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POTENTIAL THEORY OF HYPERBOLIC BROWNIAN MOTION
IN TUBE DOMAINS

BY

GRZEGORZ SERAFIN (Wroclaw)

Abstract. Let X = {X(¢); t > 0} be the hyperbolic Brownian motion on the real
hyperbolic space H" = {x € R" : 2, > 0}. We study the Green function and the Poisson
kernel of tube domains of the form D x (0,00) C H", where D is any Lipschitz domain
in R"~!. We show how to obtain formulas for these functions using analogous objects for
the standard Brownian motion in R?". We give formulas and uniform estimates for the
set Do = {z € H" : z1 € (0,a)}. The constants in the estimates depend only on the
dimension of the space.

1. Introduction. Potential theory on hyperbolic spaces is governed by
the Laplace—Beltrami operator. It is the unique (up to a multiplicative con-
stant) differential operator of order two which is invariant under isometries
of the space. One of the main objects in the theory are the Green function
and the Poisson kernel of subdomains. Although a purely analytical ap-
proach to this subject is possible, we rely on a probabilistic method, which
is particularly convenient when dealing with subdomains. Our basic object
of study is the hyperbolic Brownian motion (HBM), which is the canonical
diffusion on the hyperbolic space H” = {x € R" : z,, > 0} with half the
Laplace-Beltrami operator as generator. In recent years there is a growing
interest in the hyperbolic Brownian motion. We refer the reader to [BCF],
[B=Y], [G], [M], where such fundamental objects as the heat kernel and the
global Green function were investigated. The hyperbolic Brownian motion is
strongly related to the geometric Brownian motion and the Bessel processes.
For details see [Y2] and [B=Y]. This process is also interesting from the point
of view of physics (see [GS]) and risk theory in financial mathematics (see
D), [¥3).

Recently, many papers have appeared concerning harmonic measures of
subdomains (equivalently: Poisson kernels for HBM). We point out three of
them. In [BGS] the authors provided some formulas along with the asymp-

2010 Mathematics Subject Classification: Primary 60J65; Secondary 60J60.
Key words and phrases: hyperbolic space, hyperbolic Brownian motion, tube domains,
strip, Poisson kernel, Green function, uniform estimates.

DOI: 10.4064/cm135-1-3 [27] © Instytut Matematyczny PAN, 2014



28 G. SERAFIN

totics of the Poisson kernel of the set {x € H" : x,, > a}, whose boundary
is a horocycle. The Poisson kernel of the ball was considered in the real
hyperbolic space (see [BM]) and also in the complex one (see [Z]). Further-
more, [MS] dealt with HBM with drift exiting the set {z € H" : z; > 0}.
The paper [CEZ] shows that the Green functions and the Poisson kernels for
bounded sets (in hyperbolic metric) are comparable with analogous objects
in Euclidean space. For unbounded sets this result does not hold. Although
explicit formulas are really intricate and often expressed by special functions,
they seem to be crucial for obtaining estimates.

In the present paper we denote by X = {X(¢); t > 0} the HBM on the
half-space model H" = {z € R™ : x,, > 0} of the real hyperbolic space. We
investigate the potential theory for tube domains S of the form

(1) S={xeH": (z1,...,2n-1) € D},

where D is any Lipschitz domain in R*~!. The set A ¢ R% d = 1,2,...,
is a Lipschitz domain if for every x € 0A there exist a radius » > 0 and
a bijection f, : B.(z) — B1(0) such that f, and f, ! are Lipschitz functions
and fz(0AN By(r)) = {y € B1(0) : y, = 0}, fo(AN By(r)) = {y € B1(0) :
yn > 0}. Here, B,(x) is the open ball of radius r centered at x. Note that
S is unbounded in H". Its boundary 0.5, as a subset of R", consists of two
parts of totally different nature:

81S = 0D x (0,00), 825 =D x {0}

The first part coincides with the boundary of S as a subset of H". The other
part does not belong to H™ but it can be reached by HBM in infinite time.
We define

(2) S={xecR™: (z1,...,2,1) € D},

which is an analogue of the set S in 2n-dimensional Euclidean space. We
exhibit in Theorem the relationship between hyperbolic and Euclidean
potential theory on S and S, respectively.

We will consider several diffusions, so we introduce some universal no-
tations and definitions for related objects. Let {¥(t);t > 0} be a con-
tinuous process in R™ starting from any x € R™. For any Lipschitz do-
main A C R™ we define the first exit time from A for the process ¥(t)
as 74 = inf {t > 0: ¥(t) ¢ A}. Analogously, we define the Green function
GY(z,y) and the Poisson kernel P¥(z,y) of A as follows:

o0
Gh(w,y) = | P(E) € dy, t < ) dtfdy, w,y€ A,
0

PY(z,y) =P*(¥(r}) € dy)/dy, x €A yedA,
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where the measure P* corresponds to the process starting from x € R™. For

n < m and x € R™ we denote z = (z~,2"), where 2~ = (x1,...,2,-1) and
xt = (zp,...,xpy). Let W = {W(t); t > 0} be the standard 2n-dimensional
Brownian motion. Since TSV,V is independent of the vector (W, (t), ..., Wa,(t)),

the Green function GEV (z,y) and the Poisson kernel ng (z,y) depend only

on 27, y~ and the squared Euclidean distance |z —yT|? between 2+ and y*.

We will write
G (x,y) =Gy (@ ",y ,la" —y*?), =zyeS,
PY(x,y) =Py (a ",y Jat —yT?), =z€8 yeds.

THEOREM 1.1. Let S be of the form . The Green function of the set
S for HBM is given by

27n/2 ant
I'(n/2) yn
where z,y € S and S is defined by . The Poisson kernel of the set S for
HBM is given by

PX(2,y) = 207/27 1
1
A S (1-— u2)”/2_1PgV(:U_,y_,xi + 92 4 2z, y,u) du, y € D45,
1

G3 (z,y) =

1
S (1- UQ)"/2_1GEV (7,9, m?z + %21 + 2znynu) du,

I(n/2) -

VT _
WGEV@ Y, Yy € a5,

where x € S.

The proof of Theorem given in Section 2 is based on considering a
Brown—Bessel process. This general method was introduced by Molchanov
and Ostrowski [MO]. An example of a set of the form (1)) is D, = {x € H" :
0 < 1 < a}, a > 0. Reflections with respect to the hyperplanes
{r e H" : 1 = 0} and {& € H" : 21 = a} are isometries of H", there-
fore it is natural to call D, a strip. We apply Theorem and provide
formulas for the Green function Gga (z,y) and the Poisson kernel Pgﬂ (z,9)
of the set D, in Theorem We also give their estimates in Theorem

THEOREM 1.2. For x,y € D, we have

(=t nfo
CB.0) = g 317

n—1 . .
Lo 0 n [1 n 2sin(mwzy/a) sin(my; /a)
s

ds.
cosh(m/2x,yy, (cosh  + s)/a) — cos(m(z1 —y1)/a)




30 G. SERAFIN

For x € D,, y € 01D, the Poisson kernel of D, is given by
(_1/2)71—171.1—11/2 1

. 2\n/2—1
Pp, (z,y) = ol (n/2)yl > _81(1 —u?)V
) g1 sin(r(z1 —y1)/a) du
Oun=T cosh(m\/2enga(cosh -+ ) fa) — cos(m (w1 —y1) fa)
where T = (0,x2,23,...,%,) and p = dyn(Z,y) is the hyperbolic distance

between T and §. For x € Dy, y € J2D, we have

(~1)" !

I'((n—1)/2)xn=1)/2

) an—_ll wlie 2sin(wzy/a)sin(mwy; /a) '
oEn cosh(mv/€/a) —cos(m(v1 —y1)/a) | ¢—jz_gp2

The integral in the first two formulas can be computed for even n by

integrating by parts n — 2 times. However, this leads to a sum of oscillating
components, and the above-given integral form is much more useful for find-

Pl%(,l('%y) =

ing the estimates given below. We write f = g whenever there exists ¢ > 1
such that ¢~ 1f(z) < g(z) < cf(x) for all arguments .

THEOREM 1.3. There ezists ¢ = c¢(n) such that for x € D,, we have
GE (g) & TN (“)n/2|w—y2A<6a<x1>6a<y1>> T
o Yn (coshp + [z — y|/a)"/? |z —y|"

where y € Dg, p = dgn(x,y) and d,(s) = min{s,a — s}. Moreover,

)
an—Hxnyn

=yl \yn) (coshptlo—ylja)
PX (.Z' )\C/ J"Z_ 2
Da\¥) = g exp(=mle —yl/a)(Je —yI* A [ba(21)da(y1)])
, y € daD,.
\ ‘:C - y‘Qn ¢

Such precise estimates for unbounded subsets of the hyperbolic space
were known only for the set {x € H" : z,, > a} [BMR] and the hyperbolic
half-space Do = {z € H" : x; > 0} [MS]. We refer the reader to [MS] for
simplified formulas when a = co. For arguments in some domains, Pga (z,y)
on 91D, and the Poisson kernel of (0,1) x R""! for standard Brownian
motion in R™ are comparable, for example when |r — y| < a and when
Tn,Yn are bounded and bounded away from zero. However, they are not
comparable in general.

The organization of the paper is as follows. In the Preliminaries we pro-
vide some facts about Bessel processes, since they play an important role
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in the proof of Theorem Next we introduce the half-space model of the
real hyperbolic space and describe the structure of the hyperbolic Brownian
motion. In Section 3 we give the proof of Theorem together with some
comments. In Section 4 we prove Theorems and In the Appendix
we collect some technical lemmas and compute the Poisson kernel and the
Green function of the strip in R2.

2. Preliminaries

2.1. Bessel process. We denote by R = {R¥)(t); t > 0} the Bessel
process with index v € R, starting from R*)(0) = z > 0. As we will see
in Section 2.2, studying HBM requires using Bessel processes with negative
index. For v < —1 the point 0 is killing. In the case —1 < v < 0, that
is, when the point 0 is non-singular, we impose the killing condition at 0.
Then, the transition density function, with respect to the Lebesgue measure,
is given by (see [BS| p. 134])

y w(w\” 2+ w? Tw
(3> 975 )(x7w):t<.7}) exp<_ 2t )I|1/|<t)7 .TJ,'UJ>0,

where I,,(z) is the modified Bessel function of the first kind.

Let us denote by B = {B(t); ¢ > 0} the one-dimensional Brownian
motion starting from 0 and by B® = {B(t) + vt; t > 0} the Brownian
motion with constant drift v € R. The Bessel process is related to the
geometric Brownian motion {z exp(B®(t)); t > 0}, z > 0, by the Lamperti
relation,

{wexp(BY)(t)); t > 0} £ {RW(AY)(¢)); t > 0},

where the integral functional A (t) is defined by
t

(4) AW (1) = 22 S exp(2B; + 2vs) ds.
0

The density function fi’jt) of (Ag(ﬁy)(t),xexp(Bn(t) + vt)) was computed
in [Y3]. We have

v 2 2
(5) F%(uv) = () e”zt/“exp(—”f . )em/ua), 0.t > 0,

x UV 2u
where
T )20 —reoshb . (mb
(6) 9T(t)—7(27rgt)1/2 (S)e e sinh(b) sin n db, r,t>0.
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Moreover, the Laplace transform of the function 6, is given by (see [Y1])

(7) | e™0,(t) dt =T s55(r).
0

Whenever v is strictly negative, the limit of A (t) as t — oo exists a.s. The

density function hY) (u) of A;(L«V)(oo) is given by (see [D])
2V e—x2/(2u)
(U) - F(—I/)Qilj ul—v Il(O,oo)(u)

(8) hy)

2.2. Hyperbolic space H" and hyperbolic Brownian motion. For
n = 1,2,... we consider the half-space model of the n-dimensional real
hyperbolic space

H" = {z € R" : z, > 0}.

The Riemannian volume element is given by

1
dVv, = —nda:l coodxy,
x

n
where dzxy . ..dz, is the Lebesgue measure on R™. The hyperbolic distance
dgn (z,y) between z,y € H" is described by the formula

|z =yl
200 Yn

where |z — y| is the Euclidean distance between x and y. The Laplace—
Beltrami operator is given by

" 92 n—2 0
A= 12 - " —
w";@:rz 2 "oz,

coshdyn (z,y) =1+

We define the hyperbolic Brownian motion X (t) as the canonical dif-
fusion on the whole of H" with generator %A. The structure of the pro-
cess is described by the following representation. If we denote by B(t) =
(Bi(t),...,By(t)) the standard n-dimensional Brownian motion starting
from (x1,...,2,-1,0), then

Tn n

a:nexp<Bn(t)— s 1t>>.

Here, the functional Aé;(”‘”/ 2) (t) defined by is associated with B,,(t).
In addition, using the Lamperti relation, we get

(9 X< (Bl(A(("”/Q) (£))--+ Bao1 (AL D2 (1)),

(10) (X(1); t >0} L (v(AL D2 (1)); ¢ > 0},

n
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where
(11) Y (t) = (Bi(t), ..., Bp_1(t), REC=D/23)).

The process R(—("=1/2)(¢) is the Bessel process starting from z,, > 0 and
independent of (Bi(t),..., Bp_1(t)).

3. Proof of Theorem Let us note that the representation of
HBM simplifies many arguments. In particular, we have

LEMMA 3.1. For any Lipschitz domain U C H"”,
d
X(r) =Y ().

Proof. From the process Z(t) = Y(A(I;(n_l)/z) (t)) is a hyperbolic

Brownian motion. Since the functional A&;(”*”/ 2) (t) is continuous and in-

Yy _ Agc;(”_l)/” (7_5)

creasing a.s., we obtain 7;; a.s. Hence

X(rf) £ 2(ff) = Y (AP ) 2 Y (7). w
From now on, we will consider sets of the form . The absolute conti-

nuity relationship for the laws of the Bessel processes with different indices
(see [MY] (2.2), p. 314]) implies

n—1
P*(RE=V/2) (1) € dy) = (;) P*(R=V/2 (1) e dy), x,y > 0.

Moreover, the process R("=1)/2) (t) has an interpretation as the Euclidean
norm of (n + 1)-dimensional Brownian motion. Since the first n — 1 coordi-
nates of the process Y (t) are identical with (n — 1)-dimensional Brownian
motion, we can deduce the relationship between Y (¢) and 2n-dimensional
Brownian motion.

Proof of Theorem . Let us denote by pP(-,-) the density function
of (n — 1)-dimensional Brownian motion killed on exiting the set D. Since

(@) holds and A;_L(n_l)/ 2) (t) is continuous and increasing a.s., the density
function of HBM killed on exiting S' is given by

o0

§ 2@,y ) S () du.
0

Hence, using the Fubini—Tonelli theorem, we get

o0 0

G¥(x,y) = |\ o2,y )0 () dudt
00
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9] (n—1)/2 2 2
5 - Tn 1 mn+ n
\pl @,y )() eXp(—y >

0 Yn UYn 2u
x | e(n=/2%02g (1) dt du
0
o0 (n—1)/2 z2+y2
(17 - Tn eXp(— uw TnYn
Spf?(w 'Y )(y) (uy2)f(n1)/2< uy )du‘

0
We will use the following integral formula (see [GR] 8.431)):

1

z/2)" v— —zs
(12) L) =7, +(1;2§r<1/2> _51(1 -y e ds

where z > 0 and v > —1/2. It follows that

GF (2,y)
o2 gn-1 ! oo  exp(—Tad¥hi2maums
- n/2 - S n/2 ! Spf(x Y7) ((2ﬂ_u)(n_i2_tlb)/2 )duds
Yn 0
orn/2 gn=1 1 o
- I'(n/2) Z S(l s*) LG pnn (@7 YT 2+ Yh + 2Tnyns) ds.
n —

To prove formulas for the Poisson kernel we use Lemma, It implies
that P (z,y) = P¥ (z,y) for x € S and y € 3S. We define two exit times

1 =inf{t > 0: (Wi(t),...,Wn_1(t)) € D} = Tgvxu@nﬂv
7 = inf{t > 0: RCO=D/2(3) = 0}.
We have
Tgx(om) =T1 A\ To,

and the continuity of sample paths of the hyperbolic Brownian motion im-
plies Y (7;) € 9;S for i = 1,2. Let us denote the density function of the vec-
tor (W1 (TE/XR"+1)’ ey Wn_l(Tlv)VanH)), Tgfon+1) by k,—(y~,t). The exit
time 7)), .1 depends only on the first n — 1 coordinates of W (t). Since
(Wh(t),...,Wp_1(t)) is independent of (Wy11(t), ..., Wan_1(t), Wan(t)), we
obtain

?exp(—%lw* -y

(13) PK(]R'H‘I (ﬁi, y77 |ll+ - y+|2) = (27Tt) (n+1)/2 kl‘7 (yi’ t) dt

0

Using the independence of the processes (B (t), ..., B,_1(t)) and R©~"2)(¢),
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o (n—1)/2 2,2
(13 n [ Tn zn+yn TnlYn _

0 Yn
By we get
27.[.n/21,n—1y 1
PY _ n n 1— 2 n/2—1
e Ly

OSO exp(—%(wi + Y2 + 2zpypu))

(2mt)(nt1)/2 ko-(y~,t)dtdu

0

_ 1
427Tn/2x2 1yn S

oy VA=) P s (07 i 2y du
The Poisson kernel on 0, D, is given by
P (x,y) =P (Y(r) € dy; 72 < 1)

According to the Lamperti relation we have

Xn(t) = n exp(Ba(t) — (n — 1)) L REO=D/2 (4, ().

The left-hand side of the above equation tends to 0 as t — oo a.s. It follows

that
(d)

Ty = Ay, (00).
As before, 1 is independent of (Bj(t),...,By—1(t)), hence by (8) we get
o0 n—1 —x2 /(2t)
Y — (Dl Ln €
PS (l‘,y) - S by (:E Y )F((n _ 1)/2)2@,1)/2 t(n+1)/2 dt

0
21:2—17.‘.(714-1)/2

W — —
T T
REMARK. Theorem [I.1] can be proven using the interpretation of the
process R("~1)/2)(#) as the Euclidean norm of the (n+1)-dimensional Brow-
nian motion. This would lead to integration over a sphere, which explains
the appearance of the factor (1 — «2)*/2~! in the formulas. However, that
proof would be longer and more complicated than the one given above.

,a:i) n

4. Poisson kernel of the strip. Let us recall that

D,={zeH"0<z <a}, a>0.



36 G. SERAFIN

The boundary 0D, consists of two parts: 01D, = {x € H" : z; € {0,a}}
and D, = {x € R" : 2, = 0,0 < 21 < a}. Let Tl))(a be the first exit time
from D, for the hyperbolic Brownian motion

TD =inf{s > 0: X(s) ¢ Dg}.
Whenever Tffa < 00, the variable X (TDa) is supported on the set 91 D,. For
TDXa = 00, the random variable X (TDXa) takes values in the set 02D,. It is
well defined because lim;_,, X (t) exists a.s.
According to Theorem we start by considering the Euclidean case.
Let us recall that W (t) = (Wi (t),..., Way(t)) is the standard BM. The set
in R?" which corresponds to D, is Da = (0,a) x R?"~1. We define 7'(‘6[/7 a) 88

the first exit time of the process Wi(t) from the set Dy,

Tion = mf{t > 0: Wi(t) ¢ (0,a)} = inf{t > 0: W(t) ¢ Da}.

We denote

w + 2ka (w + Qka)2
= E —_ - R.
t) ) NETE exp< o ,  WE

Then we have [BS) 3.0.6(a), (b), p. 212]
(1) P =y €

(|x1_y1|7t)7 1 € (Ova)vyl E{O,CL}-
Since the random variables T(‘g/ ) and (Wa(t), Ws(t), ..., Wap(t)) are inde-

pendent, we obtain the following formula for the Poisson kernel of the set Dy:

o0
L a2/

(15) Pg(x,y) = (S) W

n(ler =yl 1) dt

where = (0, 22, 23,...,2,) and § = (0,y2,y3,...,ypn). Forw € Rand £ > 0
we define

o0

1 [ #0268/ 0, 1)

(16) P (w, ) = @men7e )

Note that
(17) Py (z,y) = 93, (lx1 — .17 = 5).
In the next lemma we present a differential formula for the function ®% (w, ).

LEMMA 4.1. Leta>0andn=1,2,.... Forw € R and £ > 0 we have

. B (=1)»1 gt sin(mw/a)
(18) on(w, &) = 2am™=1 971 cosh(my/€/a) — COS(?Tw/Cl)'
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Proof. For w € (0,a) we have
n(w,t) =PY(r, € dt, Wi(1,) = 0)
w 2

< PY(inf{s > 0: Wi(s) > 0} € dt) = ———re /1.

< PY(inf{s 1(s) > 0} € dt) \/ﬂt?’ﬂe
By continuity of both functions, the above inequality also holds for w = 0.
This implies the uniform integrability of for fixed w € [0,a) and &
from every compact subset of (0,00). It allows us to change the order of
differentiation and integration in the expression

o) 1 o T
Zpe — = | +—(n=1)/2 -&/(2t)
a§¢n(w7€) = 2n)D7 B (S)t e n(w,t)dt
-1 S =029 =€/ 0 1) dt = 0 (0, €)
(2m) =072 ) ¢ ’ (R
Consequently, for n =1,2,...,
a (_1)n—1 8n_1 a
(19) (W, &) = e 8€n_1@2(w7§)'

From and Theorem (see Appendix) we get
1 sin(rw/a
P(0.9) = - mwje)
2a cosh(m/€/a) — cos(mw/a)
The result for all w € R comes from the fact that both sides of are odd
and 2a-periodic with respect to w. =

Proof of Theorem . Fix x € D,. For y € 0: D, we combine ,
and Theorem [I.1] to get

X 2m/2 1 ‘ 2\ (n—2)/2
20) P, = n= 1-— n—
( ) Da(wvy) F(n/2)xn Yn _Sl( u )
n—1
X ¢§n<\$1 — > ok =yl + 2l + oy + 2$nynU> du
k=2

n— —-n 1
_ (_1/2) 171'1_2/2 (1 o u2)(n—2)/2
al'(n/2)yn" " |
" o1 sin(m(z1 —y1)/a)
Ou™t cosh(m\/2x,yn(cosh p + u)/a) — cos(m(z1 — y1)/a)

The Green function of (0, a) xR?"~! for the 2n-dimensional Brownian motion
W (t) is given by

aw (z )—OSO o) e FZIY 4
(0,a) x R2n—1 YY) = O’Y L1, Y1 (27_(_25)(2”71)/2 P 2 )

du.
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where ~(t;z,y) is the transition density of the one-dimensional standard
Brownian motion killed on exiting (0, a), given by [BS, p. 122]:

J— (v —w + 2ka)?
V(v w) = —— k;oo [GXP<—2t )
- exp<—m11]2—l_2lm)2>], v,w € (0,a).
Let us define
s R 1 ¢
Oon (v, W, §) = [S) 'y(t;1),uj)(27rt)(Tl)/2 exp<—2t> dt.

Since y(t; v, w) is less than ﬁe_(”_wy/(%) (the density of standard Brow-

nian motion), we can differentiate under the integral sign to obtain

21 2 L
( ) ¢2n<v7w7§) - ( )n—l 8£n_1 ¢2(v,w,§).

—T

Using the second part of Theorem [5.1], we obtain

(22) P5(x1,91,8) = % In [1 + COSh(iii/%(/Zg)m—/?ozi(r;(&gf1621)/a)} '

Then
GE)/,a)XRQ”—l($7 y) = ¢C2Ln(‘r17 Y1, |5j - g‘z)
B <_1)n71 anfl In |:1 n 2sin(7rx1/a) sin(ﬂyl/a) ]
27 9gn—l1 cosh(mv/€/a) — cos(m(xy —y1)/a) £:|j_g|2'

By Theorem [I.1] we get
(1) tap
F((n = 1)/2)n 7
. 8n111 . [1 N 2sin(ra/a) sin(mwy; /a) } ’
ogn cosh(mv/€/a) — cos(m(z1 — y1)/a) | ej5_gp2

where y € 05 D,. Moreover

P]é(a(%y) =

/2 m—1 1

X — _ 2\n/2-1 a ~
Gp,(7,y) /2, _Sl(l s%) 5 (21, Y1, 22 yn(cosh p + 5)) ds
(=1/2)* : 2\n/2—1
S A W
/20 (n/2)y" —51( s)
n—1 : :
" 0 In [1+ 2sin(mzy/a) sin(my; /a) s u
dsn=1 cosh (/22 Y, (cosh p+ s) /a) — cos(m(z1 —y1)/a)
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To estimate the Poisson kernel of D, we need the estimates of &4, (w, &) in
Lemma [4.3] In the proof we consider the function

2(—m)" a" 1
23 A = 7 pT - -
(23) (& w) sin w 2n+1) (W5 €) OE™ cosh /€ — cosw’
where w € R, £ > 0 and n = 0,1,2,.... A more convenient form of this
function is a sum of elementary functions, which is given in Lemma

LEMMA 4.2. Forw eR, £ >0andn=1,2,...,
Hk ol ter cosh /&
24) 1 ggtter
( Z Z Ca cosh\/g—cosw)kﬂ’

k=1 |ak|=n—k

where o denotes a k-dimensional multi-index. Moreover, the constants cr
satisfy

(1) & >0.
(2) 2 =n! for a™ =(0,...,0).
(3) ohim1 Djak =i (1) el = (=1).

Proof. We use induction on n. Let us denote

R (g) = 5; cosh /€, €>0.

For n =1 we have
_ ' (€)
A(e,w) = (cosh /€ — cosw)?’

Assume that is true for a fixed n € N. Differentiating the right-hand
side, we get

(o +er)i)
(25) Z Z e, [Em(ci)gll\_f—cosw)k“ =

k=1 |ak|=n—k

RO (&) TTE, h+eD(€)

k+1
—(k+1) (cosh /€ — cos w)k+2
= 3 Z Zk: Hk 1h(1+a')(f)
e PN — m (cosh /€ — cosw)k+1

ntl £ pitab)
I DND DENEIU T | L

N1 (cosh — cosw)k+1’
k=2 |a¥|=n+1-k ( Ve )

k::O

where e is the k-dimensional multi-index with the mth coordlnate 1 and
the others 0. We also make the convention that ¢, , = 0if am = 0. We
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can see that all components of the above sums are of the form (| and
have proper signs. The coefficient c n+1 which appears in the last sum for

k=mn+1isequal to (n+ 1) Moreover (25)) yields the formula for the sum
of the coeflicients:

n+1 k

ST =Y Y oS- )

k=1 |a*|=n+1—Fk k=1 |a*|=n—k

=3 Y (k= (k+ 1))

This yields for n + 1, completing the proof. =

LEMMA 4.3. For £ >0 and w € (0,a) we have

c _ antl (n+1)/2
(i) % 2 (T ) L E U

Proof. Since @4 (w,&) has the following scaling property (see Lemma:
1
#h0.6) = ot (2. 5)

an—1 a’ a?
it is enough to prove the lemma for a = 7. Using (23] we can write

72"(n+1) (w7 5) ; w(7r - w)An(§7 w)
Recall that

fk " k:!
h(¢) = 85" Cosh VE = Z

It is easy to see that

—n)

!
(26) W) = Jim B () = (2’;)!
and
lim &+ w? — lm &+ w?
eru?—0 cosh /€ —cosw  etu?—0 1+ 16+ 0(€) — 1+ Fw? + o(w?)
= lim 2 =2.

2
E+w2—0 1 4 0(6212}(210 )
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Hence
Im (&4 w?)" ™ A, (€ w)

E+w?2—0
Z Z k " Hh(1+a £_|_w ) —k

k=1 |ak|=n—k
y €+w k+1
cosh /€ — cosw
=2(=1)"nl.

The last equality follows from and Lemma (2) Consequently,
2\n+1
N (§ +w ) 1A — 9!
AT gy D (G w) = 20l
We will show now that
(27) lim A" ()¢ 2e~VE = 2771,

£—o00

§+w2—>0

We have

k—n/2 nfo| _

n+1yg(n) n/2
2R )¢ 2k —n)! ).(Qk:).

n—1 .
ghn? 2(k — j)
=27 V8 :
¢ ZQk—n ]l_I(Qk—j)
The series 3> £F=/2/(2k —n)! is equal to sinh/€ for odd n and to

cosh /€ for even n up to the first [n/2] components, so it behaves like
e‘/z/ 2 for large £&. Moreover

n—1 .

. 2(k — j)
1 =

d 1 =)

In order to obtain we use Lemma Thus

lim (¢&+ w2)”/26*/g/ln(§, w)
E+w?—o0

) lim (§+w2>n/2i Z (1)k chy

+w?2—00
¢ 5 k=1 |ak|=n—k

y ﬁh(l—l-af)(f)g(l—&—a )/2( e\/g )k-l-l
: eVe cosh /€ — cosw

n
" g—n+l Z (_1)kczk _ (_1)n2fn+1‘
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crw? _ g

The factor (M)n/2 vanishes because w € (0,7), so limg_ 2, 3

It follows that

2\n+1
: ve  (E+w?) iy _ g-ntl
I €+ w2)"/2+1( 1) An (€, w) = 2777

What we have already proved is that there exists a constant ¢ > 0 such that

1 1 2\n/2+1 -1
(28) - <An(§,w)< +(§(€++w112))71+1 6_\/2> <c

for ¢ +w? < e and for £ +w? > M, for some ¢, M > 0. The function A, (&, w)
is continuous on the set A = ([0, 00) x [0,7]) — {0, 0}, by (24). Moreover, it
is positive on (0,00) x (0,7), by (L7). It is also positive on (0,00) x {0, 7},
since the Poisson kernel of the strip (0,7) x R?"~! for Brownian motion
(given by (L7)) behaves locally as the distance from the boundary, so it is
positive on the whole set A. The set {(£,w) € A : e < &+ w? < M} is
compact, so there exists a constant ¢ > 0 such that holds for every
({, w) €A u

Proof of Theorem[1.3. By Theorem [I.1] and scaling properties for stan-
dard Brownian motion we get

n—1
X (T x (T, T
GDa(‘T’y) - ((I) G 7r<ax7 ay>a

n—1
T T T
PR = (2) PE(Ze D).

so that it is sufficient to prove the result for a = 7. For y € 01D, we apply

Lemma to to get

1
S (1 o u2)(n—2)/26— 22 nYn (cosh ptu)

-1

Py (2,y) = a1(r — z1)a],

1 4 (22 Y, (cosh p 4 u)) (172

du.
(2Tnyn(coshp +up)r "

Now we use Lemma 5.3\ with p = 2z,y,, ¢ = coshp—1,7 =0, a = (n — 2)/2,
B =(n+1)/2 and v = n to obtain the required formula. To get asymptotic
behavior for y € 0o D, we rewrite for a = 7 as

z1+y1
$5(r1,y1,8) = | 5(w, &) dw.

T1—Y1
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Using we get
1 gn—1 T1+Y1

¢ﬂnx7y7§:_g2 = — — @ﬂ-w7§ dw‘
n(@1,u0 12 =0 = T g 1Il§yl Sw o)

z1+Y1 _
1 Y an 1

= ——— ——— 7 (w, §) dw’
_ n—1 S n— 2 ?
(=mn=t 2, 06! e=la—gl2
xr1+Y1

(™) - -

D | o7 - 52 dw.

z1—y1
The properties

@7 (—w, &) = —Pp(w,§),  Dh(m+w,§) =—Po(r —w,§)
give

m—|z1+y1 —7|
Oha(enynli—gf) = | P, (w7 g dw.
lz1—y1]
Note that for x1,y; € (0,7) we have
0<|z1—wy| <7m—l|or+y1 —7| <

By Lemma [4.3] we see that

(29) ¢72rn(w17y17 |j - Q‘Q)

m—|r1+y1—7| ol g (|£ . g|2 + w2)(n+1)/2

< e—lE—1l (7 — w) d
= e w7 w = = w.
|x1§yl| (I =% + vty
We will show that
(30) @3, (z1,y1,1Z — §*)
ol Oa(@)belyn)  m (o= g2

|z = yI* + 0x(21)dx (y1) (lz =yt 7
where 0 (s) = min{s, 7 — s}. Since x1,y1 € (0,7), we have
e—lZ=il £ o—lv—yl
For |z1 — y1| < 7/2 we apply Lemma to obtain
7rf|:B1+y177r|
T ~  ~12\ & _—|z—y|
(252n<1'1,y1,‘$ Z/| )Ae S

|1 —y1|

antl + (|i"—g|2 + w2)(n+1)/2

d
(& — 2+ w?)" v

el TR ity (g g g )02
= w.
2 (=P +w"

lz1—y112
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Then, for |z — y| > 7, we have

(m—|z1+y1—=|)? 1
B3 (1,01, 13 — 7)< e71o7Y S de
21 —y12
_ pmla—y (T 21+ 91 — m))* = (z1 —y1)?
(|17 —g[>)m=b/2 .

Putting & = x1 and B = 7 — y; in Lemma 5.7, we get

_ N2 o2 & Ty (= m) (T — 1)
(m—=|z1+y — 7)) — (21 —p1)” = (-

Together with the condition |z1 — y1| < 7/2 this gives
(31) (7 — |21+ 31— 7))% = (21— y1)? = On(21) 0 (1)
Consequently,

ol y\aflyl(ﬂ'_l’l)(ﬂ'_yl)
|z —g["!

G5 (w1, 1, |E — §I°) =

)

which satisfies under the current assumptions. For |Z — g| < 7w we have

(m—|z1+y1 —=|)?
¢72rn('7517y1a ’j - QP) ; e—\x—y| S

|901*y1

1
(12 = 9> +w)"

‘ 2

— e—lw—y|< 1 S 1 )
(lz =yt (2 =g+ (7 — o1+ y1 —w])?)"!

Now, we use Lemma and to get

o7 (:El n |j*g|2) £ (7T—|331+y1—7r|)2—($1—y1)2 1
B 2 =GP+ (r —|z1+ oy —7)* (lz—yl)
Ox(21)07 (1) 1

)(o

[z =G>+ (7 — |21 +y1 —7])? (lz —y[*)" !

Again, it is comparable with . Since f g = f A g for positive functions f
and g, we put f = |z —y|?, g = (5 (1)dq (yl) and get the desired formula.

Let us now consider the case when |z1 — y1| > 7/2. This implies that
/2 < |x1 —y1| <7 —|r1 +y1 — 7| <7, so we can estimate the variable w
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in by m or by |z — y1|. Thus,

T—|z14+y1—7|

n+1 S =12 2\ (n+1)/2
(32) | wr—w)—= (7 =g +w) duw
(|7 — g* + w?)"
lz1—y1|
7T—|l'1+y1—7r|
< S (m— 11})7Tn+1 + |z — g™ dw
|z — y[n
|z1—y1]

‘I‘—y‘Qn ((‘$1+y1|—ﬂ')2—($+y—ﬂ')2)

sy (m —x)(m—y1) w4 o — gy
(1 +y1)2m — 21 —11) lz —y[

) (e

where the last equivalence follows from Lemma By the assumptions
|1 —y1| > /2 and |2 — g] < 7 we get

/2 <z 4y < 37/2,
/2 <21 —x1 —y1 < 37m/2,
@ =yl < [ = y| + 5x(21)3 (1),

Applying these formulas to we obtain . Since G%W)XR%,l(x,y) =

#%. (1,91, |T — §|?), taking into account Theorem [1.1| completes the estima-
tion of the Poisson kernel Pga(x,y). The estimates of the Green function

GYKW)XR%—I (x,y) imply also

1
L I
T Yn A
—\/2xnyn (cosh p+u) 14(2 h (n+1)/2
y ¢ + (2znyn(coshp+u)) du

Tnt(coshp+ u)+0a(@1)0a(y1) (20 (coshp+ u))™ T

We apply Lemma with p = 2z,yn, ¢ = coshp — 1, r = d4(x1)da(y1),
a=(n—-2)/2,8=(n+1)/2 and vy =n —1 to obtain

e e—lz—yl n/2
G (oy) & € (””)

TnYn Yn
% da(1)0a(y1) 1+ |z — ?J|n+1 .
(lz = yl? + da(x1)da(y1)) | = y["=2 (|2 — y| + cosh p)™/?
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5. Appendix

THEOREM 5.1. Let W (t) = (W1(t), Wa(t)) be a two-dimensional Brow-
nian motion. Then
1 sin 2|x; — y1|
7 cosh 2(zg — ) — cos 2(zy —y1)’
where x € (—m/4,w/4) xR, y € {—7/4,7/4} xR. Forz,y € (—7/4,7/4) xR
we get

P(Vi/w/4,7r/4)><]R(x7 y) =

2 cos 2x1 cos 2y
cosh 2(zo — y2) — cos2(xy —y1) |

1
GKW/&wM)xR(%y) =50 In|1+

Proof. For x € R and y € (—7/4,7/4),

tan(z + iy) sin 2x w sinh 2y (2,1) + iv(z, )
an(zr + iy) = i = u(z iv(z,y).
Y/ = Cosh 2y +cos2x  cosh 2y + cos2x Y Y

This function is a continuous bijection from the set [—7 /4,7 /4] x R onto the
set {(u,v) € R? : u? +v2 <1} — {(0,1), (0, —1)}. For fixed 3o € R we have

1 sinh 2t
t 4414t): 1 = ) 1
{tan(r/4 +it) : £ <o} {cosh 2t + “cosh 2t < yo}

(33) ={u+iv:u>0u*+v*=1,v/u < sinh2yy}
(34) = {e: p € (—7/2, arctan(sinh 2yp))}.

Brownian motion is space-homogeneous, so it is sufficient to consider z =
(x1,0). Since the function tan z is holomorphic on {z € C : |R(z)| < 7/2},
the process Y (£) = (Vi(£), Ya(£)) = (u(Wi(£), Wa(t)), v(Wi (£), Wa(#)) is an-
other Brownian motion with a continuous time-change. Hence, the density

function of Y(T(‘/I—/W/4,7r/4)><R) is the Poisson kernel of the ball B(0,1), which

is well known and given by

1 — |uf?

Y _

PB(O,I)(u7w) - 271_‘” —_ w‘27

where u € B(0,1) and w € 9B(0,1). Denoting 7 := T(‘/l/ﬂ/4,7r/4)><R we get
]P’I(Wl(T) = 7T/4, WQ(T) < t)

B p(ranz:0) (Yi(r) > 0, Yi(7)/Ya(r) < sinh 2t)

arctan(sinh 2t)

1 S 1 — (tanmzp)?
= - SR
27 Iy (tanz; — cos p)? + sin”
arctan(sinh 2t)
b S cos 211
27 1 — cos psin 22

—7/2
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Changing variables according to tan¢ = sinh2u, we obtain Coifso
2 cosh 2u du. Moreover,
1/cos® p = tan? ¢ 4+ 1 = sinh? 2u + 1 = cosh? 2u,
cos ¢ = 1/cosh 2u,
2 cosh 2u du d 2du
= —adu = .
14 sinh? 2u + 1 cosh 2u
Consequently, for y; = 7/4, we have
1 ¢ cos 2x
P(By(78) = /4, Bo(7P) < t) = = .
( 1(77) =7/4, By(r7) ) T 78 cosh 2u — sin 221
¢ .
_ 1 S sin2(y1 — 1) du
m ) cosh2u—cos2(z1 —y1)
The symmetry of Brownian motion gives us, for y; = —7/4,

p(*1,0) (Bl(TB) = —7m/4, BQ(TB) € dt)
= PO (= By (r8) = /4, Ba(7p) € dt)
@) 1 cos(—2x1)

7 cosh 2t — sin(—2x)

1 sin2(x1 — y1)

7 cosh 2t — cos 2(zy —y1)

The Green function GYKW Jax/ 4)XR(1‘, y) is harmonic in the interior of the set

(—m/4,7/4) x R, vanishes at the boundary and its derivative with respect to
the normal vector is equal at the boundary to the Poisson kernel (see [C]).
It is easy to check that the formula given in the theorem satisfies all these
conditions. m

LEMMA 5.2. The function ®%(w,§) defined by has the following

scaling property: ) ¢
w
@%(w’ 5) = an_l @k <7 2> .

Proof. From and ( we obtain

2
_5/ (2t) w + 2ka _ (w + 2ka)
Z \/ﬂt?’ﬂ exp — dt

1 £/ w/a+ 2k (w/a + 2k)?
- 2t/ a —_r @ 7
¢ (S) (27rt)(n*1)/2 Z 2132 exp< 2t/a? dt.

Changing variables t/a? = u ends the proof. m

&y (w,§) =
(S) (27rt)(




48 G. SERAFIN

LEMMA 5.3. There exists ¢ = c(a, 3,7) such that for p,q >0, r >0 and
a>0,>(a+1)/2, v>a+1 we have

§ (1— ) Pttt 14 (p(g+ 1+ w))?
2 plg+1+u)+r (plg+1+u))
c e VPIpTITlger (14 pg)f
(L+7/(pa)) (VPg+q+1)>*!

If r =0, then it is sufficient that v > a.

Proof. Let us denote the integral on the left-hand side of the above
equivalence by Z(p, ¢). The function (1—u?)® is symmetric and non-negative,
and the other two factors under the integral are decreasing. It follows that
the integral over (—1, 1) is smaller than twice the integral over (—1,0). Thus,
using the estimate 1 +u < 1 —u? < 2(1 +u) for u € (—1,0), we get

0 e~ VPatitu) 1 4 (p(g 41+ u))?

p.g) = Sl(l+u)ap(q+1+u)+r (p(g+ 1+ u)

Substituting u 4+ 1 = q[(t + 1)? — 1] = qt(t + 2) with ¢ + 1 +u = q(t + 1)?
and du = 2q(t + 1)dt we get

G “Jiq (t +2))°e VPt 1+ (pa(t + 1)

A =
(35)  Z(p.q) pors (ESE H/(pq) (S e dt,

0

where w(q) = /1+1/¢—1. If w(qg) < 1, then
w(q)

¢ i1 g (L+Dg)? _ it
36 I(p,q) = e VPip g | e VPRIt gt
v g 15 /60) |

e A (1+ pq)®

L+7r/(pg)  (Vpg+1/w(q))tt

The second estimate comes from [BMR) Lemma 12]. For w(q) > 1 we divide
the integral in into 8(1] + S;U(q) =: 1y + I5. Then

)(o

1 B 1 B
R +pQ))Stoc —VFat gy & (1 +pg)

1+7/(pq (T47/(pg))(1 + /pg)>+’

N (GR) 1+ (y/pq(t+1))%°

I = dt
Sl O e e A e VR
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supase (L ) § i
> 1+ T/(pq) | (t + 1)2w—2a—1+2sgnr
e 1
1+7/(pg)
Since 8 > (o + 1)/2, we get I+ I = I;. Combining this with we obtain

dt

I )ge‘mp‘”‘lq"“” (1+ pq)?
PO T ) (e el + Do

Moreover,
1/w(q) =q+vV¢+q +1A1+q,

which ends the proof. =

LEMMA 5.4. Let

o0 o
= Zak$ka g9(z) = Zbkwk
k=0 k=0
forx >0 and ap €R, by >0, k =0,1,2,.... If limg_, ax/b = 1, then

Proof. Fix e > 0. We will show that |f(z)/g(x) — 1| < € for large z. We
have

flz) 1’ _ | Zio(ak — br)z”
g(x) g(x)

By the assumption limy_, o ag /b =1, there exists N € N such that |a /by — 1|
< ¢g/2 for all k > N. Then

> reolar — br)z
g()

Zk o (ar — by
g9(x)

k
< ‘Zk:o ar — bg)z
g(x

'Zk;  br(ag/bp — 1)z*
g9(z)

+e/2.

Since by > 0, the first term in the last expression is less than /2 for large x,
which ends the proof. =

LEMMA 5.5. Let f be a positive and decreasing function on (0,7). For
ue€ (0,7/2) and u < v <,
v v
Sw(ﬂ' —w) f(w) dw = 7T§wf(w) dw.

u u
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Proof. If v < 3n/4, then /4 < m—w < 7 for w € (u,v), and the formula
is clearly true. For v > 37 /4 we have

3m/4 3m/4 3m/4
S wf(w) dw > S wf(fw)dw>g S f(w) dw
u /2 w/2
1 1
>3 S 7rf(w)dw>§ S wf(w) dw,
3mw/4 3m/4
hence
3r/4 1 v
(37) S wf(w)dw > 3 S wf(w) dw.
U 3r/4
It follows that
v 3m/4 3mr/4
Sw(ﬂ'—w)f(w)dw > S w(ﬂ—w)f(w)dw>z7r S wf(w) dw
' 1u 3r/4 3mw/4 '
=37 S wf(w)dw—i-éw S wf(w) dw
3mr/4 v
H éﬂ S wf(w) dw + %ﬂ' S wf(w)dw
u 3r/4
> W%Swf(w) dw.

The opposite inequality is obvious since 7 —w < 7. =
We now recall [MS, Lemma 4].

LEMMA 5.6. We have

1 1 —
ey for all y > x > 0.

LEMMA 5.7. We have
B2 2o af(m—a)(r—pB)
(’O& B| 7T) (Oé—l—ﬁ ﬂ-) - (Oé—i-ﬁ)(Q’/T—Od—ﬁ)

for all o, B € (0,).
Proof. Rewriting the left-hand side we get
(Ja =Bl —7)? = (a+ B —n)*=2n(a+ B — |a— B]) — 4ap
=4(m(a N B) —ap)
=4(a A B)((m —a) A (7 — B)).

In the last step of the proof we use the fact that a A 8 < aofﬁ. "
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