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THE VANISHING OF SELF-EXTENSIONS
OVER n-SYMMETRIC ALGEBRAS OF QUASITILTED TYPE

BY

MACIEJ KARPICZ (Toruri) and MARJU PURIN (Northfield, MN)

Abstract. A ring A satisfies the Generalized Auslander—Reiten Condition (GARC) if
for each A-module M with Ext'(M, M @ A) = 0 for all i > n the projective dimension
of M is at most n. We prove that this condition is satisfied by all n-symmetric algebras
of quasitilted type.

1. Introduction. We study the vanishing of self-extensions of finitely
generated modules over a class of self-injective algebras, namely, the n-sym-
metric algebras of quasitilted type. We show that this family of algebras
satisfies the Generalized Auslander—Reiten Condition.

Recall that a ring A is said to satisfy the Generalized Auslander—Reiten
Condition (GARC) if for each A-module M with Ext!(M,M @ A) = 0
for all 4 > n the projective dimension of M is at most n. The condition
(GARC) generalizes the original Auslander—Reiten Condition (ARC), the case
when n = 0, which dates back to 1975 [2]. We note that in the case of
self-injective algebras, A is an injective module and there are no extensions
against A. The Auslander—Reiten Conjecture, still an open question, asserts
that all artin algebras satisfy the Auslander-Reiten Condition [2]. It is clear
that any algebra satisfying (GARC) also satisfies (ARC), but it is known that
these conditions are not equivalent.

In this paper we prove that (GARC) is satisfied by all n-symmetric alge-
bras of quasitilted type. This is a class of self-injective algebras obtained via
a standard construction from the repetitive algebras of quasitilted algebras.
Every n-symmetric algebra of quasitilted type has the property that v™ =1,
where v denotes the Nakayama automorphism. Our motivation comes from
the following two facts. First, the only known examples of algebras that
do not satisfy (GARC) are self-injective [9, 2I]. Second, the only modules
for which (ARC) can fail are the v-periodic modules [7]. Hence, one wants
a better understanding of (GARC) for self-injective algebras in general and
v-periodic algebras in particular.
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Recently, Erdmann has examined (GARC) for weakly symmetric algebras
with radical cube zero. She has shown that (GARC) is related to the (Fg)
condition of [I0]. In particular, a weakly symmetric radical cube zero al-
gebra does not satisfy (GARC) precisely when it is tame and does not satisfy
(Fg) [9]. We also mention that (GARC) has been studied for symmetric al-
gebras in [8]. However, the study of n-symmetric algebras requires completely
different methods. Finally, the terminology (GARC) originates in the thesis
of Diveris [6].

We now give an outline of the article. In Section 2 we collect some ba-
sic lemmas and preliminary results. In Section 3 we prove the condition
(GARCQ) for n-symmetric algebras of quasitilted type by dividing the task
into two parts. We first prove the claim for n-symmetric algebras of tilted
type in Corollary 3.10 and then for n-symmetric algebras of canonical type
in Corollary 3.12.

2. Preliminaries. In this section we collect some background material
and preliminary results. We assume throughout that all algebras are finite-
dimensional k-algebras over an algebraically closed field k, and all modules
are finitely generated left modules.

We direct our attention to self-injective algebras with the property that
every module is v-periodic. Namely, we study n-symmetric algebras obtained
from repetitive algebras of quasitilted algebras via a standard construction
(see [26]).

Let B be a tilted algebra of type H, where H is a hereditary algebra.
Denote by B the repetitive algebra of B and let vz be its Nakayama au-

tomorphism. Then the self-injective algebra B, = B\/VQ, where n € N, has
the property v = 1, where vp is the induced Nakayama automorphism. For
this reason we call B,, an n-symmetric algebra. Of course, the case n = 1
gives us the usual symmetric algebra. For simplicity, we omit the subscripts
and write v for the Nakayama automorphism in each case. We say that the
self-injective algebra B, is an n-symmetric algebra of tilted type.

A wider class of n-symmetric algebras is formed by the algebras of qua-
sitilted type. We say that an n-symmetric algebra B, is of quasitilted type if it
is obtained via a parallel construction starting with a quasitilted algebra B.
We recall that the class of quasitilted algebras consists of the tilted algebras
along with the quasitilted algebras of canonical type (endomorphism algebras
of tilting objects in hereditary categories whose derived categories coincide
with the derived categories of the canonical algebras [I8]). Accordingly, the
class of n-symmetric algebras of quasitilted type consists of the n-symmetric
algebras of tilted type along with the n-symmetric algebras of canonical type.
For more background and discussion we refer the reader to [26].
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We now collect some useful properties of self-injective algebras and of the
bounded derived category of a hereditary algebra.

2.1. Modules over self-injective algebras. For any two modules M
and N over a self-injective algebra A, we have the following isomorphisms:
(1) Hom 4 (M, N) = Ext}(27'M, N) = Ext}(M, 2N),
where {2 denotes the syzygy operator;

(2) Exty (M, N) = Ext’{ 7 (M, N) = Ext'[? (M, 277 N),
which is the degree shifting property for modules over self-injective algebras;
(3) D Ext} (M, N) = Hom (7' N, M) = Hom (N, 7 M),

where D(—) = Homj(—, k) is the standard duality and 7 denotes the AR
translate. Equation (3) is the Auslander—Reiten formula.

2.2. The bounded derived category D(H). An object in this cate-
gory is a bounded complex over a hereditary algebra H. The morphisms are
obtained by formally inverting all quasi-isomorphisms in the homotopy cat-
egory. The indecomposable objects in DP(H) are the stalk complexes with
indecomposable stalks. For more details on the bounded derived category we
refer the reader to [13].

We now collect some properties of morphisms of DP(H) that become
useful to us later. In what follows, [;] denotes the shift of a complex by
1 degrees.

LEMMA 2.1. Let H be a hereditary algebra and DP(H) the bounded de-
rived category of H-mod. Then for any M, N € H-mod:

(1) Hompp gy (M[i], Ni]) = Hompp gy (M, N) for any i € Z.
(2) Hompp gy (M, N[i]) =0 fori#0,1.

(3) Hompy (M, N[1]) = Exty (M, N).

( ) HOIl'lDb(H)( [O]) == HOIDH(M, N)

3. n-Symmetric algebras of quasitilted type. In this section we
prove that the Generalized Auslander-Reiten Condition (GARC) holds for
all n-symmetric algebras of quasitilted type. The n-symmetric algebras of
quasitilted type consist of two classes: the n-symmetric algebras of tilted
type and the n-symmetric algebras of canonical type. We consider each class
separately.

We begin with a couple of general observations. First, we note that
(GARC) holds for all self-injective algebras of finite representation type. This
is a consequence of the following quick lemma as all non-projective modules
over such algebras have periodic resolutions, that is, 2™M = M for some
integer m > 0.
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LEMMA 3.1. Let M be an (2-periodic module over a self-injective al-
gebra A. Then M satisfies (GARC).

Proof. We have 2™ M = M for some integer m > 0. The properties from
Subsection [2.1] give

Hom 4 (M, M) = Hom 4 (2™ M, M) = Ext{*(M, M).

Then the vanishing condition Ext’(M, M) = 0 for all i > 0 implies that
Hom 4 (M, M) = 0. The latter is only possible when M is a projective mod-
ule. m

More generally, the condition (GARC) holds for all modules over n-sym-
metric algebras that lie in 7-periodic AR components. This follows from the
lemma above since all such modules have periodic resolutions. Namely, the
condition v = 1 combined with 7-periodicity, say 7% = 1 where k € N,
gives us 1 = 77k o= pnk 2nk >~ )2nk that is, we have f2-periodicity. Here we
use the fact that over a self-injective algebra we have 7 = v$2? = %y and
the fact that the Nakayama automorphism v induces the Nakayama functor
on A-mod (see [27, Proposition IV.3.13|). Since 7-periodic and {2-periodic
modules coincide over n-symmetric algebras, we shall refer to them simply
as periodic modules.

In light of these comments, we need only examine (GARC) for modules
that are not periodic over nm-symmetric algebras of infinite representation

type.

3.1. n-Symmetric algebras of tilted type. We proceed to prove that
(GARC) holds for n-symmetric algebras H, = H/v™ that are constructed
from a hereditary algebra H.

The AR quiver of a hereditary algebra is well-understood. If H is of
infinite representation type, there is a unique postprojective component and
a unique preinjective component. All other components are called regular.
If H is of tame representation type, the regular components are tubes, that
is, components of the form ZA../(7%) for some k& > 1 (see [22, Theorem
XI.2.8]). If H is wild, then the regular components are of type ZA~ (see [23,
Theorem VIII.1.6]).

In what follows we need some information about morphisms between
modules in the preinjective component and regular components. Baer [4]
proved the following statement about morphisms between regular modules
over wild hereditary algebras (see also |23, Theorem XVIII.2.6]).

LEMMA 3.2. Let M and N be reqular modules over a wild connected
hereditary algebra H. Then Hompy (M, 7°N) # 0 for all i > 0.

We now turn to the preinjective components. The following lemma is a
consequence of [I, Proposition I1X.5.6].
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LEMMA 3.3. Let H be a hereditary algebra of infinite representation type.
Let M and N be preinjective H-modules. Then Hompg (7'M, N) # 0 for all
1> 0.

We now use the above lemmas to gain information about morphisms
in the derived category DP(H). Recall that if H is of infinite representa-
tion type, then the derived category DP(H) has the following types of AR
components: a transjective component (obtained from the preinjective and
postprojective components of H-mod) and regular components (obtained
from the regular components of H-mod).

PROPOSITION 3.4. Let H be a hereditary algebra of infinite representa-
tion type.

(1) Let M be an indecomposable non-periodic regular object in the derived
category D (H). Then Hompyp gy (M, 7°M) # 0 for all i > 0.
(2) Let M be an indecomposable transjective object in the derived category

DP(H). Then Home(H)(TiM, M) #0 for alli> 0.

Proof. (1) By shifting we may assume that M corresponds to an inde-
composable module over the hereditary algebra H. Since M is not periodic,
H is wild and the result follows immediately from the properties of homo-
morphisms in DP(H) that were recalled in Subsection and Lemma

(2) This follows from a similar argument and Lemma [3.3] =

_ We now examine homomorphisms over the n-symmetric algebra H.
H /v™ obtained from the hereditary algebra H of infinite representation type.

PROPOSITION 3.5. Let M be a non-projective non-periodic module over
the algebra Hy. Then either Homp, (M, M) # 0 for all i > 0, or
Homp, ("M, M) # 0 for all i > 0.

Proof. First observe that modules over the algebra H,, are v"-orbits of
modules over the repetitive algebra H. Given a module M in H -mod, we
also write M for its orbit when viewed as a module over H,.

We employ Happel’s Theorem 4.9 in [13] which shows that there is an
equivalence of triangulated categories DP(H) = H -mod.

There are two cases to consider: when M is regular and when M is
transjective, that is, M corresponds to a regular or transjective object in
DP(H), respectively.

In the first case, when M is regular, the statement Hom g (M, 7°M) # 0
for all ¢ > 0 follows immediately if we show that Hom (M 7' M) # 0 holds
for all 2 > 0. The latter, however, follows from Proposmon 1) combined
with Happel’s Theorem.

Similarly, when M is transjective, the statement Hom g (7'M, M) # 0
for all i > 0 follows from Proposition [3.4/(2). u




104 M. KARPICZ AND M. PURIN

We record the following theorem of Wakamatsu [28§].

THEOREM 3.6. Let B be a tilted algebra from a hereditary algebra H.
Then there is an equivalence of categories F: Bp-mod — H,-mod.

We prove the following general lemma for stable equivalences between
self-injective algebras which we later apply in the setting of n-symmetric
algebras. We note that a stable equivalence between self-injective algebras
preserves representation type [14] [15].

LEMMA 3.7. Let A and I' be two self-injective algebras of infinite repre-
sentation type. Assume S: A-mod — I'-mod is an equivalence of categories.
Then Hom A(M, 74 M) = 0 precisely when Hom r(S(M), -S(M)) = 0.

Proof. We first note that a stable equivalence between self-injective al-
gebras of infinite representation type commutes with the AR translate [3]
Chapter X, Section 1]. We employ this fact along with properties of stable
equivalences to obtain the following sequence of isomorphisms:

Hom r(S(M), 7(S(M))) = Hom p(S(M), S(r(M)))
= Hom (M, 7)(M)).
Thus, Hom 4(M, 74 M) = 0 if and only if Hom r(S(M), 75S(M)) = 0. =

We now return to the study of the n-symmetric algebra B, = B Jv"
where B is obtained via a tilt from a hereditary algebra H.

THEOREM 3.8. Let M be a non-projective non-periodic module over an
n-symmetric algbera B, of tilted type. Then:

(1) If M corresponds to a regular module in H-mod, we have
Exty" ™ (M, M) #0  for all i > 0.
(2) If M corresponds to a non-regular module in H-mod, we have
ExtH’ (M, M) #0  for all i > 0.

Proof. (1) Since B, is a self-injective algebra, 7 = v£22. Moreover, since
B,, is n-symmetric, 7% =2 22" for all integers i. Therefore

Ext7"t1 (M, M) = Extp (2*"M, M) = Extp ("M, M)
>~ DHom g, (M, ™M),

where the last isomorphism is obtained from the AR formula.

Employing Wakamatsu’s Theorem [3.6]along with Lemma [3.7], we see that
Hom g, (M, 71 M) = 0 precisely when Hom 4, (F(M), 7 1F(M)) = 0.
We saw, however, in Proposition that Hom g, (F(M), 7™ F(M)) # 0
for all ¢ > 0, that is, we have ExtBT:erl(M, M) # 0 for all i > 0 as desired.
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(2) The proof is similar. This time we use the isomorphisms
ExtH"(M, M) = Hom g, (2°"" M, M) = Hom g, ("M, M)
and the fact that Hom g, (7™M, M) # 0 for all i > 0 by Proposition . ]

REMARK 3.9. Theorem [3.8 shows that there exist modules over n-sym-
metric algebras of tilted type that have infinitely many non-vanishing self-
extensions in odd degrees, and that there exist modules that have infinitely
many self-extensions in even degrees. Schulz has given an example of a mod-
ule over a self-injective algebra that has vanishing self-extensions in all pos-
itive even degrees [2I]. The trivial extension of this algebra is a symmetric
algebra which also has such a module (see [8, Section 3.9] for details). There-
fore, both of these algebras satisfy (ARC) but fail its generalized version. In
general, it would be interesting to know whether one only needs to check the
vanishing of odd self-extensions to determine the validity of (ARC).

We also note that in the case of symmetric algebras, part (1) of the above
theorem is obtained in the proof of [11, Theorem 9.4].

An immediate corollary is the following result.

COROLLARY 3.10. The Generalized Auslander—Reiten Condition holds
for n-symmetric algebras of tilted type.

3.2. n-Symmetric algebras of canonical type. The n-symmetric
algebras of canonical type consist of the following classes: those of tame
representation type (see [5], [24] and [25]), and of wild type (see [19]). Since
(GARC) holds for periodic AR components, it only remains to consider the
n-symmetric algebras of wild canonical type (see [19]).

THEOREM 3.11. Let A,, be an n-symmetric algebra of wild canonical type
and let M be a non-projective and non-periodic Ay-module. Then we have
Ext3" ™ (M, M) # 0 for all i > 0.

Proof. Geigle and Lenzing [12] have proved that there is an equivalence of
triangulated categories between the derived categories DP(A-mod) of a wild
canonical algebra A and DP(coh(X)) of coherent sheaves on a non-singular
weighted projective curve X of genus g > 1. Note that each coherent sheaf
F € coh(X) splits into a direct sum F = Fy @ F where Fj is a coherent
sheaf of finite length and F' is a vector bundle. The AR quiver of A-modules
over a wild canonical algebra is described in terms of coh(X) in [16, [I7, 20].
Self-injective algebras of wild canonical type have stable AR components of
type ZA and stable tubes [19]. Any non-periodic non-projective module M
over the n-symmetric algebra A,, corresponds to an object in DP(A), which
in turn corresponds to a vector bundle over X. For ease of notation, we call
this vector bundle also M.
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Now, Theorem 10.1 of [17] shows that for a vector bundle M on X, we
have Homy (M, i M) # 0 for i > 0. Since DP(A-mod) = D"(coh(X)), we
obtain

Hompy 4y (M, 7' M) # 0 for all i > 0.

Since A has finite global dimension, Happel’s Theorem 4.9 of [13] gives an
equivalence DP(A) = A-mod. We thus obtain

Hom (M, 7'M) #0 for all i > 0,

where M denotes the corresponding object in A-mod. The latter then trans-
lates to the corresponding statement for non-projective A,-modules, that is,

Hom 4, (M, 7°M) # 0  for all i > 0.

Using once again the isomorphisms from Subsection 2.1 and the fact that
Ay, is n-symmetric, we then arrive at Exti’i’“(M ,M) #0 for all i > 0. =

We note that in the case of symmetric algebras, the above statement
follows from the proof of [I9, Theorem 7.3|.

COROLLARY 3.12. The Generalized Auslander—Reiten Condition holds
for n-symmetric algebras of canonical type.

Combining the results from Section 3 gives us our desired theorem:

THEOREM 3.13. The Generalized Auslander—Reiten Condition holds for
n-symmetric algebras of quasitilted type.
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