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LARGE FREE SUBGROUPS OF AUTOMORPHISM GROUPS OF
ULTRAHOMOGENEOUS SPACES

BY

SZYMON GLAB and FILIP STROBIN (Lo6dz)

Abstract. We consider the following notion of largeness for subgroups of So. A group
G is large if it contains a free subgroup on ¢ generators. We give a necessary condition
for a countable structure A to have a large group Aut(A) of automorphisms. It turns out
that any countable free subgroup of S can be extended to a large free subgroup of S,
and, under Martin’s Axiom, any free subgroup of S of cardinality less than ¢ can also
be extended to a large free subgroup of S.. Finally, if G,, are countable groups, then
either [],, .y Gn is large, or it does not contain any free subgroup on uncountably many
generators.

1. Introduction. In this paper we study properties of the automor-
phism group Aut(A) of an ultragomogeneous countable structure A. An
ultrahomogeneous structure A can be seen as the Fraissé limit of its Fraissé
class, that is, the class K of all finitely generated substructures of A. A Fraissé
class has three properties: the hereditary property, the joint embedding prop-
erty, and the amalgamation property. (For details see [H].) Some connections
between properties of the Fraissé classes K and the automorphism groups of
their Fraissé limits are given for example in [KPT], [KS].

We are going to search for large free subgroups of Aut(A), for count-
able structures A. Macpherson [M1] showed that if A is w-categorical, then
Aut(A) contains a dense free subgroup of rank w, and the automorphism
group of the random graph contains a dense free subgroup on two gener-
ators. Cameron [C, p. 84| proved that every closed oligomorphic subgroup
of Soo contains Aut(Q, <), and the latter group contains a free subgroup
of rank continuum. Melles and Shelah [MS| proved that if A is a saturated
model of a complete theory 7" with |A| = A > |T'|, then Aut(A) has a dense
free subgroup of cardinality 2*. Gartside and Knight [GK] showed that if
A is w-categorical and K, = {(g1,...,9n) € Aut(4)" : ¢g1,...,9n are free
generators}, then K, is comeager in Aut(A)" for every n. Some other re-
sults of this sort can be found in the survey paper [M2]. It was proved by
Shelah [Shi] that Aut(A) cannot be a free uncountable group when A is a
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countable structure. Recently, Shelah [Sh2| proved that even no uncountable
Polish group can be free.

Let (A,C,F,R) be a countable structure where C stands for the set of
all constants, F for the set of functions and R for the set of relations. We
will use one symbol A for both a structure and its underlying set. Recall
that a structure A is ultrahomogeneous if every embedding of a finitely gen-
erated substructure can be extended to an automorphism of A. We denote
by gen(X) the substructure of A generated by X, i.e., the intersection of
all substructures containing X. In particular, gen(()) = gen(C). Let Aut(A)
denote the group of all automorphisms of A. Since A is countable, Aut(A)
is isomorphic to a closed subgroup of the group S of all permutations
of N. With the topology inherited from S, Aut(A) is a topological group.
If By, By C A are finitely generated substructures and g : By — Bs is an iso-
morphism, then g will be called a partial isomorphism. The set of all partial
isomorphisms of A will be denoted by Part(A).

We denote by P the set of all pairs (n,p) where p : {0,1}" — Part(A)
and dom(p(s)) is an n-element substructure of A for every s € {0,1}". The
set P is ordered in the following way: (n,p) < (k, q) if and only if £ < n and
q(t) C p(s) (i-e., p(s) extends ¢(t)) provided t < s (i.e., s is an extension
of t). We will show that, under some reasonable assumption on A, the generic
filter G on P produces a family of ¢ free generators in Aut(A). Note that the
poset P is countable, and therefore it has the countable chain property. In
Section [2] we will use the Rasiowa—Sikorski lemma to get a generic filter G
that intersects countably many dense subsets of P. In this way we will infer
that Aut(A) contains a free subgroup on ¢ generators, and this result is valid
in ZFC. In Section [3|it will be proved (by a similar argument and also under
ZFC) that any countably generated free subgroup of S, can be extended
to a c-generated free subgroup of Sy, and that under Martin’s Axiom any
<c-generated free subgroup of S, can be extended to a c-generated free
subgroup of S. In Section [4] we prove the following dichotomy: the product
[1,.cxy G of countable groups G, either contains a c-generated free subgroup,
or contains no uncountably generated free subgroup. Section [5] brings final
remarks and open questions.

2. c-generated free subgroups of Aut(A). In this section we will
assume that every finitely generated substructure of A is finite, that is,
its Fralssé class consists of finite structures. The next lemma shows that
a generic filter gives a family of functions which map A onto itself.

LEMMA 2.1. For every k € A, the set
Dy :={(n,p) e P:Vs €{0,1}" k € dom(p(s)) Nrng(p(s))}

1s dense in P.
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Proof. Let k € A and (n,p) € P. For any s € dom(p), let p(s) be
an automorphism of A such that p(s) C p(s). Let (Cy,) be an increasing
sequence of finitely generated structures such that A = J,,cy Cm. Then
there exists ng such that for any s € dom(p), we have dom(p(s)) C Cp, and

k € dom(p(s) [Cy) N ing(3(s) [Chy -

Let n' = |Ch,l, and for any ¢t € {0,1}", set p/(t) = p(t[n)[Chry. Then
(n',p) < (n,p) and (n',p') € Dy. =

In the following reasoning, we will apply the above trick of using an
increasing sequence (C),) without any comments.

If g € Part(A), then we set V(g) := {f € Aut(A) : g € f}. It is well
known that the family of all sets of the form V' (g) constitutes a basis of the
natural topology on Aut(A).

LEMMA 2.2. Let F' be a nowhere dense subset of Aut(A). Then the set
Dp ={(n,p) €P:Vs e {0,1}" V(p(s))NF =0}
s dense in P.

Proof. Let (n,p) € P. Since F is nowhere dense, for every s € {0,1}"
there exists an embedding gs : Bs — A (Bs is a finitely generated sub-
structure) such that gs is an extension of p(s) and V(gs) N F = (0. Let
C = gen(J{dom(gs) : s € dom(p)}). Let n' = |C|, and for every t € {0,1}"
let p/(t) : C — A be an embedding and an extension of g;,,. Then (n/,p’) <
(n,p) and (0, p') € Dp (because V (p'(t)) C V(gin))- =

Consider the following example. Let A = N, and define unary relations
R,on A,n €N, byz € R, if and only if z = 2n or z = 2n+1. Since (A, {R,, :
n € N}) is a relational structure, any of its finitely generated substructures
is finite. If f € Aut(A4), then f(2n) = 2n and f(2n +1) = 2n + 1, or
f2n+1) = 2n and f(2n) = 2n + 1. Clearly, A is ultrahomogeneous and
Aut(A) is isomorphic to Z). Hence for any f € Aut(A) we have f o f = id,
which means that Aut(A) does not even contain a free subgroup on one
generator.

This example shows that to get a promised large free subgroup, we need
an additional assumption.

Let us introduce the following definition. We say that a relational struc-
ture A is w-independent if for any finitely generated substructures Bj, Bo
of A, and for any m, there is a set D C A\ (B1 U Bs) consisting of m + 1
elements such that, for any embedding f : By — Bs and any partial permu-
tation g of D, the function f U g is an embedding of B; U dom(g) into A.

Now we show that some natural examples of ultrahomogeneous struc-
tures are w-independent and have the property that every finitely generated
substructure is finite.
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1. First consider N without any structure. Then every finite set is a
finitely generated substructure, and the embeddings are exactly the one-
to-one mappings. To see that N is w-independent, fix two finite subsets
Bi1,By C N. Let C = By U By and let xg,...,x,; be pairwise distinct ele-
ments of N\ C. Then it is clear that the union of any one-to-one mapping
f : By — Bs and a partial permutation g of xg, ..., x, is an embedding.

2. The next example is a rational Urysohn space U. Recall that a metric
space is a rational Urysohn space if it is countable and every finite rational
space (i.e., with rational distances) has an isometric copy in U. It is known
that U is ultrahomogeneous in the sense that, for every finite rational metric
space C' C U and every isometric embedding f : C' — U, there is an isometry
f : U — U which extends f. The following is standard and well known:

CLAIM 2.3. Assume that A is an ultrahomogeneous structure. Let Y be a
structure which is isomorphic to a finitely generated substructure of A such
that Y = XU Z, XNZ =0 and X C A, for some X,Z. Then there
is Z' C A and a partial isomorphism g : Z — Z' such that the mapping
h:Y — XUZ given by h(x) =x for x € X and h(x) = g(x) for x € Z is
a partial isomorphism of Y and X U Z'.

Now we prove that the Urysohn space is w-independent. Let Bi, Bs be
two finite subspaces of U, C' = B; U Bs, let d be a metric on U, and let
M = max{d(z,c) : z,c € C} + 1. Define a finite rational metric space (Y, p)
as follows. Let Y = C U {ayp, ..., an} where ag,...,an, are distinct elements
which do not belong to C. If z,y € C, then set p(z,y) = d(z,y); if z € C and
y = a;, then set p(z,y) = M; finally, if + = a; and y = a;, then p(z,y) =1
if i # j and p(x,y) =0if i = j.

Then (Y,p) is a finite rational metric space. Moreover, by Claim
there are zg,...,x, € U\ C such that d(z,z;) = M for every z € C' and
i =0,...,m, and d(z;,x;) = 1 for i # j. If f: By — By is an isometric
embedding and g is partial permutation of zg,...,x,,, then it is easy to see
that the union of f and ¢ is an isometric embedding. Hence the rational
Urysohn space U is w-independent.

3. Let G be a random graph, that is, a countable infinite graph where
for any finite disjoint sets X and Y we can find a vertex with edges going
to every vertex in X but to no vertex in Y. We will show that G is w-
independent. Fix two finite graphs By and Bsy. Take any distinct g, . . ., Tpm,
and define a graph B U Bo U {xy,...,Z,} as an extension of B; U By such
that there are no edges between xg,...,x,, and B; U By, and there is no
edge between x; and x; for 4,7 < m. Using Claim @ we may assume that
2oy, Zm € G\ (B1 U Bsg). Let g be any partial permutation of xg, ...,z
and f : By — By be an embedding. Set f; = fUg : By Udom(g) — G.
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Let a,b € By Udom(g). If a,b € By, then there is an edge between a and b
if and only if there is an edge between fy(a) and f4(b). If a or b is among
ZQ, .., Tm, then there is neither an edge between a and b nor one between

fg(a) and f4(b). Thus f,; embeds By Udom(g) into G.

4. Let G™ be the random K,-free graph, that is, the ultrahomogeneous
countable graph which omits K,,, the complete graph on n vertices. Equiv-
alently, G" is the Fraissé limit of the class of all finite K,-free graphs. Us-
ing the same argument as for the random graph, one can see that G" is
w-independent.

5. Let E be a countable equivalence relation with infinitely many infinite
equivalence classes. Let f : By — By be an embedding between two finite
equivalence relations By and Bj (i.e., finite sets with equivalence classes
induced from E). Take a set {xq,...,Zn} of elements from a fixed equiva-
lence class such that {xq,..., 2} N (B1 U By) = . Clearly for any partial
permutation g of {zo,...,x,} the function f U g is an embedding.

6. The same reasoning remains true if one considers E”, a countable
equivalence relation with n infinite equivalence classes.

7. Let (D, <) be the universal countable ultrahomogeneous partially or-
dered set. This is the Fraissé limit of all finite partially ordered sets—see
[Sch] and [So] for more information. Let f : By — By be an embedding
between two finite suborders By and By of D. Take a set {zg,...,zym} C D
such that

Vi,j (i #j = —(zi <j)) and Yy € BiUB2 Vi (—(2; < y) and —(y < 2;)).

Then for any partial permutation g of {x, ..., 2}, the function fUg is an
embedding.

Let zg, ...,z be pairwise distinct elements of A. A shift on {zg,...,zm}
is a partial function ¢ : {zg,...,zm} — A such that o(x;) = x;—1 for
i=1,...,m (¢isa left-shift) or p(z;) = xip1 fori =0,...,m—1 (¢ isa right-
shift). Note that ¢ is undefined either at xg or at x,,, so ¢ is actually a partial
mapping on {zg,...,Zm}. An (zg,...,xm)-function, where xg,...,z,, are
pairwise distinct, is a partial function g : Ule I; — A such that:

(i) I,..., I} are pairwise disjoint;
(ii) each I; is of the form {zp, Zpt1,..., 24} for some 0 <p < g < m;
(ili) each restriction g[I; is a shift.
We will consider the following condition:
() For any finitely generated substructures Bj, Bs C A and any m € N,
there exist pairwise distinct xo, ..., 2z, € A\ (B1 U Bz) such that for

any embedding f : By — Bs and any (xg, ..., x;,)-function g, there
exists an embedding f, : gen(B; Udom(g)) — A with f,g C f,.
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Since every (zo, ..., Tpy)-function g is a partial permutation of {xq,...,zn},
condition (x) is weaker than w-independence.

Assume that A is the Fraissé limit of a class Ky. Let

K=Ko*xLO :={(B,<): Be€Kpand < is a linear ordering on B}.
The class Ky has the strong amalgamation property if for any A, B,C € Ky
and embeddings f : A - Band g : A — C, there is D € Ky and embeddings
r: B — Dands:C — D with ro f = sog such that (B) N s(C) =
r(f(A)) = s(g(A)). In [KPT] it was proved that if Iy is a Fraissé class with

strong amalgamation property, then so is K. We will denote the Fraissé limit
of K by A<.

LEMMA 2.4. Let A be an w-independent ultrahomogeneous relational
countable structure. Then A< satisfies (x).

Proof. Let By, By C A and let m € N. Since A is w-independent, there
is a set {yo,...,ym} C A\ (B1 U Bz) such that, for any embedding f :
B1 — By and any partial permutation g of yo,...,¥ym, the function fU g
is an embedding. We define a linear order < on By U By U {yo,...,Ym} as
follows: < on By U Bs equals <, y; =<y provided ¢ < k, and = < y; for every
x € BiUByand i =0,...,m. Since BiUBysU{yo,...,ymn} is a substructure
of A, and < is a linear order on it, the structure (By U Bo U {yo,...,Ym}, <)
can be embedded into A<. By Claim we can find xzg,..., 2, € A such
that (B1UByU{xo,...,Tn}, <) is a substructure of A< isomorphic to (B; U
By U {yoa s 7ym}a j>

Take any A<-embedding f : By — Bg and any (zo, ..., zy)-function g.
Then f U g is an A-embedding. Note that both f and g preserve <. Since
each element of B; U B> is in relation < to each x;, the function f U g is an
A<-embedding. =

8. Consider the structure (Q, <) of all rational numbers. If N stands for
the natural numbers without any structure, then (Q, <) is isomorphic to N<.
By Lemma[2.4] (Q, <) has (x).

9. Let (B,V,A,—,0,1) be a countable atomless Boolean algebra. Let
B, Bo C B be finite subalgebras and let f : By — By be an embedding. Let
C' = gen(B; U By) be the smallest subalgebra of B containing B; and Bs.
Let {c; : i € I} be the set of all atoms of C. We say that a finite subalgebra
X of B is independent of C' provided there is a finite set {z; : j € J} with
gen({z;:j e J}) =X and

/\ i N /\ —'wj/\ci#o

Jj€N J€J2
for every ¢ € I and every partition Ji, Jo of J. Clearly, such an algebra X
exists and any one-to-one self-mapping of {x; : j € J} can be extended to
an automorphism of X.
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CrLAIM 2.5. Let X be a finite algebra independent of X1 U Xo, and let
g be an automorphism of X. Then f U g can be extended to an embedding
fqg:gen(B1UX) — B.

Proof. Let {ay : k € K} be the set of all atoms of By, and {b; : k € K}
C By be such that f(aj) = bg. The atoms of gen(B; U X) are of the form

/\ i N /\ T A\ ag
JjeN JE€J2
for every k € K and every partition Ji, J3 of J. Define f, on atoms as follows:
fg(/\ xj A /\ —|acj/\ak) :g(/\ xj A\ /\ —mvj) A f(ag).
NISA Jj€J2 Jjeh Jj€J2

Clearly, f, can be uniquely extended to a homomorphism f; : gen(B; U X)
— B. We need only prove that f; is one-to-one. Suppose that

fg</\ zi A\ _'xj/\ak) :fg</\ 2 AN\ ﬁ%‘/\ak’)

jeI J€J2 JjeJ] JjeJ}
Then
g( /\ xj A /\ ﬂ:cj> A flag) :g( /\ xj A /\ —\ﬂsj> A flag).
jeh J€J2 JjeJ] jeds

Since X is independent of Bs, both sides of the above equality are nonzero.
As f is embedding, we have ap = ap. Moreover, g is an isomorphism of X,
soJi=Jjand Jo = J). =

Let By, Bs C B be finite subalgebras and let f : By — By be an em-

bedding. For any m € N one can find zo,...,z, witnessing that X =
gen({xo,...,zm}) is independent of C' = gen(B; U Bs). Let g be any partial
permutation of xg, ..., z,. We extend ¢ to an isomorphism of X, and using

Claim we find an embedding f, extending f U g. This shows that B is
w-independent (in particular, it satisfies (x)).

Note that B is not a relational structure, so we cannot apply Lemma [2.4

It is folklore that U, G, G", E and E™ have the strong amalgamation
property, and there exist their ordered counterparts: the ordered rational
Urysohn space U<, the ordered random graph G<, the ordered K,-free ran-
dom graph G, and the ordered relations E< and E”. All of those structures
are relational and w-independent, so we can apply Lemma [2.4] to conclude
that each of them satisfies condition ().

Now we will show how (x) implies the existence of a large free subgroup
of Aut(A).

Let m € N and let ri,...,r; € {1,...,m} be such that r; # r;41 for
ie{l,...,k—1}, and let ny,...,ni € Z\ {0}. Then

(2.1) WYL, -5 Ym) = Ypt oo Ypy



286 S. GEAB AND F. STROBIN

will be called a word of length n where n = |n;| + - - - + |ng|. If additionally,
fi,.-., fm are functions or partial functions defined on A, then we denote
by w(fi,..., fm) the function defined in a natural way: the operation is the
composition and the domain of w(fi,..., f;,) is the natural domain. It is
possible that w(fi,..., fi) = 0, and if all f; are elements of Aut(A), then so
is w(f1,..., fm). We also consider the empty set () as a word of length zero.
In that case we also define w(f1, ..., fxr) = id, the identity function. Clearly,
fi,.-, fm € Aut(A) are free generators, i.e., they generate a free subgroup
of Aut(A), if w(fy,..., fm) # id for every nonempty word w(y; ..., Ym)-

LEMMA 2.6. For every nonempty word w(yi,...,Yym) of length n, and
for distinct xg, . .., xy, there exist (xq, ..., xTn)-functions gi, ..., gm such that
w(g1y -5 gm)(T0) = Tp.

Proof. Assume that w is given by (2.1)). We will define g, , gr,_,, - -+, ry
step by step. Since it is possible that r; = r; for ¢ # j, some of the functions

gi,---,gm may be defined in more than one step.

If ng <0, then set gy, (v;) = x;—1 for i =1,..., |ng|, and if n; > 0, then
set gr, (xi) = xjpq for i =0,..., |ng| — 1.

If ng—1 <0, then set g, _,(x;) = x;—1 for i = |ng| + 1,..., |nk| + k-1,
and if ng_1 > 0, then set g,, _,(x;) = xiy1 for i = |ngl, ..., |[nk| + |ng—1] — 1.

We continue this procedure, and finally, if n; < 0, we set g,, (x;) = ;1
for i = |ng| + -+ no| + 1,...|nk| + -+ + |n1|, and if np > 0, we set
gr (x3) = @igq for i = |ng| + -+ +[naf,.. ok + -+ | = 1.

To illustrate the reasoning consider the following example. Let w(y1,y2)
= yl_ngy‘;’. Then ry = 1,1, =2, r3 =1, n1 = =2, ng = 1, n3 = 3 and

we define g as the right-shift on {zo,x1,x2, 23}, g2 as the right-shift on
{z3,x4}, and finally ¢; as the left-shift on {x4, 5, z¢}. Then ¢; is a union of
two shifts. m

LEMMA 2.7. Assume that A has property (x). For any nonempty word
w(Y1, -, Ym) and any pairwise distinct finite sequences $1,...,8m of 0’s
and 1’s of the same length, the set

Dglotm = {(n,p) : |s1| < n and for every ty, ... tm € {0,1}" with s; < t;
we have w(p(t1),...,p(tn)) #id }

1s dense in P.

Proof. Choose any (n,p) € P and let B; be a finitely generated substruc-
ture of A such that (J{dom(p(s)) : s € dom(p)} C B; and |B;| > |s1]. Set
n' = |By| and for every s € {0,1}" let p/(s) : B — A be an embedding
which extends p(s[n). Then (n/,p") < (n,p).

Let By = gen(U{rng(p'(s)) : s € dom(p')}), and let (xo,...,2},|), where
|w| stands for the length of w, be chosen as in (*). Then choose (o, . .., Z|y|)-
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functions g1, ..., gm as in Lemma[2.6] Now, for every ¢ = 1,...,m and every
s € {0,1}" with s; < s, let f, : gen(B; Udom(g;)) — A be chosen for p/(s)
and g;, according to (x). Let E = gen(|J{dom(fs) : s; < s}) and n” = |E|.
Finally, for every t € {0,1}"", let p"(s) : E — A be defined in the following
way. If s; < ¢ for some ¢ = 1,...,m, then p”(t) is an extension of fi},/;
otherwise, let p” () be any extension of p'(¢[n’). Then (n”,p") < (n/,p’), and
consequently (n”,p"”) < (n,p).

We need to show that (n”,p") € Dy *™ . If ty, ...ty € {0,1}"" are such
that s; < t;, then p”(t1),...,p" (tm) are extensions of g1, . . ., gm, respectively.
Thus by Lemma [2.6| we obtain

w(p”(t1), ..., 0" (tm)) (o) = w(g1, ..., gm)(T0) = T}y =

THEOREM 2.8. Assume that A satisfies (x). Then for every residual set
Z C Aut(A), there is a family F C Z of ¢ free generators.

Proof. Let Z be a residual subgroup of Aut(A). By Lemmas
and the Rasiowa—Sikorski lemma, there exists a filter G on P, which has
nonempty intersection with all sets Dy, Dy 7*' and D, , where (F,) is a
sequence of nowhere dense sets such that Aut(A) \ Z = |J F,.

Let g : {0,1}N — Aut(A) be defined in the following way. If a € {0, 1},
then

g(e) = J{p(aln) : (n,p) € G}.

First we show that g(«) is well defined. If (n,p), (n/,p") € G, then there is
(m,q) € G below (n,p) and (n/,p’). This ensures that if 2 € dom(p(a|n)) N
dom(p'(aln)), then platn)(x) = o (aln')(z).

Now, we show that dom(g(a)) = rng(g(a)) = A. Let k € A. Since Dy, is
dense, there is (n,p) € Dy, NG. Then

k € dom(p(a[n)) Nmg(p(aln)) C dom(g(a)) Nmg(g(a)).

Now we show that g(a) € Aut(A). It is enough to show that for any
finitely generated substructure C, g(a)[C is an embedding. Assume C =
{z1,...,2%}. Since C' C dom(g(w)), there are (p1,n1),..., (pk, nk) € G such
that x; € dom(p;(a[n;)). Since G is a filter, there is (m,q) € G below each
(ni, p;). This shows that g(a)(x;) = ¢(alm)(z;) for every i = 1,..., k. Thus
g(a)]C = q(a[m)[C, which shows that it is an embedding.

Now we will show that g(a) € Z. Let k € N and let (n,p) € GN Dp,.
Then g(a) € V(p(aln)) C Aut(A) \ Fi. Since k has been taken arbitrarily,
g(a) € Aut(A)\ U, en Fn = Z.

It remains to show that {g(a) : @ € {0,1}"} is a family of free gener-
ators. Let w(yi,...,ym) be any word and a, ..., a, be distinct elements
of {0,1}. Let k € N be such that a;[k # «;lk for i # j, and let
(n,p) € DoMEmeml® o @ Since ok < ailn for i = 1,...,m, for some
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z € A we have

w(g(ar), ..., g9(am))(z) = w(p(ailn),...,plamn))(z) # .
This ends the proof. =

Let us note that condition (x) does not imply that Aut(A) is oligomorphic
(e.g. let A be the rational Urysohn space), therefore our result is different
from that of Cameron mentioned in the Introduction.

3. Large free subgroups of S,.. Now we show that, in the case of S,
the automorphism group of N without any structure, we can strengthen the
conclusion of Theorem Clearly, S is simply the group of all bijections
of N. We say that a bijection f € S is proper (or has infinite support) if
for every finite set B C N, there is x ¢ B such that f(x) # x.

LEMMA 3.1. Assume f1,..., fm are free generators and w(y1, ..., Ym) is
any nonempty word. Then w(fi,..., fm) is proper.

Proof. This follows from the fact that each f € Sy with f™ # id for every
n > 0 (which clearly holds for the function w(f1,..., fi)) is automatically
proper. Indeed, otherwise f would correspond to a bijection of a finite set
(that is, f = gUidp 4 for some finite A C N, where g is a permutation of A),
and hence f" = id where n = |A|!. »

LEMMA 3.2. Let A be a relational structure which is w-independent. For
any bijections f1,..., fr € Aut(A), k > 2, such that fo,..., fr—1 are proper,
any nonzero numbers ni,...,np_1 and every finite structure C' C A, there
exist v € A\ C, finite structures By, By C A\ C and a bijection g : By — Bo
such that x € dom(fy 0 g™ 10 fr_10g™20---0g™ o f1) and

frog™ 1o fr 109" 20---0g" o fi(x) # x.

Proof. We assume k > 2 (the case k = 2 is much simpler and will be
obvious after considering the case k > 2). Since A is w-independent, there
exist yo, ..., yt, t > 2|C|+ 5k, such that for any isomorphism h : C — C and
any partial permutation A’ of yo, ..., y:, the function hUA' is an embedding.

We first show that there are elements x, ..., Zor_1 such that:

(a) zi ¢ Cfori=0,...,2k—1;
(b )fz(xm 9) =x9—1 fori=1,... k;

(¢) x1,...,Tok_o are distinct;
(d) zo 75 Tok—1-
First, take

T € {y()a s 7yt} \ (fl_l(C) U C)
and set 29 = f; ! (x1). Then take

To € N\ (f;l(C) ucu f{l({l’o,xl}) U {l’o,l’l})
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such that fy(ze) # x9 and set x3 = fa(x2). It is easy to see that (a) holds
for i =0,1,2,3; (b) holds for i = 1,2; and x1, x2, x3 are distinct. In the next
step we take

T4 € N\ (f?)_l(C) ucu f?)_l({l'o, .%'1,.%'2,.21?3}) U {I’o, .%'1,.%'2,.2133})

such that f3(xz4) # x4 and set x5 = f3(x4). We continue this procedure, and
finally we take

zop—2 € N\ (' (C)UCU £ ({0, - - -, z2k—3}) U {z0, - .., Bop—3})
and wor_1 = fr(x2x—2). Then (a)—(d) are satisfied.

Now take elements yg,... ,yﬂm‘,yg, ey y‘2n2|, . ,y‘f—l, ey yﬁ;:l such
that
(i) yi = 29,1 and yfni| =xoifori=1,....k—1;
(i) yj ¢ C for all i, j;
(iii) »,... ,yﬁm‘,yg, e y‘2n2|, .. ,y‘f—l, e y‘kn;:' are distinct.
By (a) and (c), we can choose such elements. For every i =1,...,k — 1, let

D _ {yé, e ,yf:n”_l} if n; >0,
i {yi,...,yfnil} if n; <O.
Now we define a function g on B = Dy U --- U Dg_1 in the following way.
Foreveryt=1,...,k— 1, set

, yi, ifng>0,1=0,...,|n;| — 1,
96D =9 01 .
yi_, ifny<0,1=1,...,|nl.

By (iii), the function g is well defined, one-to-one, and B U g(B) C N\ C.
Also, for every i = 1,...,k — 1, by (i), we have

9" (22i-1) = 6" (Y0) = Yjny| = 221-
Together with (b) and (d), this gives the assertion. =

LEMMA 3.3. Assume that f1,..., fm € S are pairwise distinct free gen-
erators. Then there is g € Soo \ {f1,. .., fm} such that f1,..., fm,g are free
generators.

Proof. 1t is enough to show that there exists g € Sy, such that for any
word w = w(y1, - - ., Ym+1) such that y,,+1 appears in w, w(f1,..., fm,9) #
id. The family of such words is countable; enumerate it as W = {w,, : n € N}.
We will define sequences (Cy,) and (C),) of pairwise disjoint, finite subsets
of N, and a sequence of partial functions (g, ), such that for every n € N,

1. Cl, C Cy;
2. Cy\ C!, # 0
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3. gn: C) — C,, is one-to-one;
4. there is z,, € C,, such that z,, € dom(wy(f1,..., fm,9n)) and
wn(fl, SRR fm,Qn)(fL’n) 7é Tp-

Then any bijective extension of g = |J,,cy 9 Will satisfy our needs. Such
an extension exists, since by 1-3, the sets dom(g), N\ dom(g), rng(g) and
N\ rng(g) are infinite.

Let n = 1. Write y instead of y,,41. Then

n1

wi = ug Y gyt

for some words uy,...,u in which y does not appear (it is possible that u;
or uy are empty words, but for i ¢ {1,k}, u; is nonempty). By Lemma
applied to the functions f; = w;(f1,..., fm) (if u; is empty, then f; =
id) and C = (), there are finite sets By, Bg, an element x; and a bi-
jective map g1 : By — B such that x1 € dom(wi(fi,..., fm,91)) and
w1 (fiy--y fm,01)(z1) # x1. Let C1 = By U By U {x1,y1}, where y; is not in
By UBy U {xl}, and Ci = Bj.

Assume that we have already made the construction up to step n. Then
we proceed exactly as in the first step, but for the word wy,+1, and we use
Lemma 3.2 for C =C1U---UC,. =

If w,w' are words, then we write w’ < w whenever w’ is created from w
by erasing some symbols on the left side. In particular,

Yrs - YUy <Yt Yrs - Ypls
and if ny; > 0, then

ni—1, no ng ny, no ng
y’l’l y’r‘2 y?"k Syrl y?"g y'f‘k

Also, we assume that () < w for any w.
LEMMA 3.4. For any k,l € N, any word w(yi,...,Ym) with k +1 = m,

any free generators fi,...,fr € S°°, and any pairwise different sequences
S1,.-.58 of 0’s and 1’s of the same length, the set

Dyit o ={(n,p) :n > |s1] and if t1,....t; € {0,1}" with s; < t;
then w(f1,..., fr,p(t1),...,p(t)) # id}

1s dense in P.

Proof. Take any (n,p) € P and set D = [J{dom(p(s)) U rng(p(s)) :
s € dom(p)}. Let g1,...,91 € S0 \ {f1,---, fx} be pairwise distinct and
such that fi,..., fx,91,...,9; are free generators; we can find such g;’s by
Lemma Set B = U{w' (f1,---s fes91,---,91) YD) : w' < w}, where
w'(f1,...,91) (D) denotes the preimage of D under w'(f1, ..., fe, g1, -- -, G1);
in particular, D C B. Since f1,..., fx,91,.-.,¢g; are free and B is finite, by
Lemmathere exists x € N\ B such that w(fi,..., fx,91,...,q1)(z) # x.
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For every i =1,...,1, let

E' ={w(f1,. .., fr,91,-- -, q)(x) : w <w and w' begins with yx.;},

Ei = {w,(fla s >fk’7glv R 7gl)(x) : yk-‘riw, < w}
Since # € N\ B, we have E; N D = () and E* N D = (). Now for every
i1=1,...,nset h; = g;[F;. Then h; is a bijection between F; and E*.

We are ready to define (n/,p’). Let

n' =n+|s1] + max{|E1|,...,|E.|}.

Fori=1,...,1,let G; C N\ (BUE;UE") be such that |G;| +n+|E;| =n/.
Now, for ¢ € {0, 1}”/ with s; < t, set
p'(t) = p(tin) Uh; Uidg, .
For the remaining ¢ € {0, 1}, let p/(¢) be any bijective extension of p(t[n)

with |[dom(p/(t))| = n'. Clearly, (n/,p") € P and (n/,p’) < (n,p). If t1,....4
are in {0, 1}"/ and s; <t; for i =1,...,1, then

w(fi, - froo P (t1), -, 0 (@) (@) = w(fi,. .., feshi, ... ) (x)
= w(fla"')fk‘?.gla"'7gl)(’1") #ZL‘

Hence (n',p') € Dy 3% . . m

Now we extend Theorem 2.8 and Lemma [3.3]

THEOREM 3.5. For any residual set Z C Soo and any countable family F
of free generators, there is a family F' C Z of free generators of cardinality
¢ such that F U F' is a family of free generators.

Proof. The proof is very similar to that of Theorem using the Rasio-
wa—Sikorski lemma, we choose a generic filter G which has nonempty inter-

section with all sets Dy, Dp,, Dy and Di}l’fl’sl o (where fi,..., fi are

elements of F). Agam for every a € {O 1IN, we set

= J{p(aln) : (n,p) € G}.

In view of the proof of Theorem [2 . we only have to show that F U {g(«) :
a € {0,1}N} is a family of free generators. Let w = w(y1,...,y,) be any
word, let k,I € N be such that k+1 =n, and let f1,..., fr € F be distinct.
Let aq,...,op be different elements of {0 l}N and let » € N be such that

r# aj [1" for i # j. Let (n,p) € D, f:’ :?}i N G. Since a;r < a;[n for

2—1 .., 1, there is x € N such that

w(fla .- -7fk7g(a1)7 s 7g(al))(x)
= w(fur.... feoplan i), plean))(z) # .

This ends the proof. =
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Let M stand for the o-ideal of meager subsets of R. Let mcountable =
min{x : “MA(k) for countable posets” fails} (MA stands for Martin’s
Axiom). It is well known (see [V]) that

Meountable = cov(M) := min{|F|: JF =R, F C M}.
Since the poset P is countable, we obtain the following.

THEOREM 3.6. For any residual set Z C Soo and any family F of free
generators of cardinality less than cov(M), there is a family F' C Z of free
generators of cardinality ¢ such that F U F' is a family of free generators.

4. Products of countable groups. In this section we will give a nec-
essary and sufficient condition on a sequence of countable groups G1,Go, ...
for the existence of a free subgroup of [[G, of ¢ generators. A family
{X, : s €S} of subsets of N is independent if (,cp Xs NNyep(N\ X) # 0
for every finite F, E C S with ENF = (. It is well known that there is an
independent family of cardinality c.

LEMMA 4.1. Let n > 2. There exists a family F = {fa : a < ¢} of
functions from {0,...,n — 1} such that for any ag < -+ < a1 < ¢ there
is k € N such that fq,(k) = i.

Proof. Let {pg : k € N} be an enumeration of all subsets of N of cardi-
nality n. Enumerate each pg as {pg(0),...,px(n —1)}. Let {Uy : o < ¢} be
an independent family of N. For any a we define f, : N — {0,...,n — 1} as
follows. Fix k € N. If there is ¢ < n such that p(i) € U, and pi(j) ¢ U, for
every j # 4, then set f, (k) = i; otherwise set fo (k) = 0.

Let ag < -+ < anp—1. Pick m; € U, \ U#i Ua, and set p(i) = m; for
i <mn. There is k € N with p = pi. Then f,,(k) =i. =

Recall that if a word w is of the form w = w(y, ..., ¥ym), then we assume
that all variables of w are in y1,...,%mn, but not necessarily all y;’s must
appear in w.

THEOREM 4.2. Let G,, n € N, be a family of groups.

(i) If for any nonempty word w(y1, . .., ym) there are infinitely many n’s
for which there are gn1,...,9nm € Gn with w(gn1,---,9nm) 7# €n
where ey, is a neutral element of Gy, then [[>° | Gy, contains a free
group on ¢ generators.

(ii) If every Gy, is countable, and for some nonempty word w(yi, ..., Ym),
almost every n and all gn 1,. .., gnm € Gn we have w(gn1,- .., Gn,m)
= ey, then [[72 Gy does not contain any free group on uncountably
many generators.

Proof. Assume that for any word w(yi, ..., ym) there are infinitely many
n’s for which there are g;/1,..., 95, € Gn With w(gyy,..., gy ) # en. For
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any nonempty word w = w(y1,...,Ym), set
By = {n € N: there are g5y, ..., gn ., € Gn With w(gn 1, .-, 9n'm) 7 en}-

Then {Ey, : w = w(y1,...,ym) is a nonempty word} is a countable family of
infinite sets. Let {E/, : w = w(y1,...,Ym) is a nonempty word} be a disjoint
refinement of this family, i.e., a family of pairwise disjoint infinite sets with
E!, C E, for any nonempty word w. For any « < ¢, define f, € [[ G, as
follows. Let w be a word. Consider two cases.

1. If w = w(yy) is a word with one variable yg, then let {f¥ : a < ¢} be
an enumeration of the set [[,cp/ {€n, g5 1} \ [1,ep {€n}-

2. Ifw=w(y1,...,Ym), then using Lemmawe can find a family {f% :
a < ¢} such that for any oy < --- < ap there is n € Ej, with fy (n) = g7,
for i < m. Finally, let fo(n) = f¥(n) if n € E.,, and f,(n) = e, otherwise.
Clearly, in both cases, {f, : a < ¢} consists of free generators.

Assume now the G, are countable, and let w(yi, ...,y ) be a word such
that there is N with w(gn1,...,9nm) =€, for n > N and all gp1,...,9n.m
in Gp,. Suppose [[2; G, contains a free group on uncountably many gen-
erators, say {fo : @ < wi}. Then for any distinct aq,...,q, < w; there is
n < N, depending on «;’s, with w(fa, (n),..., fa,.(n)) # en. As the groups
G, are countable, one can find two distinct m-element sets {1, ..., o, } and
{B1,.-.,Bm} of ordinals less than w; such that

W(far (1), -+ s o (n)) = w(fs, (n); - -, f5,,(n)

for every n < N. Then

w(qu (n)v e vfoém(n))wil(fﬁl (TL), R fﬁm(n)) = €n

for every n € N. This contradicts the fact that {f, : @ < wi} are free
generators. m

From Theorem [£.2] we immediately obtain the following dichotomy.

COROLLARY 4.3. Let Gy, n € N, be countable groups. Then [], .y Gn
either contains free subgroups on ¢ generators, or does not contain free sub-
groups on uncountably many generators.

5. Final remarks and open questions. The results of Section 2] can
be deduced from those of Section [3] for some class of structures. We say that
a subset X of A is independent if any bijection f: X — X can be extended
to an automorphism of A. If A contains an infinite independent set X, then
take a set F C Soo(X) of ¢ free generators, and extend every f € F to an
automorphism f’ of A. Then F' = {f": f € F} is a set of free generators in
Aut(A).

Let X be an infinite independent, in the sense of Boolean algebras, set
in B. Then X is independent in the above sense. Now, let X C U be an
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isometric copy of N with the metric d given by d(z,y) =1 < = # y. Then X
is an independent subset of U. However, Q does not contain an independent
subset of cardinality greater than 2. The direct sum of countably many copies
of (Q,+) is a countable ultrahomogeneous structure, and any of its finitely
generated substructures is a torsion free Abelian group. Note that all of
its finitely generated substructures are infinite and each of them contains
an infinite independent subset. Hence the automorphism group of such a
substructure contains a large free subgroup, and this cannot be proved by
our method.

We are interested in extending small free subgroups of Aut(A) to large
free groups. We introduce the cardinal number

fa4 = min{|F| : F is a maximal set of free generators in Aut(A)}

where “maximal” means that F cannot be extended to a larger set of free
generators. In Section (3| we proved that f := fy is an uncountable cardinal
> cov(M).

We end with a list of open questions:

1. Can one prove a similar result to that in Section [2|for structures whose
finitely generated substructures are infinite?

2. Does () imply that f4 is uncountable? Does Martin’s Axiom imply
that f4 = ¢?

3. Is it true that f = cov(M)?

4. Is it true that either Aut(A) does not contain an uncountably (in-
finitely) generated free subgroup, or it contains a free subgroup on ¢
generators?
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