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A CLASSIFICATION OF TWO-PEAK SINCERE POSETS OF

FINITE PRINJECTIVE TYPE AND

THEIR SINCERE PRINJECTIVE REPRESENTATIONS

BY

JUSTYNA KOSAKOWSKA (Toruń)

Abstract. Assume that K is an arbitrary field. Let (I,�) be a two-peak poset of
finite prinjective type and let KI be the incidence algebra of I. We study sincere posets I
and sincere prinjective modules over KI. The complete set of all sincere two-peak posets of
finite prinjective type is given in Theorem 3.1. Moreover, for each such poset I, a complete
set of representatives of isomorphism classes of sincere indecomposable prinjective modules
over KI is presented in Tables 8.1.

1. Introduction. Throughout this paper K is a field and I = (I,�) is
a finite poset (i.e. partially ordered set). We shall write i ≺ j if i � j and
i 6= j. All posets are assumed to be connected. Following [21] we denote by
max I the set of all maximal elements of I (called peaks of I). The poset I is
called an r-peak poset if |max I| = r, where |X| denotes the cardinality of the
set X. A subposet J of I is said to be a peak subposet if J ∩max I = maxJ .
Usually we view I as a quiver with the commutativity relations induced

by the ordering ≺ (see [20, Example 10, p. 281]). Given a field K we denote
by KI the incidence K-algebra of I, that is, KI is the K-subalgebra of the
full I × I matrix algebra MI(K) consisting of all matrices [λij] in MI(K)
such that λij = 0 if i � j (see [20], [21]). Given j ∈ I we denote by ej ∈ KI
the standard primitive idempotent corresponding to j. The reader is referred
to [20]–[22], [24] for a discussion of incidence algebras and their applications
in integral representation theory.
A right KI-module is identified with a system

X = (Xi; jhi)i,j∈I

where Xi = Xei is a finite-dimensional vector space over K and jhi : Xi →
Xj , i ≺ j, are K-linear maps with ihi = id and thj · jhi = thi for i ≺ j ≺ t.
We denote by mod(KI) the category of finitely generated rightKI-modules.

Following [17] and [30] we call a right KI-module X prinjective if X
is finitely generated and the right module Xe− over the algebra KI

− ∼=
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e−(KI)e− is projective, where I
− = I \max I and e− =

∑
j∈I− ej. It is easy

to prove that X ∈ mod(KI) is prinjective if and only if there exists a short
exact sequence

(1.1) 0→ P1 → P0 → X → 0

in mod(KI), where P0, P1 are projective and P1 is semisimple of the form
P1 =

⊕
p∈max I(epKI)

tp , tp ≥ 0.
We denote by prin(KI) the full subcategory of mod(KI) consisting of

the prinjective modules. It follows from [17] that the category prin(KI)
is additive, has the finite unique decomposition property, is closed under
extensions in mod(KI), has Auslander–Reiten sequences, source maps and
sink maps, and has enough relative projective and relative injective objects.
An interpretation of prin(KI) as a bimodule matrix problem in the sense of
Chapter 17 of [20] is given in [21].

Following [21] we define a poset I to be of finite prinjective type if the
category prin(KI) is of finite representation type, that is, the number of
isomorphism classes of indecomposable modules in prin(KI) is finite. It
follows from [21, Theorem 3.1] that this definition does not depend on the
choice of K.

We recall from [21] that the category I-spr of peak I-spaces (or socle
projective representations of I) over the field K is defined as follows. The
objects of I-spr are systems M = (Mj)j∈I of finite-dimensional K-vector
spaces Mj such that Mj ⊆M

• =
⊕
p∈max IMp for all j ∈ I, πp(Mj) = 0 for

j � p ∈ max I and πj(Mi) ⊆Mj for i ≺ j, where πj is the composite map

M•
π′
j
−→

⊕

j�p∈max I

Mp →֒M
•

and π′j is the direct summand projection. By a morphism f : M → M
′ in

I-spr we mean a K-linear map f :M• →M ′• such that f(Mj) ⊆M
′
j for all

j ∈ I. It was shown in [21, (2.4)] that there is an equivalence of categories
with the finite unique decomposition property

(1.2) ̺ : I-spr→ modsp(KI)

where modsp(KI) is the full subcategory of mod(KI) consisting of all socle
projective modules (see [19]). Throughout this paper we shall identify I-spr
with modsp(KI) along ̺. It is clear that I-spr is an additive category, has
the finite unique decomposition property and is closed under taking kernels
and extensions. The category I-spr has Auslander–Reiten sequences, source
maps and sink maps (see [21]). It was shown in [21, Section 2] that the study
of peak I-spaces is equivalent to the study of prinjective modules.

One of the motivations for the study of peak I-spaces is the fact that
many problems of representation theory can be reduced to the correspon-
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ding problems for peak I-spaces (see [2], [18], [20]–[22], [28]). Peak I-spaces
play an important role in the representation theory of finite groups (see
[29]), finite-dimensional algebras (see [18], [20, Chapter 17]) and lattices
over orders (see [20, Chapter 13], [21], [22], [24]–[28]). Moreover sincere po-
sets of finite prinjective type and their sincere representations provide us
an important tool in constructing embeddings of Kronecker modules into
the category of prinjective peak I-spaces (see [6], [7], [15], [16]).

The main aim of this paper is to give the complete set of all sincere
two-peak posets I of finite prinjective type (Tables 3.2) and a complete
set of representatives of isomorphism classes of indecomposable modules
in prin(KI) and their coordinate vectors (Tables 8.1 and Tables 3.3). We
prove in Theorem 3.1 that there are precisely 60 sincere two-peak posets

F
(2)
1 , . . . ,F

(2)
60 of finite prinjective type, listed in Tables 3.2. Moreover every

sincere indecomposable prinjective module over the K-algebra KF
(2)
j , 1 ≤

j ≤ 60, is isomorphic to one of the sincere prinjective modules M
(i)
j listed

in Tables 8.1. The total number of sincere prinjective representations of
two-peak posets of finite prinjective type is 328.

We recall that the complete set of 14 sincere one-peak posets of finite
prinjective type and their 42 sincere prinjective representations was given
by M. Kleiner [12], [13] (see also [20, Theorem 10.2 and Tables 10.7] for
a correction of Kleiner’s list [13]).

Our construction of posets is presented in Section 6 and applies two com-
puter implementable algorithms (Algorithms 6.5 and 6.8). We inductively
construct sincere posets I of finite prinjective type such that |I| = n + 1
from sincere posets J of finite prinjective type such that |J | = n.

The main results of this paper were presented to the International Con-
ference “Representation Theory of Algebras” in Bielefeld (September 1998).
A similar result in a more general setting of weakly positive quadratic forms
was announced by M. V. Zeldich [31].

The paper is a part of the author’s doctoral dissertation [14] written
under the supervision of Professor Daniel Simson at Nicholas Copernicus
University in Toruń. In [14] all r-peak posets of finite prinjective type and
their sincere prinjective representations are given, for all r ≥ 2. The result
for r ≥ 3 will be published in a subsequent paper.

The author would like to express her sincere thanks and appreciation to
Professor Daniel Simson for formulating the problem, for his careful reading
of the manuscript and for helpful suggestions and comments.

2. Preliminaries and notation. We recall from [17] and [21] that the
coordinate vector cdnX ∈ NI of a module X in mod(KI) is defined by



30 J. KOSAKOWSKA

(2.1) (cdnX)(j) =

{
dimK(Xj) for j ∈ max I,
dimK(topX)ej for j ∈ I \max I,

where topX = X/XJ(KI) and J(KI) is the Jacobson radical of the algebra
KI. We view cdnX as a map cdnX : I → N.
The poset I is said to be sincere if there exists an indecomposable module

X in prin(KI) such that (cdnX)(j) 6= 0 for all j ∈ I.

Following [21] we associate with any poset I the Tits quadratic form
qI : ZI → Z,

(2.2) qI(x) =
∑

i∈I

x2i +
∑

i≺j
j∈I\max I

xixj −
∑

p∈max I

(∑

i≺p

xi

)
xp.

The following important characterization was proved in [21, Theorem
3.1] and completed in [15].

Theorem 2.3. For every finite poset J and every field K, the following
conditions are equivalent.

(a) The poset J is of finite prinjective type.

(b) The quadratic form qJ is weakly positive, i.e. qJ(v) > 0 for any
non-zero vector v ∈ NJ .
(c) There exist preprojective components P̃(J) and P(J) of the Auslan-

der–Reiten translation quivers Γ (prin(KJ)) and Γ (J-spr) of the categories

prin(KJ) and J-spr, respectively, and Γ (prin(KJ)) = P̃(J), Γ (J-spr) =
P(J).

(d) The set R+qJ = {v ∈ NJ : qJ(v) = 1} of positive roots of qJ is finite.
(e) qJ(cdnX) = 1 for every indecomposable module X in prin(KJ).

(e′) qJ(cdnX) = 1 for every indecomposable object X in J-spr.

(f) The map X 7→ cdnX defines a bijection Γ (prin(KJ))→R+qJ .

For the definition of the Auslander–Reiten translation quiver of
mod(KI), prin(KI) and a preprojective component the reader is referred
to [3], [5], [18] and [20].

We recall that a vector x ∈ Nn is said to be sincere if xj 6= 0 for
j ∈ {1, . . . , n}.

3. The main classification theorem. One of the main aims of this
paper is the following theorem proved in Section 7.

Theorem 3.1. Let K be an arbitrary field.

(a) A two-peak poset I of finite prinjective type is sincere if and only if
I has one of the 60 forms presented in Tables 3.2 below.
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(b) Let F
(2)
i be a sincere poset of Tables 3.2 and let qF(2)

i

be the associated

quadratic form. A sincere positive vector z ∈ NF
(2)
i satisfies q

F
(2)
i

(z) = 1 if

and only if z is one of the vectors zji presented in Tables 3.3 below.

(c) An indecomposable prinjective KF
(2)
i -module X is sincere if and only

if X is isomorphic to a module M
(j)
i presented in Tables 8.1 of Section 8.

Tables 3.2

Sincere two-peak posets F
(2)
1 , . . . ,F

(2)
60 of finite prinjective type

1
ւ ց
∗ + 1

1 2
ւ ց↓
∗ + 2

1
↓
2

ւ ց
∗ + 3

1
↓
2 3

ւ ց↓
∗ + 4

2 1 3
↓ ւ ց↓
∗ + 5

1 2 3
ւ ց↓ ւ
∗ + 6

1
↓
2
↓
3 4

ւ ց↓
∗ + 7

1 3
↓ ↓
2 4

ւ ց↓
∗ + 8

1
↓

3 2 4
↓ւ ց↓
∗ + 9

2 1 3 4
↓ւ ց↓ ւ
∗ + 10

1
ւ↓
2 3 4

ւ ց↓ւ
∗ + 11

3
↓

1 2 4
ւ ց↓ւ
∗ + 12

1
↓
2
↓
3
↓

5 4
↓ւ↓
∗ + 13

1
↓
2 4
↓ ↓
3 5

ւ ց↓
∗ + 14

1 4
↓ ↓

3 2 5
↓ւ ց↓
∗ + 15

2←1
↓ ↓

5 3 4
↓ւ ց↓
∗ +16

1
ւ↓

5 2 3 4
↓ւ ց↓ւ
∗ + 17

4
↓

2 1 3 5
↓ւ ց↓ւ
∗ + 18

2
↓
3 1 4 5
↓ւ ց↓ւ
∗ + 19

1 4
ւ↓ ↓
2 3 5

ւ ց↓ւ
∗ + 20

3
↓
4
↓

1 2 5
ւ ց↓ւ
∗ + 21

2 3
↓ց↓

1 4 5
ւ ց↓ւ
∗ + 22

1
↓
2
↓
3
↓
4
↓

6 5
↓ւ↓
∗ + 23

1

2

3

4

5

6

+ 24*

↓

↓

↓

↓

↓

↓ց

C
C
C
CC��

4 1
↓ ↓
5 2
↓ ↓
6 3
↓ւ↓
∗ + 25

5 2←1
↓ ↓ ↓
6 3 4
↓ւ ց↓
∗ +26

4
↓

1 5
↓ ↓

3 2 6
↓ւ ց↓
∗ +27

5 1
↓ ւ↓
6 2 3 4
↓ւ ց↓ւ
∗ + 28

1 4
↓ց ւ↓

6 2 3 5
↓ւ ց↓ւ
∗ + 29

3 4
↓ց↓

2 1 5 6
↓ւ ց↓ւ
∗ + 30
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2 5
↓ ↓
3 1 4 6
↓ւ ց↓ւ
∗ + 31

1→3
↓ ↓

6 2 4 5
↓ւ ց↓ւ
∗ + 32

1 4
ւ↓ց↓

6 2 3 5
↓ւ ց↓ւ
∗ + 33

1 5
ւ↓ց ↓
3 2 4 6
↓ւ ց↓ւ
∗ + 34

1
↓

5 2
↓ ւ↓
6 4 3
ց↓ւ↓
∗ +35

4
↓
5 1
↓ ւ↓
6 3 2
ց↓ւ↓
∗ + 36

3
↓
4
↓
5
↓

1 2 6
ւ ց↓ւ
∗ + 37

51

62

734

+ 38*

↓

↓

↓

↓

↓

↓ւց

B
B
B

�
�
���� ��

1

62

7345

+ 39*

↓

↓

↓

↓

↓ց ցւ

ւ

�
�

���
6 1 4
↓ ւ↓ց↓
7 2 3 5
↓ւ ց↓ւ
∗ + 40

4

6 3

7 5 1 2

+ 41*

↓

↓

↓

↓

↓ց ւց

ւ

B
B
BB��

1
↓

6←4 2
↓ ↓ւ↓
7 5 3
ց↓ւ↓
∗ + 42

15

26

347

+ 43*

↓

↓ ↓

↓

↓ց ւց

ւ

�
�

���

4
↓
5
↓
6 1
↓ւ↓ց
7 3 2
ց↓ւ↓
∗ + 44

3 1→5
↓ւ↓ ↓
4 2 6 7
↓ւ ց↓ւ
∗ + 45

1
ւ↓
∗ 2 3 4

ց↓ ւ
+ 46

1 3
ւ↓ ↓
∗ 2 4 5

ց↓ ւ
+ 47

3 1
↓ւ↓
∗ 2 4 5

ց↓ ւ
+ 48

1 4 3
ւ↓ ↓ւ↓
∗ 2 6 5

ց↓ ւ
+ 49

1

2

3 4

5

6

+ 50

*

↓

↓

↓

↓ւ

ց ւ

B
B
BB��

2

1

3 5

4

6

+ 51

*

↓

↓

↓

↓ւ

ց ւ

�
�

����
3 1 4
↓ւ↓ ↓
∗ 2 5 6

ց↓ ւ
+ 52

1
ւ↓
∗ 2 4
↓ ↓
3 5 6
ց↓ ւ
+ 53

1 3 5
ւ↓ց ↓ ↓
∗ 2 4 6

ց↓ ւ
+ 54

3

6 4

7 5 2

1

+

55*

↓ ↓

↓

↓

↓ց ւ

ցւ

B
B
BB��

1
↓ց

7 2 4
↓ւ↓ ↓
∗ 3 5 6

ց↓ւ
+ 56

1

2

3 6

5

4

7

+ 57

*

↓

↓

↓

↓

↓ւ

ց ւ

B
B
BB��

1
ւ↓
∗ 2 3 6
↓ւ ↓ց ↓
4 5 7
ց↓ ւ
+ 58

2 1 3 6
↓ւ↓ւ ↓ց ↓
∗ 4 5 7

ց↓ ւ
+ 59

3 1 4 6
↓ւ↓ց ↓ ↓
∗ 2 5 7

ց↓ ւ
+ 60

Tables 3.3

Sincere positive roots of the quadratic forms q
F
(2)
1

, . . . , q
F
(2)
60

Given a sincere poset F
(2)
i of Tables 3.2 we denote by z

1
i , . . . , z

sj
i the

sincere positive roots of the quadratic form q
F
(2)
i

of F
(2)
i (see (2.2) and

Section 4).
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z11 = (1, 1, 1) z12 = (1, 1, 1, 1) z13 = (1, 1, 1, 1) z14 = (1, 1, 1, 1, 1)

z24 = (1, 1, 1, 1, 2) z15 = (1, 1, 1, 1, 1) z16 = (1, 1, 1, 1, 1) z26 = (1, 1, 1, 1, 2)

z36 = (2, 1, 1, 1, 2) z17 = (1, 1, 1, 1, 1, 2) z27 = (1, 1, 1, 1, 2, 2) z18 = (1, 1, 1, 1, 1, 2)

z19 = (1, 1, 1, 1, 2, 2) z29 = (1, 2, 1, 1, 2, 2) z39 = (2, 1, 1, 1, 2, 2) z49 = (1, 1, 1, 1, 1, 1)

z59 = (1, 1, 1, 1, 2, 1) z69 = (1, 1, 1, 1, 1, 2) z110 = (1, 1, 1, 1, 1, 2) z210 = (1, 1, 1, 1, 1, 1)

z310 = (2, 1, 1, 1, 2, 2) z410 = (2, 1, 1, 1, 1, 2) z111 = (1, 1, 1, 1, 1, 2) z112 = (1, 1, 1, 1, 1, 2)

z212 = (2, 1, 1, 1, 1, 3) z312 = (2, 2, 1, 1, 1, 3) z412 = (2, 1, 1, 1, 1, 2) z113 = (1, 1, 1, 1, 1, 3, 2)

z213 = (1, 1, 1, 1, 2, 3, 2) z313 = (1, 1, 1, 1, 1, 2, 2) z114 = (1, 1, 1, 1, 1, 2, 3)

z214 = (1, 1, 2, 1, 1, 2, 3) z314 = (1, 2, 1, 1, 1, 2, 3) z414 = (2, 1, 1, 1, 1, 2, 3)

z514 = (1, 1, 1, 1, 1, 1, 2) z614 = (1, 1, 1, 1, 1, 1, 3) z714 = (1, 1, 1, 1, 1, 2, 2)

z115 = (1, 2, 1, 1, 1, 2, 3) z215 = (2, 1, 1, 1, 1, 2, 3) z315 = (2, 2, 1, 1, 1, 3, 3)

z415 = (2, 2, 2, 1, 1, 3, 3) z515 = (2, 2, 1, 1, 1, 2, 3) z615 = (1, 2, 1, 1, 1, 2, 2)

z715 = (2, 1, 1, 1, 1, 2, 2) z815 = (1, 1, 1, 1, 1, 2, 2) z915 = (1, 1, 1, 1, 1, 1, 2)

z116 = (1, 1, 1, 1, 1, 2, 2) z117 = (1, 1, 1, 1, 1, 2, 2) z217 = (1, 1, 1, 1, 1, 1, 2)

z317 = (1, 2, 1, 1, 1, 2, 3) z417 = (1, 2, 1, 2, 1, 2, 3) z517 = (1, 2, 1, 1, 1, 2, 2)

z118 = (2, 1, 1, 1, 1, 1, 3) z218 = (2, 1, 2, 1, 1, 1, 3) z318 = (2, 1, 1, 1, 1, 2, 2)

z
4
18 = (1, 1, 1, 1, 1, 1, 2) z

5
18 = (3, 1, 1, 1, 1, 2, 3) z

6
18 = (3, 1, 2, 1, 1, 2, 3)

z718 = (2, 1, 1, 1, 1, 2, 3) z818 = (2, 1, 2, 1, 1, 2, 3) z918 = (3, 1, 2, 1, 1, 2, 4)

z1018 = (3, 1, 2, 1, 2, 2, 4) z1118 = (3, 1, 2, 2, 1, 2, 4) z1218 = (2, 1, 1, 1, 1, 1, 2)

z119 = (2, 1, 1, 1, 1, 2, 2) z120 = (1, 1, 1, 1, 1, 1, 3) z220 = (1, 2, 1, 1, 1, 1, 3)

z
3
20 = (1, 2, 1, 1, 1, 2, 3) z

4
20 = (1, 1, 1, 1, 1, 1, 2) z

1
21 = (2, 1, 1, 1, 1, 1, 3)

z221 = (2, 2, 1, 1, 1, 1, 3) z321 = (2, 2, 1, 1, 1, 1, 4) z421 = (3, 2, 1, 1, 1, 1, 4)

z521 = (3, 2, 1, 1, 1, 2, 4) z122 = (2, 1, 1, 1, 1, 1, 3) z123 = (1, 1, 1, 1, 1, 1, 4, 3)

z
2
23 = (1, 1, 1, 1, 2, 2, 4, 3) z

3
23 = (1, 1, 1, 2, 1, 2, 4, 3) z

4
23 = (1, 1, 2, 1, 1, 2, 4, 3)

z
5
23 = (1, 2, 1, 1, 1, 2, 4, 3) z

6
23 = (2, 1, 1, 1, 1, 2, 4, 3) z

7
23 = (1, 1, 1, 1, 1, 2, 3, 2)

z823 = (1, 1, 1, 1, 1, 1, 3, 3) z923 = (1, 1, 1, 1, 1, 2, 3, 3) z1023 = (1, 1, 1, 1, 1, 2, 4, 2)

z1123 = (1, 1, 1, 1, 1, 1, 3, 2) z124 = (1, 1, 1, 1, 1, 1, 2, 3) z125 = (1, 1, 1, 1, 1, 1, 3, 1)

z
2
25 = (1, 1, 1, 1, 1, 1, 3, 2) z

3
25 = (1, 1, 2, 1, 1, 1, 4, 2) z

4
25 = (1, 2, 1, 1, 1, 1, 4, 2)

z525 = (2, 1, 1, 1, 1, 1, 4, 2) z625 = (2, 2, 1, 1, 1, 1, 4, 2) z725 = (2, 1, 2, 1, 1, 1, 4, 2)

z825 = (1, 2, 2, 1, 1, 1, 4, 2) z925 = (2, 2, 1, 1, 1, 1, 4, 3) z1025 = (2, 1, 2, 1, 1, 1, 4, 3)

z1125 = (1, 2, 2, 1, 1, 1, 4, 3) z1225 = (1, 1, 2, 1, 1, 1, 3, 2) z1325 = (1, 2, 1, 1, 1, 1, 3, 2)

z1425 = (2, 1, 1, 1, 1, 1, 3, 2) z1525 = (2, 2, 2, 1, 1, 1, 5, 3) z1625 = (2, 2, 2, 1, 1, 2, 5, 3)

z1725 = (2, 2, 2, 1, 2, 1, 5, 3) z1825 = (2, 2, 2, 2, 1, 1, 5, 3) z1925 = (2, 2, 2, 1, 1, 1, 4, 3)

z126 = (1, 2, 2, 1, 1, 1, 4, 2) z226 = (1, 2, 2, 1, 1, 2, 4, 3) z326 = (1, 2, 2, 1, 2, 1, 4, 3)

z426 = (1, 2, 2, 1, 1, 1, 3, 3) z526 = (1, 1, 2, 1, 1, 1, 3, 3) z626 = (1, 2, 1, 1, 1, 1, 3, 3)

z726 = (1, 1, 2, 1, 1, 1, 3, 2) z826 = (1, 2, 1, 1, 1, 1, 3, 2) z926 = (1, 1, 1, 1, 1, 1, 3, 2)

z1026 = (1, 1, 1, 1, 1, 1, 2, 2) z127 = (1, 2, 1, 1, 1, 1, 2, 3) z227 = (2, 1, 1, 1, 1, 1, 2, 3)
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z327 = (2, 2, 1, 1, 1, 1, 2, 3) z427 = (2, 2, 1, 1, 1, 1, 3, 3) z527 = (2, 2, 2, 1, 1, 1, 3, 3)

z627 = (2, 2, 1, 1, 1, 1, 2, 4) z727 = (2, 2, 1, 1, 1, 1, 3, 4) z827 = (2, 2, 2, 1, 1, 1, 3, 4)

z927 = (2, 3, 2, 1, 1, 1, 3, 4) z1027 = (3, 2, 2, 1, 1, 1, 3, 4) z1127 = (2, 3, 1, 1, 1, 1, 3, 4)

z
12
27 = (3, 2, 1, 1, 1, 1, 3, 4) z

13
27 = (2, 3, 2, 1, 1, 1, 4, 4) z

14
27 = (3, 2, 2, 1, 1, 1, 4, 4)

z1527 = (3, 3, 2, 1, 1, 1, 4, 4) z1627 = (3, 3, 2, 1, 1, 1, 4, 5) z1727 = (3, 3, 2, 1, 1, 2, 4, 5)

z1827 = (3, 3, 2, 1, 2, 1, 4, 5) z1927 = (3, 3, 2, 2, 1, 1, 4, 5) z128 = (1, 2, 1, 1, 1, 1, 3, 2)

z228 = (1, 1, 1, 1, 1, 1, 2, 2) z328 = (1, 2, 1, 1, 1, 1, 2, 2) z428 = (1, 2, 1, 1, 1, 1, 2, 3)

z528 = (1, 2, 1, 2, 1, 1, 2, 3) z628 = (1, 2, 1, 1, 1, 1, 3, 3) z728 = (1, 2, 1, 2, 1, 1, 3, 3)

z828 = (1, 3, 1, 1, 1, 1, 3, 3) z928 = (1, 3, 1, 2, 1, 1, 3, 3) z1028 = (2, 2, 1, 1, 1, 1, 3, 3)

z1128 = (2, 2, 1, 2, 1, 1, 3, 3) z1228 = (2, 2, 1, 2, 1, 1, 3, 4) z1328 = (1, 3, 1, 2, 1, 1, 3, 4)

z1428 = (1, 3, 2, 2, 1, 1, 3, 4) z1528 = (2, 3, 1, 2, 1, 1, 3, 4) z1628 = (2, 3, 1, 2, 1, 1, 4, 4)

z1728 = (2, 3, 1, 2, 1, 2, 4, 4) z1828 = (2, 3, 1, 2, 2, 1, 4, 4) z129 = (1, 2, 1, 1, 1, 1, 2, 3)

z130 = (2, 1, 1, 1, 1, 1, 1, 3) z230 = (2, 1, 1, 1, 1, 1, 2, 3) z330 = (3, 1, 1, 1, 1, 1, 2, 3)

z
4
30 = (3, 1, 1, 1, 1, 1, 2, 4) z

5
30 = (3, 1, 1, 1, 2, 1, 2, 4) z

6
30 = (3, 1, 1, 2, 1, 1, 2, 4)

z730 = (3, 1, 1, 2, 2, 1, 2, 4) z830 = (3, 1, 1, 2, 2, 1, 2, 5) z930 = (4, 1, 1, 2, 2, 1, 2, 5)

z1030 = (4, 1, 1, 2, 2, 1, 3, 5) z1130 = (4, 2, 1, 2, 2, 1, 3, 5) z131 = (2, 1, 1, 1, 1, 1, 2, 3)

z231 = (2, 1, 1, 2, 1, 1, 2, 3) z331 = (2, 1, 1, 1, 1, 1, 2, 2) z431 = (3, 1, 1, 2, 1, 1, 2, 3)

z531 = (3, 1, 1, 1, 1, 1, 2, 3) z631 = (3, 1, 1, 1, 1, 1, 3, 3) z731 = (3, 1, 1, 2, 1, 1, 3, 3)

z831 = (3, 1, 1, 2, 1, 1, 2, 4) z931 = (3, 1, 1, 2, 1, 2, 2, 4) z1031 = (3, 1, 1, 2, 2, 1, 2, 4)

z1131 = (3, 1, 1, 2, 1, 2, 3, 4) z1231 = (3, 1, 1, 2, 2, 1, 3, 4) z1331 = (3, 1, 1, 2, 1, 1, 3, 4)

z1431 = (4, 1, 1, 2, 1, 1, 3, 4) z1531 = (4, 1, 1, 2, 1, 2, 3, 4) z1631 = (4, 1, 1, 2, 2, 1, 3, 4)

z1731 = (4, 1, 1, 2, 1, 2, 3, 5) z1831 = (4, 1, 1, 2, 2, 1, 3, 5) z1931 = (4, 1, 1, 3, 1, 2, 3, 5)

z
20
31 = (4, 1, 1, 3, 2, 1, 3, 5) z

21
31 = (4, 1, 1, 2, 2, 2, 3, 5) z

22
31 = (4, 1, 1, 3, 2, 2, 3, 5)

z2331 = (4, 1, 1, 3, 2, 2, 3, 6) z2431 = (5, 1, 1, 3, 2, 2, 3, 6) z2531 = (5, 1, 1, 3, 2, 2, 4, 6)

z2631 = (5, 1, 2, 3, 2, 2, 4, 6) z2731 = (5, 2, 1, 3, 2, 2, 4, 6) z132 = (1, 2, 1, 1, 1, 1, 2, 3)

z232 = (1, 2, 1, 1, 2, 1, 2, 3) z332 = (1, 2, 1, 1, 2, 1, 2, 4) z432 = (1, 3, 1, 1, 2, 1, 2, 4)

z532 = (1, 3, 1, 1, 2, 1, 3, 4) z632 = (1, 3, 1, 1, 2, 2, 3, 4) z133 = (1, 2, 1, 1, 1, 1, 2, 3)

z134 = (1, 2, 1, 1, 1, 1, 2, 4) z135 = (1, 1, 1, 1, 1, 1, 3, 2) z235 = (1, 1, 2, 1, 1, 1, 3, 2)

z335 = (1, 1, 1, 1, 1, 1, 3, 1) z435 = (1, 1, 2, 1, 1, 1, 4, 2) z535 = (1, 1, 2, 1, 1, 2, 4, 2)

z635 = (1, 1, 2, 1, 2, 1, 4, 2) z136 = (1, 1, 1, 1, 1, 1, 3, 1) z236 = (1, 2, 1, 1, 1, 1, 3, 1)

z336 = (1, 2, 1, 1, 1, 1, 4, 1) z436 = (1, 2, 2, 1, 1, 1, 4, 1) z536 = (1, 2, 2, 1, 1, 1, 4, 2)

z
6
36 = (1, 2, 1, 1, 1, 1, 4, 2) z

7
36 = (1, 3, 1, 1, 1, 1, 4, 2) z

8
36 = (2, 2, 1, 1, 1, 1, 4, 2)

z936 = (1, 3, 2, 1, 1, 1, 4, 2) z1036 = (1, 3, 2, 1, 1, 1, 5, 2) z1136 = (1, 3, 2, 1, 1, 2, 5, 2)

z1236 = (1, 3, 2, 1, 2, 1, 5, 2) z1336 = (1, 3, 2, 2, 1, 1, 5, 2) z1436 = (1, 2, 1, 1, 1, 1, 3, 2)

z137 = (2, 2, 1, 1, 1, 1, 1, 4) z237 = (3, 2, 1, 1, 1, 1, 1, 4) z337 = (3, 2, 1, 1, 1, 1, 2, 4)

z437 = (3, 2, 1, 1, 1, 1, 1, 5) z537 = (3, 2, 1, 1, 1, 1, 2, 5) z637 = (3, 3, 1, 1, 1, 1, 1, 5)
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z737 = (3, 3, 1, 1, 1, 1, 2, 5) z837 = (4, 2, 1, 1, 1, 1, 2, 5) z937 = (4, 3, 1, 1, 1, 1, 2, 5)

z1037 = (4, 3, 1, 1, 1, 1, 2, 6) z1137 = (4, 3, 1, 1, 1, 2, 2, 6) z1237 = (4, 3, 1, 1, 2, 1, 2, 6)

z1337 = (4, 3, 1, 2, 1, 1, 2, 6) z1437 = (4, 3, 2, 1, 1, 1, 2, 6) z138 = (1, 2, 2, 1, 1, 1, 1, 3, 4)

z139 = (1, 1, 2, 1, 1, 1, 1, 3, 3) z140 = (1, 2, 1, 1, 1, 1, 1, 3, 3) z240 = (1, 3, 1, 1, 1, 1, 1, 3, 3)

z340 = (1, 3, 1, 1, 1, 1, 1, 3, 4) z440 = (1, 3, 2, 1, 1, 1, 1, 3, 4) z540 = (1, 3, 1, 2, 1, 1, 1, 3, 4)

z640 = (1, 3, 2, 2, 1, 1, 1, 3, 4) z740 = (1, 3, 2, 2, 1, 1, 1, 3, 5) z840 = (1, 4, 2, 2, 1, 1, 1, 3, 5)

z940 = (1, 4, 2, 2, 1, 1, 1, 4, 5) z1040 = (1, 4, 2, 2, 1, 1, 2, 4, 5) z1140 = (1, 4, 2, 2, 1, 2, 1, 4, 5)

z1240 = (1, 2, 1, 1, 1, 1, 1, 2, 3) z141 = (3, 1, 1, 1, 1, 1, 1, 4, 2) z142 = (1, 1, 2, 1, 1, 1, 1, 4, 2)

z143 = (1, 1, 2, 1, 1, 1, 1, 4, 2) z144 = (1, 3, 2, 1, 1, 1, 1, 5, 2) z145 = (1, 3, 1, 1, 1, 1, 2, 3, 4)

z146 = (1, 1, 1, 1, 1, 2) z147 = (1, 1, 1, 1, 1, 1, 2) z247 = (1, 1, 1, 1, 1, 1, 3)

z347 = (1, 1, 1, 1, 2, 1, 3) z447 = (2, 1, 1, 1, 1, 1, 3) z547 = (2, 1, 1, 1, 2, 1, 3)

z647 = (2, 1, 1, 1, 2, 1, 4) z747 = (2, 1, 1, 2, 2, 1, 4) z847 = (2, 1, 2, 1, 2, 1, 4)

z148 = (1, 1, 1, 1, 1, 1, 2) z149 = (1, 1, 1, 1, 1, 1, 1, 3) z249 = (2, 1, 1, 1, 1, 1, 1, 3)

z349 = (2, 1, 1, 1, 1, 1, 1, 4) z449 = (2, 1, 1, 1, 2, 1, 1, 4) z549 = (2, 1, 1, 2, 1, 1, 1, 4)

z
6
49 = (2, 1, 1, 2, 2, 1, 1, 4) z

7
49 = (2, 1, 1, 2, 2, 1, 1, 5) z

8
49 = (3, 1, 1, 2, 2, 1, 1, 5)

z
9
49 = (2, 2, 1, 2, 2, 1, 1, 5) z

10
49 = (3, 1, 1, 2, 2, 1, 2, 5) z

1
50 = (1, 1, 1, 1, 1, 1, 1, 3)

z151 = (2, 1, 1, 1, 1, 2, 1, 4) z152 = (1, 1, 1, 1, 1, 1, 1, 2) z252 = (1, 1, 1, 1, 1, 1, 1, 3)

z352 = (1, 1, 1, 1, 1, 2, 1, 3) z452 = (2, 1, 1, 1, 1, 2, 1, 3) z552 = (2, 1, 1, 1, 1, 2, 2, 3)

z652 = (2, 1, 1, 1, 1, 1, 1, 3) z752 = (2, 1, 1, 1, 1, 1, 2, 3) z852 = (2, 1, 1, 1, 1, 2, 1, 4)

z952 = (2, 1, 1, 1, 1, 2, 2, 4) z1052 = (2, 1, 1, 1, 2, 2, 1, 4) z1152 = (2, 1, 1, 2, 1, 2, 1, 4)

z1252 = (2, 1, 1, 1, 2, 2, 2, 4) z1352 = (2, 1, 1, 2, 1, 2, 2, 4) z1452 = (3, 1, 1, 1, 2, 2, 2, 4)

z1552 = (3, 1, 1, 2, 1, 2, 2, 4) z1652 = (3, 1, 1, 1, 2, 2, 2, 5) z1752 = (3, 1, 1, 2, 1, 2, 2, 5)

z1852 = (3, 1, 1, 1, 2, 3, 2, 5) z1952 = (3, 1, 1, 2, 1, 3, 2, 5) z2052 = (3, 1, 1, 2, 2, 3, 2, 5)

z2152 = (3, 1, 1, 2, 2, 2, 2, 5) z2252 = (3, 1, 1, 2, 2, 3, 2, 6) z2352 = (3, 2, 1, 2, 2, 3, 2, 6)

z2452 = (4, 1, 1, 2, 2, 3, 2, 6) z2552 = (4, 1, 1, 2, 2, 3, 3, 6) z2652 = (4, 1, 2, 2, 2, 3, 3, 6)

z2752 = (3, 1, 1, 1, 1, 2, 2, 4) z153 = (1, 1, 1, 1, 1, 1, 1, 3) z253 = (1, 1, 1, 1, 1, 2, 1, 3)

z353 = (1, 1, 1, 1, 1, 2, 1, 4) z453 = (1, 1, 1, 1, 2, 2, 1, 4) z553 = (1, 1, 1, 2, 1, 2, 1, 4)

z653 = (2, 1, 1, 1, 2, 2, 1, 4) z753 = (2, 1, 1, 2, 1, 2, 1, 4) z853 = (2, 1, 1, 1, 1, 2, 1, 4)

z953 = (2, 1, 1, 1, 2, 2, 1, 5) z1053 = (2, 1, 1, 2, 1, 2, 1, 5) z1153 = (2, 1, 1, 2, 2, 2, 1, 5)

z1253 = (2, 1, 1, 2, 2, 3, 1, 5) z1353 = (2, 1, 1, 1, 2, 3, 1, 5) z1453 = (2, 1, 1, 2, 1, 3, 1, 5)

z1553 = (2, 1, 1, 2, 2, 3, 1, 6) z1653 = (2, 1, 2, 2, 2, 3, 1, 6) z1753 = (2, 2, 1, 2, 2, 3, 1, 6)

z1853 = (3, 1, 1, 2, 2, 3, 1, 6) z1953 = (3, 1, 1, 2, 2, 3, 2, 6) z154 = (1, 1, 1, 1, 1, 1, 1, 3)

z155 = (2, 1, 1, 1, 1, 1, 1, 4, 1) z156 = (1, 2, 1, 1, 1, 2, 1, 2, 4) z157 = (1, 1, 1, 1, 1, 1, 2, 1, 4)

z158 = (2, 1, 1, 1, 2, 2, 1, 1, 5) z159 = (3, 1, 1, 1, 2, 2, 1, 2, 5) z160 = (1, 1, 1, 1, 1, 1, 1, 1, 3)
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4. Integral quadratic forms and their positive roots. In this sec-
tion we collect the fundamental definitions and facts about quadratic forms
and their roots, which will be needed in Sections 5 and 6. For more infor-
mation about this topic the reader is referred to [18, Section 1], [8].
Let q : Zn → Z be an integral quadratic form, that is, q has the form

(4.1) q(x1, . . . , xn) =

n∑

i=1

x2i +
∑

i<j

αijxixj ,

where x = (x1, . . . , xn) ∈ Zn and αij ∈ Z.
We call the vector x = (x1, . . . , xn) ∈ Zn positive if x 6= 0 and xi ≥ 0

for all i = 1, . . . , n. The integral quadratic form (4.1) is said to be weakly
positive provided q(x) > 0 for all positive vectors x ∈ Zn. A vector x ∈ Zn

satisfying q(x) = 1 is called a root of q. It is well known that a weakly
positive integral quadratic form has only finitely many positive roots (see
[18, Section 1]).
A vector x = (x1, . . . , xn) ∈ Zn is called sincere if xi 6= 0 for all i =

1, . . . , n. A weakly positive integral quadratic form is said to be sincere
provided there exists a sincere positive root x of q.
For each i = 1, . . . , n we denote by e(i) the vector of Zn having 1 at the

ith position and zeros elsewhere.
Let (−,−)q be the symmetric Z-bilinear form corresponding to q, that

is,

2(x, y)q = q(x+ y)− q(x)− q(y).

Following [18] we define the Z-linear form Diq : Zn → Z by the formula

Diq(x) := 2(e(i), x) = 2xi +
∑

i6=j

αijxj .

Let q be the quadratic form (4.1). We start with the following three
lemmata proved in [18]. Then we prove several technical facts which are
fundamental for our algorithms of Section 6.

Lemma 4.2. If x is a root of an integral quadratic form (4.1), then∑n
i=1 xiDiq(x) = 2.

Proof. For a root x = (x1, . . . , xn) of q we have
n∑

i=1

xiDiq(x) = 2

n∑

i=1

xi(e(i), x)q = 2
( n∑

i=1

xie(i), x
)

q
= 2(x, x)q = 2q(x) = 2,

because q(x) = 1.

Lemma 4.3. Let x = (x1, . . . , xn) be a positive root of a weakly positive
integral quadratic form (4.1) and let i ∈ {1, . . . , n} be such that xi 6= 0. If
x 6= e(i), then |Diq(x)| ≤ 1.



TWO-PEAK SINCERE POSETS 37

Proof. Let i ∈ {1, . . . , n} be such that xi > 0 and x 6= e(i). From our
assumptions it follows that x+ e(i) and x− e(i) are positive and so

0 < q(x± e(i)) = q(x) + q(e(i))± 2(e(i), x)q = 1 + 1±Diq(x).

This yields −2 < Diq(x) < 2.

Corollary 4.4. Let x = (x1, . . . , xn) be a positive root of a weakly po-
sitive integral quadratic form (4.1). If x 6= e(j) for j = 1, . . . , n, then there
exists i ∈ {1, . . . , n} such that xi 6= 0 and Diq(x) = 1.

Proof. By Lemma 4.2, there is i ∈ {1, . . . , n} such that xiDiq(x) ≥ 1.
Since x is positive, we have xi ≥ 1 and Diq(x) ≥ 1. Then Lemma 4.3 yields
Diq(x) = 1.

Lemma 4.5. If x = (x1, . . . , xn) is a root of an integral quadratic form
(4.1), then x−Diq(x)e(i) is a root of q for each i = 1, . . . , n.

Proof. Let i ∈ {1, . . . , n}. Then

q(x−Diq(x)e(i)) = (x−Diq(x)e(i), x−Diq(x)e(i))q

= q(x)− 2(Diq(x)e(i), x)q + q(Diq(x)e(i))

= 1− 2Diq(x)(e(i), x)q + (Diq(x))
2q(e(i))

= 1− (Diq(x))
2 + (Diq(x))

2 = 1.

As an immediate consequence of Corollary 4.4 and Lemma 4.5 we get

Corollary 4.6. Let x = (x1, . . . , xn) be a positive root of a weakly po-
sitive integral quadratic form (4.1). Suppose x 6= e(i) for all i. Then there
exists i ∈ {1, . . . , n} such that xi 6= 0 and x− e(i) is a positive root of q.

Throughout this paper the following fact will be used.

Corollary 4.7. If there exists a sincere positive root x = (x1, . . . , xn)
of a weakly positive integral quadratic form (4.1), then there exists a sincere
positive root y = (y1, . . . , yn) of q such that

(4.8) Diq(y) = 1 implies yi = 1.

Proof. Let y(0) = x be a sincere positive root of q. If x does not sa-
tisfy (4.8) for each i = 1, . . . , n, then there exists i ∈ {1, . . . , n} such
that Diq(x) = 1 and xi > 1, and according to Lemma 4.5 the vector
y(1) = x− e(i) is a sincere positive root of q. If y(1) does not satisfy (4.8) for
each i = 1, . . . , n, then there exists j ∈ {1, . . . , n} such that y(2) = y(1)−e(j)
is a sincere positive root of q. Continuing, we find a sincere positive root y
satisfying (4.8), because otherwise we get an infinite chain y(0), y(1), . . . of
pairwise different sincere positive roots of q. This is a contradiction, because
q is weakly positive and therefore it has only finitely many positive roots.
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Lemma 4.9. Let q : Zn → Z, n > 0, be an integral quadratic form, and
let z and x be roots of q. If x = z ± e(i) for some i ∈ {1, . . . , n}, then
Diq(z) = ∓1.

Proof. By our assumptions,

1 = q(x) = q(z ± e(i)) = (z ± e(i), z ± e(i))q

= q(z)± 2(z, e(i))q + q(e(i)) = 1 + 1±Diq(z) = 2±Diq(z).

It follows that Diq(z) = ∓1.

The following fact is an immediate consequence of Lemmata 4.5 and 4.9.

Corollary 4.10. Let q : Zn → Z, n > 0, be a quadratic form and let z
be a root of q. Then z ± e(i) is a root of q if and only if Diq(z) = ∓1.

Proposition 4.11. Let q : Zn → Z be a weakly positive sincere quadratic
form, and let z be a sincere positive root of q. There exists a chain

(4.12) x(1), . . . , x(m)

of positive roots of q such that

(a) x(1) = z, x(i) = x(i−1) − e(ji) for any i = 2, . . . ,m and for some
ji ∈ {1, . . . , n},
(b) the roots x(1), . . . x(m−1) are sincere,

(c) x
(m)
jm
= 0 and x

(m)
j > 0 for j 6= jm.

Proof. Let z = x(1) be a sincere positive root of q. By Corollary 4.4,
there exists j2 ∈ {1, . . . , n} such that Dj2q(z) = 1. Then according to Co-

rollary 4.10 the vector x(2) = x(1) − e(j2) is a positive root of q. If x
(2)
j2
6= 0,

then x(2) is sincere and there exists j3 ∈ {1, . . . , n} such that x
(3) = x(2) −

e(j3) is a positive root of q. Continuing, we construct a chain x
(1), x(2), . . .

of sincere positive roots of q satisfying the required conditions. Since q is
weakly positive, it has only finitely many positive roots. Therefore there

exists m such that x
(m)
jm
= 0.

We recall from [18, Section 1] the following fact.

Corollary 4.13. Let q : Zn → Z be a weakly positive quadratic form,
and let z 6= 0 be a positive root of q. There exists a chain

(4.14) x(1), . . . , x(m)

of positive roots of q such that

(a) x(1) = z, x(i) = x(i−1) − e(ji) for i ∈ {2, . . . ,m} and for some
ji ∈ {1, . . . , n},
(b) x(m) = e(j) for some j ∈ {1, . . . , n}.
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Proof. Apply Proposition 4.11 and simple induction arguments.

Let z be a root of an integral quadratic form q : Zn → Z. If there exists
a chain (4.14) satisfying (a) and (b) of Corollary 4.13, then z is called a
Weyl root of q (see [18, Section 1]). By Corollary 4.13, all positive roots of
a weakly positive quadratic form are Weyl roots. Let us indicate how we
can construct all Weyl roots of an integral quadratic form, and all positive
roots of a weakly positive integral quadratic form.

Remark 4.15. Let q : Zn → Z be a weakly positive quadratic form.
To construct all positive roots of q it is enough to construct all possible
chains x(1), . . . , x(m) of the form (4.14) satisfying conditions (a) and (b) of
Corollary 4.13. The elements of these chains form the set of all positive roots
of q. We construct these chains inductively as follows. If we have constructed
a chain y(1), . . . , y(m) of the form (4.14) and of length m, then for any i ∈
{1, . . . , n} such that Diq(y

(1)) = −1 we form the chain y(0,i), y(1), . . . , y(m),
where y(0,i) = y(1)+e(i). Obviously this chain is of the form (4.14), of length
m+1 and satisfies (a) and (b). Since q has only finitely many positive roots
this procedure will stop and all chains of the form (4.14) satisfying (a) and
(b) will be constructed.

5. Sincere posets of finite prinjective type. The following lemma
shows that there are only finitely many sincere two-peak posets of finite
prinjective type. A similar result was given by S. Kasjan [9].

Lemma 5.1. Let I be a sincere poset of finite prinjective type such that
|max I| = 2. Then |I| ≤ 25.

Proof. Let z be a sincere positive root of the quadratic form (2.2). We
can assume thatDiqI(z) ≥ 0 for each i ∈ I. Indeed, if there exists i1 ∈ I such
thatDi1qI(z) = −1, then z

(1) = z+e(i1) 6= z is a positive root of qI such that

z
(1)
i1
> zi1 (see Lemma 4.5). If there exists i2 ∈ I such that Di2qI(z

(1)) = −1,

then z(2) = z(1) + e(i2) 6= z
(1) is a positive root of qI such that z

(2)
i2
> z
(1)
i2
.

In this way we construct a chain z, z(1), z(2), . . . of pairwise different positive
roots of qI . Since I is of finite prinjective type, qI has only finitely many
positive roots and so there exists j ∈ N such that DiqI(z(j)) > −1 for all
i ∈ I. It follows that there exists a positive root z satisfying DiqI(z) ≥ 0 for
each i ∈ I. Such a root is maximal in the sense of [18, Section 1].

In particular, z satisfies D∗qI(z) ≥ 0, D+qI(z) ≥ 0, where max I =
{∗,+}. On the other hand, Theorem 1 of Ovsienko [18] yields DpqI(z) =
2zp−

∑
i≺p zi ≤ 12−

∑
i≺p zi for p = ∗ and p = +. Hence there exist at most

12 elements i ∈ I such that i ≺ p. As I is connected, there exists at least one
i ∈ I satisfying i ≺ ∗ and i ≺ +. It follows that |I| ≤ 12+12− 1+2 = 25.
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The following theorem provides the main tool for our algorithms of Sec-
tion 6.

Theorem 5.2. Let I be a sincere two-peak poset of finite prinjective type
such that |I| > 3. There exists j ∈ I− = I \max I such that J = I \ {j} is
a sincere connected two-peak poset of finite prinjective type.

Proof. Let qI be the Tits quadratic form of I. Since I is sincere, by
Theorem 2.3 the quadratic form qI has a sincere positive root z. In view of
Corollary 4.7 we assume that z satisfies the condition (4.8) for all i ∈ I.
We claim that there exists i ∈ I− such that DiqI(z) = 1. Indeed, by

Corollary 4.4, there exists j ∈ I such that DjqI(z) = 1. Note that zj = 1 by
(4.8). Assume that j ∈ max I. Then

1 = DjqI(z) = 2zj −
∑

k≺j

zk = 2−
∑

k≺j

zk

and we get
∑
k≺j zk = 1. Since the root z is sincere and positive, we conclude

that there is exactly one k ∈ I such that k ≺ j. Moreover zjDjqI(z) = 1,
hence by Lemma 4.2 there exists t ∈ I, t 6= j, satisfying DtqI(z) = 1. From
our assumptions it follows that zt = 1. If we assume that t ∈ max I, then
as above we show that there exists exactly one k ∈ I satisfying k ≺ t.
Consequently, |I| = 3, contrary to our assumption. Therefore there is an
i ∈ I− which satisfies DiqI(z) = 1 and our claim is proved.
Let i ∈ I− be such that DiqI(z) = 1 and zi = 1. By Lemma 4.5, x =

z − e(i) is a positive root of qI satisfying xi = 0. View J = I \ {i} as
a peak subposet of I. We show that J is sincere and connected. It is easy
to see that x′ ∈ NJ is a positive sincere root of qJ , where x′j = xj for
j ∈ J . It follows that J is sincere and of course |J | = |I| − 1, |maxJ | = 2.
Moreover, J is connected. Indeed, if J = J1 ∪ J2, where J1 ∩ J2 = ∅, then

1 = qJ(x
′) = qJ1(x

(1)) + qJ2(x
(2)), where x

(i)
j = x

′
j for i = 1, 2, j ∈ Ji.

The quadratic forms qJ1 , qJ2 are weakly positive, hence qJ1(x
(1)) = 0 or

qJ2(x
(2)) = 0. Hence x(1) = 0 or x(2) = 0. Consequently J1 = ∅ or J2 = ∅,

because the vector x′ is sincere.

Throughout this section I is a sincere two-peak poset of finite prinjective
type. Assume that I = {1, . . . , n, ∗,+} and max I = {∗,+}. Moreover let qI
be the Tits form of I and z be a positive sincere root of qI . In addition, z is
assumed to satisfy the condition (4.8) for all i ∈ I. For i ∈ I we define the
following two subsets of I:

i△ = {s ∈ I− : s � i}, i▽ = {s ∈ I− : s � i}.

Theorem 5.2 implies that if |I| > 3, then there exists i ∈ I− such that
I \ {i} is a sincere two-peak poset. For simplicity the i will be chosen in a
special way. For this the following facts will be needed.
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Lemma 5.3. Let I and z be as above and let i ∈ I− = I \max I be such
that DiqI(z) = 1. If the subset i

▽ = {c1 ≺ . . . ≺ ck = i} of I is linearly
ordered and satisfies the condition

(5.4) c1 ≺ ∗ (resp. c1 ≺ +) ⇒ i ≺ ∗ (resp. i ≺ +),

then DcjqI(z) = 1 for j = 1, . . . , k.

Proof. First we note that our assumptions yield

DcjqI(z) = DiqI(z)− zi + zcj + dj ,

where j = 1, . . . , k and dj ≥ 0 is an integer. This implies that DcjqI(z) =
zcj + dj, because zi = 1 and DiqI(z) = 1. The root z is sincere, hence
DcjqI(z) = zcj + dj > 0. On the other hand, Lemma 4.3 gives DcjqI(z) < 2.
Consequently, DcjqI(z) = 1.

Lemma 5.5. Let I and z be as above and let i ∈ I− = I \max I be such
that DiqI(z) = 1. If the subset i

△ = {i = c1 ≺ . . . ≺ ck} of I is linearly
ordered and satisfies the condition

(5.6) i ≺ ∗ (resp. i ≺ +) ⇒ ck ≺ ∗ ( resp. ck ≺ +),

then DcjqI(z) = 1 for j = 1, . . . , k.

Proof. The proof, similar to that of Lemma 5.3, is left to the reader.

Lemma 5.7. Let I and z be as above. Assume that the assumptions of
Lemmata 5.3 and 5.5 are not satisfied for any i ∈ I− such that DiqI(z) = 1.
Then I contains a two-peak proper subposet J , which contains one of the
following two posets:

(5.8)

• •

ց ւ
•

ւ ց
• •

ց ւ
∗ (5.9)

•

ւ↓
+ •

ւ ց
• •

ց ւ
∗

where max I = maxJ = {∗,+}.

Proof. Let i ∈ I− be such that DiqI(z) = 1. Since the assumptions of
Lemmata 5.3 and 5.5 are not satisfied, we have i 6∈ ∗▽ ∩+▽. Indeed, by [21,
Theorem 3.1] the poset ∗▽ ∩ +▽ is linearly ordered (because I is of finite
prinjective type). Therefore, if i ∈ ∗▽ ∩+▽, then i▽ is linearly ordered and
(5.4) is satisfied, contrary to our assumptions. Hence i 6∈ ∗▽ ∩+▽; say i ≺ ∗
and i ⊀ +. Therefore if the assumptions of Lemma 5.3 are not satisfied,
then either i▽ is not linearly ordered or (5.4) is not satisfied. If i▽ is not
linearly ordered, then I contains the poset

• •

ցւ
i
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and if (5.4) is not satisfied, then I contains
•

ւ ց
i +

Moreover if the assumptions of Lemma 5.5 are not satisfied, then i△ ⊆ I−

is not linearly ordered, because in view of i ≺ ∗ and i ⊀ +, the condition
(5.6) is automatically satisfied. Therefore I contains (5.8) or (5.9).

As in the proof of Theorem 5.2 we show that there exists j ∈ I, j 6= i,
such that DjqI(z) = 1. Then zj = 1 by (4.8). Therefore J = I \ {j} is
a sincere poset (cf. the proof of Theorem 5.2). If j ∈ max I, then J is
a sincere one-peak poset which contains one of the following posets:

• •

ց ւ
•

ւ ց
• •

ց ւ
∗

•

↓
•

ւ ց
• •

ց ւ
∗

and this is impossible (see [20, Theorem 10.2]). Thus we can assume that
j ∈ I−. Hence clearly J = I \ {j} contains (5.8) or (5.9).

6. Algorithms for the construction of sincere posets of finite

prinjective type. In this section we give two algorithms for the construc-
tion of sincere two-peak posets of finite prinjective type. We start with some
definitions and preliminary constructions.

Definition 6.1. We say that a sincere poset J = (J,�J) is dominated
by a poset I = (I,�I) (or I dominates J) if |J | = |I|+ 1 and

(a) I is sincere.

(b) There exists j ∈ J− such that J \ {j} = I and the relation �I is the
restriction of �J to I.
(c) There exists a sincere positive root z of the quadratic form qI such

that z̃ is a sincere positive root of qJ , where z̃i = zi for i 6= j and z̃j = 1.

If in addition j ∈ J− is a minimal (resp. maximal) element in J−, then
we say that J is min-dominated (resp. max-dominated) by I.

Proposition 6.2. If J is a sincere two-peak poset of finite prinjective
type such that |J | > 3, then there exists a sincere two-peak poset I which
dominates J .

Proof. Let z̃ be a sincere positive root of qJ . Assume that z̃ satisfies
(4.8) for all i ∈ J . There exists i ∈ J− such that DiqJ(z̃) = 1 (cf. the proof
of Theorem 5.2). The poset I = J \ {i} with relation �I induced from �J
is connected. Moreover, since z̃i = 1, the positive root z̃ − e(i) of qJ has ith
coordinate zero. From this we easily conclude that z is a sincere positive
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root of qI , where zj = z̃j for j ∈ I. Therefore I dominates J . This finishes
the proof, because obviously |max I| = 2.

A family XI . Let I = (I,�) be such that |I| = n, max I = {∗,+}. Let
X1, . . . , Xk be all pairwise different sets consisting of pairwise incomparable
elements of I−. We define new posets (I1,�1), . . . , (Ik,�k), (I∗,�∗), (I+,�+)
as follows:

• For j = 1, . . . , k we set Ij = I ∪{c}, where c 6∈ I and �j is the smallest
partial order relation satisfying:

(a) c �j i for all i ∈ Xj,

(b) i �j s if and only if i � s, for i, s ∈ I.

• For j = ∗,+ we set Ij = I ∪ {c}, where c 6∈ I and �j is the smallest
partial order relation satisfying:

(a) c �j j (j = ∗,+),

(b) i �j s if and only if i � s, for i, s ∈ I.

We set XI = {I1, . . . , Ik, I∗, I+}.

Lemma 6.3. If J is a poset of finite prinjective type and J is min-
dominated by a poset I, then J ∈ XI .

Proof. By Definition 6.1 there exists a minimal element c of J such that
I = J \ {c} and �I is the restriction of �J . Let X be the set of all i ∈ J

−,
i 6= c, such that c �J i and the relation c �J i is minimal (i.e. if there exists
k ∈ J such that c �J k �J i, then k = c or k = i). Note that elements of
X are pairwise incomparable in J−, because otherwise there exist i, j ∈ X,
i 6= j, such that i �J j. Then the relation c �J j is not minimal, contrary
to assumption.

First we consider the case X 6= ∅. Since X consists of pairwise incompa-
rable elements of I− we conclude that X = Xl, for some l ≥ 1, is one of the
sets associated with I in the definition of XI above. In this case J = Il.

In the case X = ∅ we have J = I∗ (resp. J = I+) if c �J ∗ and c �J +
(resp. c �J + and c �J ∗). Moreover if c �J ∗ and c �J + then the subposet
∗▽ ∩ +▽ of J contains two incomparable elements, because I = J \ {c} is
connected and c is a minimal element in J . Then J is of infinite prinjective
type by [21, Theorem 3.1]. This contradicts our assumptions, and therefore
c 6∈ ∗▽ ∩+▽. Hence J ∈ XI .

A family X I . Now we dually define a finite family X I as follows:

We form new two-peak posets (I1,�1), . . . ,(Ik,�k),(I∗,�∗),(I+,�+),
(I1,∗,�1,∗), . . . , (Ik,∗,�k,∗), (I1,+,�1,+), . . . , (Ik,+,�k,+), in the following
way:
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• For j = 1, . . . , k we set Ij = I ∪ {c}, where c 6∈ I, c 6∈ max Ij and �j

is the smallest partial order relation satisfying:

(a) i �j c for all i ∈ Xj,
(b) i �j s if and only if i � s, for i, s ∈ I,
(c) c �j ∗ (resp. c �j +) if for all i ∈ Xj we have i � ∗ (resp. i � +).

• For j = ∗,+ we set Ij = I ∪ {c}, where c 6∈ I, c 6∈ max Ij and �j is
the smallest partial order relation satisfying:

(a) c �j j (j = ∗,+),
(b) i �j s if and only if i � s, for i, s ∈ I.

• For j = 1, . . . , k and p = ∗,+ we set Ij,p = I ∪ {c}, where c 6∈ I,
c 6∈ max Ij,p and �j,p is the smallest partial order relation satisfying:

(a) i �j,p c for all i ∈ Xj ,
(b) i �j,p s if and only if i � s, for i, s ∈ I.
(c) c �j,p p if for all i ∈ Xj we have i � p.

We set X I = {I1, . . . , Ik, I∗, I+, I1,∗, . . . , Ik,∗, I1,+, . . . , Ik,+} and note that
Ip = I

p for p = ∗,+.

Lemma 6.4. If J is a poset of finite prinjective type and J is max-
dominated by a poset I, then J ∈ X I .

Proof. By Definition 6.1 there exists a maximal element c of J− such
that I = J \ {c} and �I is the restriction of �J . Let X be the set of all
c 6= i ∈ J− such that the relation i �J c is minimal (i.e. if there exists
k ∈ J such that i �J k �J c, then k = c or k = i). Note that elements of
X are pairwise incomparable in J−, because otherwise there exist i, j ∈ X,
i 6= j, such that i �J j. Then the relation i �J c is not minimal and we
get a contradiction. Therefore if X 6= ∅ then X = Xl, for some l ≥ 1, is one
of the sets associated with I in the definition of X I . We note that only the
following cases are possible:

(a∗) i �J ∗ and i �J + for all i ∈ Xl ∪ {c} ,
(b∗) i �J ∗ for all i ∈ Xl ∪ {c}, c �J +, and there exists j ∈ Xl such

that j �J +,
(a+) i �J + and i �J ∗ for all i ∈ Xl ∪ {c},
(b+) i �J + for all i ∈ Xl ∪ {c}, c �J ∗, and there exists j ∈ Xl such

that j �J ∗,
(c) c �J ∗ and c �J +.

First assume X = ∅. Note that in case (a∗) (resp. (a+)) we have J = I∗

(resp. J = I+). The remaining cases do not occur. Indeed, in (c) the subposet
∗▽ ∩ +▽ of J contains two incomparable elements, because I = J \ {c} is
connected and c is a maximal element of J−. Then J is of infinite prinjective



TWO-PEAK SINCERE POSETS 45

type by [21, Theorem 3.1], which contradicts our assumptions. Cases (b∗)
and (b+) are also impossible, because X = Xl = ∅.

Let now X 6= ∅. Note that J = I l in cases (a∗), (a+) and (c), J = I l,∗

and J = I l,+ in cases (b∗) and (b+), respectively. Hence J ∈ X I .

Using the following algorithm we will be able to construct all posets
which are min- or max-dominated by a given poset I.

Algorithm 6.5.

Input : A sincere two-peak poset I of finite prinjective type.

Output : All sincere posets of finite prinjective type which are min- or
max-dominated by I.

Description of the algorithm:

Step 1. Form the sets X1, . . . , Xk defined above.

Step 2. Set X (I) = XI ∪ X
I .

Step 3. Using Remark 4.15 form the set SR+qI of all sincere positive
roots of qI . This set is non-empty and finite.

Step 4. Form the set Y(I) of all posets J in X (I) satisfying:

(a) J is of finite prinjective type.

(b) There exists z ∈ SR+qI such that DcqJ(z̃) = 1, where {c} = J \ I and

z̃ ∈ NJ is defined by z̃i = zi for i ∈ I and z̃c = 1.

Theorem 6.6. Let I be a sincere two-peak poset of finite prinjective type
and let Y(I) be defined in Algorithm 6.5. A poset J belongs to Y(I) if and
only if J is a two-peak sincere poset of finite prinjective type which is min-
or max-dominated by I.

Proof. Let J be a sincere two-peak poset of finite prinjective type which
is min- or max-dominated by I and let J \ I = {c}. From Lemmata 6.3 and
6.4 it follows that J ∈ X (I), where X (I) is defined in Step 2 of Algorithm
6.5. Definition 6.1 yields a sincere positive root z of qI such that z̃ is a sincere
positive root of qJ , where z̃j = zj for j ∈ I and z̃c = 1. From Corollary 4.10
it follows that DcqJ(z̃) = 1. This implies that J ∈ Y(I). Conversely, every
poset J ∈ X (I) of finite prinjective type satisfying condition (b) of Step 4
is min- or max-dominated by I (cf. Definition 6.1).

Definition 6.7. We call a poset J iterated dominated by a poset I if
the following two conditions are satisfied:

(a) the Tits quadratic forms qI , qJ are weakly positive and sincere, or
equivalently, I, J are sincere posets of finite prinjective type,

(b) there exists a chain of posets J(0), . . . , J(m) such that J(0) = I, I(m) =
J and the poset J(j) is min- or max-dominated by J(j−1) for j = 1, . . . ,m.



46 J. KOSAKOWSKA

Algorithm 6.8.

Input : The poset

F
(2)
1 =

•
ւ ց
∗ +.

Output : All posets which are iterated dominated by F
(2)
1 .

Description of the algorithm:

Step 1. Apply Algorithm 6.5 to F
(2)
1 to get Y(0) := Y(F

(2)
1 ).

Step 2. For i ∈ N define inductively Y(i) in the following way. If Y(n) is
defined for some n ∈ N, apply Algorithm 6.5 to any poset I ∈ Y(n) to get
Y(I). Set Y(n+1) =

⋃
I∈Y(n)

Y(I).

Step 3. Set Y =
⋃
n∈N
Y(n).

Theorem 6.9. The set Y defined above is finite and consists of all two-

peak posets of finite prinjective type which are iterated dominated by F
(2)
1 .

Proof. Since Y contains only sincere two-peak posets of finite prinjective
type, it is finite by Lemma 5.1.

The rest is a simple consequence of the definition of posets iterated do-

minated by F
(2)
1 , Algorithms 6.5, 6.8 and Theorem 6.6.

Example 6.10. We apply Algorithm 6.5 to the poset

I :

1 2 3
ւ ց↓ ւ
∗ +

to find all posets min- or max-dominated by I.

First we note that

qI(x) = x
2
1 + x

2
2 + x

2
3 + x

2
∗ + x

2
+ − x1x∗ − x1x+ − x2x+ − x3x+,

where x = (x1, x2, x3, x∗, x+).

Step 1. The sets X1 = {1}, X2 = {2}, X3 = {3}, X4 = {1, 2}, X5 =
{1, 3}, X6 = {2, 3}, X7 = {1, 2, 3} are all pairwise different sets consisting
of pairwise incomparable elements of I−.

Step 2. The set X (I) consists of the following posets:

I1 :

c
↓
1 2 3

ւ ց↓ ւ
∗ + I2 :

c
↓

1 2 3
ւ ց↓ ւ
∗ + I4 :

c
↓ց
1 2 3

ւ ց↓ ւ
∗ +

I6 :

c
↓ ց

1 2 3
ւ ց↓ ւ
∗ +

I7 :

c
ւ↓ ց
1 2 3

ւ ց↓ ւ
∗ + I∗ :

c 1 2 3
↓ւ ց↓ ւ
∗ + I+ :

1 2 3
ւ ց↓ ւ
∗ + ← c I4 :

1 2
ւ↓ւ
∗ c 3

ց ւ
+
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I6 :

2 3
↓ ւ

1 c
ւ ց↓
∗ + I7 :

1 2 3
↓ ց↓ւ
+ c
↓
∗ I1,+ :

1
ւ↓
∗ c 2 3

ց↓ ւ
+ I1,∗ :

1 2 3
ւ ց↓ ւ
c +
↓
∗

because I1 = I1, I
2 = I2 = I

3 = I3, I
4 = I5, I2 = I3 and I4 = I5.

Step 3. Using Remark 4.15 we get SR+qI = {(1, 1, 1, 1, 1), (1, 1, 1, 1, 2),
(2, 1, 1, 1, 2)}, where the coordinates of the roots z = (z1, z2, z3, z∗, z+) are
indexed by elements of I.

Step 4. By [21, Theorem 3.1] the posets I1 and I+ are of infinite prin-
jective type. Now it is easy to see that the only posets satisfying conditions
(a) and (b) of Step 4 of Algorithm 6.5 are I2, I4, I∗ and I

1,+ and they are

all min- or max-dominated by I. Moreover I2 = F
(2)
12 , I4 = F

(2)
11 , I∗ = F

(2)
10

and I1,+ = F
(2)
46 (see Tables 3.2).

7. Proof of the main result. The proof of Theorem 3.1 will be pre-
ceded by two helpful lemmata. Denote by PW(n) the set of all two-peak
sincere posets of finite prinjective type of cardinality n. Moreover let S(n)

be the set of all sincere posets J of finite prinjective type which are min- or
max-dominated by some poset in PW(n−1).

Lemma 7.1. Let m ∈ N be such that the posets from PW(m) do not
contain the posets (5.8), (5.9) as peak subposets. Then S(m+1) = PW(m+1).

Proof. We note that S(m+1) ⊆ PW(m+1), because any poset J from
S(m+1) is sincere of finite prinjective type and obviously |J | = m + 1. Let
J ∈ PW(m+1). Let z be a sincere positive root of qJ satisfying (4.8) for
each i ∈ J . Let i ∈ J be such that DiqJ(z) = 1 and let L = J \ {i} be a
peak subposet of J . Clearly, J is dominated by L. Since L contains neither
(5.8) nor (5.9), Lemma 5.7 yields that the assumptions of Lemma 5.3 or of
Lemma 5.5 are satisfied (for J , z and some j ∈ J such that DjqJ(z) = 1).
In the first (resp. second) case DcqJ(z) = 1, where j

▽ = {c ≺ . . . ≺ j} (resp.
j△ = {j ≺ . . . ≺ c}). Note that c is a minimal (resp. maximal) element
of J−. Therefore J is min- (resp. max-) dominated by I = J \ {c} and
J ∈ S(m+1).

Lemma 7.2. Let K be a field, I be one of the posets of Tables 3.2 and
M be one of the KI-modules in Tables 8.1 of Section 8. Then

(a) M ∈ prin(KI) ∩modsp(KI),
(b) M is indecomposable, and

(c) M is sincere.

Proof. The statements (a) and (c) follow immediately by a case by case
inspection of the K-diagrams (shown in Tables 8.1) of the modules M .
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(b) We show that End(M) ≃ K. A detailed proof will be presented only
in two cases. The proof in the remaining cases is left to the reader.

Case M = M
(5)
17 . Assume that the vertices of F

(2)
17 (see Tables 3.2) are

numbered as follows:

F
(2)
17 :

2
ւ↓

1 4 3 5
↓ւ ց↓ւ
∗ +

and let

M
(5)
17 = (M(1), . . . ,M(5),M(∗),M(+), jϕi :M(i)→M(j))

be the KF
(2)
17 -module M

(5)
17 given in Tables 8.1. Let f = (f1, . . . , f5, f∗, f+) :

M
(5)
17 →M

(5)
17 be a KF

(2)
17 -endomorphism ofM

(5)
17 , that is, fj :M(j)→M(j)

is a K-linear map such that fj · jϕi = jϕi · fi for all i � j ∈ F
(2)
17 . If we

identify fj with its matrix with respect to the standard basis of M(j) then
the equalities f3 · 3ϕ2 = 3ϕ2 · f2, f4 · 4ϕ2 = 4ϕ2 · f2, f∗ · ∗ϕ1 = ∗ϕ1 · f1 and
f+ · +ϕ3 = +ϕ3 · f3 yield

f2 = a11, f3 =

[
a11 a12

0 a22

]
, f4 =



a11 b12 b13

0 b22 b23

0 b32 b33


 ,

f1 = c22, f∗ =

[
c11 0

c21 c22

]
, f5 = d11, f+ =

[
a11 a12

0 a22

]
.

Moreover the equality f+ · +ϕ5 = +ϕ5 · f5 implies that a22 = d11 and
a11 + a12 = d11. From f∗ · ∗ϕ4 = ∗ϕ4 · f4 it follows that b12 = b13 = b23 =
c21 = 0, b22 = c22 and a11 = c11. Further, since f+ · +ϕ4 = +ϕ4 · f4 we have
b32 = a12 = 0, a11 = b22 and a22 = b33. From this we easily conclude that
aii = bjj = cll = dkk and aij = bij = cij = dij = 0 for i 6= j. It follows
that f1, . . . , f5, f∗, f+ are diagonal matrices with a11 on the diagonal. This

shows that f 7→ a11 defines a K-algebra isomorphism End(M
(5)
17 ) ≃ K. In

particular the module M
(5)
17 is indecomposable.

Case M = M
(3)
13 . Assume that the vertices of F

(2)
13 are numbered as

follows:

F
(2)
13 :

2
↓
3
↓
4
↓

1 5
↓ւ↓
∗ +
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We consider the KF
(2)
13 -module

M
(3)
13 = (M(1), . . . ,M(5),M(∗),M(+), jϕi :M(i)→M(j))

given in Tables 8.1. Let f = (f1, . . . , f5, f∗, f+) : M
(3)
13 → M

(3)
13 be a KF

(2)
13 -

endomorphism of M
(3)
13 , that is, fj : M(j) → M(j) is a K-linear map such

that fj · jϕi = jϕi · fi for i � j ∈ F
(2)
13 . If we identify fj with its matrix with

respect to the standard basis of M(j) then the equalities f3 · 3ϕ2 = 3ϕ2 · f2,
f4 · 4ϕ3 = 4ϕ3 · f3, f5 · 5ϕ4 = 5ϕ4 · f4 and f∗ · ∗ϕ1 = ∗ϕ1 · f1 yield

f3 =

[
a11 0

a14 a44

]
, f4 =



a11 a12 0

0 a22 0

a41 a42 a44


, f5 =




a11 a12 a13 0

0 a22 a23 0

0 0 a33 0

a41 a42 a43 a44



,

f2 = a44, f1 = b11, f∗ =

[
b11 b12

0 b22

]
.

The equality f∗ · ∗ϕ5 = ∗ϕ5 · f5 implies that a12 = a13 = a41 = a42 = a43 =
b12 = 0, a11 = b11 and a44 = b22. If f+ has the form

f+ =

[
c11 c12

c21 c22

]

then the equality f+ ·+ϕ5 = +ϕ5 ·f5 yields aii = bjj for i = 1, . . . , 4, j = 1, 2,
and aij = bij = 0 for i 6= j. It follows that f1, . . . , f5, f∗, f+ are diagonal

matrices with a11 on the diagonal. Hence M
(3)
13 is indecomposable as in the

previous case.

Now let us present a method of construction of sincere positive roots.

Remark 7.3. Let I be a sincere poset of finite prinjective type such that
|I| = n, and let qI be the Tits quadratic form of I. Denote by J

(1), . . . , J (k)

all posets which min- or max-dominate I. Set I \J (i) = {ci} for i = 1, . . . , k.

Let v
(i)
1 , . . . , v

(i)
li
, for i = 1, . . . , k, be all sincere positive roots of qJ(i) such

that ṽ
(i)
1 , . . . , ṽ

(i)
li
are roots of qI , where ṽ

(i)
j (l) = v

(i)
j (l) for l ∈ J

(i) and

ṽ
(i)
j (ci) = 1. We call ṽ

(i)
j the starting roots of qI and we denote by S(I) the

set of all starting roots of qI . Then for each ṽ ∈ S(I), as in Remark 4.15,
we construct all chains of the form (4.12) satisfying conditions (a), (b), (c)
of Proposition 4.11. The elements of these chains without the elements x(m)

form the set SR+qI of sincere positive roots of qI .

Proof of Theorem 3.1. First we prove statement (c), and then (a) and
(b) together by a case by case inspection of the posets of Tables 3.2.
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By Lemma 7.2 any KF
(2)
i -module M

(j)
i in Tables 8.1 is indecomposable

prinjective and cdnM
(j)
i = z

j
i , where z

j
i is the vector given in Tables 3.3.

Conversely, letX be an indecomposable prinjectiveKF
(2)
i -module satisfying

cdnX = zji . Theorem 2.3(f) yields X ≃M
(j)
i and (c) is proved.

Now we turns to the proof of (a) and (b).

According to [21, Theorem 3.1] any poset F
(2)
i in Tables 3.2 is a two-peak

poset of finite prinjective type. Moreover the prinjective F
(2)
i -modules M

(j)
i

in Tables 8.1 satisfy (cdnM
(j)
i )(k) 6= 0 for all k ∈ F

(2)
i and therefore F

(2)
i

is sincere.

We can easily see that any vector zji in Tables 3.3 is a sincere positive

vector such that zji ∈ NF
(2)
i .

Conversely, let I be a two-peak sincere poset of finite prinjective type
and let z be a sincere positive root of qI . We show that I is one of the posets
of Tables 3.2 and z is one of the vectors of Tables 3.3. We use the following
notations:

• X1, . . . , Xk are pairwise different sets consisting of pairwise incompa-
rable elements of I−.

• Ii, I
i, I∗, I+, I

i,∗, Ii,+, i = 1, . . . , k, are the posets which are dominated
by I and defined in Section 6.

• We denote by c the element c 6∈ I such that I ∪ {c} = Ii (resp. I
j , I∗,

I+, I
i,∗, Ii,+).

• Let X (I) = XI ∪ X
I (see Section 6, Algorithm 6.5).

• Let Y(I) denote the output set of Algorithm 6.5 with input I.
• Let CI = ∗

▽ ∩+▽ ⊆ I.
• We denote by S(I) (resp. SR+qI ) the set of all starting roots (resp.

sincere positive roots) of qI defined in Remark 7.3.

Note that, if we delete from X (I) any poset of infinite prinjective type,
then Y(I) remains unchanged.
Since I is of finite prinjective type, according to [21, Theorem 3.1] the set

CI is linearly ordered. We denote by p (resp. q) the unique minimal (resp.
maximal) element of CI . Let i ∈ {1, . . . , k}. Note that, if there exists d ∈
CI ∩Xi such that d 6= p, then CIi is not linearly ordered and therefore Ii is
not of finite prinjective type. Similarly, if Xi = {d} where d ∈ CI and d 6= q,
then CIi is not linearly ordered and therefore I

i is not of finite prinjective
type. Therefore instead of X (I) we can consider X (I)′ = X (I) \ (A ∪ B),
where A = {Ii : i ∈ {1, . . . , k} and there exists d ∈ CI ∩Xi with d 6= p} and
B = {Ii : i ∈ {1, . . . , k}, Xi = {d}, d ∈ CI and d 6= q}.
We make one more reduction. For given i, let Di =

⋂
x∈Xi
{s ∈ max I :

x ≺ s}. If Di = ∅, then CIi is not linearly ordered and therefore Ii is not



TWO-PEAK SINCERE POSETS 51

of finite prinjective type. We replace X (I)′ by X (I) = X (I)′ \ {Ii : i ∈
{1, . . . , k}, Di = ∅}. It is clear that if X (I) is replaced by X (I) then Y(I) is
unchanged.

For simplicity we will work with X (I) instead of X (I).
Now we are ready to apply Algorithm 6.8 to produce all two-peak sincere

posets of finite prinjective type which are iterated dominated by the poset

F
(2)
1 . For any i ∈ {1, . . . , 60}, applying Algorithm 6.5, we will construct the

set Y(F
(2)
i ) of all posets min- or max-dominated by F

(2)
i . We will see that

the posets F
(2)
j having 9 elements satisfy Y(F

(2)
j ) = ∅. The reader can easily

check that
⋃60
i=1 Y(F

(2)
i ) is the set of all posets given in Tables 3.2. Moreover

using Remark 7.3, for i = 1, . . . , 60, we will construct the set SR+q
F
(2)
i

of all

sincere positive roots of the quadratic form q
F
(2)
i

. The reader can easily check

that
⋃60
i=1 SR

+
q
F
(2)
i

is the set of all vectors given in Tables 3.3. Thus (b) will

be proved.

From the constructions given below and the remarks above it follows
that the posets of Tables 3.2 form the set of all two-peak sincere posets of

finite prinjective type iterated dominated by F
(2)
1 . We note that no poset of

Tables 3.2 contains the posets (5.8), (5.9) as peak subposets. Therefore if we

construct all sets Y(F
(2)
i ), i = 1, . . . , 60, then from Lemma 7.1, by a simple

induction, it will follow that Tables 3.2 give all two-peak sincere posets of
finite prinjective type. Thus (a) will be proved. In our considerations below
we will use [21, Theorem 3.1] to decide whether a given poset is of finite
prinjective type or not.

Our procedure is as follows:

1) We take the poset I = F
(2)
1 (see Tables 3.2), and use Algorithm 6.5

to construct all two-peak posets of finite prinjective type which are min- or
max-dominated by I.

(1.1) It is easy to see that X1 = {1} is the only set required in Step 1 of
Algorithm 6.5.

(1.2) We note that X (I) consists of the posets I1, I
1,∗ and I∗.

(1.3) It is easy to see that (1, 1, 1) is the only sincere positive root of qI .
Hence SR+qI = {z

1
1 = (1, 1, 1)} (see Tables 3.3).

(1.4) First we choose from X (I) all posets which satisfy condition 4(b)
of Algorithm 6.5. For this we note that

DcqI1(z
1
1) = 2 + 1− 2 = 1,

DcqI1,∗(z
1
1) = 2 + 1− 1 = 2,

DcqI∗(z
1
1) = 2− 1 = 1.
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Only the posets I1 and I
∗ satisfy condition 4(b). They are of finite prinjective

type, and therefore form a complete list of posets min- or max-dominated by

I. It follows that Y(F
(2)
1 ) = {I1, I

∗}. We note that I1 = F
(2)
3 and I

∗ = F
(2)
2

(see Tables 3.2).

In the same way we proceed in the remaining cases. We omit simple
calculations in Step 4.

2) Let I = F
(2)
2 .

(2.1) The sets required in Step 2 of our algorithm are: X1 = {1}, X2 =
{2} and X3 = {1, 2}.
(2.2) X (I) = {I1, I

1,∗, I1,+, I2, I3, I
3, I∗, I+}.

(2.3) S(I) = {z12 = (1, 1, 1, 1)}, because only F
(2)
1 dominates I and the

form q
F
(2)
1

has only one sincere positive root. It is easy to see thatDiqI(z
1
2) ≥

0 for all i ∈ I, hence SR+qI = S(I).

(2.4) It is easy to check thatDcqI1(z
1
2) = 1,DcqI∗(z

1
2) = 1,DcqI+(z

1
2) = 1

and DcqJ(z
1
2) 6= 1 for the remaining J ∈ X (I). Since I1, I

∗ and I+ are of

finite prinjective type, Y(F
(2)
2 ) = {I1 = F

(2)
4 , I

∗ = F
(2)
6 , I

+ = F
(2)
5 } (see

Tables 3.2).

3) I = F
(2)
3 .

(3.1) X1 = {1}, X2 = {2}.
(3.2) X (I) = {I1, I

1,∗, I2,∗, I∗}.
(3.3) S(I) = SR+qI = {z

1
3 = (1, 1, 1, 1)} by the same arguments as in

case 2).
(3.4) DcqI∗(z

1
3) = 1 and DcqJ(z

1
3) 6= 1 for the remaining J ∈ X (I). Since

I∗ is of finite prinjective type, Y(F
(2)
3 ) = {I

∗ = F
(2)
4 }.

4) I = F
(2)
4 .

(4.1) Xi = {i}, i = 1, 2, 3, X4 = {1, 3}, X5 = {2, 3}.
(4.2) X (I) = {I1, I

1,∗, I1,+, I2,∗, I2,+, I3, I4, I
4, I5, I∗, I+}.

(4.3) I is dominated by F
(2)
2 and F

(2)
3 , the respective Tits quadratic forms

have only one sincere positive root each (see 2) and 3)). Hence S(I) = {z14 =
(1, 1, 1, 1, 1)}. Moreover DiqI(z

1
4) = −1 if and only if i = +, and therefore

z24 = (1, 1, 1, 1, 2) is the sincere positive root of qI . Note that DiqI(z
2
4) > −1

for all i ∈ I. Finally, SR+qI = {z
1
4 , z
2
4} (cf. Tables 3.3).

(4.4) DcqI1(z
2
4) = 1, DcqI1,+(z

2
4) = 1, DcqI3(z

2
4) = 1, DcqI∗(z

1
4) = 1,

DcqI+(z
1
4) = 1 and DcqJ(z

i
4) 6= 1 for the remaining J ∈ X (I) and i = 1, 2.

The result is Y(F
(2)
4 ) = {I1 = F

(2)
7 , I

1,+ = F
(2)
11 , I3 = F

(2)
8 , I

∗ = F
(2)
9 },

because I+ is of infinite prinjective type.

In the remaining cases we omit the calculations in Step 3. We only give
the sets S(I) and SR+qI . The reader can easily check the details.
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5) I = F
(2)
5 .

(5.1) Xi = {i}, i = 1, 2, 3, X4 = {1, 2}, X5 = {1, 3}, X6 = {2, 3},
X7 = {1, 2, 3}.

(5.2) X (I) = {I1, I
1,∗, I2, I4, I

4, I7, I
∗}.

(5.3) S(I) = SR+qI = {z
1
5 = (1, 1, 1, 1, 1)}.

(5.4) DcqI1(z
1
5) = 1, DcqI∗(z

1
5) = 1 and DcqJ(z

1
5) 6= 1 for the remaining

J ∈ X (I). Hence Y(F
(2)
5 ) = {I1 = F

(2)
9 , I

∗ = F
(2)
10 }.

6) The case I = F
(2)
6 is discussed in Example 6.10. The result is Y(F

(2)
6 )

= {I2 = F
(2)
12 , I4 = F

(2)
11 , I

∗ = F
(2)
10 , I

1,+ = F
(2)
46 }.

7) I = F
(2)
7 .

(7.1) Xi = {i}, i = 1, . . . , 4, X5 = {1, 4}, X6 = {2, 4}, X7 = {3, 4}.

(7.2) X (I) = {I1, I
1,∗, I1,+, I2,∗, I2,+, I3,∗, I3,+, I4, I5, I

5, I6, I7, I∗, I+}.

(7.3) S(I) = {z17 = (1, 1, 1, 1, 1, 2)}, SR
+
qI
= {z17 , z

2
7 = (1, 1, 1, 1, 2, 2)}.

(7.4) DcqI1(z
2
7) = 1, DcqI1,∗(z

2
7) = 1, DcqI1,+(z

1
7) = 1, DcqI4(z

1
7) = 1,

DcqI∗(z
1
7) = 1 and DcqJ(z

i
7) 6= 1 for the remaining J ∈ X (I) and i = 1, 2.

The result is Y(F
(2)
7 ) = {I1 = F

(2)
13 , I

1,∗ = F
(2)
16 , I4 = F

(2)
14 }, because I

1,+

and I∗ are of infinite prinjective type.

8) I = F
(2)
8 .

(8.1) Xi = {i}, i = 1, . . . , 4, X5 = {1, 3}, X6 = {1, 4}, X7 = {2, 3},
X8 = {2, 4}.

(8.2) X (I)={I1, I
1,∗, I1,+, I2,∗, I2,+, I3, I

3, I4, I5, I
5, I6, I

6, I7, I8, I∗, I+}.

(8.3) S(I) = SR+qI = {z
1
8 = (1, 1, 1, 1, 1, 2)}.

(8.4) DcqI1(z
1
8) = 1, DcqI1,+(z

1
8) = 1, DcqI3(z

1
8) = 1, DcqI4(z

1
8) = 1,

DcqI∗(z
1
8) = 1 and DcqJ(z

1
8) 6= 1 for the remaining J ∈ X (I). Since I

3

and I4 are of infinite prinjective type, Y(F
(2)
8 ) = {I1 = F

(2)
14 , I

1,+ = F
(2)
20 ,

I∗ = F
(2)
15 }.

9) I = F
(2)
9 .

(9.1) Xi = {i}, i = 1, . . . , 4, X5 = {1, 3}, X6 = {1, 4}, X7 = {2, 3},
X8 = {2, 4}, X9 = {3, 4}, X10 = {1, 3, 4}, X11 = {2, 3, 4}.

(9.2) X (I) = {I1, I
1,∗, I2,∗, I3, I5, I

5, I7, I10, I
∗}.

(9.3) S(I) = {z49 , z
5
9}, SR

+
qI
= {z19 , . . . , z

6
9} (see Tables 3.3).

(9.4) DcqI1(z
5
9) = 1, DcqI1,∗(z

1
9) = 1, DcqI3(z

1
9) = 1, DcqI5(z

1
9) = 1,

DcqI∗(z
4
9) = 1 and DcqJ(z) 6= 1 for the remaining J ∈ X (I) and z ∈ SR

+
qI
.

Since I1 and I
∗ are of infinite prinjective type, Y(F

(2)
9 ) = {I

1,∗ = F
(2)
17 ,

I3 = F
(2)
15 , I5 = F

(2)
16 }.
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10) I = F
(2)
10 .

(10.1) Xi = {i}, i = 1, . . . , 4, X5 = {1, 2}, X6 = {1, 3}, X7 = {1, 4},
X8 = {2, 3}, X9 = {2, 4}, X10 = {3, 4}, X11 = {1, 2, 3}, X12 = {1, 2, 4},
X13 = {1, 3, 4}, X14 = {2, 3, 4}.

(10.2) X (I) = {I1,I
1,∗,I1,+,I2, I3, I5, I

5, I6, I
6, I10,I

10,I11,I13,I
13,I∗,I+}.

(10.3) S(I) = {z110, z
2
10, z

3
10}, Z = {z

1
10, . . . , z

4
10} (see Tables 3.3).

(10.4) Y(F
(2)
10 ) = {I

1,+ = F
(2)
48 , I2 = F

(2)
19 , I3 = F

(2)
18 , I6 = F

(2)
17 }, be-

cause DcqJ(z) 6= 1 for J ∈ {I
1,∗, I5, I6, I10, I

10, I11, I13, I
13}, z ∈ SR+qI ,

DcqI1,+(z
1
10) = 1, DcqI2(z

3
10) = 1, DcqI3(z

1
10) = 1, DcqI6(z

1
10) = 1 and I1, I5,

I∗, I+ are of infinite prinjective type.

The remaining cases are left to the reader. They are included in a com-
plete version of the paper (available from the author on request).

8. Tables of sincere prinjective modules. Below we present the set

of canonical forms of sincere prinjective modules M
(j)
i over the incidence

algebra KF
(2)
j . From Lemma 7.2 it follows that the M

(j)
i are those modules

in prin(KF
(2)
i ) such that cdnM

(j)
i = z

j
i (see Tables 3.3). By Lemma 7.2 the

modules M
(j)
i are indecomposable.

In the tables below the K-linear maps a, b, c, e, f, . . . in the definition

of M
(j)
i are defined by their matrices in the standard bases. Following [20]

we denote by d the K-linear maps defined by the matrix [1, 1, . . . , 1] (or by
its transpose) in the standard bases. Moreover, K-linear maps denoted by
di1 ∨ . . . ∨ din are given by matrices which have ijth standard vector as jth
column (see [20]). The K-linear maps denoted by ◦↓,◦ց, ◦ւ, ◦→, ←◦ are
defined by matrices of the form




0 . . . 0
...
. . .
...

1 . . . 0
...
. . .
...

0 . . . 1




or by their transposes. The remainingK-linear maps are defined by matrices
of the form 



1 . . . 0
...
. . .
...

0 . . . 1
...
. . .
...

0 . . . 0




or by their transposes.
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In the third row of the following tables the coordinate vectors zji of the

respective KF
(2)
i -modules M

(j)
i are given.

Tables 8.1

Sincere prinjective KI-modules, where
I is a sincere two-peak poset of finite prinjective type

M
(1)
1

M
(1)
2

M
(1)
3

M
(1)
4

M
(2)
4

K

ւ ց
K K

K K

ւ ց↓
K K

K

↓
K2

ւ dց
K K

K

↓
K2 K

ւ dց↓
K K

K

↓
K2 K

ւ ց↓d
K K2

1
1 1

11
1 1

1
1
1 1

1
11
1 1

1
11
1 2

M
(1)
5

M
(1)
6

M
(2)
6

M
(3)
6

M
(x)
7
, x=1,2

K K K

↓ ւ ց↓
K K

K K K

↓ ց↓ ւ
K K

K K K

↓ ց↓a ւd
K K2

K2 K K

↓ ց↓ ւa
K K2

K
◦
↓
K2

◦
↓
K3 K
◦ւax ց↓

Kx K2

111
1 1

111
11

111
12

211
12

1
1
11
x 2

a=[0 1]tr a=[1 1]tr a1=[ 1 1 1 ]a2=
[
1 1 0
1 0 1

]

M
(1)
8

M
(1)
9

M
(x+1)
9

, x=1,2 M
(4)
9

M
(x+4)
9

, x=1,2

K K
◦
↓ ↓

K2 K2

ւa ց↓
K K2

K

↓
K K2 K

a↓ ւ ց↓d
K2 K2

Kx

↓ax
K K3 K
◦
↓ ւ ◦ց↓

K2 K2

K

↓
K K2 K

↓ ւa b ց↓
K K

K

↓
K K2 K

ax↓ ւcx bxց↓ex
K3−x Kx

11
11
1 2

1
111
2 2

1
121
2 2

2
111
2 2

1
111
1 1

1
1 11
3−x x

a=[1 1] a=[0 1]tr a1=

[
1
1
1

]
a2=

[
1 1
1 0
0 1

]
a=[1 0] b=[1 1]

a1=e2=[0 1]
tr

b1=c2=[1 1]

M
(1)
10

M
(2)
10

M
(3)
10

M
(4)
10

K K K K

↓ ւ ց◦↓ ւd

K K2

K K K K

↓ ւ ց↓ ւ
K K

K K2 K K

↓ ւ ց◦↓ ւd

K2 K2

K K2 K K

↓ ւ ց↓ ւd
K K2

1111
1 2

1111
1 1

1211
2 2

1211
1 2
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M
(1)
11

M
(1)
12

M
(x+1)
12

, x=1,2 M
(4)
12

K

ւ↓
K2 K2 K

↓ ց↓ ւd
K K2

K

↓ d
K K K2

↓ ց◦↓ ւ

K K2

K

↓
K2 Kx K2

↓ ◦ց ↓ax ւ

K K3

K

↓ d
K2 K K2

↓ ց↓ ւ
K K2

1
111
12

1
111
12

1
2x1
13

1
211
12

a1=

[
1
1
1

]
a2=

[
1 1
1 0
0 1

]

M
(1)
13

M
(2)
13

M
(3)
13

M
(1)
14

K
◦
↓

K2

↓ d1∨d3
K3

↓d1∨d2∨d4
K K4

a↓ ւb ↓ c
K3 K2

K
◦
↓

K2

↓ d1∨d3
K3

↓d1∨d2∨d4
K2 K4

↓ ւa ↓ b
K3 K2

K
◦
↓

K2

↓ d1∨d3
K3

↓d1∨d2∨d4
K K4

↓ ւa ↓ b
K2 K2

K
◦
↓

K2 K
◦
↓ ↓

K3 K2

a↓ ց ↓
K2 K3

1
1
1
11
32

1
1
1
21
32

1
1
1
11
22

1
11
11
23

a=d2 b=d1∨d2∨0∨d3

c=
[
0 1 0 1
1 1 1 0

] a=d1∨d2∨0∨d3

b=
[
1 1 0 1
1 0 1 0

] a=d1∨0∨0∨d2

b=
[
0 1 0 1
1 1 1 0

]
a=
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◦
↓

yax
K3 K3 K2

ց

ybւcx
K4

K2

ւ ◦↓

K K3 Kx

↓

yax
K4 K3 K2

ց

ybւcx
K4

1
111
112
4

1
11 x
1 3−x 2
4

2
11 x
1 3−x 2
4

a=

[
1 0
0 0
0 0
0 1

]
c=

[
0 1
1 1
0 1
1 0

] a1=d3 a2=d1∨d3 b=d1∨d2∨d4

c1=

[
1 1
1 0
0 1
1 0

]
c2=

[
0 1
1 1
0 1
1 0

] a1=d3 a2=d1∨d3 b=d1∨d2∨d4

c1=

[
1 1
1 0
0 1
1 0

]
c2=

[
0 1
1 1
0 1
1 0

]
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M
(8)
53

M
(x+8)
53

, x=1,2 M
(x+10)
53

, x=1,2

K2

ւ ◦↓

K K3 K

↓ ◦
↓

K4 K2 K2

ց

yaւb
K4

K2

ւ ◦↓

K K3 Kx

◦
↓

yax
K4 K3 K2

ց

ybւcx
K5

K2

ւ ◦↓

K K3 K2

◦
↓

ya
K4 K4 Kx+1

ց

ybւcx
K5

2
111
112
4

2
11 x
1 3−x 2
5

2
112
12 x+1
5

a=

[
1 0
0 0
0 0
0 1

]
c=

[
0 1
1 1
0 1
1 0

] a1=d3 a2=d1∨d3 b=d1∨d2∨d5

c1=

[
0 1
1 0
1 1
0 1
1 0

]
c2=

[
0 1
1 1
0 1
1 0
1 0

] a=d1∨d4 b=d1∨d2∨d3∨d5

c1=

[
0 1
1 1
1 0
0 1
1 0

]
c2=

[
0 1 0
0 1 1
0 0 1
1 0 1
1 0 0

]

M
(x+12)
53

, x=1,2 M
(15)
53

M
(x+15)
53

, x=1,2

K2

ւ ◦↓

K K3 Kx

◦
↓

yax
K4 K3 K3

ց↓b ւcx
K5

K2

ւ ◦↓

K K3 K2

◦
↓

◦
↓

K4 K4 K3

ց

yaւb
K6

K2

ւ ◦↓

K K2+x K2

◦
↓

ya
K5 K4 K3

ց

ybւcx
K6

2
11 x
1 3−x 3
5

2
112
123
6

2
1 x 2
3−x 23

6

a1=d3 a2=d1∨d3 b=d1∨d2∨d5

c1=

[
1 0 1
0 1 1
0 1 0
0 1 1
1 0 0

]
c2=

[
0 1 0
0 0 1
0 1 1
1 0 1
1 0 0

]
a=



1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1


 b=



1 0 1
0 1 1
0 0 1
0 1 0
0 1 0
1 0 0




a=d1∨d4 b=d1∨d2∨d3∨d6

c1=



0 1 0
0 1 1
0 0 1
1 0 1
0 1 0
1 0 0


 c2=



0 1 1
0 0 1
0 1 0
1 1 0
0 0 1
1 0 0




M
(x+17)
53

, x=1,2 M
(1)
54

M
(1)
55

K3

ւ ◦↓

Kx K4 K2

◦
↓

ya
K5 K4 K3

ց

ybւcx
K6

K K K

ւ↓ ց

yd ◦
↓

K K2 K3 K2

ց↓
◦
ւ

K3

K

K2 K

K4 K3 K3

K2

K

K4

a

b

c e

↓ ◦
↓

◦
↓

↓

↓ց ւ

ցւ

A
A
A��

3
x12
123
6

111
1111
3

1
112
1111
4

a=d1∨d4 b=d1∨d2∨d3∨d6

c1=



0 1 1
0 0 1
0 1 0
1 0 1
0 1 0
1 0 0


 c2=



0 1 0
0 1 1
0 0 1
1 0 1
0 1 0
1 0 0




a=

[
0
0
1

]
b=

[
1 0
1 0
1 0
0 1

]

c=

[
1 0 0 0
0 1 0 0
0 0 1 0
1 0 0 1

]
e=

[
1 0 0
0 1 0
0 0 0
1 0 1

]
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M
(1)
56

M
(1)
57

M
(1)
58

K

↓ ◦ց

K K3 K2

◦
↓ ւ

ya ◦
↓

K2 K4 K3 K2

ց↓ ւb
K4

K

K2

K3 K4

K2

K

K2

K4

K

d3

a

b

◦
↓

◦
↓

↓

↓

◦
↓ւ

ց ւ

B
B
B
B��

K2

ւ ◦↓

K K3 K K2

↓
◦
ւ
◦
↓ ◦ց

yd1∨d3
K5 K3 K4

ց

yaւb
K5

1
121
2112
4

11
111
112
4

2
1112
121
5

a=d3∨d1∨d4 b=

[
0 1
1 1
0 1
1 0

]
a=d1∨d4 b=

[
0 1
1 1
0 1
1 0

]
a=

[
1 0 0
1 1 0
1 0 0
0 1 0
0 0 1

]
b=

[
1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
1 0 0 1

]

M
(1)
59

M
(1)
60

K K3 K K2

◦
↓ ւ↓

◦
ւ
◦
↓ ◦ց

yd1∨d3
K2 K5 K3 K4

ց ↓a ւb
K5

K K K K

↓ ւ↓ ց

yd ◦
↓

K K2 K3 K2

ց↓
◦
ւ

K3

1312
2121
5

1111
1111
3

a=

[
1 0 0
1 1 0
1 0 0
0 1 0
0 0 1

]
b=

[
1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
1 0 0 1

]
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