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EQUATIONS INVOLVING THE CRITICAL SOBOLEV EXPONENT

BY
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Abstract. We consider the Neumann problem for an elliptic system of two equations
involving the critical Sobolev nonlinearity. Our main objective is to study the effect of the
coefficient of the critical Sobolev nonlinearity on the existence and nonexistence of least
energy solutions. As a by-product we obtain a new weighted Sobolev inequality.

1. Introduction. The main purpose of this work is to study the exis-
tence of a solution to the following problem:

« _
—Aut+ A= - Q(x)[ul* 2ulvl?,

(14) 4 —Avt Agw = gQ(x)]u\a\vlﬁ_% in 0,

@:%:O on 0f2, wu,v>0 on {2,

dv  Ov
where A1, Ay > 0 are parameters, o, 3 > 1 and o+ 8 = 2*, where 2* denotes
the critical Sobolev exponent, that is, 2 = 2N/(N —2), N > 3. v is the
unit outward normal at the boundary 92. We assume that 2 C RY is a
bounded domain with a smooth boundary 0f2. The coefficient @) is Holder
continuous on §2 and Q(x) > 0 for z € £2. Further conditions guaranteeing
the solvability of problem (1,4) will be formulated later. Systems (1,4) appear
in biological pattern formation theory (see [13], [15], [12]).

In this paper we establish the existence of least energy solutions. We also
examine the concentration phenomena of these solutions when A\; — oo and
A2 — 00. We use a variational approach to problem (1,) based on a version
of P.-L. Lions’ concentration-compactness principle [14] which is suitable for
the Neumann problem. To study the concentration phenomena of the least
energy solutions we adopt the technique from the paper [4].

2. Concentration-compactness principle. We commence by ex-
tending P.-L. Lions’ concentration-compactness principle to H'(2) x H'(£2),
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20 J. CHABROWSKI AND J. F. YANG

where by H'(£2) we denote the usual Sobolev space equipped with the norm
ull> = § (| Vul® + u?) dz.

Q
Let
SQ(|VU|2 +|Vo|?) dx
(1) Sa,ﬁ = 2/9x °
w,vEH(£2),u,v#£0 (SQ |’LL’O‘|’U|E dl‘) /
It is known that
2) Sup = [/ + (a/B) /] 5,

where S is the best Sobolev constant (see Theorem 5 in [7]). For the future
use we set

Aap = (a/B)1F + (a/B) /",
We recall that the best Sobolev constant is defined by
S = inf{ | 1Vul? do; we D2RY), | |uf* de = 1},
RN RN
where D12(RY) is the space obtained as the completion of C§°(RY) with
respect to the norm

e = | [Vul® da.
RN
The best Sobolev constant is achieved by
N(N—2) W27
[N(N —2)+ !W]
The function U, called an instanton, satisfies the equation
~AU =U""' in RV,

Ulx) =

We also have
| VUPde = | U do = 5"/
RN RN
We set

Uey(z) = e~ N-212y (ﬂ)
€
for y € RN, e>0. If y = 0, we write Uz = U, .
We denote strong convergence in H'(§2) by “—” and weak convergence
by “477 .
We need the following lemmas:

LEMMA 2.1. Let u, — u and v, — v in H*(£2). Then

lim S |t |“|vp|® d2z = lim S |t — u|®|v, — 0] dz + S |u|“|v|” da.
n—oo n—oo 0
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Proof. By Sobolev’s embedding theorem we may assume that uw, — u
and vy, — v in LP(2) for 1 < p < 2*. We write

[ Jtnlonl? d — § Jum — u|®|on — ] dz

2 2
= §(unl(oal® = lon = vI) + [og = 0" (jun|* = |un = u|*)) da
N
¢ d ¢ d
- _ al 2 |8 _ _p80Z — tul®
= S!un| Sdth}" tv|” dt dx S]vn V| Sdt|un tu|* dt dx
Q 0 Q 0

1
= B { [un|*vn — to]° 2 (v, — tv)v dt da
Q20

1
+ S S vn — 0] | — tu]* " (up — tu)udt da.

20
Since
1
£ lim S S |t |“ vn — t0]P 2 (v, — to)v dt da = S u|*|v|® dx
n—oo
20 9]
and

1
lim S S lon — 0Py — tu]* 2 (u, — tu)udt dz = 0,
n—oo
20
the result readily follows. m

PROPOSITION 2.2. Let u, — u and v, — v in H*(§2). Suppose that

(i) [Vun|? + [V, |? = 1 weakly in the sense of measures,
(ii) |un|®|vn|® = v weakly in the sense of measures.

Then there ezists an at most countable index set J and sequences {z;} C RN,
{n;},{v;} C (0,00) such that
v=[ul*? +> vide,  p > |Vul+ Vo) s,
Jj€J jeJ

and

(iii) Sag07/> < pj if 25 € 2,

. 2/2* .

(iv) (Sayﬁ/QQ/N)z/j/ < ujif x; € 012.

Proof. This is a modification of P.-L. Lions’ [14] concentration-compact-
ness principle. We only sketch the proof. First, we prove the result assuming

that u = v = 0 on 92. Then (iii) is a consequence of (1). To obtain (iv) we
need the following modification of the result due to X. J. Wang [16]:
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Let B = B(0,1) N {zy > h(z')}, where B(0,1) is the unit ball in R,
h(z') is a C*-function defined on {2/ € RN~!; |2/| < 1} with h, Dh vanishing
at 0. Then for every u,v € H'(B(0,1)) with supp u,supp v C B we have:

(A) if h =0, then (see [7])

[Tl + (Vo) dz > 272/VS, o (§ Jul* ol dw)Z/Q*,

B B

(B) for every € > 0 there exists a 6 > 0 depending only on € such that if
|Vh| <4, then

Se o 2/2*
S(|Vu|2+’Vv|2) dz > <22/’]€ —6)(8 |u| |U|Bd$)
B B

Using this result we deduce (iv). The general case u Z 0 and v # 0
can be reduced to the above case through the substitution u! = u, — u,

n
vl = v, —v and Lemma 2.1 (see [18]). =

3. Existence results. We formulate the existence results for a slightly
more general system

—Au+au+bv = %Q(m)]u!o‘_zulv\ﬁ,
p

(14) { —Av+bu+cv= 2—*Q(x)|u|a|v]ﬂ_2v in (2,
ou 0Ov
—=—=0 012.
on  0On on
We assume that the matrix of coefficients A = (Z i’) is positive definite.

We write

Qm = max Q($), QM = max Q(x)

€02 resf
For u,v € H'(£2) we set
Ja(u,v) = {(|Vul® + |Vo]? + (AV, V) da,
2

where U = (V).
Solutions to problem (14) will be obtained as minimizers of the con-
strained variational problem

Sp= inf{JA(u, v); (u,0) € HY(Q) x H'(R), | Q@)[u|*|v” dz = 1}
2

. Ja(u,v) '
= mf{(SQQ(x)\u]a]v\ﬁdx)2/2“ (u,v) € HY(2) x H' (), u,v # 0}.
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A minimizer (u,v) for S4 satisfies the system

S
—Au+au+bv = O;*A Q(x)|u|*2ulv|?,
—Av+bu+cv= ﬁ A Q(z)|ul*v]?2v.

Hence a rescaled minimizer (u/S}LX/ (2*-2) ,0/5’114/(2*_2)) is a solution of the
system (14).

THEOREM 3.1. If

(3) Qu < 2YW-2Q,,
and g
(4) o

= SN AN
then there exists a minimizer for S4.

Proof. Let {tm, v} be a minimizing sequence for Sy4. Since (AU, U) >
p1(u? + v?) for some constant p; > 0, we may assume that {um, vy} is

bounded in H'(2) x H'(£2). Therefore, up to a subsequence we can assume
that u,, — u and v, — v in H'(§2). By Proposition 2.2 we have

(5) 1= Q@)lu*vl’ + ) v;Q(a;)
2 jedJ
and
Sa > {(IVul* + Vo + (AU, U)) dz + > py
2 jeJ
/2*
> Sa(§ Q)lul® |vyﬁdx) + 3 i Y
2 ;€082 ;€8
Sa
> Sa(f Qi an)" + 3 g Q)
9]
+ Z %(Q( .)V.)(N—2)/N
o QNN

> SA<S Q) [ul*v]? d:c>2/2* 4

+ Z (N 2/N Qajy) N
x; €L Q

/2 S, -
> Sa(§ Qe de) " + 3 i Qe )
JjEJ

2
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This combined with (4) implies that v; = 0 for all j € J. Hence
J Q@)lul*v) de = 1
Q

and by the lower semicontinuity of J4 with respect to the weak convergence
we have

V(IVul + [Vol? + (AU, U)) da < Sa.

0

This means that (u,v) is a minimizer for S4. Since (uy,v,) can be replaced
by (|unl, [vn]) we may assume that u,v > 0 on {2. By the strong maximum
principle we have u,v > 0 on (2. »

In a similar manner we can prove

THEOREM 3.2. Let

(6) Qu > 22/N2Q,,.
If

Sus
(7) Sa < QU

then there exists a minimizer for S4.

We now formulate conditions guaranteeing that (4) holds. We need an
additional assumption:

(H)  there exists a point y € 92 such that Qn = Q(y) and H(y) > 0 and
moreover

[Q(z) = Qy)| = o(|z —y[)  for z near y.

Here H(y) denotes the mean curvature of 042 at y € 0f2 with respect to
the inner normal to 9f2 at y. It is also known that (see [1], [2], [17])

AnH(y)elog(l/e) + O(e), N =3,
—272Ng _ ANH(y)e +O(e?1og(1/e)), N =4,

AnH(y)e + O(?), N >5,
where Ay > 0 is a constant depending on N. Let s, > 0. Then

I $Uey, tUz _ s §o|VU,Pde
(SQ So‘tﬁQUg’; da:)l/2* (Satﬁ)2/2* (S_Q QUEQ,; da:)2/2*

where

SQ \VU‘E,y|2 dz
(S.Q U€2; d$)2/2*

o(e),

O(e), N
o(e) = { €%log(1/e), N
N

g2,

3,
4,
d.

Y]
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We now set s/t = \/3/a. Using (H) we see that

7 < $Uey, tUz y ) - SAup
N\, quame ) = gl

for sufficiently small ¢ > 0. The condition (7), under assumption (6), cer-
tainly holds for any positive definite matrix A with sufficiently small coeffi-
cients a, b and c.

4. System (1,). First we rescale a solution (u,v) of (1,) in the follow-
ing way. We set u; = su, v1 = tv to get

—Auy + Mug = %sf(a*Q)t*ﬁQu‘f—lvf,

—Avy + Ay = f ~B=2Qug .
Choosing s and t so that
(8) %3_(0‘_2)t_ﬁ =1 and 2—5*3_0%_(5_2) =1,

that is, 3/a = s2/t?, we see that (1,) is reduced to the system
—Auy + Mup = Qui™ vl,
(1ax)  —Avi + vy = Qu?vlﬁfl ing2,
Ou1/0v = 0v1/ov =0 on O12.
For the future use we note the formula

2
(9) 2+ 52 _AN/2

Indeed, solving the equations (8) we get

- g é a/2-171/(2—(a+0)) é 1/2 L g é a/2—171/(2—(a+0))
a \a Qo ’ a \a '

Then
t2+32_ 1+§ _a+5 ﬁ(aQ)/2+ éa/QN/Ql
252 [2_*(g)a/2—1]2/(2—(a+ﬁ))g T8 a o

By easy computations we get

a+B81/8\"2/a N/2-1 B\ON2-D/2 £ 4 g\ N/2

-G Gl =) ()
B/(a+B) —a/(a+B)7 N/2 B/(a+08) N/2

e _[(a a (e

Aoy = Kﬂ) +<ﬁ> } Kﬁ) (H ﬂ
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38 Na/(2(a+3)) a+ 3 N/2 38 a(N/2-1)/2 a+p N/2
:<E> <5> :<E> (6)

and the formula (9) follows.

PROPOSITION 4.1. (i) Suppose that A1 = Xo. If (u,v) is a positive solu-
tion of (14), then u = s~ 'w and v = t 1w, where s,t are positive constants
satisfying (8) and w is a positive solution of the problem
{ —Aw + Mw = Q(z)w? ! in £,

(10)
Oow/dv =0 on 012

(ii) Suppose that A1 > Aa. If (u,v) is a positive solution of (14), then
su<tv on {2
where s,t > 0 are constants satisfying (8).

Proof. (i) The rescaled functions u; = su and vy = tv satisfy (14-).
From this we deduce that

—A(u; —v1) + M1+ Qu?_lvlﬁ_l](ul —v1) =0 in £,
O(u; —v1)/0v =0 on 012
By the maximum principle we have u; = v on (2. Setting u; = v1 = w, we
see that w satisfies (10) and the result follows.
(ii) The difference u; — v; satisfies
—A(ug —v1) + M (ur —v1) + (A — A2)vg + Qu?_lvf_l(ul —v1) =0 in {2
Hence
—A(u; —v1) + [M + Qu‘f‘flvlﬁfl](ul —v1) <0 in {2,
8(U1 — 7)1)
ov

By the maximum principle we get u1 < v on {2. =

=0 on 0.

In what follows, we study the behaviour of the least energy solutions of
(14) as A1, Ay — o0. According to the previous section, these solutions are
minimizers of the problem

Sy = inf{ (9l + Mu? + Vol + Ag0?) da;
2
wv e HY(Q), | Qul*lv|’ dv = 1}.
2
THEOREM 4.2. Let Qum < 22N=2)Q... Suppose that A\ = Xy + m,

m > 0. Let u}\ = suy and v}\ = tvy be a rescaled least energy solution for
(14), where s and t satisfy the equations (8). If My = max,.gv)(z) =
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vi(zy), zA € £, then u} < My, My — oo and xy — zo € 02 with
Q(zo) = Qm as Aa — oo. Moreover,
lim S |V (suy — Uz, z, (Bx))|[*dx =0,

A
2—>OO.Q

lim | |V(tvy — Us, 2, (B2))[* dz =0,

)\2 — 00

where B = Ql/N 1/251/2

Proof. We commence by showing that M) — oo as Ay — oo. Indeed, we
have

VUVOIP + Ao(v3)?) do = | Q(u})*(v})” d
2 2
and by Proposition 4.1(ii),
} Q) ((01)* 72 = Ag) da > 0.
2

4/(N—

Hence Q(vi)?'~2 > Ao somewhere in 2. This means that M, 2 >

A2/Qu and our claim follows. We now define

uy(x) = EE\N 2/2 ui(exz +x)) and Ti(z) = &N 2)/2 vi(exe + xy)
for x € 2., = (2 —x))/ex, where € = 1/M2/(N 2
5}\ are solutions of the problem
— AT + Mejuy = SaQ(eaw + ) (uy)* (037,
(11) —ABY + Mgdtk = SaQ(exy + ))(Uh)¥(01)P ! in £2,,
Ov}/Ov = 0u} /ov =0 on OS2,

. The functions EZ%\ and

Since M, 4/(N=2) > A2/Qy and Ap = Ao + m, we see that 6)\)\1 and 5/\>\2 are
bounded as Ao — 0o. The elliptic regularity theory implies that u u)\ — u and
ol — ¥ in C2 (RY). We may also assume that zy — xo, €2\; — a1 and
5?\/\2 — a9 as Ay — 00, where 0 < aq, a2 < 0o. We also observe that

. . Aa,ﬁs .
b 91 = o QUi S

This can be easily established using the concentration-compactness prin-
ciple. Hence (u,v) is a solution of the problem

— Au+a1u= S, Q(x )0‘1’8,
(12) — AV + a0 = Sp, Q(x)uv’ ! in N,
Ju/0v =0v/0v =0 on 02,
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where 2., — 2. as A2 — oo. Since 0}(0) = 1 we see that v # 0. We now
show that  # 0. (As we will see later, {2, is either RV or a half-space in
R%Y.) By the Fatou lemma

S (|Va|? +ma? + |Vo]? + mo?) de < lim Sy < oo,

9 Moo
therefore 4,0 € H' (). If 4 =0 on 2, then
CATtai =0 in 2w, 22 =0 on 90,
on

Hence 7 = 0 on {2 in both cases 2o = RY and 2, = RY, which is
a contradiction. By Pokhozhaev’s identity (see Appendix) a; = a2 = 0.
Therefore the system (12) is reduced to

—Au = SA Q( ) u! Ba
(13) — AV = Sy Q(wo)uv” ! in N,
0u/Ov =0v/0v =0 on 0.

By Proposition 4.1(i), we see that © = v on 2. We now distinguish two
cases:

(a) dist(xy, 082)/ex — oo or
(b) dist(zy, 042) /ey is bounded as A2 — oo.

In the first case we have

U=7= U(S}@Q(zo)l/zm) and (2 = RY.

Let b = Sl/QQ(mo)l/Q. Then by Fatou’s lemma

s° 1% 5 N o S NN
Sa.p
22/NQI(IJIV_2)/2 )

< lim V(IVual? + [Vou*) da <
QHOO‘Q
Here we have used the fact that limy, .o A1 §, u3 dz = limy, 0o A2 §, v3 da
= 0. From the above inequality and (9) we deduce that
1-N/2 ¢1-N/2 gN/2
ANZQ(ao) N2 Aay SRS < Aap —S
9(2/N)(1- N/2)Q((N*2)/N)( -N/2) — 22/NQ 2)/N’

which is equivalent to 2Q1(v1 2 < Q(20)V=2/2_ Hence 22/ (N-2)Q,. < Qu,
which is impossible. Therefore case (b) prevails and z, € 0f2. In this case
we may assume that {2, = RY and estimate (14) takes the form
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Pt . , 2t , SN2
2 RSNWU’ = em Ty
+

S
_/\zlinoo;Z(’ ux|* + [Vuy[7) dx 92/N QN -2/N

From this we deduce that Q(x,) > Qm and hence Q(x,) = Qu. Therefore,
the above inequality becomes, in fact, equality. On the other hand, by the
Fatou lemma and the fact that @} — U(bz) and 05 — U(bz) in CZ_(RY),
we get
by N S |VU|*dz < lim S |Vui|?dr = lim S |V |2 da
Ao —00 A2 —00

RY 2 o,

and
N\ VU dr < Jim | Vo)l do = Jim | [va}? da.
RY Q Qe
From this we deduce that
lim | |Va}|*dz = Jim | Vol de=0>"N | VU da

)\2—>OO
N N RY

and the result readily follows. m

5. The case Qy > Sa,g/QI(I]lV_z)/N. As in the previous section the
parameters A1, Ao satisfy A\ = Ay + m, where m > 0 is fixed. In Theorem
5.3 below we show that least energy solutions exist for Ay € (0, ) for some
X > 0 and there are no solutions for Ay > \. This means that
SAup

Ql(\jlv—z)/zv

We need the following lemmas:

LEMMA 5.1 ([17], Lemma 4.7). Assume N > 5. Let A, > 0 and X\, —
0, 0y — 00, 0y > 0, P, € 2, P, — P, with P, € 2 and v, € H'(1),
vp >0, v, = v in HY($2) be such that

lim HW” - v<M>
n—0o0 HUUnapn ||L2* (Q)

Sy = for Ag > A

=0.
L2(92)
If §o(IVop|? + Au2)da < S for large n, then there exist sequences {0y},
Op >0, and {y,} C 2 such that, modulo a subsequence, o, /on — 1, y, — P,
and

$o(VUsp > + AUZ ) da

OnsYn

n,Yn

V(IVonl? + Apod) do > -
] ||U5nayn||L2*(Q)

and o(A\n62) = O(62).

+ O(62) + 0o(\,62)
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LEMMA 5.2 (see [9]). Suppose that N > 5. Let y be an interior point of
(2. Then there exists a constant by > 0, depending only on N, such that
§o(IVUsy|* + AUZ,) do

2 2 2
T e = 5t M+ 00%) +0(08?),
’y

O(+) and o(-) are uniform in X\ and y as 6 — 0 for X > 1 and for y in
compact subsets of £2.

THEOREM 5.3. Suppose that N > 5. Let Qn > Sa,g/QI(flV_m/N and \y =

o + m. Then there exists X\ > 0 such that least energy solutions exist only
for Xa € (0, N).

Proof. We argue indirectly. Assume that there exists a least energy so-
lution (uy,vy) for (14) for each Ao > 0. Set ul = suy, vl = tvy with s, >0
satisfying (8) and My = sup, 5 va(z) = va(z)). As in the proof of Theorem
4.2 we show that M) — oo as Ay — 00 and also u}\ < v}\ on §2. We now
apply the blow-up technique to the rescaled solutions

(@ (@), 0)(@) = (" u erx + @), eV 20l 220 + 1)
Obviously we have i — u and 91 — ¥ in C2_(R") and @ and v satisfy the

system (13) with Sj_ replaced by A, S/Q (N=2)/N We now consider the
cases (a) and (b) from the proof of Theorem 4.2. Due to the assumption
Qu > 22/N=2)Q,,, the case (b) does not hold. Therefore (a) occurs. In this
case we have

W=7 =U(5{’Qr:)" %),

oo

where S; = A, BS/Q(N_2)/N. By the Fatou lemma we have
2, 2
S Q) N VRGN <« LadS

from which we deduce, using formula (9), that Q(z,) > Qn and necessarily
Q(xo) = Qum. We now observe that by the above argument we also have

lim Ay | ulde = lim X |0} de=0.
2

Ag—00 Ag—00
Therefore
A, 3S
. 2 2 _ o,
(15) /\l”j"ioo S(|VU>\| + |Vou|7) dz = Q(Nw
2 M

As in the proof of Theorem 4.2 we show that
1) | VUB2)Pdr= lim ||Vujfder= lm | |V} da,
Ao —00 Ao —00

RN 2 5N
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@7 | VUB2)Pdr= lim ||Vuidz= lim | |V5}?
A2 —00 Ao2—00

RN 2 ey
where B = 51/2 1/2 . Since
s+t 9 N N2 _ _AapS
5212 B=S (N=2)/N”’
@
we may assume that along a subsequence \j — oo we have
Aa S
~1 |2 a,8
S |Vu/\n| dx < W
ey Qnr
Then by (16),
Ay S
: 192 9. 7 ~1 12 7., _ o,
(18) )\glllgloos |Vuy, | dr = )\alllgloo S 'V, |“dx = Q-
Q 2, M
We now set
1(\51\7*2)/(21\0 -
Wy, = — 75Uy -
Al “
Then
QQ (N-2)/N
S \Vw,\n\2dx— S |Vuy, > de < S
An
2 ’ 0
and
HVW G S_(N_Q)/‘lVU(x - :mn> o
En L2($2)
as n — 0o, where
_ Ern
tosyral

Using Lemma 5.1 with P,, = z,_, we get sequences {y,} such that, modulo
a subsequence, €, /o, — 1, yn — To and moreover

VU, 2d
(Va2 + Xpud) de > 2 Do 07

; - +0(03) + 0(Anay).
0 (S Uzn,yn dx)l/z

Lemma 5.2 implies that §,(|Vw,|* + Ayw?2)dz > S for large n. This con-
tradiction completes the proof. m

We now define A = inf{)a; (1,) has no least energy solution}. It is clear
that Sp = Aa 55/QW 2N for Ay > X.
REMARK 5.4. Theorem 4.2 remains true for Qy = 22/(N-2)Q,,,.

Indeed, in this case the concentration can only occur on the boundary
or at an interior point of 2. The concentration at an interior point can
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be excluded as in the proof of Theorem 4.2. Therefore, (uy,v)) can only
concentrate at a boundary point and the assertion of Theorem 4.2 remains
true in this case.

THEOREM 5.5. Let N > 5 and suppose that Qy > 22/(N=2)Q ... Then
there exists a least energy solution of (14) for Aa = A.

Proof. Let A} € (0,A) and A} — X. By Theorem 5.3 for each A} there
exists a least emergy solution (uxp,vap). Let Myp = max,  gvrp(z). We
show that {M)y} is a bounded sequence. In the contrary case Myy — oo.
Then we can repeat the final part of the proof of Theorem 5.3, which gives
a contradiction. Since uxg < Uxp on {2 we see that both sequences uyy and
vyp are bounded. By the Sobolev embedding theorem we may assume that
uyy — uy and vy2 — vy in H'(£2) and also uyg — uy and vy — vy a.e. on
(2. Tt then follows from the Lebesgue dominated convergence theorem that

1= nh_)rglo S Q(ﬁ)uf\‘gvfg dr = S Q(x)ug‘vg dz
2
and on the other hand, by the lower semicontinuity of the norm with respect
to the weak convergence, we get

_ _ A, 38
[(IVusl? + (Vo2 + (X + m)u? + Xe?) da < rv;iw
N M

and the result follows. m
6. Remark on a weighted Sobolev inequality. As a by-product of
Theorem 5.5 we obtain the following inequality:

THEOREM 6.1. Let N > 5 and suppose that Qy > 22/N=2)Q,.. Then
there exists a constant K = K(£2) such that

2/2* (N-2)/N
<§ Q(z)|ul*v|? dm) <M {(IVu?+ Vo) do+ K | (u® +0%) do
Q AapS ) Q

for all u,v € H(£2).
7. Appendix. We extend the Pokhozhaev identity to a system of two
equations.

PROPOSITION 7.1. Let (u,v) € HY(RY) x HY(RN) be a solution of the
system

(19)
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in RN. Then

N -2 2N N

o S (|Vul? + |Vv|?) de = —— S u|*|v|® doe — = S (Au? + Aov?) da.
2 e a+p e 2 BN

Proof. We follow the argument from Proposition 1 in [8] (p. 320). It
follows from the first equation that

2
S (—Au+ M\u)(z - Vu)de = a S lu|*2ulv|?(x - Vu) dz.
RN a+ﬂRN
We also have
2—-N
S (—Au)(z - Vu)der = —— S |Vu|? d.
RN 2 RN
Hence
2 _92 B
u|*Fulv|?(x - Vu) dx
e B LR
=2l ol da
a+p N !
2N 2
— S ||| da — 26 S |u]°‘|v\*3*2vvmjxj dx
atph oy at By
2N
= — | ol do = | (= Av+ Mgv) (2 - Vo) da
a+p
RN RN
2N 2—-N
= — S |u|*[v|P do — =—— S \Vo|?dx — Ao S v(x - Vv)dx.
a+pf 2
RN RN RN
We now observe that
A NA
A1 S u(z - Vu)de = M\ S UT Uy, dT = ?1 S (u2)x].xj de = _Tl S u? dz.
RN RN RN RN
Therefore
2—N N\
—5 S |Vu]2das—T S u? dx
RN RN
2N 2—-N N
=— S u|“v|? do — =—— S ]Vv|2d:c+£ S v? dx
a+p 2 2
RN RN RN

and this completes the proof. m

PROPOSITION 7.2. The system of equations (19) has no positive solu-
tions in HI(RN) X HI(RN) for A, Ao > 0 with Ay + Ao > 0.
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Proof. Indeed, we have
S (|IVul® + |Vv|?) da = 2 S lu|®|v|? da — S (Au? + \pv?) da.
RN RN RN
It then follows from the Pokhozhaev identity that

N -2
(N=2) | [u]*v]’ do — — | (vw? + A0?) da

RN RN
N
= (N -2) S u|*|v|P dz — = S (Mu? 4+ \gv?) da.
RN 2 RN
This yields
S (A1u2 + /\202) dx =0
RN

and consequently v =v =0 on RY. u
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