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Abstract. The incidence coalgebras K™I of interval finite posets I and their comod-
ules are studied by means of the reduced Euler integral quadratic form ¢° : /SR Z,
where K is an algebraically closed field. It is shown that for any such coalgebra the
tameness of the category K”I-comod of finite-dimensional left K”I-modules is equivalent
to the tameness of the category K"I-Comody. of finitely copresented left K~ I-modules.
Hence, the tame-wild dichotomy for the coalgebras K “I is deduced. Moreover, we prove
that for an interval finite A%, -free poset I the incidence coalgebra K"I is of tame co-
module type if and only if the quadratic form ¢° is weakly non-negative. Finally, we give
a complete list of all infinite connected interval finite A%, -free posets I such that KT
is of tame comodule type. In this case we prove that, for any pair of finite-dimensional
left K”I-comodules M and N, bgor(dim M,dim N) = Z;‘;O(fl)j dimg Extl.., (M, N),
where bxog : 7D x 7D s 7, is the Euler Z-bilinear form of I and dim M, dim N are the
dimension vectors of M and N.

1. Introduction. Throughout this paper, we denote by Z the ring of in-
tegers and by Z) (resp. Z!) the direct sum (resp. direct product) of I copies
of Z, where I is any set. We view Z() C Z! as abelian groups. Throughout
we fix a field K and we assume that I = (I, <) is a poset (not necessarily
finite) that is interval finite in the sense that the interval

[a,b] ={s € I;a=<s=b}

is a finite subposet of I, for all @ < b in I (see |46]). A poset I is called
A¥ -free if it contains no subposet of the form

* * * *
(1.1) A N N withm > 2,
1 3 mil 7:7,
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Following |46, 48|, we denote by KT the complete incidence K-algebra
consisting of all square I by I matrices A = [Ayy] € My(K) with \p; = 0
if p <gq, p,q € I, does not hold in I. Since [ is interval finite, the product
NN = [Aaplaper With/éab = Z]el )\flj )\;-’b = Zajjjb )\’ )\’b is a well
defined matrix lying in K7, for any A" = [\;;] and \" = [)\”] in K1. Hence,

KT is an associative K- algebra and the matrix F, with 1’s on the main
diagonal and zeros elsewhere, is the identity of K1. The incidence K -algebra
of I is the subalgebra KT of K1 consisting of all matrices in KT with at most
finitely many non-zero coefficients. It follows that K1 is an associative K-
subalgebra of the unitary algebra K1 I, and the matrix units ey, with p < ¢,
having the identity in the (p, ¢) entry and zeros elsewhere, form a K-basis of
KI. Given j € I, the matrix unit e; = ej; € K[ is a primitive idempotent
of the K-algebra KI, and {e;}jes is a complete set of pairwise orthogonal
primitive idempotents of KI. Obviously, KT has an identity element if and
only if [ is finite.

Following Sweedler [57] (and [38] 46]), given a field K and an interval
finite poset I, we define the incidence K-coalgebra of I to be the triple

(12) KDI:(KI7AI7E[)7

where the counit e; : KI — K and the comultiplication Ay : KI - KIQKI
are defined by

1(epq) Z ept ® etq,  E1(€pg) = {

p=t=q

0 forp#gq,
1 forp=gq.

Since [ is interval finite, A is well-defined. Obviously, dimy K"I < X if the
poset [ is of finite width and connected, that is, not a disjoint union of two
subposets I’ and I” with all pairs i’ € I’ and ¢ € I incomparable in I. If T
is connected, the coalgebra K"I is also connected, that is, it is not a direct
sum of two non-zero K-coalgebras.

A K-coalgebra C' is defined to be pointed if every simple subcoalgebra H
of C is one-dimensional, or equivalently, if dimg S = dimg Endgc S = 1 for
any simple left C-comodule S.

It is shown in [46] that the incidence coalgebra K°I of an interval finite
poset [ is pointed (hence basic), cf-hereditary, and Hom-computable in the
sense of [42|. If T is of left locally finite width, then KT is left locally artinian
(hence left cocoherent).

Here, by the width w(I) of I we mean the maximal number of pairwise
incomparable elements of I, if it is finite; otherwise we set w(I) = co. We say
that I is of left (resp. right) locally finite width if given b € I, the subposet

“h={jel;j=b} (resp. b ={jecl;b=j}),
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called the left (resp. right) cone at b, is of finite width, that is, has finitely
many pairwise incomparable elements. A subposet I’ of I is defined to be
convet, or interval closed, if given a < bin I’ the interval [a,b] = {s € I; a <
s X b} =a¥ NEbis contained in I'.

Throughout this paper we use the coalgebra representation theory no-
tation and terminology introduced in [38-40, 48, 58|. The reader is re-
ferred to [4, [25, |48] 57] for the coalgebra and comodule terminology, and
to |1, 2, [33] |55] 56] for the representation theory terminology and notation.

Given a K-coalgebra C, we denote by C-Comod and C-comod the cat-
egories of left C'-comodules and left C'-comodules of finite K-dimension, re-
spectively. The corresponding categories of right C-comodules are denoted
by Comod-C' and comod-C. Further, we denote by C-inj the category of
socle finite injective left C-comodules. Given a K-coalgebra C' with comulti-
plication A : C' = C®C and counity € : C — K, the coalgebra C°P opposite
to C' is the K-vector space C equipped with the same counity ¢ : C — K
and the comultiplication A°? = 70A : C — CRC, where 7 : C®C — CRC
is the twist map defined by 7(z ® y) = y @ x for z,y € C. It is clear that the
category Comod-C' of right C-comodules is just the category C°P-Comod of
left C'°P-comodules.

We recall that a left C'-comodule M is socle-finite if dimg soc N is finite;
M is (socle) finitely copresented if there is an exact sequence

(1.3) 0—+M— Ey— E;

in C-Comod with socle-finite injective comodules Ey and E7; we call it a
socle-finite injective copresentation of M. We denote by C'-Comody. the full
subcategory of C-Comod whose objects are the (socle) finitely copresented
K" I-comodules.

We recall from [38, 44, |45] that there are two different notions of tameness
of K"I. We define C' to be of tame (resp. fc-tame) comodule type if the
category C-comod (resp. C-Comodyg.) is of tame representation type; see
Section 2 for details.

In this paper we study the tameness and fe-tameness of the incidence
coalgebras K"I of interval finite A} -free posets I, where K is an algebraically
closed field (see also [53]). The main results of the paper are presented in
Sections 3-4 and are collected in the following two theorems.

THEOREM 1.4. Assume that K is an algebraically closed field and I is
an interval finite A% -free poset.

(a) The category K°I is of tame comodule type if and only if it is of
fe-tame comodule type.

(b) The tame-wild dichotomy theorem holds for the coalgebras K°I, that
18, the category K°I-comod is either tame or wild, and these two
cases are mutually exclusive.
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THEOREM 1.5. Assume that I is an interval finite &fn—free poset and K
s an algebraically closed field. The following five conditions are equivalent:

(a) The coalgebra K1 is of tame comodule type.

(&') The coalgebra K1 is of fc-tame comodule type.

(b) The reduced Euler quadratic form ¢% : ZU) — 7 (see (3.5)) is weakly
non-negative, that is, q7(v) > 0 for all vectors v € 710 with non-
negative coordinates.

(c) For any finite subposet J of I, the finite-dimensional incidence
K-algebra K J is of tame representation type.

(d) For any finite subposet J of I, the K-algebra KJ is not of wild rep-
resentation type.

If, in addition, I is infinite and connected then the coalgebra K°I is of tame
comodule type if and only if I is a subposet of one of the posets listed in
Table 4.4.

Some of the results presented in Theorems 1.4 and 1.5 were announced
in [48, Section 8.3].

Throughout this paper we use the following definitions and facts (see
[4, 25 38/ 146], [48]).

A K-coalgebra C'is defined to be basic if the left C-comodule soc ¢C' has
a direct sum decomposition

(1.6) soccC = GB S(j)

Jj€lc
where I is a set, S(j) are simple comodules and S(i) 2 S(j) for all i # j.
It is shown in [38] that the definition is left-right symmetric. If the field K
is algebraically closed, a K-coalgebra C' is pointed if and only if it is basic

(see |38, 48]).
Following [38|, 4042, 48|, we denote by
(1.7) Igth M = (¢;(M)) e, € 2V

the composition length vector of a comodule M in C-comod, where £;(M)eN
is the number of simple composition factors of M isomorphic to the simple
comodule S(j). We recall from [38] that the map M — lgth M extends to
a group isomorphism

(1.8) lgth: Ko(C) = ze),

where Ko(C) = Ko(C-comod) is the Grothendieck group of the category
C-comod. If dimg S(j) = 1, then £;(M) = dimg Homec (M, E(j)), where
E(j) is the injective envelope of S(j) [40, Proposition 2.6]. If C' is pointed,
we have

(1,9) lgth M =dim M = [dimK Mej]jejc,
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because dimg Mej=dimg Home (M, Ce;j) =dimg Home (M, E(j)) =£,;(M)
for any j € I (see |5l |14, 40H42, 46| 48]). We call dim M the dimension
vector of M.

Assume that C' is a basic K-coalgebra with a fixed decomposition (1.6).
Following |33} [37, 43-45]|, given a finitely copresented C-comodule M with a
minimal injective copresentation (1.3), we define the coordinate vector of M
to be the bipartite vector

(1.10)  edn(M) = (cdn)! | cdn}) e Ko(C) x Ko(C) = ze) x ze)

where cdn))! = Igth(soc Ey) and cdn?! = Igth(soc F}).

The coalgebra C' is defined in [42] to be Hom-computable (computable,
for short) if dimgx Endg E is finite for any socle-finite direct summand E
of ¢C. We call a coalgebra C' left cocoherent if any finitely cogenerated epi-
morphic image N of an indecomposable injective C-comodule E is finitely
copresented (see [18]). Note that the class of left cocoherent coalgebras con-
tains all right semiperfect coalgebras, all hereditary coalgebras and all left
locally artinian coalgebras (i.e., the coalgebras C' with all left indecomposable
injective comodules artinian) (see |18]).

2. Preliminaries on incidence coalgebras and their comodules.
Let I = (I,=) be a poset (finite or infinite). We write ¢ < j if ¢ < j and
1 # 7. We recall that the Hasse quiver of I is the quiver )7, where the set
of points of Q7 is I, and there is a unique arrow p — q fromp € [ tog € I
if and only if p < ¢ and there is no r € I such that p < r < g.

To get a description of K"I as the path coalgebra of a bound quiver, we
consider the Hasse quiver @J; and note that the K-algebra homomorphism
KQr — KI associating to any arrow p — ¢ of Q7 the matrix unit e,; € K1
induces a K-algebra isomorphism KQ/2; = K1, where {25 is the two-sided
ideal of the path K-algebra K generated by all commutativity relations,
that is, by all differences w’—w” € KQ of paths w’, w” of length m > 2 with
a common source and a common terminus (see |1, Ch. II] and [33, Ch. 14]).
We call (Qy, £27) the Hasse bound quiver of the poset I.

We proved in [46, |48| that there is a coalgebra isomorphism

(2.1) 0: KT = K°(Qr, ),

where K°(Qp, 2;) is the path K-coalgebra of the bound quiver (Qg, £2)
defined by the formula

(2.2) K(Qr, ;) = 2f ={u e KQr; (u,2;) =0} C K°Q;

(see |19} 3840} 46, 48] for details).
Usually we study the comodule category K"I-Comod by means of
K-linear representations of I (equivalently, representations of (Qr, {2r)),



266 Z. LESZCZYNSKI AND D. SIMSON

which are the systems X = (X, ¢¥p)p<q, Where X, is a K-vector space for
eachp € I, 4, : X, = X, is a K-linear map for all p < ¢, and s¢4040p = s¢p
for all p < ¢ < s. A morphism f : X — X' is a system f = (fp)per
of K-linear maps f, : X, — XZ’) such that qcp;ofp = fqoqpp for p<gq
(see |7, |19} |27} 138}, 58]).

We denote by Repg(I) = Repg(Qr, £21) the Grothendieck K-category
of K-linear representations of I, and by repg () 2 rep%([ ) the abelian full
subcategories of Repy (1) formed by finitely generated representations and
by finitely generated representations of finite length, respectively.

Finally, we denote by Rep%([ ) the full Grothendieck subcategory of
Repg () formed by locally finite representations, that is, directed unions
of objects from repg(I); by nilrepg(l) the full subcategory of repg(I)
formed by all nilpotent representations of finite length; and by Repﬁ?ﬁf (I) the
full subcategory of Repg (I) formed by all locally nilpotent representations.
Since I is a poset, we have nilrep%([) = repg (I), and hence Repf;?zf(l) =
Rep%([) (see 46| for details).

It follows from [46, Proposition 4.3| that there exist category equivalences

K°I-Comod % Repi?éf(f) = Rep%([) = Rep%(@[, 2r)

(2.3) J J

K"I-comod % nilrep%([) = repﬁf([) & rep%(@l, 2r)
We start with the following useful observations.

LEMMA 2.4. Let K be a field and let C = K"I be the incidence K-
coalgebra of an interval finite poset I. Let I°P = (I, <°P) be the poset opposite
to I = (I,=), that is, p <°P q if and only if ¢ < p.

(a) The K-linear map tr : K°T = K°(I°) that associates to any matriz
A its transpose matrix tAr()\) = M7 defines an isomorphism of the
K -coalgebra K°(I°P) with the K -coalgebra C°P.

(b) The coalgebra isomorphism (K°I)°P = K"(I°P) defined in (a) induces
category isomorphisms
K°(I°?)-Comod = Comod-K"I,  K"(I°°?)-comod = comod-K"I.

(¢) If U is a convex subposet of I then K"U is a subcoalgebra of K"I
and K"U-comod is an extension closed subcategory of K”I-comod.

Proof. Statements (a) and (b) follow immediately from the definitions of
KT and K"(I°P). For the proof of (c) we refer to |14, 40, 41}, 48|. =

Now we collect some basic properties of the coalgebra K“I proved in
[38, 142, |46] (see also |5} |7, |14, [26]).
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PRrROPOSITION 2.5. Let K be a field, let I be an interval finite poset and
let C = K"I.

(a) The coalgebra K°I is basic and pointed; it is connected (indecom-
posable) if and only if the poset I is connected. Moreover, dimg K°I
< N if I is of finite width and connected.

(b) For each j € I¢, the vector space

Si(j) =ej - (KI)-e; = Ke;j

is a one-dimensional simple left coideal (and a subcoalgebra) of K"I,

the left ideal
Er(j) = KI -¢j

of the K-algebra K1 is a left coideal of the coalgebra C such that
soc Er(j) = S1(j), Endc S1(j) = K, Endc Ey(j) = K, and the

vector f
‘ . 1 Piﬁ j:
lgth E;(§) = (4 € Z' s defined by ;, =
gth E1(j) = (4jp)per is defined by - Ljp { 0 if pAj.

Moreover, there are vector space isomorphisms

(2:6) Home(Ei(0) Eilp) 2 { 77 1P
= (0 frza
(¢) There are left K"I-comodule decompositions
(2.7) soc KT = @S[(j) and K'I = @E}(j)
jel Jjel

(d) The coalgebra C’ is Hom-computable, its composition length matrix
cF =[] € M (Z) coincides with its Cartan matriz oF = [qu] €
M7(Z) with £y, = dimg Home(Er(p), Er(q)), and oF" = Cj €
I\\/JI}—< (Z) is the incidence matriz (3.3) of the poset I (see Section 3).

(e) Given p € I, the composition length vector lgth Er(p) = (pg)qer
€ 7! is the pth row (cqp)qer of the incidence matriz Cy. m

ProPOSITION 2.8. Let K be a field and I a connected interval finite
poset of left locally finite width.

(a) The coalgebra K°I is Hom-computable and locally left artinian and
left cocoherent.

(b) The category K°I-Comody. is abelian and coincides with the cate-
gory of artinian left K"I-comodules. It is closed under taking exten-
stons, contains the categories K°I-comod and K©I-inj, and every
comodule N in K“I-Comody. has an injective resolution lying in
K*I-Comody,.

Proof. Apply [46, Sections 4 and 5|. =
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3. Incidence coalgebras of tame comodule type. Let C be a basic
K-coalgebra. We recall from [38] and [39] that C is said to be of K-wild
comodule type (or K-wild, for short) if the category C-comod is of K-wild
representation type [33] [38] |56] in the sense that there exists an exact K-
linear representation embedding (see [36])

T : mod I'3(K) — C-comod,

where I3(K) = [IO( II(;} A K-coalgebra C' is defined to be of K-tame

comodule type |38] (or K -tame, for short) if C-comod is of K-tame represen-
tation type (|33, Section 14.4], |56]), that is, for every vector v € Ko(C) =
7)) there exist C-K[t]-bicomodules L1, ..., L") which are finitely gen-
erated free K[t]-modules, such that all but finitely many indecomposable left
C-comodules M with lgth M = v are of the form M = L) @ K}\, where
s <r, and

Ky =K[t]/(t—)), MEK.

Equivalently, there exist a non-zero polynomial h(t) € K|[t] and C-K[t];-
bicomodules LM, ... L") which are finitely generated free K [t],-modules,
such that all but finitely many indecomposable left C-comodules M with
lgth M = v are of the form M = L() @ K}, where s < r, and K[t], =
K|[t, h(t)~'] is a rational K-algebra (see [9] or |33, Section 14.4]). In this case,
we say that L) ..., L(™) form an almost parametrising family for the family
ind, (C-comod) of all indecomposable C-comodules M with Igth M = v.

Here, by a C-K|[t],-bicomodule we mean a K-vector space L equipped
with a left C-comodule structure and a right K[t];-module structure sat-
isfying the obvious associativity conditions. In [44, 45|, a K-tame-wild di-
chotomy theorem is proved for left (or right) semiperfect coalgebras and for
acyclic hereditary coalgebras over an algebraically closed field K by reduc-
ing the problem to the fc-tame-wild dichotomy theorem [44, Theorem 2.11],
and consequently to the tame-wild dichotomy theorem for bocses and finite-
dimensional K-algebras proved in [9].

We recall from [44] |45] that C is of fe-tame comodule type if, for ev-
ery coordinate vector v = (v'[v") € Ko(C) x Ko(C), the indecomposable
finitely copresented C-comodules N such that cdn(N) = (v'|v”) form at
most finitely many one-parameter families (see [44] and [48] Section 6| for a
precise definition). The reader is referred to [38| and to [44] for the definition
of tameness of polynomial growth and fc-tameness of polynomial growth,
respectively.

The following lemma shows that in the study of the incidence coalgebras
KT of tame comodule type, we may assume that K" is left and right locally
artinian, hence left and right cocoherent.
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LEMMA 3.1. Assume that K is an algebraically closed field and I is a
connected interval finite poset.

(a) If J is a connected interval finite subposet of I and the coalgebra K°I
is of tame (resp. fc-tame) comodule type then K°J is of tame (resp.
fe-tame) comodule type.

(b) If K°I is of tame or fe-tame comodule type then:

(b1) I is of left and right locally finite width. More precisely, w(b<)
<4 and w(Eb) < 4, for allb e I.

(b2) K"I is left and right locally artinian, as well as left and right
cocoherent.

(b3) We have K°I-comod C K“I-Comods. and (K°I)°P-comod C
(K°I)°P-Comods., and a left (resp. right) K°I-comodule M is
finitely copresented if and only if it is artinian.

Proof. (a) If K"I is of tame comodule type, we apply the isomorphism
(2.1), the equivalences (2.3), and modify the arguments used in the proof
of |38, Theorem 6.11(a)]. If K“I is of fe-tame comodule type, we apply the
results of [44], in particular [44, Corollary 2.13].

(b) Assume that K"I is of tame or fe-tame comodule type.

To prove (bl), assume to the contrary that K°I is of tame comodule
type and there exists b € I such that w(2b) > 5, that is, w(%b) contains five
pairwise incomparable elements a1, as, as, ag, as. Hence I contains the finite
subposet

ag aq
Nt

J a3 — b
e
ayq as

It follows from [40, |46] that, for the finite-dimensional coalgebra H := K"J,
there are representation embeddings

H-comod — K"I-comod and
H-comod = H-Comodg, — K"I-Comodyg,

preserving the wild representation type. By (2.3), there are equivalences of
categories H-comod — repy (J) = mod K J, preserving wildness. Since the
finite-dimensional algebra K J is wild, the coalgebra H is of wild comodule
type and, according to [38, Theorem 6.10| and |48, Theorem 6.7(d)|, K" is
of wild comodule type. This contradicts the weak version of the tame-wild
dichotomy for coalgebras proved in |39, Corollary 5.6|, |38, Theorem 6.11]
and [48, Corollary 6.8], because we have assumed that KT is of tame co-
module type. Consequently, (bl) follows when KT is of tame comodule
type, because one proves the second part of (bl) in a similar way. If K“T
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is of fe-tame comodule type, (bl) can be proved in a similar way by apply-
ing [44] Corollary 2.13].

(b2) By (bl), given b € I, the widths of Zb and b= are smaller than 5.
Then, by [46, Theorem 5.3], KT is left and right locally artinian. Hence,
by [18, Proposition 1.3], it is left and right cocoherent.

(b3) Apply (b2), Proposition 2.8, and [46, Theorem 5.7|. =

Now we are able to prove that the tame-wild dichotomy [48| (6.10)| holds
for the coalgebras K°I of connected interval finite posets I that are of left
locally finite width.

THEOREM 3.2. Assume that K is an algebraically closed field and I is a
connected interval finite poset.

(a) The coalgebra K°I is of fe-tame comodule type if and only if it is of
tame comodule type.

(b) K"I is fe-tame of polynomial growth (resp. of discrete fc-comodule
type) if and only if it is tame of polynomial growth (resp. of discrete
comodule type).

(¢) K"I is either of tame or of wild comodule type, and these types are
mutually exclusive.

Proof. (a) By Proposition 2.8, K"I is computable. If it is of tame or
fe-tame comodule type then Lemma 3.1 applies. It follows that the category
K°I-Comods,. contains K”I-comod, and the fe-tameness of K°I implies its
tameness, by |48, Lemma 6.17].

Conversely, by [44] and |48, Theorem 6.7(e)]|, the tameness of KT implies
the tameness of the finite-dimensional coalgebra K“U for any convex finite
subposet U of I, because K"U is a subcoalgebra of K"I. Hence, the finite-
dimensional K-algebra Rp, = Endg-; Ey is tame for every such U, where
Ey = @,y Er(j) (see |14, 41] and Proposition 2.5). Then, in view of |48,
Corollary 6.28], K°I is of fe-tame comodule type.

(b) If K°I is of tame or fc-tame comodule type then, by Lemma 3.1
and (a), the category K“I-Comody. contains K"I-comod, and the fc-tame-
ness of K"I is equivalent to its tameness. Then the arguments in the proof
of [44, Theorem 3.1] extend almost verbatim to our case and prove (b). The
details are left to the reader.

(c) In view of (a), statement (c) is a consequence of the fe-tame-wild
dichotomy |44, Theorem 2.11] and |48, Theorem 6.26]. =

To characterize the coalgebras K"I for interval finite posets I of tame
comodule type, we need some notation introduced in [46]. Assume that [ is
an interval finite poset (finite or infinite). The set M;(Z) of all square I x I
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matrices with integer coefficients is viewed as an abelian group with respect
to the usual matrix addition. The set

M?(Z) = {c = [epglpger € M1(Z); cpg =01if p A q}

is a subgroup of M (Z). Since I is assumed to be interval finite, for any two

. I 1" / .
matrices ¢ = [¢;] and ¢ = [¢},] in M7 (Z), their product
/ / . /
¢ " =caplaper, With cqp = anj iy = Z Chi * Ciy
Jel a=j=b

is a well defined matrix lying in M?(Z) Hence, M?(Z) is an associative
Z-algebra and the matrix F with 1’s on the main diagonal and zeros else-
where is the identity of Mf (Z). The relation < is uniquely determined by
the incidence matriz of I, the integral square I x I matrix (see |33, 34])

1 fori=<j
< . -
By [46 Corollary 2.9], C; has a unique left and right inverse
C;:=C;'= [ci;lijer € MF (2)

defined by [46, (2.11)] and called in [47] the Euler matriz of I. Following [47],
besides C;, we also associate to I the reduced Euler matriz

° () =<
with ¢f; = _—1forz'—j7 c;=cy=-1liti—j ¢ =c . if | 4 j, and
c. = 0 in the remaining cases. We recall that we wrlte T — ] if © < j and

ij
there is no s € I such that i < s < j. Moreover, we write a € b if a < b and
there are two pairs (a/,b"”) and (a”,b’) of incomparable elements in I such
a=<v
that «a 4 > b.
a//j b///

In the characterization theorem below we use the reduced Euler form

(3.5)  q¢i(z Zx —ZCIIZ:C] Zc”mz:c]—x cy-z", zezW,

i€l i—] 4]

introduced in [47, (3.4)] (see |5} 26, 53] for some application).

REMARK 3.6. We recall from [47] that ¢7(z) coincides with the Tits form
in the sense of Bongartz |3] associated with the Hasse bound quiver (Q7, £2r)
such that the coalgebra isomorphism (2.1) holds. It follows that, given a € b
in I, the coefficient ¢}, is a positive integer and equals the cardinality of a
minimal set generating the ideal in {27 generated by all commutative relations
starting from a and terminating at b.
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Following [47], to any finite poset J we also associate its reduced Coxeter—
Euler matrix

(3.7) Cox% := —C% - (C%) ™" € M,(Z)
and the reduced Cozeter—Euler polynomial (cf. |5} 16,17, 50-53|)
(3.8) cox5(t) := det(t - E — Cox5) € Z[t]

Now we are ready to prove the following useful characterization.

THEOREM 3.9. Assume that I is a connected &jn—free interval finite poset
and K is an algebraically closed field. Then the following conditions are equiv-
alent:

(a) The coalgebra K°I is of tame comodule type.

(a') The coalgebra K°I of fe-tame comodule type.

(b) The reduced Euler form g3 : 70 — 7 is weakly non-negative.

(¢) The coalgebra K°U is tame for any finite convex subposet U of I.

(d) The form qf; : 7V — 7 is weakly non-negative for any finite convex
subposet U of I.

Proof. The equivalence (a)<(a’) is a consequence of Theorem 3.2.

(b)<(d). First we observe that, given a connected A* -free interval finite
poset I and a finite convex subposet U of I, we have

(3.10) qpr(v) = q; ()
for any vector v € ZY, where ¥ = (¥;)jes € 71 is defined by the formula
. Vj ifjeU,
U = o
0 ifjel\U.

Here we apply the fact proved in [46] that the matrix C}; is obtained from C$
by dropping all rows and columns indexed by j € I\ U (see [46, proof of
Corollary 2.9]). Here we use the assumption that U is a convex subposet
of I. Hence (b)<(d) follows.

(a)<(c). By Theorem 3.2, K°I is of fc-tame comodule type if and only
if it is of tame comodule type. Then (a)<(c) is a consequence of |44, Corol-
lary 2.13].

(¢)<(d). This follows by applying [47, Theorem 1.5 and Proposition 4.2,
proved by using the results of Bongartz |3| and Leszczynski |20, Theorem]|. m

The following corollary shows that, for K°I of tame comodule type and of
arbitrarily large (finite or infinite) global dimension, the Euler characteristic
(see (3.13) below) is a well defined integer and can be computed by using
the Euler bilinear form (3.12) of I (see |30, |40} |46, 47]).
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COROLLARY 3.11. Assume that I is a connected Afn—free interval finite

poset, K is an algebraically closed field, and
bz xz0) — 7

is the Euler Z-bilinear form of I defined by
(3.12) br(u,w) =u-C™ 1w
for all v,w € ZU) (see |46, 47]). Assume also that K°I is of tame comodule
type of arbitrarily large (finite or infinite) global dimension gl.dim K°I.

(a) K°I is an Euler coalgebra [42] and the Buler defect dxop = Z1) x

70 — 7, [42, (4.23)], |49] of K°I is zero.
(b) For any M, N in K"I-comod, the Euler characteristic

(3.13) Xior(M,N) = "(~1) dimg Ext}., (M, N)
=0

s an integer, and
br-r(lgth M,1gth N) = bg-;(dim M, dim N) = x g7 (M, N).

(¢) If N is an artinian comodule in K°I-Comod and M is a comodule
in K°I-comod then Ext.; (M, N) =0 for m > 0 sufficiently large,
(M, N) is a computable Euler pair in the sense of [49, Definition 4.1],
the FEuler defect 5Ku](M, N) is zero, and

oo
br-7(lgth M,1gth N) = " (—1)’ dimg Ext}. (M, N),
j=0

where by - K{(K°I) XIA(S'(KDI) — 7 is the Fuler Z-bilinear form
defined in [42, (4.11)] and |49} (3.5)].

Proof. It follows from Lemma 3.1 that [ is of left and right locally fi-
nite width, and K"I is left and right locally artinian, as well as left and
right cocoherent. Hence, by [46, Theorem 5.3(a)], K°I is an Euler coal-
gebra and the Euler defect Ox-r is zero. Moreover, by [46, Corollary 2.9],
the incidence matrix C; has a unique left and right inverse CI_1 € M?(Z)
defined by [46, (2.11)]. Hence, the Euler Z-bilinear form (3.12) is well de-
fined. It follows from [40] that, for any finite-dimensional comodules M, N
over K°I,

bi-7(1gth M, 1gth N) = b7 (dim M, dim N) = x -7 (M, N) + 91 (M, N)

(see (1.9)). This finishes the proof of (a) and (b), because Og-;(M,N) =0
(see also |46, Theorem 5.3(a)]).
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(c) Assume that N is an artinian comodule in K"I-Comod and M is a
comodule in K"I-comod. Since K"I is computable by Proposition 2.8, and
assumed to be of tame comodule type, Lemma 3.1(b) shows that N and M
lie in K"I-Comods. and are computable. Moreover, in view of [46, Corollary
5.6], (M, N) is a computable Euler pair in the sense of [49, Definition 4.1]. In
particular, Ext%.;(M, N) = 0 for m > 0 sufficiently large, the Euler defect
5[@ 1(M, N) is well defined, the Euler Z-bilinear form ?)\Kr 1 is well defined,
and [49, Theorem 4.4(b)] yields

brc-1(Igth M, Igth N) = x -1 (M, N) + 9x-; (M, N)
(see |49, (4.6)]). Since gy F'" = C; by Proposition 2.5(d) and [46, Theorem
5.3], and Cjy has the two-sided inverse Cl_l, [49, Theorem 4.4(c)| applies.
Hence Og=1(M,N) =0 and (c) follows (see also |46, Corollary 5.6]). =

The following example presented in [21, p. 295] shows that Theorem 3.9
does not remain valid for posets I that contain a subposet A}, with m > 2.

EXAMPLE 3.14. The reduced Euler form ¢5 : 77 — 7 of the poset

2 3
o———e

6
le——e——e7

N\ /

o—e
4 5

can be written as follows:
@S (x) =23 +od+ad i 42l v a4 2 — (v +a0)z3 — (21 4 25) 24
—x126 + (1 — T2 — T5 — X6) X7
2
= (21— %$3 — %x4 — %1‘6 + %:m) + (zo — %x — %x7)2
2 2
+ (s 35— dao-+ bar)? + H(—be -+ 21— g — S+ o)
2
+ %($5 - %xG - %$7) + %(xﬁ — 1‘7)2.
Thus it is non-negative and Ker ¢§ = Z-h, where h = (1,1,1,1,1,1,1). This
shows that ¢% is critical in the sense of Ovsienko [29] (see also [24]).
Now we show that the finite-dimensional coalgebra K"J is of wild co-
module type; hence, in view of |48 Corollary 6.8|, it is not of tame comodule

type if K is algebraically closed. Indeed, let (Q7, £27) be the Hasse bound
quiver of I and let

f:(Qr, 1) — (Qr. %)
be a universal covering of bound quivers. It induces a push-down functor
fa: KD(Q], Q]) Comod — K"(Qy, £21)-Comod. One can show that (Q], Q])

contains a wild subquiver @ of the type
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~ [ ] [ ]
Dy : | ]

———o——0o

— o ——0o—o

Hence, the finite-dimensional K-coalgebra K°Q is a subcoalgebra of
K°(Qr, 2r) and f) restricts to a functor

Y+ K°Q-comod — K"(Qj, £21)-comod = K"I-comod

preserving wildness. We recall from [48| (8.25)] that there exists a coalgebra
isomorphism K°J = K“(Qy, §2;). It follows that K“J is of wild comodule
type, because K°Q is, by [48, Theorem 7.21(a) and Corollary 6.8| (see also
[33, Chapter 15]). Consequently, K".J is not of tame comodule type, by [44]
and [48, Corollary 6.8].

The following two examples illustrate the difference between the Euler
form g;(z) = x - C;' - 2! of a poset I and its reduced Euler form ¢}(x) =
z - C%- 2" when gl.dim KT = gl.dim K°I > 2.

ExaMpPLE 3.15. Let I be the completed garland

as — a4 —r Qg
I: a ¢ XX >a8
\‘ag — a5 — ay
We will show that the incidence K-algebra KT and the incidence coalgebra
K®I are tame, by proving that the reduced Euler form g7 : 78 — 7 is weakly
non-negative.
First we observe that gl.dim KI = gl.dim K°I = 4, because the simple
projective left K“I-comodule S(ag) has the minimal injective resolution (in
the notation of (2.7))

0 — Si(ag) — Er(ag) — Er(ar) © Er(ag) — Er(as) © Er(as)
— E](ag) &) E[(CLQ) — E[(al) — 0,

whereas the injective dimension of each of the remaining simple left K“I-
comodules S(a1),...,S(ar) is less than or equal to three.
The Euler matrix and the reduced Euler matrix of I are

1 -1 -1 1 1 -1 -1 1

0 1 0 -1 -1 1 1 -1

0o 0 1 -1 -1 1 1 -1
C, - 0 0 O 1 -1 -1 1 1 7

0 0 0 O 1 -1 -1

0 0 0 0 O 1 0 -1

0o 0 o0 o0 0 O 1 -1

o 0 o0 o o o0 o0 1
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1 -1 -1 1 1 0 0 O
0 1 0 -1 -1 1 1 0
O o0 1 -1 -1 1 1 0
C - 0o 0 0 1 -1 -1 1 1
o o0 o0 0 1 -1 -1 1
o o0 o0 o0 o0 1 o0 -1
o o0 o0 o0 o0 0 1 -1
oo o0 0 0 0 0 1

A straightforward calculation shows that the Coxeter polynomial and the
reduced Coxeter—Euler polynomial of I are (see [13])

cox(t) =t8+t7 =20 — 0 4 2f — 3 — 2% 4t 41,
cox(t) = 5 + 4t7 + 810 +12¢° + 14¢* + 1263 + 8¢2 + 4t + 1,

the Coxeter number c; equals 6, whereas the reduced Coxeter—Euler num-
ber cf is infinite (see |13, 47, |50-52]).

The Euler form g; : Z® — Z is given by

gr(x)=x- CI_1 gl

= 2% — (z1 — Ta)xy — (¥1 — 23)T3 + (71 — T2 — T3 + T4) 14

+(:L’1—xg—x3+$5)$5—($1—xg—x3+x4+$5—x6)x6

—(x1 — w2 — X3 + x4 — T5 — T7)T7

+ (21 —x9 —x3 + x4 + 5 — T6 — T7 + T8) XY

(01— b2 — Yoo + o + bas — hoo — ar + ba)”
+3(en— Jos — b~ b+ o + Jor — doo)’

+ %(xg — %.%4 — %m5 + %.%‘6 + %$7 — %xg)z

+ 3z — 25)° + (6 — 27)* + S73.

It follows that the form g; is non-negative of corank two (see |13]).

The reduced Euler form q¢7 : 78 — 7. is given by

. . tr
qi(z) =z -Ci-x
2 2 2 2 2 2 2 2
=zx]+taytagt+axy+ax5+ x5+ 27 +2T3— X122 — 123 + X124
+ Z1%5 — X2T4 — T2T5 + TaXg + T2X7 — X3T4 — T3T5 + T3xe + T3T7

— T4xg — T4x7 + T4xg — T5T6 — T5T7 + T5Tg — TeTY — T7TS
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= (:cl - %a:Q - %xg + %m + %%)2
T o
+ 2 (23 — S — Y + w6+ 27)” + L (w4 — 5 + 75)°
2(m5 % 29:7) — (2x6 + 2:U7)2 + (226 — 2:U7)2
%(2305 — x6 — T7 + 78)°.

It follows that the form ¢} is indefinite.

On the other hand, one can check by computer calculation using the
algorithm of Dean and de la Pena [8] that ¢} is weakly non-negative. Alter-
natively, this follows from the following semi-canonical Lagrange form of 2¢7:

2q7(z) = (x1 —x9 — a3+ x4 + 5 — T6 — T7 +x8)2
+ (19 — 23)" + (24 — w5)” + (w6 — w7)” + (w1 — 28)°
+ 2(x127 + T128 + 28 + T3TR).
Hence, by |20, |44, 47|, and Theorem 3.9, the incidence K-algebra KI and

the incidence coalgebra K1 are tame.

ExaMPLE 3.16. Let J and J; be the following left completed garland and
the right completed garland, respectively:

/(a2—>a4—>a6 a2—>a4—>a6\
J: al\( X X and Jp: X X /(ag
as — a5 — ay a3z — a5 — ay

First we note that gl.dim KJ = gl.dim K"J = 3 and gldim KJ; =
gl.dim K°J; = 3. We will show that the incidence K-algebras KJ, KJ; and
the incidence coalgebras K°J, K"J; are tame, by proving that the reduced
Euler forms ¢¥, q3, ¢ 7" — 7. are weakly non-negative.

For this purpose, we note that the Euler matrix and the reduced Euler
matrix of J are

(1 -1 -1 1 1 -1 —1]
o 1 0 -1 -1 1 1
O 0 1 -1 -1 1 1
C;=/0 0 0 1 -1 -1 1],
0 0 0 0 -1 -1
0o 0 0 0 0 1 o0
0 0 0 0 0 1]
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(1 -1 -1 1 1 0 0]
0 1 0 -1 -1 1 1
o 0 1 -1 -1 1 1
ct=|0 0o 0 1 -1 -1 1
O 0 0 0 1 -1 -1
O 0 0 0 0 1 0
O 0 0 0 0 0 1

A straightforward calculation shows that the Coxeter polynomial and the
reduced Coxeter—Euler polynomial of J are
coxg(t) =t" 1% =t —tt -3 2 4t 41,
cox%(t) = t" +3t5 +¢° — 5th — 53 + 12 4 3t + 1,
the Coxeter number c; equals 4, whereas the reduced Coxeter—Euler num-
ber c¥ is infinite (see [13] |47, 51}, 52]).
The Euler form q; : Z" — Z equals
q;(z)=x- C}l -zt
=22 — (21 — 9)wy — (21 — x3)x3 + (T1 — T2 — T3 + 24)T4
+(
— (21 — w2 — 23 + 24 — T5 — 27)27
2
= (a:l—%a: —%xy,—k%m—k%:c —%a: —%m—i—%xg)
2
+ %(.7;2 — %xg — %334 — %1‘5 + %376 + %36'7)

2
+ 3 (23 — 324 — 325 + 326 + 307) + 5(wa — 25) + §(ws — 27).

Tl — Ty — 3+ x5)T5 — (X1 — T2 — T3 + T4 + T5 — Te)Te

It follows that the form g; is non-negative of corank two (see [13]).
The reduced Euler form ¢% : 77 — 7 equals

° _ ° tr
qy(z)=z-Cj-z
_ 2 2 2 2 2 2 2
=2 +tx3+x3+ )+ 25+ 25+ 27 — X102 — 123 + T1%4 + 1T
— X%y — T2x5 + Take + ToX7 — T3T4 — T3T5 + T3Te + T3T7

— T4 — T4T7 — T5Te — Ty

= (21 — 22 —%:1:3—1-%3:4—1—%1:5)2
+ 3 (2o — tr4 — w5+ 2x6 + %x7)2
+ 2 (23— m5+x6+m7) + 1(z4 — x5)°
2(3:5 — §x6 — §x7) — (2z6 4 227)% + (226 — 217)?
%(2335 —z6 — 7)°.

It follows that the form ¢% is indefinite.
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On the other hand, ¢5 is weakly non-negative, because 2¢% has the fol-
lowing semi-canonical Lagrange form:

2q5(z) = I% + (1 — 22— T3+ T4+ T5 — T — 567)2
+ (29 — 23)* + (x4 — 15)* + (z6 — 27)* + 237127

It follows that the form ¢%(z)— 37 is weakly non-negative and, by [20, 44} 47]
and Theorem 3.9, the incidence algebra K J and the incidence coalgebra K°.J
are tame.

Analogously, one shows that the Coxeter polynomial and the reduced
Coxeter—Euler polynomial of J; are

coxj, () = coxy(t) ="+ —° —t* — > —#* 41 4+ 1,
coxy, (t) = cox¥(t) =t + 3% + 7 — 5¢* — 56> + 2 + 3t + L.

The Coxeter number c;, equals 4, whereas the reduced Coxeter—Euler num-
ber c5 is infinite. The Euler form g, : Z" — 7 is non-negative of corank
two, whereas the reduced Euler form a7, 7" — 7 is indefinite and weakly

non-negative. Moreover, one shows that the form ¢ (z)— %x% is weakly non-

negative, where x = (x3,...,2s). Then, by [20, 44} 47|, and Theorem 3.9,
the incidence algebra KJ; and the incidence coalgebra K".J; are tame.

Now we present a description of all infinite connected interval finite
posets I such that the coalgebra K°I is tame of discrete comodule type.

THEOREM 3.17. Assume that I is an infinite connected interval finite
poset and K is an algebraically closed field. Then the following conditions
are equivalent:

(a) The coalgebra K°I is tame of discrete comodule type.

(a") The coalgebra K71 is fc-tame of discrete comodule type.
(b) The Euler form G; : ZU) — Z is weakly positive.

(¢) The coalgebra K1 is left representation-directed (see [43]).
(

d) Given a finite convex subposet U of I, the incidence algebra KU is
representation-finite and U is a subposet of one of the representation-
finite Loupias—Zavadski—Shkabara posets presented in |10, 23, |59|.

(e) The poset I has one of the following two properties:

(el) gl.dim K°I =1 and I is one of the locally Dynkin posets

Apn: o—o0—0— ... o—eo o ...
0 1 2 s—1 s s+1

ovoo: che. ——@0—0—0— 00— - - - oe—eo
-2 0 1 2 s—1 S s+1
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[
Deo: 06——0—0—— . o—o o .-
0 1 2 s—1 s s+1

(e2) gl.dim K°I =2, I contains a subposet isomorphic to

o
N\
O O
NS
o
and I or I°? is a subposet of any of the following three posets:
-5 -4 -3 -2 -1 1 2
— 0 — 00— 00— 00— 00— 0 [ ]
DA, | |
o— o —Se——e
0 3 n—1 n
-6 -5 -4 -3 -2 -1 1 2

coDD5 : T 5 l

o—>o
-6 -5 -4 -3 -2 -1 34
e ——0—0—0—0—30—0
DD : l l
e—j0—>0— --- — @ o — ...
0 1 2 s  s+1
where n > 3 and e——e means e—-e or ei—aeo.

Proof. Apply Theorem 3.2(b) and the results proved in [43]. m

REMARK 3.18. If K"I is tame of discrete comodule type as in Theorem
3.16 then gl.dim K”I < 2 and the Euler form §; coincides with the reduced
Euler form ¢7.

4. A classification result. In this section we present a complete list of
all infinite connected interval finite posets that are A7 -free and have K"I of
tame comodule type, where K is an algebraically closed field. We need the
following notation.

Given m > 1, by the non-complete garland and the completed garlands
we mean the posets

0O—0— -+ —0-—0

Gm : X X X (2m points, m > 1)

o—0— -+ —0-—0



INCIDENCE COALGEBRAS OF POSETS 281

0O—>0— -+ —0—0

a—Gp—b: a/ e XX \b (2m + 2 points, m > 1)
o—0— -+ —0-—=0
04— 0— - <—o%o\

a4 Gy < b: a‘/ X X X b (2m + 2 points, m > 1)
\o<—o— - 4040

We denote by a — — b (resp. a + + b) any connected subposet
of the completed garland a — G,,, — b (resp. a < G, < b) that contains its

starting point a and the terminal point b. Moreover, by a — — b (resp.

a m < b) we mean the poset a — b (resp. a < b).
By the infinite two-sided unbounded garland we mean the poset

I G
(4.1) g: X XX
G G
By the infinite left (resp. right) unbounded garland we mean the posets
i 303 0— .- 3030
G —b: 4 XX >b
v+ —>0—>0— +++ —0—0
O—0— +++ —O—p---
a— Goo : a< X XX
0O -3 0— et 3O ...

Now we are able to prove the following classification theorem.
THEOREM 4.2. Assume that I is a connected interval finite poset and
K is an algebraically closed field. Moreover, assume that I s infinite and
AY -free.
(a) The following conditions are equivalent:
(al) The coalgebra K°I is of tame comodule type.
(a2) The reduced Euler form ¢ : Z1) — 7, is weakly non-negative.
(a3) The reduced Euler form qf; : ZV — 7 is weakly non-negative for
any finite convex subposet U of I.
(ad) I is a connected subposet of one of the posets GO, gél), géi)l,
(3), 9(4) and 9’(5) i Table 4.4, or of one of their duals

o0 5,00 s+1,00
°g§1), Oggi)l, °g§§), Ogﬁflgo, and OQSF)LOO, with some s > 1.

(b) If K"I is of tame comodule type then the following three conditions
are equivalent:
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(bl) K"I is tame of non-polynomial growth.

(b2) There exists a finite convex subposet U of I such that the inci-
dence algebra KU is tame of non-polynomial growth.

(b3) I contains one of the following two posets:

o = o
0—0—0 >§ \‘
(4.3) Gg: X X N2 3 5 i,
o030 / +
[¢] o]
3 6
or one of the three pg-critical posets in |20, (2.4a)-(2.4c)| (see

also [28,54]), and I is a connected subposet of one of the posets
G, gél), gﬁ)l, géi), g§f‘20, QS_)LOO in Table 4.4, or of one of

their duals, with some s > 1.

Proof. (a) By Theorem 3.9, the coalgebra K"I is of tame comodule type
if and only if, for any finite convex subposet U of I, the coalgebra KU is of
tame comodule type; equivalently, if and only if the incidence algebra KU
is tame (see [38]). Thus the equivalences (al)<(a2)<(a3) are immediate
consequences of Theorem 3.9.

(al)=(a4). Assume that [ is infinite, connected and &;—free, and K°1
is of tame comodule type. By the observation made earlier, the incidence
algebra KU is tame for any finite convex subposet U of I.

Finite connected Afn—free posets with this property are completely de-
scribed in |20]. It is also proved there that for such a poset U, the inci-
dence algebra KU is tame if and only if the integral Tits quadratic form
qu : ZV — Z (in the sense of Bongartz [3]) is weakly non-negative. It
is shown in [47] that the Tits form ¢y coincides with the reduced Euler
form gf;. Then, using the description of connected A,ﬁl—free posets (given
in |20]) with ¢f; weakly non-negative, simple combinatorial arguments show
that I or I°P is a subposet of one of the posets in Table 4.4.

(ad)=-(al). Assume that I is a connected &fn-free infinite poset such
that I or I°P is a subposet of one of the posets in Table 4.4. It follows
from the results in [20] that the reduced Euler form ¢f; : ZY — Z is weakly
non-negative for any connected convex finite subposet U of I, and so the
incidence algebra KU is tame. By |44, Corollary 2.13|, this implies that
KU is of tame comodule type. Hence, by Theorem 3.9, so is K"I. This
finishes the proof of (a).

Since the proof essentially depends on the classification given in [20], we
give later (in Section 5) an alternative proof of the implication (a4)=-(al) by
showing that the reduced Euler form is weakly non-negative for any poset
of Table 4.4, and for each of its connected subposets.
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(b) Assume that J is G, (N'Z)*, or one of the three pg-critical posets
in 20} (2.4a)—(2.4¢c)| (see also |21} 22, 28, 54]). Then gl.dim KJ = 2 and the
reduced Euler form ¢% : Z7 — 7Z coincides with its Euler form g; (see [47]).
We recall from [20, Lemma 2.4], [35] and [36, Section 5| that the algebra
K J is tame of non-polynomial growth. Hence, in view of Theorem 3.2, The-
orem 3.9, and the results in [44], the implications (b3)=-(b2)«<(b1) follow.

In view of the equivalence (al)<(ad), the implication (bl)=-(b3) is a
consequence of [35] and the description of finite A* -free connected repre-
sentation-tame posets in [20-22] (see also [53]). =

Table 4.4. Infinite connected &;—free posets I with weakly non-negative reduced Euler
form ¢ : 2 > 7

g% XX
..—>0—%0 0—3$0—S ...
ggl) : >§ >§ >6L1 az as--- Qg As41 >§
—0—0 \\/ \‘/( \‘/ o—0— ...
"'—>O—>O

2 \‘ o ..
G e m e
v+ —>0—0 )\/ \/‘ 04—0%—+ « -
- ag as+1—>_> as+2/ §<
N

SN

0 a az as as-

.-a/s

© o—o—
gl : f \al as az - as a5+1f N4
N \f \/ N N

O
PN
ggl’“’:\ AN S R
0 o

e
S ag Qgy1— — As42 < §<

az a3...
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We also add to Table 4.4 the posets °g§1), Ogéi)l, Ogéi), °g§f‘30, and 09(5)

s+1,00
dual to Qél), Qﬁ)l, QS,), glo)o, and QSF)LOO, respectively.

REMARK 4.5. (a) If I is one of the five posets GO, gs(l), Q’ﬁ)l, gs(f‘go,
and gﬁ)l,oo, then gl.dim K1 is infinite, whereas gl.dim K Dgéi) is finite.

(b) If I is the infinite garland G(9), then the category K”I-Comod has no
non-zero projective objects and no non-zero flat objects (see [6, [11, [27, 40].

Now we show that the reduced Euler form is weakly non-negative for any
poset of Table 4.4, and for each of its connected subposets. We start with
the following reduction lemma that is analogous to the peak reflection result
proved in [31] and applied in |12].

LEMMA 4.6. Assume that I is a poset and b € I is a point such that the
left cone Zb is of the form

I ZEO b /
/i> ™~

and all points j1 € I \ {b} are incomparable with all points jo € I \ {b}.
Moreover, assume that I = 11 U J and J is a disjoint union I UT with T
such that Iy N'T is empty. Denote by I; = I U JP the poset obtained from I
by replacing the subposet J with its opposite JOP.

o

O O,

\’\o
Io OKi
o

(¢} O

(a) The reduced Euler form ¢ : Z\) — 7 coincides with the form qy -
b

ZUY) = 7, under the obvious identification 7z =73 | I particular,
qy, 1s weakly non-negative if and only if q7 is.
b

(b) If I is finite, the reduced Cozeter—Euler polynomials cox}(t) and
coxy, (t) coincide.
b

Proof. By our assumption, I is of the shape ©bU T, that is,

o O O )
I oi%}b/ 12 O‘\i uT
o A/ \o 5/ s

Without loss of generality we may assume that I is finite, the points of I}
are numbered by 1,...,m, b = m, the points of I3 are numbered by m = b,
m+1, ..., m+s, and the points of T" are numbered by m+s+1, m+s+2,...,r.
Moreover, we assume that j; < j; implies j; <y ji in the natural order for
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J1,J1 € I, and jp < jb implies jo >y jh for jo,j5 € J := I, UT. Tt follows
that the reduced Euler matrix C} € My,444,(Z) is of the form

(11 - C1p—1 C1b 0 0 -+ 0 0]
Ch—11 "*° Cp—1b—1|Cb—16 O
Ch1 v Chb—1 1 0
(4.7) Ci=|o - 0 1 o
0 0 1
0 0 1
Lo 0 C3 1

By applying the definition of the reduced Euler matrix we can show that
C9, is obtained from C37 by replacing its lower right corner
b

1 0 0 0 0
1
1 o
1
CY 1

with (C%)" = C%,. When J is the chain
b—m+1m+24 - m+s,
a detailed proof is given in |12, pp. 88-89|.
It follows that C$, 4 (C3,)" = C} + (C})" and 2¢},(x) = - CY, - z'" =
b b b b
z-(CY +(C3)")-a'" =z (CY+(C)")- 2" = x- CY -2 = 2¢}(x). Hence
b b
(a) follows.

To prove (b), assume that I is finite and note that C}, = T - C7 - T,
b
where

1 O(o0 0 -+ 0]

(0] 0 0 0
T=10 - 00O

0 - 0 1

0 - 01 O |

Since T = T~! =T, we have C}, = T" - C} - T and a simple calculation
b

shows that COX}I/) =T - Coxj - T. Hence cox}, (t) = cox}(t). =
b
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COROLLARY 4.8. Assume that I is a finite connected subposet of one of
the posets GO, gél), gﬁ)l, gc(f;), ggﬂo, g§?17oo in Table 4.4, or of one of their
duals, with some s > 1.

(a) The reduced Euler form q7 : 71 — 7 is weakly non-negative.

(b) There exists a finite connected subposet I' of GO or of géfjo given
below such that cox}(t) = coxy,(t).

Proof. First we assume that I is a finite connected subposet of g§1) or
gﬁ)l, or their dual posets. By Lemma 4.6, the weak non-negativity of g7
reduces to the weak non-negativity of ¢}, for a finite connected subposet I’
of GO with cox$(t) = cox?, (t).

Next we assume that I is a finite connected subposet of géi), gﬁf‘ﬁo, or
QSF)L oos OF of one of their duals. By applying an obvious extension of Lemma
4.6, one reduces the weak non-negativity for I to the weak non-negativity
for a finite connected subposet I’ of

/{O,\ /o<—o%o<—oe
(4.9) 6% - [Gm] b XX X
\o 040404 0+«

with cox§(t) = coxY,(t). Consequently, it remains to prove that if I is a finite

connected subposet of G(© or of Qé?o)o then g7 is weakly non-negative. This
is implicitly proved in [20]. On the other hand, one can prove it by applying
the Dean—de la Pena algorithm [8], or directly by induction on the number of
points in 1. For the convenience of the reader we present a proof in Corollary
5.3 below. =

5. Weak non-negativity of the reduced Euler form of garlands.
The aim of this section is to prove that the reduced Euler form g7 : z0 -7
of any connected subposet I of any of the infinite posets of Table 4.4 is
weakly non-negative. The problem obviously reduces to the case when I is
finite. Moreover, it was shown in the proof of Corollary 4.8 that the problem
reduces to the case when [ is a subposet of the two-sided infinite garland G or

of 91560)0. The proof uses the following two technical (but useful) propositions.

PROPOSITION 5.1. Assume that I is a connected subposet of the gar-
land G,,.

(a) For any m > 1, the form q} : Z! — Z is weakly non-negative.
(b) If J is a connected subposet of the completed garland gAm Ta —
— b with m > 1, and J contains the point a (resp. b), then the
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forms q% : Z — Z and q%(z) — 322 (resp. q%(z) — 323) are weakly
non-negative.
(c¢) If I is a connected subposet of G : a — — b with m > 1,

and I contains the points a and b, then the forms q7 : Z' - 7 and

q}(z) — 222 — 122 are weakly non-negative.

Proof. (al) First we prove (a) for I = G,,. Assume that m > 1 and the
points of the garland G,, are labelled as follows:

13 2m—3  2m-1
o—-0— -+ —0-—=0

Gm : 4 XX (2m points, m > 1)
o—0— -+ —0-—=0
2 4 2m—2 2m

We proceed by induction on m > 1. For m = 1, the form ¢g : 7> - 7
is positive definite, because gg, (z1,72) = 2% + z3. For m = 2, the form
qg, 7Z* — 7 is positive semi-definite, because 2qg, (71, 72,73, 74) = (21 +
Ty — 23 — x4)% + (1 — 22)? + (23 — 14)%

For m = 3, I = G3 is the interval closed subposet of the garland a; —
—> ag of Example 3.15. Since the reduced Euler form of Gs is obtained
from that of a; — —> ag by the substitutions z1 = 0 and xg = 0, the form
qag, 78 — 7 of G3 is weakly non-negative, because it is shown in Example
3.15 that the reduced Euler form of a; — — ag is weakly non-negative.
Hence the form ¢7 : 7! — 7 is also weakly non-negative.

Assume that m > 4 and the claim is proved for all garlands G, such that
s < m — 1. Assume, to the contrary, that ¢g : Z*™ — 7 is not weakly

non-negative, with m > 4 minimal possible. Let v = (vq,...,v2m) € N> be
a non-zero vector such that ¢ (v) <0.
For simplicity of the presentation, we set U1 := vy + vg, U3 := v3 + 4,

U5 := vs + Tg, . ... View I = G, as the usual extension of the disjoint union

1 3 2m—3 2m—1

o o—0— ... —30-—0

GiU T X X XX
o o—30— ... —30-—=o0
2 4 2m—2 2m

of two subposets, where J = G,,_1 is obtained from G, by removing o;
and og. It follows from our assumption and the definition of gg (z) that

0>qg, (v)=0v]+v5+q5(v") + 0y - 05 — 0y - U3
= v} +v3 +qJ(v7) + 01 - (U5 — ),

where v~ = (v3,...,v2,) € N?"~2, Hence, 0y - (5 — 03) < 0 and U5 < 03,
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because v = (v1,...,vam) € N*™ is non-zero and v? 4+ v3 + ¢%(v™) > 0, by
the inductive assumption.

On the other hand, we can view I = G, as the usual extension of the
disjoint union J; U Js of its two subposets

1 3 5 7 9 2m—3 2m—1

0—0—0 oO—0— -+ —0—0
Ji: X X and Jy : XX XX

0O—>0—=o0 oO—-0— +++ —0—0

2 4 6 8 10 2m—2 2m

It follows from our assumption and the definition of ¢ () that

0>qg (v)=q5, )+ q5,W") + 0307 405 - Vg — 05 - U7

)
= q5,(v) + ¢5,(v")
> q5,(v") + ¢35, (")

where v/ = (vy,v2,v3,v4) € N* and v = (vs,...,v2m) € N?"~% Hence
q%, (V") + q3,(v") + (v3 — v5) - U7 < 0. Since the inductive hypothesis yields
q3, (V") + q5,(v") > 0, we have (v3 —¥5) - U7 < 0 and consequently v3 < s,
contrary to U5 < U3 obtained earlier. Here we note that v7 > 0, because
otherwise v; = 0, vg = 0, and we can replace the garland Jy by a smaller
one, and the inductive assumption applies. This finishes the inductive step,
and therefore (a) follows for I = G,,.

(b1) Next we prove (b) for the left completed garland J = (a — G,,) and
for the right completed garland J = (G,,, — b). Since the second case is dual
to the first, we prove (bl) for J = (a — G,,). Assume that m > 1 and the
points of J = (a — G,,) are labelled as follows:

/)
") + (U3 — Us5) - U7 + U5 - Dy
") + (vs — vs) - V7,

1 3 2m—3 2m-—1
a—0—0— -+ —30-—0
a—=G0mn: Ny X XX (2m + 1 points, m > 1)
o—0— +++ —>0—0
2 4 2m—2 2m

Now we prove by induction on m > 1 that the form ¢%(z)— %xi

non-negative. For m = 2, we have

is weakly

[ ] p—
QJ($G7$17x27x37x4) == QJ(xa7x17x27x37x4)
2 2 2 2 2
=X, +T]+2x5+T53+ Ty — TaT1 — Tal2
— (wl + .’Eg)(xg + x4) + Zqx3 + Tqg
2
= L(zg — 1 — T2 + T3 + T4)

122+ 31— @2)? + (w3 — x4).

_l’_
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It follows that the form ¢%(x) — 322 is positive semi-definite, hence weakly
non-negative. Thus (b1) follows for m = 2 and also for m = 1.

Assume that m > 3, J is a — G, and the claim is proved for all a — G,
such that s < m — 1. Assume, to the contrary, that ¢5 : Z?>m+1 5 7 is not
weakly non-negative, with m > 3 minimal possible. Let v = (vg,v1, ..., Vom)
€ N1 be a non-zero vector such that ¢%(v) < 0. Now we follow the proof
of (al) keeping the notation introduced there.

View J = (a — Gy,) as the usual extension of the disjoint union

1 3 2m—-3 2m-—1
a o—0— -+ —O0—O0
{a} UG XX XX
0o—0— -+ 00
2 4 2m—2 2m

of two subposets, where G,, is obtained from J by removing a. It follows
from (al) and the definition of ¢%(x) that

0> q%(v) — %vi = %Ug +qg, (V) 4+ v2 - (V2 — V1),
where v~ = (v1, ..., Vo) € N?". Hence, vs - (U2 — 01) and 03 < ¥1, because
v=(v1,...,v2m) € N*" is non-zero and 102 + g (v7) >0, by (al).

On the other hand, we can view J=(a—G,,) as the usual extension of
the disjoint union J; U Jy of

5 7 2m—3 2m—1
a—0—o o—o— — 0 —0
Ji N X and Js : XX XY
o — o O— O — - — 0 — O
2 4 6 8 2m—2 2m

It follows from (al) and the definitions of ¢%(x) that

d
0> q5(v) = g%, (V") — 302 + ¢5, (V") + 01 - U3 — Dy - U3 + V2 - s
_qJ1(

V) = 505+ a3, (") + (01 = T2) - Vs + 02 Vs
> g5, (v) = 305 + 45, (") + (01 — B2) - 3,
where v/ = (’Ua,’l)l,vg,’l)g,’l)4) € N° and v" = (vs,...,v2,) € N*"~2, Hence
q3,(v") — 02 + q%,(v") + (01 — D2) - v3 < 0. Since (a) and the inductive
hypothesw yield g3, (v') — 302 + ¢5,(v") > 0, we have (0 — 03) - U3 < 0 and
S0 U1 < U, contrary to Us < U7 obtained earlier. This finishes the inductive
step, and thus (a2) follows for J = (a — G,,) with m > 1.
(¢3) Now we prove (c) when [ is the completed garland G,, : a — —b
with m > 1. More precisely, we prove by induction on m > 1 that the form

qy(z) — ; x2 — %mz is weakly non-negative.



290 Z. LESZCZYNSKI AND D. SIMSON

Form=2 1= ?2 can be viewed as the garland

az — a4 — Qg
I: a1< X,

a3 — as

obtained from the garland J of Example 3.16 by removing a7. Hence, ¢} (x)
is obtained from ¢%(z) by the substitution x7 = 0. Then, in view of Example
3.16, the form q7 : 78 — 7 is weakly non-negative, because 2q7 has the
canonical Lagrange form

2q} (z) = a7 + (v1 — 22 — T3 + T4 + T5 — T6)"
+ (29 — 23) + (x4 — 25)% + 22

Moreover, ¢}(x) — %x% — %x% is weakly non-negative. Hence (c3) follows for

m = 1.

Assume that m > 3, I is the completed garland §m Ta — — b

and (c3) is proved for all és with s < m — 1. Assume, to the contrary, that
q7 - Z2m+2 5 7 is not weakly non-negative, with m > 3 minimal possible.

By a simple modification of the arguments used in the proof of (b1), with
q%(v) — 202 and qé (v) — 202 — Lo? interchanged, we will get a contradiction.
We modify the prz)nof of (bl) by replacing the first disjoint union {a} U G,
with {a} U (G, — b), and the second disjoint union Ji U Jy = J; U G,
with J; U (G, — b). This proves the inductive step and completes the proof
of (¢3).

Now we will show that, for each connected subposet I of a garland G,,,
statements (a) and (b) are consequences of (c). For this purpose, denote by
I = (ap — I — bo) the poset obtained from I by adding a unique minimal
point ag and a unique maximal point by. Then the form q;A /A /AT
weakly non-negative, by (c). Hence, q7 : 7' — 7 is weakly non-negative,
because it is the restriction of q} to the interval closed subposet I. In case
I is as in (b), the proof is analogous. Consequently, to finish the proof, it
remains to prove (c).

(c) Assume that I is a connected subposet of the completed garland

é\m Ta— H b containing a and b.

CASE 1°. Assume that I is the chain a — by — --- — b, — b. Then
q} : Z"? — 7 is positive definite since

N 1
67 (%) = glog + (wa = 26,)" + (20, = 25,)" + -+ (w, — 2)* + 25].
Hence ¢}(z) — 122 — 127 is weakly non-negative and (c) follows.
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CASE 2°. Assume that I is the completed garland G\m ta — —> b
with m > 1. Then (c) follows from (c1).
~ Casg 3°. Assume that I is not a chain and is a connected subposet of
Gm containing a and b. We will prove that ¢}(z) — 322 — 27 is weakly
non-negative by induction on the cardinality |I| of I. Note that |I| > 4,
because I is not a chain. R

If |I| = 4 then [ is the completed garland G;, and (c) follows by Case 2°.
Assume that |[I| > 5 and (c) has been proved for all connected subposets J
of Gt a — —> b such that J contains a and b, and |J| < |I|. We may
assume that I is not a completed garland, because otherwise ¢} (z)— %xi— %x%
is weakly non-negative, by Case 2°. It follows that I has a waist point ¢ ¢
{a,b} in the sense of [31], that is, a < ¢ < b and I = Ec U ¢*. Consequently,
I has the waist splitting form (see [32])

I=(a—1LH —c—c1— - —cs— I =),

where ¢ = ¢y — ¢ = -+ = ¢5 is a chain with s > 0, whereas fl = (a —

I — ¢) and fg =(c— ¢ — -+ = ¢s = Iy — b) are connected subposets

of the completed garlands a — — cand ¢ — — b, respectively.
Obviously, |I1| < |I| and |I3| < |1].

Since [ is not a chain, it contains a pair of incomparable elements; we
may assume that they lie in the subposet I3 and the inductive hypothesis
applies to Is.

Since ¢ is a waist point, we have ¢} (v) = q}l(v|f1) + q}2 (vlg,) — v? for any

v € Z!, where v\fl € Z1 and v| i € Z'2 are the corresponding restrictions.

1,2 1.2

When 1 is a chain, the form a3 (z]7,) — 525 — 3¢ is weakly non-negative
1

by Case 1°. If T, is not a chain, this form is weakly non-negative by Case 2°
and the inductive assumption.

In both cases, we have

g} (v) — 302 — 3o} = ¢ (vly,) + a3, (v]7,) — vZ — Jv2 — Jop
= (4, (vl,) — 302 — 302) + (4 (vlg,) — 502 — 5v3) = 0

for every v € Z! with non-negative coefficients. This finishes the inductive
step and completes the proof of (c). m

PROPOSITION 5.2. If I is the poset

b% with m,s > 1,

then the reduced Euler form q7 : 71 — 7 is weakly non-negative.
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Proof. Denote by J the subposet obtained from I by removing , and
let T be the subposet b + of I. By our assumption on I, there is a
minimal commutativity relation between a; and as. Then the (a1, as) entry
¢y, 4, Of the reduced Euler matrix C§ equals 1if m # 1, and 2 if m = 1. Let

ajaz

J1 = J\ {b} be the subposet a; — — ag of J. Then, by applying the
definition of ¢%, we get

q5(z) = 45, (%) = Ta, Ty — Tay@p + €5, 0, %a; Tay + T}
1.2 1.2
= (q}1 (x> — 9%, — §xa2)
+ (%xil + %xfn — Tq Ty — Tay®p + Tay Tay + %x%) + %x%
1.2 1.2 1.2 1 2
= §xb + (q}1 (SU) - §:L'a1 - §$a2) + i(l‘al + xaQ - '/“Ub) .
1 1 1 1
It follows that ¢%(z) — 527 > (¢3, (x) — 522, —322,) +5(Za, +Za, —23). Thus
the form ¢%(z) — 27 is weakly non-negative, because q5, (x) — sa2 — 122
is, by Proposition 5.1(c).
Given v € Z!, by the definition of q7, we get

a7 (v) = ¢5(vls) + g (vlr) — v}
= q3(vls) = 395 + a7 (vlr) — 505
It follows that the form ¢}(z) is weakly non-negative, because ¢%(z) — 37
and ¢} (z|r) — 227 are (the latter by Proposition 5.1(b)). =

COROLLARY 5.3. If I or I°P is any of the infinite posets of Table 4.4
then the reduced Euler form of I is weakly non-negative.

Proof. 1t was shown in the proof of Corollary 4.8 that the problem re-
duces to the case when I is a connected finite subposet of the two-sided
infinite garland G or of the poset ggﬁjo of (4.9). Then the corollary is a con-
sequence of Propositions 5.1 and 5.2. =
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