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Abstract. Let G be a semisimple Lie group with Iwasawa decomposition G = K AN.
Let X = G/K be the associated symmetric space and assume that X is of rank one. Let M
be the centraliser of A in K and consider an orthonormal basis {Y5; : 0 € Ko, 1<j< ds}
of L2(K/M) consisting of K-finite functions of type § on K/M. For a function f on X let

F(A,b), A € C, be the Helgason Fourier transform. Let h: be the heat kernel associated
to the Laplace-Beltrami operator and let Qs(iA + p) be the Kostant polynomials. We
establish the following version of Hardy’s theorem for the Helgason Fourier transform: Let
f be a function on G/K which satisfies | f(kar)| < Cht(r). Further assume that for every
¢ and j the functions

Fs ;0 = Qsir+0)" | T 0)Ys(b)ab
K/M

satisfy the estimates |Fs j(A)| < Cs ; ¢~ for A € R. Then f is a constant multiple of the
heat kernel h;.

1. Introduction. A classical theorem of Hardy on Fourier transform
pairs says that if a nontrivial function f on R™ satisfies the estimates | f(z)| <
Cel*l” and |f(£)| < Ce e’ for some constants a,b > 0 then ab < 1/4,
and if ab = 1/4 then f is essentially the Gaussian e~ This can be
viewed as a theorem on entire functions of order 2 on C”. In fact, if F(¢)
is an entire function of order 2 and type b on C" which decays like %1€ *
when restricted to R”, then F is a constant multiple of the Gaussian e ¢ *.
The best possible result of this kind has been proved in [17].

Let us compare this with the classical Paley—Wiener theorem which char-
acterises compactly supported smooth functions in terms of their Fourier
transforms. This can be viewed as a theorem on entire functions of ex-
ponential type which have polynomial decay when restricted to R™. More
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precisely, if F(¢) is entire and satisfies | F/(¢)| < Cn (14 [¢])~Nefl™<l for all
N then F(&) = f(&) for a smooth f supported in |z| < R. To motivate what
we intend to do let us consider the following refinement of the Paley—Wiener
theorem proved by Helgason [10].

We can view R™ as the homogeneous space M (n)/O(n) where M(n) is
the group of all isometries of R™ and O(n) is the orthogonal group. In this

setup it is better to view the Fourier transform in polar coordinates. Writing
£ = w, A= |¢] and w € S" !, we have

(1.1) Faw) = S e~ AW £ (1) dir.
R~

Note that e~"**® are all eigenfunctions of the Laplacian A which generates
the class of all M (n)-invariant differential operators on R™. Helgason proved
a Paley-Wiener theorem relating support and smoothness properties of f
in terms of properties of f(\, w).

For each nonnegative integer m let H,, be the space of all spherical
harmonics of degree m. If f(\,w) is an entire function of exponential type
satisfying estimates uniformly in w and if for each S,, € H,, the function

(1.2) A=A PG w0) S (w) dw
Sn—l

is even and holomorphic, then f is a compactly supported smooth function.
In this article we are interested in a version of Hardy’s theorem along these
lines which serves as a motivation for a similar result on symmetric spaces.

Let G/K be a rank one symmetric space of noncompact type. The Hel-

gason Fourier transform f(\,b) of a function f on G/K is given by

(1.3) F\b) = S Fla)e-PTOAED) gy
G/K

where A € C and b € K/M (see Section 3). Helgason [10] characterised
compactly supported smooth functions on G/K in terms of holomorphic

properties of the functions f(\,b) and

(14) )\ — S f(>\a b)e(iA+Q)A(m,b) db
K/M

There is a refinement of this theorem, due to Strichartz [24] and Bray [4],
in terms of the spectral projections f * @, where @, are spherical functions
on G/K.

For each irreducible unitary representation ¢ of K with a unique M-
fixed vector, there are functions Y5 on K /M which play the role of spherical
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harmonics. The holomorphic properties of the functions

A (Qs(e+iN)Qs(o — i)™ | f # a(ka,)Ys(k) dk
K

are used in [4] to characterise compactly supported functions f on G/K. In
this article we establish a version of Hardy’s theorem in terms of exponential
decay and growth of the functions

A= Qsle+iN)"1 | F(Nb)Ys(b) db.
K/M

See Theorem 5.1 for the precise statement.

We conclude this introduction with the following remarks and references
on Hardy’s theorem. In 1933, Hardy [8] proved his theorem for the Fourier
transform on the real line. The most optimal result for the Euclidean Fourier
transform was proved in [17] by Pfannschmidt. Analogues of Hardy’s theo-
rem for Fourier transforms on Lie groups have attracted considerable atten-
tion in recent years. It all started with the work of Sitaram and Sundari [21]
who established a Hardy theorem for certain semisimple Lie groups. For
other versions of this theorem for semisimple Lie groups see Cowling et al. [5]
and Sengupta [20]. Analogues of Hardy’s theorem for the Heisenberg group
have been obtained in Sitaram et al. [22] and Thangavelu [25]-[27]. Step two
nilpotent Lie groups were considered by Bagchi and Ray [3], Astengo et al.
[2], and general nilpotent Lie groups by Kaniuth and Kumar [13]. General
symmetric spaces of noncompact type were considered by Narayanan and
Ray [16] and solvable extensions of H-type groups were treated in [2]. See
also the works of Sarkar [18] and [19] for semisimple groups. For the latest
works of the author on Hardy’s theorem and related results we refer to [28]
and [29].

The author wishes to thank Ms. Ashalata for her excellent job of typing
the manuscript. We also thank the referee for his thorough reading of the
manuscript and for making many valuable suggestions which have greatly
improved the exposition of this paper.

2. The Euclidean case. Consider the Euclidean Fourier transform
written in polar coordinates as

(2.1) Foww) = | e f(a) da
Rn

where w € S"~! and A > 0. Let H,, be the space of spherical harmonics of
degree m on S" 1. Let

pila) = (d4mt) /2P0
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be the heat kernel associated to the Laplacian on R™. The following is our
version of Hardy’s theorem for the Euclidean Fourier transform written in
the above form. It should be compared with the Paley—Wiener theorem
proved in Helgason [9].

THEOREM 2.1. Let f be a measurable function on R™ which satisfies
the estimate |f(x)| < Cps(x), s > 0. For each nonnegative integer m and
S € H,, assume that

~

‘/\*m S FAw)Sp(w) dw| < Cpe ™
Sn—1
for all A\ > 0 for some constants Cp, > 0 and t > 0. Then
(i) f =0 when s < t;
(ii) f is a constant multiple of p; when s =t;
(iii) there are infinitely many linearly independent functions satisfying
the above two conditions when s > t.

Proof. Consider the integral

S FO w) S (w) dw = S( S e“‘x'wS’m(w)dw)f(x)dx.
Sn—1 Rn  gn-—1

Writing = ra’, 2/ € S"~!, and using the identity (see Helgason [9])

Tnj24m—1(AT)

ixrz’-w _
(2.2) S e S (w) dw = Cy )/

Sn—1

Sy (z")

we get

| T u)Sn(w) dw = Com § 1) D=y

Snfl
where f,,(r) is defined by
(2.3) fm(r) = S f(ra")Sy, (2") da’

Sn—1

()\r)mrnfl dr,

and J, stands for the Bessel function of order «.
From the above equation it follows that the function

Fru) =27 | FO\,w) S (w) dw
Snfl

is an even function of A € R and satisfies the estimate

|Frn(N)] < Crpe™™
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for A € R. Using the formula for the Fourier transform of a radial function
on R™ we infer that

(2.4) FuN)=C | fullz)lz|"me " da

Rn+2m

for any w € S"T2m~1 Under the hypothesis on f, we see that |f,,(|z|)] <
Cmps(z) and hence F,, can be extended to the complex plane as an entire
function of A. It is easy to see that for A € C we have

’Fm()\)‘ S Cm(l + ’/\Dnerfles‘Im)\lz’

which follows from the estimate |ps(x)| < Ce~lz1?/(4s)

We now appeal to the following complex-analytic lemma, a proof of which
can be found in [16], [18].

LEMMA 2.2. Let f be an entire function of one complex variable which
satisfies the following estimates for some a > 0:

(i) 1£(2)] < CA + |2)ymecl™ =" for 2 € C;
(i) [f(z)] < C(Q+ \m\)me_(””Q for x € R.
Then f(z) = P(z)e_az2 where P is a polynomial of degree < m.
Applying this lemma to Fy,,(\) we conclude that F,,(\) = C,e~t in

the case when s < t. Since F,,(\) is the Fourier transform of f,,,(|z|)]z|~™
on R"2™ we see that

fm(l2]) = Conla|"pe().

If s < t, this is not compatible with the estimate |f,,(|z|)| < Cps(z) unless
of course Cy, = 0 for all m. Thus we get f = 0 when s < ¢. Again when
s =t we get f,, =0 for all m > 0 and therefore f(z) = fo(|z|) = Copi(x).

Let P be a solid harmonic of degree k > 1. When s > t choose § > 0
such that s > (14 0)t and consider

(25) hi,s(x) = P(2)p(146)-15(@).
Then it is clear that
|75 (2)] < Cps ().
We also have ﬁkﬁ()\,w) = CP(\w)e—**/(0+9) Tt follows that for any S €
Hom,

‘)\*m S /f;kyg()\,w)S(w)dw < Ce N
Sn—1

since s > (1 4 §)t. This completes the proof of Theorem 2.1.
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We conclude this section with the following observation. Let L{(t) be
the Laguerre polynomials of type e > —1 and consider the conditions

(2.6) AT PO W) S (w) dw| < Co | L2 (02) |12

Sn—1

where {S,,; : j = 1,...,dy} is an orthonormal basis for H,,. Suppose f
satisfies the estimate

@)l < OO+ [af)Ne /2
where N is a nonnegative integer. Then by appealing to the general form of
the complex-analytic Lemma 2.2 we can conclude that
_ -~ 22
AT PO w) S (w) dw = Prj(N)e /2
Sn—l

where P,,;()\) is a polynomial satisfying
n/24+m—1
[Prnj (W] < Cong | L1 (02)].
As all the zeros of the Laguerre polynomial L{(t) are real we conclude that
Pj(A) = Cons LT ().

If we let fr;(|z]) = §gu_1 f(|2|w)Sm;(w) dw then we conclude that the
Fourier transform of f,,;(|z|)|z|~™ considered as a function on R"*?™ is
given by the Laguerre function. Thus we have

[ fmg (D me 00 d = Gy L2/ (A2)e N2,
Rn+2m

—t2/2

Since Laguerre functions L¢(t%)e are eigenfunctions of the Hankel trans-

form we get
n/24+m—1 2
Fmg(|2]) = Congle ™ L2 (e 172,

The estimate on f(z) implies that f,;(|z]) = 0 for m > 2(N — k). In
conclusion
2(N7k) d7n

Fa)= 3 (30 CongSmg @)™ L ([P 2,
m=0 j=1

Thus we have

THEOREM 2.3. Suppose f satisfies |f(z)| < C(1 + |z|2)N+ke=12l*/2 for
some nonnegative integers N and k, and for each S,, € H,,

‘)\*m S J/C\O\,w)sm(w) dw| < Cm’Lz/2+m—1()\2)’€7>\2/2'
gn—1
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Then
2N ,
f(x) = ( Z Pm(x)LZ/2+m—1(‘m|2))e—\m| /2
m=0
where P, are homogeneous harmonic polynomials of degree m.

3. Preliminaries on symmetric spaces. In this section we collect
relevant material from the theory of symmetric spaces. General references
for this section are the monographs [9] and [10] of Helgason.

Let X = G/K be a noncompact, rank one symmetric space. The semi-
simple Lie group G is assumed to be connected with finite centre. Let G =
N AK be the Iwasawa decomposition with IV nilpotent, K maximal compact
and A one-dimensional. Every g € G has the unique decomposition g =
n(g)exp A(g)k(g) where A(g) belongs to the Lie algebra of A. Let M be
the centraliser of A in K. Then the function A(gK,kM) = A(k~1g) is right
K-invariant in g and right M-invariant in K. We use the symbols x and b
to denote elements of X and K/M respectively.

In the rank one case there are two roots, denoted by =~ and 2+, and
we define o = 1(m, + 2ms,) where m, and my, are the multiplicities
of v and 2v. Then for each A € C, the function z + e(AtQA@b) js 5
joint eigenfunction of all invariant differential operators on X. Using these
functions we define the Helgason Fourier transform of a function by

(3.1) FONB) = | f(2)e M HoA@D gy
X
where dz is the measure induced from the Haar measure dg on G via

\ f(gK)dg = | f()da.
G X
For the Helgason Fourier transform we have inversion and Plancherel theo-
rems. For instance, the inversion formula for compactly supported smooth
f says that
f@y=c | | Fn0)eHaA@h (\) =2 d)X db.
—oo K/M

Here d\ is the usual Lebesgue measure on R, db is the normalised measure
on K/M and c¢()) is the Harish-Chandra c-function.

In the spectral Paley—Wiener theorem proved in [4] a key role is played
by certain irreducible unitary representations of K with M-fixed vectors.
Let I?(] C K stand for the set of all irreducible unitary representations of K
with M-fixed vectors. Let Vs, 0 € K, be the finite-dimensional vector space
on which ¢ is realised. Then it is known (see Kostant [15]) that Vj contains
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a unique normalised M-fixed vector. Let {v1,...,v4,} be an orthonormal
basis for V5 with v; as the M-fixed vector. Define the functions

Y55 (kM) = (vj,6(k)o1)

on K/M for 6 € [?0 and 1 < j < ds. We have the following result (see
Helgason [10]).

PROPOSITION 3.1. The system {Ys5; : 1 < j < ds,0 € I?o} is an or-
thonormal basis for L?(K/M).

If we make use of the identification of K/M with the unit sphere in the
Lie algebra corresponding to AN, we can get an explicit realisation of I?O.
With this identification L?(K /M) has the spherical harmonic decomposition
and so the functions Y5 ; can be identified with spherical harmonics. The
spherical harmonic decomposition leads to a parametrisation of K, o by a pair
(p, q) of integers. This was first proved by Kostant [15]; see also the works
of Johnson [11] and Johnson and Wallach [12]. In the rank one case p and ¢
are integers, p > 0 and p % ¢ is always even and nonnegative (see Bray [4]).

For each ¢ € IA(O and A € C we can define the functions

(3.2) Dy 5(x) = | (AT YL (kM) dk.
K

These are called spherical functions of type 0. Note that @, s are K-biinvar-
iant and they are eigenfunctions of the Laplace-Beltrami operator £ with
eigenvalue —(A\% + ¢?). When 4§ is the unit representation, @, 5 is denoted
by @, and is simply called the spherical function. This is given by

(3.3) Dy (x) = | e(ATOA@RM) g
K

The spherical functions are expressible in terms of Jacobi functions (see

Helgason [10]). In fact, let o = 1 (m + moy — 1) and 3 = 1 (mo, — 1). Then

for each § € K, there is a pair (p, q) of integers such that

(34)  Basle) = Qs(id+ o) (a + 1), (shr)P(chr) il P (1),
where cpg\a+p”8+q) are the Jacobi functions with parameters (a + p, 5 + q),

(2)m = I'(z4+m)/I'(z) and Qs are the polynomials
1 1
(3.5) Qs(ir+o) = (§(a+ﬂ+1+i)\)) (5(04—5—1-14-1')\))
(p+a)/2 (p—q)/2
(called the Kostant polynomials). In the above formula r = loga if z = gK
and g = kak’ is the polar decomposition of g. By abuse of notation we will
denote this correspondence by writing x = ka,..
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We conclude this section by recalling the following formula which is
crucial for us. For each § € Ky we have

(3.6) | e TACK MY, (1 M) dE = Y ;(kM)®) 5(ar)
K

if x = ka,. A proof can be found in Helgason [10].

4. Results from Jacobi analysis. In this section we will collect some
information about Jacobi functions which are needed in the proof of Hardy’s
theorem for symmetric spaces. General reference for this section is Koorn-
winder [14]. See also Anker et al. [1].

_ When f is a K-invariant function on X the Helgason Fourier transform
f(A,b) is independent of b and is given by

(4.1) FO) = § f(@) () da.
b'e

Writing this in the polar form we get
(4.2) F) = flarea(r)A(r) dr,

0
where A(r) = Ay p(r) = (2shr)22+(2ch )2+ and ¢, (r) = cpg\ ’ﬁ)( ) is
the Jacobi function of type (a, ). Thus results about the spherical Fourier
transforms of K-biinvariant functions on G follow from the general theory
of Jacobi transform.

The Jacobi functions go( o) (r) are defined by hypergeometric functions
for all a, B, A € C, a not a negative integer. These functions are eigenfunc-
tions of the Jacobi operator
d2
)
with eigenvalues —(A? + 0?) where o = o + 3 + 1. The Jacobi transform of
a suitable function f on R™ is given by

d
Lopg= +((2a+1)cothr+(2ﬁ+1)+thr)%

(4.3) FO) = F0)e D (r) A p(r) dr.
0

For this transform we have inversion, Plancherel and Paley—Wiener theo-
rems. For instance we have

THEOREM 4.1. Let «, 8 be real, « > —1 and |G| < a+1. For f € C§°(R)
which is even we have
1

= o S f (04 B) |Ca,ﬁ( )‘72(1)\
0
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where cq g(A) is the Harish-Chandra c-function
207 A (o 4+ 1) (i)
Ca,B(A) = 1/- 1/- .
F(ﬁ(z)\ + Q))F(ﬁ(l)\ +a—0+ 1))
We need asymptotic properties of the Jacobi functions. If Im A < 0, then
(44) P\ (r) = cas(N)el 07 (1 4+ O(1))
(a76)

as r — 00. A more precise expansion of ¢y in terms of Bessel functions
can be found in Stanton and Tomas [23]. We will make use of the estimate

(4.5) 5 ()] < (1 + r)er(TmAl=o)

valid for all » > 0 and A € C. A proof of this estimate can be found in
Flensted-Jensen [7].

The Jacobi transform and the Euclidean Fourier transform are related
via the Abel transform. This transform is defined as the composition of two
Weyl fractional integral operators. For Re u > 0, 7 > 0 define

oo

1

(4.6) Wif(r)= M) S f(s)(chts — chrr)*~td(chrs).
M T

The Abel transform Af of a function f is then given by

(4.7) Af(r) =222 W2 Do+ YWy W5 o f(r).

The Jacobi transform and the Abel transform are related by

(4.8) Foy = | e Af(r)dr.

Therefore, if we can invert A then an inversion formula for the Jacobi trans-
form can be obtained.

In order to invert the Abel transform we can make use of the fact that
{W; : i € C} is a one-parameter group of transformations with

T d
WZf(r)= —mf(r)-
Thus A~! is given by

ATV (r) = 7227807 2 (0 4 1)TIWR Ly WAL f ().

More explicitly, letting D, stand for the differential operator —d/d(chr),
we have

(4.9) ATV (r) = e(a, B)DY 2D £ ()
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when 3+ 1/2 and a — 3 are integers. If o — 3 is an integer and 25+ 1 is an
odd integer, then
(4.10) A7 f(r) = d(a, B) | DI DYP f(s)

T

d(ch s)
Vch2s —ch2r

We obtain f by applying A~! to the Euclidean inverse Fourier transform of
f).

Let hy(r) = hga’ﬁ) (r), t > 0, r > 0, be the heat kernel associated with
the operator £, 3. Since gpf\aﬁ) are eigenfunctions of the operator L, g, the
heat kernel is defined by the condition

7 o N2 2
(4.11) | ne(r)o P (1) Aa s (r) dr = e XD,
0
By the inversion formula,

1 2242 a, _
= 5= e ) ea s (N)[ 7
0

(4.12) he(r)

In terms of the Abel transform
(4.13) Ahy(r) = (47rt)*1/26792te*’"2/(4t).

We require the following sharp estimate on the heat kernel proved in Anker
et al. [1].

THEOREM 4.2. Let o > (3 be integers, 26+ 1 > 0. Let hy, t > 0, be the
heat kernel (4.12) associated to the operator Lo g. Then there are constants
Ch and Cy such that

Cit=32e= € Hy(r) < hy(r) < Cot /e Hy(r)
where Hy(r) = Ht(a’ﬁ) (r) is given by
Hy(r) = (14 7)1+ (1+7)/t)* Ve e /U0 p— a4 B41.

In [1] the authors estimated the heat kernel associated to the Laplace—
Beltrami operator on an NA group. There the parameters are given by
a=(m+k—1)/2 and 8 = (k—1)/2 where m is an even integer. The
same proof applies to our kernels hia’ﬁ ) under the conditions on o and J6]
stated in the theorem. This covers all rank one symmetric spaces except the
real hyperbolic case in which a = (n —2)/2 and § = —1/2. For this case
heat kernel estimates of the above type are already known (see for example
Davies and Mandouvalos [6]).

5. Hardy’s theorem. We are now ready to state and prove our version
of Hardy’s theorem for the Helgason Fourier transform on rank one symmet-
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ric spaces. Let h; be the heat kernel associated with the Laplace—Beltrami
operator on G/ K.

THEOREM 5.1. Let f be a measurable function on G/K which satisfies
the following two conditions for some s,t > 0:

(1) | f(kay)| < Chg(r) for all ka, € G/K;
(ii) for each § € IA(O and 1 < j < ds the function
F5;(0) = Qs(ix+0)"" | FONLEM)Y; (kM) dk
K/M
satisfies the estimate |Fs j(\)| < Cg,je_t)‘z for all X € R.
Then

(a) f =0 whenever s < t;

(b) f(x) = chi(z) when s =t

(c) there are infinitely many linearly independent functions satisfying (i)
and (ii) when s > t.

Proof. Let Fyj(A) = §y 5, f(k,b)Y;;(b) db. Recalling the definition of
F(\, b) we have
Fs;(N) = | | f@)em? o040y () dbda.
G/K K/M
Writing = ka, and using the formula (3.6) we have
Fsj(\) = | f(@)Ys;(kM)®) 5(a,) da.
G/K

Integrating in polar coordinates we get the formula

[ee]

(5.1) Fs;(N) = | f5,;,()@x5(ar) Aa p(r) dr,
0
where «, (8 are the parameters associated to the group G and
(5.2) fs5(r) =\ flkar)Ys ; (kM) dk.
K

Recall that for each § there are integers p and ¢ such that
Prs(ar) = Qs(iA + o) (o + 1), (shr)? (chr) 7l 7 ().

In view of this we have

oo

S f (a+p76+q)(T)Aa+pﬁ+q(7ﬂ) dr
0

4p+4a

5.3 F
63 B = oy
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where we have written

(5:4) f5.5(r) = fs5(r)(shr) P (chr) .
Now the condition |f(ka,)| < Chs(r) leads to the estimate
(5:5) [£5.5 ()] < CL(6,5) (1 +1)(1+ (147)/5)* " 2emere "/ (49),

If we use this estimate in the integral defining Fi ;(A) then in view of the
estimate (4.5) for the Jacobi functions we get

[ee)

F6'>\ SOQ 5,] 1—|—T2 1+(1+r s)% 1/2677’2/(43) T|Im>\|d7,.‘
| 7](
0

From this it is clear that Fj;(\) extends to an entire function of order 2
which satisfies

(5.6) [Fs (W] < Ca(8,7)(1+ [A)oH/2eslim AT
for all A € C.
With this estimate and hypothesis (ii) on Fj;(\) we can appeal to the
complex-analytic lemma to conclude that if s < ¢, then
Fy () = Ca(6, j)e™™".
But Fs;(A) is the Jacobi transform of type (a + p, 8 + ¢) of the function
f5,;(r) and so we get, by the inversion formula for the Jacobi transform,

o0

(5.7) Foi(r) = Cs(8,5) | e 0P (1) oy g (V)] 2 dA.
0

If h? is the heat kernel associated to Lo+p,a+q then we have proved
(5.8) f5.5(r) = Co(8,)el@ 0" (shr)P (chr) 4R (r).
Since f5 ; satisfies the estimate (5.5) we conclude that

(shr)?(chr) hl(r) < C7(8, ) (1 + (14 7)/5)* V2 (1 4 r)e e /(49),

In view of the estimates given in Theorem 4.2 this is not possible for s < ¢
unless C7(6,j) = 0. As this is true for all j and 0, we conclude that f = 0.
When s = ¢, again by Theorem 4.2 the above estimate is possible only
when p = ¢ = 0. Therefore, f5; =0 for all § except the unit representation.
Hence f has to be a constant multiple of hy. N
In the case of the group G = SU(1,n), the integer ¢ parametrising 6 € Ky
can be negative. Since # = 0 in this case we have

Pr(r) = Qs(iA+ 0)(a+ 1), (shr)? (chr) ("~ 7 ().
If ¢ is negative we can use the relation

A () = (2ehr) P )
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to get the formula
rs(r) = 272Qs (IA+ o)+ 1), (shr)? (chr) 95770 (1)
and therefore, there is no problem in appealing to Theorem 4.2 for estimating

the kernel h?.
Given § € Ky which is not the unit representation consider

(5.9) fkay) = Y51 (k)h{ (r)(shr)P(chr)?.

Then for any ¢’ not equivalent to d, Fs ;(A) = 0 and Fj;(\) = 0 for any

j > 1. Since F51(\) = Ce~'" condition (ii) of the theorem is satisfied for
these functions. As in the Euclidean case, given s > t choose € > 0 such
that s > (14 ¢)t and let

(5.10) Fra(kar) = Ys1(k)h3 1 4o (r)(shr)?(chr)e.

Then we see that the estimate

’fp,q(kar) | < Chy(r)

holds and as s > (1+4¢)t the second condition of the theorem is also satisfied
for these functions. This proves (c) of the conclusion.

COROLLARY 5.2. In the above theorem replace condition (i) by the esti-
mate

|f (kar)| < C(1+r)Nhy(r)

for some nonnegative integer N. Then f(ka,) is a finite linear combination
of terms of the form Y5 j(k)(shr)P(chr)?hd(r).

6. Some remarks. We would like to conclude with the following re-
marks concerning Theorems 2.1 and 5.1. First of all, we can prove a “spec-
tral version” of Hardy’s theorem for the Euclidean Fourier transform. Let

us write down the inversion formula on R™ in the form
o

(6.1) (@)= Cn | [xoa(@)A" " dA

0
where px(z) = 272710 (n/2)J,, j2—1 (A|z|)(A|z])~/2*1. The following ver-
sion of Hardy’s theorem for the spectral projections f *x ¢, is an easy con-
sequence of Theorem 2.1.

THEOREM 6.1. Let f satisfy for some t > 0 the estimates |f(z)] <
Cpi(x) and
S f*pa(x)f(x)dr < Ce ™, XeRT.
Rn
Then f is a constant multiple of the heat kernel p;.
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To see this, let {S,,; : 1 < j < d,,} be an orthonormal basis for H,,
Then using the formula (2.2) we have the addition theorem for the Bessel
functions:

oo d
m Jn m— )\m) Jn m— )\y
oa @ —1) = YN CoujSinj (@) Simj(y') L 1Al2])  Juj2rm-1(Alyl)
m=0 j=1

(Alz[)m/21 (Alypn/2=1

where 2/,y" € S*~!. From this it follows that

| foa(@) dw—ZZ!C

R™ m=0 j=1

2

n/2+m 1(>‘T) n—l dr

Sfmg( ) = oy

Therefore, we see that hypothesis (ii) of Theorem 2.1 is satisfied. Hence we
obtain the result.

A similar version of Theorem 5.1 is also available. Consider the spectral
projections f x @y defined by

(6.2) froa() =\ f)Paly™ ) dy
G

where f and @, are considered as right K-invariant functions on the group
G. A simple calculation shows that

(6.3) | fxor@)f(z)dz= | [f(\b)]db.
G/K K/M
This follows from the fact that
frds(@)= | ePTAA=DFN b)db
K/M

Therefore, the condition

~ 1/2
( [ 170, b)deb) < CetN
K/M
will guarantee that condition (ii) of Theorem 5.1 is true. Hence we have
THEOREM 6.2. Let f satisfy for some t > 0 the estimates |f(ka,)| <
Chy(r) and
S f*®Py(z)f(x)dr < Ce
G/K
for all A € R. Then f is a constant multiple of the heat kernel hy.
In view of the above remarks, this theorem is a restatement of Theo-
rem 3.2 in [16] for the rank one case. Finally, we indicate how to get a ver-

sion of Hardy’s theorem for the group Fourier transform on the semisimple
Lie group G.
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For each A € R there is an irreducible unitary representation m of G
realised on L?(K /M) which is given explicitly by

m(9)f (k) = ePHOAGD) f(1(g7 k)
where k(g) is the k-part of the K AN decomposition of g. These are called the

spherical principal series representations. Define the group Fourier transform
of a function f on G by

FO) = | fl9)malg) dg.
G
For right K-invariant functions, the Plancherel measure is supported on the
spherical principal series. Using the orthonormal basis {Yj; : 0 € Ko, 1 <
j < ds} we calculate that

(6.4) IFMlEs = § 1FA)Pdb= | [FN)Yo(0))* db

K/M K/M

where Yj is the constant function corresponding to the unit representation.

Therefore, the condition on f* @, in the above theorem can be replaced
by [|f(A)|las < Ce=", which gives Theorem 3.1 in [16]. If we use Theo-
rem 5.1 we get the following refinement.

THEOREM 6.3. Let f be a right K-invariant function on the Lie group
G which satisfies the estimate |f(ka,k")| < Chy(r) for some t > 0. Further
assume that

1Qs(iA + o) (F(N) Yo, Y,)| < Cs e

for every § € IA(O, 1<j<ds and A\ € R. Then f is a constant multiple
Of h,t.

The relation between the Helgason Fourier transform and the group
Fourier transform of a right K-invariant function is given by f(A,b) =

F(\)Yo(b). Hence
LBV 5(0) db = (F(N)Yo, Y )
K/M

and so Theorem 6.3 follows from Theorem 5.1.
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