, for all k =1,...

and alln =1,..., N. We define F = (F,,) € F by letting

Fo = U(O{Bk UC’k,O}),

(U{Bk U Ck,1, Dy 1})
=o(l

Bk U Cl2, Dy 1, Dkz,Q})a

”C“

14

Fn = U(U{Bk UC&N,D]CJ, - ,DkJ\f}),
k=1

and
Fn=2X, n>N+1,;

and we define a process f = (f,,) by letting
¢
fo= Z MeSolBeuck, =+,

k=1
e 3

fi= Z Ak (311BkUCk71 + (80 - 2) 1Dk,1> + folEm],
=1l
L 92 11

fa= 1; Ak (8213ku0k,2 + (81 i >1Dk,2) + f11E,€,1],

oN 11

Vi

¢ -
fn = Z Ak <SNlBkUCk,N + (SN—l - N+1 >1Dk,N) +fN11Ek,N—1:|’
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and
fanN, n>N+1.

We claim that f = (fy,) is an F-martingale. To see this, let 2 <n < N and
let ay,, = E[fn1B,00;,, ). It is easy to see that

2"+ 1
O = E [)‘k <SnlBkUCk,n + <Sn1 - >1Dk,n> 1BkUCk,n1:|

n+1
= Mesn_1(1+ 27" THP(By).

Therefore
V4

Elfn|Fna] = Z]E[fnlBkUCk,n—l + fnlEk,nq | Fr—1]
k=1

¢
1p,ucy .1
:E .n + fooil
[}P’ By UCrn1) ™ Fo-tlin-y

1BkU0k n—1
- z[ et il

~

= [)\ksn—llBkUCk,n_l + fn—llEk,n—l]
k=1

~

2" 41
MeSn—11B,0C, o1 T Ak | Sn—2 — — 1py, 1 T fo-11E,,

2n—1 + 1
|:)\k <8n—113ku0k,n1 + <8n—2 — n) 1Dk,n1> + fn—zlEkynQ]

a.s.

In the same way, we have E[f; | Fo] = = +y = fo a.s. Thus f = (f,) is an
F-martingale.
We have to estimate Sf. Let

k=1

I
M~

1

— >
3| I
—

l 4 ¢
U= {y > 0} @] U Ck,N = U(Bk UC]@N) and V = U Ek,N-
k=1 k=1 k=1

Then

(3.13) Sf = (SHLy+ (SHly

The estimate of (Sf)1y is easy. Indeed if 0 < j < N, then

¢ Lt sty
(Ajf)lU :Z(Ajf)]-BkUCk,N - ‘mZAlekUCkN ]+1 1U7

k=1 k=1



24 M. KIKUCHI

and if 7 > N, then A;f = 0. Therefore

N N
319 (S0 = Y@ =Y Sy < TSy,
Jj=0 j=0 J+ ) 6

We now estimate (Sf)1y. If 0 < j <m < N, then Dy, C C}; and hence
(4;f)1p,.. = M/(G+1)1p,,, for each k =1,...,£. On the other hand,
if 1 <m < j<N,then Dy, C Ex ;1 and hence (4;f)1p, , = 0 for each
k=1,...,¢ Moreover, (A, f)lp,, = —(2™ +1)\;/(m+1))1p, . Thus,
if 1 <m < N, then , 7

m—1
2 _ 2 2
(I p,. = Z(:)(A]f) Ly po +QafPLy g
J

£ m-—1

- [ (Ajf)lek,m+(Amf)21Dk’m}

m—1
1 om 4 1)2
: +( ) M1p,
GH+12 7 (mt 1) |7 e
V4
<EK*Y Mlp,, =K%"1
k=1

U[zi=1 Dy’

where K is a constant > 7/1/6 which depends only on the value of the
constant C. (Indeed, we can take K = (2" + 1)7/1/6.) Notice that

N 14
v=U U Dk

m=1k=1
and that if m # m/, then

(Qmﬁqg%@:@

Then we have

N N
(3.15)  (Sf)*1y = Z(Sf)ﬁuf;:l Do S > K1y =K%’y
m=1 m=1
Since K2 > 72 /6, it follows from (3.13)-(3.15) that
(Sf)QS ($6+?J)1 + K221,
72y2 w22
< T + K22 (1y + 1y) = — K%z,
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Thus we obtain
(3.16) Sf<™ 4 Ka.

V6

Now, for each k =1,...,¢, let {Bj 1, By 2} be a partition of B, such that
P(Bk,1) = P(Br2) = 3P(By),
and let y; and y, be the random variables defined by

l J4
y1:3Nz/\k1Bk,1 and yQZSNZ)‘leM'
k=1 k=1
Define g = (gn) € M(F) by g,, = Ely; — y, | Fn], n € Z4. Then
0 if0<n<N,
g”:{yl—y2 ifn>N+1, a5

and hence
Mg=Sg=|y, —y,l =syy as.
Since (M f)1{,~01 = sy, it follows that Mg < M f as.
Suppose that (ii) of the Main Theorem holds. Then yields
Crm

s =||.S <C|S <
~llyllx = 11Sgllx < C f”X_\/é

lyllx + CK||z| x.

By the choice of N, we obtain
lyllx < (s = C/VO)lyllx < CKll]x.
Thus (3.12)) holds with ¢ = CK. This completes the proof. m

REMARK. Let X be a Banach function space over (2. In [5] the author
proved that if the inequality
(3.17) sup || fallx < ClISfllx

neEZy

holds for all f € M, then X can be equivalently renormed so as to be an
r.i. space such that oy, > 0. We can now give a simpler proof that if
holds for all f € M, then X can be renormed so as to be r.i.

Let f = (fn) be the martingale used in the proof of Lemma and
suppose that (3.17) holds. Since [fn|1(ys0y = s,y for n = 0,1,..., N, it
follows from (3.16)) and (3.17]) that

syllvllx = sup  [[falgysoyllx < sup | fallx
0<n<N neZy

Cnm
<C|Sflx < f6||ny + CK|z||x.

As in the proof of Lemma we see that (3.12)) holds with ¢ = CK. Thus
X can be equivalently renormed so as to be r.i.
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Proof of the Main Theorem. It has been proved in [6] that (iii), (iv), (v),
and (vi) are equivalent; moreover it is clear that (i) implies (ii). So it suffices
to show that (ii) implies (vi) and (v) implies (i).

(ii)=(vi). Suppose that (ii) holds. Then Lemma [3.5/implies that X can
be renormed so as to be r.i. Hence we may apply Lemma [3.3] to deduce that
ay > 0. Thus (vi) holds.

(v)=-(i). Suppose that F € F, f,g € M(F) and [|[Mg||x < ||Mf|x. If
(v) holds, then

ISgllx < ClIMglx < ClIMflx < C*|ISflx.
Thus (i) holds. This completes the proof. m
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