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CYCLE-FINITE ALGEBRAS WITH ALMOST ALL
INDECOMPOSABLE MODULES OF PROJECTIVE OR
INJECTIVE DIMENSION AT MOST ONE

BY

ADAM SKOWYRSKI (Toruri)

Abstract. We describe the structure of artin algebras for which all cycles of inde-
composable modules are finite and almost all indecomposable modules have projective or
injective dimension at most one.

1. Introduction and the main result. Throughout the paper by an
algebra we mean an artin algebra over a fixed commutative artin ring K,
which we will assume to be basic and indecomposable. For an algebra A, we
denote by mod A the category of finitely generated right A-modules and by
ind A the full subcategory of mod A formed by all indecomposable modules.

The Jacobson radical rads of mod A is the ideal generated by all non-
invertible homomorphisms between indecomposable modules, and the infi-
nite radical rad%’ of mod A is the intersection of all powers rad, i > 1, of
rad4. By a result of Auslander [5], rad}’ = 0 if and only if A is of finite
representation type, that is, ind A admits only a finite number of pairwise
non-isomorphic modules (see [17] for an alternative proof). On the other
hand, if A is of infinite representation type then (rad%’)? # 0, by a result
proved in [9] (see [I0] for the structure of module categories mod A of alge-
bras A with (rad%’)® = 0 and [17], [34] for other results and open problems
concerning the Jacobson radical power series of module categories).

We denote by I'4 the Auslander—Reiten quiver of A, and by 74 and 7';1
the Auslander—Reiten translations D Tr and Tr D, respectively. We identify
a module in ind A with the corresponding vertex of I'4.

A prominent role in the representation theory of algebras is played by
cycles of modules, or more generally cycles of complexes of modules. Recall
that a cycle in the module category mod A of an algebra A is a sequence

Xo N x oo x X =X,
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of non-zero non-isomorphisms in ind A, and such a cycle is said to be finite if
the homomorphisms fi, ..., f, do not belong to rady’. Following Ringel [32],
a module in ind A which does not lie on the cycle in mod A is called directing.
It has been proved independently by Peng and Xiao [29] and Skowronski
[39] that every Auslander—Reiten quiver I'4 has at most finitely many 74-
orbits containing directing modules. Moreover, by a result of Ringel [32], the
support algebra of a directing module is a tilted algebra. On the other hand,
the support algebras of non-directing indecomposable modules depend on
properties of cycles containing these modules.

Following Assem and Skowrorniski 3], an algebra is said to be cycle-finite
if all cycles in mod A are finite. The class of cycle-finite algebras is wide and
contains the following classes of algebras: algebras of finite representation
type, tame tilted algebras [16], [32], tame double tilted algebras [30], tame
generalized double tilted algebras [31], tubular algebras [32], [33], tame qu-
asitilted algebras [19], [45], tame coil and multicoil algebras [3], [4], tame
generalized multicoil algebras [26], and strongly simply connected algebras
of polynomial growth [43]. It has also been proved in [2] that the class of
algebras A for which the derived category D?(mod A) of bounded complexes
over mod A is cycle-finite coincides with the class of piecewise hereditary
algebras of Dynkin, FEuclidean, and tubular type, and consequently these
algebras are also cycle-finite.

Moreover, frequently an algebra A admits a Galois covering R — R/G
= A, where R is a cycle-finite locally bounded category and G is an admis-
sible group of automorphisms of R, which allows the representation theory
of A to be reduced to the representation theory of cycle-finite algebras which
are convex subcategories of R (see [28] and [44] for some general results).
For example, every finite-dimensional selfinjective algebra A of polynomial
growth over an algebraically closed field K admits a canonical standard form
A (geometric socle deformation of A) such that A has a Galois covering R —
R/G = A, where R is a cycle-finite selfinjective locally bounded category
and G is an admissible infinite cyclic group of automorphisms of R, and the
Auslander—Reiten quiver I'j is the orbit quiver I'r/G with respect to the
induced action of G (see [4§]).

We are concerned with the problem of describing the structure of algebras
A for which all but finitely many isomorphism classes of modules X in ind A
have projective dimension pd 4 X < 1 or injective dimension id4 X < 1. This
class contains all algebras A of small homological dimension (briefly, shod
algebras) for which every module X in ind A satisfiespd4 X < loridg X <1
(see |8]). It is known (|I4]) that any shod algebra A has gl.dim A < 3.
Moreover, it has been shown by Happel, Reiten and Smalg[14] that A is a
shod algebra with gl.dim A < 2 if and only if A is a quasitilted algebra, that is,
A = Endy(T) for a tilting object T" in an abelian hereditary K-category H.
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Following [14], denote by L4 the full subcategory of ind A formed by all
modules X such that pd4 Y < 1 for every predecessor Y of X in ind A4,
and by R4 the full subcategory of ind A formed by all modules X such that
idg Z < 1 for every successor Z of X in ind A. Coelho and Lanzilotta [S]
proved that A is a shod algebra if and only if ind A = L4 U R 4.

An important class of quasitilted algebras is formed by tilted algebras,
that is, algebras of the form Endy(T), where T is a tilting object in the
module category mod H of a hereditary algebra H [I5]. It has been proved
by Happel and Reiten [I3] (in the tame case by Skowronski [45]) that the
remaining class of quasitilted algebras is formed by quasitilted algebras of
canonical type (see also [1I], [19], [45] for the representation theory of this
class of algebras). Further, Reiten and Skowronski proved in [30] that A is
a shod algebra with gl.dim A = 3 if and only if A is a strictly double tilted
algebra. Characterizations of tilted and double tilted algebras using homo-
logical properties of directing modules have been established in [46]. This
completes the classification of algebras with small homological dimension
(equivalently, with ind A = L4 UR4).

In [31] a wide class of algebras A with the property that £4UR 4 is cofinite
in ind A, called generalized double tilted algebras, has been introduced and
investigated. In particular, Skowroniski [47] proved that, for an algebra A,
L4 UTRy4 is cofinite in ind A if and only if A is a generalized double tilted
algebra or a quasitilted algebra. Moreover, the following problem was raised
by Skowronski in [47]:

PROBLEM 1.1. Let A be an algebra such that for all but finitely many
isomorphism classes of modules X inind A, we have pd4 X < loridg X < 1.
Is then £4 UR 4 cofinite in ind A?

We note that this was proved in [40, Theorems 3.1 and 3.2 to be the
case if for all but finitely many isomorphism classes of modules X in ind A,
we have pd4 X <1 (respectively, idg X < 1).

The aim of this paper is to provide a positive solution of Problem [I.1] for
cycle-finite algebras. The main result of this paper is the following theorem.

THEOREM 1.2. For a cycle-finite algebra A, the following statements are
equivalent:

(i) For all but finitely many isomorphism classes of modules X in ind A,
we have pdy X <1 oridga X < 1.

(ii) A is a generalized double tilted algebra or a quasitilted algebra of
canonical type.

For basic background on the representation theory of algebras we refer
the reader to the books [1, [6], [32], [35], [36], [50].
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2. Preliminaries. We recall some notation and concepts on algebras
and modules needed in our further considerations.

Let A be an algebra and ey, ..., e, a set of pairwise orthogonal primitive
idempotents of A with 14 =e7 +--- + e,. Then:

o Po=¢;A i€ {l,...,n}, is a complete set of pairwise non-isomorphic
indecomposable projective modules in mod A.
o I, = D(Ae;), i € {1,...,n}, is a complete set of pairwise non-isomor-

phic indecomposable injective modules in mod A.

e S; =top(P;) =e;A/e;rad A, i € {1,...,n}, is a complete set of pair-
wise non-isomorphic simple modules in mod A.

e S; =soc(l;), forany i € {1,...,n}.

Moreover, F; := Enda(S;) & e;Ae;/e;i(rad A)e;, for i € {1,...,n}, are
division algebras. The quiver @ 4 of A is the valued quiver defined as follows:

e The vertices of Q4 are the indices 1,...,n of the chosen set eq,...,¢e,
of primitive idempotents of A.

e Given a pair of vertices ¢ and j in @ 4, there is an arrow ¢ — j from ¢
to j in Q4 if and only if e;(rad A)e;/e;(rad A)?e; # 0. Moreover, one
equips the arrow i — j in Q4 with the valuation (d;;, d};), so we have
in Q4 the valuated arrow

o (dijodiy)
P —— ]
where
dij = dimp, e;(rad A)e;/e;(rad A)?e;,
di; = dimp, e;(rad A)e;/e;(rad A)?e;.

An algebra A is called triangular if its quiver @ 4 is acyclic (i.e. there is no
oriented cycle in @ 4). We identify an algebra A with the associated category
A* whose objects are the vertices of the quiver Q 4, Homy- (4, j) = e; Ae; for
any objects ¢ and j of A*, and the composition of morphisms in A* is given
by multiplication in A. For a module M in mod A, we denote by supp(M)
the full subcategory of A = A* given by all objects i such that Me; # 0,
and call it the support of M. More generally, for a family C = (C;);er of
components of Iy, we denote by supp(C) the full subcategory of A given by
all objects ¢ such that Xe; £ 0 for some indecomposable module X in C, and
call it the support of C. Then a module M in mod A (respectively, a family
of components C in I'4) is said to be sincere if supp(M) = A (respectively, if
supp(C) = A). Finally, a full subcategory B of A is said to be convez if every
path in Q4 with source and target in @) lies entirely in Qp. Observe that,
for every convex subcategory B of A, there is a fully faithful embedding
of mod B into mod A such that mod B is the full subcategory of mod A
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consisting of all modules M with Me; = 0 for all vertices ¢ of Q4 which are
not vertices of Qp.
We will use the following lemma.

LEMMA 2.1. Let R and S be algebras, M an S-R-bimodule, A = [g ]\é[]
the matriz algebra defined by the bimodule sMpg, and Y a module in mod A
represented by a triple (Yo, Y1, ¢) with ¢ # 0. Then, for every indecomposable
direct summand Z of an R-module Y1, we have Homg(M, Z) # 0.

Proof. This follows immediately from the arguments in the proof of [36,
Lemma XV.1.8|. =

3. Auslander—Reiten components. We introduce various types of
components of Auslander—Reiten quivers and prove a result on the shape of
Auslander—Reiten components with infinite cyclic part, needed in the proof
of the main theorem.

Let A be an algebra. We recall that a component C of I'4 is called reg-
ular if C contains neither a projective module nor an injective module, and
semiregular if C does not contain both a projective and an injective module.
It has been proved in [20] and [51] that a regular component C of I'4 contains
an oriented cycle if and only if C is a stable tube, that is, C is of the form
ZA/(7") for some r > 1. Moreover, Liu proved in [21I] that a semiregular
component C of I'4 contains an oriented cycle if and only if C is a semiregu-
lar tube, that is, a ray tube (obtained from a stable tube by a finite number
(possibly zero) of ray insertions) or a coray tube (obtained from a stable tube
by a finite number (possibly zero) of coray insertions). A component P of
Iy is called postprojective if P is acyclic (without oriented cycles) and every
module in P lies in the 74-orbit of a projective module. Dually, a compo-
nent Q of I'4 is called preinjective if Q is acyclic and every module in Q
lies in the 74-orbit of an injective module. Following [25], a full translation
subquiver I" of I'4 is said to be coherent if the following two conditions are
satisfied:

(C1) For each projective module P in I', there is an infinite sectional
pathP:X1—>X2%---.

(C2) For each injective module I in I', there is an infinite sectional path
=YY =1

Further, a component C of I'4 is called almost cyclic if all but finitely
many modules in C lie on oriented cycles in I'4. We note that the stable tubes,
ray tubes and coray tubes of I'4 are semiregular, almost cyclic, and coherent.
Following Skowroriski [38], a component C of I'y is said to be generalized
standard if rady’(X,Y’) = 0 for all modules X and Y from C. It has been
proved in [38, Theorem 2.3| that every generalized standard component C
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of I'y is almost periodic, that is, all but finitely many 74-orbits in C are
periodic.

A family C = (C;)ser of components of I'4 is said to be a separating
family in mod A if all components in I'4 split into three disjoint families P4,
CA = C and Q4 such that the following conditions are satisfied:

(S1) CA is a sincere family of pairwise orthogonal generalized standard
components.

(S2) Homa(Q4,P4) =0, Hom4(Q4,C4) = 0, Homa(C*, P4) = 0.

(S3) Any homomorphism from P4 to @4 in mod A factorizes through
add(c4).

Moreover, if (S1), (S2) and the condition

(S3*) any homomorphism from P4 to Q4 in mod A factorizes through
add(C;) for any i € I,

are satisfied, then C is said to be a strongly separating family in mod A (see
[26], 271, [32]).

For a component C of I'4, we denote by ;C the left stable part of C,
obtained by deleting from C all T4-orbits containing projective modules, and
by .C the right stable part of C, obtained by deleting from C all 74-orbits
containing injective modules. Finally, we denote by .14 the cyclic part of I'4,
obtained by removing from I'4 all acyclic modules and the arrows attached
to them. The connected components of .14 are called the cyclic components
of I'y (see [25]).

A prominent role in the proof of the main theorem is played by the
following proposition.

PROPOSITION 3.1. Let A be a cycle-finite algebra such that, for all but
finitely many isomorphism classes of modules X inind A, we havepd 4 X <1
or idg X < 1. Then every infinite cyclic component D of I'y is the cyclic
part .C of a semiregular tube C of I'4.

Proof. Let D be an infinite cyclic component of I'4, and C be the com-
ponent of I'y containing the translation quiver D. Since D is infinite and
cyclic, it follows from [24] Corollary 2.8| that ;C or ,.C contains a connected
component I containing an oriented cycle and infinitely many modules of D.
We will prove that C is a semiregular tube of I'4, by considering three cases.

(1) Assume first that I" is contained in the stable part ;C =;CN,C of C.
Then I' is an infinite stable translation quiver containing an oriented cycle,
and hence I is a stable tube, by the main result of [5I]. We claim that C = I".
Suppose that C £ I'. Then C contains a finite 74-orbit

Pr'P,...,m" P "P =1,
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with » > 0, P a projective module, I an injective module, and such that an
immediate predecessor X of P and an immediate successor Y of I lie in I'.
Hence, there are infinite sectional paths in I" of the forms

Y. o =2 Xi1—=2Xo=X, 2:Y=Yy—->Y ] —>---.

Since I' is a stable tube, these two paths intersect in infinitely many
modules of I'. So there are pairwise distinct modules Zi, k € N, in I" such
that 747 lies on {2 and Tngk lies on X, for any k € N. Therefore, for
any k € N, we have Homa(D(A),74Zx) # 0 and Homa (7' Zx, A) # 0,
because there are sectional paths in C of the forms I - Y — -+ — 747
and TZle — -+ —= X — P. Applying [I, Lemma IV.2.7|, we conclude that
pdaZy > 2 and id4 7, > 2, for all k € N, which contradicts the assumption
on A. Hence C = I'. Obviously C is then a stable tube and C = .C = D.

(2) Assume that I" is a component of ;C containing at least one injective
module. Then it follows from [21], (2.2) and (2.3)] that I" contains an infinite
sectional path

o T X 5 T X == T X = X = — X,

where r > s > 1, X; is injective for some i € {1,...,s}, and each module
in I" belongs to the T4-orbit of one of the modules X1, ..., X,. Hence, there
exists a non-negative integer ¢ such that TZtX s is an injective module [ in I,
and I admits an infinite sectional path of the form

Q:I=Vy—->V, —---

We denote by I'* the full translation subquiver of I" given by all modules
which are the targets of infinite sectional paths of I". We claim that no mod-
ule in I'* is an immediate predecessor of a projective module of C. Indeed,
otherwise I' admits an infinite sectional path

S oo U »Uy=R,

with R a direct predecessor of a projective module P in C. Then the infinite
sectional paths {2 and X' intersect in infinitely many modules of I', and we
conclude as in (1) that there are pairwise distinct modules Zj in I" with
pdaZr > 2 and idaZ, > 2, for all £k € N, a contradiction. Therefore, we
conclude that I'™* is a left stable full translation subquiver of C which is
closed under predecessors. Moreover, D is the cyclic part .I™* of I'*, because
I contains all modules of D, and D is a component of .1 4.

Observe also that '™ is a maximal almost cyclic and coherent full trans-
lation subquiver of C. Since I'* contains no projective module, applying [25]
Theorem A], we conclude that I'*, viewed as a translation quiver, can be ob-
tained from a stable tube by an iterated application of admissible operations
of types (ad 1*). Finally, using the fact that I'™ does not contain immediate
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predecessors of projective modules in C, we conclude that C = I'* is a coray
tube (with at least one injective module) and D is its cyclic part .C.

(3) Assume finally that I" is a component of ,C containing at least one
projective module. Applying arguments dual to those in (2), we find that C
is a ray tube (with at least one projective module) and D is its cyclic part. m

4. Cycle-finite quasitilted algebras of canonical type. In this sec-
tion we recall the structure of the Auslander—Reiten quivers of representa-
tion-infinite tilted algebras of Euclidean type and tubular algebras, and then
describe the structure of the Auslander—Reiten quivers of cycle-finite qua-
sitilted algebras of canonical type. At the end of the section we recall the
notion of a coherent sequence of cycle-finite quasitilted algebras of canonical
type and present some theorems on the structure of the Auslander—Reiten
quivers of algebras associated to such sequences (see [7] for more details).

By a tame concealed algebra we mean a tilted algebra C' = Endgy(T),
where H is a hereditary algebra of Euclidean type AH, &12, Am, Bm, (@m,
E(Cm, B]D)m, (C]D)m, ]f))m, E@, E7, Eg, I~F41, IF‘42, Ggl, or GQQ (see [12]) and
T is a (multiplicity-free) tilting H-module from the additive category of the
postprojective component of I'y. The Auslander—Reiten quiver ' of a tame
concealed algebra C' is of the form

Ie=P°uTCULQY,
where P is a postprojective component containing all indecomposable pro-
jective C-modules, Q% is a preinjective component containing all indecom-
posable injective C-modules, and 7¢ is an infinite family of pairwise orthog-
onal generalized standard stable tubes strongly separating P¢ from Q° (see
[36, Theorem XVIIL.3.5]).

More generally, by a tilted algebra of Euclidean type we mean a tilted
algebra B = Endy(T'), where H is a hereditary algebra of Euclidean type
and T is a (multiplicity-free) tilting module in mod H. Assume that B is
a representation-infinite tilted algebra of Euclidean type. Then one of the
following holds:

(1) B is a domestic tubular (branch) extension of a tame concealed alge-
bra C and

Ip=PPuTPUQP,
where PB = PC is the postprojective component of I'c, TP is an infinite
family of pairwise orthogonal generalized standard ray tubes, obtained from
TC¢ by ray insertions, QF is a preinjective component containing all inde-
composable injective B-modules, and T strongly separates PP from QPF;

(2) B is a domestic tubular (branch) coextension of a tame concealed
algebra C' and

I's=PBuUTPUQB,
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where PP is a postprojective component containing all indecomposable pro-
jective B-modules, 77 is an infinite family of pairwise orthogonal generalized
standard coray tubes, obtained from 7€ by coray insertions, Q8 = Q¢ is
the preinjective component of I'c, and T2 strongly separates PZ from QF.

By a tubular algebra we mean a tubular (branch) extension (equiva-
lently, tubular (branch) coextension) of a tame concealed algebra with Euler
quadratic form positive semidefinite of corank 2 (see [18], [32], [33]). By gen-
eral theory, a tubular algebra B admits two different tame concealed convex
subcategories Cjy and Co such that B is a tubular (branch) extension of Cy
and a tubular (branch) coextension of Cw, and

FB:P(?U’E)BLJ(U EB)UTOEUQC@,
qeQ*

where 7369 = P is the postprojective component of I Cos 7[)3 is an infinite
family of pairwise orthogonal generalized standard ray tubes with at least
one projective module, obtained from the family 7 of stable tubes of I'c,
by ray insertions, Q2 = Q= is the preinjective component of I'c._, 7.2 is
an infinite family of pairwise orthogonal generalized standard coray tubes
with at least one injective module, obtained from the family 7= of stable
tubes of I'c__ by coray insertions, and, for each ¢ € QT (the set of positive
rational numbers) 7;3 is an infinite family of pairwise orthogonal generalized
standard stable tubes. Moreover, for any ¢ € QT U {0, 00}, the family ’7:13
strongly separates PZ U Up<q 7;3 from Up>q 7;3 U Q8. We also mention
that, for a tubular algebra B, the convex subcategories Cy and C have a
common vertex in Q4.

The following characterization of tame concealed and tubular algebras
has been established in [42, Theorem 4.1].

THEOREM 4.1. Let A be an algebra. The following statements are equiv-
alent:

(i) A is a cycle-finite algebra and 'y admits a sincere stable tube.
(ii) A is either a tame concealed or a tubular algebra.

An algebra is said to be minimal representation-infinite if A is representa-
tion-infinite but every proper convex subcategory of A is of finite represen-
tation type. We have the following characterization of minimal represen-
tation-infinite cycle-finite algebras given in [42, Corollary 4.4].

THEOREM 4.2. Let A be an algebra. The following statements are equiv-
alent:

(i) A is a minimal representation-infinite and cycle-finite algebra.
(ii) A is a tame concealed algebra.
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In particular, every representation-infinite cycle-finite algebra A admits
a tame concealed convex subcategory C.

Let C be a tame concealed algebra and 7 the family of all stable tubes
in I'c. By a semireqular branch enlargement of C we mean an algebra of the
form

F M 0
B=|0 C D(N)]|,
00 G
where
g — | F M a g |€ PWY)
0 C 0 G

are respectively a tubular extension of C' and a tubular coextension of C' in
the sense of [32, (4.7)], and no tube in 7¢ admits both a direct summand
of M and a direct summand of N (see [19], [45]). Then B is a quasitilted
algebra, and B and B are called the right part and the left part of B,
respectively. Moreover, following [45], B is said to be a tame semiregular
branch enlargement of C (or a tame quasitilted algebra of canonical type) if
B and BW are tilted algebras of Euclidean type or tubular algebras.

The following characterization of cycle-finite quasitilted algebras of ca-
nonical type follows from [19, Theorem 2.3] and |45 Theorem A].

THEOREM 4.3. Let A be an algebra. The following statements are equiv-
alent:

(i) A is cycle-finite and quasitilted of canonical type.
(ii) A is a tame semiregular branch enlargement of a tame concealed
algebra C.
(iii) A is cycle-finite and I'4 admits a separating family of semireqular
tubes.
(iv) A is cycle-finite and I'y admits a strongly separating family of semi-
reqular tubes.

As a consequence, we obtain the following theorem on the structure of
the Auslander—Reiten quiver of a tame quasitilted algebra of canonical type.

THEOREM 4.4. Let B be a tame quasitilted algebra of canonical type.
Then the Auslander—Reiten quiver I'g is a disjoint union

rg=P’vTPVv QP
where:

(1) TB is a sincere family of pairwise orthogonal generalized standard
semireqular tubes strongly separating PP from QF.
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(2) If BW is a tilted algebra of Euclidean type, then PB is the unique

postprojective component pBY of I'gay containing all indecomposable
projective BY-modules.
(3) If BY is a tubular algebra, then

,PB _ ,POBU) U ,763(1) U ( U 7;3(U>’
qeQt
and contains all indecomposable projective BW _modules.

(4) If B") s a tilted algebra of Euclidean type, then QF is the unique
preinjective component QB(T) of I'gry containing all indecomposable
injective B") -modules.

(5) If B") is a tubular algebra, then

(r) (r) (r)
Qf = (U 777)uTE” uok”,
q€Q™

and contains all indecomposable injective BT -modules.
(6) Every indecomposable projective B-module belongs to P UTPE.
(7) Every indecomposable injective B-module belongs to TP U QFB.

Let B = (By,...,B,) be a sequence of algebras, n > 1. Following [7,
Section 3|, B is said to be a coherent sequence of tame quasitilted algebras of
canonical type provided that:

(1) By,..., By, are tame quasitilted algebras of canonical type,
(2) if n 12} 2, then B = B, is a tubular algebra for all i € {1,...,
n—1}.

For a coherent sequence B = (By, ..., By,) of tame quasitilted algebras of
canonical type, we define the algebra A(B) in the following way: A(B) = B;
for n =1, and A(B) is the pushout sum

By U -+ U B,=By U ---U B,
s, s
for n > 2.

The following recent result [, Theorem 1.1] gives a characterization of

cycle-finite algebras with all Auslander—Reiten components semiregular.

THEOREM 4.5. Let A be an algebra. Then the following statements are
equivalent:

(i) A is a cycle-finite algebra and every component of 'y is semiregular.
(ii) A is isomorphic to the algebra A(B) associated to a coherent sequence
B = (Bi,...,By) of tame quasitilted algebras of canonical type.

As a direct consequence of |7, Theorem 3.5|, we obtain the following
theorem, which describes the structure of the Auslander—Reiten quiver I'4 of
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the algebra A = A(B) associated to a coherent sequence B of tame quasitilted
algebras of canonical type.

THEOREM 4.6. Let B = (Bi,...,By) be a coherent sequence of tame
quasitilted algebras of canonical type and A = A(B) the associated algebra.
Then:

(i) A is a cycle-finite algebra and every component of I's is semiregular.
(ii) I'4 has the disjoint union form

ri=p*u({J T)ues
q€Qy,
where QL = [1,n] N Q and:

. . . @ .
(a) If B%l) is a tilted algebra of Euclidean type, then P® = PP1 is a
unique postprojective component of I'4.

(b) If B%l) 1s a tubular algebra, then

IRONNG B0
PB:POIUT(JlU( 7;1)

qeQt

(0
and 73591 is a unique postprojective component of I'4.

(c) If Bff) is a tilted algebra of Euclidean type, then QF = QBW 18
a unique preinjective component of I'4.
(d) If By(f) is a tubular algebra, then

(r) (r) (r)
Q" = ( U 7> )uTofn vl

qeQt

(r) . . L
and QB is a unique preinjective component of I's.
(e) For each r € {1,...,n}, T2 = TP is a family (7;],B>\)>\E/1r of
pairwise orthogonal generalized standard semireqular tubes.

f) Foreachq € Q\{1,...,n}, T2 is a family (T, )xca, of pairwise
n q q,\ q
orthogonal generalized standard stable tubes.
(g) For each q € QL, we have

Hom 4 ((pgqﬁ) U QB PE U (,,LJ]EB)) =0

(h) For each q € QL every homomorphism from P® U (Up<q 7;155) to
(Upsg 7;]3) U QP factorizes through add(ﬁ?)\) for any X € A,.

5. Proof of the main theorem: semiregular case. The following
theorem implies Theorem in the semiregular case.
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THEOREM 5.1. Let A be a cycle-finite algebra such that every component
of 'y is semireqular. Then the following statements are equivalent:

(i) For all but finitely many isomorphism classes of modules X in ind A,
we have pdy X <1 oridg X < 1.
(i1) A is a tame quasitilted algebra of canonical type.

Proof. The implication (ii)=-(i) follows from the homological character-
ization of quasitilted algebras given in [14].

To prove (i)=(ii), applying Theorem we may assume that A = A(B)
for a coherent sequence B = (Bj,...,By,) of tame quasitilted algebras of
canonical type. By Theorem B; is a semiregular branch enlargement of
a tame concealed algebra Cj, for any i € {1,...,n}.

Suppose that A is not a quasitilted tilted algebra of canonical type. Then
Theorems andimply that n > 2 and there exists i € {1,...,n—1}
such that, in the notation of Theorem

=rurtu |J TSuTiiuai,
a€QN(4,i+1)
where:
B _ pB B
e P =P UquQm[l,i)E .
B _ B B
® Qz-i—l UqGQﬂ(H—l n| T UQ”.
e 7.2 is a family (T )aea,; of semiregular tubes, containing an indecom-
posable prOJectlve module and an indecomposable injective module.
. 7?_%1 is a family (7?_%1 \red;y, of semiregular tubes, containing an
indecomposable projective module and an indecomposable injective

module.
e For each ¢ € QN (4,7 + 1), T]B is a family (’T VWaeq, of stable tubes

from the Auslander—Reiten quiver of the tubular algebra Bi(T) = Bi(i)l.

Take now a coray tube T]B with & € A;, containing an indecomposable
injective module, a ray tube T i1, With p € Aj+1, containing an indecom-
posable projective module, and a stable tube ’7;1%7 with ¢ € QN (4,7 + 1) and
n € Ay. We note that TZ]Bé is obtained from the stable tube 7201 of the unique
separating family 7¢ = (7:\0’) ae4, of stable tubes of I'c, by a finite number
it1, 18 obtained from the stable tube 7:9“ of
the unique separating family 7¢i+1 = (7;\Ci+1),\€/11+1 of stable tubes of Iz,
by a finite number of ray insertions. Then the coray tube T]Bé contains an

indecomposable injective module I and an indecomposable module M from
TC such that M is a direct summand of I/soc I, and hence there is an epi-

of coray insertions. Similarly, 7.2

morphism I — M. Further, the ray tube 7?317 ,, contains an indecomposable
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projective module P and an indecomposable module N from 7;0”1 such that
N is a direct summand of rad P, and hence there is a monomorphism N — P.

Consider now an injective envelope f : M — I(M) of M in mod A.
Since M is an indecomposable C;-module, I(M) has no direct summand ly-
ing in 7.2, and hence all indecomposable direct summands of I(M) are in
T2, U QF. Now, Theorem implies that f : M — I(M) factorizes
through a module in add(f}f‘%). Hence Homy (M, U) # 0 for an indecom-
posable module U in 7;1?3,7. Clearly then Homy(I,U) # 0, because we have
an epimorphism I — M. Applying now |41, Lemma 3.9], we conclude that
Hom4(I, X) # 0 for all indecomposable modules X in 7;1%7 of quasi-length
> Tqn, Where 14, is the rank of 7;1:577.

Dually, consider a projective cover g : P(N) — N of N in mod A. Since
N is an indecomposable Cjt1-module, P(NN) has no direct summand lying
in 7;%,, and hence all indecomposable direct summands of P(N) are in
P2 U TE. Applying Theorem again, we conclude that g : P(N) — N
factorizes through a module in add(f}fﬁn). Then Homy(V,N) # 0 for an
indecomposable module V' in 72%7‘ As before, we also have Homy (V) P) # 0,
because there is a monomorphism N — P. Therefore, by [41, Lemma 3.9]
again, Hom4 (X, P) # 0 for all indecomposable modules X in 7;173,, of quasi-
length > rg,.

Summing up, for all indecomposable modules X in 7:}?77 of quasi-length
> rgn, we have Homa(I,74X) # 0 and Homy(7, X, P) # 0, and conse-
quently pdy X > 2 and idg X > 2 (see [Il, Lemma IV.2.7]). This shows that
for infinitely many indecomposable modules X in ’7;%7, we have pdy X > 2
and id4 X > 2. Hence (i) implies (ii). =

6. Proof of the main theorem: non-semiregular case. This sec-
tion is devoted to proving the main theorem in the remaining case, where
I'4 admits a non-semiregular component. First, we prove some preparatory
lemmas on hereditary and tilted algebras.

LEMMA 6.1. Let H be a hereditary algebra of Fuclidean type and E a
module on the mouth of a stable tube of I'yy. Moreover, assume that the
valued quiver Qg of H is a tree (oriented canonically, as in [12]). Then, for
every infinite path
(%) =Y =Y

in the preinjective component Qf of I'y, there is an infinite sqeuence
no < np < ng < --- of non-negative integers such that Hompy (E,Y,,) # 0
for all k > 0.

Proof. Denote by r > 1 the rank of the stable tube T of I'y containing E.
We denote by X the section in @Y formed by all indecomposable injective
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modules in mod H. Recall that ¥ = Q% as valued quivers. Moreover, we
denote by QU the set of all vertices of Qp, and by I, the indecomposable
injective module in mod H corresponding to a vertex a in Q.

Consider the set S(E) formed by all modules X of Qf with Homp (E, X)
# 0. Observe that, if r = 1 (T is a homogeneous tube), then E is a sincere
H-module, thus Hompy (74 E,I,) = Hompy(E,1,) # 0 for all s > 0 and
a € Q°. Therefore S(E) contains all modules of Q| and the claim follows.
Hence, we assume that the stable tube 7 has rank r > 2.

First we investigate the case where one of the mouth modules of T, say
E' = 17,°FE with s > 0, is a sincere H-module. Then, as H is a hereditary
algebra, Homp (E, 751,) & Hompg(E',I,) # 0 for all a € Q°, and conse-
quently HOIIIH(E,TI()_}T+SI&) Homp (E, 75 1,) # 0 for all a € Q° and every
integer o« > 0. Hence, if there is a path of the form (%), then there is a
sequence ng < nj < --- of non-negative integers such that, for each k£ > 0,
there are a vertex aj, € Q" and an integer ay > 0 with Y, = 75+ "I,
Thus Y,,, is in S(E) for every k > 0, and we are done.

Therefore the statement holds if H is of one of the Euclidean types All,
Alg, Bm, Cm, ch, CBm, Ggl, or GQQ Indeed if H is of type All or Alg,
then all stable tubes of I’z are homogeneous. For the remaining types, there
is a unique stable tube of I'y of rank r > 2 which contains a sincere module
on the mouth (see [12, 6. Tables]).

Now, we consider the remaining Euclidean types: D,, with m > 4, IB%}D)
or (C]D) with m > 3, Eg, Er, Eg, Fu1, or Fys. In each case, we proceed only
for a module F lying in the stable tube of rank r > 2, not containing a
sincere module. Observe also that, if we prove our claim for an arbitrarily
chosen module E on the mouth of 7, then it holds for any other mouth
module of 7. Note that @y is assumed to have a cannonical orientation (as
in [12, 6. Tables|); for vertices of Qg we use the same notations as in [12] 6.
Tables|.

(1) Let H be of type D, with m > 4. Then, by [I2, 6. Tables|, the stable
tube of 'y of rank m — 2 contains a sincere module. Therefore, we may
assume that F lies in one of two stable tubes of I'y of rank 2.

Assume first that £ = E| (in the notation of [I2, 6. Tables|). Then
Hompg(E,1,) # 0 for all vertices a in {z1,...,2m_3,a2,ba}. Similarly, we
have HomH(TﬁlE,Ia) # 0 for all @ € {z1,...,2m—3,a1,b1}. Therefore S(E)
contains the set

SS(E) = {Ia27[b27[z17 e ;Izm,377_HIb1a7—HIa177_HIzly- . .,THIZm73}.

Since T is a stable tube of rank 2, S*(E) := 72285 (E) is a subset of S(E)
for any a > 0. Thus, if we have a path of the form (x ) in Q| and there is
a module Yy, not lying in S(E), then either Y;, = 7701, with a € {a1,b1}
and a > 0, or Yy, = TIQJO‘HI with a € {ag,b2} and a > 0. In both cases,
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we have Y 11 € S} (E), hence the path (x) admits infinitely many modules
from S(E).

In a similar way, if E = E{, then for any o > 0, the set S(E) contains
the subset Sk (E) = 722S;(E), where

SS(E) — {Iaga-[blvlzla cee 7Izm_3)THIb277—HIa1,THIZU cee 7THIZm_3}a

and again, if there is a path of the form (%) then, for every module Y;, in
20T U 22 X not lying in SE(E), the module Y341 belongs to Si(E).

(2) Assume now that H is of type BD,,. Then E = Ej lies in the stable
tube of rank 2 (other tubes admit a sincere mouth module), and a straight-

forward calculation shows that, for every a > 0, the set S(F) contains
SH(E) = 1228 (E), where
S3(B) = {Io; a € Q" \ a1} U{rnla; a € Q°\ az}.

Observe that the unique direct predecessor in Q¥ of a module Y = 7'12{&]&1,
a > 0, not lying in S%(E), is of the form Y’ = 72*1,,, because I, is a sink
in X. Hence Y’ is in S} (F). In a similar way, the unique direct predecessor of
Y =2t L, a >0, is of the form Y/ = 7221, and so Y lies in S%(E).
Therefore, for each infinite path of the form (x), there is a sequence ng < ng

< --- of non-negative integers such that, for every k£ > 0, there is an integer
o > 0 with Yy, in S; (E) C S(E). The proof in this case is thus complete.

In a similar way, we prove that the claim holds for the Euclidean type @m.

(3) Now, we consider the types Eg, E; and Eg. Assume first that H is of
type Eg. Because the unique stable tube of 'y of rank 2 contains a sincere
module, we may assume that E lies in one of the remaining tubes of rank 3.
Let E = E|. Then using |12 6. Tables|, we easily find that the set

2
S(8) = | riLe a € O\ Q).

i=0
where Q"Y = {a1,c1,c2}, Q%' = {c1,b1,b2}, and Q%2 = {b1,a1,a2}, is a
subset of S(E). Observe that, for every a > 0, we also have the inclusion
SHE) = 130S;(E) C S(E), because T is of rank 3. Now, consider an
arbitrary path of the form (x) in Q¥, and let V3, = 7371, with o > 0 and
i € {0,1,2} be a module not lying in S:(FE). If i = 0, then a € {a1, 1, c2}.
Assume that a = a;. Then Y11 € SE(E). If a = ¢4, ¢ € {1,2}, then
Yio43—q € SA(E) or Yiyqa—q € Si(E). Further, if i = 1, then for a = ¢,
we have Yj, 41 € SE(E), and if a = by, ¢ € {1,2}, then Y; 43, € SE(E) or
Yio+4—q € S (E). Finally, assume that ¢ = 2. If a = by, then Y; 41 € S} (E),
and, if a = aq, ¢ € {1,2}, then Y; 4134 € Si(E). This shows that there are
infinitely many integers ny > 0, k > 0, such that Y, € S(E) for any k > 0.
Similar arguments prove the claim when E = E{ is contained in the second
tube of rank 3 of I'y.



CYCLE-FINITE ALGEBRAS 255

Now, let H be of type E7. We may assume that E is contained either in
the stable tube of rank 2, or in the stable tube of rank 4, because the stable
tube of rank 3 admits a sincere mouth module E;. First, let E = E{] be a
module in the tube of rank 2. Then we easily find that

So(B) = {lo; a € Q" \{a1}} U{rnla; a € Q°\ {b1}}
is a subset of S(E), and SX(E) := 72*S}(E) C S;(E) for all a > 0. Conse-
quently, if there is a path of the form () in @, and Y}, is not in S(E), then
Yi,+1 belongs to S(E), and hence there are infinitely many integers nj > 0,
k > 0, such that Y,,, € S(E) for all k& > 0. Assume now that £ = E| is
contained in the stable tube of rank 4. Then, for every o > 0, the set S(E)
contains Sk (E) = 7485 (E), where
3
S3(B) = i Tus a € Q°\ @V,
i=0

Q"0 = {a1,a2,a3,b1}, Q™ = {a1,a2,¢}, Q% = {b1,b2,b3,a1}, and Q*? =
{b1, by, c}. It follows that, if there is a path in QF of the form (), with
Viy = 75, @ > 0,4 € {0,1,2,3}, and Yy, is not in S)(E), then either
there is an integer k > 1 such that Y; 1 € S)(E), or there is an integer
k > 1 such that Y; 41 is in S} (E).

Finally, assume that H is of type Eg. Observe that there is a sincere
module both in the stable tube of rank 2 (the module EY') and in the stable
tube of rank 5 (the module E;). Thus, we may assume that E = Ej is a
module in the (unique) stable tube of rank 3. Then we deduce from [12] 6.
Tables| that the set

2
S;(B) = | J{rila; a € Q°\ Q"
=0
where Q"0 = {a1,as}, Q"' = {a1}, and Q"2 = {b1}, is contained in S(E),
and S%(E) := 73885 (E) C S(E) for all a > 0. Hence, if there is a path in
O of the form (), and the module Y, = 731, with i € {0,1,2} and
a > 0 is not contained in S} (F), then Yy 11 € SE(E) or Yy 42 € SE(E), and
the claim follows.

(4) In the last step, we consider the types F4 and Fys. First, let H be of
type Fy1. Then we may assume that £ = E{ lies in a stable tube of rank 2,
because the unique stable tube of rank 3 contains the sincere module FEj.
Further, we calculate that

S3(E) = {la; a € Q°\{ar}} U{rrla; a € Q°\ {b}}
is contained in S(E). Clearly, Sj(E) = 7S5 (E) is also contained in S(E).
Therefore, if the module Y = T?IQ'HIG, i €{0,1},isnot in S:(E), then a = a1
and ¢ =0 or ¢ =1 and a = b, and in both cases every direct predecessor of
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Y isin S3(E)US) (E). This shows that the claim holds true in this case.
Assume finally that H is of type Fyo. Then the unique stable tube of rank 2
admits the sincere mouth module E}. Let E = Ej be a module lying on the
mouth of the remaining (nonhomogeneous) stable tube of rank 3. Then, as
before, the set

2
S3(B) = Ui los a € Q"\ Q™
i=0
where Q0 = {a1}, Q" = {b1}, and Q%2 = {a1, az}, is a subset of S(F), as
well as SZ(E) := 13285 (E) is contained in S(E) for every a > 0. Moreover,
a direct observation shows that, if there is a path in Qf of the form (x)
with a module Y, = 75211, i € {0,1,2}, not lying in S (E), then there is
k € {1,2,3} such that Yy 11 € SH(E)US;,((E). =

For a hereditary algebra H of type A,,, we have the following slightly
different result.

LEMMA 6.2. Let H be a hereditary algebra of Euclidean type Ay,, m > 2,
with valued quiver Qpr oriented canonically (as in [12]), and let E be a module
lying on the mouth of a stable tube T of I'y. Then, for every module Y from
the preinjective component QH of Iy, there is an infinite sectional path

in QH such that:

(i) There exists a sequence ng < ny < --- of non-negative integers such
that Homp (E,Y,, ) # 0, for all k > 0.

(ii) For every mon-negative integer c, there exists a sequence nf <
n§{ < --- of non-negative integers such that HomH(E,TﬁIYnZ) £ 0
for all k > 0.

Proof. We use the notations introduced in Lemma (we also stick to
the notations for the vertices of Qi used in [12], 6. Tables|). As above, we may
assume that E belongs to one of the stable tubes of I'y of rank > 2, because
otherwise F is a sincere module lying on the mouth of a homogeneous stable
tube, hence Homp(E, Q) # 0 for all modules @Q from Q.

(1) Tt follows from [I2] 6. Tables| that

S(Eo) = | Sa(Eo),
a=0

where S (Ey) = 7782 (Ey), and
Sy (Eo) = {Iey, il yseoyTh e} U{ThI,; a € {d1,...,dg,a,b}}.

p—17"°
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Moreover, observe that there is a sectional path in QH of the form

Q1 Qo
such that S(Ey) = {Qi}i>o. Similarly, for every ¢t € {0,...,p}, the set
S(1i'Eo) = 75'S(Ey) is formed by the modules 75,'Q,, n > 0, lying on
a sectional path in @Y. Consequently, Q| viewed as a set, has the disjoint
union decomposition

O = S(Ey) US(m;' Eo) U - - US(17 Ey).
In the same manner, it has the disjoint union decomposition

Qf = S(E)US(T'E)) U---US(T E}).

(2) Now, observe that S(75;"* Eo) N S(7;"* E}) is an infinite set for every
t; € {0,...,p} and to € {0,...,q}. Indeed, a module X in QF belongs to
) (TI__ItlE()) if and only if X is a non-zero module lying on the following path
in QH:

2(p+1) p+1 —t1+p —t1+p —t1+p
Ty Zo = =Ty Lo — T Ay =Ty Tdg = =Ty g,
—ti1+p —t1+p—1 —ti+1 —t —
S R P Iy = =1t e, = 1 e, = Zo.

Applying [I2, 6. Tables| again, we infer that a module X in Q¥ belongs
to S(7;"*E}) if and only if X is a non-zero module lying on the following
sectional path in Q¥:

2(q+1) o q+1 1 —t2+q —ta+q —ta+q
= TR Zo = =Ty Ly =Ty Ay —Th Iey — - =1y e
—tatq —tot+q—1 —ta+1 —t _
=Ty g =Ty Igy = =y 1y, — 7 e, = 2.

Further, observe that, for every integer @ > 1, there are an integer 8 > 0
and r € {0,...,q} such that a(p+ 1) +p+te —t1 = B(g+ 1)+ r, and
hence a(p+1) —t1 +p = B(q+ 1) — to + r. Consequently, the module X, =
Tg(pﬂ)_tﬁpfd,r = Tfl(ﬁl)_tﬁr[d,r is contained in S(TI__ItIE()) N S(TI}tQE(’))
for every integer o > 1, and we are done.

Finally, consider the module E lying on the mouth of a stable tube. We
assume that the rank of 7 is p (similar arguments provide the claim if 7 is a
stable tube of rank ¢). Then E = 7., Ey for some ¢1 € {0, ...,p}. Using (1),
we conclude that there is to € {0,...,q} such that ¥ € S(T;ItQE{)) and
there exists a sectional path in Qf of the form required in (i). Moreover,
Yy, € S(15"2E}) for all n > 0. Applying the arguments in (2), we deduce that
there is a sequence ng < n; < --- of non-negative integers such that Y, €
S(t;" Eo) N S(1;;EY) for all k > 0, and consequently Homp (FE, Yy, ) # 0
for every k > 0. Hence (ii) also holds. For the proof of (iii), it is sufficient to
use the fact that S(E) N S(r;?T°E)) is an infinite set.
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Our next aim is to prove the following lemma, essential to the proof of
the main theorem in the non-semiregular case (see Theorem below).

LEMMA 6.3. Let B be a tilted algebra of FEuclidean type such that I'p
admits an infinite preinjective connecting component. Moreover, assume that
there are modules M and R in ind B satisfying the following conditions:

(i) M lies on the mouth of a stable tube of I'g.
(i) R is contained in the preinjective component QB of I'p.

Then there are infinitely many pairwise non-isomorphic indecomposable
modules Z, in QF, n € N, such that

Homp(M,732,) #0 and HomB(Tglzn,R) #0,
for allm > 0.

Proof. Let H be a hereditary algebra of Euclidean type and T be a
tilting module in mod H such that B = Endg(T). Using the assumptions
on I'p, we infer that T = TPP © T"9, where TPP (respectively, T"9) is in
add(PH) (respectively, add(TH)), the family T2 (of all semiregular tubes
of I'g) does not admit a coray tube containing an injective module, and
the connecting component C7 = QF determined by T' contains all indecom-
posable injective B-modules. We denote by X the section in Q¥ formed by
all indecomposable injective H-modules, and by A the associated section
in QB formed by all modules of the form Homy (T, ) with I in X. More-
over, since M lies on the mouth of a stable tube of I'g, there is a stable
tube of I'y without modules from add(7") and containing a mouth module
E such that Hompy (7, E) = M as B-modules. Note also that we may assume
that the valued quiver Qp = A°P of H is oriented canonically (as in [12]
6. Tables|). Indeed, since QP is an acyclic and generalized standard compo-
nent of I's with section A, the component QF of I'p admits a section A’
with the same number of vertices as A such that A’ is oriented canonically,
A and A’ are of the same Euclidean type, and Homp(Uy, 75U1) = 0 for
all modules Up, U; from A’ (see also [37, Theorem 2|). Therefore, using the
Liu-Skowronski criterion [22], [37] (see also [I, Theorem VIII.5.6]), we find
that the direct sum Up of all modules lying on 4’ is a tilting B-module, the
algebra H' = Endp(Up) is a hereditary algebra with Qg = (A")°P oriented
canonically, and B = Endg/(T"), where T = T}, = D(pU) is a tilting
module in mod H’'. Recall that there is an induced splitting torsion pair
(X(T),Y(T)) in mod B, where the torsion part X'(7") and torsion-free part
Y(T) of mod B are defined as follows: X(T) = {X € mod B; X @ T = 0}
and Y(T) = {Y € mod B; Exth(Y, D(T)) = 0}. Moreover, every indecom-
posable module in X(T') (respectively, in Y(T)) is isomorphic to a module
of the form Ext} (T, M) (respectively, Homg (T, M)) with M a module in
ind H such that Homg (T, M) = 0 (respectively, Ext}, (T, M) = 0). Note
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also that every almost split sequence in mod B is contained entirely in X (7")
or entirely in Y(T'), or it is a connecting sequence, that is, an almost split
sequence in mod B of the form

0 — Hompy (T, I;) — E — Exty (T, P;) — 0,
where E = Homp (T, I;/ soc(I;)) ® Ext}, (T, rad P;) and Pj is not in add(T).
Clearly, there is a projective module P in PZUT® such that Homp (P, R)
# 0. By [40, Lemma 2.1|, there is an infinite path (§2) in Cr of the form

(2): --- =V > Vy=R,

with Homp(V,,, R) # 0 for all n > 0. Since Cr is a preinjective component
of I'g, we conclude that there is a path in Cp of the form

[N V’ll — Vb/’
where V! = 75V,, for any n > 0, and so HomB(T]_glV’ R) = Homp(V,,, R)

n’

# 0 for each n > 0. Now, consider the path in Cr of the form
R = 7/

where V) = 15V, = 73V, for all n > 0. It is clear that there is an integer
mo > 0 such that V)" is a predecessor of A in Cp for all n > myg. Therefore,
there exists a path in QF of the form

(*) wor = Yigp1 = Yimg

such that Hompg (7,Y,,) = V,/ for every n > myg. Hence, if Qp is a tree, then
Lemma, implies that there is an infinite sequence mg < ng < ni; < -+
of integers such that Hompg(E,Y,,) # 0 for all £ > 0, and consequently
Homp(M,V,") = Hompy(E,Y,,) # 0, by the Brenner-Buttler theorem (see
[1, Theorem VI.3.8|). Thus, in this case, there are infinitely many pairwise
non-isomorphic modules Z; = Vék, k > 0, with the required properties.

Now, assume that H is of Euclidean type A,,, m > 1. First, let R be a
module from the torsion-free part Y(7') N Cr of Cr. Then R = Hompy (7T,Y)
for a module Y in Q. Hence, Lemma implies that there is a sectional
path in @ of the form

=Y > Y=Y
such that there exists a sequence ng < n; < --- of non-negative integers,
with Hompy (E, T?IYnk) # 0 for all £ > 0. Therefore, we have a sectional path
(£2) in @B of the form
2): - =V > Vy=R,

where V,, =2 Hompg(7T,Y,,) for every n > 0, and Homp (M, T%Vnk) = 0 for
every k > 0. Consequently, there are infinitely many pairwise non-isomor-
phic modules Z;, = 75V,,,, k > 0, in QF such that HomB(Tngk,R) =
Homp(Vy,, R) # 0 and Homp(M,752Z)) = Homp(M,73V,,) # 0 for all
k> 0.
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Now, we consider the last case, where R belongs to the torsion part
X(T)nN OB of QB. Then there is a torsion-free module F in PH such that
R = Ext}, (T, F). Observe also that all irreducible homomorphisms between
indecomposable modules in the postprojective component PH of I'yy are
irreducible monomorphisms, and P is a generalized standard component
of I'yy. Hence a module F in P belongs to the torsion free part F(T) of
mod H if and only if F is not a successor in P of an indecomposable direct
summand of TPP| and consequently F(7') Nind H is a full subcategory of
ind H, closed under predecessors in ind H. Therefore, applying Lemma
and its dual, we conclude that the following statements hold:

e There is a sectional path in PH of the form
Pj:FO%Fl—)'-'*)Ft:F,

with j € Q°, P; not in add(7T'), and such that Homp (7, Fs, E) # 0
for an integer p > 0 and every s € {0,...,t}.
e O admits a sectional path of the form

such that there is a sequence ng < n; < --- of non-negative integers
with Homy (E,74Y,,) # 0 for every k > 0, and there is an irreducible
homomorphism in mod B of the form Hompy(T,I;) — Ext}, (T, P;)
with I; an indecomposable direct summand of the injective module
I; /soc(I;).

e The modules I; and Y; are non-isomorphic modules in mod H.

It follows that there is a sectional path in QF of the form
= V=V =Wy = = W =R,

where V;, = Hompy(T,Yy,) for any n > 0 and W, = Ext (T, F) for all
s € {0,...,t}. As before, the modules Z;, = 75V}, for k > 0 have the
required properties, and the proof is now finished. =

The following theorem completes the proof of Theorem [I.2]

THEOREM 6.4. Let A be a cycle-finite algebra such that there exists a
non-semireqular component C in I'y. Then the following statements are equi-
valent:

(a) For all but finitely many isomorphism classes of modules X in ind A,
we have pdy X <1 oridg X < 1.
(b) A is a generalized double tilted algebra.

Proof. The implication (ii)=(i) is a consequence of the main result of
[47] (see also [31, Theorem 3.4]).
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To prove (i)=-(ii), we may assume that A is not of finite representation
type, because otherwise A is a generalized double tilted algebra with finite
connecting component (see [31, Section 3]), and there is nothing to prove.

From now on, we assume that A satisfies (i). We will show that A is a
generalized double tilted algebra.

(1) Let C be a non-semiregular component of I'y. By Proposition
every connected component of the cyclic part .C is finite. Moreover, every
finite cyclic component of I'4 contains both a projective module and an
injective module (see [24, Corollary 2.6]). Therefore, C is an almost acyclic
component of I'4. Hence, applying [31, Theorem 2.5, we infer that C admits
a multisection A. Recall that A is a full connected valued subquiver of C
satysfying the following conditions (see [31], Section 2|):

(a) A is almost acyclic.

(b) A is convex in C.

(c) For each 74-orbit O in C, we have 1 < |AN O] < oco.

(d) For all but finitely many 74-orbits O in C, we have [ANO| = 1.
(e) No proper full valued subquiver of A satisfies (a)—(d).

Following Reiten and Skowroniski [31], we also consider the following full
valued subquivers of C:

e A, = (A\ A) U tAY where A is a full valued subquiver of A
containing all modules X € A such that there is a non-sectional path
X — ... = P with P a projective module and A} = {X € Aj;
T X & Ak

o A = (A\ AL)UTaAl, where AL is a subquiver of A containing all
modules X € A such that there is a non-sectional path I — --- — X
with I an injective module and A = {X € Al; T4 X ¢ Al};

o A, =ANA.

Further, using [31, Proposition 2.4|, we infer that every oriented cycle in C
lies entirely in A, and C has the disjoint union decomposition

C=CUA.UC,,

where C; (respectively, C,) is the full valued translation subquiver of C formed
by all predecessors of A; in C (respectively, all successors of A, in C). Note
that C; or C, is an infinite full valued subquiver of C, because A is assumed
to be indecomposable and of infinite representation type.

Assume that C; is infinite. Let D; be the full valued translation subquiver
of the left stable part ;C; of C; formed by all modules X in C; such that X
is a predecessor of a projective module in C and every predecessor of X in C
is in ;C;. Clearly, D; is then a non-empty and acyclic left stable full valued
translation subquiver of C;, closed under predecessors in C. Assume that D;
has a decomposition D; = Dll U---u Df into a disjoint union of connected
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full (valued) translation subquivers. Then, using |23, Theorem 2.2|, we infer
that, for every i € {1,...,p}, there exist a hereditary algebra H; of Euclidean
type and a tilting module 7; in mod H; without non-zero preinjective direct
summands such that the tilted algebra B; = Endy(T;) is a factor algebra of
A and the torsion-free part Y(7;) N Cr, of the connecting component Cr, of
I'p, is a full valued translation subquiver of Df (closed under predecessors
in C). Further, every A-module in Dj is a B;-module and hence lies in the
preinjective connecting component Cr, = QBiof I' B,. Moreover, the product
algebra B = By x - -- x B, is a quotient algebra of A. In particular, for every
i € {1,...,p}, there are a module R; in D} (lying in Q%) and an irreducible
monomorphism R; — P with P a projective module in C. Note also that
D; admits at most finitely many 74-orbits, because D; is acyclic and hence
consists only of directing modules (see [29] and [39]).

(2) Consider now the family 75 = (7;\3") aeq; of all semiregular tubes
of I'g, for i € {1,...,p}. Then the disjoint union 75t U ... U TBr is the
family T2 = (T,P)xeca, with A = A3 U--- U A, of all (pairwise orthogonal)
semiregular tubes of I'y and B = supp(7?). Note also that 77 contains
only ray tubes. Moreover, observe that B is a convex subcategory of A.
Indeed, for every i € {1,...,p}, the algebra B; is a tubular extension of a
tame concealed algebra Cj, hence [7, Theorem 1.5| shows that B; is a convex
subcategory of A. Consequently, so is B.

Moreover, for any two modules X and Y lying in the cyclic part CTAB of
a ray tube T)\B , A € A, there exists a cycle of irreducible homomorphisms
in mod B passing through X and Y. Since A is a cycle-finite algebra, we
deduce that X and Y lie on a common cycle of irreducible homomorphisms
in mod A, and hence there is a component 7')\A of I'4 containing all modules
from CT)\B . Further, CT)\B is infinite, hence the cyclic part 07;‘4 of T)\A is infinite,
and consequently, by Proposition TAA is a ray tube or a coray tube. Note
also that ’7;\’4 %+ 7;‘4 for any A # p in A, and ’7;‘4 = ’7;\3 for all but finitely
many A in A (see the proof of [7, Theorem 4.1]). Denote by T4 = T4(B)
the family (’T)\A) re of semiregular tubes of I'y.

We claim that 74 has no coray tubes containing injective modules. Sup-
pose to the contrary that a coray tube 7;\‘3, Ao € A, of T4 contains an
injective module. Then the ray tube ’T/\f is a stable tube of I'g, by [42]
Proposition 2.3], and hence there exists a module M lying on the mouth of
7;\? and an irreducible epimorphism I — M in mod A with I an injective
A-module. Therefore, if \g € A;, then, using Lemma we conclude that
there are infinitely many pairwise non-isomorphic indecomposable modules
Yy, n >0, in QB such that

Homp(M,75Y,) #0 and HomB(Tlen,Ri) £0,
for all n > 0. But then Homyu(I,74Y;,) # 0 and HomA(Tlen,P(i)) # 0,
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for every n > 0, hence, by [I, Lemma IV.2.7], there are infinitely many
pairwise non-isomorphic indecomposable modules Y,, in C with pd, Y,, > 2
and id4 Y,, > 2, a contradiction. Thus indeed, the family T4 does not admit
a coray tube which is not a stable tube.

(3) Now, we show that 74 = 7B, First, observe that, by [42, Propo-
sition 2.3|, for any non-regular tube 7,2, all rays of ’7;\3 are complete rays
of 7;\A. Since all tubes of 74 are pairwise orthogonal and generalized stan-
dard components of Iy, there is a factor algebra A’ = A/ann(74) of A such
that A’ is tubular extension of B and 74 is obtained from 77 by a finite
(possibly zero) number of ray insertions.

Suppose now that 74 # T8, Then B is also a convex subcategory of A’
and there is a decomposition A’ = P @ @ such that P is a direct sum of
projective B-modules in mod A’. Tt follows that P = B, Hom/(Q, B) = 0,
and there is an isomorphism of K-algebras

A,Q[FU]
Lo BJ

where F'=End 4 (Q) and U is a non-zero F-B-bimodule with Up in add(7?).
In particular, there is a module X in D; such that Homp (U, X') # 0 and there
is an almost split sequence in mod B of the form

0-X—->Y—>272—0,

which is also an almost split sequence in mod A. Since X, Y and Z are
A’-modules, the above sequence is an almost split sequence in mod A’. But
this is impossible, because Homp(U, X) # 0 (see [32, (2.5)], [36, Theorem
XV.1.6] and [49, Lemma 5.6]). Consequently, 74 = 75, that is, the family
TB of all semiregular tubes of I'g is a family of components of I'4.

Summarizing, we have proved in (1)-(3) that there is a factor tilted alge-
bra B = B(C) of A such that B = B; x --- x B, is a product of indecompos-
able tilted algebras of Euclidean type, the torsion-free part QBNY(T') of QP
is a full valued translation subquiver of C; for every i € {1,...,p}, and the
family 75 of all semiregular tubes of I'g is a family of components of I'4.
Using dual arguments, we infer that, if C, is infinite, then there is a factor
algebra B’ = B'(C) = B} x --- x By, of A such that, for every j € {1,...,q},
there is a hereditary algebra H J’ of Euclidean type and a tilting module Tj’
without postprojective direct summands such that we have an isomorphism
of K-algebras B} = End (T}), and the torsion part PBin X (T7}) of PBi is
a full valued translation subquiver of C, for every j € {1,...,q}. Moreover,
the family 75 (©) = (TF )yen = (T rear of all coray tubes of I'gs is a
family of components of 4.

(4) In the last part of the proof we show that A is in fact a general-
ized double tilted algebra. Denote by PF©) (respectively, QB/(C)) the family
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PB1 ... UPBr of all postprojective components of I’ B(C) (respectively, the
family QP1 U --- U QB of all preinjective components of I'g/(cy).

Consider the two-sided ideal I = ann(75© u ) = ann(75© U C U
TH©) = ann(CUTPE©) of A and the quotient algebra A(C) = A/I. Then
TBC ycuUTPE© s a faithful family of components of I'y(¢). Moreover, all
projective modules in mod A(C) are contained in PBC) U TBE UC. Dually,
each injective module in mod A(C) belongs to C U 75 © u QF'(©). In par-
ticular, all projective (respectively, injective) A(C)-modules are projective
(respectively, injective) A-modules, and hence the valued quiver @ A(c) can
be treated as a (full) valued subquiver of @ 4.

We claim that @ 4(¢) = Q4. Suppose otherwise. Then, as @ 4 is connected,
there are a vertex ip in ()4 not lying in () 4(¢) and a vertex jo in @ 4(c) such
that there is either an arrow 79 — jo in Q4 or an arrow jog — %p in Q4.
Suppose the latter. Then there is a homomorphism fy : P;; — P}, in mod A,
where Pj; = e, A and P, = ¢;, A are indecomposable projective A-modules
corresponding to the vertices jo and ig, respectively, and fy is given by
an element ag € ejy(rad A)e;, \ ej,(rad A)%e;,. Since Pj, and P, are non-
isomorphic indecomposable projective modules, fp is not an epimorphism,
and hence Im fy is a submodule of rad Pj,. Then the projectivity of P,
implies that in mod A there exists a commutative diagram

P;

90 J{ ;

P(rad Pj,) ——rad P},

with P(rad Pj,) a projective cover of rad Pj, in mod A(C) and fy = ufo,
where u : rad P, — P}, is the canonical inclusion. Observe that, if P; is a di-
rect summand of P(rad Pj, ), then i is in @ A(c) and so go is a homomorphism
in rad 4. Moreover, the homomorphism hg = ur is in rad 4 (P(rad P}, ), Pj,).
But then fo = hogo implies that ag is in ej,(rad A)%e;,, a contradiction.
Summing up, we have proved that, if there is an arrow j — ¢ in Q4 with
J in Q4c), then i also belongs to @ 4(c). Similarly, using injective modules,
we prove that, if there is an arrow 7 — j in Q4 with j in @ 4(c), then i also
belongs to () 4(c). Consequently, we get the required equality @ 4c) = Q.
Hence, all indecomposable projective (respectively, injective) modules in
mod A are in fact indecomposable projective (respectively, injective) modules
in mod A(C), and so are contained in PB©) U TBC) ycu TE© yQF'©),
Moreover, C is a faithful component of I'a, I'a = Iy = PBO) yTBO Uy
CUTBEC UQF©, and A = A(C). In particular, we may consider the
decomposition A = P @ P’ of A4 into a direct sum of projective A-modules,
where P (respectively, P’) is the direct sum of all indecomposable projective
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modules in mod A lying in PECEUTBEEC) (respectively, in C). Further, observe
that Homu (P’, P) = 0. Therefore, A = A(C) is isomorphic to a K-algebra
of triangular matrix form
o5
0 BJ

where D = Enda(P’) and V' = Homyu (P, P’) is a D-B-bimodule with Vp
lying in C. Moreover, mod A can be identified with the category whose ob-
jects are triples Y = (Yp, Y1, ), where Y] € mod B, Yy € mod D, and ¢ :
Yy — Homp(V, Y1) is a D-homomorphism, and a morphism A : (Yp, Y1, ) —
(Xo, X1,%) of such triples is a pair (hg, h1) such that hy € Homp(Yp, Xo),
hy € HOmB(Yi, Xl), and HOHIB(V, hl)gp = Yhy.

Consider now an arbitrary module X from D;. Then X is a module
in mod B, hence X = (Xj, X1,v), where Xg = 0 and ¢ = 0. Now, let
Y = (Yo, Y1, ) be a predecessor of X in ind A. Then there is a pair (hg, h1)
of homomorphisms such that hy € Homp(Yy, Xo), h1 € Homp(Y7, X;), and
Homp(V, h1)p = 1hg. In particular, hg = 0.

We claim that Y is in ind B. First, observe that ¢ = 0. Indeed, if this is
not the case, then applying Lemma 2.1} we conclude that, for every indecom-
posable direct summand Z of Y7, we have Homp(V, Z) # 0. Consequently,
Z is a successor in ind B of an indecomposable direct summand of rad P/, a
contradiction, because Z is a predecessor of X = X lying in D;. Therefore,
indeed ¢ = 0.

It follows that there is an isomorphism Y 22 Yy @ Y7 in mod A, hence
because Y is in ind A, we conclude that Y =2 Y or Y = V7. In the first case,
Y1 = 0, hence hy = 0, and h = 0, a contradiction. Thus Y = Y7, and we
are done. Summing up, we have proved that every predecessor in ind A of a
module X from Dj is a predecessor of X in ind B.

Finally, we will prove that C is a generalized standard component. Sup-
pose to the contrary that rad%’ (M, N) # 0 for some indecomposable modules
M and N in C. Then, applying [40, Lemma 2.1], we deduce that there is an
infinite path --- — N; — Ny = N in C such that rad®’ (M, N;) # 0 for
all £ > 0. Since C is almost acyclic, there exists an integer ky > 0 such
that Ni, lies in D;, and consequently M is also in D;. But then we obtain a
contradiction, because M and Ny, are indecomposable modules lying in the
preinjective component of I'g which is generalized standard.

Thus, we have proved that C is an almost acyclic, faithful, and general-
ized standard component of I'4, and hence A is a generalized double tilted
algebra, by |31, Theorem 3.1|. The proof is now complete. =

7. An example. We give here an example illustrating the relevance of
the homological assumption in Theorem [6.4]
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EXAMPLE 7.1. Let A = KQ/I, where K is an algebraically closed field,
@ is a quiver of the form

N a

o3 g (Y}

®5

and [ is an admissible ideal in the path algebra K@), generated by all paths
in Q of length 2. Then dimg A = 11, and the equivalence of categories
mod A = repy (@, I) (see [I, Theorem II1.1.6]) yields the disjoint union de-
composition
I'y=CU U TH,
AePy (K)

where H is the path algebra KX of the Kronecker subquiver X' of Q) given by
the vertices 2, 5 and the arrows &, n, TH = (7-)\H)>\€]P’1(K) is the family of all
stable tubes of rank 1 in I'y (see [35, Section XI.4]), and C is a component
of I'4 of the shape

5 R
(2,2) (2,2)
(2,2) /(;2) \
Ps So N So RN
S1=P I
NN
P2 Sg I5
NSO
Py Iy =5,
SN
.. .\{2\’2) TAS5 (272)/15'5 .[3
(2,2) (2,2)
.. TAIQ .[2

where S;, P;, I; denote the simple module, the indecomposable projective
module, and the indecomposable injective module in mod A correspond-
ing to the vertex i € {1,2,3,4,5} of Q. Observe that A is a cycle-finite
algebra, because TH is a family of pairwise orthogonal stable tubes and
every module in C has finitely many predecessors or finitely many succes-
sors in C, equivalently, in ind A. Moreover, the postprojective component
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PH of I'y is a full valued translation subquiver of C closed under succes-
sors. Dually, the preinjective component QF of I'yy is a full valued trans-
lation subquiver of C closed under predecessors. Note also that in this case
B(C)=B'(C) =H.

Moreover, C is an acyclic component of I'4 containing all indecomposable
projective A-modules, hence C is a faithful and (almost) acyclic component
of I'y. But C is not a generalized standard component of I'4. Indeed, as
rada(Ps, S5) = Homa(Ps, S5) # 0 and there is no path in C from P5 to Ss,
we infer that rady’(Ps, S5) # 0.

Summing up, A is a cycle-finite algebra and I'4 admits a component C
which is faithful and almost acyclic, but not generalized standard. More-
over, the homological condition, imposed in Theorem [6.4] is not satisfied
here. We claim that, for every successor Z of 72182 in C, we have pdy4 Z > 2
and id4 Z > 2. Namely, consider a successor Z of the module 7'2152 in C.
Then Z is a module in P with 74Z = 757 and Tng = T[}lZ %+ S
in PH | and hence Hom4(S2,74Z) # 0 and HomA(Tng, Ss) # 0. Further,
there are an epimorphism [; — S and a monomorphism S; — Py, thus
Homy(I1,74Z) # 0 and HOH’IA(TXIZ, Py) # 0. Consequently, [I, Lemma
IV.2.7] implies that pd4 Z > 2 and id4 Z > 2.
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