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Abstract. We introduce infinite Boolean functions and investigate some of their
properties.

1. Introduction. We use the ordinal notation and let 2 denote the set
{0,1}. We let 2Z be the set of all functions from Z to 2. We use 2<* to denote
the set of all functions into 2 whose domain is a finite interval in Z. We will
use lower case Greek letters i, 7, v etc. (except o) to denote elements of 2%
as well as elements of 2<%, If 7 € 2<°°, then [7] is the set of all elements of
27 which extend 7.

We endow 2 with the discrete topology and 2% with the product topology
generated by the discrete topology on 2. The product space 2% is sometimes
referred to as the cylinder space as every basic open set in 2% has the form
[7] for some 7 € 2<°°. The space 27 is also called the Cantor space as 27 is
homeomorphic to the middle 1/3 Cantor set. The left shift on 2%, denoted
by o, is defined by o(7)(k) = 7(k + 1) for all 7 € 2Z. Of course, 0! is the
right shift by one and ¢V is the identity map. For an integer n, 0™ is defined
in the obvious fashion.

If m < n are integers, then [m, n] is the interval in Z containing m, n and
all integers between. A (finite) Boolean building block is simply a function
f o 2mnl 2 This f induces a finite Boolean function F : 22 — 2% ag
follows: F(7)(i) = f(¢"(7)|pn,n))- We note that F is a continuous function
from 2% into 2%. There are alternate ways to look at the Boolean building
block f and the corresponding map F. Let K C 2% and g : 2% — 2% be
defined as gx (7)(i) = 1 iff 0*(7) € K. Then we have the following.

LEMMA 1. If F is a (finite) Boolean function, then there is a clopen set
K such that gx = F, and conversely, if K is clopen, then gx is a finite
Boolean function.
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Proof. Suppose F' is a finite Boolean function and f : 2[™" — 2 gives
rise to F. Then K = J{[r] : 7 € 2I™™ and f(r) = 1} is a clopen set and
gk = F.

To prove the converse, let K be some clopen set. Then there are integers
m,n such that K = |J,[7] for some set A C 20l Let f: 2[mn] — 2 be
such that f~1(1) = A. Then the resulting Boolean function F' is such that
g =F. n

Hence, finite Boolean functions are naturally associated with clopen sub-
sets of 22. A natural generalization of finite Boolean functions is to consider
sets other than clopen. We focus on closed sets K and the corresponding
functions gk

First, let us note the following:

LEMMA 2. Let F : 22 — 2%, Then F commutes with o if and only if
F = gg for some K C 27,

Proof. First, note that o o gx(7)(n) = 1 & gr(t)n+1) =1 &
o"(r) € K. Also, (gx o o(7))(n) = 1 & gi(or)(n) = 1 & o"(o1) =
o"t(1) € K. So, 0 o gg(1)(n) =1 & gr o U(T)(n = 1. Thus, ogx = gKo.

Now, suppose Fo = oF. Let K = F_l(ﬂ’a (1)), where mg is the pro-
jection of 2% onto the Oth entry. Then F(w)(n) = 1 & o"F(w)(0) = 1 &
Fom(@)(0) =1+ (g (0"(@)(0) =1 & (0"gx(@)(0)= 1 & g ()(n) = 1.
Thus, FF =gx. =

Thus, as is well known, we may also characterize the finite Boolean func-
tions as follows:

~—

LEMMA 3. Let F : 2% — 22 Then F commutes with o and is continuous
if and only if F' is a finite Boolean function.

An important notion in the study of Boolean functions is that of shift
invariance. We say A C 27 is shift invariant if o(A) = A.

We begin by studying the range of gx. The possible range of a finite
Boolean function has been completely characterized by Boyle [1].

Let us fix some notation. We use 0,1 to denote the zero sequence and
the one sequence, respectively. For a subset K C 2%, we let R(K) = g (2%)
denote the range of gr. Note that ¢(R(K)) = R(2%\ K), where ¢ is the
homeomorphism which flips each entry of an element of 2. The following
theorem characterizes the range of general Boolean functions K.

THEOREM 1. Suppose A C 2. Then A = R(K) for some set K C 2% iff
A is shift invariant and either O or 1 belongs to A.

Proof. 1t is clear that if A = R(K) for some K, then A is shift invariant.
Also, note that gx(0) must be either 0 or 1. For the converse, let A be shift
invariant and suppose 0 € A; let K = AN{7:7(0) = 1} = ANz '(1). Then
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9k (7) = 0 whenever 7 € A, and gx (7) = 7 otherwise. If A is shift invariant
and 1 € A, then A’ = ¢(A) is shift invariant and 0 € A’. Let R(K') = A’;
then R(22\ K') = A. »

Now we like to investigate what can be said if K is closed or in general
a Borel set.

THEOREM 2. If K 1is closed, then gi s of Borel class 1, i.e., for each
open set U € 2%, g: 1 (U) is F,.

Proof. Let (e, ...,e,) be a basic open set. Then
n n
95 (ems - en)) = [) 95" (77 H(ea)) = [ o (K),
i=m i=m
where K¥ = 2%\ K and K' = K. So if K is closed, then g ((em,-.-,en))
is the intersection of an open set and a closed set and gl_(l(U ) is an F, set,
for any open set U. u

More generally, if K is of Borel class « in the above theorem, then the
argument shows that g is of Borel class o + 1.

COROLLARY 1. If K C 2% is a Borel set, then R(K) is analytic.

We would like next to see how complicated R(K') can be when K ranges
over arbitrary closed sets. From one of the results which we will prove later,
it will follow that there is a closed set K for which R(K) is not Borel.
However, we would first like to introduce an intermediate process inspired
by infinite Boolean functions. This process is interesting in its own right as
it is reminiscent of Suslin’s operation and it characterizes analytic sets in 2%
modulo countable sets.

Let { K, }nez be a sequence of closed subsets of 2%. Then 9{Kn} 2L _, oL
is defined by g4, (7)(i) = 1iff 7 € K;. The function gk, was first defined
and studied by Szpilrajn-Marczewski in another context [4], [5]. Thus, our
function g is gk, ) where K, = 07 "(K). We let R{K,}) = gk,1(2%).

THEOREM 3. Let A C 2% be analytic. Then there is a sequence { Ky nez,
of closed subsets of 2% such that R({K,}) = AUC where C is some countable
set.

Proof. Let S C 2% be a countable dense subset of 22. Then Q = 2%\ S is
homeomorphic to N¥. As A is analytic, we may obtain a continuous mapping
f from Q onto A. Let L, = {r € 22 : 7(n) = 1}, K/, = f1(L,) and K,, be
the closure of K/, in 22. We note that L, is a clopen subset of 2%, K! is closed
relative to ) and K, is a closed set which contains only countably many
points which do not belong to K. We want to show that R({K,}) = AUC
where C' is some countable set. To this end, let 7 € Q). Then, for all ¢, we
see that
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9} (7)) =1 & T K; & reK, & f(r)el; & f(n)(i) =1

Hence, g(x,1(7) = f(7) for all 7 € Q. Since S is countable, we have
R({Kn}) = g(k,1(2%) = AUC where C = g(f,1(5). =

ExaMPLE 1. We note that the set C' in Theorem 3 cannot be eliminated.
For example, let A = 2%\ {1} and suppose 9q Kn}(QZ) D A. Then for every
integer p there is some point z;, such that g(, (7p) = 170, where 170 is the
sequence whose entries are 0 for indices greater than p and are 1 otherwise.
But this implies there is some point x such that z € (°2__ K. Thus,
R({Ky}) = 2"

Now we define the notion of shiftwise disjointness, which will be used
frequently. We say that 7 € 2% is periodic if there is some n # 0 such that
o™(1) = 7. We say that a set K C 27 is shiftwise disjoint if for all 7 € K,

(1) 7 is not periodic, and
(2) orbit(7) N K = {7} where orbit(r) = {o™(7) : n € Z}.

We remark here that if P is shiftwise disjoint, then o™ (P) N o™ (P) = ()
for all n # m.

Define n ~ 7 if they have the same orbit. Note that ~ is an equivalence
relation, and in fact it is an F, equivalence relation as {(n,o"(n)) : n € 22}
is a closed set for all n.

The following is a rather powerful result of Silver. We do not need the
full strength of it; however, it is convenient. The reader is referred to [3] for
details.

THEOREM 4 (Silver). Suppose X is a complete, separable metric space
and R is a coanalytic equivalence relation on X. Then either R has count-
ably many equivalence classes or there is a perfect set P which meets each
equivalence class in no more than one element.

Using Silver’s theorem, we can obtain a perfect set which intersects each
orbit class in no more than one point. As the set of periodic points is count-
able, and each uncountable Borel set contains a perfect set, we can obtain
a perfect set P which is shiftwise disjoint.

In fact, given any uncountable Borel set B, we can get a perfect set
P C B which is shiftwise disjoint. To do this simply apply Silver’s theorem
to the Borel equivalence relation R defined by

R={(n,7):n~ 7 and orbit(n) N B # 0} U {(7],7) cm, 7 €28\ U Un(B>}.
NneEL

Let P be the set given by Silver’s Theorem and let P’ C P be a perfect
set which misses the periodic points. Then P’ is a shiftwise disjoint perfect
set which is a subset of B.
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We remark that for this particular equivalence relation it is easy to obtain
such perfect sets directly without using Silver’s theorem.

LEMMA 4. Let T = {7 : at most one coordinate of T is nonzero}. There
s a shiftwise disjoint perfect set P such that

e PNT =0 and hence c™(P)NT =0 for all n,
¢ Unez 0"(P) = Upez o™ (P)UT,

Proof. Consider the uncountable Borel set B = {7 : 7(i) = 0 unless
i = k! for some k > 0}. Apply the discussion before this lemma to this set
B\ T to obtain a shiftwise disjoint perfect set P C B \ 7. This has the
desired properties. m

THEOREM 5. Suppose A C 2% is shift invariant and 0 € A.

(1) If A is analytic, then there is a closed set K such that R(K) = AUC
where C' is some countable set. If K is allowed to be a G set, we can choose
a set K so that R(K) = A.

(2) If A is an Fy, then we can choose a closed set K so that R(K) = A.

Proof. We first deal with the case when A is analytic and the set K to
be constructed is closed. We proceed as in the proof of Theorem 3. Let P
be the set of Lemma 4. Let Q C P be such that Q is homeomorphic to NN
and P\ @ is countable. Let @,, = ¢™(Q), and P, = ¢"(P). Let hg be a
continuous mapping from Q¢ onto A. For each n, define h, : @, — A by
hn (1) = 0™ (ho(e~™(7))), for each 7 € @Q,,. Note that each h,, is a continuous
function mapping @, onto A. Let L = {7 : 7(0) = 1}. Then L is closed and
K! = h'(L) is closed relative to @, for all n. Each set K,, = K/, is closed
in 22 and K, \ K}, is countable. Let K = |J,, K,,. Then K = J,, K, USUT",
where S is a subset of the countable set | J,, (P, \ @n) and T" C T', where T is
the countable set from Lemma 4. Let 7 € 2Z. If 7 & | J,, Py, then gx (1) =0
as |J,, Py is a shift invariant set. The set |J,, P, \ U,, @ is countable so we
let C be its image under gx. Finally, consider 7 € | J,, @n. There is a unique
m such that 7 € @, and there is a unique v € @ such that 7 = ¢ (). We
have

gr(M)(i) =1 & o' () e K & o'(r)e| K, & o'(r) e| JK]

& o'(1) € K}, ; for somem
& hm+i(ai(7)) €L & hyi(a(7)(0) =1
& hnpi(@™ T ())(0) =1 & ho(7)(m+1i) =1.

Therefore, g (1) = 0™ (ho(y)) € A. Hence, R(K) = AU C when A is
analytic, as required.
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We can always obtain a G5 set K for which R(K) = A. We follow the
argument as above except we take K = J K. To see the that K is Gy,
we use properties of Lemma 4. It is clear that each K], is an absolute Gy
set since it is a closed subset of N¥. Note that K = ([),,cz Rn) \ T where
R, = K, Ul P, UT. That R,, is G5 follows from the fact that

tn ~ Uméz, m#n
Ry = Upez PaN K,
Now, we want to show that if A is an F,, then we can find a closed set
K so that R(K) = A. Note that if A is a closed set, then we can get a
continuous map hg from Py onto A and we proceed as in the analytic case
and obtain R(K) = A. For the general F, case, we need to do a little more
work. We obtain a sequence of pairwise disjoint sets P!, P2, ... such that

e cach P" is a set of the type of Lemma 4,
e | J,, P" is shiftwise disjoint, and
o J,Pr=,Pru{0}.
Now, we may obtain a function hg from J,, P onto A which is continuous

everywhere except possibly at 0. Proceeding again as in the analytic case,
we get a closed set K such that R(K) = A. =

Our next example shows that there is a shift invariant G set A for which
there is no closed set K such that R(K) = AU F, where F' is some finite
set.

EXAMPLE 2. Let A be the set which consists of all points which are nei-
ther periodic points nor end in a sequence of 1’s. Then A is a shift invariant
Gy set for which there is no closed set K such that R(K) = AUF for some
finite set F.

Proof. To obtain a contradiction, assume that there is some closed set
K such that R(K) = AU F for some finite set F'. According to Theorem 2,
gx is of Borel class 1 and therefore, for each closed set M, g[_(l(M ) is a Gs
set. Also, since periodic points map to periodic points under gx, we see
that g5 (F) is a dense G5 subset of 2%. Let |J P, be its complement where
the sets P, are closed. Since A is a dense Gy subset of 2%, by the Baire
category theorem, we can obtain an integer m such that gx(P,,) is dense
in some [w], where w € 2[744. Since gx(Py,) is dense in [w], we may obtain
a sequence {7,} in P,, such that gx(7,)(i) = 1 for I < |i| <1+ n. As P,
is compact, we may assume that {7,} is convergent and converges to some
T € Py,. Since K is closed, we find that if gx(7,)(7) = 1 for all n > ng, then
9k (7)(i) = 1. Therefore, gi(7)(i) = 1 for all |i| > I. However, this implies
that gx(P) N F # 0, a contradiction. =

EXAMPLE 3. There is a closed set K such that R(K) is analytic and
non-Borel.
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Proof. Let P be a perfect set which is shiftwise disjoint and let Q C P
be an analytic set which is non-Borel. Consider A = {0,1} U J,,cz 0™(Q).
The set A is non-Borel as it is the countable union of non-Borel sets which

are separated by disjoint closed sets. By Theorem 5, we know that there is
a closed set K such that R(K)=AUC. n
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