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ESTIMATION OF GREEN’S FUNCTION ON PIECEWISE
DINI-SMOOTH BOUNDED JORDAN DOMAINS

BY

MOHAMED AMINE BEN BOUBAKER (Nabeul) and MOHAMED SELMI (Tunis)

Abstract. We establish inequalities for Green functions on general bounded piece-
wise Dini-smooth Jordan domains in R2. This enables us to prove a new version of the
3G Theorem which generalizes its previous version given in [M. Selmi, Potential Anal. 13
(2000)]. Using these results, we give a comparison theorem for the Green kernel of ∆ and
the Green kernel of ∆− µ, where µ is a nonnegative and exact Radon measure.

1. Introduction. A Jordan curve C is said to be Dini-smooth if it has a
parametrization ω(t), 0 ≤ t ≤ 2π, such that ω′(t) is Dini continuous and 6= 0.
LetD be any simply connected domain in C with locally connected boundary.
Let φ be a conformal mapping from D onto the unit disk D of R2. We say
that ∂D has a Dini-smooth corner of opening angle π/α (1/2 < α < ∞) at
a = φ−1(eiϕ) if there are closed arcs A+, A− ⊂ C(0, 1) ending at ϕ and lying
on opposite sides of ϕ that are mapped by φ−1 onto Dini-smooth Jordan
domain arcs C+ and C−, forming an angle of π/α at a = φ−1(eiϕ). That
means

arg(φ−1(eit)− a)→
{
β as t→ ϕ−,
β + π/α as t→ ϕ+.

By GD, we denote the Green function for the Laplacian in a domain
D ⊂ Rn (n ≥ 2). For two positive functions f and g on a set D, we say that
f is comparable to g on D, and we write f ' g, if there exists C ≥ 1 such
that for all x ∈ D, (1/C)g(x) ≤ f(x) ≤ Cg(x).We write δ(x) = d(x, ∂D) for
the distance from x ∈ D to the Euclidean boundary ∂D of D. For a, b ∈ R,
we denote a ∨ b = max(a, b) and a ∧ b = min(a, b).

Bogdan [2] and Hansen [6] proved, for a bounded Lipschitz domain D in
Rn (n ≥ 3), that if we fix x0 ∈ D and let g(x) = 1 ∧GD(x, x0), then

(1.1) GD(x, y) ' g(x)g(y)

g(b)2
1

|x− y|n−2
, ∀x, y ∈ D and b ∈ B0(x, y),

where B0(x, y) is, roughly speaking, the set of points b in D that lie between
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x and y and satisfy δ(b) ' max(δ(x), δ(y), |x − y|) (see [2, p. 328] for the
precise definition). Such estimates play important roles; e.g. the following
3G inequality can be deduced from (1.1): there exists a constant C > 0 such
that, for all x, y, z ∈ D,

(1.2)
GD(x, y)GD(y, z)

GD(x, z)
≤ C

(
1

|x− y|n−2
+

1

|y − z|n−2

)
.

Before the estimate (1.1), the 3G inequality was proved by Cranston, Fabes
and Zhao [5] to study the conditional gauge theory for the Schrödinger op-
erator. In [1], Aikawa and Lundh extended (1.2) to bounded uniformly John
domains, and gave a counterexample to (1.2). In [4, Theorem 6.15, p. 175]
and [4, Theorem 6.23, p. 182], Chung and Zhao established inequalities for
the Green function on bounded C2 domains D in R2. More precisely, they
proved that

GD(x, y) ' ln

(
1 +

δ(x)δ(y)

|x− y|2

)
, ∀x, y ∈ D,

and that there exists a constant C > 0 such that, for all x, y, z ∈ D,
GD(x, y)GD(y, z)

GD(x, z)
≤ C

((
ln

(
1

|x− y|

)
∨ 1

)
+

(
ln

(
1

|y − z|

)
∨ 1

))
.

In [13], M. Selmi generalized the results of [4]. He established inequalities
for the Green function of a class of Dini-smooth Jordan domains in R2.
He proved that if D is a bounded multiply connected Dini-smooth Jordan
domain in R2, then

GD(x, y) ' ln

(
1 +

δ(x)δ(y)

|x− y|2

)
, ∀x, y ∈ D,

and that there exists C > 0 depending only onD such that, for all x, y, z ∈ D,

(1.3)
GD(x, y)GD(y, z)

GD(x, z)
≤ C

(
δ(y)

δ(x)
GD(x, y) +

δ(y)

δ(z)
GD(y, z)

)
(1.4) ≤ C

((
ln

(
1

|x− y|

)
∨ 1

)
+

(
ln

(
1

|y − z|

)
∨ 1

))
.

The aim of the present paper is to give estimates for the Green function
in the case of a more general class of bounded domains in R2, called piecewise
Dini-smooth Jordan domains. Our work generalizes all estimates given by
K. Chung and Z. Zhao [4] and M. Selmi [13].

Main Theorem 1. Let D be a bounded multiply connected piecewise
Dini-smooth Jordan domain with ∂D =

⋃m
k=0 Γk, where Γk (0 ≤ k ≤ m)

are disjoint closed piecewise Dini-smooth Jordan curves such that D ⊂ intΓ0
and for all 0 ≤ k ≤ m, Γk has nk Dini-smooth corners of opening angles
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π/αk1 , . . . , π/α
k
nk

at ak1, . . . a
k
nk

(αki ∈ ]1/2,∞[ \ {1}), for all 1 ≤ i ≤ nk
(0 ≤ k ≤ m). Then, for all x, y ∈ D,

GD(x, y) ' ln

(
1 +

∏
1≤i≤nk
0≤k≤m

(
(|x− aki | ∧ |y − aki |)
(|x− aki | ∨ |y − aki |)

)αki−1 δ(x)δ(y)

|x− y|2

)
.

By using (1.3), we prove the 3G Theorem in the case of piecewise Dini-
smooth Jordan domains.

Main Theorem 2. Let D be as in Main Theorem 1. Then there exists
a constant C > 0 such that, for all x, y, z ∈ D,

GD(x, z)GD(z, y)

GD(x, y)

≤ C
( ∏

1≤i≤nk
0≤k≤m

∣∣∣∣ z − akix− aki

∣∣∣∣αki−1 δ(z)δ(x)
GD(x, z)+

∏
1≤i≤nk
0≤k≤m

∣∣∣∣z − akiy − aki

∣∣∣∣αki−1 δ(z)δ(y)
GD(z, y)

)
.

In addition, we exploit the preceding results to prove comparison theo-
rems for Green kernels associated with ∆ and ∆−µ, where µ is a nonnegative
and exact Radon measure on a piecewise Dini-smooth Jordan domain.

Main Theorem 3. Let D be as in Main Theorem 1 and µ be a nonneg-
ative exact Radon measure on D which does not charge the polar sets of D.
Then the following two conditions are equivalent:

(1) GD and µGD are comparable.

(2) x 7→
�

D

∏
1≤i≤nk
0≤k≤m

∣∣∣∣y − akix− aki

∣∣∣∣αki−1 δ(y)

δ(x)
GD(x, y) dµ(y) is bounded on D.

In order to establish our results, without loss of generality we suppose
throughout this paper that Ω is a bounded simply connected piecewise Dini-
smooth Jordan domain in R2 having n Dini-smooth corners at a1, . . . , an
of opening angles respectively π/α1, . . . , π/αn, αi ∈ ]1/2,∞] \ {1}. For all
0 ≤ i ≤ n, we denote by [ai, ai+1] the arc beginning at ai and ending at
ai+1, with the convention a0 = an and an+1 = a1. The distance from z ∈ Ω
to [ai, ai+1] will be denoted δi(z). Our principal idea is to use conformal
mappings. Note that, by the Riemann Theorem, there exists a conformal
mapping from Ω onto the unit disk D. Consequently, for all x, y ∈ Ω,

GΩ(x, y) = GD(φ(x), φ(y)) ' ln

(
1 +

(1− |φ(x)|2)(1− |φ(y)|2)
|φ(x)− φ(y)|2

)
.

Thus, to give estimates for the Green function, it is sufficient to give estimates
for |φ(x)−φ(y)| and 1−|φ(x)|2 on Ω. The problem reduces to understanding
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the distortion introduced by φ, which is measured by |φ′|. In Section 2, we
prove Theorem 1.1 below, which gives estimates for |φ(x)− φ(y)| on Ω.

Theorem 1.1. Let φ be a conformal mapping from Ω onto D. Then, for
all x, y ∈ Ω,∣∣∣∣φ(x)− φ(y)

x− y

∣∣∣∣2 ' |φ′(x)| |φ′(y)|
n∏
i=1

(
|x− ai| ∨ |y − ai|
|x− ai| ∧ |y − ai|

)αi−1
(1.5)

'
n∏
i=1

(|x− ai| ∨ |y − ai|)2(αi−1).

In Section 3, we prove Lemma 1.1, which gives estimates for 1− |φ(x)|2
on Ω.

Lemma 1.1. Let φ be a conformal mapping from Ω onto D. Then, for
all x ∈ Ω,

δ(φ(x)) ' 1− |φ(x)|2 ' |φ′(x)|δ(x) '
n∏
i=1

|x− ai|αi−1δ(x).

By using Theorem 1.1, Proposition 3.1 and Lemma 1.1, we prove esti-
mates for the Green function on Ω.

Theorem 1.2. For all x, y ∈ Ω, we have

(1.6) GΩ(x, y) ' ln

(
1 +

n∏
k=1

(
|x− ak| ∧ |y − ak|
|x− ak| ∨ |y − ak|

)αk−1 δ(x)δ(y)

|x− y|2

)
,

(1.7)

' ln

(
1 +

1

|x− y|2
n∏
k=1

(
|x− ak| ∧ |y − ak|
|x− ak| ∨ |y − ak|

)αk−2 δk(x)δk(y)

(|x− ak| ∨ |y − ak|)2

)
.

In Section 4, by using again Proposition 3.1 and Lemma 1.1, we deduce
the generalized version of the 3G Theorem on Ω. At the end of that section,
we derive comparison theorems for Green kernels associated with ∆ and
∆−µ, where µ is a nonnegative and exact Radon measure. In Section 5, we
establish further generalizations by considering the case of a bounded mul-
tiply connected piecewise Dini-smooth Jordan domain. Finally, in Section 6,
we study some interesting examples on which we verify the exactness of our
main theorem.

The following notations will be adopted. For z ∈ C, we denote r = |z|
and θ = arg z. For α > 1/2 and 0 < ε < 1, we denote
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Dα = {z ∈ C : 0 < r < 1, 0 < θ < π/α},
Sα(D) = {z ∈ C : 0 < r < 1, |θ| < π/(2α)},
Ωα,ε = {z ∈ C : ε < r < 1, |θ| < π/α},
∆ε,α = {z ∈ C : ε < r < 1, θ = π/α},

∆ε,−α = {z ∈ C : ε < r < 1, θ = −π/α},
Cε,α = {z ∈ C : r = ε, |θ| ≤ π/α}.

The letter C will denote a generic positive constant whose value is unim-
portant and may change from line to line.

2. Proof of Theorem 1.1

Lemma 2.1. Let α>1 and β∈ [(1 + α)/2, α]. Then, for all θ∈ [0, π/(2β)],

sinαθ ' sin θ.

Proof. It suffices to see that

ϕα(θ) =

{
sinαθ

sin θ
if θ ∈ ]0, π2β ],

α if θ = 0,
is continuous and does not vanish on [0, π/(2β)].

In the same way, we deduce the following lemma:

Lemma 2.2. Let α ∈ ]1/2, 1[ and β ∈ [(1 + 2α)/4, α]. Then, for all θ ∈
[0, π/(2β)],

sinαθ ' sin θ.

Lemma 2.3. Let α > 1 and β ∈ ](1 + α)/2, α[. Then, for all z ∈ Sβ/2(D),

|1− zα| ' |1− z|.

Proof. Let ε < 1/4. The function

fα(z) =

{
1− zα

1− z
if z 6= 1,

α if z = 1,

is holomorphic on Ωβ,ε, continuous and does not vanish on Ωβ,ε. Thus, by
the maximum and minimum principles, it is sufficient to control fα on ∂Ωβ,ε.
We have to discuss three cases.

Case 1. If z ∈ C1,β , then∣∣∣∣1− zα1− z

∣∣∣∣2 =

(
sin αθ

2

sin θ
2

)2

.

The result follows from Lemma 2.1.
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Case 2. If z ∈ Cε,β , then
3

8
≤
∣∣∣∣1− zα1− z

∣∣∣∣ ≤ 8

3
.

Case 3. If z ∈ ∆ε,β ∪∆ε,−β , then∣∣∣∣1− zα1− z

∣∣∣∣2 =
1 + r2α − 2rα cos απβ

1 + r2 − 2r cos πβ
.

It follows that
sin2 απ

β

4
≤
∣∣∣∣1− zα1− z

∣∣∣∣2 ≤ 4

sin2 π
β

.

Since the constants are independent of ε, we obtain, for all z ∈ Sβ/2(D),

|1− zα| ' |1− z|.

Lemma 2.4. Let α ∈ ]1/2, 1[ and β ∈ ](1 + 2α)/4, α[. Then, for all
z ∈ Dβ,

|1− zα| ' |1− z|.

Proof. The proof is similar to that of Lemma 2.3. Let ε < 1/4. The
function

gα(z) =


zα − e−i

απ
2β

z − e−i
π
2β

if z 6= e
−i π

2β ,

αe
−iπ(α−1)

2β if z = e
−i π

2β ,

is holomorphic on Ω2β,ε, continuous and does not vanish on Ω2β,ε. By the
maximum and minimum principles, it is sufficient to control gα on ∂Ω2β,ε.
We have to discuss four cases.

Case 1. If z ∈ C1,2β , then

|gα(z)|2 =
1− cos(α(θ + π

2β ))

1− cos(θ + π
2β )

=

(
sinαν

sin ν

)2

,

where ν =
θ+ π

2β

2 =
π
2β

+θ

2 ∈ [0, π/(2β)]. The result follows from Lemma 2.2.

Case 2. If z ∈ Cε,2β , then
1

4
<

1− εα

1 + ε
≤ |gα(z)| ≤ 1 + εα

1− ε
<

8

3
.

Case 3. If z ∈ ∆ε,2β , then

sin2 απ
β

4
≤ |gα(z)|2 =

r2α + 1− 2rα cos απβ
r2 + 1− 2r cos πβ

≤ 4

sin2 π
β

.
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Case 4. If z ∈ ∆ε,−2β , then

1

2
≤ |gα(z)| = 1− rα

1− r
=

	1
r αt

α−1 dt	1
r dt

≤ 1 + α.

As the constants are independent of ε, we obtain, for all z ∈ Sβ(D),∣∣zα − e−iαπ2β ∣∣ ' ∣∣z − e−i π2β ∣∣.
Now let z ∈ Dβ ; then e

−i π
2β z ∈ Sβ(D). By using the previous relation,

we get, for all z ∈ Dβ,

|zα − 1| ' |z − 1|.
By using the conjugate expression in the last lemma, we obtain

Lemma 2.5. Let α ∈ ]1/2, 1[ and β ∈ ](1 + 2α)/4, α[. Then, for all z ∈
D \Dβ/(2β−1),

|1− zα| ' |1− z|.
Lemma 2.6. Let α > 1 and β ∈ ](1 + α)/2, α[. Then, for all x, y ∈ Sβ,

|xα − yα| ' |x− y|(|x| ∨ |y|)α−1.
Proof. Assume that |x| > |y| and put z = y/x. Then |z| < 1 and | arg z| ≤

π/β. Since ∣∣∣∣xα − yαx− y

∣∣∣∣ = |xα−1|
∣∣∣∣1− zα1− z

∣∣∣∣,
the result follows by Lemma 2.3.

Lemma 2.7. Let α ∈ ]1/2, 1[ and β ∈ ](1 + 2α)/4, α[. Then, for all
x, y ∈ Sβ,

|xα − yα| ' |x− y|(|x| ∨ |y|)α−1.
Proof. Assume that |x| > |y| and put z = y/x. Then |z| < 1 and arg z ∈

[0, π/β], or arg z ∈
[

π
β/(2β−1) , 2π

]
. Since∣∣∣∣xα − yαx− y

∣∣∣∣ = |xα−1|
∣∣∣∣1− zα1− z

∣∣∣∣,
the result follows by Lemmas 2.4 and 2.5.

Lemma 2.8. If ∂Ω has a Dini-smooth corner of opening angle π/α, 1/2 <
α <∞, at a and φ is a conformal mapping from Ω onto D, then there exists
r > 0 such that for all x, y ∈ Ω ∩D(a, r),

|φ(x)− φ(y)| ' |(x− a)α − (y − a)α|.
Proof. Using [10, Theorem 3.9], we get

lim
z→a

φ(z)− φ(a)

(z − a)α
= b (b ∈ C∗) and lim

z→a

φ′(z)

(z − a)α−1
= d (d ∈ C∗).
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Then

lim
x→a

(
lim
y→x

φ(x)− φ(y)

(x− a)α − (y − a)α

)
= lim

x→a

φ′(x)

α(x− a)α−1
= d.

This implies the existence of r > 0 and c > 1 such that, for all x, y ∈
Ω ∩D(a, r),

1

C
≤
∣∣∣∣ φ(x)− φ(y)

(x− a)α − (y − a)α

∣∣∣∣ ≤ C.
Remark 2.1. Let φ be a conformal mapping from Ω onto D. Then, for

all z ∈ Ω,

|φ′(z)| '
n∏
i=1

|(z − ai)|αi−1.

This follows from [10, Theorem 3.9].

Proof of Theorem 1.1. It is clear that (1.5) follows immediately from
Remark 2.1. We have to discuss four cases.

Let r > 0 be sufficiently small so that the conclusion of Lemma 2.8 is
true and put, for all 1 ≤ i ≤ n,

ri = 1
2 min

i 6=j
i−16=j

|ai − aj |.

Case 1. If x, y ∈ Ω ∩D(ak, rk), then Lemma 2.8 implies that∣∣∣∣φ(x)− φ(y)

x− y

∣∣∣∣2 ' ∣∣∣∣(x− ak)αk − (y − ak)αk
x− y

∣∣∣∣2.
Let S(ak) be the sector of vertex ak and opening angle π/βk that contains
Ω∩D(ak, rk), where βk∈ ](αk + 1)/2, αk[ if αk>1 and βk ∈ ](1 + 2αk)/4, αk[
if αk ∈ ]1/2, 1[. Then, by Lemmas 2.6 and 2.7, we deduce that, for all x, y ∈
Ω ∩D(ak, rk),∣∣∣∣(x− ak)αk − (y − ak)αk

x− y

∣∣∣∣2 ' (|x− ak| ∨ |y − ak|)2αk−2.

Moreover,
r ≤ |x− ai| ∨ |y − ai| ≤ δ, ∀i 6= k.

This implies that, for all x, y ∈ Ω ∩D(ak, rk),
n∏
i=1

(|x− ai| ∨ |y − ai|)2αi−2 ' (|x− ak| ∨ |y − ak|)2αk−2.

Case 2. If x ∈ Ω ∩D(ak, rk), y ∈ Ω ∩D(al, rl), 1 ≤ k 6= l ≤ n, then the
function

(x, y) 7→ φ(x)− φ(y)

x− y
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is continuous and does not vanish on Ω ∩D(ak, r)×Ω ∩D(al, r). Hence, for
all (x, y) ∈ Ω ∩D(ak, rk)×Ω ∩D(al, rl),

|φ(x)− φ(y)| ' |x− y|.
As r ≤ |y − ak| ≤ δ and r ≤ |x− al| ≤ δ, we have

|x− al| ∨ |y − al| ' |x− ak| ∨ |y − ak| ' 1.

Moreover,
r ≤ |x− ai| ∨ |y − ai| ≤ δ, ∀i 6∈ {k, l}.

This implies that
n∏
i=1

(|x− ai| ∨ |y − ai|)2αi−2 ' 1.

Case 3. If x ∈ Ω ∩ D(ak, rk/2), y ∈ Ωr = {z ∈ Ω : |z − ai| > r, 1 ≤
i ≤ n}, then |x − y| ≥ |y − ak| − |x − ak| ≥ r/2, and so the function
(x, y) 7→ φ(x)−φ(y)

x−y is continuous and does not vanish on Ω ∩D(ak, r/2)×Ωr.
Hence, ∣∣∣∣φ(x)− φ(y)

x− y

∣∣∣∣ ' 1.

Moreover,
r ≤ |y − ai| ≤ δ, 1 ≤ i ≤ n.

Consequently,
n∏
i=1

(|x− ai| ∨ |y − ai|)2αi−2 ' 1.

Case 4. If x, y ∈ Ωr, we consider a Dini-smooth Jordan domain Ω′

without corners such that Ωr ⊂ Ω′ ⊂ Ω. By [10, Theorem 3.5], the functions
φ, φ′ can be extended to Ω′. As a result, there exists a constant C > 1 such
that

1

C
≤
∣∣∣∣φ(x)− φ(y)

x− y

∣∣∣∣ ≤ C (x, y ∈ Ω′) and
1

C
≤ |φ′(z)| ≤ C (z ∈ Ω′).

In particular, for all x, y, z ∈ Ωr, we obtain the result.

3. Estimates for the Green function of a bounded simply con-
nected piecewise Dini-smooth Jordan domain. Set Sα = {z ∈ C :
|θ| < π

2α} and

∆1 =

{
z ∈ C : r ≥ 0, θ =

π

2α

}
, ∆0 =

{
z ∈ C : r ≥ 0, θ = − π

2α

}
.

For z ∈ Sα, we denote by d0(z) = d(z,∆0) (respectively d1(z) = d(z,∆1))
the distance from z to ∆0 (respectively from z to ∆1).
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Lemma 3.1. Let α ∈ ]1/2,∞] \ {1}. Then, for all z ∈ Sα,
|z| cosα arg z ' δ(z) and d0(z) ∨ d1(z) ' |z|.

Proof. First, let us remark that

d1(z) =


r if π

2α − θ >
π
2 ,

r sin

(
π

2α
− θ
)

if π
2α − θ <

π
2 ,

d0(z) =


r if π

2α + θ > π
2 ,

r sin

(
π

2α
+ θ

)
if π

2α + θ < π
2 .

We have to discuss two cases:

Case 1. If α > 1, put

S1 =

{
z ∈ C : 0 ≤ θ ≤ π

2α

}
, S2 =

{
z ∈ C : − π

2α
≤ θ ≤ 0

}
.

If z ∈ S1, then δ(z) = d1(z) = r sin( π
2α −θ). Moreover, since π

2α −θ ∈ [0, π2α ],
it follows, by Lemma 2.1, that

r cosαθ = r sin

(
α

(
π

2α
− θ
))
' r sin

(
π

2α
− θ
)

= δ(z).

On the other hand, since θ ∈ [0, π2α ], we have sin π
2α ≤ sin(θ + π

2α) ≤ sin π
α .

This gives d0(z) ' r.
If z ∈ S2, then δ(z) = d0(z) = r sin(θ + π

2α). Moreover, since θ + π
2α ∈

[0, π2α ], Lemma 2.1 yields

r cosαθ = r sin

(
α

(
θ +

π

2α

))
' r sin

(
θ +

π

2α

)
= δ(z).

On the other hand, since θ ∈ [− π
2α , 0], we have sin π

2α ≤ sin( π
2α − θ) ≤ sin π

α .
This gives d1(z) ' r.

Case 2. If 1/2 < α < 1, put

S3 =

{
z ∈ C :

π

2α
− π

2
≤ θ ≤ π

2α

}
,

S4 =

{
z ∈ C : − π

2α
≤ θ ≤ − π

2α
+
π

2

}
,

S5 =

{
z ∈ C : − π

2α
+
π

2
≤ θ ≤ π

2α
− π

2

}
.

If z ∈ S3, then d0(z) = r and δ(z) = d1(z) = r sin( π
2α − θ). Moreover, since

π
2α − θ ∈ [0, π2 ] Lemma 2.1 implies that

r cosαθ = r sin

(
α

(
π

2α
− θ
))
' r sin

(
π

2α
− θ
)

= δ(z).
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If z ∈ S4, then d1(z) = r and δ(z) = d0(z) = r sin(θ + π
2α). Moreover, since

θ + π
2α ∈ [0, π2 ], Lemma 2.1 yields

r cosαθ = r sin

(
α

(
θ +

π

2α

))
' r sin

(
θ +

π

2α

)
= δ(z).

If z ∈ S5, then δ(z) = d0(z) = d1(z) = r. Moreover, we have

cos

(
(1− α)

π

2

)
≤ cosαθ ≤ 1, ∀z ∈ S5.

Hence,
r cosαθ ' r ' δ(z) ' d0(z) ' d1(z).

From the last lemma, we deduce
Lemma 3.2.

d0(z) ∨ d1(z) ' |z| (z ∈ C).

Proposition 3.1. For all z ∈ Ω, we have
δi(z) ∨ δi−1(z) ' |z − ai| (1 ≤ i ≤ n, n ≥ 3).(3.1)
δ1(z) ∨ δ2(z) ' |z − a1| ∧ |z − a2| ' |z − a1| |z − a2| (n = 2).(3.2)

δ(z) '
n∏
i=1

δi(z)

|z − ai|
(n ≥ 2).(3.3)

Proof. We choose ri sufficiently small such that
ri ≤ 1

2 min
i 6=j
j 6=i−1

δj(ai),

and set r = min1≤i≤n ri. Then, for all z ∈ Ω ∩D(ai, r), we have
δi(z) ∨ δi−1(z) ≤ ri ≤ min

j 6=i
j 6=i−1

δj(z).

For (3.1), it is sufficient to study the situation on Ω∩D(ai, r). Let β > 0,
so that the sector Sβ(ai,∆i,∆i−1) of opening angle π/β at the vertex ai and
boundaries ∆i,∆i−1 is included in Ω ∩D(ai, r). It is clear that

δi(z) ∨ δi−1(z) ≤ |z − ai|, ∀z ∈ Ω ∩D(ai, r).(3.4)
Conversely, we remark that

δi(z) ∨ δi−1(z) ≥ d(z,∆i) ∨ d(z,∆i−1), ∀z ∈ Ω ∩D(ai, r).

This implies, by using Lemma 3.2 and (3.4), that
δi(z) ∨ δi−1(z) ' |z − ai|, ∀z ∈ Ω ∩D(ai, r).(3.5)

Now, since δi(z) + δi−1(z) and |z − ai| do not vanish on Ω \D(ai, r), by
compactness and continuity arguments, the result follows.

We now prove (3.2). If Ω is a bounded simply connected piecewise Dini-
smooth Jordan domain having two Dini-smooth corners of vertices a1, a2,
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then δ1(z)+ δ2(z) vanishes at a1 and a2. Let r = |a1 − a2|/2. Then it follows
from (3.5) that for all z ∈ Ω ∩ (D(a1, r) ∪D(a2, r)),

δ1(z) ∨ δ2(z) ' |z − a1| ∧ |z − a2|.
On the other hand, the function z 7→ |z − a1| + |z − a2| is continuous and
does not vanish on Ω. Hence, for all z ∈ Ω ∩ (D(a1, r) ∪D(a2, r)),

δ1(z) ∨ δ2(z) ' |z − a1| ∧ |z − a2| ' |z − a1| |z − a2|.
Now, for z ∈ Ω \ (D(a1, r) ∪D(a2, r)), the result is obtained by compactness
and continuity arguments.

Finally, we prove (3.3). If n = 2, then

δ(z) = δ1(z) ∧ δ2(z) =
δ1(z)δ2(z)

δ1(z) ∨ δ2(z)
and the result follows from (3.2).

If n ≥ 3, put Ωr = {z ∈ Ω : |z − ai| > r, 1 ≤ i ≤ n} and assume that
δ(z) = δn(z) = min1≤i≤n δi(z). The function z 7→

∏n−1
i=1 δi(z) is continuous

and does not vanish on Ωr. Moreover, for all z ∈ Ωr,

rn ≤
n∏
i=1

|z − ai| ≤ δn.

It follows that, for all z ∈ Ωr,

δ(z) '
n∏
i=1

δi(z)

|z − ai|
.

Now, for all z ∈ Ω \Ωr, it is sufficient the study Ω ∩D(ai, r). It is clear that
δ(z) = δi(z)∧ δi−1(z). Moreover, we can see that if j 6= i and j 6= i− 1, then

r ≤ δj(z) ≤ |z − aj | ≤ δ and r ≤ |z − aj | ≤ δ.
Thus, the result follows from (3.5).

Proof of Lemma 1.1. The function ψ = φ−1 is a conformal mapping from
D onto Ω. By [10, Corollary 1.4], for all y ∈ D we have

d(ψ(y), ∂Ω) ' (1− |y|2)|ψ′(y)|.
If we replace y by φ(z), we obtain, for all z ∈ Ω,

d(z, ∂Ω) ' (1− |φ(z)|2)|ψ′(φ(z))|.
Thus, for all z ∈ Ω,

δ(z) ' (1− |φ(z)|2) 1

|φ′(z)|
,

and so, for all z ∈ Ω,
|φ′(z)|δ(z) ' 1− |φ(z)|2.
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On the other hand, for all z ∈ Ω,

d(φ(z), ∂D) = 1− |φ(z)| ≤ 1− |φ(z)|2 ≤ 2(1− |φ(z)|).
Remark 3.1. Let us remark that if Ω is a Dini-smooth Jordan domain

then, by [10, Theorem 3.5], the function φ′ is bounded. So, we obtain the
classical result: 1− |φ(z)|2 ' δ(z) (see [13]).

Proof of Theorem 1.2. Let φ be a conformal mapping from Ω onto D.
Then

GΩ(x, y) =
1

2
ln

(
1 +

(1− |φ(x)|2)(1− |φ(y)|2)
|φ(x)− φ(y)|2

)
, ∀x, y ∈ Ω.

Thus (1.6) follows from Lemma 1.1 and Theorem 1.1. Moreover, by using
(3.3) and (1.6), we deduce (1.7).

4. Comparison theorem for Green kernels and 3G inequalities

Theorem 4.1 (3G Theorem). Let φ be a conformal mapping from Ω
onto D. Then there exists a constant C > 0 such that, for all x, y, z ∈ Ω,

GΩ(x, z)GΩ(z, y)

GΩ(x, y)
≤ C

(
δ(z)

δ(x)

|φ′(z)|
|φ′(x)|

GΩ(x, z) +
δ(z)

δ(y)

|φ′(z)|
|φ′(y)|

GΩ(z, y)

)
≤ C

(
δ(z)

δ(x)

n∏
k=1

∣∣∣∣ z − akx− ak

∣∣∣∣αk−1GΩ(x, z) +
δ(z)

δ(y)

n∏
k=1

∣∣∣∣z − aky − ak

∣∣∣∣αk−1GΩ(z, y)

)

≤ C
( n∏
k=1

δk(z)

δk(x)

∣∣∣∣ z − akx− ak

∣∣∣∣αk−2GΩ(x, z) +
n∏
k=1

δk(z)

δk(y)

∣∣∣∣z − aky − ak

∣∣∣∣αk−2GΩ(z, y)

)
.

Proof. Since φ is a conformal mapping from Ω onto D, we have

GΩ(x, y) = GD(φ(x), φ(y)), ∀x, y ∈ Ω.
On the other hand, the 3G Theorem on D (see [12]) states that, for all
x′, y′, z′ ∈ D,

GD(x′, z′)GD(z′, y′)

GD(x′, y′)
≤ C

(
1− |z′|2

1− |x′|2
GD(x′, z′) +

1− |z′|2

1− |y′|2
GD(y′, z′)

)
.

Thus, the result follows by Lemma 1.1, Remark 2.1 and (3.3).

For a nonnegative Radon measure µ which does not charge the polar
sets of Ω (see [7]–[9]), we denote by µGΩ the Green function associated with
∆− µ on Ω. We have, for all x ∈ Ω,�

Ω

GΩ(x, y)f(y) dy =
�

Ω

µGΩf(y) dy

+
�

Ω

GΩ(x, y)
( �

Ω

µGΩ(z, y)f(y) dy
)
dµ(z),
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for any nonnegative measurable function f on Ω. The function µGΩ is called
the perturbation of GΩ by µ. It is clear that µGΩ ≤ GΩ. We recall the
following theorem (see [9]):

Theorem 4.2. GΩ and µGΩ are comparable on Ω if, and only if, there
exists a constant k > 0 such that, for all x, y in Ω,�

Ω

GΩ(x, z)GΩ(z, y) dµ(z) ≤ kGΩ(x, y).

We denote by K the set of nonnegative exact Radon measures µ such
that GΩ ' µGΩ on Ω. It is a convex cone in the space of Radon measures
on Ω (see [8]).

Theorem 4.3. Let µ be a nonnegative exact Radon measure on Ω which
does not charge the polar sets of Ω, and φ a conformal mapping from Ω
onto D. Then the following three conditions are equivalent:

(1) GΩ and µGΩ are comparable.

(2) x 7→
�

Ω

|φ′(y)|
|φ′(x)|

GΩ(x, y) dµ(y) is bounded on Ω.

(3) x 7→
�

Ω

n∏
i=1

∣∣∣∣y − aix− ai

∣∣∣∣αi−1 δ(y)

δ(x)
GΩ(x, y) dµ(y) is bounded on Ω.

Proof. (1)⇒(2). From [8], [9] and [11], if GΩ and µGΩ are comparable,
then there exists a constant C > 0 such that, for all superharmonic and
nonnegative functions s on Ω, we have

�

Ω

s(y)

s(x)
GΩ(x, y)dµ(y) ≤ C, ∀x ∈ Ω.

In particular, s(z) = 1 − |φ(z)|2 is superharmonic on Ω. This implies the
result since, by Proposition 3.1, 1− |φ(z)|2 ' |φ′(z)|δ(z).

(2)⇒(3). We use the fact that |φ′(z)|δ(z) '
∏n
k=1 |z − ak|αk−1δ(z).

(3)⇒(1). Using the fact that K is a cone, the 3G Theorem and the
estimates

1− |φ(z)|2 ' |φ′(z)|δ(z) '
n∏
k=1

|z − ak|αk−1δ(z),

we obtain the result.

Remark 4.1. If G and µG are comparable, then p(z) =
	
Ω G(x, z) dµ(x)

is bounded but the converse is not true (see [13, Remark 5]).

5. Generalization

Proof of Main Theorem 1. By the Riemann Theorem, intΓ0 can be
mapped conformally onto the unit disk D by a conformal mapping φ. Using
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this mapping, D is transformed into a new domain where the images of
Γ1, . . . , Γm and C = {z ∈ C : |z| = 1} constitute its boundary, such that
φ(D) ⊂ D. From [10], this mapping has a continuous extension derivative
from intΓ0 onto its image. Moreover, as Γ0 has n0 Dini-smooth corners at
a01, a

0
2, . . . , a

0
n0

of opening angles π/α0
i (α0

i ∈ ]1/2,∞[ \ 1), for all z ∈ D we
have

(5.1) |φ′(z)| '
∣∣∣ n0∏
i=1

(z − a0i )α
0
i−1
∣∣∣.

In addition, for all x, y ∈ D,∣∣∣∣φ(x)− φ(y)

x− y

∣∣∣∣2 ' |φ′(x)| |φ′(y)|
n0∏
i=1

(
(|x− a0i | ∨ |y − a0i |)
(|x− a0i | ∧ |y − a0i |)

)α0
i−1

(5.2)

'
n0∏
i=1

(|x− a0i | ∨ |y − a0i |)2(α
0
i−1).

Let z0 ∈ intφ(Γ1) and ρ > 0 be such that intφ(Γ1) ⊂ B(z0, ρ), B(z0, ρ) ∩
intφ(Γi) = ∅ for all i ∈ {2, . . . , n} and ∂B(z0, ρ) ∩ C = ∅. Let Ψ(z) =
z0 + ρ2 1

z−z0 for z ∈ φ(D). Then φ0 = Ψ ◦ φ is a conformal mapping from D
onto φ0(D), with φ0(D) ⊂ intφ0(Γ1). Moreover, the set φ0(Γ0) is a closed
analytic curve. By using (5.1) and (5.2), we deduce that, for all z ∈ D,

(5.3) |φ′o(z)| '
∣∣∣ n0∏
i=1

(z − a0i )α
0
i−1
∣∣∣

and ∣∣∣∣φ0(x)− φ0(y)

x− y

∣∣∣∣2 ' |φ′0(x)| |φ′0(y)|
n0∏
i=1

(
(|x− a0i | ∨ |y − a0i |)
(|x− a0i | ∧ |y − a0i |)

)α0
i−1

(5.4)

'
n0∏
i=1

(|x− a0i | ∨ |y − a0i |)2(α
0
i−1) (x, y ∈ D).

Now, consider intφ0(Γ1). In the same way, there exists a conformal map-
ping φ1 such that φ1(intφ0(Γ1)) ⊂ intφ1◦φ0(Γ2) and φ1◦φ0(Γ0), φ1◦φ0(Γ1)
are closed analytic curves. By [10], since intφ0(Γ1) has n1 Dini-smooth cor-
ners of opening angles π/α1

1, . . . , π/α
1
n1

at φ0(a11), . . . , φ0(a1n1
) respectively,

for all z ∈ D we have

|φ′1(φ0(z))| '
n1∏
i=1

|φ0(z)− φ0(a1i )|α
1
i−1.

This implies by using (5.4) that for all z ∈ D,
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|(φ1 ◦ φ0)′(z)| '
∏

1≤i≤nk
0≤k≤1

|(z − aki )|α
k
i−1.

In addition, for all x, y ∈ D,∣∣∣∣φ1 ◦ φ0(x)− φ1 ◦ φ0(y)

x− y

∣∣∣∣
' |(φ1 ◦ φ0)′(x)| |(φ1 ◦ φ0)′(y)|

∏
1≤i≤nk
0≤k≤1

(
(|x− aki | ∨ |y − aki |)
(|x− aki | ∧ |y − aki |)

)αki−1
.

The process can be repeated until we end up with a domain D̃ which is
bounded by analytic curves that are conformally equivalent to D and Φ =
φm ◦ φm−1 ◦ · · · ◦ φ0 is a conformal mapping from D onto D̃ satisfying, for
all z ∈ D,

(5.5) |Φ′(z)| '
∏

1≤i≤nk
0≤k≤m

|(z − aki )|α
k
i−1

and

(5.6)
∣∣∣∣Φ(x)− Φ(y)

x− y

∣∣∣∣
' |Φ′(x)| |Φ′(y)|

∏
1≤i≤nk
0≤k≤m

(
(|x− aki | ∨ |y − aki |)
(|x− aki | ∧ |y − aki |)

)αki−1
(∀x, y ∈ D).

So, the Green functions GD and GD̃ are related, for all x, y ∈ D, by

GD(x, y) = GD̃(Φ(x), Φ(y)) ' ln

(
1 +

δ(Φ(x))δ(Φ(y))

|Φ(x)− Φ(y)|2

)
' ln

(
1 +
|Φ′(x)|δ(x)|Φ′(y)|δ(y)

|Φ(x)− Φ(y)|2

)
.

By using (5.5) and (5.6), we obtain, for all x, y ∈ D,

GD(x, y) ' ln

(
1 +

∏
1≤i≤nk
0≤k≤m

(
(|x− aki | ∧ |y − aki |)
(|x− aki | ∨ |y − aki |)

)αki−1 δ(x)δ(y)

|x− y|2

)
.

Proof of Main Theorem 2. Let Φ be the conformal mapping from D
onto D̃, defined in the last proof. By (1.3), there exists C > 0 such that, for
all x, y, z ∈ D̃,

GD̃(x, z)GD̃(z, y)

GD̃(x, y)
≤ C

(
δ(z)

δ(x)
GD̃(x, z) +

δ(z)

δ(y)
GD̃(z, y)

)
.
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Hence, for all x, y, z ∈ D̃,

GD(x, z)GD(z, y)

GD(x, y)
≤ C

(
δ(Φ(z))

δ(Φ(x))
GD(x, z) +

δ(Φ(z))

δ(Φ(y))
GD(z, y)

)
≤ C

( ∏
1≤i≤nk
0≤k≤m

∣∣∣∣ z − akix− aki

∣∣∣∣αki−1 δ(z)δ(x)
GD(x, z)

+
∏

1≤i≤nk
0≤k≤m

∣∣∣∣z − akiy − aki

∣∣∣∣αki−1 δ(z)δ(y)
GD(z, y)

)
.

Similarly to the proof of Theorem 4.3, we can deduce Main Theorem 3.

6. Examples and applications

6.1. Estimates for the Green function on Sα

Theorem 6.1. Let α ∈ ]1/2,∞[ \ {1}. Then, for all x, y ∈ Sα,

GSα(x, y) ' ln

(
1 +

(
|x| ∧ |y|
|x| ∨ |y|

)α−2d1(x)d1(y)d2(x)d2(y)

|x− y|2(|x| ∨ |y|)2

)
' ln

(
1 +

(
|x| ∧ |y|
|x| ∨ |y|

)α−1 δ(x)δ(y)

|x− y|2

)
.

We present two proofs:

First proof. If α = 1, then for all x, y ∈ S1,

GS1(x, y) = ln

∣∣∣∣x+ y

x− y

∣∣∣∣ =
1

2
ln

(
1 +

4<e(x)<e(y)

|x− y|2

)
.

As, for α 6= 1, the function z 7→ zα is a conformal mapping from Sα onto S1,
we have

GSα(x, y) =
1

2
ln

(
1 +
|x|α cos(α arg x)|y|α cos(α arg y)

|xα − yα|

)
, ∀x, y ∈ Sα.

Thus, the result follows from Lemmas 2.6, 2.7 and 3.1.

Second proof. For α 6= 1 and the conformal mapping φα(z) = zα−1
zα+1 from

Sα onto D, 0 is the only singular point of order α−1 and φα(z) ' φα(0)+2zα

in a neighborhood of 0. Moreover, for x, y ∈ Sα,

GSα(x, y) = GD(φα(x), φα(y))

' ln

(
1 +

(1− |φα(x)|2)(1− |φα(y)|2)
|φα(x)− φα(y)|2

)
.
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We observe that

|φα(x)− φα(y)|2 =
4|xα − yα|2

|(xα + 1)(yα + 1)|2

' 4|x− y|2 (|x| ∨ |y|)2α−2

|xα + 1|2|yα + 1|2

and for all z ∈ Sα,

1− |φα(z)|2 =
4|z|α−1|z| cos(α arg z)

|zα + 1|2
' δ(z)|φ′α(z)|.

Consequently,

|φα(x)− φα(y)|2 ' 4|x− y|2|φ′α(x)| |φ′α(y)|(|x| ∨ |y|)
2α−2

|x|α−1|y|α−1
.

This implies that for all x, y ∈ Sα,

GSα(x, y) ' ln

(
1 +

δ(x)δ(y)

|x− y|2

(
|x| ∧ |y|
|x| ∨ |y|

)α−1)
.

6.2. Estimates for the Green function on Sα(D)

Proposition 6.1. Let α > 1/2. Then, for all x, y ∈ Sα(D),

|1 + xαyα| ' (|x− ei
π
2α | ∨ |y − ei

π
2α |)(|x− e−i

π
2α | ∨ |y − e−i

π
2α |).

Proof. We equip C × C with the norm |(x, y)| =
√
|x|2 + |y|2, (x, y) ∈

C× C. We have
|x| ∨ |y| ≤ |(x, y)| ≤

√
2(|x| ∨ |y|).

Let α > 1/2. The function

fα : (C \ ]−∞, 0])2 → C, (x, y) 7→ xαyα,

is continuous, differentiable at the two points (ei
π
2α , ei

π
2α ), (e−i

π
2α , e−i

π
2α ) and

lim
(x,y)→(ei

π
2α ,ei

π
2α )

|fα(x, y)− fα(ei
π
2α , ei

π
2α )|

|(x, y)− (ei
π
2α , ei

π
2α )|

= lim
(x,y)→(e−i

π
2α ,e−i

π
2α )

|fα(x, y)− fα(e−i
π
2α , e−i

π
2α )|

|(x, y)− (e−i
π
2α , e−i

π
2α )|

= α
√

2.

It follows that

lim
(x,y)→(ei

π
2α ,ei

π
2α )

|1 + xαyα|
|(x, y)− (ei

π
2α , ei

π
2α )|

= lim
(x,y)→(e−i

π
2α ,e−i

π
2α )

|1 + xαyα|
|(x, y)− (e−i

π
2α , e−i

π
2α )|

= α
√

2.
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Hence, the function

gα(x, y) =
|1 + xαyα|

|(x, y)− (ei
π
2α , ei

π
2α )| |(x, y)− (e−i

π
2α , e−i

π
2α )|

defined on Sα(D)× Sα(D) is continuous, with

gα(ei
π
2α , ei

π
2α ) = gα(e−i

π
2α , e−i

π
2α ) =

α

2 sin π
2α

6= 0.

Moreover, the numerator and the denominator of gα do not vanish on the set
Sα(D)× Sα(D) \ (ei

π
2α , ei

π
2α ), (e−i

π
2α , e−i

π
2α ). In fact, 1 + xαyα = 0 implies

xαyα = −1, so |x| = |y| = 1 and α(arg x+ arg y) = ±π. Consequently,

arg x = arg y =
π

2α
or arg x = arg y = − π

2α
.

For the denominator the argument is clear. Finally, gα is continuous on the
compact subset Sα(D)× Sα(D) and does not vanish. Consequently, gα ' 1
on Sα(D)× Sα(D).

Theorem 6.2. Let α ∈ ]1/2,∞[ \ {1}. Then, for all x, y ∈ Sα(D),

GSα(D) '

ln

(
1+

(
|x− ei

π
2α | ∧ |y − ei

π
2α |

|x− ei π
2α | ∨ |y − ei π

2α |

)(
|x− e−i

π
2α | ∧ |y − e−i

π
2α |

|x− e−i π
2α | ∨ |y − e−i π

2α |

)(
|x| ∧ |y|
(|x| ∨ |y|

)α−1
δ(x)δ(y)

|x− y|2

)
.

First proof. Note that Sα(D) is a simply connected piecewise Dini-smooth
Jordan domain having three Dini-smooth corners at a1 = 0, a2 = e−iπ/(2α),
a3 = eiπ/(2α) of respective opening angles π/α, π/2, π/2. The Green function
GD of D is given, for all x, y ∈ D, by

GD(x, y) = ln

∣∣∣∣1− xyx− y

∣∣∣∣ =
1

2
ln

(
1 +

(1− |x|2)(1− |y|2)
|x− y|2

)
.

Hence, the Green function of S1(D) is

GS1(D)(x, y) = ln

∣∣∣∣1− xyx− y

∣∣∣∣− ln

∣∣∣∣1 + xy

x+ y

∣∣∣∣ = ln

∣∣∣∣(1− xy)(x+ y)

(x− y)(1 + xy)

∣∣∣∣
=

1

2
ln

(
1 +

4x1y1(1− |x|2)(1− |y|2)
|(x− y)|2|(1 + xy)|2

)
.

Since z 7→ zα is a conformal mapping from Sα(D) onto S1(D), we have

GSα(D)(x, y) = GS1(D)(x
α, yα)

=
1

2
ln

(
1 +

4<e(xα) · <e(yα)(1− |x|2α)(1− |y|2α)

|xα − yα|2|1 + xαyα|2

)
for all x, y ∈ Sα(D). On the other hand, if t ∈ [0, 1], then 1 ≤ 1−t2α

1−t ≤ 2α.
It follows that

1− |z|2α ' 1− |z| = δ2(z), ∀z ∈ Sα(D).



20 M. A. BEN BOUBAKER AND M. SELMI

By Lemma 3.1, for all z ∈ Sα(D),

<e(zα) = |z|α cos(α arg z) ' |z|α−2δ1(z)δ3(z).

Therefore, the result follows from (3.3), Lemma 2.6, Proposition 6.1 and
Lemma 2.7.

Second proof. The function

z 7→ φ1(z) =
z2 + 2z − 1

z2 − 2z − 1
= 1 +

4z

z2 − 2z − 1
(z ∈ S1(D))

is a conformal mapping from S1(D) onto D. Consequently, for all x, y ∈
S1(D),

GS1(D) = GD(φ1(x), φ1(y)) =
1

2
ln

(
1 +

(1− |φ1(x)|2)(1− |φ1(y)|2)
|φ1(x)− φ1(y)|2

)
.

As φ′1(z) = 4 z2+1
(z2−2z−1)2 has two simple singularities i and −i, it follows

that, for all x, y ∈ S1(D),

|φ1(x)− φ1(y)|2 =
|(y − x)(1 + xy)|2

|(x2 − 2x− 1)(y2 − 2y − 1)|2

' |x− y|
2(|x− i| ∨ |y − i|)2(|x+ i| ∨ |y + i|)2

|x2 − 2x− 1|2|y2 − 2y − 1|2

' |x− y|
2(|x− i| ∨ |y− i|)2(|x+ i| ∨ |y+ i|)2|φ′1(x)| |φ′1(x)|

|x2 + 1| |y2 + 1|
' |x− y|2(|x− i| ∨ |y − i|)2(|x+ i| ∨ |y + i|)2.

We also have

1−|φ1(z)|2'
8|z| cos(arg z)(1− |z|2)

|z2 − 2z − 1|2
'|z| cos(arg z)(1−|z|2), ∀z ∈ S1(D).

By using (3.3), we get

1− |φ1(z)|2 ' δ(z)|z − i| |z + i|
' |φ′1(z)|δ(z), ∀z ∈ S1(D).

Thus,

GS1(D) ' ln

(
1 +

(
|x− i| ∧ |y − i|
|x− i| ∨ |y − i|

)(
|x+ i| ∧ |y + i|
|x+ i| ∨ |y + i|

)
δ(x)δ(y)

|x− y|2

)
for all x, y ∈ S1(D).

Now, if α ∈ ]1/2,∞[\{1}, the function z 7→ φ2(z) = φ1(z
α) (z ∈ Sα(D))

is a conformal mapping from Sα(D) onto D. Then, for all x, y ∈ Sα(D),

GSα(D) = GD(φ2(x), φ2(y)) =
1

2
ln

(
1 +

(1− |φ2(x)|2)(1− |φ2(y)|2)
|φ2(x)− φ2(y)|2

)
.
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Let us remark that the function φ′2(z) = αzα−1φ′1(z
α) has three singularities:

0 of order α− 1 and ei
π
2α , e−i

π
2α which are simple singularities. Moreover,

|xα − i| =
∣∣xα − (ei π2α )α∣∣ ' ∣∣x− ei π2α ∣∣(|x| ∨ 1)α−1 =

∣∣x− ei π2α ∣∣.
Consequently, for all x, y ∈ Sα(D),

|φ2(x)− φ2(y)|2

' |x− y|2 (|x| ∨ |y|)2α−2(|x−ei
π
2α | ∨ |y−ei

π
2α |)2(|x−e−i

π
2α | ∨ |y−e−i

π
2α |)2|φ′2(x)||φ′2(y)|

(|x||y|)α−1|x2α + 1||y2α + 1|

' |x− y|2(|x| ∨ |y|)2α−2(|x− ei
π
2α | ∨ |y − ei

π
2α |)2(|x− e−i

π
2α | ∨ |y − e−i

π
2α |)2.

Moreover, for all z ∈ Sα(D),

1− |φ2(z)|2 = 1− |φ1(zα)|2 ' δ(zα)|zα − i| |zα + i|

' |z|α cos(α arg z)
∣∣z − ei π2α ∣∣∣∣z − e−i π2α ∣∣

' |z|α−1
∣∣z − ei π2α ∣∣∣∣z − e−i π2α ∣∣ ' |φ′2(z)|δ(z).

This implies the result.
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