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EXACT C* COVERING MAPS OF THE CIRCLE
WITHOUT (WEAK) LIMIT MEASURE

BY

ROLAND ZWEIMULLER (Salzburg)

Abstract. We construct C>° maps T on the interval and on the circle which are
Lebesgue exact preserving an absolutely continuous infinite measure p < A, such that

for any probability measure v < A the sequence (n_1 ZZ;; vo T_k)n21 of arithmetical
averages of image measures does not converge weakly.

1. Introduction. A measurable map 7" on some o-finite measure space
(X, A, m) is called nonsingular if moT~! < m. In this case the image of any
absolutely continuous measure v < m with density u € Li(m) again has a
density, denoted by Tw := d(v o T~1)/dm. The positive linear operator T :
Li(m) — Li(m) thus defined is the dual (or transfer or Perron—Frobenius)
operator of T with respect to m. For a probability density u € D(m) :=
{ve Li(m):v >0, m@) =1} on X, T"u is the density of the distribution
of T™ on X. A result of M. Lin (cf. [Li]) shows that T is ezact with respect
to m (meaning that the tail o-field Ao, =), T~ "A only contains sets A
for which either A or A¢ has zero measure) iff for any u,v € D(m) we have
lim,, o0 [|T"u — T”UHLl(m) =0.

Assume now that X is a compact metrizable space and A equals B = By,
its Borel o-field. The set M (X) of all probability measures on B is compact
and metrizable in the topology of weak convergence of measures (i.e. in the
weak*-topology on C*(X)), where v, — v iff lim,,_,oo v, (f) = v(f) for all
f € C(X). For any v € M;(X) the sequence (v o T7"),>¢ of image mea-
sures therefore has accumulation points in M;(X). If now T is exact with
respect to m and there is some vy € M;(X) with vy < m such that vgoT ™"
actually converges to some measure v in M (X) (e.g. if there exists an ab-
solutely continuous invariant probability ), then Lin’s theorem implies that
in fact lim, oo v o T7™ = vfor all v € M;(X) with v < m. Rudnicki in
[Ru] raised the question whether every exact nonsingular map on a compact
metric space had such a weak limit measure. As pointed out in [Ke], there
do exist quadratic maps of the unit interval X := [0, 1] which have no weak
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limit measure (cf. [HK]) but are exact with respect to Lebesgue measure
A =:m (cf. [BH]).

The purpose of the present note is to propose a construction which pro-
duces simpler exact counterexamples on the interval and on the circle for
which (just as for those of [Ke]) even the averaged sequence (n~! 22;5 vo
T%),>0 does not converge in Mj(X) if v is absolutely continuous with
respect to Lebesgue measure A.

2. Construction of examples: C*° covering maps on the interval
and the circle. The transformations T' considered here will be piecewise
smooth and onto: there is some finite partition £ of X into subintervals Z;,
i € I, such that each restriction T'|z0, Z € &, is a C*° diffeomorphism onto
(0,1). They will be almost expanding in that 77 > 1 except at indifferent
fized points x; where T'x; = 1, and the mass pushed forward by the map
will keep fluctuating between shrinking neighbourhoods of these points.

We begin with the globally simplest prototypical family of interval maps
with two branches and two indifferent fixed points 9 = 0 and z; = 1.
A slight variation of this will then result in equally smooth covering maps
of the circle.

Starting from a map 77 we shall give an inductive scheme producing
a sequence (T});>1 of maps by changing T on the set (0,8;) U (1 — §;,1)
(where 3; \, 0) to obtain Tj,i. One suitable choice for T} is as follows.
Let H(t) :=t+ 1(g00)(t) - 27  exp(2 — 1/t), so that H € C>°(R), and let S
denote its restriction to [0,1/2]. Then take Ti(z) := S(z) for = € [0,1/2]
and T (x) :=1—S*(1 — z) for z € (1/2,1], where S* := S.

We want the modification procedure to preserve a few convenient prop-
erties of the branches of T}, clearly shared by the preceding example, which
we collect in the following definition: We let S denote the collection of
all C* diffeomorphisms S : [0,1/2] — [0,1] of the form Sz = z + Dz
with D : [0,1/2] — [0,1/2] increasing, D' < kp - D" on [0,1/4] for some
kp € (0,00), and D™ (0F) = 0 for all n > 0. Observe that in this case both
S and D are convex (but D may well vanish on some interval [0,¢]), and
D can be extended to a C* function on (—oo,1/2] by letting Dx := 0 for
z <0.

Given S, S* € S we let [S, S*] denote the piecewise C>* map T": [0,1] —
[0,1] with Tx = Sz for x € Zp := [0,1/2] and Tx = 1 — S*(1 — z) for
x € Zy := (1/2,1]. If both S and S* are strictly convex, then T' = [S, S¥]
belongs to the class 7 of endomorphisms studied in [T2], and we write
T € Ts. Thus T is conservative ergodic with respect to Lebesgue measure
A and preserves an infinite measure ¢ < A which has a continuous positive
density h with singularities of the type specified in [T1] at the indifferent
fixed points x; = 0, 1. According to Theorem 1 of [T2], T is Lebesgue exact.
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As a consequence of these properties, lim,,_ s 8(671_6) Trud\ = 0 for any
e > 0and u € Li(\) (cf. [T3]), showing that the mass of the iterated
densities T™u accumulates near the fixed points x;. We are going to construct
a transformation of this type for which this mass fluctuates between the two
points (0, denotes unit point mass at x):

THEOREM 1 (Existence of T € 7s without weak limit measures). The
class Ts contains maps T =[S, S*| which are exact and have no weak limit
measures on [0,1], as for any u € D(N) the set of weak accumulation points
of the measures (n~! ZZ;(I) Tru dN)n>1 equals {sdp + (1 — s)071 : s € [0,1]}.

REMARK 1. The maps T € 7 are not only exact, but share another
strong ergodic property: They are pointwise dual ergodic, i.e. for each T' € T
there are constants a,, = a,(T) € (0,00), n > 1, such that a,! ZZ;& TFu —
AMu)h a.e. on [0,1] for any u € Li(A); see [Al], or Sections 3.7 and 4.8 of
[AQ]. In fact, if u € C'([0,1]) and u > 0, this convergence is even uniform on
each (e,1 —¢), € € (0,1/2); cf. [T3] and [Zw]. Still, this regular asymptotic
behaviour of the ZZ;& Tk on any center interval cannot prevent the mass
fluctuations between the endpoints.

Proof of Theorem 1. By exactness we need only consider one specific
u € D(A) which we choose to be (uniformly) continuous. Since for any € > 0
and T € Tg, lim,, .o S(s’l_a) nt Zz;é Tkud)\ = 0, it is enough to construct
some T, € 7s and a subsequence n; /" co of N such that
1= 1
| <— STk >d>\ .
I i k=0 J
for all j > 1, where I; = Zp if j is even and I; = Z; if j is odd. The map
T we are going to construct will be the limit of a sequence Tj = [S}, S¥],

VRRad]
j > 1, in Tg with all SJ(*) =Id + D](. ) strictly convex, where S™) e {S, §*}
(the same convention for D®) respectively), and T; = T; on (8;,1 — 3;) for

all i > j > 1, where (8;);>1 is a suitable sequence in (0,1/2) with §; \, 0.
Clearly, ng) = limj SJ(*) =: Id—l—D(oz) are then continuous and strictly
increasing on [0,1/2]. They are strictly convex and C*> on each (9,1/2],
0 € (0,1/2), which immediately proves strict convexity on all of [0,1/2].
To show that these functions are in fact C*° on [0,1/2] we need to check

that lim, o+ (DS))®(z) = 0 and (D$))®(0*) = 0 for all k > 1. This
follows by a simple induction from the fact that we shall have |(D(* DWW <
(1 +€j)|(D§*))(k)| for 1 <k < j+1, where ¢ := 277, Finally, Tw, will belong

to Ts, as S%) € S results from the estimate (Dj(:)l)’ < (kj + 5]')(Dj(‘:)1)”
provided below.
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To start the inductive construction at step j = 1, we choose any T} =
[S1,57] € Ts for which each derivative Tl(k), k > 1, is strictly monotone in

a suitable neighbourhood Nj of the fixed points, e.g. ka)

H as above. Let ny := 1, 8 := 1/4. Since §
case, we have

1
S( ZT’“) A< - forj=1andany T € Tgs.

LA R J
For the induc‘mve step assume that for some j > 1 we have constructed
T; =[S, S3 | € 7s with all derivatives monotone near the fixed points, and
found n; > 1 B € (0,1/4) such that

= H|[0,1/2} Wlth

0.1] n~1 3020 Thudh = 1 in any

S ( ZT’“ >d>\< = for any T € Ts with T = Tj on [8;,1 — 3].
"7 k=0
We show that we can do likewise for j 4+ 1 with some 811 € (0,03;/2),
thereby respecting the estimates on derivatives mentioned above. Suppose
without loss of generality that j is even, so that I;41 = Z;. (In case j is
odd, apply the argument to follow to [5’;, S;] obtaining [5’;k 11, 55+1] and take
Tjt1 := [Sjt1,5741].) We shall isolate the main steps of the construction in
the form of four lemmas, whose proofs are deferred to the next section.
The first crucial observation is that no matter how high the degree of
tangency of some strictly convex S € S to the identity may be, we can still
do much better without leaving S:

LEMMA 1 (Locally deforming S€ S towards the identity). For any strict-
ly conver S = 1d+D € S with all derivatives D) k > 1, strictly monotone
on neighbourhoods of 0%, any j > 1, & > 0 and B € (0,1/2) there is a
decreasing family (P1)icpo,1) = (Id+%t)ejo) in S, C" for any r > 1, with the
following properties: @1 = S, D4|(g.1/2) = S|ig,1/2) for all t € [0,1], for each
t € (0,1] the function ¥ is strictly convex with derivatives strictly monotone
around 0%, and there is some n € (0,3) such that {x : Poz = z} = [0,7].
Moreover, we can ensure that for all t € [0, 1] we have ¥ < (kp + €)¥/ on
[0,1/4], and [T < (1 +)|[DW| for 1 <k < j+1.

We apply Lemma 1 with § := S;, € :== ¢, and 3 := 3;, to obtain n > 0
and a family (@¢)e[o,1) in S as specified there. We can thus locally modify
T; = [S’j,S;] near x = 0 to obtain maps [@t,Sj] € 7s, t € (0,1], which are
close to the identity on [0, 7n]. This is perfect for our purpose since the limit
map [Po, S;“] traps all the mass into this now absorbing set:

LEMMA 2 (Mass accumulates in the absorbing set). Let T'=1S, S*| with
S* € S strictly convex and S € S with {Sx = z} = [0,7n] for some n > 0.
Then limy,_ oo S[n T udA =0 for any u € Li(X).
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Let P;) denote the dual operator of &, S}‘-‘], t € [0, 1]. According to the
Lemma 2, there is some n;1 > n; such that

1 nj+1—1 1
— Pl u) A\ < —.
ZSI <nj+1 kZ:o © 3 +1)

We cannot take Tjy1 to be this limit map, as we need strictly convex
branches. However, all the &; with ¢ > 0 are strictly convex and approx-
imate @y in the C'-norm, which by the next lemma is enough to let us
conclude that P(Iff)u — P(%)u in C°.

LEMMA 3 (Continuous dependence of T*u on Cl-branches). Let u €
C([0,1]), S* € S and for S € S let Ps denote the dual operator of [S,S¥|
with respect to A\. For any k > 1, S — Pgu s then continuous as a map

from (S, ller) into (C([0,1]), | - [|co)-

Therefore §, n; LS ! Pk wd) is continuous in ¢, so that if we define
Siyn = 5 and Sjy1 == P4 for some sufficiently small ¢ > 0, Tj11 =
Siv1, 8%, 4] € T still satisfies

J+ +1

J
1 njy1—1 1
T8 w)dy< ——.
V(on X Th) s o

We finally need to provide some space for the modifications to be done
in the subsequent steps of the construction. Let us point out that this does
not depend on the particular class of maps, but works for any nonsingular
System:

LEMMA 4 (Small modifications of nonsingular transformations). Let T
be a nonsingular map on the o-finite measure space (X, A, m), and consider
a decreasing sequence (Bp);>1 in A with limy_,oo m(B;) = 0. Then for any
n>1,u € Li(m), and € > 0 there is some | = l(n,u,e) > 1 such that

||fku—ffu||Ll(m) <e forke{0,1,...,n—1}
whenever Ty is a nonsingular map on (X, A,m) with T, =T on By.
As a consequence, there is some 3;11 € (0, 3;/2) such that

1 nj+1_l/\k 1

n
7z, Nt T,

for any T € Ts with T = Tj41 on [fBj41,1 — Bj41]. This completes the
inductive step and hence the proof of Theorem 1. =
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Observe that if we start our construction with a map 77 € 7s which can
be regarded as a C*° covering map of the circle by identifying the endpoints
of the interval (i.e. if Tl(k)((l/2)_) = Tl(k)((l/2)+) for k > 1), then the same
is true for the limit map 7', as T = Ty for all j > 1 around the critical
point z = 1/2 and the fixed point is flat on either side. However, T' then has
a weak limit measure on the circle, as the two accumulation points of the
measures coincide. Still, a slight modification of the construction yields

THEOREM 2 (Covering maps of the circle). There exist Lebesque exact
C® covering maps of the circle without weak limit measure.

Let us briefly sketch how to construct an orientation-preserving map of
degree 3 with the required properties. (To get a degree 2 map, we need to
reverse orientation.) Take some 3-to-1 map T} from Thaler’s class 7 with flat
indifferent fixed points at z; € {07,1/2,17} (i.e. T{(x;) = 1 and Tl(k) (x;) =0
for k > 2) which is C* on the circle and satisfies (77 — Id)’ < (77 — 1d)”
and monotonicity of derivatives near the fixed points. Then use the same
inductive scheme as before, modifying T} near 0" and 17 if j is even, or near
(1/2)* if 7 is odd, to obtain Tj41. The straightforward formal modifications
are left to the reader.

3. Proofs of the lemmas. We conclude with the technical proofs of
the lemmas announced before.

Proof of Lemma 1. Assume without loss of generality that § is so small
that each D), 1 < k < j + 1, is strictly monotone on [0, 8]. It is enough to
construct S<S satisfying the requirements for ¢y and take &; :=t -5 +
(1—1t)-S, t €0,1]. To this end we let Sz := 2 4+ Dz with D := D o, and
Yo chosen as follows.

Take a,b € (0,5), a < b; then we can choose some concave C* function
F on R with FF = 0 on [b,00) and F/ = 1 on (—o0,a]. For a € (0,1) we
define @, (z) := z + aF(z), z € R. Then ¢, € C*(R), po = Id on [3,00),
and ¢, is strictly increasing and concave, and ¢, (0) < 0, so that there is a
unique zero 7, € (0, ). Notice that for any r > 1, ¢, — Id in C"([0,1/2])
as a \, 0, in particular we have n, — 0.

The function D is C> and increasing with D = 0 on [0,74], D = D
on [b,1/2], and satisfies D < D. The first of these properties immediately
implies that for ¢ € (0, 1] each derivative Wt(k), k > 1, has the same mono-
tonicity behaviour around 0% as D®). As ¢, is affine on [0,a], we have
D® = (1 + a)*D® o ¢, on this set, which in view of the monotonicity
of D®) there shows that |D®)| < (1 +&)|D®| on [0,a] for 1 < k < j+1
provided « is small enough.
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To deal with the D®) on [a,b], we notice that each is a finite sum of

terms of the form const- (D® o p,) - nglgk(wg))ml with 1 < ¢ < k and

m; > 0, and that the only one containing no factor (pg) with [ > 2 (and

hence not necessarily tending to zero as o — 0) is (D®) o ¢,)(¢,)*. By
strict monotonicity of the derivatives, D*) has no zero in [a,b], and we
can conclude that [D®)| < (1 + &)|D®)] on [a,b] for 1 < k < j+ 1 for
sufficiently small. B B
Straightforward calculation finally shows that D' < (kp + €)D" for «
small enough if we recall that ¢/, — 1 and ¢!, — 0 uniformly on [0,1/2] as

a\,0. =

Proof of Lemma 2. We are going to show that M := [0,7) is a sweep-out
set, i.e. U, T "M = [0,1] mod A, implying lim,—cc A(i_o T *M¢) = 0.
The assertion then follows immediately: M being an absorbing set (i.e.
TM C M), we have §, . T"ud\ = SﬂZ:oT"“MC wd.

Let M’ := ZiNT~'M; then T-' M\ M’ = M, showing that the sweep-out
property for M follows once we prove that M’ is a sweep-out set for T|pe.
This however is easily seen, as the map Ty : M°¢ — M°® with Ty = T on
M€\ M’ which maps M’ affinely onto M€ is of type 7 and hence conservative
ergodic on M€ (so that any set of positive Lebesgue measure is a sweep-out
set for Tp). m

Proof of Lemma 3. For T piecewise smooth and onto and (ig, . ..,i,—1) €
I we let Z;,,. i, , = ﬂZ;é T—%Z;, denote the cylinders of order n, and
write fio i, = (T"|z 1)*1 :(0,1) — Zi,.....i,_,- The dual operator
T with respect to Lebesgue measure )\ then has a version which admits a
simple explicit representation as

= /
Tnu = Z uo inv-n,in—l ’ |fi0,...,in,1 ’

(7;07""Z'n—1)€1n

10yeeerip—

It is therefore enough to show that each f;, . ;. , depends C L_continuously
on the Cl'-branch S, which is immediate from the following observations
whose elementary proofs are omitted: Let J and J' be compact intervals;
then the operation of inverting C' diffeomorphisms of J onto J’, g — ¢!, is
C'-C'-continuous. Moreover, for C! maps g : J — J" and f : J' — R the op-

eration of composition (f, g) — fog is continuous as a map C! xC! — C!. =

Proof of Lemma 4. Fix v and n. Writing C; := UZ;(I) T~%B, we have
Tff(lglc cu) = Tk(lclc ~u) for 0 < k < n —1 provided Ty = T on Bj.
Consequently, [[T%u — Tlull,my = 1T"(1c, - u) — TE(le, - w)llLym) <

2|I1¢,ull 1, (m), and this bound decreases to zero as [ — oo: since moT k< m
for each k, we have limy_.. m(T~*B;) = 0 so that C; \, ) mod m. =
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