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CHARACTER PSEUDO-AMENABILITY OF BANACH ALGEBRAS

BY

RASOUL NASR-ISFAHANI and MEHDI NEMATI (Isfahan and Tehran)

Abstract. Let A be a Banach algebra and let φ be a nonzero character on A. We in-
troduce and study a new notion of amenability forA based on existence of a φ-approximate
diagonal by modifying the concepts of φ-amenability and pseudo-amenability. We then ap-
ply these results to characterize φ-pseudo-amenability of various Banach algebras related
to locally compact groups such as group algebras, measure algebras, certain dual algebras
and Lebesgue–Fourier algebras.

1. Introduction. The class of amenable Banach algebras was first in-
troduced and studied by Johnson [14] in 1972; a Banach algebra A is
amenable precisely when it has a bounded approximate diagonal, that is,
a bounded net (mα) in the projective tensor product A ⊗̂ A such that

‖π(mα)a− a‖ → 0 and ‖a ·mα −mα · a‖ → 0

for all a ∈ A, where π denotes the product morphism from A ⊗̂ A into A
given by π(a⊗ b) = ab for all a, b ∈ A.

The concept of amenability has played an important role in the theory of
Banach algebras, and several authors have introduced modifications of this
notion. Motivated by the fact that amenability is restrictive, Ghahramani
and Zhang [11] have recently introduced and studied the notion of pseudo-
amenability, the existence of an approximate diagonal in A ⊗̂ A.

For a nonzero character φ on A, Kaniuth, Lau and Pym [16], [17] have
recently introduced and studied the interesting notion of φ-amenability, the
existence of a bounded linear functional F on the dual space A∗ satisfying

F (φ) = 1 and a� F = φ(a)F

for all a ∈ A, where � is the first Arens multiplication on the second dual
A∗∗ of A defined by the equations

(F �H)(f) = F (Hf), (Hf)(a) = H(fa), (fa)(b) = f(ab)

for all F,H ∈ A∗∗, f ∈ A∗, and a, b ∈ A. Any such F is called a φ-mean.
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The notion of φ-amenability is a considerable generalization of left ame-
nability for a Lau algebra, that is, a Banach algebra L which is the predual
of a W ∗-algebra M such that the identity u of M is a character on L; the
large class of Lau algebras was introduced and studied by Lau [18] who called
them F -algebras. Later on, in his useful monograph, Pier [26] introduced the
name “Lau algebra”. Several authors have investigated the concept of left
amenability of Lau algebras; see for example [1], [8], [19] and [21].

Moreover, the notion of character amenability was introduced and stud-
ied by Monfared [24]; he called A character amenable if it has a bounded
right approximate identity and it is φ-amenable for all nonzero characters φ
on A. It is shown by Hu, Monfared and Traynor [13] that A is φ-amenable
if and only if it has a bounded (right) φ-approximate diagonal; see also [3],
[7], [9], [23] and [25].

Our goal in this paper is to introduce and study φ-pseudo-amenability
of A as a new notion of amenability based on existence of a (right) φ-
approximate diagonal (not necessarily bounded).

In Section 2, we characterize φ-pseudo-amenability of A in terms of cer-
tain nets in A and show that both φ-amenability and pseudo-amenability of
A are sufficient conditions for φ-pseudo-amenability of A, but they are not
necessary conditions. In particular, we complete the following schematic dia-
gram that illustrates the implications between character pseudo-amenability
and some related notions of amenability:
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In Section 3, we study character pseudo-amenability of certain Banach
algebras related to a locally compact group G. First, we show that for each
nonzero character φ on the group algebra L1(G), φ-pseudo-amenability of
L1(G) is equivalent to amenability of G. We then describe character pseudo-
amenability of the dual of certain left introverted closed subspaces of L∞(G).
Finally, we study character amenability and character pseudo-amenability
of the Lebesgue–Fourier algebra LA(G).
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2. Character pseudo-amenability. Let A be a Banach algebra and
φ ∈ σ(A), the spectrum of all nonzero characters on A. Recall that a (right)
φ-approximate diagonal for A is a net (mα) in A ⊗̂ A such that

φ(π(mα))→ 1 and ‖a ·mα − φ(a)mα‖ → 0

for all a ∈ A. The notion of φ-approximate diagonal was introduced and
studied by Hu, Monfared and Traynor [13].

We begin this section by introducing a new concept of amenability for
Banach algebras which is the main objective of our paper.

Definition 2.1. Let A be a Banach algebra and φ ∈ σ(A). We say
that A is φ-pseudo-amenable if there is a φ-approximate diagonal for A. We
also say that A is character pseudo-amenable if A has a right approximate
identity and it is φ-pseudo-amenable for all φ ∈ σ(A).

We continue with the following property of φ-pseudo-amenability of Ba-
nach algebras. First, let us remark that if E and F are Banach right A-
modules, then the Banach space B(E ,F) of all bounded operators from E
into F is an A-bimodule with the module operations

(a · T )(ξ) = T (ξ · a), (T · a) = T (ξ) · a

for all a ∈ A, ξ ∈ E and T ∈ B(E ,F). We say that a short exact sequence

0→ F λ→ X ρ→ E → 0

of Banach right A-modules approximately splits if there exist nets (λα) in
B(X ,F) of left inverse maps to λ and (ρα) in B(E ,X ) of right inverse maps
to ρ such that

a · λα − λα · a→ 0 and a · ρα − ρα · a→ 0

in the strong operator topology.

Proposition 2.2. Let A be a φ-pseudo-amenable Banach algebra with
φ ∈ ∆(A). Then each admissible short exact sequence

0→ F λ→ X ρ→ E → 0

of Banach right A-modules with ξ · a = φ(a) ξ for all a ∈ A and ξ ∈ F
approximately splits.

Proof. By assumption, there exists a right inverse map % ∈ B(E ,X )
for ρ. Consider the bounded linear map D : A → B(E ,X ) defined by

D(a) = a · %− % · a

for all a ∈ A. It is easy to see that

D(A) ⊆ B(E , ker(ρ)) = B(F , Im(λ)).



180 R. NASR-ISFAHANI AND M. NEMATI

It follows that λ−1 ◦ D : A → B(E ,F) is a bounded linear map such that
for each a, b ∈ A,

λ−1(D(ab)) = a · λ−1(D(b)) + λ−1(D(a)) · b.
Now, let (mα) ⊆ A ⊗̂ A be a φ-approximate diagonal for A and let

Φ : A ⊗̂ A → B(E ,F) be the bounded linear mapping specified by

Φ(a⊗ b) = φ(b) λ−1(D(a))

for all a, b ∈ A. Then
‖Φ‖ ≤ ‖λ−1 ◦D‖

and

Φ(a ·mα − φ(a)mα) = a · Φ(mα) + φ(π(mα))λ−1(D(a))− φ(a)Φ(mα)

for all a ∈ A. Next, set
Qα := −Φ(mα),

and note that for each a ∈ A we have

φ(π(mα))λ−1(D(a)) = a ·Qα − φ(a)Qα + Φ(a ·mα − φ(a)mα).

On the other hand,

‖Φ(a ·mα − φ(a)mα)‖ ≤ ‖λ−1 ◦D‖ ‖a ·mα − φ(a)mα‖ → 0

for all a ∈ A. It follows that

λ−1(D(a)) = lim
α

(a ·Qα −Qα · a)

for all a ∈ A. So, if we put

ρα := %− λ ◦Qα
for all α, the net (ρα) is as needed. A similar argument gives the
required (λα).

Our next result gives a characterization of φ-pseudo-amenability in terms
of approximate φ-means; following Kaniuth, Lau and Pym [17], we say that
a net (aα) ⊆ A is an approximate φ-mean in A if φ(aα) → 1 and ‖aaα −
φ(a)aα‖ → 0 for all a ∈ A. Passing to a subnet if necessary, we can assume
that φ(aα) = 1 for all α and ‖aaα − φ(a)aα‖ → 0. A weak approximate
φ-mean is defined similarly, namely the convergence in the definition of
approximate φ-mean is only assumed to hold in the weak topology instead
of the norm topology. We shall use this result without explicit reference.

Proposition 2.3. Let A be a Banach algebra and φ ∈ σ(A). Then the
following statements are equivalent:

(i) A is φ-pseudo-amenable.
(ii) A has a weak approximate φ-mean.

(iii) A has an approximate φ-mean.
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Proof. (i)⇒(ii). Let (mα) ⊆ A ⊗̂ A be a φ-approximate diagonal for A,
and define

aα := π(mα).

Then (aα) is a weak approximate φ-mean; indeed, for each f ∈ A∗ and
a ∈ A we have φ(aα)→ 1 and

|〈f, aaα − φ(a)aα〉| ≤ ‖f ◦ π‖ ‖a ·mα − φ(a)mα‖ → 0.

(ii)⇒(iii). Let (aα) be a weak approximate φ-mean in A. So, φ(aα) = 1
for all α and the net (aaα−φ(a)aα) in A converges to 0 weakly for all a ∈ A.
Now, for each finite subset F = {a1, . . . , ak} of A, let

ΣF := {(a1a− φ(a1)a, . . . , aka− φ(ak)a) : a ∈ A, φ(a) = 1}.

Next, consider the k-fold `1-direct sum `1-
⊕k

i=1A of the Banach space A,

and note that 0 is in the weak closure of ΣF in `1-
⊕k

i=1A; in fact, the net

(a1aα − φ(a1)aα, ..., akaα − φ(ak)aα) ⊆ ΣF

converges to 0 ∈ `1-
⊕k

i=1A weakly. Since ΣF is convex, it follows that 0

is in the norm closure of ΣF in `1-
⊕k

i=1A. Thus, for each ε > 0, there is
aε,F ∈ A such that φ(aε,F) = 1 and, for each a ∈ F,

‖aaε,F − φ(a)aε,F‖ < ε.

Now, let i be the set of all β := (ε,F) where ε > 0 and F ⊆ A is a finite
set. Then i is a directed set by setting (ε′,F′) < (ε,F) if and only if ε′ ≤ ε
and F′ ⊇ F. So, the net (aβ)β∈i is an approximate φ-mean.

(iii)⇒(i). Choose an element b ∈ A such that φ(b) = 1 and define

mα := aα ⊗ b
for all α, where (aα) is an approximate φ-mean in A. It is easy to show that
the net (mα) is a φ-approximate diagonal for A.

Theorem 2.4. Let A and B be Banach algebras and ψ ∈ σ(B). If there
is a continuous epimorphism Θ : A → B and A is ψ ◦ Θ-pseudo-amenable,
then B is ψ-pseudo-amenable.

Proof. By assumption, there is a net (aα) ⊆ A such that

ψ(Θ(aα))→ 1 and ‖aaα − ψ(Θ(a))aα‖ → 0 for all a ∈ A.

Define bα := Θ(aα) and note that ψ(bα) → 1. Also, for each b ∈ B, there
exists a ∈ A such that Θ(a) = b, and hence

‖bbα − ψ(b)bα‖ = ‖Θ(a)Θ(aα)− ψ(Θ(a))Θ(aα)‖
≤ ‖Θ‖ ‖aaα − ψ(Θ(a))aα‖.

So, (bα) is an approximate ψ-mean in B, whence B is ψ-pseudo-amenable.
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In the following result, we give another characterization of φ-pseudo-
amenability.

Proposition 2.5. Let A be a Banach algebra and φ ∈ σ(A). Then the
following statements are equivalent:

(i) A is φ-pseudo-amenable.
(ii) There is a net (Fα) ⊆ A∗∗ such that for each a ∈ A,

Fα(φ)→ 1 and ‖a� Fα − φ(a)Fα‖ → 0.

(iii) There is a net (Fα) ⊆ A∗∗ such that for each a ∈ A,

Fα(φ)→ 1 and a� Fα − φ(a)Fα → 0

in the weak∗ topology of A∗∗.
Proof. The implication (i)⇒(ii) follows from Proposition 2.3, and the

implication (ii)⇒(iii) is trivial. Now, suppose that (iii) holds. Let Γ be the
set of all γ := (ε,F,H) for which ε > 0 and F ⊆ A, H ⊆ A∗ are finite sets.
Then Γ is a directed set by setting (ε′,F′,H′) < (ε,F,H) if and only if ε′ ≤ ε,
F′ ⊇ F and H′ ⊇ H; moreover, for each γ ∈ Γ , there is Fαγ ∈ A∗∗ such that

|Fαγ (φ)− 1| < ε

and

|〈fa− φ(a)f, Fαγ 〉| = |〈f, a� Fαγ − φ(a)Fαγ 〉| < ε

for all a ∈ F and f ∈ H. By Goldstine’s theorem, there is an element aγ ∈ A
such that

|φ(aγ)− 1| < ε

and

〈fa− φ(a)f, aγ〉| = |〈f, aaγ − φ(a)aγ〉| < ε

for all a ∈ F and f ∈ H. Thus (aγ)γ∈Γ is a weak approximate φ-mean in A.
That is, (i) holds.

As a consequence, we have the following result which shows that both
φ-amenability and pseudo-amenability are sufficient conditions for φ-pseudo-
amenability.

Theorem 2.6. Let A be a Banach algebra and φ ∈ σ(A). If A is φ-
amenable or pseudo-amenable, then A is φ-pseudo-amenable.

Proof. It is shown in [13] that φ-amenability is equivalent to the existence
of a bounded φ-approximate diagonal. This together with Proposition 2.3
shows that φ-amenability implies φ-pseudo-amenability. To prove the second
implication, suppose that A is pseudo-amenable, and define the linear map
Λ : A ⊗̂ A → A by

Λ(a⊗ b) = φ(b)a
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for all a, b ∈ A. Then Λ is bounded and ‖Λ‖ ≤ ‖φ‖ ≤ 1. Choose an approx-
imate diagonal (mα) ⊆ A ⊗̂ A for A. For each α, write

mα :=

∞∑
i=1

a
(α)
i ⊗ b

(α)
i ,

where a
(α)
i , b

(α)
i ∈ A for all i ≥ 1. So, if we put aα := Λ(mα), then for each

a ∈ A,

‖aaα − φ(a)aα‖ =
∥∥∥ ∞∑
i=1

φ(bi
(α)) a ai

(α) −
∞∑
i=1

φ(bi
(α)a) ai

(α)
∥∥∥

= ‖Λ(a ·mα)− Λ(mα · a)‖
≤ ‖a ·mα −mα · a‖ → 0

and

φ(aα) = φ(π(mα))→ 1.

That is, (aα) is an approximate φ-mean in A and thus A is φ-pseudo-
amenable.

In the following example we show that the converse of Theorem 2.6 is
not valid; in fact, we give an example of a φ-pseudo-amenable algebra which
is neither φ-amenable nor pseudo-amenable.

Example 2.7. Consider the Banach algebra `2(N) of all sequences a :=
(a(n)) of complex numbers with

‖a‖ :=

∞∑
n=1

|a(n)|2 <∞

endowed with the pointwise product. It is clear that

σ(`2(N)) = {φn : n ∈ N},
where φn(a) = a(n) for all a ∈ `2(N). So,

σ(`2(N)]) = {φn : n ∈ N} ∪ {φ∞},
where `2(N)] is the unitization of `2(N) and

φ∞(a, λ) = λ

for all (a, λ) ∈ `2(N)]. Now, let (eα) be an approximate identity for `2(N). It
is not hard to see that (−eα, 1) is an approximate φ∞-mean in `2(N)]. Since
N is not finite, it follows that `2(N) has no bounded approximate identity
and hence `2(N)] is not φ∞-amenable by [24, Proposition 2.8(ii)]. Moreover,
`2(N)] is not pseudo-amenable (see [11, Theorem 3.1], and [6, Theorem 4.1]).

We end this section with another example. To prepare the setting, we
give the following result; first, recall that a point derivation at a character
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φ of an algebra A is a linear functional δ on A such that for each a, b ∈ A,

δ(ab) = δ(a)φ(b) + φ(a)δ(b).

Proposition 2.8. Let A be a Banach algebra and φ ∈ σ(A). If A is
φ-pseudo-amenable, then any bounded point derivation at φ on A is trivial.

Proof. Let δ be a bounded point derivation at φ and choose an approx-
imate φ-mean (aα) in A. On the one hand, for each a ∈ A,

δ(aaα − φ(a)aα) = δ(aaα)− φ(a)δ(aα) = φ(aα)δ(a).

Thus δ(aaα − φ(a)aα)→ δ(a) for all a ∈ A. On the other hand,

|δ(aaα − φ(a)aα)| ≤ ‖δ‖ ‖aaα − φ(a)aα‖ → 0.

Hence δ(a) = 0 for all a ∈ A.

Example 2.9. (a) Consider the Banach algebra `1 of all sequences a :=
(a(n)) of complex numbers with

‖a‖ :=

∞∑
n=1

|a(n)| <∞

endowed with the product � defined by

(a � b)(n) =

{
a(n)b(n), n = 1,

a(1)b(n) + b(1)a(n) + a(n)b(n), n > 1,

for all a, b ∈ `1. It is easy to check that

σ(`1) = {φ1} ∪ {φ1 + φn : n ≥ 2},
where φn(a) = a(n) for all a ∈ `1. On the one hand, there is no bounded
approximate φ1-mean in `1; indeed, if (aα) is an approximate φ1-mean in `1,
then aα(1) = φ1(aα)→ 1 and

‖a � aα − φ1(a)aα‖ → 0

for all a ∈ `1. In particular

|aα(1) + aα(n)| = ‖δn � aα − φ1(δn)aα‖ → 0,

where δn is the characteristic function of {n} for all n ≥ 2. Since aα(1)→ 1,
it follows that aα(n)→ −1 as α increases for all n ≥ 2. Thus supα ‖aα‖ =∞.
This shows that (aα) is not bounded in `1. Consequently, `1 is not φ1-
amenable. On the other hand, it is easy to check that the sequence (ck) ⊆ `1
defined by

ck(n) =


1, n = 1,

−1, 1 < n ≤ k,
0, n > k,
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is an approximate φ1-mean in `1. Thus `1 is φ1-pseudo-amenable. Moreover,
for each n ≥ 2, the element δn ∈ `1 is a φ1+φn-mean in `1, and consequently
`1 is φ1 + φn-amenable.

(b) Consider the discrete convolution algebra `1 of all a := (a(n)) with

‖a‖ :=

∞∑
n=1

|a(n)| <∞.

Then

σ(`1) = {ψz : z ∈ C, |z| ≤ 1}, where ψz(a) =

∞∑
n=1

a(n)zn

for all a ∈ `1. If z ∈ C and |z| < 1, then the map f 7→ f ′(z) is a nontrivial
bounded point derivation at ψz, and thus `1 is not ψz-pseudo-amenable by
Proposition 2.8. But it is shown in [16] that `1 is ψz-amenable for all z ∈ C
with |z| = 1.

(c) Consider the Banach algebra A = C1([0, 1]). Then for each t ∈ [0, 1],
the linear functional δ : A → C defined by

δ(f) = f ′(t)

is a nontrivial bounded point derivation at φt, where φt ∈ σ(A) is given by
φt(f) = f(t) for all f ∈ A. This together with Proposition 2.8 implies that
A is not φt-pseudo-amenable.

(d) Consider the Banach algebra A of all upper-triangular 3×3 matrices
over C. We have

σ(A) = {φ1, φ2, φ3},

where for each [λij ] ∈ A,

φk([λij ]) = λkk (k = 1, 2, 3).

Moreover, A is φ1-pseudo-amenable; indeed, if we put

E11 =

 1 0 0

0 0 0

0 0 0

,
then ME11 = φ1(M)E11 and φ1(E11) = 1 for all M ∈ A. Thus A is even
φ1-amenable. However, A is not φ2-pseudo-amenable; in fact, if A is φ2-
pseudo-amenable, then there is a net (Mα) ⊆ A such that for each M ∈ A
we have

‖MMα − φ2(M)Mα‖ → 0,
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and φ2(Mα)→ 1. Now, we set

E12 =

 0 1 0

0 0 0

0 0 0

;

thus by assumption we have∥∥∥∥∥∥∥
 0 λ

(α)
22 λ

(α)
23

0 0 0

0 0 0


∥∥∥∥∥∥∥ = ‖E12Mα − φ2(E12)Mα‖ → 0,

where Mα = [λ
(α)
ij ] for all α. So,

φ2(Mα) = λ
(α)
22 → 0,

which is impossible. Similarly, A is not φ3-pseudo-amenable.

3. Applications to group algebras. Let G be a locally compact group
with left Haar measure λG and let L1(G) be the group algebra of G as
defined in [12] endowed with the norm ‖ · ‖1 and the convolution product ∗.
Let L∞(G) be the usual Lebesgue space with the essential supremum norm
‖ ·‖∞, and let M(G) be the measure algebra of G as defined in [12]. Let also

Ĝ denote the dual group of G consisting of all continuous homomorphisms
from G into the circle group T. For ρ ∈ Ĝ, define ψρ ∈ σ(L1(G)) to be the
character induced by ρ on L1(G); that is,

ψρ(h) =
�

G

ρ(x)h(x) dλG(x) (h ∈ L1(G)).

It is clear that ψρ has an extension φρ ∈ σ(M(G)), where

φρ(µ) =
�

G

ρ(x) dµ(x) (µ ∈M(G)).

Let us recall that amenability of G is equivalent to ψ1-amenability of
L1(G). It is well-known from [27] that all locally compact abelian groups
and compact groups are amenable, but the free group F2 on two generators
is not amenable.

Theorem 3.1. Let G be a locally compact group and ρ ∈ Ĝ. Then the
following statements are equivalent:

(a) M(G) is φρ-pseudo-amenable.
(b) L1(G) is ψρ-pseudo-amenable.
(c) G is amenable.
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Proof. (a)⇒(b). Let (µα) be an approximate φρ-mean for M(G). Choose
h0 ∈ L1(G) such that φρ(h0) = 1 and define

hα := µα ∗ h0 ∈ L1(G).

Then (hα) is an approximate ψρ-mean in L1(G); in fact,

ψρ(hα) = φρ(µα ∗ h0) = φρ(µα)→ 1

and for each h ∈ L1(G) we have

‖h ∗ hα − ψρ(h)hα‖1 = ‖h ∗ (µα ∗ h0)− ψρ(h)µα ∗ h0‖1
≤ ‖h ∗ µα − φρ(h)µα‖ ‖h0‖1 → 0.

(b)⇒(c). It is easy to see that L1(G) is ψ1-pseudo-amenable if and only if
it is ψρ-pseudo-amenable. This is an immediate consequence of the equations

‖µ ∗ h− ψρ(µ)h‖1 = ‖(ρµ) ∗ (ρh)− ψ1(ρµ)(ρh)‖1
for all h ∈ L1(G) and µ ∈ M(G). Now, suppose that (hα) ⊆ L1(G) is an
approximate ψ1-mean. We may assume that ‖hα‖1 ≥ 1/2 for all α. So, if we
put

kα := |hα|/‖hα‖1
for all α, then we have kα ≥ 0, ‖kα‖1 = 1 and

‖δx ∗ kα − kα‖1 → 0

for all x ∈ G, where δx denotes the Dirac measure at x ∈ G. Indeed,∥∥δx ∗ |hα| − |hα|∥∥1 =
∥∥|δx ∗ hα| − |hα|∥∥1 ≤ ‖δx ∗ hα − hα‖1 → 0.

So, (kα) is a bounded approximate ψ1-mean in L1(G), and thus (c) holds.
(c)⇒(a). Suppose that G is amenable. It follows from Corollary 4.2 of

[18] that M(G) is φ1-amenable. It is easy to check that M(G) is φ1-amenable
if and only if it is φρ-amenable.

Corollary 3.2. Let G be a locally compact group. Then L1(G) is char-
acter pseudo-amenable if and only if G is amenable.

Proof. It is well-known that σ(L1(G)) = {ψρ : ρ ∈ Ĝ}; see for example
Theorem 2.7.2 of [15] or Theorem 23.7 of [12]. So, the result follows imme-
diately from Theorem 3.1 together with the fact that L1(G) always has at
least one character, namely the augmentation character ψ1.

Corollary 3.3. Let G be a locally compact group. Then M(G) is char-
acter pseudo-amenable if and only if G is discrete and amenable.

Proof. Suppose that M(G) is character pseudo-amenable. It follows from
Proposition 2.8 that there is no nonzero point derivation on M(G) at the
discrete augmentation character

µ 7→
∑
x∈G

µ({x}) (µ ∈M(G)).
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This shows that G is discrete; see Dales, Ghahramani, and Helemskii [4].
Now, appeal to Theorem 3.1 to conclude that G is also amenable. The
converse follows from Corollary 3.2.

Let X be a left introverted subspace of L∞(G), that is, Ff ∈ X for all
F ∈ X∗ and f ∈ X, where

(Ff)(h) = F (fh) and (fh)(k) = f(h ∗ k)

for all h, k ∈ L1(G) and F ∈ X∗. In this case, the first Arens multiplication
� defined by

(F �H)(f) = F (Hf)

for all F,H ∈ X∗ is well-defined on X∗, and X∗ is a Banach algebra with re-
spect to this multiplication. Examples of closed left introverted subspaces of
L∞(G) include the space AP(G) of almost periodic functions on G, the space
WAP(G) of all weakly almost periodic functions on G, the space LUC(G)
of all left uniformly continuous functions on G.

Now we prove a character pseudo-amenability version of Theorem 3.9 in
[13] for the class of maximally almost periodic groups, which contains all
abelian groups and compact groups.

Theorem 3.4. Let G be a maximally almost periodic locally compact
group and let X be a left introverted subspace of L∞(G) containing AP(G).
Then X∗ is character pseudo-amenable if and only if G is finite.

Proof. The “if” part is trivial. To prove the converse, suppose that
X∗ is character pseudo-amenable. Then AP(G)∗ is also character pseudo-
amenable; this follows from 2.4 together with the fact that the restriction
map

X∗ → AP(G)∗, f → f |AP(G),

is a continuous surjective homomorphism. Let bG be the Bohr compactifi-
cation of G and note that

M(bG) ∼= AP(G)∗

is character pseudo-amenable. By Corollary 3.3, bG must be discrete, and
hence is finite. Since for a maximally almost periodic group G, the canonical
homomorphism from G into bG is injective, it follows that G is finite.

Let us remark that Theorem 3.4 does not remain true for all left intro-
verted subspaces of L∞(G) by Corollary 3.3; for example, M(Z) is character
pseudo-amenable whereas Z is not finite. In the following results we inves-
tigate implications of character pseudo-amenability of the algebra L1(G)

∗∗

and the space LUC(G)∗ on the structure of locally compact group G.

Proposition 3.5. Let G be a locally compact group. Then the following
statements are equivalent:
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(a) LUC(G)∗ is character pseudo-amenable.
(b) L1(G)∗∗ is character pseudo-amenable.
(c) G is finite.

Proof. (a)⇒(b). Suppose that LUC(G)∗ is character pseudo-amenable
and note that the restriction map

Θ : LUC(G)∗ →M(G)

is a continuous epimorphism. This together with Theorem 2.4 implies that
M(G) is character pseudo-amenable, and so G is discrete by Corollary 3.3.
Thus L∞(G) = LUC(G).

(b)⇒(c). Suppose that L1(G)∗∗ is character pseudo-amenable. Then
L1(G)∗∗ does not have any nonzero continuous point derivation correspond-
ing to any character φ ∈ σ(L1(G)∗∗). It follows from [5, Theorem 11.17] that
G is finite.

(c)⇒(a). This is trivial.

Proposition 3.5 leads us to the conjecture that Theorem 3.4 is true for all
locally compact groups. Here, we consider another left introverted subspace
of L∞(G), namely the space L∞0 (G) of all f ∈ L∞(G) which vanish at
infinity; in fact,

L∞0 (G) = {f ∈ L∞(G) : for K compact, ‖fχG\K‖∞ → 0 as K ↑ G}.
This space was introduced and studied extensively by Lau and Pym [20];
see also [22].

Proposition 3.6. Let G be a locally compact group. Then the following
statements are equivalent:

(a) L∞0 (G)∗ is character amenable.
(b) L∞0 (G)∗ is character pseudo-amenable.
(c) G is discrete and amenable.

Proof. That (a) implies (b) is trivial. Suppose that (b) holds. By [20,
Theorem 2.11], for each right identity E of L∞(G)∗ with norm one, the space
E�L∞0 (G)∗ is isometrically isomorphic to M(G). Also, the map F 7→ E�F
for each F ∈ L∞0 (G)∗ is an epimorphism from L∞0 (G)∗ onto M(G), and so
M(G) is character pseudo-amenable by Theorem 2.4. Hence G is discrete
and amenable by Corollary 3.3.

Now, suppose that G is amenable and discrete. Then

L∞0 (G)∗ = M(G) = `1(G),

and so L∞0 (G)∗ is amenable. In particular, L∞0 (G)∗ is character amenable.

Let A(G) denote the Fourier algebra of G and set

LA(G) := L1(G) ∩A(G).
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For each f ∈ LA(G) define

|||f ||| := ‖f‖1 + ‖f‖A(G).

Then LA(G) with the norm |||·||| is a Banach space; this space was introduced
and studied extensively by Ghahramani and Lau [10]; see also [2].

We recall that LA(G) with convolution product is a Banach algebra and
it is a dense left ideal of L1(G) such that

|||h ∗ f ||| ≤ ‖h‖1|||f |||
for all f ∈ LA(G) and h ∈ L1(G). Ghahramani and Lau called LA(G)
endowed with convolution product the Lebesgue–Fourier algebra of G. In
fact, LA(G) is an abstract Segal subalgebra of L1(G), whence it follows
from [3, Lemma 2.2] that

σ(LA(G)) = {ψ|LA(G) : ψ ∈ σ(L1(G))}.

Proposition 3.7. Let G be a locally compact group and let ψ∈σ(L1(G)).
Then the Lebesgue–Fourier algebra LA(G) is ψ|LA(G)-pseudo-amenable if
and only if G is amenable.

Proof. Suppose that G is amenable. Then L1(G) is ψ-pseudo-amenable
by Theorem 3.1. Thus there is an approximate ψ-mean in L1(G), say (hα).
Fix f0 ∈ LA(G) such that ψ(f0) = 1 and set

fα := hα ∗ f0 ∈ LA(G)

for all α; consequently,

ψ(fα) = ψ(hα)→ 1

and for each f ∈ LA(G) we have

|||f ∗ fα − ψ(f)fα||| ≤ ‖f ∗ hα − ψ(f)hα‖1|||f0||| → 0.

Thus LA(H) is ψ-pseudo-amenable.
Conversely, suppose that LA(G) is ψ-pseudo-amenable. Then there is an

approximate ψ-mean (fα) in LA(H). Fix f0 ∈ LA(G) such that ψ(f0) = 1
and set

hα := f0 ∗ fα
for all α. Since LA(G) is a left ideal in L1(G), it follows that

ψ(hα) = ψ(fα)→ 1

and

‖h ∗ hα − ψ(h)hα‖1
= ‖h ∗ f0 ∗ fα − φ(h)f0 ∗ fα‖1
≤ ‖h ∗ f0 ∗ fα − ψ(h)ψ(f0)fα‖1 + ‖ψ(h)ψ(f0)fα − ψ(h)f0 ∗ fα‖1
≤ |||h ∗ f0 ∗ fα − ψ(h ∗ f0)fα|||+ |ψ(h)| |||ψ(f0)fα − f0 ∗ fα||| → 0
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for all h ∈ L1(G). Thus (hα) is an approximate ψ-mean in L1(G), so L1(G)
is ψ-pseudo-amenable. Therefore G is amenable by Theorem 3.1.

Several notions of amenability for LA(G) were investigated in [2]
and [10]. Here we describe character amenability and its relation to character
pseudo-amenability.

Proposition 3.8. Let G be a locally compact group. Then the following
statements are equivalent:

(a) The Lebesgue–Fourier algebra LA(G) is character amenable.
(b) The Lebesgue–Fourier algebra LA(G) is character pseudo-amenable

and has a bounded right approximate identity.
(c) G is discrete and amenable.

Proof. That (a) implies (b) is trivial. Suppose that (b) holds. By assump-
tion, there is a bounded right approximate identity (uα) ⊆ LA(G) with
|||uα||| ≤ K for all α. Since

|||f ∗ uα||| ≤ ‖f‖1|||uα|||
for all f ∈ LA(G) and α, it follows that

|||f ||| ≤ K‖f‖1.
On the other hand,

‖f‖1 ≤ |||f |||
by definition of ||| · |||. Thus the norms ‖ ·‖1 and ||| · ||| are equivalent on LA(G),
and so LA(G) = L1(G); this is because LA(G) is dense in L1(G) under
‖ · ‖1. Thus G is discrete by [10, Proposition 2.3]; moreover, G is amenable
by Proposition 3.7 together with the fact that L1(G) always has at least one
character.

Now, suppose that G is discrete and amenable. Then l1(G) is character
amenable by [24, Corollary 2.4]. Since `1(G) = LA(G), the norms ||| · ||| and
‖ · ‖1 are equivalent on LA(G) by the open mapping theorem. Thus LA(G)
is character amenable.

As a consequence, we have the following result.

Corollary 3.9. Let G be a locally compact group. Then the Lebesgue–
Fourier algebra LA(G) is character pseudo-amenable if and only if G is
amenable and LA(G) has a right approximate identity.

Let us recall from [10] that LA(G) with pointwise product is a Banach
algebra which is a dense ideal of A(G) and

|||k · f ||| ≤ ‖k‖A(G)|||f |||
for all f ∈ LA(G) and k ∈ A(G).
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Proposition 3.10. Let G be a locally compact group. Then LA(G) en-
dowed with pointwise product is character amenable if and only if G is com-
pact.

Proof. Suppose that LA(G) is character amenable. Then LA(G) has a
bounded approximate identity. Hence G is compact by Proposition 2.6 of
[10].

Conversely, if G is compact, then A(G) is character amenable by [24,
Corollary 2.4]. But LA(G) = A(G). Thus the norms ||| · ||| and ‖ · ‖A(G)

are equivalent on LA(G) by the open mapping theorem, and so LA(G) is
character amenable.
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