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Abstract. We investigate curvature properties of hypersurfaces of a semi-Rieman-
nian space form satisfying R - C = LQ(S,C), which is a curvature condition of pseu-
dosymmetry type. We prove that under some additional assumptions the ambient space
of such hypersurfaces must be semi-FEuclidean and that they are quasi-Einstein Ricci-
semisymmetric manifolds.

1. Introduction. A semi-Riemannian manifold (M, g),n = dim M > 3,
is said to be an Finstein manifold if S = (k/n)g on M, where S and &
denote the Ricci tensor and the scalar curvature of (M, g), respectively. The
manifold (M, g), n > 3, is called a quasi-Einstein manifold if at every point
x of M its Ricci tensor S has the form

(1) S=ag+pwew, wel,M, ofcR.

We refer to [11] for a review of recent results on quasi-Einstein hypersur-
faces.

Let M be a hypersurface in a semi-Riemannian space of constant cur-
vature N "1(c), n > 4, with signature (s,n + 1 — s). We denote by Uy the
subset of M consisting of all points z at which the transformation .42 is not
a linear combination of the shape operator A and the identity transforma-
tion Id at x. If (1) is satisfied at a point x € M — Upy then, at z, the Weyl
tensor C' of M vanishes or the Ricci tensor S is proportional to the met-
ric tensor ([10], Lemma 4.1(iii); see also Proposition 3.3(iii) of the present
paper). Therefore we restrict our considerations to the subset Uy C M.
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Quasi-Einstein hypersurfaces in semi-Euclidean spaces E*L, n > 4, were
investigated in [10]. We have the following

THEOREM 1.1. Let M be a quasi-Einstein hypersurface in ET1 n > 4
and let (1) be satisfied on Uy C M.

(i) ([10], Theorem 5.1) On Uy any of the following three conditions is
equivalent to each other:

(a) R-S=0, (b) A%=rtr(A)A> -

(c) A(W) =0,

where the vector W is related to w by g(W, X) = w(X) for all X € T, M
and w and « are defined by (1).

(i) ([10], Corollary 5.2) If at every point x € Uy one of the conditions
(2)(a), (2)(b) or (2)(c) is satisfied then the following relations hold on Up:

[9) =1 ) R-C=QIS.0)

ER

A, e=41,
n—1

K

(a) rank (s —

(3)
(c)C-S=0.

It is obvious that every semi-Riemannian semisymmetric as well as con-
formally flat manifold (M,g), n > 4, satisfies the following condition of
pseudosymmetry type ([8]) at every point of M:

(%) the tensors R - C' and Q(S, C) are linearly dependent.

Semi-Riemannian manifolds satisfying (%) were recently investigated in [8]
and [9]. The condition (*) is equivalent to

(4) R-C =LQ(S,C)

ontheset U ={x € M | Q(S,C) # 0 at x}, where L is some function on U.
Evidently, (3)(b) is (4) with L = const = 1. Examples of nonsemisymmetric
manifolds satisfying (%) are given in [8]. We denote by Uy the set of all
points of U at which L is nonzero.

In this paper we consider hypersurfaces M isometrically immersed in a
semi-Riemannian space of constant curvature N"™1(c), n > 4, satisfying
(*). In Section 2 we fix notations and review the curvature conditions of
pseudosymmetry type. In Section 3 we present preliminary results. Among
other things we prove (Proposition 3.12) that if (x) holds on a hypersurface
M of NI'™1(c), n > 4, and Uy N Uy, is nonempty then the scalar curvature
k of NI't1(c) vanishes, i.e. the ambient space is a semi-Euclidean space.
Finally, in the last section we present our main results (Theorem 4.3).

In [5] it was shown that if at a point x € Uy of a quasi-Einstein hyper-
surface in E?T1 n > 4, the scalar curvature x of M is nonzero, (1) holds and
either (2)(a), (2)(b) or (2)(c) is satisfied then the tensor R- R is nonzero at x.
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In our opinion, the last result and Theorems 1.1 and 4.3 of the present paper
play an important role in the problem of equivalence of Ricci-semisymmetry
(R-S = 0) and semisymmetry (R-R = 0) on hypersurfaces of semi-Euclidean
spaces (see [9] and references therein).

2. Preliminaries. Let (M, g), n > 3, be a connected semi-Riemannian
manifold of class C°°. We denote by V, R, C, S and k the Levi-Civita
connection, the Riemann—Christoffel curvature tensor, the Weyl conformal
curvature tensor, the Ricci tensor and the scalar curvature of (M,g), re-
spectively. The Ricci operator S is defined by g(SX,Y) = S(X,Y), where
X,Y € Z(M), Z(M) being the Lie algebra of vector fields on M. Next, we
define the endomorphisms R(X,Y), C(X,Y) and X A4 Y of Z(M) by

(X AaY)Z = A(Y, Z)X — A(X, 2)Y,
R(X,Y)Z =[Vx,Vy]Z - VixyviZ,
C(X,Y)Z =R(X,Y)Z

1
Q(X/\QSY—FSX/\QY—%X/\QY)Z,

n —

where A is a symmetric (0,2)-tensor and X,Y,Z € Z(M). The Riemann—
Christoffel curvature tensor R, the Weyl conformal curvature tensor C' and
the (0, 4)-tensor G of (M, g) are defined by

R(X17X27X37X4) - Q(R(leXQ)X37X4)7
C(X17X27X37X4) - Q(C(XI;XQ)XZS;XAL);
G(X1, X2, X3, X4) = g((X1 Ny X2) X3, X4).

For a (0, k)-tensor field T, k > 1, and a (0, 2)-tensor field A on (M, g) we
define the tensors R - T and Q(A,T') by

(R-T)(X1,...,Xu; X,Y) = — T(R(X,Y) X1, Xa, ..., Xz)
= T(Xy, . X, R(X, V)X,
QA T)(X1, ..., X X,Y) = — T((X Aa Y)X1, Xo, ..., X)
— o =T(Xy, . Xem1, (X AAY) X))
In the same manner as R-S we define the (0, 4)-tensor C-S. For (0, 2)-tensors
A and B we define their Kulkarni-Nomizu product A A B by
(AAB)(X1, X0; X,Y) = A(X1,Y)B(Xa, X) + A(Xs, X)B(X1,Y)
— A(X1,X)B(X3,Y) — A(X2,Y)B(X1,X).

We note that if A = B then A = £ AA A, where the (0, 4)-tensor A is defined
by

A(Xy, Xo, X3, Xy) = A(X7, Xa)A(X2, X3) — A(X7, X3)A(X2, X4).
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The Weyl tensor C' can also be represented in the form

1 K

Let (M, g) be a semi-Riemannian manifold covered by a system of charts
{W; :L'k} We denote by gij, Rhijk, SZ‘]’, S? = gka,;k, 52 = SipSpj, Ghijk =

i ij
9nk9ij — 9nhjgik and
1
(6) Chijk = Rhijr — m(ghksij — 9njSik + 9ijShk — 9ikShj)
K
B E— A
T2y ik

the local components of the tensors g, R, S, S, S?, G and C, respectively.
In particular, for (4) we have (R - C)nijkim = LQ(S, C)nijkim, i-e.

(7) gpq(cpiijthm + Chpijqilm + Chikaqjlm + Chiijqklm)
= L(Shlcmijk + SuChmjr + S51Chimk + SkiChijm
— ShmClijk — SimChijk — SimChitk — SkmChijt)-

A profound investigation of properties of semisymmetric manifolds (with
R - R = 0) gave rise to another generalization: the pseudosymmetric man-
ifolds. A semi-Riemannian manifold (M, g) is said to be pseudosymmetric

(2], [15]) if
(%)1 the tensors R - R and Q(g, R) are linearly dependent

at every point of M. This is equivalent to R - R = LrQ(g, R) on the set
Ur = {$ eM ’ R — ﬁG # 0 at x}, where Lg is some function on Ug.
Evidently, every semi-Riemannian semisymmetric manifold is pseudosym-
metric.

It is easy to see that if (x); holds on a semi-Riemannian manifold (M, g),
then

(%)2 the tensors R - S and Q(g,S) are linearly dependent

at every point of M. The converse is not true ([2], [15]). A semi-Riemannian
manifold (M, g) is called Ricci-pseudosymmetric if (x)o holds at every point
of M.

The condition (*)2 is equivalent to R-S = LgQ(g,S) on the set Ug =
{zr € M|S # (k/n)g at x}, where Lg is some function on Ug. A semi-
Riemannian manifold (M, g) satisfying R-S = 0 is called Ricci-semisymmet-
ric. In general, Ricci-semisymmetric manifolds are not semisymmetric. How-
ever, under some additional assumptions the conditions R -.S = 0 and
R - R =0 are equivalent (see e.g. [9] and references therein).
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As shown in [12] (Proposition 3.1), at every point of a hypersurface M
in N"1(c) the following condition is fulfilled:

(x)3  the tensors R- R — Q(S, R) and Q(g,C) are linearly dependent.

More precisely,

(n—2)k
n(n+1)
on M, where k is the scalar curvature of the ambient space. Evidently, if
the ambient space is a semi-Euclidean space E?™! then (8) reduces to

9) R-R=Q(S,R).

In [1] (Theorem 3.2) it was shown that every quasi-Einstein conformally flat
manifold is pseudosymmetric and satisfies (9). Note also that every pseu-
dosymmetric Einstein manifold satisfies (x)3. Pseudosymmetric manifolds
satisfying ()3 were investigated in [7].

Semi-Riemannian manifolds fulfilling ()1, (*)2, ()3, (%) or other condi-
tions of this kind are called manifolds of pseudosymmetry type ([2], [15]). Hy-
persurfaces satisfying curvature conditions of pseudosymmetry type (pseu-
dosymmetry type hypersurfaces) were studied in many papers (see e.g. [3],
[6], [12] and [13]).

Using the above definitions we can prove the following

(8) R-R-Q(S5R) =— Q(g,C)

PROPOSITION 2.1 ([10], Lemma 3.1). Let A and B be symmetric (0,2)-
tensors on a semi-Riemannian manifold (M, g), n > 3. Then Q(A, AAB) =
—Q(B, A) on M. In particular, Q(g,g A S) = —Q(S,G) and Q(S,g N S) =

As an immediate consequence of the above result and (5) we obtain the
following identity which holds on every semi-Riemannian manifold:

(10) Q(9.C) = Qo R) + ——Q(S,G).

PROPOSITION 2.2 ([6], Proposition 3.1(iii)). Let (M,g), n > 4, be a
semi-Riemannian manifold satisfying the following three equalities at a point
xeUg CM:

(11)  (a) R-S=1LsQ(g,5), (b) R-R=Q(S,R)+LQ(g,C),
(12) S:%g—i—ﬁvﬂ@w, we TH(M), B eR.

Then at x we have
(13)  R-C=Q(S,0)+LQg R)+ — (Ls + )Q(S, ).

As a consequence we have
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ProposITION 2.3 ([10], Corollary 3.1). Let (M,g), n > 4, be a semi-
Riemannian Ricci-semisymmetric manifold satisfying the following three
equalities at every point of M: k = 0, rank(S) = 1 and R- R = Q(S, R).
Then R-C = Q(S,C) on M.

We also have the following identity on every quasi-Einstein manifold.

PRrROPOSITION 2.4 ([10], Proposition 3.1). On every semi-Riemannian
quasi-Einstein manifold (M, g), n > 4, the following identity is satisfied:

(14) C-S:R-sm(a—L)Q(g,w@w).

n—1

To end this section we present a result related to semi-Riemannian man-
ifolds satisfying ().

PropoOSITION 2.5 ([8], Theorem 3.1). Let (M,g), n > 4, be a semi-
Riemannian manifold satisfying Q(S,C) = 0 at a point x € M. If S # 0
and C # 0 at z, then R- R = -"5Q(g, R) at .

It can be shown that on every semi-Riemannian manifold (M, g), n > 4,
we have
(n — 2)(R -C-C- R)hijk:lm - Q(S -

K
n—1

g, R) = ghlAmijk
hijkim

— gnmAtijk — GiAmnjk + GimAinjk + 91 Amkni — 9imAikhi — griAmini
+ 9emAijni — 9i5(Ankim + Akhim) — gni(Aijim + Ajiim)

+ ik (Anjim + Ajnim) + gni(Aikim + Akiim ),

where the (0,4)-tensor A is defined by Ap;jr = S5,,° Rsiji. As a consequence of
this and the identity (R-S)nijx = S,,° Rsijk +5;° Rsnji we have the following

PROPOSITION 2.6. On every Ricci-semisymmetric semi-Riemannian
manifold (M, qg), n > 4, the following identity is satisfied:

(15) (n—2)(R-C —C - R)nijkim —Q<S— g, R>
hijkim

n—1
= gniAmijk — 9hmAtijk — GiAmnjk + GimAinjk
+ g1 Amini — GimAikni — ki Amini + Grem Atjni-

3. Hypersurfaces. Let M, n = dim M > 3, be a connected hyper-
surface isometrically immersed in a semi-Riemannian manifold (V,g). We
denote by g the metric tensor of M, induced from the metric tensor g.
Further, we denote by V and V the Levi-Civita connections of g and g,
respectively. Let & be a local unit normal vector field on M in N and let
e = g(& & = +1. We can write the Gauss formula and the Weingarten
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formula of M in N in the following form:
VY = Vi +eH(X,Y)E, Vi€ = —A(X),

respectively, where X,Y are vector fields tangent to M, H is the second
fundamental tensor of M in N, A is the shape operator of M in N and
HF(X,Y) = g(A*(X),Y), tr(H*) = tr(A*), k > 1, H' = H and A' = A.
We denote by R and R the Riemann-Christoffel curvature tensors of M and
N, respectively. We denote by Uy the set of all points = € M at which .42
is not a linear combination of A and Id. Note that Uy C Ug. The Gauss

equation of M in N has the form
(16)  R(X1, X2, X3, X4) = R(X1, Xo, X3, X4) + eH(X1, X2, X3, X4),

where X1,..., X, are vector fields tangent to M and H = %H A H. Let
2" = 2" (y") be the local parametric expression of M in (N, g), where y" and
x" are local coordinates of M and N, respectively, and h,,j, k,l,m,p,q €
{1,...,n} and r,s,t,u € {1,...,n+1}. Now we can write (16) in the form
~ — oz”

(17) Rhijk = RrstuBhTBisBthku + €H}”']‘k, Bhr = 8_yk’
where ﬁmm, Rpijk, ﬁhijk = Hp,H;j — Hyp;H;, and Hyy, are the local com-
ponents of the tensors R, R, H and H, respectively.

If the ambient space (IV,g) is conformally flat then the Weyl conformal
curvature tensor of M satisfies (cf. [12])

— tr(H 1
(18) C:,u,G—i—sH—er( )g/\H—i—e g N H?,
n—2 n—2
1 ~ 2K
1 =~ (k—28,,B"Bsg¢f _
( 9) W <n_2)<n_1)("<v S e fg )+ n(n_2)

Using (18) we can easily check that on every hypersurface M in a conformally
flat manifold (N, g) we have:

(20) C-H = ——(Qlg. H") + (n — 3)Q(H, H’)
— tr(H)Q(g, H?)) + nQ(g, H),

Q1) O = pQU. )+ < (QUE ) + L5 (~ () Q. 1)

n —

Qg HY) — te(H)Q(H, H2>>).

From now on we will assume that M is a hypersurface in a semi-Rieman-
nian space of constant curvature N*1(c), n > 4. Then (17) turns into
(22) Rhuiji = eHpiji +

K
Gy
n(n+1) Mk
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from which, by contraction with ¢ and transvection with H »» We easily get

_ 72 (n—1r

(23) Shk — €(tr(H)Hhk Hhk) + 7’L(7’L + 1)ghk,
- n—1)K

(24) Hp,.S," = e(tr(H)H?, — H3,) + ﬁ s
- n— 1)k

(25) HE, S = eln(H) R, — F) + DS

Moreover, contracting (23) with ¢"* we obtain

-1k
26 — c((te(H))? — te(H2)) + " DF
(26) k= e((tr(H))" —tr(H7) + ———

We also note that the following identity holds on M ([3], eq. (22)):

(27) R-R— m@(ng) = —Q<H27ﬁ)~

We quote the following statements.
PROPOSITION 3.1. Let M be a hypersurface in N'**t(c), n > 3.
(1) ([3], Theorem 3.1) If at a point x of M the tensor H has the form

(28) H=peov+ywew, vweTl, (M), ,veR,
then at x we have
3
29 R R=—— R).
(29) QM)
(ii) ([13], Lemma 2.1) If at a point x of M the tensor H satisfies
(30) H? =aH + B39, o,B€ER,
then at x we have
K

1 R=(—" _ .

(31) Rop= (ot es)0l )

PROPOSITION 3.2 ([4], Theorem 5.1). A hypersurface M in NI'"1(c),
n > 4, is pseudosymmetric if and only if at every point of M either (28) or
(30) is satisfied.

ProposITION 3.3 ([10], Lemma 4.1). Let M be a hypersurface in
NI tl(e), n > 4.

a, € R.
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Proposition 3.3(iv) and Theorem 4.1 of [12] yield

COROLLARY 3.1. On every hypersurface M in NI'"(c), n > 4, we have
Ug C Ug.

PROPOSITION 3.4 ([10], Lemma 4.2). If M is a hypersurface in a semi-
Euclidean space E"TY n > 4, satisfying (2)(b) then C - S =0 on M.

PRrROPOSITION 3.5 ([10], Proposition 4.1). If M is a Ricci-pseudosym-
metric hypersurface in N**Tt(c), n > 4, then on Ug C M we have

R
B — H? =tr(H)H? + \H
R-S n(n+1)Q(g’S) and tr(H)H* + \H,

where X is some function on Uy .

LEMMA 3.1. If M is a Ricci-semisymmetric hypersurface in EnTL n >4
then on Ug C M we have

(32) (n—2)(RC—C’R):Q<5—<5A+%>9,R>,
where X\ is defined in Proposition 3.5.
Proof. By making use of Proposition 3.5, (24) reduces to

(33) HhrSkT = —8)\Hhk.
Transvecting now (22) with S;" and using (33) and (22) we obtain
(34) Alijk = —SARlijk.

Applying this in (15) we obtain (32). Our lemma is thus proved.

We now present some applications of Proposition 2.2.

PROPOSITION 3.6 ([6], Proposition 5.1). Let M be a hypersurface in
Nt e), n> 4. If

R-S=LsQg,S), S=-—=g+buew, BeR weTl;(M)

at a point x € Ug C M, then at x we have
(n—2)k (n—2)k

1
PSR AU R <L5_ n(n + 1)

In particular, when x € Up, Proposition 3.5 and (35) imply

(35) R-C=Q(S,C)— )Q(S, Q).

PROPOSITION 3.7 ([10], Theorem 4.2). Let M be a Ricci-pseudosymmet-
ric hypersurface in N**1(c), n > 4. If S = S gtpfww, B € R, we T M,
at every point x of Uy then on Uy we have

(n—2)k (n—3)r

Ak R) —
n(n + I)Q(g ) (n—=2)n(n+1)
The last result, together with Proposition 2.4, leads to

(36) R-C=Q(S,C)— Q(S,G).
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PropPOSITION 3.8 ([10], Corollary 4.1). Let M be a Ricci-semisymmetric
hypersurface in EPTY n > 4. If S = “LLgt+Pwew, BER, weT; M, at
every point x of Uy then on Uy we have R -C = Q(S,C) and C - S = 0.

Next, we prove the following four propositions which will be used later.

PROPOSITION 3.9. Let M be a hypersurface in N'i(c), n > 4, satisfy-
ing (x). Then on Uy, C M we have

(37) C.5=0,

1 . &
(38) R'Szn_2Q<g,S —n_18>,
(39) b= D G (H)HO 4 Gy HP 4 Gy H + o,
where
s 2 r 2 _ ENkK ENK
Qi n_2(t~(H)) (n—Q)(n—1)+(n—2)(n+1)’
= - m_;?ﬁ te(H) — tr(H) te(H2) + tr(H?)
ENK
w T
- ER R
o= =2+ M g
K/2

+

g () + .

Proof. Let W be the (0, 4)-tensor with local components Wi, defined
by

(41) Whijt. = S}, Cpiji. + S5 Cpikn + Sy, Cpinj-

It is easy to verify that on every semi-Riemannian manifold we have
Whiji = S}, Rpiji + S5 Rpikn + Sy Rpinj -

Applying the Gauss equation (22) we get

(42)  eWpig = SEH Hyj — SPHy;Hyp + S?Hyp Hyy, — S Hyp, Hy
+ SPH,; Hy, — SPH,, Hij.

Further, (24) implies S} Hp, = Sy Hpp,, which means that (42) reduces to

(43) St Chij + S% Cpin + Sy, Cping = 0.
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On the other hand, contracting (7) with g“ we get Lg"Q(S, C)pijkim = 0,
and since L is nonzero at every point of Uy, we obtain

SP Cprin + S} Cpkhm + S5, Cpnir + S} Cphiem = 0.
Applying (43) we find
(44) (C : S)hklm = Sﬁcpklm + S];:Cphlm = 07

i.e. the equality (37). Hence, applying (6) we get (38). Further, contracting
(44) with g"™ we obtain S"*C,;, = 0, which, by (6), turns into

2 5 hk nK 1 K2 9
— 9 ijk — ij —t i = 0.
n—QSZ]+S Fhih (n—2)(n—1)83+n—2<n—1 x(57) )91 =0

Applying now (22)—(25) we find (39), completing the proof.

PROPOSITION 3.10. Let M be a hypersurface in NP T1(c), n > 4, satis-
fying (x). Then on Uy, C M we have

n 4 n+2

(45) TL—2H :n_2tr(H)H3+a2H2+a1H+agg,
(46) tr(H) tr(H?) = 0,
where

2

(tr(H))? — enp,

g = —
n—2

a1 = enptr(H) — tr(H) tr(H?) + tr(H?),

ag = ep(tr(H?) — (tr(H))?) + 5((“(11))2 tr(H?)
— tr(H) tr(H?) + tr(H?))

and p, defined by (19), is expressed by

s 2K
(48) = =2)n—-1) n—-2)(n—Dnln+1)

Proof. Applying in (44) the identity (23) we obtain
(49) tr(H)(C - H)pkim — (C - H*)hgim = 0,

which, by making use of (20) and (21), turns into

Q(g, HY) hkeim =

(50) tr(H)Q(g, H*)hkim

n—2 n—2

2
+tr(H)Q(H, H*) pim — Q(H, H*) pgim.-

- <eu + @:L(%))Z>Q(9, H?)pkim + eptr(H)Q(g, H) hkim
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Contracting this with ¢"™ we obtain (45). Further, from (45) we get

2
"ty = 2F () tr(H®) + az tr(H?) + a1 tr(H) + na.

n—2 n—
This, by (47), reduces to (46), which completes the proof.

PROPOSITION 3.11. Let M be a hypersurface in NP t(c), n > 4, satis-
fying (x). If (30) is satisfied at a point x € U, C M then at x we have

(51) (tr(H) — a)k = 0.
Proof. Comparing (45) with (39) we obtain
(52) (042 — 622)H2 + (a1 — 621)H + (CMU - &U)g = 0,

which by (30) yields
(53)  (alaz —az) + a1 —an)H + (B(az — a2) + oo — ag)g = 0.
Using now (40) and (47) we find

(54) Qg — &2 = —

(55) a1 — 621 = er

— tr(H).

From (53), by our assumptions, it follows that a(as — as) + a3 — a3 = 0.
Applying (55) we hence obtain (51), which completes the proof.

We now restrict our considerations to the subset Uy NUp C U consisting
of all points of U at which the tensor H? is not a linear combination of H
and g and the associated function L is nonzero.

PROPOSITION 3.12. Let M be a hypersurface in NI'"t(c), n > 4, satis-
fying (x). Then on Uy NUL we have

(56) 7 =0,
6T)  sHt = TS+ B+ B+ g,
(58) H3 =tr(H)H? + AH + fog, NER,
where
~ 3n—2 9 n (I
b= a oy I Gy )
~ n CHN n?—2n+2 (2
R e T A T s VA
+te(H?),
s 1 . 4 n+1 . 2 (12
b= = e = I + gy ey (U )
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R S r(H?)?2 — T r(H3
(n = D) — 1) ) = g ) ()
+n_2tr(H4),
(60) o = (— tr(H) tr(H?) — Xtr(H) + tr(H?),
() A= 2 ((H?) — ((H)P), (b) A= ———en,
(61)
(c) ,u+n_25>\:0.

Proof. Let x € UgNUp. From (52) it follows that ay = s at z. Applying
(40), (47) and (48) we get K = 0. Now (39) and (45) reduce to (57). Next,
applying (45) in (50) and using (47) we obtain
1

(tr(H))*Q(g, H?)

n

(6)  (tr(H®) — tx(H) tr(H))QUg, H) +
~ u(H)QUg, 1) ~ u(H)QUH, ) + QUH, H*) =0,

which can be written in the form
Q<H - %tr(H)g, H® — te(H)H? + %(tr(H) () — tr(H3))g> — 0.

But the last relation, in view of Lemma 3.4 of [1], implies (58), where [y is
defined by (60). Finally, using (57)—(59) and the fact that at every point of
Uy, the tensor H? is not a linear combination of H and g, we obtain (61)(a).
(61)(b) and (61)(c) are immediate consequences of (26), (56) and (19). Our
proposition is thus proved.

4. Main results

PROPOSITION 4.1. Let M be a hypersurface in EPtY n > 4, satisfying

(). Then on Ug NUL we have
(63) ﬁo - 07
(64) R-5=0,
2 o K
(63) et
(66) k(L —1)=0.
Moreover, if k vanishes at a point x € Ug NUL then at x we have
(67) rank(S) = 1.

Proof. First of all, we note that (20), by making use of (58) and (61)(c),
reduces to
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n —

(68) C-H=

;’eQ(H, H?).

Transvecting (44) with H, ¢ and symmetrizing the resulting equality in ¢,!
we obtain
Sh(Hy" Cratip + H[" Crngrp) + Sy, (Hy" Ctnp + H|" Cingnp) = 0,
which, by (24), (25), (56), (58) and (68), reduces to
Bo(—2(HjiHp + HiHpj) + gniHi; + gniHiy + grHi; + griHiy) = 0.

Contracting this with ¢ and using the fact that at every point of U;, the
tensor H? is not a linear combination of H and g, we get (63). Now (58)
reduces to H® — tr(H)H? = AH. Applying this and (56) in (24) we obtain
H},S™,, = 0. Transvecting now (22) with SJ* and using the last relation we
easily obtain (64). Further, (38), by (64), reduces to Q(g, 52 — ﬁS) =0,
which, by an application of Lemma 2.4(i) of [12], shows that 5% ——£-5 = 7¢,
T € R, at every x € Ur,. From the last relation, by making use of (23), (56),
(58), (61)(a), (61)(b) and (63), we find 7 = 0, which means that (65) holds
on UL.

We now prove that (66) holds on Uy. First of all we note that (4), in
view of (64), reduces to R - R = LQ(S,C), which, by (27) and (56), turns
into

—Q(H?, H)nijrim = LQ(S, C)pijrim-
Contracting this with ¢"™ and using (43) we obtain
(69) (tI‘(H2) — )\)(HlkHij — Hleik) + tI‘(H)(HZklej - Hinzfz — HleEj
+ Hleizk) - (HZ%H’L%C - lekHzQ])

= L(kCyji, — e(tr(H)H? — H®)Cypijr).

(2

Transvecting this with H} and using (58), (61)(a) and (63) we find
(70)  (n— DN HH2; — HijHy,) + Atr(H)(HyHyj — HyjHy)

n—2
n—1

+ )\(Hlegk - Hlngj - quHZQj + qulek) = L“chpljk'

Symmetrizing this in [, j and using (68) we obtain (66).
We now assume that x vanishes at x € Uy N Up. Thus (58) and (65)
reduce to

(71) H? = tr(H)H?,
(72) 52 =0,

respectively. Transvecting (22) and (6) with S and using (24), (56), (71)
and (72) we find

(73) SPRpiji = 0,
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1
n—2
Next, transvecting (7) with S} and using (73) and (74) we get
(75)  S1i(ShkSpj — ShjSpk) + Sin(SprSij — SpjSik)

+ 51 (ShiSip — ShpSik) + Stk (ShpSij — SnjSip) = 0.
Let V', with local components VP, be a vector at x such that the covector w

with local components Wy, = V.S, is nonzero at z. Transvecting now (75)
with V! we obtain

Wi(ShkSpj — ShjSpk) + Wh(SpkSij — SpjSik)
+ Wj(ShkSl‘p — ShpSik) + Wk(ShpSij — ShjSip) =0,

which, in view of Lemma 4 of [14], implies (67). Our proposition is thus
proved.

(74) SYCrijre = — (SukSij — S1jSik)-

THEOREM 4.1. Let M be a hypersurface in EPtY n > 4, satisfying ().
Then R-C =Q(S,C) on Uy NUL C M.

Proof. First of all we note that (9) holds on M. Further, Proposition
3.11 states that (L —1) = 0 on Ur. In the case when x vanishes at a point
x € Uy NUL, our assertion is a consequence of Propositions 2.3 and 4.1.

THEOREM 4.2. Let M be a hypersurface in EPtY n > 4, satisfying ().
Then at every point x of Uy NUp the Ricci tensor S has the form

(76) Sz%g%—ﬂw@w, BER, we T M, AW)=0,

where the vector W is related to the covector w by w(X) = g(W, X) for all
X € T,(M).

Proof. From Theorem 4.1 it follows that R-C = Q(S,C) on Uy NUy.
This by (64) turns into R- R = Q(S,C). Applying (5) we get

D)

which, by (9), reduces to Q(S,gAS) = -25Q(S, G). Applying now Proposi-
tion 2.1 we find Q(g, S — 59 A S) = 0, whence it follows that ([2], Section
2.3)

R-R=Q(S,R)~ —-Q(S.gA8) +

— K ~
(77) S—mg/\S—”l/}G

on Uy NUyg, where ”(Z is some function on Uy N Uyp. Note that (77) can be
represented in the form

(78) A=4G,
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where A =S — —“<g and ¢ = 1/1 + ez 1)2 Further, (78) implies

(79) Q(A, A) = ¥Q(A, G).
Evidently, Q(A, A) = 0. Thus from (79) we easily get

¢<A _ %tr(A)g) ~ 0.

If A= (1/n)tr(A)g at a point x € Uy N Uy, then S = (k/n)g, a contradic-
tion. Thus ¢ vanishes on Uy N U and, in consequence, at every point of
U NUL we have (76), which completes the proof.

PROPOSITION 4.2. Let M be a Ricci-semisymmetric hypersurface in
Entl n >4, satisfying (x). Then on Uy N UL we have
S, R
Qs R)

Proof. From Theorems 1.1(i) and 4.2 it follows that (2)(b) holds on
Uy NUyr. Now Lemma 3.1 implies

(81) (n=2)(R-C —C - R)nijkim = Q(S, R)hijkim-
This, by making use of (9), leads to (80), which completes the proof.

(80) C-R—

Propositions 3.8, 3.12 and 4.2 and Theorems 4.1 and 4.2 lead to our main
result.

THEOREM 4.3. Let M be a hypersurface in NI'Tt(c), n > 4, satisfying
(x). If UgNUyL # 0 then the ambient space is semi-Euclidean and on UgNUY,
we have

R-S=0, C-S=0, R-C=Q(S0),

ER

(82) C-R=" SQ(S,R% A% = tr(A)A% —

= +1
— A, e ,

n—1
AW) =0, S:ngJrﬂw@w, weTM, BeR,
p—

where g(W, X) = w(X) for all X € T,,M.

Examples of hypersurfaces satisfying (82), with Uy NU, nonempty, were
found in [5].
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