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SCHUBERT VARIETIES
AND REPRESENTATIONS OF DYNKIN QUIVERS

BY

GRZEGORZ BOBINSKI and GRZEGORZ ZWARA (Torun)

Abstract. We show that the types of singularities of Schubert varieties in the flag
varieties Flag,, n € N, are equivalent to the types of singularities of orbit closures for
the representations of Dynkin quivers of type A. Similarly, we prove that the types of
singularities of Schubert varieties in products of Grassmannians Grass(n,a) x Grass(n, b),
a,bn € N; a,b < n, are equivalent to the types of singularities of orbit closures for
the representations of Dynkin quivers of type D. We also show that the orbit closures
in representation varieties of Dynkin quivers of type D are normal and Cohen—Macaulay
varieties.

1. Introduction. Throughout the paper k£ denotes a fixed algebraically
closed field. All varieties considered are defined over k. Following Hesselink
(see [8, (1.7)] and [1, (8.1)]) we call two pointed varieties (X, z¢) and (¥, yo)
smoothly equivalent if there are smooth morphisms f: Z2 - X, ¢9: Z2 — )
and a point zg € Z with f(z9) = zo, g(20) = yo. This is an equiva-
lence relation and equivalence classes will be denoted by Sing(X,xzq). If
Sing(X,xo) = Sing(Y,yo) then the variety X is regular (respectively nor-
mal) at xo if and only if the variety ) is regular (respectively normal) at yo
(see [7, Section 17] for more information about smooth morphisms).

Let G be an algebraic group acting regularly on a variety X. We are
interested in the types Sing(G * x1,x0), where 2y and 7 are points of X.
The set of all such types will be denoted by Sing(X). Let B be a Borel
subgroup of G. Any B-orbit closure in X will be called a Schubert variety
in X. Recall that X is said to be spherical if it is a normal variety containing
a dense open B-orbit (equivalently, a normal variety containing only a finite
number of B-orbits). We will consider spherical varieties, where G = Gl,, is
a general linear group. By B, we denote a Borel subgroup of Gl,,.

The variety Flag, = Gl,, /B, of full flags is spherical. It is known that
all Schubert varieties in Gl,, /B, have rational singularities (see for ex-
ample [10]). We denote by Sing(Flag) the union | J,,cy Singp, (Flag,). Let P
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be a parabolic subgroup of Gl,,. We may assume that B,, C P. Using the
canonical fibre bundle Gl,, /B,, — Gl,, /P with smooth fibre P/B,,, one can
show that Singp (Gl, /P) C Singpg (Flag,).

Let Grass(n,a) denote the Grassmannian variety of the a-dimensional
subspaces of k™. The product Grass(n,a) x Grass(n,b) equipped with the
diagonal action of Gl,, is also a spherical variety, for any nonnegative inte-
gers a and b with a,b < n. If a + b < n we will denote by O(n,a,b) the
maximal Gl,-orbit of Grass(n, a) x Grass(n, b) consisting of the pairs (U, V)
of subspaces of k™ such that U NV = {0}. Obviously, O(n,a,b) is also a
spherical variety. We put

Sing(Grass?) = U{Sinan (Grass(n, a) x Grass(n, b)); a,b,n € N, a,b<n},
Sing(0) = U{Sinan (O(n,a,b)); a,b,n € N, a+b < n}.

Let Q = (Qo, @1, s,€) be a finite quiver. Here Qg is the set of vertices,
(1 is the set of arrows and s,e : Q1 — Qg are functions such that any
arrow « € (1 has the starting vertex s(a) and the ending vertex e().
We denote by rep(Q) the category of representations of the quiver Q). The
objects of rep(Q) are the tuples V' = (Vi, fa)icQo,ac@,, Where V; are finite-
dimensional vector spaces over k and fqo : Vi) — Ve(a) are k-linear maps.
A homomorphism between two representations V' = (V;, fa)ieQo,acQ, and
W = (Wi, ga)icQo,ac, is a collection (h;)icq, of linear maps h; : V; — W;
satisfying he(q)fa = gahs(a) for any arrow a € Q. Furthermore, the se-
quence dimV (dimy, Vi)ieq, is called a dimension vector of V.

Let d = (d;)icq, € N?° be a dimension vector. We define the affine space
repg(d) as the set of the tuples V = (fa)acq,, Where fo is a deq) X ds(a)-
matrix with coefficients in k for any o € Q1. The product Gl(d) =
Hier Glg, of general linear groups acts on repQ(d) by conjugations

gxV = (ge(a)fag;(ié))ate

for any g = (gi)ieg, € GI(d) and V' = (fa)ac@, € repg(d). The orbits
of this action correspond to the isomorphism classes of the representations
of @ with dimension vector d. We denote by Sing(A) and Sing(D) the set
of types of singularities of Gl(d)-orbit closures in rep(d) for all dimension
vectors d € N9 and Dynkin quivers Q of type A, n > 1, and D,,, n > 4,
respectively. If Q is a Dynkin quiver of type A, and d € N9 then the
Gl(d)-orbit closures in repy(d) are varieties with rational singularities
(see [9] and [3]). The idea of the proof is that

Sing(A) C U{SlngB (Gl, /Q); Q C Gl,, -parabolic, n € N}.

Observe that the latter set equals Sing(Flag). Our main result shows that
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the reverse inclusion also holds, and extends this to the case of Dynkin
quivers of type D.

THEOREM 1. Sing(Flag) = Sing(A) and Sing(Grass?) = Sing(0) =
Sing(D).

An interesting problem is to find if the orbit closures in representation
varieties of Dynkin quivers of type D and E have rational singularities, or
at least are normal or Cohen—Macaulay. We know that they are unibranch
varieties, by [13, Corollary 3] and the connection between the representa-
tion varieties of a quiver ) and module varieties of the corresponding path
algebra k@, established in [4]. From [6, Theorem 2] it follows that the Schu-
bert varieties in O(n,a,b) are normal and Cohen-Macaulay. Moreover, in
the case of characteristic zero they have rational singularities (see [6, Re-
mark 3]). As a consequence, we derive a new result on the geometry of orbit
closures in representation varieties of Dynkin quivers of type D.

COROLLARY 2. Let Q be a Dynkin quiver of type D, and d € N9, Then
the G1(d)-orbit closures in repg(d) are normal and Cohen-Macaulay vari-
eties. Furthermore, they have rational singularities if k is of characteristic
zero.

By Theorem 1, we also obtain the same result for the Schubert varieties
in products of two Grassmannians.

COROLLARY 3. The Schubert wvarieties in Grass(n,a) x Grass(n,b),
a,b,n € N, a,b < n, are normal and Cohen—Macaulay. In addition, they
have rational singularities provided k is of characteristic zero.

The next section contains a reduction of the proof of Theorem 1 to
Proposition 11 about the existence of some special exact functors between
categories of representations of quivers. Section 3 is devoted to the proof
of Proposition 11. For basic background on the representation theory of
algebras we refer to [2] and [11].

We thank Michel Brion for the explanations concerning geometric prop-
erties of Schubert varieties in products of two Grassmannians, and Markus
Reineke for useful comments during the preparation of the paper.

2. Proof of Theorem 1. Let m and n be two positive integers and
M, . denote the affine space of n x m-matrices with coefficients in k. The
group Gl((n,m)) = Gl x Gl,,, acts on M, x,, via (g,h) x f = gfh~1. We
denote by M, x.m, the open subset in M, «,, consisting of the matrices of
rank m. Thus M,,xm can be identified with the set of injective linear maps
k™ — k™. The set M is empty provided m > n. It is well known that the
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canonical morphism
M xm — Grass(n,m), f+— imf,

is a Gl,-equivariant principal Gl,,,-bundle if n > m. Using this fact we shall
construct more complicated principal bundles.
Let Q be a finite quiver and d € N9, Then the set

mono-repg(d) = H M, (o) xdy(a)
a€@Qq
is a Gl(d)-invariant open subset of repg(d). Observe that mono-rep)(d) is
not empty if and only if dg(o) > dy(q) for any arrow a € Q.

LEMMA 4. Let Q) be the equioriented Dynkin quiver of type A,

Onp—2 Qn—1
—_—

1392 (n—1) ——n
and d = (dy,...,d,) = (1,...,n) € N9 Then the map
7 : mono-repg(d) — Flag,,,
which sends a tuple V = (fa,)1<i<n—1 to the flag
(0 Cim(fo,, yfan o« fagfar) C .. Cim(fa, oy fon o) Cim(fa, 1)),
is a Gl,-equivariant principal H-bundle, where H = H;:ll Gl;.
Proof. Let @ be the quiver

B2 Brn—2
B1
n

Since the set @0 of vertices of Q equals Qq, the variety mono—repé(d) is
defined. Consider the following commutative square:

(-2  (n-1)
Bn—1

mono-rep(d) ——— mono-rep (d)
ﬂl J{Q
Flag, — 172} Grass(n, i)

where
Z((fai)1§i<n) = (fan_1fan_o - Jasfars- s fan_1fan_o fan_1),
jocwvicVeC...C V1 CEY)=(V1, Vo, ..., V1),
Q((fﬂi)1§i<n) = (imfﬂwim fﬁQv o, im fﬁn—l)'

The morphisms ¢ and j are closed immersions equivariant with respect to

the action of Gl(d) and Gl,,, respectively. Moreover, the morphism g is a
product of the canonical morphisms

M i — Grass(n,i), 1<i<n.
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Then g is a Gl,-equivariant principle H-bundle and, consequently, the same
holds for m, since the above commutative square is cartesian. m

We glue two copies of the quiver considered in the above lemma. More
precisely, let Q[n]| denote the following Dynkin quiver of type Ag,_i:

o g0, Anmt g, et 9 9y B g — 1)

and d[n] = (1,2,...,n—1,n,n—1,...,2,1) € N(@"o_

PROPOSITION 5. Singgjqp,)) (mono-repgy,(d[n])) = Singg, (Flag,) for
any n € N.

Proof. Consider the variety Flag, x Flag, equipped with the diagonal
action of Gl,. Since the Gl,,-equivariant projection

Flag, x Flag, — Flag,, (f,f)— f,
is a fibre bundle with the B,-variety Flag,, as a typical fibre,
Sing,, (Flag,, x Flag,,) = Singp (Flag,,).

We shall identify Gl(d[n]|) with Gl, xH x H, where H = H?;ll Gl;. By
Lemma 4, the Gl,-equivariant morphism

T : mono-repgyp, (d[n]) — Flag, x Flag,,
which sends a tuple V' = (fa;, fg,)1<i<n—1 to the pair of flags

(0 Cim(fa, yfon_o---fasfar) C oo CIimM(fa,_y fan,_o) Cim(fa, ,),
0 Cim(fs, 1 fgn_n---foufp) C .- Cim(fs, s fp,_,) Cim(fs,_,)),

is a principal H x H-bundle. In particular, the inverse image 7—! induces a
bijection, preserving closures and their types of singularities, between the set
of Gl,-orbits in Flag, x Flag,, and the set of Gl(d[n])-orbits in the variety
mono-repgy, (d[n]).

As a direct consequence of the above proposition we get the inclusion
Sing(Flag) C Sing(A). As was mentioned in Section 1, the reverse inclusion
follows from [9] and [3]. However, we give a different proof, which will be
easily generalized to the case of Dynkin quivers of type D.

We shall use three operations on pairs (@, d), where @ is a quiver and
d € N9 a dimension vector. The first operation was introduced in [5, Sec-
tion 5.2], and makes it possible to shrink an arrow o € Q1 with s(a) # e(«)
and dg) = de(q)- For example, if we perform the first operation on the
quiver

B i % wony 6
1——2 ;2 —3
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with the dimension vector (dy,dy, dor,d3) = (2,6,6,9) and on the arrow o,
we get the quiver

1-5 0 9 .3

~

with the dimension vector (di,ds,ds) = (2,6,9). Let Q denote the quiver
obtained from @ by removing « and identifying the vertices s(«) and e(«).

Furthermore, let d € N be the dimension vector obtained from d by
identifying the two equal coordinates dy,) and de(q)-

LEMMA 6. Assume that the pairs (Q,d) and (Q,d) are as above. Then
Singgj(g)(mono-repg(d)) = SingGl(a) (mono-repg (d)).
Proof. We have the obvious projection of varieties
7 : mono-repg(d) — mono—rep@(a).

From the definition of the varieties mono-rep,(d) we conclude that f, is
a bijection for any tuple V' = (fg)seq, € mono-repy(d). Hence the claim
follows from [5, Section 5.2]. =

The second operation replaces one arrow by two. Let () be a quiver
with a dimension vector d € N9, Choose an arrow a in @; such that
de(a) — ds(a) = 2, and an integer b such that dyq) < b < dg(). We define a

new quiver @ in the following way. The vertices of @) are all the vertices of Q)
and a new vertex x, while the arrows of () are all the arrows of () except «,
and two new arrows o’ : s(a) — z and o” : x — e(«). Furthermore, we put
d to be the extension of the dimension vector d by a new coordinate Jx =b.

LEMMA 7. Assume that the pairs (Q,d) and (@,&) are as above. Then
any type of singularity in a closed irreducible Gl(d)-invariant subset of the
variety mono-repg(d) appears as a type of singularity of some closed irre-

ducible G1(d)-invariant subset of mono—repé(a).
Proof. We have the obvious map
' mono—rep@(a) — mono-repg(d),
changing only two components f, and f,~ of a tuple V = (f3) 8O into
one component fo = for for of 7' (V) = (f3)seq,- According to the decom-
position Gl(d) = GI(d) x Gl,, the map « is Gl(d)-equivariant and Gl,-
invariant. Hence it suffices to show that 7’ is a bundle with irreducible and

smooth fibre. Let a = dy(q) and ¢ = dg(,). Thus a < b < c. Observe that the
morphism 7’ is obtained by a base change from the morphism

T mono—repla_/ﬂa_//)g((a, b,c)) — mono—repli)g((a, c)),
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sending a pair (fu, forr) to its composition f,~ f,. Hence we may replace
7' by 7. If we assume that Gl acts trivially on mono-rep, -, 3((a, c)), then
7 is G1((a, b, ¢))-equivariant. Since both varieties are G1((a, b, ¢))-orbits, the
morphism 7 is a fibre bundle with smooth fibres. To show that the fibres
are irreducible it suffices to prove that the isotropy group Gl, xH of an
element V' € mono-rep, o, 3((a, c)) is irreducible. The latter follows from the
fact that H can be identified with an open subset of the k-algebra Endg(V)
of endomorphisms of the representation V. =

The last operation adds a new arrow. Let (Q be a quiver with a dimension
vector d € N®0. Choose a vertex v € Qo with d, > 2, and a positive integer
a such that a < d,. We define a new quiver @ obtained from @ by adding
a new vertex x and a new arrow ( : x — v. Furthermore, let d be the
extension of the dimension vector d by a new coordinate d, = a.

LEMMA 8. Assume that the pairs (Q,d) and (Q,d) are as above. Then
any type of singularity in a closed irreducible Gl(d)-invariant subset of the
variety mono—repQ(d) appears as a type of singularity of some closed irre-

ducible GI(d)-invariant subset of mono—rep@(a).

Proof. Let b = d,. We have the obvious projection
T mono—rep@(a) — mono-repg(d),

which is a trivial bundle with irreducible smooth fibre Myy,. According to
the decomposition Gl(d) = Gl(d) x Gl,, the map 7 is Gl(d)-equivariant and
Gl,-invariant. Now the claim follows easily. m

PROPOSITION 9. Let m €N, d = (dy,...,dom_1) € NI gnd n=d,,.
Then any type of singularity of the closure of a Gl(d)-orbit in the variety
mono-repgpy, (d) is a type of singularity of some Gl(d[n])-orbit closure in
mono-repgyy, (d[n]).

Proof. Observe that the set mono-repgp,(d) is not empty if and only if
dl < Sdmzdm—i-l > ---Zde—l-

We may assume that the above inequalities hold. There exists an itera-
tion of the operations described above which leads from (Q,d) to the pair

(Q[n],d[n]). In each intermediate step we get a Dynkin quiver @ of type A.
It is well known that the variety rep@(d) consists of finitely many Gl(d)-
orbits. This implies that any irreducible closed Gl(d)-invariant subset of

mono—repé(a) is the closure of some Gl(d)-orbit. Hence the claim is a con-
sequence of Lemmas 6-8. u



292 G. BOBINSKI AND G. ZWARA

We illustrate the operations used in the proof of Proposition 9 by an
example. Consider the pair

B3

(1/’7_1) 1" ’7_2)4<_ B2

5426, (1,1,4,3,2)).

After the first operation performed on the arrow v, we get

(1242526 (1,4,3,2).

Now, if we apply the second operation to the arrow o with b = 2 we obtain

B2

&5&

(12254 6, (1,2,4,3,2)).

Applying once again the second operation, this time to the arrow 3 with
b =3, we get

5

a2

—>3ﬂ>4<&

(1252 6, (1,2,3,4,3,2)).

Finally, after the third operation performed on the vertex 6 with a = 1, we
obtain (Q[4],d[4]).

Let @ and @' be quivers and @ : rep(Q)) — rep(Q’) an exact func-
tor. There exists a linear operator 7 : Z20 — Z% such that dim®(U) =
n(dimU) for any U € rep(Q). Furthermore, for each dimension vector
d € N% there is a regular morphism

o) . repQ(d) — repQ/(n(d))

corresponding to the functor @. We say that the functor @ is hom-controlled
if there is a bilinear form & : Z90 x Z9 — 7 such that

dimy, Homg/ (@(U), @(V)) — dimy, Homg (U, V) = {(dim U, dim V)

for any U,V € rep(Q). The following result, which justifies the introduc-
tion of the above notion, follows from [12, Theorem 2| (see also [4] for the
geometric relations between the varieties of representations of Q and Q’,
and the varieties of modules over the path algebras kQ and kQ’, respec-
tively).

PROPOSITION 10. Let Q and Q' be quivers without oriented cycles and
® : rep(Q) — rep(Q’) a hom-controlled functor. If U,V € repy(d) and

V € GI(d) U, then D (V) belongs to Gl(n(d)) » ¢ (U) and

Sing(Gl(n(d)) x 8D (U), s (V)) = Sing(Gl(d) x U, V). =

Recall that the Auslander—Reiten quiver I'g of a Dynkin quiver @ is the
translation quiver whose vertices are representatives of isomorphism classes
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of indecomposable representations of @), there is an arrow X — Y in I
if and only if there is an irreducible map X — Y and the translation is
induced by the Auslander-Reiten translate 7¢. If S is a set of vertices of I
then we denote by add S the smallest full subcategory of rep(Q) containing
the vertices from S which is closed under direct sums and isomorphisms. We
have the following method of constructing hom-controlled functors between
the categories of representations of quivers. The proof of the proposition
below is contained in Section 3.

PROPOSITION 11. Let Q and Q' be Dynkin quivers and F : I'g — Iy
an injective morphism of translation quivers such that F(I'q) is a full sub-
quiver of I'gr. There exists a hom-controlled functor F : rep(Q) — rep(Q’)
having the property F(M) € addS for each M € rep(Q), where S is the
set of all vertices L of I'g such that either L belongs to the image of F
or there is an arrow L — Fx in Ig for some nonprojective verter X
m FQ.

Let mono-rep(Q[n]) denote the full subcategory of rep(Q[n]) consisting
of representations V = (Vi,fa)ie(Q[n})O,ae(Q[n])l such that all maps f, are
injective. We have the following observation.

LEMMA 12. Let @ be a Dynkin quiver of type A,, n € N. There ex-
ists an injective morphism F : I'g — Iqp, of translation quivers such
that F(IQ) is a full subquiver of I'gp) and Fx € mono-rep(Q[n]) for each
X e FQ.

Proof. The precise proof of the above lemma uses induction on n. Since
it is an easy exercise in the representation theory of quivers of type A,,, we
will not present it here. However, in order to make things more accessible
to nonexperts in representation theory we illustrate the situation by the
following example.

Let n =5 and @ be the quiver

1-2—>3+4—5.
Then Iy has the form

and I}, has the form
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The vertices of I'g,) which belong to mono-rep(Q[n]) are precisely the ones
contained in the solid square. Furthermore, the dotted lines indicate the
morphism F'. =

We derive the following consequence from the facts presented above.

PROPOSITION 13. Let @ be a Dynkin quiver of type A,, n € N. Then
there is a linear operator n : Z20 — Z@o such that for each dimen-
sion vector d € N2 any type of singularity of a Gl(d)-orbit closure in
repo(d) is the type of singularity of the closure of a Gl(n(d))-orbit in
mono-repg;,) (n(d))-

Proof. Tt follows from the properties of the subcategory mono-rep(Q[n])
that if L — L' is an arrow in I'gp, with L' € mono-rep(Q[n]) then also
L € mono-rep(Q[n]). Thus Lemma 12 and Proposition 11 show that there
exists a hom-controlled exact functor @ : rep(()) — mono-rep(Q[n]). Using
Proposition 10 we get our claim. =

Proof of Theorem 1. The first equality Sing(A) = Sing(Flag) follows
from Propositions 5, 9 and 13. Obviously, Sing(0) C Sing(Grass?). We shall
explain how to change these propositions in order to show the inclusions
Sing(Grass?) C Sing(D) C Sing(O).

First, we redefine Q[n] to be the following Dynkin quiver of type D,,o:

(n+1)

»
-

1 aq 2 g An—2 (’)’L— 1) Qn—1 n

@D
NS

(n+2)
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and put d[n,a,b] = (1,2,...,(n — 1),n,a,b) € N@mo for any n,a,b €
N with a,b < n. For any d € N@M)o et O—repQ[n}(d) denote the open
subset of mono-rep(Q[n]) consisting of the tuples V' = (fa)ae(qpn)), such
that im fz, Nim fg, = {0}. Note that O-repgp, (d) is nonempty if and only
if a+b < n. We get a new version of Proposition 5.

PRrROPOSITION 14. For any n,a,b € N with a,b < n we hawe

Singqi(dpn,a,5)) (Mono-repgp, (d[n, a, b))
= Singp (Grass(n,a) x Grass(n, b)),

SingGl(d[n,a,b]) (O_repQ[n] (d[na a, b])) = Sinan (O(na a, b))

In particular, Sing(Grass?) C Sing(ID). Applying the three operations
to pairs (Q[I],d), I € N, d € N@Ho | which do not change the two special
arrows (31 and [y in Q[l], we get a result similar to Proposition 9.

PROPOSITION 15. Let m € N, d = (dy,...,dp o) € NQMo pn — g
a = dmt1 and b = dpyo. Then any type of singularity of the closure of
a Gl(d)-orbit in the variety O-repgpy,(d) is a type of singularity of some
Gl(d[n, a, b])-orbit closure in O-repgy, (d[n, a,b]).

To prove the above proposition we use Lemmas 6-8 replacing the vari-
eties mono-repy(d) by O-rep((d) for appropriate pairs (@, d).

Let O-rep(Q[n]) denote the full subcategory of mono-rep(Q[n]) consist-
ing of the representations V' = (V;, fa)ic(Qn))o,ac(Qr)), Such that im fg N
im fg, = {0}. The full subquiver of I Q[n] consisting of the vertices belonging
to O-rep(Q[n]) is a translation quiver of the following shape:

[ ) [ ) [ ] [ ]
AN AN S NN AN S
ReATReTY i S

N7 N . ' SN

N \,./ N

NSNS
. [ [ .
NN AN

[ ) [ ) [ ]

NN A
[ ] [ ]
NS
[ )

with n + 2 7-orbits, the longest three orbits consisting of n vertices. Let @
be a Dynkin quiver of type D,,,, m > 4. Then there is an injective morphism

F:I'g— Igp

such that the vertices of F'(I'g) correspond to indecomposable represen-
tations from O-rep(Q), where n = 2m — 3. As an illustration of such a
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morphism we consider the Dynkin quiver @ of type Ds

4
1—2—3
N
5
Then I'p has the form
[ J [} [ J [ J [ J
N AN AN AN S
® % e 3% e
NSNS NS N
[} [ J [ J [ J
NN SN SN
[ ] [ ] [ [ ]
and Iy has the form
N
.3.
[ J
NN
. : ° °
.............. S SRS S AN
[ J [ J
NoA 2N A N
[ J [ ] [ ] [
VAN AN A N A N A N A
[} [} [}
A A N A N A N A N A N AN
[} [} [ ] [ ] [ ] [ ]

The vertices of I'g;; which belong to O-rep(Q[7]) are precisely the ones
contained in the solid polygon. Furthermore, the dotted lines indicate the
morphism F'. Applying Proposition 11 we get the following new version of
Proposition 13.

PROPOSITION 16. Let Q be a Dynkin quiver of type D,,, m > 4, and let
n = 2m — 3. Then there is a linear operator n : Z20 — ZQMo sych that
for each dimension vector d € N9 any type of singularity of a Gl(d)-orbit
closure in repg(d) is the type of singularity of the closure of a Gl(n(d))-orbit
in O-tepgyy (n(d)).

Combining Propositions 14-16 we get Sing(D) C Sing(O). =

3. Proof of Proposition 11. Throughout this section, by an alge-
bra we will mean a finite-dimensional k-algebra and by a module a finite-
dimensional left module. We will denote the category of A-modules by
mod A. All categories considered will be k-categories and functors will be
k-functors. If A is a category then we denote by rad 4 the Jacobson radical
of A. For an algebra A we abbreviate rad,oq 4 by rad .
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Let A be an algebra. We will denote by I'4 the Auslander—Reiten quiver
of A, i.e. the translation quiver whose vertices are representatives of isomor-
phism classes of indecomposable A-modules, the number of arrows between
X and Y equals dimy, rad 4 (X, Y)/rad% (X, Y), and the translation is induced
by the Auslander—Reiten translation 74.

Recall that if A and B are algebras then a functor F : mod B — mod A
is exact provided for each exact sequence

(1) 0:0—M" LML Mo
in mod B, the induced sequence

Fo:0—FM" 25 rm L Fvr — o

in mod A is also exact. Moreover, we call the functor F hom-controlled if F
is exact and there exists a bilinear form £ : Ko(mod B) x Ko(mod B) — Z
such that

[FM', FM"4 — [M', M"]5 = £(dim M’, dim M")
for any M’, M"” € mod B. Here and later we use the notation [U,V]4 =
dimy, Hom4 (U, V') for two objects U and V of a category A and we abbre-

viate [U, V]moda by [U,V]a if U and V are modules over an algebra A. For
a sequence (1) in mod B and N € mod B we define

(59(]\7) = [M’@M”,N]B — [M,N]B
and dually
6°(N) = [N,M' & M"|g — [N, M]5.

From the definition of the Grothendieck group Ky(mod B) it follows that
an exact functor F : mod B — mod A is hom-controlled if and only if

Sr9(FN) =89(N) and 67°(FN) = 6°(N)

for each short exact sequence # in mod B and N € mod B.

Recall that an algebra B is representation directed provided the Auslan-
der—Reiten quiver I'p of B is a finite directed quiver. The aim of this section
is to prove the following.

PROPOSITION 17. Let A be an algebra, B a representation directed al-
gebra and F : I'g — I’y an injective morphism of translation quivers such
that F(I'g) is a full subquiver of I'y. Then there exists a hom-controlled
exact functor F : mod B — mod A having the property F(M) € add S for
each M € mod B, where S is the set of all vertices L of I'4 such that either
L belongs to the image of F or there is an arrow L — Fx in I's for some
nonprojective vertex X i I'p.
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As a consequence of the above we obtain Proposition 11. Indeed, for a
Dynkin quiver @ the category rep(Q) is equivalent to the category mod kQ,
where k() is the path algebra of ). Using this equivalence we may identify
I'g with I'g and 720 with Ky (kQ). Finally, I, @ is a finite directed quiver
provided @ is a Dynkin quiver.

Given a translation quiver I" we will denote by I the set of vertices of I,
by I the set of arrows of I" and by I} the set of nonprojective vertices of I'.
We will also denote by kI’ the mesh category of I', i.e. the path category
of I' modulo the mesh ideal. Recall (see for example [11]) that the path
category of I' is a Krull-Schmidt category whose indecomposable objects
are the vertices of I', for two vertices z and y of I' the homomorphism
space is the linear space with basis formed by all paths from z to y, and
the composition of maps is induced by the composition of paths. The mesh
ideal is the ideal in the path category of I' generated by all maps of the
form ", «;f;, where

Y1

B1 i

Y2
L7
T . T
Ym

Let I' be a translation quiver and A a category. A representation G :
I' - Aof I'in A is a system (Gu,Ga)zery, acr of objects Gy, x € I,
of A, and maps G, : Gy — Gy, o : * — y, in A. If the representation G
satisfies the mesh relations, that is, Y ;" Go,Gp, = 0 for each mesh in I’
of the form (2), then we have an induced functor kI" — A defined in the
obvious way.

is a mesh in I

Let A be an algebra and G : I' — mod A a representation of a translation
quiver I". We call G ezact if for each mesh 6 in I" of the form (2) the induced
sequence in mod A

Gg. tr m Ga'
GH:OHGTI%GBG%MGQCHO
i=1
is exact. We call the representation G hom-controlled if G is exact and
6ao(G.) = 0g(z) and 69°(G,) = 6%(2)

for each mesh 6 and vertex z in I', where for a mesh 6 of the form (2) we



SCHUBERT VARIETIES 299

put

IV

.
Il
—

09(2) = [z, 2lkr + [T2, 2]k — ) [Wis 2Jkr,

IV

.
Il
—

6%(2) = [z, xler + [z, 2ler — Y 2, Yiler-

Note that each exact representation GG : I' — mod A satisfies the mesh
relations, thus G induces a functor kI" — mod A. Recall that an algebra A
is called standard provided the categories kI'4 and mod A are equivalent.
Hence, if A is a standard algebra and G : 'y — A is an exact representation
then we have an induced functor mod A — A. The following observation is
fundamental for the proof of Proposition 17.

LEMMA 18. Let B be a representation finite standard algebra and A an
algebra. If G : I'g — mod A is a hom-controlled representation then the
induced functor F : mod B — mod A is hom-controlled as well.

Proof. For a short exact sequence 6 in mod B let Ag := - xc(r,), d0(X).
We prove inductively on Ay that the sequence F6 is exact and §zp(FX) =
89(X) and 67%(FX) = §%(X) for each X € (I'g)o. Since every B-module is
a direct sum of indecomposable ones and the vertices of I'g constitute a full
set of representatives of isomorphism classes of indecomposable B-modules,
this will finish the proof.

Note that Ay = 0 if and only if # splits. Thus we may assume Ay > 0
and for any short exact sequence 6’ in mod B with Ay < Ay the sequence
FO is exact and we have dz¢ (FX) = 6p(X) and 67 (FX) = 6 (X) for
each X € (I'p)o. Let 6 be of the form

0—M" %ML v —o,
Since Ay > 0 the sequence 0 does not split. In particular, there exists an
indecomposable direct summand M of M’ such that the map p; f does not
split, where p; : M’ — M] is the appropriate projection. Let M} = ker p;
and py : M — M) be the projection along Mj, that is, (g;) M —
M| ® M), = M’ is the identity map. Since p; f is an epimorphism which does
not split, M cannot be projective. Let

01:0— 7M; 5 N5 M —0

be an Auslander—Reiten sequence. Using the fact that p;f is not a split
epimorphism we get a map h : M — N such that p;f = uwh. Denote by
R" : M" — tpM] the map induced by h, that is, vh” = hg. Because
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0 M —L M / M 0

lh” @) l(pff)(gldgﬂ,)

2

0 —— M| —= N @ M, M| @& M) ——0

is a commutative diagram with exact rows, the sequence

() (par 0)
QQ:OHM//LM@TBM{&N@Mé_’O

is exact. By easy calculations we have §g(X) = dg, (X)+dg,(X) and 6?(X) =
§%1(X) +0%(X) for each X € (I'p)o. In particular, we have Ag = Ag, + Ay, .
Since Auslander-Reiten sequences do not split we have Ay, > 0. Conse-
quently, Ay, < Ay, and by the inductive hypothesis the sequence F05 is
exact and we have 6xg,(FX) = 6p,(X) and 67%(FX) = §%(X) for each
X € (I'p)o. Moreover, from the assumptions on G it follows that F6; is
exact and we have 6xg, (FX) = 8, (X) and 679 (FX) = 6% (X) for each
X € (I'p)o. Since F6; and F6, are exact, the commutative diagram

Fg Ff

0——— FM” FM FM ————0
” Fh
th (%) J(f(mf))<f()u Idf0Mu> H
0—— F(rgM}) S FN @& FM), —— 2/ FMI & FM, ——0

shows that F0 is exact. Finally, by obvious calculations we get
0ro(FX) = 0r9, (FX) + 670, (FX) = 0, (X) + 09, (X) = do(X)
and
87U FX) = 070 (FX) + 67 (FX) = 6"(X) + 6%(X) = 6% (X)
for any X € (I'g)o. =

From now on we use the notation of Proposition 17. Since B is a rep-
resentation directed algebra, we know that B is standard (see for example
[11, Lemma 2.3.3]). In particular, we may identify the arrows of I'p with
the corresponding maps in mod B.

Let pz : Pz — Z be a projective cover of an indecomposable B-module Z.
Then for any B-module M, the map pz induces the inclusion (pz, M)p :
(Z,M)p — (Pz,M)p of k-vector spaces, where (—, M)p = Homp(—, M).
We will denote Coker(pz, M)p by (Z,M). If f : M — N is a B-homo-
morphism then f induces a map (Z, M) — (Z, N) which will be denoted
by (Z, f). It easily follows that in this way we obtain a covariant functor
(Z,—) : mod B — mod k. Other properties of (Z, —) are the following.

LEMMA 19. Let Z be an indecomposable B-module and

(3) 0-M' LML M0
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an exact sequence in mod B. Then (Z,g) is a monomorphism, (Z, f) is
an epimorphism and (Z, f)(Z,g9) = 0. Moreover, if the sequence (3) is
an Auslander—Reiten sequence then im(Z, g) = ker(Z, f) if Z # M' and
ker(Z, f)/im(Z, g) ~ k if Z ~ M.

Proof. We have the following commutative diagram with exact rows and
vertical maps being monomorphisms:

0—— (Z, M)y —222 iz —ED2 7y,
J(pZJV[")B J(vaM)B J(pLMI)B
0—— (Pz,M")p Fz.9)s (Pz, M) SRl (Pz, M) g ——0

This implies the first part of the lemma. Assume now that (3) is an Auslan-
der-Reiten sequence. Then im(Z, f)p = radg(Z, M') and

1, Z~M,

dimy Hompg(Z, M") /radp(Z, M') = {0 Z %M
, . n

We define a translation quiver I" in the following way. The vertices of I’
are X € (I'g)o, and Wx for X € (I'p)), the arrows are o € (I'p); and
Yx : BX — Wx, ¢x : Wx — X for X € (I'p)j, and the translation
in I" is just 7. Recall that (I'); denotes the set of nonprojective vertices
of I'g. Note that all new vertices of I" are projective-injective ones. As I'p
is a finite directed quiver, the same holds for I'. Consequently, there exists
a positive integer n such that radj, = 0, since for any vertices W/ and W”
of I', rad- (W', W") is a k-linear subspace of Homy (W', W") spanned by
all paths from W’ to W” of length at least m.

We illustrate the above construction by the following example. Let B be
the path algebra of the quiver « — e < e — . Then I has the form

where we denoted by asterisks the new vertices and by dashed arrows the
new arrows.
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If
Y1
AN
(4) S ¢
Y
is a mesh in I'p, then we put Vx = @;", Y; ® Wx and set
B1
vx = ﬁ X = Y16...8Y, ® Wy,
v

nwx = (al,...,am,gbx) Y16...9Y,,oWx — X.
We want to define a representation G : I'y — kI' having some desired

properties to be stated later. First we define Gx for the vertices X of I'p.
We put

Gx =X ®Uyx, where Uyx = @ Wy @ (Z,X).
Ze(I's)g
If : X — Y is an arrow in I'g, then we will denote by U, : Ux — Uy the
map induced by the maps Wy @ (Z,a) : Wz @, (Z,X) — Wz Qi (Z,Y),
Z € (I'p)y- The crucial properties of the above assignment are collected in
the following lemma.

LEMMA 20. Consider a mesh in I'g of the form (4). Then there exists
an isomorphism hx : @;’;1 Uy, — Wx ® Uryx @ Ux with the following
properties:

.. (Uﬁi)tr m hx
(1) The composition U, x —— @, Uy, — Wx®U-,xDUx equals

0
(+3)

0
(Ua;)

h71

(2) The composition Wx @ U,,x ® Ux —— @B, Uy, —— Ux equals
(0,0,1dyy ).

Proof. This is a direct consequence of the properties of the functor (Z, —)
presented in Lemma 19 and the well known fact that monomorphisms and
epimorphisms in mod k split. =

For simplicity we will identify @@ Uy, and Wx @ U,,x ® Ux via hx. We
denote by vxy; and oy, x the maps Wx — Uy, and Uy, — Wx induced by
the equality @;", Uy, = Wx & Ur,x @ Ux.
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We want to define representations G : I'y — kI', n > 2, such that
Gg?) = Gx, X € (I'p)o, and for each mesh in I'p of the form (4) we have

vx Y2
() (G(g?))tr = 0 Vo) :mX®Uyx — Vx ®Urpzx @ Ux,
P31 W3

)y _ (kx P12 0\
(Gai)_<d521 Do @23>’VX@UTBX®UX_>X@UX’

(II) ng, W12, lpgg, @12, @21, @22 € I’adkp, WQQ and @23 are iSOHlOl"phiSIHS,
(II) Po1vx + PasWsi, px Wi + P12Was, Po1W12 + PaoWas + Po3¥ss € rady .

Obviously we only need to define G’((ln) for arrows a of I'p.

We define G,(f) fora: X —Y by
@) _ a dvoxy\
Ga B <’YT§1X,Y¢T§1X Ua ) A OO =Y el

Note that the map ¢yox y is defined only for Y nonprojective. If this is not

the case then we replace it by the zero map. The same remark applies to

V.-1x y¥.-1y, which is defined only for noninjective X. For a mesh in I'g of
B ’ B

the form (4) we have (G(;i))“(TBX) C Vx and the induced map equals vx.
Moreover, the induced map U, x — Wx ® Uryx @ Ux is

0
(Us)" = | W,
0
by Lemma 20 and the induced map U,,x — Y; belongs to rad; . Thus
) vx P12
(Géi))tr =10 Iy, x|:X0Upx = Vx ®Urpx ®Ux
0 0

with @19 € radg . Similarly one shows that

(G = (g; 8 Id?]X> Vyx ©Uspx ®Ux — X @ Uy,
where @91 € radir. The above remarks imply that G gatisfies condi-
tions (I) and (IT). Direct calculations show that condition (III) also holds.
Assume now that n > 2 and we have defined the representation G
satisfying conditions (I)—(III). Since B is representation directed we may
number the nonprojective vertices X1, ..., X; of I'z in such a way that
if X, precedes X; in I'g then s < t. We want to define representations
GtLs) . g kI', s =0,...,1, such that GE?H’S) = Gx for any vertex X
of I'g, and for each mesh in I'p of the form (4) with X = X; conditions (I)
and (II) hold together with the following new version of condition (III):
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(IIT") Po1vx + DPos¥si, px Wiz + P12Was, Po1 W12 + PoaWar + Po3Wss € radf
if t > s, and Po1vx + Po3Ws1, ux W12 + P12¥22, P21W12 + PooWos +
@23@32 S radzlfl if ¢ < s.

Obviously we may put G150 = G,

Let s € {1,...,1} and assume we have defined G("*+1:5=1) with the desired
properties. Let X = X, and consider the mesh in I'p of the form (4). We
have

vy Y12
(G(:L_'_l’s))tr = 0 WYy | : 78X UTBX — Vx @ UTBX e Ux,
Y31 V3o

i Do1 Doo Do3
with fo1 = ®o1vx + Po3W31 € radyy, fi2 = pxWi2 + P12¥a2 € radyyr and
oz = Py Wy + PoaWy + BosWsy € radyp. We define G+19) by
G(an—i—l,s) — G((X”"‘lvs_l), « ?é ai)ﬁi’
1 vx 4P
(G(B?Jr Sytr = 0 Va2 | : T X & Urpx — Vx ® Urpx ® Ux,
U3 — oy for Use

(Gg?—’_l’s)) _ (NX P12 0 ) Vyx @ Uryx @ Ux — X @ Uy,

1
(nt1s)y _ (Hx Pz — f12¥y 0 )
(Ga™") <¢21 Bog — faaly' Dog) Vx ®Urax ®Ux — X & Ux-

Note that

1 - 0 0
G(ﬁ’f ) — G(ﬁ?“’s R <g21 0) 11X O Urpx — Yi © Uy,
where go1 € radj . This follows since Y; is a direct summand of Vy, Uy; is
a direct summand of Vx @ U,,x ® Ux and fo; € radj,. Similarly,

Gintls) — qlntls=l) 4 <O gm) Y, @ Uy, — X & Uy,
: : 0 g2

where g12, g22 € rad} . This is again a consequence of the facts that Y; is a

direct summand of Vx, Uy, is a direct summand of Wx ® U;,x ® Ux and

f12, fa2 € radj . These observations play a fundamental role in the proof of

the following lemma.

LEMMA 21. The representation G"1%) satisfies conditions (I), (II)
and (III).

Proof. Condition (II) holds by the inductive hypothesis, since G((I”H’S) —
GEXRH’S_I) € rady for any arrow « in I'p. In order to verify the remaining

conditions assume that
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i
AN
/ . O/Z X/

X' 2

PN
Y/

is a mesh in I'p with X’ = X;. Note that if X' # X,Y;,75Y; for any
i then (G(BZH’S))tr = (G(ﬁzﬂ’s_l))tr and (Gg;“’s)) = (Gg;“’s_l)). Hence
(I) and (IIT") are satisfied by the inductive hypothesis, since t # s, and
consequently ¢t < s if and only if t < s — 1.

Assume now X’ = Y; for some i. In particular, ¢ < s. Since B is
representation directed it follows that ﬁ; # aj,3; for any p and j. Thus

(Ggf“’s))tr = (GE;}H’S_I))“ and the first part of (I) is satisfied by the in-
P p

ductive hypothesis. We also have a; # «a; for any p and j. On the other
hand, we have o/q = f; for some g and 041’0 # Bj for p # q or j # i (note that

there are no multiple arrows in I"). It follows from the above remarks about

the connection between Ggﬂ’s) and G/(B,T;H’S_l) that

- 0 00
(G = (@) + <q§// 0 0> Ve @ Upgxr © Uxr — X' @ Uy
21
for some @, € radjr, since 73X is a direct summand of Vs and Uy, = Ux-.
This and the inductive hypothesis imply the second part of (I). Finally, by
direct calculations and the inductive hypothesis we obtain
(n+1,s) (n4+1,8)\tr __ (n+1,s—1) (n+1,5—1)\tr 0 0 .
(Ga; )(Gﬁ; ) - (Ga; )(G/@z/) ) + (@/2/11/)(, @glwb) :
TBX/@ UTBX’ - X'® Ux/

for some ¥{, € rad,. Using again the inductive hypothesis we get (IIT'),
since 94, € rady, and vx,¥{y € radgr.

If X’ = X, and thus ¢ = s, then (I) and (IIT') follow immediately from
the definition of G("+1:%).

Finally suppose X' = 757, thus 7 X’ = Yj, for some j. In particular,
t > s. Similarly to the case X' =Y; we obtain (Ggfﬂ’s)) = (GEZH’S_D) and

(n+1,5)\tr (n+1,8)\tr 0 Wi% / y
(Gﬁ/ ) = (Gﬁ, ) +10 W%/Q : TBX @UTBX’ — VX’ EBUTBX/@UX
1 k2 O W32

for some Wi, Wy, Wi, € rad} . These remarks together with the inductive
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hypothesis imply that (I) is satisfied. Condition (III") follows by direct cal-
culations from the above observations and the inductive hypothesis. =

We put Gt = G(»+1D  Ag an obvious consequence of the previous
lemma, the representation G("*1) satisfies (I)~(IIT). This finishes the induc-
tive construction of the representations G, n > 2.

Recall that there exists a positive integer n such that rad;, = 0. We fix
it and define G = G . We summarize properties of G in the following.

COROLLARY 22. For each mesh in I'g of the form (4) we have

vx Vi
(Gg)"=| 0 U | 75X ®Urx — Vx ®Uryx & Uy,
U3 U3

P 0
(Gaz) - (g; @iz @23> : VX @U’T‘BX @UX - X® UX7

Wy and Pag are isomorphisms, and (Gy,)(Gs,)™ = 0.

LEMMA 23. There exists a representation H : I' — mod A such that
Hx = Fx fOT’X € (FB)O and

Huy ... Ha,, H
(Hes o) Hyx — 0

(5) 0— HTBX —> @Hy @HWX
=1

is an Auslander—Reiten sequence in mod A for a mesh in I'g of the form (4).

Proof. We put Hx = Fx for each vertex X of I'z. Let X be a non-
projective vertex in I'p. Since F' : I'y — I'4 is an injective morphism of
translation quivers, we have F,,x = 74Fx and the mesh in I'4 ending at
Fx has the form

for some n > 0, provided the mesh in I' endlng at X has the form (4). We
define Hwy = @ <;<, Zi- Thus H is defined on the vertices of I" and we
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need to define H,, for arrows « in I". The construction of the homomorphisms
H,, a € I7, is similar to the one presented in the proof of [11, Lemma 2.3.3]
and it involves the notions and properties of irreducible, sink and source
homomorphisms, which can be found in [11].

We first define H, for all arrows o : ¥ — X in I' with X a projec-
tive vertex of I'p. In this case a belongs to I's and we choose as H, an
arbitrary irreducible homomorphism Hy — Hx. By induction on the num-
ber of predecessors of a nonprojective vertex X in I'p, we define the irre-
ducible homomorphisms H,, : Fy, — Fx, 1 <14 < m, and homomorphisms
Hy, : Frupx — @ 7Z; and Hy,, : @ Z; — Fx, where the mesh in I'4 end-
ing at Fx has the form (6). Recall that the quiver I'p is finite and has
no oriented cycles, thus by the inductive hypothesis we may assume that
the irreducible homomorphisms Hg,, 1 < i < m, are already defined. Since
the Auslander—Reiten quiver of a representation-finite algebra has no mul-
tiple arrows and [’ is an injective map, the modules Fy,, 1 < i < m, are
pairwise nonisomorphic. Hence we may choose irreducible homomorphism
9e; : Frpx — Z;, 1 <1i < n, such that the homomorphism

g:(Hﬁla”'vHﬂmagalv'-'ngn)tr:FTBX_> @ FYZ'@ @ Zj

1<i<m 1<j<n

is a source map. The cokernel of g can be identified with F'x. We put
Hy, = (9¢,)". Let (Hay, ..., Ha,,,Hs,) be a cokernel homomorphism of
the source map g = (Hg,, ..., Hpg,,, Hy)"™. Then (5) is an Auslander-Reiten
sequence in mod A. In particular, the components H,,, 1 < ¢ < n, of the
cokernel homomorphism are irreducible. This finishes the inductive step of
the construction of H.

Let H : I' — mod A be a representation as described in the above
lemma. Note that H satisfies the mesh relations, thus we have the induced
functor H : kI' — mod A. Consequently, we also have the representation
HoG :I'p — mod A defined in the natural way.

LEMMA 24. The representation H o G is hom-controlled.

Proof. We first show that the representation H o G is exact. Let 6 be
a mesh in I'p of the form (4). Note that (Ho G);zx = Hryx ® H(Urpx),
(H e} G)X = HX D H(Ux) and @Zl(H 0] G)yl = H(Vx) S5 H(UTB)() )
H(Ux), where H(Vx) = @;", Hy, ® Hw, . Since H sends isomorphisms to
isomorphisms we also deduce from Corollary 22 and Lemma 23 that

V11 Yo
(HoG)g)" =1 0 Wy
U31 Wsa

H.x ®HUrzx) — H(Vx) ® H(U,px) ® H(Ux),
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P11 P12 O
Ga,) = :
(o Ga;) <¢21 Do 4523)
H(Vx) & H(Urzx) @ H(Ux) — Hx & H(Ux),

where

Hg,

!pll — ) ¢11 - (Halv . '7Ham)H¢X)a

Hp,,
Hy,
Wyy and P93 are isomorphisms, and ((H o G)q,)((H o G)g,)™ = 0. Since
dimy H(V) = dimy H;,x + dimy Hy, in order to show that the sequence
(HoG)0 is exact it is enough to show that ((HoG)g,)" is a monomorphism
and ((H o G)q,;) is an epimorphism. The former follows from the fact that
¥y, and Wyo are injective maps and the latter follows from the surjectivity
of @11 and ®93. This finishes the proof that H o G is exact.

We now show that the representation H o G is hom-controlled. Let Z be
a vertex of I'p. By basic properties of Auslander—Reiten sequences it follows
that 69(Z) = 6,,x,7, where &, is the Kronecker delta. On the other hand,
we have

Sroc)p((Ho G)z) = [Hx @ H(Ux) ® Hryx ® H(Urpx), Hz ® H(Uz)|a
— [H(Vx) ® H(Ux) ® H(Urpx), Hz ® H(Uz)]a
=[Hx ® Hryx,Hz ®H(Uz)]a
— [H(Vx), H; & H(Uz)]A.
Since
0—H\px -H(Vx)— Hx —0

is an Auslander—Reiten sequence in mod A, we infer using again properties
of the Auslander-Reiten sequences that d(310¢y9((HoG)z) is the multiplicity
of H;px as a direct summand of Hz & H(Uz). Recall that Uy is a direct
sum of objects of the form Wy, and consequently H(Uz) is a direct sum
of modules of the from Hyy,,. Because the image of F'is a full translation
subquiver of I'p and for each indecomposable direct summand L of Hy,
we have an arrow L. — Fxs in I'4 which does not belong to the image
of F, it follows that H,,x = F;,x cannot be a direct summand of H(Uy).
Thus d(pec)e((Ho G)z) = 6H7-BX7HZ = 5FTBX7FZ = 0,5 x,7, the last equality
following from the fact that I is injective. Similarly, we show 6%(Z) = 6x.z =
5(HoG)9(<H ° G)Z)~ -

Proof of Proposition 17. Since Ho G : I'g — mod A is a hom-controlled
representation and directed algebras are representation finite and standard,
we deduce using Lemma 18 that the induced functor F : mod B — mod A
is hom-controlled. Moreover, it follows from the definition of the induced
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functor that F(M) is a direct sum of modules of the form (Ho G)x, X €
(I'B)o- We also have (HoG)x = Fx @ H(Ux) and H(Ux) is a direct sum of
modules of the form Hy,,, X’ € (I'g)y. Finally, for each direct summand
L of Hy,, we have an arrow L — Fyx/ in I'4, hence F(M) € add S. =
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