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THE NATURAL OPERATORS LIFTING HORIZONTAL 1-FORMS
TO SOME VECTOR BUNDLE FUNCTORS
ON FIBERED MANIFOLDS

BY

J. KUREK (Lublin) and W. M. MIKULSKI (Krakéw)

Abstract. Let F': FM — VB be a vector bundle functor. First we classify all nat-
ural operators T.oi| £ A4, ., ™~ 7.0 (F{Fm,, )" transforming projectable vector fields
on Y to functions on the dual bundle (FY)* for any F M, n-object Y. Next, under some
assumption on F' we study natural operators Tgorlme,n ~ T (FIJ-'Mm,n)* lifting hori-

zontal 1-forms on Y to 1-forms on (FY)* for any Y as above. As an application we classify
natural operators Tgorlme e T* (FlrmMom )" for some vector bundle functors F' on
fibered manifolds.

0. Introduction. In this paper we consider the following categories
over manifolds: the category M f of manifolds and maps, the category M f,,
of m-dimensional manifolds and embeddings, the category FM of fibered
manifolds and fibered maps, the category FM,, ,, of fibered manifolds with
m-~dimensional bases and n-dimensional fibers and fibered embeddings, and
the category VB of all vector bundles and vector bundle maps.

The notions of bundle functors and natural operators can be found in
the fundamental monograph [3].

In [5], given a vector bundle functor F' : Mf — VB we classified all
natural operators A : Tirqy,, ~ 7(0.0) (Fimy,, )" transforming a vector field
X on an m-manifold M into a function A(X) : (FM)* — R on the dual
vector bundle (F'M)* and proved that every natural operator B : T\?\A o 7
T*(Fpmy,,)" transforming a 1-form w on an m-manifold M into a 1-form
B(w) on (FM)* is of the form B(w) = aw" + X for some uniquely determined
canonical map a : (FM)* — R and some canonical 1-form \ on (FM)*.
These results were generalizations of [1, 4].

In the present paper we study similar problems for a vector bundle
functor F' : FM — VB on a fibered manifold instead of on a mani-
fold. Modifying methods from [5], for natural numbers m and n we clas-
sify all natural operators A : Tro17 M., ~ T(O’O)(FVMWR)* transform-
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ing a projectable vector field X on an (m,n)-dimensional fibered mani-
fold Y into a function A(X) : (FY)* — R on the dual vector bundle
(FY)* and prove (under some assumption on F') that every natural op-
erator B : Ty zpq > T*(Fxm,, )" transforming a horizontal 1-form w
on an (m,n)-dimensional fibered manifold Y into a 1-form B(w) on (FY)*
is of the form B(w) = aw" + X for some uniquely determined canonical map
a: (FY)* — R and some canonical 1-form A on (FY)*. As an application
we describe all natural operators B : Ty 2~ T*(F|Fm,,,)" for some
vector bundle functors F' on fibered manifolds.

From now on the usual coordinates on R™" the trivial bundle R" x R™
over R™, will be denoted by 2!, ..., 2™y, ..., y".

All manifolds are assumed to be finite-dimensional and smooth, i.e. of
class C*°. Maps between manifolds are assumed to be smooth.

1. Natural operators T},.oj 7z, , ~ T(O’O)(F‘meyn)*. Let F : FM
— VB be a vector bundle functor. Let m and n be natural numbers. In this
section modifying methods from [5] we classify the natural operators A :
Tocoj|F Mo~ TOO(F g, )" transforming a projectable vector field X
on an (m,n)-dimensional fibered manifold Y into a function A(X) : (FY)*
— R on the dual vector bundle (FY')*.

We recall that a projectable vector field on a fibered manifold Y over M
is a vector field X on Y such that there exists an underlying vector field X
on M which is p-related with X, where p : Y — M is the bundle projection.
The flow of a projectable vector field is formed by F M-morphisms.

The following example is an extension of Example 1 in [5] to fibered
manifolds.

EXAMPLE 1. Let v € Fy(R"Y). Consider a projectable vector field X
on an (m,n)-dimensional fibered manifold Y over M. We define A”(X) :
(FY)* — R by AY(X), = (n,F(@ff)(’u» forn e (F,Y)*, yeY,, v € M.
Here &, : (¢,e) — Y with & (t) = Exp(tX), for t € (—¢,¢), ¢ > 0. We
consider @5( as a fibered map R’ — Y covering @%( : (—e,e) — M, where
3 (t) = Exp(tX), for t € (—¢,¢). The correspondence A” : Tp,105| 7 M, ~
T(O’O)(F‘meyn)* is a natural operator.

PROPOSITION 1. Let vq,...,v;, € FoRY be a basis of the vector space
FoRY. Buvery natural operator A : Tpuoiixm,,., ~ T(O’O)(F|f/\/lm,n)* is of
the form

A=H(A",... A%)
for some uniquely determined smooth map H € C>(RF).

Proof. We modify the proof of Proposition 1 in [5] as follows. Let v7, ...
., vs € (FoRY9)* be the dual basis. Let ¢ : R™ x R™ — R be the projection
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onto the first factor. It is a fibered map R™" — RV over the projection
R™ — R onto the first factor. For A as above we define H : RY — R by

_ 1
H(ty,...,tL) = A(0/0%") (g (xL_, t.v7)-

We prove that A = H(A", ..., AUL). Since any projectable vector field X on
an F M,, n-object Y such that the underlying vector field X is non-vanishing
is locally @/0z" in some local fiber coordinates on Y, it is sufficient to show
that

A(0)0xt), = H(A" (0/0x"),, ..., A" (D/dx1),)

for any n € (FoR™™)*. By the invariance of A and AYs with respect to
F M n-morphisms (z',t7 122, ..t lam t7 1yl 7y R x R —
R™ x R™ for t # 0 and next by letting ¢ — 0, we can assume that n =
(Foq)*(Zi,::1 tsv}). Now, it remains to observe that AYs(9/dz'), = t, for
s=1,...,L.

The uniqueness of H is clear because (AYs(9/0x'))E_; is a surjection
onto RY. =

We have a functor ¢ : Mf — FM, i(M) = (idpy : M — M), i(f) = f,
M € obj(Mf), f: M — N, which is an M f-morphism.

Thus we have a vector bundle functor Foi : M f — VB. So, by [2], we can
choose a basis v1,...,vy, € FpRY = (F 01i)oR such that vs is homogeneous
of weight ny € NU {0}, i.e. F(7id)(vs) = 7™ v for any 7 € R.

(*) By a permutation we assume that vi,...,v, are of weight 0, and
Uky+1, - - - » Uk, are of weight 1, and so on.

Then A" (X),..., A1(X) do not depend on X, i.e. A" ..., A¥1 are nat-
ural functions on (F'Y)*. Moreover A1+ (X),..., A¥:2(X) depend linearly
on X, ie AVsi+1 ... A2 are linear operators.

The following corollaries are simple consequences of Proposition 1 and
the homogeneous function theorem.

COROLLARY 1. Ewvery natural (canonical) function G on (Firum,, )" is
of the form
G=K(A",...,A"m)

for some uniquely determined K € C>(R*). If F oi has the point property,
i.e. F'oi(pt) = pt, then G = const, where pt denotes a one-point manifold.

COROLLARY 2. Let A : ThojirmM,,., ~ T(O’O)(F‘meyn)* be a natural
linear operator. Then

ko
A= ) K (A", A%)AY
S=k’1+1

for some uniquely determined K, € C*(R*1).
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2. A decomposition proposition. Let F' and vq,...,vy be as in Sec-
tion 1 with the assumption (x). Let i : Mf — FM be the functor as in
Section 1.

Let p: Y — M be a fibered manifold. A 1-form w : TY — Ron Y is
called horizontal if w|VY = 0, where VY is the vertical bundle.

EXAMPLE 2. If w : TY — R is a horizontal 1-form on a fibered mani-
fold Y, we have its vertical lifting BY (w) = wo T7 : T(FY)* — R to
(FY)*, where 7 : (FY)* — Y is the bundle projection. The correspondence

V. px * * 2
BY - Tyomm,,, > T (Firm,, )" is a natural operator.

AssuMPTION 1. From now on we assume that there exists a basis wq, . . .
Lwg € FoR™™ such that ws is homogeneous of weight ng € NU{0}. This
means that F(7idgmgn)(ws) = 7wy for any 7 € R.

REMARK 1. It seems that every vector bundle functor F' : FM — VB
satisfies Assumption 1.

PROPOSITION 2 (Decomposition Proposition). Consider a natural oper-

ator B : Ty 7, > T (Fix M) Under Assumption 1 there exists a
uniquely determmed natural function a on (FlFu,, )" such that

B=aB" + A
for some canonical 1-form X\ on (Firm,, .)"

LEMMA 1. (a) We have (B(w) — B(0))|(V(FR™™)*)o = 0 for any hori-
zontal 1-form w on R™™ where (V(FR™™)*)q is the fiber over 0 € R™ xR"
of the vertical subbundle in T(FR™™)*.

(b) If Foi has the point property then B(w)|(V(FR™"™)*)q =0 for any
horizontal 1-form w on R™™,

Proof. We modify the proof of Lemma 1 in [5] as follows.

(a) We use the invariance of (B(w)—B(0))|(V (FR™™)*)o with respect to
the homotheties t~! idgm w g~ for t # 0 and apply the homogeneous function
theorem. We deduce that (B(w)— B(0))|(V(FR™™)*)o is independent of w.

(b) We observe that if F'oi has the point property then (FpR"™™)* has no
non-zero homogeneous elements of weight 0. Next, we use the invariance of
B(w)|(V(FR™™)*), with respect to the homotheties ¢! idgm xgn for t # 0
and let ¢ — 0. m

Proof of Proposition 2. We modify the proof of Proposition 2 in [5]. Re-
placing B by B — B(0) we can assume B(0) = 0 and B(w)|[(V(FR™"™)*)o
= 0. Then B is determined by the values (B(w),,, F*(8/0z'),) for all hori-
zontal 1-forms w = )" | w;dz’ on R™™ and n € (FoR™"™)*, with F*(9/0z")
the complete lifting (flow prolongation) of 9/dx! to (FR™"™)*. Using the in-
variance of B with respect to the homotheties ¢t ! idgm wgn for ¢ # 0 we get



LIFTING HORIZONTAL 1-FORMS 145

the homogeneity condition
tH{B(w)y, F*(a/axl)n>
= (B((t idRme”)*w)F(t—l idgm xgn )*(n)» F*(a/aﬂ’fl)F(t—1 idRmen)*(n)>'

Then by the non-linear Peetre theorem [3], the homogeneous function the-
orem and B(0) = 0 we deduce that (B(w),, F*(0/dz"'),) is a linear com-

bination of wi(0),...,w;,(0) with coefficients being smooth maps in homo-
geneous coordinates of 7 of weight 0. Then using the invariance of B with
respect to (!, t7ta? .. t7 i Tyl ooty R X R® — R™ x R™

for ¢t # 0 and letting ¢t — 0 we end the proof. m

3. On canonical 1-forms on (Fif,, )" The injectivity in the fol-
lowing proposition is a consequence of Lemma 1(b).

PROPOSITION 3. Every natural (canonical) 1-form X on (Fizum,, )" in-
duces a natural linear operator AN F D orof| F M ™ T(O’O)(F‘;Mm’n)* such
that AN (X)), = (\,, F*(X),,) forn € (FY)*, X e Xoroj(Y), where F*(X)
is the complete lifting (flow operator) of X to (FY)*. If F oi has the point
property, then (under Assumption 1) the correspondence \ — AWM s q lin-
ear injection.

4. A corollary. Let i: Mf — FM be the functor as in Section 1.

COROLLARY 3. Assume that Foi has the point property and there are no
non-zero elements from FoRYC of weight 1. (For example, let F = F} @ F; :
FM — VB be the tensor product of two vector bundle functors Fi,Fs :
FM — VB such that Fy o i, Fy oi have the point property.) Then (under
Assumption 1) every natural operator B : Tlfor‘]_-Mm > T*(Fipm,, )" is
a constant multiple of the vertical lifting. ’

Proof. Since there are no non-zero elements from FyR'? of weight 1, we
see that every canonical 1-form on (F|r,, )" is zero because of Corollary 2
and Proposition 3. Then Proposition 2 together with Corollary 1 ends the
proof. =

5. Applications. From now on let r, s, ¢ be natural numbers with s >
r <gq.

APPLICATION 1. The concept of r-jets can be generalized as follows
(see [3]). Let Y — M and Z — N be fibered manifolds. We recall that
two fibered maps f,g : ¥ — Z with base maps f,g : M — N determine
the same (7, s, q)-jet j(r’s’q)f (T’S’q)g at y € Yo, x € M, if g f = jy9,
Jy(fIYe) = jy(g]Y ) and jdf = jlg. The space of all (r, s, q)-jets of Y into Z
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is denoted by J (”’S’Q)(Y, Z). The composition of fibered maps induces the
composition of (r, s, q)-jets [3, p. 126].

The vector r-tangent bundle functor 7 = (J7(-,R)o)* : Mf — VB can
be generalized as follows. Let R''! = R x R be the trivial bundle over R. The
space J(T’S’Q)(Y, R1)g, 0 € R?, has an induced structure of a vector bundle
over Y. Every fibered map f : Y — Z, f(y) = z, induces a linear map
)\(jér’s’q)f) : Jz(r’s’q)(Z, Ry — J?Sr’s’q)(Y, RY1)y by means of the jet com-
position. If we denote by T("*9Y the dual vector bundle of J (%) (Y,RL1Y),
and define 759 f . Ty — T Z by using the dual maps to
)\(jl(,r’s’q)f), we obtain a vector bundle functor 79 : FM — VB.

EXAMPLE 3. We have canonical 1-forms A" : T.J(rs.) (Y, Ry — R
on J(s9) (Y, RV, for a = 1,2 defined by )\(J’S’Q)(U) = dyo(Tm(v)) for v €
T, J 5D (Y, RV, w = jz(f’s’q)(’yl,’yg), y € Y, where 7 : J59 (Y, RV,
— Y is the bundle projection.

COROLLARY 4. FEwvery natural operator
B: TJOrI}'Mm e T*<J(T’S’q)(-,Rl’l)0)

is a linear combination of the vertical lifting BY and the canonical 1-forms
AY’S"” and )\;T’S’Q) with real coefficients.

Proof. The vector bundle functor 759 satisfies Assumption 1. More-
over, T("%%) o 4 has the point property and the subspace of elements from
Tér’s’Q)]RLO of weight 1 is 2-dimensional. Then by Proposition 3 together
with Corollaries 1 and 2, the space of canonical 1-forms on J(T’W)(-, R
is at most 2-dimensional. Now, Proposition 2 ends the proof. m

APPLICATION 2. Let r, s be integers such that s > r > 0. The concept
of r-jets can also be generalized as follows (see [3]). Let Y — M be a fibered
manifold and () be a manifold. We recall that two maps f,g : ¥ — Q
determine the same (r, s)-jet jg(f’s)f = jg(f’s)g aty € Yy, z € M,if jj f = j;g
and jy (f|Yz) = j;(9]Yz). The space of all (r, s)-jets of Y into @Q is denoted
by JM)(Y, Q).

The vector r-tangent bundle functor T = (J"(-,R)o)* : Mf — VB
can be generalized as follows. The space J (%) (Y,R)o, 0 € R, has an induced
structure of a vector bundle over Y. Every fibered map f: Y — Z, f(y) = z,
induces a linear map )\(j@(f’s)f) : JZ(T’S)(Z, R)y — J@ST’S)(Y, R)p by means
of the jet composition. If we denote by T("*)Y the dual vector bundle of
J9)(Y,R)o and define T%) f : T("9)Y — T("%) Z by using the dual maps
to )\(jz(f’s)f), we obtain a vector bundle functor T("%) : FM — VB.

EXAMPLE 4. Assume additionally » > 1. We have a canonical 1-form
A7) T g8 (Y, R)g — R on J%) (Y, R)g defined by A" (v) = dvy(Tx(v))
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for v € T J™) (Y, R)o, w = 3" (7), y € Y, where 7 : JT (Y, R)g — Y is
the bundle projection.

COROLLARY 5. Let 7, s be as above. Every natural operator
B: Tlfor|.7:./\/lm,n ~ T*(‘](T’S)("R)O)

is a linear combination of the vertical lifting BY and the canonical 1-form
NT%) with real coefficients. If r = 0, then the \%%) do not occur.

Proof. Note that the subspace of elements from Tér’s) R0 of weight 1 is
1-dimensional, and use the same arguments as in the proof of Corollary 4. =

APPLICATION 3. For any fibered manifold Y we have the vertical bundle
VY of Y and for every FM-map f : Y — Z we have the induced map
Vf: VY — VZ. The functor V : FM — VB is a vector bundle functor.
Let V* = (Vizm,,..)" be the dual bundle functor.

COROLLARY 6. FEvery natural operator B : T}foru__an ~ T*V* is a
constant multiple of the vertical lifting BY .

Proof. We observe that V =2 T and apply Corollary 5. Given a
FM-object p : Y — M, an isomorphism i : VY — TODY is given by
. (0,1
i(0)(Gy""7) = dy (1Y) (v)- m

APPLICATION 4. For any fibered manifold Y we have a vector bundle

J " ThorY = {jyw | w is a horizontal 1-form on Y, y € Y'}
over Y. Let (J'Ty: )Y = (J'T},,Y)* be the dual bundle. Every FM-
map f : Y — Z induces a vector bundle map (J"I}y..)*f : (J'I3.,.)Y —
(J Tty )*Z covering f such that {(J™Ty,)* F(n), 3ly) = (1.5 (f"w)) for
n € (JThy )Y, Jiyw € (S Tho)pwZ, y € Y. The functor (J'Tj,,)"
FM — VB is a vector bundle functor.
Given an FM,, ,-object Y we have a canonical 1-form 6" on J"T} Y

such that

(07, 0) = {w,. Tr(v))
forv € Ty (J T}, Y ), w =jjw,y €Y, w € 2 (Y), wherem : J'T}, Y =Y
is the bundle projection.

COROLLARY 7. FEwvery natural operator B : Tl;korlme,n

a linear combination of the vertical lifting BV and 0" with real coefficients.
)(’;RLO of

s T*(JTT

hor) is

Proof. We observe that the subspace of elements from (J"T}.,
weight 1 is 1-dimensional. m

APPLICATION 5. We can generalize Application 4 as follows. For any
fibered manifold Y we have a vector bundle

JT (AT )Y = {jyw | w is a horizontal k-form on Y, y € Y}
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over Y. Let (J" (AP )Y = (J'(AT)Y)* be the dual bundle. Ev-
ery FM-map f : Y — Z induces a vector bundle map (J" (AT ) f -
(J™(AFTE )Y — (JT (AT ))*Z covering f such that

hor
<(JT(/\le;kor))*f(n)a];(y)w> = <77,];(f*w)>
for n € (J'(A*T )Y Ghpw € (JT(NTE)) w2, y € Y. Then

(J"(AFTy))* : FM — VB is a vector bundle functor.

COROLLARY 8. Let k > 2. Every natural operator B : Tﬁ‘orl?an ~
T*(JT(AFT

L)) is a constant multiple of the vertical lifting BY .

Proof. We observe that the subspace of elements from (J"(AFT}
of weight 1 is 0-dimensional. m

Similar facts hold for
J (@ T )Y = {j,7 | 7 is a horizontal tensor field
of type (0,k) on Y, y € Y},
J (T )Y =1 Jy7 | T is a horizontal symmetric tensor field
of type (0,k) on Y, y € Y}

)eRL

in place of J" (AT}

hor

)Y.

APPLICATION 6. We can also generalize Application 4 as follows. Let r
and s be two integers with s > r > 0. For any fibered manifold Y we have
a vector bundle

Jr&Tr Y = {jl(f’s)w | w is a horizontal 1-form on Y, y € Y}
over Y. Let (J) T )*Y = (J*)T YV)* be the dual bundle. Every FM-

map f : Y — Z induces a vector bundle map (J™) Ty Y f : (J™HTE )Y
— (J)T )*Z covering f such that

(TOIT,) F (), 3500 w) = (0,55 (Fw))
forn € (JOI T

b BV G w € (ST ) py Z,y €Y. Then (JO9ITy )
FM — VB is a vector bundle functor.

Given an FM,, ,-object ¥ we have a canonical 1-form O3 on
J)TE Y such that

(O, 0) = (wy, Tm(v))
for v € Tp(JEITE V), w = j"w, y € Y, w € 2L (Y), where 7 :
J(T’S)T}TOYY — Y is the bundle projection.
COROLLARY 9. Every natural operator B : T\ zyq =~ T*(JT )

is a linear combination of the vertical lifting BV and ©%) with real coeffi-
ctents.
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Proof. We observe that the subspace of elements from (J(*) T} )sRMO
of weight 1 is 1-dimensional. m

Of course, other applications are also possible. For example we can study
liftings to J"*) (AT, ), JO2 (@M, ), T2 (OFT,,), JH(T™), J&)(T™),
etc.
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