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ON THE QUANTITATIVE FATOU PROPERTY

BY

A. KAMALY (Stockholm) and A. M. STOKOLOS (Storrs, CT)

Abstract. The result of this article together with [1] and [4] gives a full quantitative
description of a Fatou type property for functions from Hardy classes in the upper half
plane.

We define the Hardy class HP(R%) in the classical sense as the set of
functions F(z) holomorphic in R such that

HFHHP(R2 = supS |F(z + iy)|P dz < oo.
y>0 R
It is well known [5, p. 127] that every F € HP(R?%) has a.e. boundary value
limy o4 F(x +iy) = F(x) which is an L? function with || F||, = ||F'|| g» ®2)-
Let us ask the following question:

Suppose that the function F(x) has a certain smoothness property in

LP(R)-norm. What is a good/natural rate of a.e. convergence of F(x + iy)
towards F(x)?

For this we introduce the LP-modulus of continuity of F' € LP(R), 0 <
p < 00, by

w(F,t), = |81|1p |ARE || L), AnF(z) = F(z +h) — F(x).
By the modulus of continuity of an analytic function we will mean the
modulus of continuity of the boundary value.
Further, we consider continuous increasing subadditive functions w(t) on
(0, 00) with lim;—o+ w(t) = 0; we define smoothness classes H; by

HY = {F € H’(RY) : w(F,t), < Cw(t)}.
Let w(t) be a modulus of continuity such that
(1) w(t)/t 1T oo, t— 0+.
We define the Oskolkov sequence dy, (see [2]) by

@) 6 =1, 5k+1:min{5:max<%;%> :%} k=01, ..
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THEOREM I (A. A. Solyanik [4]). Let 0 < p < co and F' € Hy where
w(0) satisfies (1), and let w(t) be an increasing positive function such that
w(t)/w(t) is also increasing and
- w(5k)>p
3 < 0o
) > (W

k=1

Then for every F' € H) we have
(4) F(z+it) — F(x) = o (w(t)) a.e., t— 0+.

Now it is natural to ask about the sharpness of the estimate (4). For
p > 1 the answer is contained in [1, Theorem 2|. In Theorem II below we
extend the result of [1] to the remaining case 0 < p < 1.

THEOREM II. Let 0 < p < 1, suppose the modulus of continuity w(t)
satisfies (1) and the series in (3) diverges, i.e.

) > (435) -

k=1

Then there exists an F' € H) such that for almost all x € R,

. |F(x +it) — F(z)]
(6) LT

Proof. In the following we denote generic constants that are independent
of the function (or the variable or sequence) involved by C with different

indices. Also, let
_ (w(k)\”
o= (56)

We note that the following two simplifications do not restrict generality (see
[1, pp. 248-249]).

(i) It is sufficient to prove the existence of some F' € H' with

P +it) — F()|
) LTS

>0 ae onR

instead of (6).
(ii) We may assume that

(8) Yo=1, o >k+1.

Suppose that the numbers {d; } are defined by (2), and ¢ is a fixed positive
integer which will be specified later. Define

9) r =max{m € Z: qmd, < 1/¢y}, k=1,2,...
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It is easy to verify (see e.g. [2]) that 20541 < ) and thus

o0
25k < o0
k=1

while
(10) Zrkék = OQ.
k=1

Since it is easy to choose by induction an increasing sequence n; such that

Z 0k > 1,

nj_1<k<n;,ry>j
there exists a subsequence of r; tending to infinity which still has the prop-
erty (10). We will assume that 7, — oo itself, which does not restrict gen-
erality, as will be seen below.

For k > 2 define intervals I, = (ay; Bk = (ax — 5k¢;/p;bk + 5k¢;/p],
where by — ap = qridg, in the following way: Set ag = 0 and a1 = Gk
if B < 1 and agy1 = 0 otherwise. Let s, T oo be such that a;, = 0 and
consider

rp—1
E, = U lar + (vq — 1)0k; ar, + (vq + 1)d].
v=1
Then |Ej| = 2(rp — 1)d. Set
(11) K={ke€Zy:p <k?.

It follows from (10) that

(12) Zrkék = 00,

ke

hence
> Byl = 0.
ke

Let

o0
13) L= |JLm Lm={ke€K:smm<k<somu1}, En= ] Ew
m=1 k€Lm
Then obviously either
(14) > |Ex| = o0
kel
or Y por | Ex| = co. Without loss of generality assume (14) and rewrite it as

[e.9]

DB =) B = oo

m=1 kel
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By the Borel-Cantelli-type lemma (see e.g. [5, p. 442]), there exist numbers
&m such that

o0 [e.e]
(15) limsup B UE = (ﬂ U Eg‘m> UE =R,
m j=1m=j
where Ef == Ej, — {m are translates of Ly, and E is some set of measure

Z€ero. Denote by 7, the translation 7, (-) = ( — &) and define
Il =mm(Ii),  som < k < Somy1.

Since now the distribution of I} is fixed we may denote it again by the same
letters, so I] = (ay; fx]. For x € R we introduce K = {k € L : I] > x}. It
is easy to verify (see [1, p. 250, (28)]) the following important property of
K.: there exists a kg > 1 such that for any z € R,

(16) lLLke Ky, 1 >k >ko implies [> 2k.
Let us define a sequence {z; k} * , of complex numbers by
(17) Zjk = ag + jq0p — 0, so Rzjp = ag + jqok,

and let v be the smallest positive integer such that 2vp > 1. For every k € K
set

Tk 2v
Fi(z) = w(r) > ( Ok ) ., z€C, Sz> -0

= Zj,k —Z
We note that F} restricted to the real line is bounded,
"k 2v
18 Filloo < Crw(dy ——- < Cpw(dy
(18) (3| pw( )Z(]qék)% (0k)

and, therefore,
IFRllb < |Fel% | de+ | |Fe(@)Pde < Cpw(de)P + ...
€31} x¢31;
since |I| < 1, ' = o(1) (see (8)). Also

Tk dx
2vp
| RGP de < w@ra™ . |
31} 7=1 z&3I} ’
d
< Cpu(§)7r 82 | °

2 2\vp
x> |I| (0 +27)

< Cpw (64 )Pgrid: P | I |1~ 20P
< Cp(0,)Pry, ™" = o(w(d1)),

hence

(19) [ Frllp < Cpw(6i).
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Further
Tk 521} o (5 )
Fl(z)] < —(2v+1) < k
| Fi(z)] < Cpw(dk) ; (aor) 2v+1 = 2v+15k EZ: Cyp or
whence
w( 0y,
(20) IFhlle < 0 A%)
k
If x & Ij; then
i 521;
| Fi(2)] < Cpw(dg)
=1 (O + Jqok + 5k¢1/p)
< Cow(r) Y (g + /") < Cpu(di) (/P
j=1

< Cp(d) (/") = O(w(6r))

and
(21) [ Fiexrglloo < Cpw(0k).
Also
, < 7
|Fy(z)] < Cpw(dr,)
= (6% + g6k + Oxtby/P)20+1
1/p (2v+1
<G 5k Z jq + vy )
7j=1
1) 0
<C, w( /f)(wl/P)l 20 <q, w(dg)
5k 5k
and
w(d
(22 Bl < €2,

Now define F' =), .- F. In view of (2) and (8) the estimates (18) and
(19) imply that F is bounded analytic in R? and belongs to HP(R2). We
show that F' € Hp'.

Choose 0511 < h < §,. Then
WFRE< Y wELh)E+2 Y ||Fp

k<s,keL k>s, kel
< D w(Frh)h+ Cpw(bey1)”
k<s,keLl

by (2) and (19). Now
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[ Fr(z + h) = Fi(2)|l

< S |Fk($+h)—Fk(:L’)’pd.T+ S ’Fk(.f—i-h)—Fk(m)’pd:rEIl-i-Ig.
AT Z‘€5Ik

By (20),
L<hP|Fn, | do < CphPw(0,)Po, Pyt = CohPw(0)P0,".
€5,

Further,

dzx
gk —x — &|Zvtlp

Tk
I < CphPw (3 )Py |

5 2
Jj=1 x¢51 | 7

with some 0 < &; < h < 4. Since z + &; ¢ 31}, we have

dx dx 204+1)p—1
<C S —_—<C 1/1( =2
o £ |(2utl)p — TP 20+1)p — “PTk
o @51, |Zj7/€ x §]|( )P ||| |x’( )p
Hence
v v - w(dk)P 1 v w(dr )P
Iy < Cpw ()P P hPrip 2P = Oy (515) ry BT < e (55)

and thus w(Fy, h), < Cphw(d;)d; . Since
> w(F ) < CphP > w(8r)P6 T < CphPw(85)P 057 < Chpw(h)P
k<s,keLl k<s
we obtain
w(F, h)p < Cpw(h),
ie., FeHY.

Next we examine the behavior of F(x + it) — F(x). Take ¢t = J; with
s € L. Then

|F(z +it) — F(x)|

> |Fy(atit)—Fu(2))|— Y |Fulatit)—Fe(@)|— Y |Fila-tit)—Fi(a)].
k<s,keLl k>s, kel

We discuss the contributions of these terms. First we have

Z | (2 + it) — Fi ()|

k<s, kel

= > FR@+it) - F@)|+ Y [Fe+it) = Fu(z)| = 21+ 2y
k<s,keKy k<s, keK¢
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where again K¢ = £\ ICp. Then, by (16) and (11),

2 Y Gl Pl < Cpbs Y w(d)y/ 76!
k<s, kely k<s/2

< cp,qcss“’?s)s? > 2k < G872 W (0,) = o(w(dy))

5 k<s/2

and

S5 3 Rl < ot 3 S0 < Gyl

k<s,keLl k<s

Combining these two estimates we have, for sufficiently large s,

(23) > Pl +it) = Fi(z)] < Cpgw(6s).
k<s,keL

Analogously, we decompose

Z |Fg (2 + it) — Fi(z)|

k>s, kel
= Y |Fz+it) - B(@)|+ Y [Fulz+it) - Fu(z)| = 21 + 2%
k>s, ke, k>s, keks

Then, by (16), (11), and (18),

Zt<2 Z [Fklloc < Cpg Z w(d

k>s, ke, k>2s
< Cpqw(ds) Y 27FEAP < €y qw(85)5727° = o(w(d))
k>2s
and by (21),
2% < Z ||F/~cXI,§||oo < Cp,qzw(‘sk) < Cpqw(ds).
k>s, keKS, k>s

Thus, for sufficiently large s,

(24) D |F(z +it) — Fy(x)] < Cpgw(5s)
k>s, kel

(recall that we have set t = 05, s € L£). Therefore, as a consequence of (23)
and (24), we have

(25) |F(z 4 it) — F(z)| > |Fs(x + it) — Fs(x)| + O(w(dy)).
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For x € E, and j with |Rz; s — x| < J; it follows that
|Fs(x +it) — Fs(z)|

2v 2v
> w(5s) < 68 _ 53

|2j,s = @? zjs — @ — it
521} 521}
SO e i) D e
= |2n,s — 2|2 oy |2ns — x — z’t\QU>

=w(ds)(A—B—-C—D).
But it is easy to see that A — B > 1/4 and D < C. Finally, by (17),

521, 521;
C< < s
Z 1R (2n,s — z)|2v — Z (mzms — Rzjs| — [Nz — x[)?

<Z 521} Z 521} C—Qv
_n# qln — jlds — ds) 2w = |qn—15|2”_ ¢

Now choose ¢ such that cg=2? < 1/16. Then
|Fs(x +it) — Fs(x)| > w(ds)/8,

which together with (25) implies that for the given x,
|[F(z +it) = F(2)| > gw(ds) + O(w(ds)) = gw(t) + o(w(t))
from which (7) follows and Theorem II is proved.

REMARK 1. Theorems I and II are the non-periodic versions of the re-
sults due to A. A. Solyanik [3, 4], which are extensions of Oskolkov’s results
[2] concerning Steklov means of periodic functions. The present construction
is much simpler than that in [4] due to an application of the Borel-Cantelli-
type lemma, which allows us to avoid tantalizing technical difficulties solved
by Solyanik in the periodic case.

REMARK 2. One of the possible future directions for the above subject
could be multidimensional generalizations. However, Solyanik’s theorem has
a rather complex proof and the first step toward the multidimensional case
might be the investigation of the problem for real Hardy classes.
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