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ON NEAR-PERFECT AND DEFICIENT-PERFECT NUMBERS
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MIN TANG (Wuhu), XIAO-ZHI REN (Nanjing) and MENG LI (Wuhu)

Abstract. For a positive integer n, let o(n) denote the sum of the positive divisors
of n. Let d be a proper divisor of n. We call n a near-perfect number if o(n) = 2n+d, and
a deficient-perfect number if o(n) = 2n — d. We show that there is no odd near-perfect
number with three distinct prime divisors and determine all deficient-perfect numbers
with at most two distinct prime factors.

1. Introduction. For a positive integer n, let w(n) and o(n) denote the
number of distinct prime factors of n and the sum of the positive divisors
of n, respectively. A positive integer n is called abundant if o(n) > 2n
and deficient if o(n) < 2n. In 2012, Pollack and Shevelev [Po] introduced
the concept of a near-perfect number. A positive number n is called near-
perfect if it is the sum of all of its proper divisors except one of them.
Pollack and Shevelev presented an upper bound on the count of near-perfect
numbers and constructed three types of near-perfect numbers. Recently,
Ren and Chen |Re] determined all near-perfect numbers with two distinct
prime factors, and one sees from this classification that all such numbers are
even. On the other hand, D. Johnson found an explicit example of an odd
near-perfect number with four distinct prime factors (see [SI, A181595]). It
is natural to consider whether or not there is an odd near-perfect number
with three distinct prime divisors.

Motivated by the concept of a near-perfect number, we also study
deficient-perfect numbers, a very special kind of deficient numbers. We call
n a deficient-perfect number with deficiency divisor d if o(n) = 2n — d,
where d is a proper divisor of n. For related problems, see [Pom]|, [C80],
(Col, [Hal, [T].

In this paper, we obtain the following results:

THEOREM 1.1. There is no odd near-perfect number with three distinct
prime divisors.

THEOREM 1.2. If n is deficient-perfect and w(n) < 2, then
(i) n = 2% with deficiency divisor d = 1;
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(i) n = 2921 +25—1) with deficiency divisor d = 25, where 1 < s < «
and 201 4+ 25 — 1 is an odd prime.

2. Lemmas

LEMMA 2.1. If n = p% is a deficient-perfect number with deficiency
divisor d = pP, then n = 2% and d = 1.

Proof. Assume that o(p®) = 2p® — p®, where 0 < 3 < «. Then p**! —
2p® — pBtl 4 pP = —1, which implies that 8 = 0. Thus

pa+1 o 2pa —p= p(pa o 2pa71 o 1) _ _27

and we have p=2,n=2andd=1. =

LEMMA 2.2. If n = 2%¢® is a deficient number with deficiency divisor
d, thenn = 29(2°T1 4+25 —1) and d = 2°, where 1 < s < o and 21 425 —1
1s an odd prime.

Proof. Assume that
21)  o(2%¢") = @' = DA +g+-- +¢7) =20 —2°¢,
where s +t < a+ 5. Then
(22) @ =gl +q+--+¢") =1-2°¢,
thus ¢t = 0. In fact, if + > 1, then by (2.1) we have 29*! — 1 = 0 (mod q),
q < 271 Hence, the left side of (2.2)) is positive and the right side of (2.2)

is negative, a contradiction.
Now we consider the following two cases.

CASE 1: 8 =1. Then o(n) = (22T —1)(1+4q) = 2°T1g—2%. Thus s > 1
and ¢ = 20T 425 — 1.
CASE 2: § > 2. If =0 (mod 2), then o(n) =1 (mod 2), thus by (2.1)
we have s = 0. By (2.2) we have ¢ = 2°T! which is impossible.
If =1 (mod 4), then
Ltg+-+q" =1+l +¢" +¢" +---+¢")

and
6+1

L+ +q+ 4P =
Noting that ¢ = 0, by (2.1) we have
M - DA+ )+ +¢" + -+ =220 7 - 1),
Thus 2°|1+ ¢, 2° — 1 < ¢q. Since § > 5, we have
2T =)L+ g+ +¢" ) >1+q,
but |1 — 2%| < g, which contradicts (2.2)).
If =3 (mod 4), then

Ttgt- 4" =0+ +q+d" + ¢+ +d" P+ 4772

£ 0 (mod 2).
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and 4 1 1+¢2. It follows from (2.1)) that 2571 | 14+ ¢+¢*+¢°+- - -+¢? 3 +¢°2.
Since [ > 3, we have

(22" —g) (L g+ +4")
>2(l4q+q' ++ -+ P ) 2 2
but |1 — 2%| < 2%, which contradicts (2.2)). =

3. Proof of Theorem Assume that n = p{'p3?ps® is an odd
near-perfect number, then
o(n) =2n+d,
where d|n and d < n. Since o(n) = 1 (mod 2), we have a; = 0 (mod 2),
1=1,2,3.
If p; > 5, then

QZOW_Z

which is impossible. Thus p; = 3. If po > 7, then

on) d 3 7 11
2=""71 _ T < _—._ )
n n 26107

which is also impossible. Thus ps = 5. If p3 > 17, then

2= _Z 2.2
n o on 2 416"

a contradiction. Thus p3 < 13. Hence, if n is an odd near-perfect number
with three distinct prime divisors, then
ga1+l _ 1 goetl _ 1 p§63+1 1
2 4 py—1
where 81 + B2 + 83 < a1 + ag + as.
Since «;’s are even, we have

(3.1) o(n)= —2. 3915285 4 3615ﬂ2p§37

(3.2) goatl _p 7estl 1 139+ 1 =1,2 (mod 5),
(3.3) 3ol _q 592l _1=245 (mod 7),
(3.4) 5921 1119 — 1 =1 (mod 3).

1 1 1
flag,a0,03) = (1 ———= |(1—-—=)(1—
3o1+1 Foz+1 pg3+1

Now we consider the following three cases.

CASE 1: p3 = 7. Then by (3.1)—(3.3)), we have 82 = 83 = 0 and

32 243p1+1
% + 3a1+15a2+17a3+1 :

(3.5) f(a, a2, 0) =
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We have

flag, az,a3) > <1 - 313) <1 - 513> (1 — 713> =0.952. ..

32 243P1+1 - 32 2t
35 + 3a+lfas+1l7az+l = 35 + 5373

a contradiction.

CASE 2: p3 = 11. Then by (3.1)) and (3.4), we have 1 = 0 and

39 945f2+11183
(3.6) floa, a0, a3) = 33 + Jai+ipaz+iqas+l’

If a; = 2, then f(ay,a2,a3) < 1—1/3% < 32/33, thus (3.6) cannot hold.
Hence oy > 4 and

1 1 1

32 24582+111Ps 32 24
—+ <4 ——=0975...,
33 = 3artlpoetlijas+l = 33 351]

a contradiction.

CASE 3: p3 = 13. Then by (3.1) and (3.2), we have Sy = 0 and

64 25301+113Ps
@ + 3a1+lpoe+1]3a3+1"

and

=0.914...,

and

(3.7) f(Oél,OéQ,Oé:;) =

If oy = 2, then f(a1,a2,a3) < 1—1/3% < 64/65, thus (3.7) cannot hold.
Hence aq > 4.

If B3 = 0, then
1 1 1
and
64 25361+1130s 64 25

65 + 3ai+lgas+113a3+l = 65 + 53133

a contradiction.

If B3 # 0, then noting that 522! —1,13%+1 —1 2 0 (mod 13), by
we have 3*1+1 — 1 = 0 (mod 13), thus a; = 2 (mod 6). Since a; > 4, we
have a7 > 8. Hence

1 1 1
f(a17a27a3) Z (1_39> <1—53> (1—133> =0.9914....

Now we consider the following three subcases.

=0.984...,
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SUBCASE 3.1: 0 < 31 < a3 — 1. We have
64 253P1+1130s - 64 25
65 " 3mitigeatiizestl = G5 T 35913
a contradiction.
SUBCASE 3.2: f1 = a1, 1 < B3 < ag— 1. We have
64 25301111365 - 64 25
65 " 3mtlzaati{gestl = 65 53132
a contradiction.
SUBCASE 3.3: f1 = a1, 83 = a3. If ag > 4, then
64 253P1+1136s 64  2°
— + < — 4 =
65  3oitlpoetli3as+l = g5 5513
a contradiction. If ap = 2, then
64 253011130 64 25 )
65t 3mrigaarigett g5 g o L flanazs),
a contradiction.

This completes the proof of Theorem

=0.9911... < f(aq, g, 3),

=0.986... < f(ai,asz,a3),

=0.985... < f(a1,ag,a3),

4. Proof of Theorem [1.2] By Lemmas [2.1] and it is sufficient to
show that there is no odd deﬁ(nent perfect number with two distinct prime
divisors.

Assume that n = p{"'p5? is an odd deficient-perfect number. Then

o(n)=2n—d,
where d|n and d < n. Since o(n) = 1 (mod 2), we have a; = 0 (mod 2),
i=1,2.
If p1 > 5, then

which is impossible. Thus p; = 3. If po > 11, then
on) d 3 11 1
ST i R )

n n 2 10357
which is also impossible. Thus ps = 5 or 7. Hence, if n is an odd deficient-
perfect number with two distinct prime divisors, then o(3*'p3?) = 2 -
391 p5? ?)Blp2 , where 0 < 81 + B2 < a3 + ag and po = 5 or 7. We have
61 = a1 —1, Bo = ag or f1 = a1, B2 = as — 1. Otherwise,
o(n 1 3 5 1

) | ’

<z -4 =<2
n 30‘1_51])32_62 4 + 9

9 —

2:

Now we consider the following two cases.
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CASE 1: 81 = g — 1, B2 = a2. Then o(3%1p5?) = 5 - 3*1~1p32. Noting
that 3+ — 1 = 1,2 (mod 5) and 3*1*! — 1 = 2,4,5 (mod 7), we have
p2 1 o(3*1). Moreover, p2  o(p5?). Thus pe { 0(3%1p5?), a contradiction.

CASE 2: 1 = a1, 2 = ag — 1. Then o(3*1p3?) =2-3%p3? — 3o‘1pg2_1.

If py = 5, then o(3%15%2) = 321+25%2~1 Gince 52271 —1 =1 (mod 3), we
have 3t o(5%2). Moreover, 3 10 (3%"). Thus 3 { 0(3%15%2), a contradiction.

If po = 7, then 0(3%17%2) = 317927113, Since 31! —1 = 2,4,5 (mod 7),
we have 7 1 0(3%1). Moreover, 71 o(7%?). Thus 7 1 0(3*17%?), a contradiction.

This completes the proof of Theorem
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