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THE AFFINENESS CRITERION FOR
QUANTUM HOM-YETTER-DRINFEL’D MODULES

BY

SHUANGJIAN GUO (Guiyang) and SHENGXIANG WANG (Chuzhou)

Abstract. Quantum integrals associated to quantum Hom-Yetter—Drinfel’d modules
are defined, and the affineness criterion for quantum Hom-Yetter—Drinfel’d modules is
proved in the following form. Let (H,«) be a monoidal Hom-Hopf algebra, (A,3) an
(H, a)-Hom-bicomodule algebra and B = A® . Under the assumption that there exists a
total quantum integral v : H — Hom(H, A) and the canonical map 8: AQp A - AQ H,
a®p b ST (b a(bg—1]) ® B~ (a)B(bo0)), is surjective, we prove that the induction

functor A ®p — : S (Mi)p — T AW D4 is an equivalence of categories.

1. Introduction. Hom-algebras and Hom-coalgebras were introduced
by Makhlouf and Silvestrov [19] as generalizations of ordinary algebras and
coalgebras in the following sense: the associativity of multiplication is re-
placed by the Hom-associativity, and similarly for Hom-coassociativity. They
also defined the structures of Hom-bialgebras and Hom-Hopf algebras, and
described some of their properties in [21] by extending properties of ordinary
bialgebras and Hopf algebras. Recently, many properties and structures of
Hom-Hopf algebras have been developed: see [3|-[7], [9], [11]-[17], [27]-[31]
and references cited therein.

Caenepeel and Goyvaerts [I] studied Hom-bialgebras and Hom-Hopf
algebras from a categorical view point, and called them monoidal Hom-
bialgebras and monoidal Hom-Hopf algebras respectively; these are slightly
different from the above Hom-bialgebras and Hom-Hopf algebras. They also
introduced the notion of Hom-Hopf modules and proved the fundamental
theorem on Hom-Hopf modules, and also presented the Hom-Hopf algebraic
structures of the enveloping algebras of monoidal Hom-Lie algebras.

The category of Yetter—Drinfel’d modules is an important category of
modules in the theory of Hopf algebras. Under favourable conditions (e.g.,
if H is a Hopf algebra with a bijective antipode), the category of Yetter—
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Drinfel’d modules is indeed a braided monoidal category by the Drinfel’d
double construction. Makhlouf and Panaite [I8] defined Yetter—Drinfel’d
modules over Hom-bialgebras, and showed that Yetter—Drinfel’d modules
over a Hom-bialgebra with bijective structure map provide solutions of the
Hom-Yang-Baxter equation.

Apart from Makhlouf and Panaite’s work, Liu and Shen [16] studied
Hom-Yetter—Drinfel’d modules over monoidal Hom-bialgebras, and showed
that the category of Hom-Yetter—Drinfel’d modules is a braided monoidal
category. Also, Chen and Zhang [7] defined the category of Hom-Yetter—
Drinfel’d modules in a slightly different way to [16], and showed that it is a
full monoidal subcategory of the left center of the left Hom-module category.
Later, You and Wang [31] extended the notion of Hom-Yetter—Drinfel’d
modules of generalized Hom-Yetter—Drinfel’d modules.

Total integral is an important notion in representation theories. Chen
and Zhang [4] introduced integrals of monoidal Hom-Hopf algebras and in-
vestigated the existence and uniqueness of integrals for finite-dimensional
monoidal Hom-Hopf algebras. The first named author and Chen [11] in-
troduced the notion of relative Hom-Hopf modules and proved that the
forgetful functor F' from the category of relative Hom-Hopf modules to the
category of right (A, 5)-Hom-modules has a right adjoint. In [13], the no-
tion of total integral was introduced for any Hom-comodule algebra (A, /3)
over a monoidal Hom-Hopf algebra (H,«), which has strong ties both to

A (M) (i.e., the corepresentation of (H,«)) and to the representation of

the pair (H, A) (i.e., the category of relative Hom-Hopf modules 5 (.#},) ),
and the well-known necessary and sufficient criterion for the existence of a
total integral was presented.

Menini and Militaru [22] interpreted the criterion for the existence of a
total integral with the help of forgetful functors F' : M(H )g — My and
G: M(H )g — M. Inspired by their ideas, we introduce the category of
left-right quantum Hom-Yetter-Drinfel’d modules “#% 2 4, which can be
viewed as both a category containing the category "HY Dy of Hom-Yetter—
Drinfel’d modules and a quantization of the category of relative Hom-Hopf
modules; so it is necessary to study quantum Hom-Yetter—Drinfel’d modules,
and in this paper we investigate the criterion for the existence of a total
integral of such modules.

The paper is organized as follows. In Section 2, we recall some definitions
and properties relating to monoidal Hom-Hopf algebras which are needed
later. In Section 3, we introduce the concept of quantum Hom-Yetter—
Drinfel’d modules in the sense of [12], which can be interpreted as special Doi
Hom-Hopf modules. In Section 4, quantum integrals associated to quantum
Hom-Yetter—Drinfel’d modules are defined. Then we prove the affineness
criterion for quantum Hom-Yetter-Drinfel’d-modules (Theorem 4.9).
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Throughout this paper we freely use the Hopf algebra and coalgebra
terminology introduced in [2], [10], [23], [25] and [26].

2. Preliminaries. In this section we recall some basic definitions and
results. Throughout, all algebraic systems are supposed to be over a com-
mutative ring k. The reader is referred to [I] and [11] as general references
for Hom-structures.

Let C be a category. Then there is a new category #(C) as follows:
Objects are couples (M, u) with M € C and p € Aute(M). A morphism
f:(M,p) — (N,v) is a morphism f: M — N in C such that vo f = fop.

Let .#}, denote the category of k-modules. Then .7 (.#};) will be called
the Hom-category associated to 4. If (M,un) € My, then p : M — M

is obviously a morphism in J7(.#}). It is easy to show that J(.#}) =
(A (M), ®,(I,1),a,l,7)) is a monoidal category by [I, Proposition 1.1].

The tensor product of (M, ) and (N, v) in J€(#}) is given by the formula

(M, ) ® (N,v) = (M ® N,p®v), and for (M, u),(N,v),(P,7) € 7 (M),
the associativity and unit constraints are given by

apun,p(m@n)@p) =p(m) @ (ner ' (p),
TM(m ®@m) =ry(m®x) =zu(m).

An algebra in e%’;(///k) will be called a monoidal Hom-algebra.

DEFINITION 2.1. A monoidal Hom-algebra is an object (A, o) € S (My,)
together with a k-linear map m4 : A® A — A and an element 14 € A such
that

a(ab) = a(a)a(b), a(ly) =14,
a(a)(be) = (ab)a(c), aly = 1ga = ala),
for all a,b,c € A. Here we use the notation m4(a ® b) = ab.

DEFINITION 2.2. A monoidal Hom-coalgebra is an object (C, v) € 7 (M},)
together with k-linear maps A : €' — C ® C, A(c) = ¢(1) ® ¢(2) (summation
implicitly understood) and v : C'— C such that

A(v(c)) =(cqy) ®(ce),  e(v(e)) =¢€(o),
and
7 ew) @ e @ epe) = com @ ene @7 (),
eley)e) = ele@)eay =77 (e),
for all c € C.
DEFINITION 2.3. A monoidal Hom-bialgebra H = (H,o,m,n, A, €) is a

bialgebra in the category J#(.#}). This means that (H, «,m,n) is a mono-
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idal Hom-algebra, (H, A, ) is a monoidal Hom-coalgebra, and A and ¢ are
morphisms of monoidal Hom-algebras, that is,

A(ab) = a(ybay ® a@yba), A(lg) =1g ® 1,
e(ab) = e(a)e(b), e(ly) =1g.

DEFINITION 2.4. A monoidal Hom-Hopf algebra is a monoidal Hom-

bialgebra (H,«) together with a linear map S : H — H in J€(.#};) such
that

SxI=1xS=ns, Sa=as.
DEFINITION 2.5. Let (A,a) be a monoidal Hom-algebra. A right

(A, «)-Hom-module is an object (M, u) € %7(///1:) consisting of a k-module
and a linear map p : M — M together with a morphism ¢ : M ® A — M,

Y(m-a) =m-a, in (M) such that
(m-a) - ab) = p(m) - (@), m-1a = p(m),

for all a € A and m € M. The fact that ¢ € J€(#);) means
p(m - a) = p(m) - afa).

A morphism f : (M, ) = (N,v) in H (M) is said to be right A-linear if it
preserves the A-action, that is, f(m-a) = f(m)-a. We denote by J(.4};) 4
the category of right (A, a)-Hom-modules and A-linear morphisms.

DEFINITION 2.6. Let (C,7) be a monoidal Hom-coalgebra. A right

(C,~)-Hom-comodule is an object (M, u) € S (M}) together with a k-linear

map py : M — M @ C (pu(m) = mpg) ® myy)) in S (A4),) such that
i

mjo) ® (Mg ® v~ (mpy)) = = (mp)) ® Ac(mp)),
mje(mp) = p~ ' (m),

for all m € M. The fact that py; € H(M);) means

pu(p(m)) = p(mp)) @ y(mp)).-
Morphisms of right (C,~)-Hom-comodule are defined in the obvious way.
The category of right (C,~)-Hom-comodules will be denoted by 7 (.)€

DEFINITION 2.7. Let (H, ) be a monoidal Hom-Hopf algebra. A mono-
idal Hom-algebra (A, ) is called a right (H,«)-Hom-comodule algebra if
(A, B) is a right (H, o) Hom-comodule with a coaction p : A - A® H,
ply(a) = ajp) ® apy), such that

pla(ab) = ajbig @ apbpy,  pa(la) =14 ® 1g,
for all a,b € A.
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DEFINITION 2.8. Let (H, ) be a monoidal Hom-Hopf algebra. A mono-
idal Hom-algebra (A, ) is called a left (H,«)-Hom-comodule algebra if
(A, B) is a right (H,«) Hom-comodule with a coaction ply : A — H ® A,
pala) = aj_y ® ajg}, such that

plaab) = a_yb_y @ agb,  pa(la) =1g ® 14,
for all a,b € A.

DEFINITION 2.9. Let (H, ) be a monoidal Hom-Hopf algebra. A mono-
idal Hom-algebra (A, B) is called a bicomodule algebra if (A, /) is not only
a right (H,a)-Hom-comodule algebra with a coaction p4, but also a left
(H, a)-Hom-comodule algebra with a coaction pfA such that

o™ ag-y) ® ajop0) © ajpj = afo)(-1) @ apjo] @ @ (apy)
for all a € A.

3. Quantum Hom-Yetter—Drinfel’d modules

DEFINITION 3.1. Let (H, «) be a monoidal Hom-Hopf algebra with a bi-
jective antipode, and (A, ) an (H, a)-Hom-bicomodule algebra. A quantum
Hom-Yetter—Drinfel’d module (M, ) is a right (A, 5)-Hom-module which
is also a left (H,a)-Hom-comodule with the coaction structure pp;
M — H ® M defined by pyr(m) = mi_y ® myg), and satisfies the following
compatibility condition: for all m € M and a € A,

(3.1)  mya_y@my - ag) = apj(p~ (M) - ag)) -y @ u((p~" (m) - aje))o)-

We denote by 4% 9 4 the category of left-right quantum Hom-Yetter—
Drinfel’d modules, morphisms being right (A, 8)-linear left (H, «)-colinear
maps.

PROPOSITION 3.2. Let (M, ) be a right (A, 3)-Hom-module and a left
(H, «)-Hom-comodule. Then the compatibility relation (3.1) is equivalent to

(3.2) p(m-a) =S (ap))(a™ (mi_1))ap)-1) ® my - Blago)
forall a € A and m € M.

Proof. (3.1)=(3.2): For h € H and m € M, we have
S™Hap) (e (m_1)ag-1)) ® m, - Blagoo])

= S M ap) (e (m-1))ag)-17) ® ple (mp) - ajo0])

(31) B _
=" S ap) (aguy (> (m) - ago)-17) @ (p((L2(m) - ap)o) o))
= (S Mape)apa) (@ (m) - ag) g @ p(p((e=m) - B~ (ag)) o))

= (m-a)_y® (m-a)p-
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(3.2)=(3.1): We compute
apy(p=(m) - agg) -1 @ (™ (M) - ag) o)

2 apy (57 o) @2 mapo ) @ p((e2mp) - Blagoa)
)

= (o Hap)S™ (ap)) (o~ (mi_1)a(ag)o)-1)))
@ pu((n~ (myg) - Bla [o][o][o})))

= (ap@S™ (agu) (@~ (mpyag)-1) © p((e™ (my) - ag)o))
= M-1)a[-1) ® M| * o] =

EXAMPLE 3.3. (1) Let A= H and p = p' = A. Then "% Py is the
category of Yetter—Drinfel’d modules introduced in [16].

(2)If pyg : A — A®H is the trivial coaction, that is, pa(a) = 71 (a)®1gy,
then A% Do = U4 (My) 4, the category of relative Hom-Hopf modules
introduced in [I1].

PROPOSITION 3.4. Under the hypotheses of Definition 3.1:

(1) (A,B) is aleft (H® H?, a®a’P)-Hom-comodule algebra. The coac-
tion A — (H ® H°?) ® A is given by
a (ag-1 @ S~ (o~ (ap))) ® Blag)))-

(2) (H,a) is a right (H ® HP, o« ® a°P)-Hom-module coalgebra. The
action of H°® @ H on H is given by

ga(h@k) = alk) (@™ (g)h).

(3) The category " D 4 of left-right quantum Hom- Yetter—Drinfel’d
modules is isomorphic to a category of Doi Hom-Hopf modules, namely
H:%ﬂ(///k)(H & HOp)A.

Proof. (1) Let us first prove that (A,f) is a left (H ® H?,a ® a°P)-
Hom-comodule. For all h € H,
(Aggaer ® 87 )pu(h) = Aggrer (ag—1 ® S~ (@ (ap ]))) ® ajo)[o]
= a1 ® §~ (07 () @ ag-ne) © S () © g
= o Yag—y) ® S~ (@ (ap)))
alagyoo-1) © S~ (apon;) © B (o)
= o Hagg—1) ® ST (@ (ap)) ® pa(Blap)o)) = (@' @ pa)pala).

Therefore (A, 8) is a right (H ® H°P?, a ® a°P)-Hom-comodule, and it is easy
to check that pa(ab) = pa(a)pa(b) for all a,b € A.
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(2) We will prove that (H, «) is aright (H®H°P, a®a°P)-Hom-comodule.
For all h,l,k, m,c € H, we have

e (h@ k)] < (a(l) ® a(m)) = [ak) (@™ ()h)] < (a(l) ® a(m))
a?(m) [[k ( 2(a” (h)]a)] = a?(m)[[(a~ (k)a?(c))hla(l)]
= 042( )[(ka™(c))(hl)] = [e(mk)](a(h)a(l))
— () < (bl @ mk) = a(c) 3 [(h ® k) © m)],
and this implies that (H, «) is a right (H ® H°P, o ® a°P)-Hom-comodule.
Since (H,«) is an (H,«)-Hom-bimodule algebra, it follows that (H, «)
is a left (H ® H°P, o ® a°P)-Hom-module coalgebra.
(3) Let (M,-, ) be a right (A, 3)-module and (M, ppr, ) be a right
(H,a)-comodule. Then M € #.2(.a,)(H © HP) 4 if and only if
pru(m - a) = mp_y 2 (a1 @ S~ (@™ (ap)))) @ myg) - Blag))
= S am) (@™ (m_y)a-1)) @ my) - Blajo)

for all h € H and m € M. This shows that Hj‘?J(///k)(H ® H°P) 4 is isomor-
phic to A% D 4. w

4. The affineness criterion for quantum Hom-Yetter—Drinfel’d
modules. In the section, we first introduce the notion of quantum inte-
grals associated to quantum Hom-Yetter—Drinfel’d modules. Then we show
our main result, the affineness criterion for quantum Hom-Yetter—Drinfel’d
modules, via the quantum integrals.

DEFINITION 4.1. Let (H,«) be a monoidal Hom-Hopf algebra with a
bijective antipode and (A, 8) a (H, a)-Hom-bicomodule algebra. A k-linear
map v : H — Hom(H, A) (i.e., the set of homomorphisms from (H,«) to
(A, B)) satisfying v(a(g))(a(h)) = Bovy(g)(h) is called a quantum integral if

(4.1)  a(ha) @v(he) (@ (g) =

ST (@lgam))n) (@ Hge) @ () (g 1) [y (@(h))a® (ga) oo
for all g,h € H. A quantum integral v : H — Hom(H, A) is called total if
(4.2) Y(hay)(he)) = e(h)1a

for all h € H.

REMARK 4.2. Let v : H — Hom(H, A) be a quantum integral. Then the
map

¢:(H,a) = (A, 8), ¢(h) =~(h)(1n),
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satisfies the condition
hy ® d(h(z) = S~ (a (BB )¢ (W) o—1 @ B(o(h)g)0))
for all h € H, that is, ¢ : (H,a) — (A, ) is left (H, «)-colinear.

It is not hard to check that H ® A is an object in Z#% 2 4 via the
following structures:

(4.3) (h®@b)a = 5" (ap))(ha™" (ap)- 1]))®bﬁ(&[o][o}),
(4.4) preA(h ® a) = a(hq)) @ he) ® B7(b).

PROPOSITION 4.3. Let (H,a) be a monoidal Hom-Hopf algebra with a
bijective antipode and (A, ) an (H,«)-Hom-bicomodule algebra. Assume
that there exists a total quantum integral v : H — Hom(H,A). Then
p: A= H®A pla) = S_l(a_l(a[l]))a[o}[_l] & ﬁ(a[o][o]), splits in
Hapdy 9 4.

Proof. We consider the map
AMH®RA—= A,
Ah® a) = B (agyo) (e () (S~ (@ (ap))ap)-1)),

for all a € A and h € H. It is easy to see that A is a left (H, «)-colinear
retraction of p. In particular, A(1g ® 14) = 14 and

(4.5)  hay @ Ahe) ®1a)

=S a " (Mh @ a)p)) A(h ® a)g)—1) ® BA(h @ a)g0))-
Now define
A:HRA—= A, A(h®a)=A(S*(ap)(a?(h)S(ag—1))) © 14) B ()],
for all h € H and a € A. Then A is still a retraction of p. In fact,

(Ao p)(a) = A(S™ (o™ (ap))) a1 © Blajo)0)

= A5 (@lapou) (S~ (@ (am))a* (a)-11)S (agjo)o-11))) © 14)5” (a)o)0l(0])
= A(S™*(alaoon) (S~ (@ *(ap){a*(ajo)-11) S (agoioo-1)}) ® 14) 5> (ajo)ol01(0)
= A(S™*(a® (agoy011011)) (S~ (agojonu){ e (a-1)S (@™ *(ap)-11)}) ® 14) B (afo)poifolfo)
= A(S™*(alago) (S~ (@ H(agu)){a™*(ar-1m)S(a™*(ar-1)2)))}) ® 14) 8 (ago)p0) o))
= M8 (ao) S (@ (ap))) © 1a)B(agoo)

= AS™(apm)S ™ (apye) ® 1a)ag) = M1y @ 14)87 ' (a) = a.

It remains to show that A is a morphism in Z#% & 4. For this purpose,
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we take h € H and a,b € A and calculate

A((h @ b)a) = A(S™ (ap)) (ha™ (ap)—1))) © bB(aj)o)))
= A2 (bpyev(aggoy) (S~ (@ 2 (apy)) (@2 (h)a ™ (ajg)-1)))
S(bmeapoon))) ® 1a)B%(

= A5 (ab)){S*( )

S (b)) e’ (aojon)) @ 14) 8%(bjoy) 8° (ag)o)o)o))
= A(

(a
A(S72(bpy) (a2 (R)S (bpo)—1))) ® 14) B> (bpojo))a = A(h ® b)a,

pA(h @ a) = p(A(S™*(ap)) (e > (h)S(ap)—1))) ® 1a)B*(ajg)0)))
= S N eapyon) S (@ (AS 2 (ap) (@ 2(h)S(ajg—1) ® La)u)))
( *a) (@ (h) S(ap)-1)) ® La) gy (a0 o) 1))
® B(AS ™ (ap)) (@ (R)S(ap)-1)) ® La))0)) B° (@po)o]0)0])
= S Nalapgo)e { S (a7 A (ap)) (a2 (R) S (ag)—1)) ® 1a)q)))
(S *(ap) (2 (R)S(ag)—1])) ® La)o)-1 o’ (apo)o]0)-1))
® B(AS™(ap)) (@ (R)S(ap)-1)) ® La)0)0)) B° (@po)o]0)0])
2 5 alagyou)e (52 (amm) (@2 () S(ap 1)) (a0 1)
@ BAS ™ (ap@) (@ (hz)S(ag)-11) © 1a)oy0)) 8 (aooio)
= a(ha)) @ XS ap)) (@ (b)) S(a™ (ap)-1]))) ® 1a)Blaj)

= (iduy ®@ A)prea(h @ a).

bio) 3° (agoyooo)
(ST a3 (ap) He H(h)a™ ag-1)))

a”*(a

So A is a retraction of p in “A#% P 4, as required, and this completes the
proof. m

Define the coinvariants of (A, 3) as
B= A% — {ac A|f(a) = 1y © §(a))
={ac A5 (a  (ap)))ap) -1 ® Blag)e) = 1a ® B (a)}.
Then (B, ) is a Hom-subalgebra of (A, ).

PROPOSITION 4.4. Let (H,«) be a monoidal Hom-Hopf algebra with a
bijective antipode and (A,B) an (H,a)-Hom-bicomodule algebra. Assume
that there exists a total quantum integral v : H — Hom(H, A). Then

(1) B is a direct summand of A as a left B-submodule;
(2) B is a direct summand of A as a right B-submodule.
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Proof. We shall prove that there exists a well-defined left trace given by
the formula

t': (A,8) = (B.B),
t'(a) = M1 ® a) = Blagyo)7(La) (S~ (™ (ap)))agp) 1)
for all @ € A. By (3.2) we obtain p(t!(a)) = 87 1(t(a)) ® 1g, i.e., t'(a) € B.
Now for any b € B and a € A, we have
t'(ba) = B(bgaoyo)y(Ler) (S~ (e bpp)e (ap))bpo -1 ajo)—1))

= (871 (0)B(ag)o)7(Le) (S~ (appalag—1))) = bt'(a).
Hence t! is a left (B, 3)-module map satisfying

t'(1a) = 1av(1m)(1g) = la.

It follows that t' is a left (B, 3)-module retraction of the inclusion B C A,
as desired.

(2) Similarly, one can prove that the map
t": (A,B) = (B, B),
t"(a) = A(le @ a) = (S~ (a™ (ap)))S(ag—1)) (1r)) Blag)0);
for all a € A, is a right (B, §)-module retraction of the inclusion B C A.

DEFINITION 4.5. Let (H,«) be a monoidal Hom-Hopf algebra with a
bijective antipode and (A, ) an (H,a)-Hom-bicomodule algebra. Assume
that there exists a total quantum integral v : H — Hom(H, A). The map

th: (A, B) = (B,B), t'(a)=Ba)e)y(Le) (S~ (o (ap))ap)-1), a € A,

is called a quantum trace associated to ~.

Next we will construct functors connecting “#% 9 4 and #(.M})p.
First, if (M, p) € L% P 4, then

M = {m € M| par(m) = Ly @ i~ (m)}

is the right (B, 3)-module of coinvariants of (M, p1). Furthermore, M — M H
gives us a covariant functor

(=) oy 9y — H( M) B.

Now, for any (V,v) € jfiz(///k)B, N ®p A is an object in L% P 4 via
the structures

(n®@pa)d =v(n)®p aﬁ_l(a'),
prnopa(n @pa) = S~ (a *(ap)))a ag)1) @ v (n) ® alapg)q),



AFFINENESS CRITERION 179

for all n € N and a,a’ € A. In this way, we have constructed a covariant
functor (called the induction functor)

A®p —: H(M)p — AV D,

PROPOSITION 4.6. Let (H,«) be a monoidal Hom-Hopf algebra with a
bijective antipode and (A, ) an (H,«)-Hom-bicomodule algebra. Then the

induction functor A ®@p — : H(My)p — AV D 4 is a left adjoint of the
coinvariant functor (=) - L @ 4 — (M5B,

Proof. Similar to [22]. Details are left to the reader. =

We have shown that H ® A € LA#% P, and (A @ H)°H = A via
a® 1y +— a. Then the adjunction map can be viewed as a map in L% P 4

p:Aop A=A H, Pla®b)=25"(by)albo-1) ® B~ (a)B(bg)0);
for all a,b € A. Here A®@p A € % 9 4 with the structures
(a®pb)-a' =B (a) @p b5 (d),
pazpAla®@pb) =5 (by)a(bg—1) @ B~ (a) @ B(bp)),
for all a,a’,b € A.

DEFINITION 4.7. Let (H, «) be a monoidal Hom-Hopf algebra with a bi-
jective antipode, (4, 8) an (H, «)-Hom-bicomodule algebra and B = A% H,
A/B is called a quantum Galois extension if the canonical map

YA A= A®H, ¢(a®b)=5"(by)albg1) ® B~ (a)B(boy),
is bijective.

THEOREM 4.8. Let (H,«a) be a monoidal Hom-Hopf algebra with a bi-
jective antipode, (A, B) an (H,«a)-Hom-bicomodule algebra and B = A®H
Assume that there exists a total quantum integraly : H — Hom(H, A). Then

T]N:N—>(N®BA)COH, nN(n):n®B 14,
is an isomorphism of right (B, 8)-modules for all (N,v) € ji;(///k)B.

Proof. Using the left quantum trace t' : (A, 8) — (B, 3) we construct
an inverse of ny as follows. Define the map

ON : (N Xp A)COH — N, QN n@ KB (I@ Z?’thl CLz

for any a; ®@p n; € (N @p A)*°H . Since t'(14) = 14, we get Oy o ny = idy.
Let n; ®p a; € (N ®@p A)°H . Then

g @v " (ny) ®@p a (a;) = S ap))a(ap-1) ® v (n:) ®5 Blagq)-
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It follows that
V_l(nz‘) B Oé_l(ai) ®14
= v () @ Blagye) @ 7(1a) (S (@ (ap))ag)-)-
Furthermore, we have
v ) ®@p o Hai)la = v (ns) @5 Blago)y(La) (S~ (@ (ap)))ap)-1))-

Thus, we get n; ®p a; = n; ®p t'(a;) and
(nn o On)(n; ®p a;) = Znitl(ai) ®plg= Zn, ®p t'(a;) = n ®p a;.
Hence 6y is the inverse of 7y, as desired. =

We now prove the main result of this section, that is, the affineness
criterion for quantum Hom-Yetter—Drinfel’d modules.

THEOREM 4.9. Let (H,«) be a monoidal Hom-Hopf algebra with a bi-
jective antipode, (A, ) an (H,a)-Hom-bicomodule algebra and B = A®H
Assume that

(1) there exists a total quantum integral v : H — Hom(H, A);
(2) the canonical map

B:A®BA — A®H, a®pb— S~ (by))a(bp)—1) @B~ (a)B (b)),

18 surjective.

Then the induction functor A @p — : (M) g — TAHY D 4 is an equiva-
lence of categories.

Proof. In Theorem 4.8 we have shown that the adjunction map 7y :

N — (N ®p A)°H is an isomorphism for all (N,v) € S (#),) . It remains
to prove that the other adjunction map

BM:MCOH®BA—>M, BM(m®Ba):ma,
is also an isomorphism.
Let (V,w) be a k-module. Then A® V € L% 9 4 via the structures

induced by A, i.e.,

(a®v)d =af™(d) ®w),

pagv(a®v) =S ap)a(ag-1) © Blage) @ w™ (v),
for all a,b € A and v € V. In particular, for V= A4, A® A € B A% 9 4 via
(4.6) (a®Db)-d =aB (d) 2 B(D);
(4.7) paga(a @b) = S~ (ap)) (1) ® Blagye) @ 87 (b),
for all a,b,a’ € A.

Now we prove that the adjunction map Bagy : (A®V)°H@pA - AV
is an isomorphism for any k-module V.
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First, V ® B and B ® V are both objects in J#(.#})p via the usual
B-actions:

(v®@a)-b=wl)®@af Hb), d- U @v)=7F"1d )W @wl),
for all a,b,a’,b' € B and v,v" € V. The flip map 7 : V@ B - B®V,

T(v ® b) = b® v, is an isomorphism in J(.#})p. On the other hand,
V@ Ae#% P, via the structures induced by A, i.e.,

(v@a)-b=w)@aB " (b),
pvealv®a) = S~ ap))e(ap)—1)) ® w ™ (v) ® Blajp)-

It is easy to see that the flipmap 7: AQV - VR A, 1(a®v) =v®a,
is an isomorphism in A% 7 4.

Applying Theorem 4.8 for N =V ® B =2 B® V, we obtain the following
isomorphisms in Mp:

BeV=VeB=(VeBaopA)“!=(VeA)<l=UgV)

Hence, (A V)*H g A2 AR V.
Define

biARp A H®A,  a®pbe S~ bp)albo-1) ® B (a)B(bo)0);
for all a,b € A. As 1) is surjective, J is surjective since {E = ¢ o can, where

can: A® A — A ®p A is the canonical surjection.
Define

E:ARA— AQH,

Ela®b) = (or)(a®b) =S (ap)a(ag_1) ® B (5)Bap)0);
for any a,b € A. Then the map £ is surjective since 7,; and 7 are surjective.
We will prove that ¢ is a morphism in Z#% 2 4, where A® A and A® H
are quantum Hom-Yetter—Drinfel’d modules respectively. Indeed, we have
£((a®b)e) = E(ap™ (c) ® B(b))
= 57 (ama™ (ep))eaqo)-1))eqo)-1) @ bB(ajjo))epojo
=S epp{(S™ (a N ap)ag-1)a (eoy-1)} @ {87 (0) Blago) } B (cloi0)
={(a®b)c

and

preAE(a®b) = prea (S (ap))e(ap—1) ® B~ (b)B(ajg)))
= S a(apje)a® (ag-1)1) @ {5~ apya))alag)—1)2) @ B72(b)agp)o}
= (idg ® &) (S (ap))(ay—1)) © Blajg)) ® B~ (b))
= (idg @ §)pagala®D).
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Hence, ¢ is a surjective morphism in 2% 2 4. Moreover, H® A is projective
as a left (A, f)-module, where H ® A is a left A-module given by (3.4). By
Proposition 3.1, the map

u:HQA—-H®A,  hea— S (ap)(ha™ (ag-1)) @ Blag)o);

is an isomorphism of right (A, )-modules. It follows that there exists
(:H®A— A® A such that £ o ( = idgga since A® A - A® H is
surjective. Hence, & splits in the category of right A-modules. In particular,
€ is a k-split epimorphism in L% 9 4.

Let (M, u) € B % P 4. Then A® A® M € H#% 9 4 via the structures
arising from A ® A:

(4.8) (a®@b®@m)-c=af %(c)® B(b) ® u(m),
(4.9)  pagasm(a®@b®m)
= S (ap)) (ha™ (a)-1))) ® Blag)e) ® B~ (b) @ p~'(m),

for all a,b,c € A and m € M. Also, H® A ® M is an object in L% P 4
via the structures arising from H ® A:

(h®a®@m)b=S""(a(by))(hbg)-1)) @ aB* (b)) @ p(m),
preAsM(h ® a®@m) = alhqy) @ by @ 71 (a) @ p~ ' (m),
for all a,b € A, h € H and m € M. Then
f@idy  AAM - Ho Ao M

is a k-split epimorphism in L% 9 4.

Since LAWY 9 4 = U4 () (H @ HP) 4, the map
fTHRAQM — M,
h®a®m
= pu(mig)v (S (e Hapy) (@2 (h)S(agg—1))) (@~ (m—11)) B (ajo)0));
is a k-split epimorphism in 2% & 4. Thus the composition
g=fo(E®idy): AQA® M — M,
a®@b@m i pu(mi)y (S (e (b)) S (bpoj—17)) (™ (my—1))B(byoj0) B~ (a),

is a k-split epimorphism in “#% 2 4. Note that the structure of A® A® M
as an object in L% P 4 is of the form A®V for the k-module V = A® M.

To conclude, we have constructed a k-split epimorphism in 2% 2 4
AR AQM = (My,7) 2L (M, ) — 0

such that the adjunction map 1y, for (M;,m) is bijective. Since g is k-split
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and there exists a total quantum integral v : H — Hom(H, A), g also splits

in #.52(.#,). In particular, the sequence
co H

(Mo H m) £ (M H 1) — 0
is exact. Continuing the resolution with Ker(g) instead of M, we obtain an
exact sequence in LAY P 4

(M27P) - (Mlaﬂ-) — (Mnu“) —0
which splits in HJ/KZJ(///;C), and the adjunction maps for (M, 7) and (Ma, P)
are bijective. Using the Five Lemma we conclude that the adjunction map
for (M, u) is bijective. m

Finally, we consider a special case. Assume that A = H. Then (A4, B) is a
right (H, a)-comodule algebra in a natural way. The coinvariants of (H, «)
are

B=H"" ={he H|ph)=1y @ a ' (h)}
={a€ A5 a  (he)haya) ® alhaye) =1g @ a” ' (h)}.

Then (B, «) is a subalgebra of (H,«). Hence we can obtain the following
result.

COROLLARY 4.10. Let (H,«) be a monoidal Hom-Hopf algebra with a
bijective antipode S and B = H®M . Assume that:

(1) there exists a total quantum integral v : H — Hom(H, H);
(2) the canonical map

V:HopH— H® H,
h@p g S~ h)alhay) @ a™ ' (h)B(ga)@)

is surjective. Then the induction functor — ®@p H : J(My)B

— B0 (M) 1 is an equivalence of categories.
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Note added in proof. After the acceptance of the paper, the authors
were informed by Prof. D. Simson that the paper [§] was recently accepted
for publication in Colloquium Mathematicum, where among other things
an affineness criterion for relative Hom-Hopf modules associated with a
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faithully flat Hopf—Galois extension is proved and a Schneider type affineness
theorem is obtained for monoidal Hom-Hopf algebras.
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