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MAXIMAL FUNCTION IN BEURLING-ORLICZ AND
CENTRAL MORREY-ORLICZ SPACES

BY

LECH MALIGRANDA (Luled) and KATSUO MATSUOKA (Tokyo)

Abstract. We define Beurling—Orlicz spaces, weak Beurling—Orlicz spaces, Herz—
Orlicz spaces, weak Herz—Orlicz spaces, central Morrey—Orlicz spaces and weak central
Morrey—Orlicz spaces. Moreover, the strong-type and weak-type estimates of the Hardy—
Littlewood maximal function on these spaces are investigated.

1. Introduction. Arne Beurling [B] introduced the spaces BP(R"),
which we call the Beurling spaces, together with their preduals AP(R™), the
Beurling algebras (they are, in fact, convolution algebras), and he proved the
duality (AP(R™))* = B (R"), where 1/p + 1/p’ = 1. Then Feichtinger [F]
observed that the spaces BP(R™) can be described by the condition || f||pr =
SUP>o 27 *P|| fxxll, < oo, where o is the characteristic function of the
unit ball {z € R : |z| < 1}, % is the characteristic function of the annulus
{reR": 281 < |z <2} k=1,2,..., and || - ||, is the norm in LP(R™).
Note that this observation is a special case of earlier results of Gilbert [Gi].
In terms of duality the spaces AP(R™) can be described by the condition
I Fllar = 520 257 | fcelly < 0.

Herz [H| further generalized AP(R™) and BP(R™) by defining the spaces
K, ,(R") depending on a € R and 0 < p,q < oo:

KpyR™) = {f € Ll .(R™) : | fllg, = I{2** I/ xkllpHlaogoy) < oo}
they are called non-homogeneous Herz spaces. In 1989 Garcia-Cuerva [Gal,
Proposition 1.2] showed that f € BP(R™) if and only if

1 ! rar) "
) i?f(wmér'f(x)' ) <o

where B, is the ball with center at 0 and radius r > 0, and the quantity
is equivalent to the norm || f||g» (see also [CL] for the one-dimensional case).
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The homogeneous Herz and Beurling spaces are defined as
K5 (R") = {f € LE, (R™) : [Ifll g, = I{2" 1 xkllpHliagzy < o0}

and
B = {1 € L) e =10 157 | E paz) <o)

The classical Morrey spaces M, P(R™) were mtroduced in 1938 by Morrey
[Mo]. In today’s language, these spaces consist of all functions f € L} (R™)
such that

1/p
Iy = sup (B(1A g |f(a:)|pda:> <o

z0€R™, r>0 xOvT)| B(zo,r)

where B(zg,r) denotes the ball with center at xgp € R™ and radius r > 0.
Note that if the supremum is taken over all sets of measure < ¢, then we

)

get the p-convexifications of the Marcinkiewicz spaces Ml(zi )\ on (0, 00) which
consist of all Lebesgue measurable functions f such that
1/p 1 r
— p - il WA
1, = IWPIRE = s () o as) <o

(cf. [KPS| pp. 112-114], [M1l p. 164]). There are also the local Morrey spaces
LM} (R™, z0) at any fixed 29 € R™ (cf. [BG]) and the non-homogeneous
central Morrey spaces BP*(R™), which were first introduced in [ALG] as

(2) BPAR")
1/p
{felex ") f Nl = sup<‘B‘A§|f( )|pd:z:> <oo}.

Note that the homogeneous central Morrey spaces BpA (R™), i.e., when the
supremum in l) is taken over all » > 0, are LMf (R™,0), the special cases
of local Morrey spaces.

Chiarenza and Frasca [CE] proved that if f € M} (R™), then the max-
imal function M f is finite almost everywhere, the strong-type estimate
HMf||Mp < Hf||Mp holds if p > 1 and 0 < X < 1, and for p =1 a weak-type
estimate is also valid. The results on boundedness of the Hardy—Littewood
maximal operator in the local and global Morrey-type spaces LM ?(R™) and
GMEY(R™), respectively, were investigated by Burenkov and Guliyev [BG].

We remark that the special case of the global Morrey—Orlicz spaces was
investigated by Nakai [NI]-[N3] and Sawano, Sugano and Tanaka [SST].

In this paper we combine basic definitions from the theory of Orlicz spaces
with the Beurling and local Morrey constructions and introduce Beurling—
Orlicz spaces, central Morrey—Orlicz spaces, weak Beurling—Orlicz spaces,
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weak central Morrey—Orlicz spaces and their homogeneous versions. We also
study some relations between them and their relations to some Herz—Orlicz
spaces. Furthermore, the boundedness of the Hardy—Littlewood maximal
operator between these spaces is proved as extension of the previous results.
Related results between weak-type spaces are also investigated.

2. Beurling—Orlicz spaces B*(R") and B?(R"). We start by giving
necessary definitions. For a measurable set A C R™ we denote its Lebesgue
measure by |A| and its characteristic function by ya. Recall that B(x,r)
denotes the open ball with center at * € R™ and radius r» > 0, that is,
{y € R" : |z —y| < r}, and let B, = B(0,r). Moreover, for k € Z, let
Cr = By \ Bgr—1, and for k € N, let P, = C; and Py = Bj. For two
Banach or quasi-Banach spaces X and Y the symbol X g Y means that the
embedding X C Y is continuous with norm at most C, i.e., || f|lyv < C|fllx

for all f € X. When X & ¥ holds with some (unknown) constant C' > 0,
we simply write X < Y. Furthermore, X = Y means that the spaces are
the same and the norms are equivalent.

We also need the definition of Orlicz spaces on R, of weak Orlicz spaces
on R™ and some of their properties to be used later on (see [M1] for details).

A function @ : [0,00) — [0, 00) is called an Orlicz function if it is an in-
creasing, continuous and convex function with ¢(0) = 0. Each such function
@ has an integral representation

(3) b(u) = | p(s) ds,

where p is a non-decreasing right-continuous function. Here, &' (u) = p(u)
a.e. on (0,00).

If we want to include in the Orlicz spaces, for example, L>(R"™) and
LP(R™) N L*®(R™), we need to consider the so-called Young functions.
A Young function is a non-decreasing convex function @ : [0,00) — [0, 0]
with lim, 40 @(u) = ¢(0) = 0, and not identically 0 or oo in (0, 00). It may
have a jump to oo at some point v > 0, but then it should be left-continuous
at u.

For any Young function @ the Orlicz space L? (R™) consists of all classes of
Lebesgue measurable real functions on R" such that {5, @(e|f(z)|) dz < oo
for some € = e(f) > 0 with the Luzemburg—Nakano norm

[Fllze = Il ey = inf{e > 02 § @(f(@)l/e) do <1}
R
it is a Banach space (cf. [M2], pp. 125-127]).
The fundamental function of the Orlicz space L?(R™) is

oro(t) = Ixall L@y = X, a1l L2 0,00y = 1/ (1/1),
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where |A| = t and ®~! is the right-continuous inverse of @ defined by
&~ (v) = inf{u > 0: &(u) > v} with inf ) = oo.

The weak Orlicz space W LT(R™) generated by the Young function & is
a space larger than L?(R"), determined by the quasi-norm

[ fllwre = inf{a > 0:supP(u/e)dys(u) < 1},
u>0

where d(u) = [{x € R" : |f(z)| > u}|. In fact, if f € L?(R"), then for any
e > ||f|lLe and arbitrary u > 0, we have

1> [ (f@l/e)dz> | (f(@)l/e)dr = Blu/e)ds(u),

Rn {aeRr: | f ()| >u}

and so f € WL?(R") with || f|ly e < e. Hence, LZ(R") 2 W L?(R™). Also
we remark that

| fllw e = suptppe(dy(t)) = sup e (t) f*(1),
t>0 t>0

where f* is the non-increasing rearrangement of f. Therefore, W L®(R")
given by the last quasi-norm is also the Marcinkiewicz space M;L » (R™) (cf.
[O} Section 9] and [M3], Part 4.1.2]).

To each Young function @ one can associate another convex function @*,
i.e., the complementary function to &, which is defined by

&*(v) = sup [uv — @(u)] for v > 0.
u>0

Then @* is also a Young function and &** = @. Note that

u < O Hu)d*H(u) < 2u  for all u > 0.

We say that a Young function @ satisfies the As-condition, and we write
@ € Ag, if 0 < &(u) < oo for u > 0 and there exists a constant C' > 1 such
that ¢(2u) < CP(u) for all u > 0.

Sometimes in the investigations of Orlicz spaces or spaces based on Orlicz
spaces, it is enough to consider only the case of Orlicz functions, because
the first author proved that for any Young function @ there is an Orlicz
function ¥ such that one of the four cases holds: L = LY, L? = LY N L™,
L? =LY + L™ and L? = L™ (see [M1], Theorem 12.4]).

Now, we are ready to define the non-homogeneous and the homogeneous
Beurling—Orlicz and weak Beurling—Orlicz spaces. For any Young function
@ and a set A C R™ with 0 < |A| < oo, let

||f|!qu—mf{s>0 |A|§ (|f(x )|/5)dx§1},

1
| flle,4,00 = inf{s >0: sup@(u/e)m Ay, (u) < 1}.

u>0
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Then the non-homogeneous Beurling-Orlicz space B®(R™) and the non-
homogeneous weak Beurling-Orlicz space W B®(R™) are defined by

(4)  B*R") = {J € Lixo(R") : | fll 5= = 5w | f o, < o0},
r>1
() WBPR") = {] € Lbe®") : | flwpe = sup | flla.p,.00 < 00}

If in and the supremums are taken over all r > 0, then we have the
definitions of the homogeneous Beurling—Orlicz space B®(R™) and the homo-
geneous weak Beurling—Orlicz space W B®(R™). In particular, for @(u) =uP,
1 < p < o0, these spaces are the classical spaces BP(R"), W BP(R"), BP(R")
and WBP(R™) (cf. [CLI, [F], |Gal] and [Ma]).
Note that since L?(R™) < W L?(R"™), we obviously have B?(R") <

WB?(R") and B®(R") = WB?(R"). It is also easy to prove that
11

Y p

. o-1(1) .
B?(R™) ®") and B*R™ ‘Y B(®Y).
In fact, if f € B®(R") and ||f||ge < 1, then ||f|le.s, < 1 for any r > 1.
1

Therefore, B SBT @(‘{fg') dr < 1 for any r > 1 and any € > 0. Then, by

the Jensen inequality, we obtain
1 1
@( — | |if($)| dz) <57 @('{(x”)dx <1,
| T|BT te | T|BT te
and so ﬁ Vg, [f(@)|dz < (1+ g)® (1) for any » > 1 and any e >‘07 ie.,
f € BYR") and ||f||g1 < @ !(1). The proof of the embedding for B?(R")
is the same.

We can also describe the above spaces as some non-homogeneous and ho-
mogeneous Herz—Orlicz and weak Herz—Orlicz spaces in the way Feichtinger
[E] did for BP(R™) and BP(R"™).

PROPOSITION 1. Let @ be an Orlicz function. Then with equivalent norms
the following hold:

i)  BT(R") =Ko (R")

= {7 € Loe®): Ifllicy = sup  Iflla.m < oo},

kENU{0}

(i) WB?(R") = WKg »(R")
={ € Lbe®) | flwron = sup I/
keNu{0}
(iii)  B?(R") = Kg oo(R")

={f € Lhe®) < 1l ., =sup F 20, < oo}
’ €

&, P00 < OO},
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(iv) WB?(R") = WKg (R")
— {1 € Lhe®) s Iflly iy . =598 e < -
’ keZ

Proof. (i) Let f € Kg o(R™). Taking r > 1 we can find k € NU{0} such

that 28=1 < r < 2% Then
|f(z)] > < |f(z) ) - < )

S| —————— ) d ] d

BST < "= 111K Z; ]_5, 17llep, )

[FAlrow.

U e—

Il
=)

J

< ) IPjl = [Bor| < |Bar| = 27| By .

M-

<
I
o

Therefore, by the convexity of &, we obtain
1
S 45( n\f(x)\ )dxg 1
B )\ 2l
which implies that

1fllge = sup | flle,B, < 2" fllKs 0
r>1

On the other hand, if f € B®(R"), then for any k € NU {0} we have
271
S @<\f(x)!>dx§ S ¢<‘f($)> dr < |By| = 5|yl
Vs )= )2\
k ok

| flle, B,

Thus, for C' = 23721 > 1, again by the convexity of @, we obtain

uik'w(m )'Hfug)d <1,

which gives || fllrs ., < Cllflpe <2[fllpe-

(i) Let f € WKg o (R™). For r > 1 there exists k € NU {0} such that

2k—1 « p < 2% Then
{xEP M >u}

{m B [ H qu TFllw o

e
k
<y

J=0

P(u)

u){xGP @l )| >u}‘g2|19j|:|32k|32”13r|.

3> =0

Therefore, by the convexity of @, we obtain

{ € B, m>u}‘§1,

2’”LIIfIIWKQsoo

which implies that

< 2" fllw ko

1fllw s
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On the other hand, if f € WB®(R"), then for any k£ € NU {0},

< |By| = 5|l = CIB|.
Thus,
| @)
PR { €0 e e “} =t

and 50 || fllwks o < Cllfllwpe < 2| fllwpe. The proofs of (iii) and (iv) are
the same as those of (i) and (ii), respectively. m

REMARK 2. We can prove in the same way as in Proposition [I] that
B?(R") = Kj o (R")
1
= {f € Lige®R™) : I fllxz = sup [ fllg p, e < 00}7
' keNu{0}

where

1 llg,py 0 = inf{e > 02275 § (| f ()| /e) do < 1},

Py

and | fllk; < [Bil[|fllge < %”fHK%oo' Similar results are true for the
other three cases.

3. Central Morrey—Orlicz spaces B®*(R") and B®*(R"). For an
Orlicz function @, and numbers A € R and r > 0, let || f||a x B, denote the
A-central mean Luzemburg—Nakano norm of f on B, defined by

1flexs, = inf{s >0: |Blr|A | o(f(2)|/e) d < 1},

B

and the corresponding (smaller) weak A-central mean Luzemburg—Nakano
norm || f|le.x B, is defined by

| fllorB, .00 = inf{s > 0:sup @(u) o dfxs,,cu) < 1}.
u>0 ’Br|

Then using these notions we can define the non-homogeneous central Morrey—
Orlicz space B®*(R™) and the non-homogeneous weak central Morrey—Orlicz
space W B®A(R™):

©)  BMEY = {7 € Lh(®): | fllges = sup | fllappr < o0},

(7) WBQ)\(Rn) = {f € Llloc(Rn) : HfHWBQ)‘ = Slill) ||f||45,/\,Br,oo < OO}
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If in @ and (| . ) the supremums are taken over all » > 0, then we have the
definitions of the homogeneous central Morrey-Orlicz space B**(R™) and
the homogeneous weak central Morrey-Orlicz space W B® AR").

REMARK 3. Clearly B®0(R") = B®O(R") = L?(R"), WB®O(R") =
WB?0(R") =W L?(R") and B! (R") = B¥(R"), W B®!(R") =W B?(R").
The last two equalities also hold for the homogeneous cases. In particu-
lar, if &(u) = uP, 1 < p < oo, and A € R, then BPNR") = BPAR")
and WB?MR") = WBPAR"), where WBPAR") = {f € LT (R") :
1fllwppr < oo} with

1/p
HfHWBm:supsupu( 1 wen,: \<x>\>u}\)
r>1 ‘B ’

is the non-homogeneous weak central Morrey space. The same properties hold
for the homogeneous cases, using WBPAR™) = {f € L} (R") : Nl o
< oo} with

1/p
vt = supsup(prlte € B 51| > ul)

r>0 u>0

which is the homogeneous weak central Morrey space. For W BPA(R™) and
W BPAR™), see [KMNS].

Note that since LQ(R") = WL?(R"), for any Orlicz function @ and
A € R we have B®*(R") = W B2 R™) and B®*(R™) L wB® ARM).

4. Boundedness of the Hardy—-Littlewood maximal function on
BPXR") and B®*(R"). The HardyLittlewood mazimal function M f of
feLL.(R") at z € R" is defined by

M (@) = sup 1z V1r @)l dy,

IB\

where the supremum is taken over all open balls B C R"™ containing z.
A sublinear operator M sending f to M f is also called the Hardy—Littlewood
mazimal operator.

The following modular strong-type and weak-type inequalities concerning
the Hardy- Littlewood maximal operator M hold on the Orlicz space LT (R™).

THEOREM 4. Let M be the Hardy—-Littlewood mazimal operator and @ be
an Orlicz function.

(i) @* € Ag if and only if there exists a constant Cy > 1 such that
(8) | oM f(x)/Cr)dz < | (| f(2)]) do
R™ R
provided that the right side of inequality 1s finite.
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(ii) There exists a constant Cy > 1 such that

(9) sup @(u)[{z € R" : M f(2)/Cy > u}| < | &(|f(x)]) da

u>0 n
provided that the right side of inequality @D is finite.
In order to prove (ii) of Theorem 4| we need the following lemma.
LEMMA 5. If @ is an Orlicz function and M f(z) < oo for x € R™, then
P(Mf(z)) < MO(|f])(x) for x € R™

Proof. Let x € R™ and suppose M f(z) < oo. Then, for any 0 < € < 1,
there exists a ball By C R" such that By > z and

Mfla) < {171+
[Bol
Further, for an Orlicz function @, by the representation ,
u-+€ u u-+¢
D(u+e)= S p(s)ds = Sp(s) ds + S p(s)ds < P(u) +plu+e)e.
0 0 u

Consequently, by the Jensen inequality we obtain

S(Mf(x)) < (.15<| |dy+6>

S
gdi(‘ BS |dy> < g dy—i—s)a

< g } Pyt 04 1(0) 1)

< M@(!f\ () + p(M f(z) + 1e.
Since € > 0 was arbitrary, this shows (M f(z)) < MP(|f|)(z). =

Proof of Theorem |4 I ) The strong-type estimate for the maximal func-
tion on [0, 1] was proved already by Lorentz |LL Theorem 4| and also by
Shimogaki [Sl Theorem 3|, who has the result even for rearrangement invari-
ant spaces on [0,1] with the Fatou property (cf. also [KPSl Theorem 6.6,
p. 138]). The modular estimate for the maximal function on R™ with the
restriction on @ to be the so-called N-function was found by Gallardo |G,
Theorem 2.1|. The modular estimate for an Orlicz function ¢ was presented
by Krbec and Kokilashvili [KK| Theorem 1.2.1] with some constant C' > 1
inside and outside of the integral on the right side of .

Now, we give a direct proof of . First of all, if {5, ®(|f(x)]) dx < oo,
then ||f||re < 1 and so we get M f(x) < oo for almost all z € R", be-
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cause L?(R") — LY(R™) + L>®(R") (cf. [M1, Theorem 12.1c|) and L'(R™)
+ L®(R") C {f € LL.(R") : M f < 0o a.e. in R"} (cf. [FK| Theorem 2.2|)
hold.

Second, it is well-known that the maximal operator M is of weak-type
(1,1) (this was proved in 1939 independently by Wiener [W| and Marcinkie-
wicz—Zygmund—see [M3, Theorem 15, p. 196]), that is, there exists a con-
stant C3 > 1 such that

(10) sup A{w € R" : M f(2) > A} < Cs | [f(x)|dz
for any f € L'(R"). Also Grafakos [Gr, Theorem 2.1.6] proved with the

constant C3 being at most 3". Further, Wiener [W] observed the validity of
a stronger inequality,

(1) Az eR':Mf@@)>A <205 | f(2)|da
{zeR™: |f(z)[>A/2}
for any f € L'(R"™), which is called the Wiener inequality (cf. [AKMP),
pp. 109 and 118]). In fact, |f| = g + h, where g = |f|x{f<x/2} and h =
| FIX{if1>a/2y- Then Mf < Mg+ Mh < \/2+ Mh and
{Mf>ACc{Mg>A2U{Mh > \/2}.
Thus, by , we have
Az € R" : M f(z) > A} < A[{z € R" : Mh(z) > \/2}|
<203 | |h(z)| dz = 2C3 | |f (x)] de.
R™ {zeR™:|f(x)[>A/2}
Without loss of generality we can assume that an Orlicz function @ is dif-
ferentiable on (0, 00). Otherwise we consider the equivalent Orlicz function
Py (u) = §;, @ dt with this property, for which
¢ Dt (Dt
D(u/2) < S 7(5)dt < S i)dt =& (u) < P(u) for all u> 0.
u/2 0
Using twice the Fubini theorem and the Wiener inequality we obtain
| (M f(2)de= | &' (N)|{z e R" : Mf(z) > A} dA
R 0

IN

X 5/
20 | QSS) ( g f(@)] dr) dx
0 fwemn: 1 ()|>A/2)

2f(@)| _,
— 204 | |f(a:)\( | 459) d/\> dz.
0

R
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The complementary function @* satisfies the As-condition if and only if
there exists a constant p > 1 such that p@(u) < ud’(u) for all u > 0 (cf.
IKRL Theorem 4.3|) and the latter is equivalent to uP®(u) being increasing
on (0,00) because [%], = %. Thus, using integration by parts
and the above fact, we obtain

§ @/9) dx < @SL) + 1§ i(?) d\ = @S‘) + SL @A(i) AP=2 g\
0 0 0

< b(u) n d(u) uP~! _ P @(u)

T wu w p—1 p—1 wu

Therefore,

b 2Rl
§ 201 e <20, § 17612 = i

oy L
p

P} ol @) ds

R
and for C > 203% by the convexity of & we obtain
| &(Mf(2)/C)dz < | &(|f(2)]) da,
Rn Rn
which means that estimate holds with C; > 2C3 1%, where p = p(®P).

If holds and 0 # f € L?, then since {p, D(|f(2)|/||f|ze)dz < 1,
estimate means that

M [l < Cillfllpe  for any f e L.
In particular,
(&) [Mxallze < Cillxallze  for any 0 < [A] < oco.

Taking in (8') A = B, with r = (ajuv)~/", where a, = |B,|, v > 0 and
v>1, we get
1 1 1 1

e Nlr = G575,y = ST/ BY) ~ i) S w0

On the other hand, if z ¢ B, then B, C B(x,2|z|) since for y € B, we
have

|z =yl < |z + [yl <[] +r < 2zl

and

1 |B(x,2|z|) N By < r >n
Mxp,(v) 2 7 xB,(y) dy = = .
2002 e, b 0= 5 2l
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—1/n

For g = &*~!(u)xp, with s = (aju) we obtain

| *(lg(x)]) dz = u|By| = us"|B| = 1.
R"
Since the Luxemburg-Nakano norm is equivalent to the Orlicz norm
14190 = sup{ | IF(@)ge) de: § #*(lg()])dr < 1}
R" R™
(more precisely, || f| e < || f1% < 2||f]|pe—cf. [KR] or [MI]), it follows that

HMXB,.HOqu = sup{ S |Mxp, (z)g(x)|d : S D*(|g(z)]) dz < 1}
R™ Rn

> & (u) S Mxp, (x)dz > &* 1 (u) S (T>ndaz

2|
Bs B,\B,

Pt 1

= 2”a1$;) S de (using spherical coordinates)

<|z|<s

&*1(u) &*1(u)

= In- = 1
2" a1 uv nan r AT no

Hence, (8') implies that
¢ (u)

1
Inv < 20] — & Huw) foru>0and v > 1.
2nyv uv

Thus, taking v = exp(C;-2"+?) we obtain 2¢* 71 (u) < &*~(uexp(Cy-2"12))
for u > 0 or &*(2t) < exp(Cy -2"+2) &*(¢) for every t > 0, and so * satisfies
the As-condition.

(ii) By applying Lemma [5] and estimate (L0)), it follows for v > 0, C3 > 1
and &(|f]) € L'(R™) that

O(u){r e R" : M f(x) > Cyu}|
= P(u){z € R" : (M f(z)) > P(C3u)}|
= O(u){z € R" : MO(|f|)(x) > P(Csu)}|
@(U)Cg
< B(Cs 1) RSH O(|f(z)]) dx < RSH O(|f(x)]) de,
and so @ is proved with Cy = C3. =

Using Theorem [4] we can show the following strong-type and weak-type
estimates for the Hardy—-Littlewood maximal operator M on the spaces
BPM(R") and B®*(R™), which include the estimates on B®(R") and B®(R"),
respectively, i.e., the cases of A = 1.

THEOREM 6. Let M be the Hardy—Littlewood mazximal operator, ® be an
Orlicz function and 0 < X < 1.
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IN

(i) If &* € Ay, then M is bounded on B@’)‘(R"), that is, ||M f|| go.»
Cullfllges for all f € BPAR™) with Cy < 2max(C12™,4™).

(ii) M is bounded from B®*(R™) to W B R™), that is, | M f||y ges
Cs||f|| gex for all f € BPNR™) with Cs < 4 - 6".

IN

The same conclusions hold for homogeneous spaces B@’)‘(R").

Proof. (i) Let r > 1 and = € B,. Then

1
Mf(z) < sup VIfw)ldy+  sup S y)ldy
2€BCB,, | B v€B\Bay 0 | B 5

= MW f(z)+ M f(x).

Now, since @* € Ay, there exists a constant C; > 1 such that the strong-
type modular inequality holds. Moreover, for the ball B with radius
ro > 0 satisfying BN B, # ( and B\ By, # () denote by B|, the smallest ball
centered at 0 and containing B. Then Bj, C Byiay,, r < 21, and so

Byl < |Braary| = (r+ 2r0)"|Bu| < (4r0)"|Bi| = 4"r5| Ba| = 47| B|.
Therefore, for C' = max(Cy 2™*,4") and 0 # f € B**(R") we have

Mf(z) )
2\ | ——7+——1)d
f; <2C||f||3¢,x ’

MO f(z) + M<2>f<x>>
2\ @ d
= < 2l v

PSS PIELICNY
(0||f||3m ) G )

)
(2) )d <M<2>f<x>>d
ng (ogwnanm “BST@ [ fllgen )

=11 + 5.

First, we estimate ;. Since M f(z) < M(fxp,,)(z) for € B,, it
follows from the strong-type modular inequality , definition of B®*(R"™)
and 0 < \ <1 that

I < QTQS(M(fXBzr)(fU))dx Sﬂgngp(’f(fﬁ)b(mr(fﬂ)) e

Cr2M f1l pon 27| f1l pon

_ |f(z)] >d 1 < |f(z)] >d
BSQT¢<2n’\||f”BM xSQ"A BS%@ | fll@,x, Bo, !

(| B2 /2" = | B, M

IN
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Next, we estimate I5. From Lemmal5] the Jensen inequality, the definition
of BPA(R™) and 0 < A < 1 it follows that

Bel (s 22 rB\S'ﬂ idy) i

B®X Bl>3z
1
e L § L)
3 52 P\IB ) Tfles

IN

1 fly
) s i S¢<H|fu( ! )dyd””
B, B3z 120 B, B a

1 fly
) s i 5¢<r\}u( ! >dyd”’”
B, Bydw 10l 5 ®\,B),
< \B(/]|)‘71]B7~] < |BT|A71‘BT‘ = ’BT|)\-

Putting together the above estimates we obtain

(Yo

IN

0

20| £l pon

and so
M fllgen < 2C| fllen,

where C' = max(Cj - 2™, 4™).

(ii) If @ is an Orlicz function, then there exists a constant Cy > 1 such
that the weak-type modular inequality @ holds. Moreover, for any r > 1,
C = max(C92™,4") and 0 # f € B**(R") we have

20(u ){IEB mw}'
< &(2u) {IGB mw}’
< &(2u) {:rGB 4()||?ﬁi>g}
2 U
+ B(2u) {»’UEB m>2”
< &(2u) {:ceB 40227:@(”;“;;}‘
+ &(2u) {xGB m>g}l

=: I3+ 1.
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To estimate I3 and Iy we will apply the same argument as in (i). First,
from the weak-type modular inequality @ it follows that

. M(fx,,)(@) UH
{x © O AN e 2

|f<x>|><32r<:c>> \
Ol ———" | d B,|".
=) <2mufHB¢,x @ |5l

Second, from Lemma [5] the Jensen inequality and 0 < A < 1 we obtain

1 1 u
Iy <PQ2u)|sz € By : Sup —; S |f(y)|dy > =
om0 1551 ) 2
0
1 1
<o sw g § 150N dy) - 5]
TTomr 1B )
0
<imie(sup g | 7 )
Bj>z 0 B} B®:A
<15 s o Lo ) ay < i 1B < 1B
B{)EIE 0 B! B?,A

Putting the above estimates together we get

Mf(x) }‘ A
t€eEB, . ———— >u,|l <|B,
{ 1l e 1Bl

for all u > 0. Therefore, ||M f||a 1B, 00 < 4C| f|ge.» and
M fllwpen < AC| fllpeas,

where C' = max(C22™,4") < max (372"}, 4") < 6.
The proofs of the boundedness estimates in B®*(R™) are the same as
above. =

P(u)

Theorem [6], when \ = 1, gives the following strong-type and weak-type
estimates on B?(R") and B®(R").

COROLLARY 7. Let M be the Hardy—Littlewood mazimal operator and @
be an Orlicz function.

(i) If &* € Ag, then M is bounded on B®(R™), that is, |[Mf| ge <
Collfllgs for all f € BPR") with C¢ < 2max(C12",4") =
2" max(Cy, 27).

(ii) M is bounded from B®(R™) to WB?(R"), that is, |Mf|w pe
Csllf |l g for all f € B(R™) with Cs < 4- 6",

IN

The same conclusions hold for homogeneous spaces Bq}(Rn).
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We think that the condition * € Ay in (i) of Theorem [] is necessary,
but we do not have the proof.
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