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ON THE PRIME FACTORS OF NON-CONGRUENT NUMBERS

LINDSEY REINHOLZ, BLAIR K. SPEARMAN and QIDUAN YANG (Kelowna)

Abstract. We give infinitely many new families of non-congruent numbers where the
first prime factor of each number is of the form 8% 4+ 1 and the rest of the prime factors
have the form 8k + 3. Products of elements in each family are shown to be non-congruent.

1. Introduction. A positive integer n is called congruent if it is equal to
the area of a right triangle with rational sides. Otherwise n is non-congruent.
Equivalently the rank of the associated congruent number elliptic curve

(1.1) y? = z(z? — n?)

is non-zero if and only if n is congruent. An extensive discussion of congruent
numbers and elliptic curves is given by Koblitz [6]. Families of congruent
numbers and non-congruent numbers have been intensively studied. The
classification of these numbers often depends on congruence conditions on
their prime factors combined with values of Legendre symbols relating the
prime factors. For example, a prime number of the form 8k + 3 or a product
of two such primes is non-congruent [3| [10]. These facts may be proved
by utilizing a complete 2-descent to show that the ranks of the associated
congruent number curves are equal to zero. A significant extension of this
idea produced the following theorem of Iskra [5].

ProprosiTION 1.1 (Iskra). Let t be a positive integer and suppose that
D1,-..,pt are distinct primes satisfying p; =3 (mod 8) and (%Z) = —1 for
j <i. Then n =pi---p; is a non-congruent number.

A sequence of primes {p;} that satisfies the conditions of this proposi-
tion has the additional property that any product of primes chosen from
this sequence is non-congruent. We also mention a couple of results by La-
grange that are related to the main theorem in this paper, and involve
non-congruent numbers with two or three prime factors [7]. Lagrange’s non-
congruent numbers have the form n = pg with (g) = —1, or n = pqr with

(%) = — (&), where p =1 (mod 8) and ¢ = r = 3 (mod 8).
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Recently, ideas from graph theory have enabled authors, such as Feng,
to construct new families of non-congruent numbers [2]. One of Feng’s theo-
rems generalizes Lagrange’s non-congruent numbers in the case of two prime
factors. However, in the present paper, we extend the aforementioned non-
congruent numbers of Lagrange to produce infinitely many new families
of non-congruent numbers without appealing to graph theory. Our non-
congruent numbers are different from those of Feng, and we give details on
this after completing the proof of our theorem. These new families have a
property similar to that described immediately following Proposition[L.1] in
that they give rise to a sequence of integers such that any product of them
is non-congruent. Our method of proof makes use of the Monsky matrix in
order to provide an upper bound of zero for the rank of the elliptic curve
. Additionally we require some crucial results from linear algebra. These
are recalled in Section 2. In Section 3 we prove our theorem, which we state
now.

THEOREM 1.2. Let m be a fized positive integer and let t be any integer
satisfying t > m. Let S,, denote the set of positive integers with prime
factorization pqi - - - gz, where p is a prime of the form 8k + 1 and q1, ..., q
are distinct primes of the form 8k + 3 such that

p\ _[-1 ifi=m,

<qz«>_{1 if i #m,

<Qj>:—1 if j < i.
qi

If n € Sy, then n is non-congruent. Moreover, for different m, the sets Sp,
are pairwise disjoint.

and

We note that the sets S;, are non-empty as a consequence of Dirichlet’s
theorem on primes in arithmetic progression, and further, that we can form
sequences

b,q1,q2, ...

of prime numbers satisfying the hypotheses of our theorem. This leads to
the following corollary.

COROLLARY 1.3. Let {p,q1,...,Gm,qm+1,---} be a sequence of prime
numbers satisfying the hypotheses of the previous theorem. Any product of
integers from the set

{p(h o dmy 941 425 - - }

18 mon-congruent.
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2. An upper bound for the rank. In this section we review the
Monsky matrix whose entries are defined modulo 2. In order to bound the
rank of the elliptic curves in our theorem, we need to recall Monsky’s
formula for s(n), the 2-Selmer rank. Background information on this matrix
is available in [I], 9], and in the appendix of [4].

Let n be a square-free positive integer with odd prime factors Py, ..., P;.
We define diagonal ¢ x ¢ matrices D; = [d;] for | € {—2,—1,2} and a square
t X t matrix A = [a;5] by

1if () =1,
and
0 if (%) =1,7#4,
;i = g
! 1if () =1, #1i,
A = Z aij.
jrj#i
Then

9 — rankg, (M,) ifn= P ---P,
(2.1) s(n):{ ranks, (Mo) if n.=Py--- i

2t —rankp,(M,) ifn=2P - P,
where M, and M, are the 2t x 2t matrices
A+ Dy ‘ D, :|

Dy ‘ A+D_,

M, - |

and

~ [ D, |A+D, ]
“ lAT+Dy| D, [
The fundamental inequality that we use is
(2.2) r(n) < s(n),
where r(n) is the rank of (L.1).

Our linear algebra is carried out over the finite field with two elements.
In order to apply Monsky’s formula, we need the following identity for block
determinants; a proof can be found in Meyer [8, p. 475].

PropoSITION 2.1. If A and D are square matrices, then

det ( [A B]) B { det(A)det(D — CA™'B) when A~ exists,
C DJ/) |det(D)det(A —BD'C) when D! exists.
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3. Proofs

Proof of Theorem[1.4. Going directly to the Monsky matrix we have

M, =

M o -« v ... 0 1 0 o0 .- oloo0 0 -+ --- 0

0 1 0 oo vone oo e e olo1 0 - ... 0

01 2 0 -0 cor e e e 0100 1

01 1 3 0

01 1 1 m—-1 0 -0 v - 0

I 1 m+1 0 --- --- 0

o1 1 --- - 1 m+1 0 0

: : t—2 0 |: o0

01 1 -+ - 1 t—=110 -+ «or cov ot e 0 1

0 0 0 cvr ven e e e e 0l10 v .uv .n. 1 0 - .- 0

0 0 oloo o .- ... 0

00 1 01 1 0 - 0
01 1 2 0
01 1 1 m=2 0 -~ v - 0
11 1 «++ «vn m 0 -+ ... 0
o1 1 .- .- 1 m 0 0

0: t—3 0
LO 0 01 1 «-v cor e e 1 t-2]

Note that each block in M, is a t Xt matrix. We start by applying a sequence
of elementary row and column operations on M,. Specifically, we add column
1 to column ¢ + 1 and then subtract column ¢+ (m + 1) from column ¢ + 1.
This is followed by adding row 1 to row ¢ + 1 and then subtracting row
t+ (m+1) from row ¢t + 1. We obtain a matrix M:
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! __
M, =
(1 0 «vv vvne vnn 0 1 0 e e ol 1 0 0 v orr ool o 0 T
0 1 0 cvv vvov en e e e O 0 1 0 «vv cvv cvv ein e 0
01 2 0 cor cor e e e ol o o1
01 1 3 0
01 1 T mel 0 oo oo o 0
11 1 -0 - 1 m+l 0 o oo 0
01 1 v - 1 m+10 0
t—2 0 0
01 1 v .- T b1 0 oo 0 1
10 0 oo oo oo e 0| m —1-o .o 1 1m0 e e 0
0 1 0 vvr ver e e e 01 0 0 0 vv vvr cre e e 0
00 1 0 1 1 0 «or oor e e 0
0 11 2 0
0 11 1 me2 0 oo e 0
1-m 1 1 ... .- 1 m 0 -0 .- 0
111 e 1 m o 0
0 : t—3 0
K 0 1| =1 1 1 v e oo e e 1 t—2)

where I; is the t x ¢ identity matrix,
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100 0 1 0 0
010 - 0
01 2

U = 1eee onn 1 m<+1 0
0 1--- - 1 m+1 0
: 1 m+2 .
: “Lt—=2 0
01 - 1 1 1 t—1
_ Uir U
Uy Uy’
and
[ m —1-1-- .. -1 1-m|0 0 |
0 0 0 -+ .- 0
0 1 1 0
0 1 1 2
V= 0 1 - .- 1 m—-2 0
T 1 eve eee onn 1 m |10 0
B 1 |m o0 0
1m+1°
: : : : .t—=3 0
11 e 1 1 e 1 t—2]

_ Vi1 Vg
Va1 Voo
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The matrix resulting from performing ¢ row interchanges on M/ is
I, V
N = .
v 1)
Note that
det(M,) = det(M)) = (—1)" det(N).
In addition, by the formula for block determinants given in Proposition

det(N) = det ([{; ZD _ det(I,) det(I; — UL V) = det(I, — UV).

Consider
UiV
) [ m —-1-1- - -1 1-—m]
100 - 0 1 0 0O 0 -+ ... 0
01 0 - - 0
0 1 1 0
01 2
= ‘ 0 1 1 2
01--- 1 m—1 0 C
A L oma] 0 1 - - 1 m—2 0
T 1 eev een onn 1 m
[ m+ (1 —m) 0 0 0 (I—=m)+m ]
0 0 O 0 0
0 2 2
= 4 4 6
0 0
m+(m+1)(1-m) x - -+ o x (I—=m)+m(m+1)

Notice that all of the diagonal entries in the matrix U1 V11, except for the
two corner ones, are equal to the product of two consecutive integers, so
they are congruent to 0 modulo 2. Moreover all of the entries of U171 V1,
except for the corner ones, in the first and last row are even, which means
that they are congruent to 0 modulo 2. We note that the entries denoted by
x are of the form

—1+(m—-2)4+(m+1),
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hence are even. We reduce U1 V11 modulo 2 to obtain

1
0 0
U1V = : : : : (mod 2).
0 : : 0
-m?+m+1 0 -~ 0 m?41]

Further reduction modulo 2 yields

[1 0 0 1]
0 0 0
(mod 2) if m is even,
0 0 0
UV = :1 0 0 1:
1 0 01
0 0 0
: . il (mod 2) if m is odd.
0 0 0
10 - 0 0]

Returning to the matrices U and V, we notice that all of the entries in
U2 and V5 are equal to zero. In addition,

1 m+2 . : 1 m+1"
UV =
t—2 0 . t—=3 0
1 S e I T LT ]

This product of lower triangular matrices is lower triangular. Each diago-
nal entry in the matrix U9y Vg is equal to the product of two consecutive
integers, hence is congruent to 0 modulo 2. Therefore,

U U Vi1 V U1 vV 0
L, _UV-1,_ 11 Ur 1 Viz| I, 11 Vi .
Uy U | | Vo1 Voo * U2V
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If m is even then

(00 0 0 10 - 0]
01 0 0
00 1
0 1 0
LL-Uv=|(10 ... ... 0 0/0 --- -+« --. 0| (mod?2)
1 0 0
*
*
0
i * * 1]
and
det(M,) = (1) det(N) = (~1)"det(I; — UV)
0 0 O 0 17
01 0 0
= (—1)"det (:)0 1 . (mod 2).
0 1 0
10 0 0]

Since interchanging rows in a matrix changes the sign of its determinant, by
exchanging the first and last rows, we have

1T 0 --- oo O

0 1 :
det(M,) = —det | [+ -, .. .. =1 (mod 2).

— O
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If m is odd then

00 0 0 10 - 0]
01 0 0
00 1
0 1 0|: :
L-UV=|10 ... ... 0 1/0 -+ -« ... 0| (mod?2)
10 0
*
.
0
i « -t

and

det(M,) = (—1)" det(N) = (=1)" det(I; — UV)

00 0 0 17
01 0 0
. 00 1 .
= (—1)"det : o (mod 2).
0 .10
10 - - 0 1]

Continuing by subtracting the first row of this matrix from the last row
yields

00 0 0 17
01 0 0
00 1 . :
det(M,) = (—=1)"det | |. . (mod 2).
0 o100
10 --- .- 0 0

This matrix is the same as the one we obtained in the case where m was
even. As a result, we conclude that

det(M,) = 1 (mod 2)
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when m is odd. Thus, the matrix M, has full rank for all m, so equations

(2.1) and (2.2]) imply that n is non-congruent.
Next we show that for different m, the sets S, are pairwise disjoint.
Suppose that for some positive integer n, two sets S, and S,, satisfy

n € Sm NSy,

where we may assume that m > m’ > 1. Let 7 denote a permutation of the
prime factors ¢; of n, and suppose that

P qr € Sm and  pr(qr)---7w(q) = pgy - g € Sy
By definition of the sets S,, and S,,/, we deduce that
Gt = G-
As m >m’ > 1, we conclude that

{ar, - am—} S{at, - G a}

is impossible. Therefore, for some integer 7 with 1 < 5 < m — 1, we have

45 € {dmry1> Gnrvas -+ - 41}

/
()1 o (5)--
q; 4j

contradicting the definition of S,,. Thus, the sets S,, and S,,, are distinct.
This completes the proof of Theorem 1.2. =

It follows that

Proof of Corollary[1.3. Let w be a product of integers belonging to the
set

{pa1 - @m, Gmt1,qm+2, - - - }-

If this product does not contain the integer factor pqi - - - ¢, then it is non-
congruent by Proposition [I.1] If it does contain pg - - - g, then Theorem [I.2]
implies that w is a non-congruent number. u

REMARK 3.1. For the purpose of comparison with Feng’s non-congruent
numbers, we note that the prime factorization of these numbers, given in
[2, Theorem 3.1(I)], consists of one prime factor of the form 8k + 3 and
an arbitrary number of prime factors of the form 8k + 1. By contrast, our
non-congruent numbers consist of one prime factor of the form 8k + 1 and
an arbitrary number of prime factors of the form 8k + 3. The only possible
overlap is in the case of exactly two prime factors, which gives precisely the
non-congruent numbers of Lagrange [7].
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