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A SIMPLE-MINDED COMPUTATION OF HEAT KERNELS
ON HEISENBERG GROUPS

BY

FRANCOISE LUST-PIQUARD (Cergy-Pontoise)

Abstract. We compute the heat kernel on the classical and nonisotropic Heisenberg
groups, and on the free step two nilpotent groups Ny 2, by an elementary method, in
particular without using Laguerre calculus.

Introduction. The heat kernels (p;);~0 associated with subelliptic Lap-
lacians L on the Heisenberg groups G, or on the free step two nilpotent
groups G = N,, 2, are well known. Their computation is usually rather elab-
orate, using either Brownian motion [G], [K], or the spherical Fourier trans-
form [H], [C], [CT] (see also the book [FH]), i.e. the knowledge of the eigen-
vectors of L, through the representations of GG, finally reducing the problem
to the knowledge of the kernel of the harmonic oscillator on some R¢ (La-
guerre calculus). Let us also mention [B], where a simple direct computation
(for the Heisenberg groups) relies on a guessed form of the solution.

The heat equation

1 0
H —~Lpi=—p, t>0,
(H) 5 Lo = 5,p1

combined with the expression of p; as a dilation of py, gives a partial dif-
ferential equation (Hp) for p;. We simply give sufficient conditions on a
solution p of (H;) which ensure that the corresponding p; are the kernels of
a strongly continuous semigroup of contractions on L?(G), whose generator
is of course —%L, and we exhibit such a solution p = p;, which is obviously
unique.

It seems difficult to verify directly that the exhibited solution p; is a
positive function on G. This is true a posteriori, because the existence of
such a semigroup, and the positivity of the associated kernels, are well known
facts for every stratified group (see e.g. [F'S, Prop. 1.68, 1.70]).

More precisely, the paper is organized as follows. In the first part, we
consider homogeneous groups (G, and more particularly step two stratified
groups, with dilations d;, ¢ > 0, and (unbounded) positive operators L on
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L?(G) which commute with left translations and satisfy 6,-1Ld; = t>L. We
give in Proposition 4 elementary sufficient conditions on p as mentioned
above; a weaker sufficient condition is given in Proposition 6 when moreover
% +% is hypoelliptic. Computations when L is the sublaplacian on a Heisen-
berg group or G = N,, 2 are done in the second part, where we express (H;)
explicitly as a partial differential equation on RY. Using ordinary Fourier
transform, we exhibit a solution of (H;) and check that the conditions of
Proposition 4 are satisfied in the case of Heisenberg groups, while those of
Proposition 6 are satisfied in the case of Ny, 2.

Acknowledgments. This paper is an (unexpected) byproduct of a re-
search initiated with J. L. Torrea during a stay of the author at the Universi-
dad Auténoma (Madrid), which was supported by the European network in
Harmonic Analysis. We also thank T. Coulhon and V. Georgescu for useful
discussions, and Z. Rzeszotnik for providing references.

Notation. G will denote a homogeneous Lie group, as defined in [FS,
Chapter I A]. The group operation is denoted multiplicatively, unless other-
wise specified. Let us recall the main properties of these groups ([F'S, Chapter
I A,B,C,D]). G is a connected and simply connected nilpotent Lie group, its
Haar measure dg is left and right invariant. G is equipped with a group of
dilations d¢, t > 0, which are automorphisms of G, i.e. 6:(99’) = d+(g)d+(g")
for g,¢' € G and d5:(g) = d50:(g). More precisely, the Lie algebra G of G is
real, and has finite dimension d, 6; = exp(Alogt), where A is a diagonaliz-
able linear operator on G, with strictly positive eigenvalues d;, 1 < j < d.
Let (Zj);l:1 be a linear basis of G given by eigenvectors of A, corresponding

to the eigenvalues (dj);l:l; since the exponential mapping G — G is a dif-

feomorphism, every g € G has the form exp(z1Z1 + ...+ 24Z4) for a unique
(21,...,2q) € R we write g = (21, ..., 24), hence
6i(g) = (1D 2y, ... t%2y).

We denote by N = Z?Zl d; the homogeneous dimension of G, which implies

d(6:(9)) =t"dg and V|| f o b1l = IflLc)-
Setting 0;(f) = f o d; for a function f on G, we obtain
Zi(84(f)) = tY6:(Z; f).

K(G) denotes the space of complex-valued, continuous, compactly supported
functions on G, D(G) denotes K(G) NC>(G), and D'(G) denotes the distri-
butions on G. The space S(G) and the space S’'(G) of tempered distributions
are defined as in [F'S, Chapter I DJ.
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The right translate f, of a function f on G is v — f(vg) , the left one is
~f g~ f(vg). The convolution of two functions f,p € IC(G) is defined by

Fxp(v) =\ f(va " )p(g)dg = | f(9)p(g~"7) dg,
G G
and for every left invariant vector field X € G,

X(f=p)=f=X(p)
In particular, if G is a step two stratified Lie group, as defined in [FS,
p. 5], we denote by Xi,...,X,, a linear basis of the first layer of G, which
spans G as a Lie algebra, and corresponds to d;y = 1, and by Uy,...,U,
a linear basis of the (second) central layer, which corresponds to do = 2.
Hence

X5 (0:(f)) = t0e(Xpf),  Uj(0e(f)) = 26U ).
This basis corresponds to coordinates g = (z,u) = (X1,...,Tp, U1, ..., Upy)
and 0;(g) = (txq,. .., toy, t2us, ..., t2u,). Here N = n + 2m.
The Fourier transform of a function f € D(R?) is defined by fA'(ﬁ) =
fpa 7167 f(2) da.

I. Remarks on some kernels on homogeneous Lie groups. The
results gathered in the next three lemmas are classical.

LEMMA 1. Let G be a homogeneous Lie group. Let L be a linear operator
D'(G) — D'(G) and D(G) C domy2 L — L*(G) which preserves real-valued
functions, such that (L(w),w) > 0 for every w € domy2 L. Assume that for
every real-valued f € D(G) and t > 0, there exists a real-valued function
u(t) such that

(i) w is differentiable |0, 00 — L*(G),

(i) [Ju(t) = fll2@q) — 0 as t — 07,

(iii) for every t > 0, in D'(G),

1

(E) —5 Llu(t)) = u'(1).
Then such a u is unique, —L is the generator of a strongly continuous semi-
group of contractions on L*(G) and u(t) = e *L/2(f).

Proof. Since (E) holds in D'(G) and u/(t) € L*(G), L(u(t)) also belongs
to L(G), i.e. u(t) € dompa L. Let u,v be two functions satisfying (i)—(iii);
by (i) and (iii) the derivative of h(t) = |ju(t) — v(t)H%Q(G) is

2(u — v u—v) = —(L(u—v),u —v) <0,

hence h is a decreasing function on 0, co[, which by (ii) tends to 0 as t — 07,
hence h = 0. In the same way, ||u(t) H%Q(G) is decreasing on |0, co[, hence less

than || f]|3, ()~ The last assertion follows by definition. m
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LEMMA 2. Let G be a homogeneous Lie group. Let L be a linear operator
D'(G) — D'(G) and D(G) C domy2 L — L*(G) such that

(a) L commutes with left translations,

(b) 5t_1L6t = tzL
Let p € LY(G) and p; = t_N/25t_1/2 (p). Then the following assertions are
equivalent:

(1) For every f € D(G), the function f = p; satisfies equation (E) in
D'(G x 10, 00]).

(2) The function p; satisfies in D'(G % |0, 00() the equation

1 Opt
H — =~ Lp, = —*.
(H) 9 Pt ot
(3) The function p satisfies in D'(G) the equation
d
(1m,) (VId=L)p = 13, 6+ ().

Proof. (1)<(2). By (a), L(f *pt) = f x Lp; in D'(G) for t > 0, and
_8(];;;:,5) = fx % in D'(G x 10, 00l).
(2)<(3). (H) is equivalent to

0
_tLth - Eth.

By (b), Lp;z = t=N=25,-1(Lp) and the above equation can be rewritten as
d
—t V0 (Ip) = =NtV (p) + 1Y 5 (p),
which is (Hy). =
We now collect some properties of the functions f * pe (see e.g. [FS,
Prop. 1.20] for (a), (b)). The use of the expression §, f(v8:(g7"))p(g) dg is
also reminiscent of [CMZ].

LEMMA 3. Let 1 < q < 0o and let G be a homogeneous Lie group. Let
p € LY(G) and pp =t N6-1(p). For f € K(G), let Fy = f§,p(9)dg, and
fort >0,

Ft - f *ptZ.

Then

(a) For~ € G,

Fy(v) =\ f(46:(g7))p(g) dg = (8,-1[(f 0 6¢) * p]) (7).
G
In particular,
[Fillacy < I llaalpllLre)-
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(b) Fort >0,
1Es = FillLa(e) — 0

(c) Assume that G is a step two stratified group. Let (X1,..., Xpn, U1, ..,
Un) be a linear basis of G as defined in the notation. Then, for f € D(Q)
and t >0, g,v € G, g=(T1,...,Tn, UL, .., Un),

e ZxZXf (61(9)) + 26 3 (U3 1) (264(9))

j=1
(d) With the notation of (c), the function t — Fy is differentiable ]0, co|
— L9(G) whenever all x;p, ujp, 1 <i<n, 1< j<m, belong to L'(G).
Proof. (a) comes from the change of variable g = §,-1(¢’).
(b) For every g € G, || fs5,(g-1) = fs.(g-) |l Laq@y — 0 as s — ¢; by (a) and
the dominated convergence theorem,

IF = Filluaa) = |[§ [F(08:(97) = F(dla™)lnle) do|
G

La(G)

<V s.g1) = oo v llzaep(9)l dg — 0.
G

(c) Let g = exp(X +U) € G, where X = > 71" 2;X; and U = > w;Uj.
Since tX + t2U commutes with sX + (2st + s2)U,

Orrs(g) = exp((t+ )X + (¢ + 5)°U) = 0i(g) exp(sX + (25t + s*)U).
For h € D(G) and t > 0,

0 0
S7h00i(g) = 5-h(dies(9))| = (X +2tU)(R)(6:(g))-
ot ds s=0
Taking h =  f yields the claimed formula by the left invariance of the X;’s

and Uj’s.
(d) Defining

4 9) = S Fala ™)

and writing
1

F(¥ein(g™) = F(¥8e(g™1)) = hS Prron(v:9) do

0
we get

B(t,h) = ﬁHFHh —F—h S oe(+, 9)p(9) dg”q
a

=H§[§¢t+gh )do — x(-.9) |pla) d|
G 0
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= H ]SL S [be+on(,9) = &1(- 9)| [p(9)] dngHq
0G

1

<V 6100, 9) = (5 9)llglp(9)| dg do.

0G
By (c), for g = (x1,...,&n,u1,...,um) € G,

16s(-, 9) La(Gay) < Z @il | Xif lae +2SZ ui | |U; fll Lo
J=1
and [¢s(-,9) — ¢e(-, 9)llLe(e) — 0 as s — ¢, as in the proof of (b); hence the
assumption and the dominated convergence theorem imply B(t,h) — 0 as
h — 0, which proves the differentiability of ¢ — F; on |0, 00|. m

Putting together Lemmas 1-3, we get:

PROPOSITION 4. Let G be a step two stratified Lie group. Let L be a
linear operator D'(G) — D'(G) and D(G) C dom2 L — L*(G) which pre-
serves real-valued functions and satisfies:

(a) L commutes with left translations,
(b) 5t—1L6t = tzL,
(¢) (L(w),w) >0 for w € domp2 L.
Then there exists at most one real-valued function p such that

(i) p € LYG) with §,p(9)dg = 1 and zxp,ujp € L'(G), 1 < k < n,
l<j<m,
(ii) p satisfies in D'(G) the equation

n m
(H1) (NTd=L)p+ > axXip+2 > u;Ujp =0.
k=1 j=1
If such a p exists, then —L is the generator of a strongly continuous
semigroup of contractions of L*(G), and for f € D(G) and t > 0, eféLf =
f*p.
Proof. 1If G is step two stratified, and g = («, u) then by Lemma 3,

—ap(étq(g ) Zxk Xp) (051 t3 ZUJ Ujp)(6:-1(9))
k=1
and

d
—t5t poét 1) Zkakp—i-ZZu] iDs

hence (ii) specifies equation (H;) from Lemma 2 in this setting.
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If there exists a p satisfying (i), (ii), then for every f € D(G), u(t) = fxp;
satisfies all assumptions of Lemma 1, owing to Lemmas 2 and 3. =

We will now weaken condition (i) in the above proposition. We have not
found the statement of the next lemma in the literature, though it proba-
bly belongs to the folklore, and the implication (1)=-(2),(3) is known ([FS,
Props. 1.71, 1.72, 1.74]). We denote by (S, f) the action of a distribution S
on a function f. We recall that for every compact set K C R?, the topological
space Dk (R?) of K-supported functions in D(R?) embeds continuously in
the space A(R?) of functions on R? whose Fourier transforms lie in L'(R?),
equipped with the norm || || oae) = || fll L1 (Ra)-

LEMMA 5. Letp € S'(R?) be the inverse Fourier transform of a bounded

continuous function p on R satisfying p(0) = 1. Let p; be the inverse
Fourier transform of p(t41/2¢,,t42/2¢,, .. t%a/2¢,) where t, d;j > 0. Then

(1) (a) pt — 6o in D'(RY) ast — 07,
(b) Pe =11 oo(t)pr = P = 19 oo (t)pr in D' (R as e — 07,
(c) pt satisfies the following homogeneity condition, with N= Z?Zld]
prae(ryn, o r%ya) = Ny, a)-

(2) If py satisfies the equation (H): —3Lp, = % in S'(R? x 10, 00[),
where L is a differential operator on R%, then

)
<8t T2 L) = %00

(3) Assume moreover that % + %L is hypoelliptic. Then p € S(R?).

Proof. (1)(a) Since p is bounded and continuous, the dominated conver-
gence theorem implies, for f € D(RY),

§ Dt 260,110, 12g) f(e) dg — [ B(0)f(€) dé = 2mf(0).
Rd

Rd

(b) Let f € D(R™1) be supported on R x [T, T], T > 0, and let f(, t)
denote the Fourier transform of f(z,t) with respect to z € R% Then

(776001 = | L 10,0 ] < |50 T
0

< THpHoo”fHLOO(R,A(Rd)) < TIPllooll 1l ara+1),

hence P is well defined as a distribution on R%*!. In the same way, for € > 0,
€

(P = Pey £ )] < |§(50 FC0) dt] < ellBllocll Fllageasny:
0
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(¢) This is obvious since py(y1, . .., yq) = t N/ 2p(t=4/ 2y, ... t=%a/2y,).
(2) By (1)(b) it is enough to show that, in D’(R%*1),

0
(6t + = L)P — 5(00)
By (H) and (1)(a),

0 L L 0 0
(37 + ) et 09) = Yeaet() 5 00) + Lot (8) 1 50) + 1 3 (11
0
=Dt E(l[e,oo[(t)) = Pe ® O¢
i %00
(3) Since % —1— L is hypoelliptic on R¥*!, (2) implies that P is C*> on

RI*1\ (0,0). By (1 )( ) the claim now follows from [F'S, Props. 1.72, 1.74]. m

In the next proposition we identify the step two stratified group G with
some R%, both as a manifold and a measure space; the Fourier transform is
the usual one on R%.

PROPOSITION 6. Let G be a step two stratified Lie group, and L =
—>r_ X2, where (X1,...,Xy) is a basis of the first layer of G. Then there
is at most one p satisfying both equation (Hy) in Proposition 4 and

(i)' p € S'(G) = S'(R?) is the inverse Fourier transform of a bounded
continuous function p on R? satisfying p(0) = 1.

Such a p lies in S(G).

Proof. In the stratified setting, the sublaplacian L satisfies the assump-
tions (a)—(c) of Proposition 4; by a theorem of Hérmander, L and % + %
are hypoelliptic. By Lemmas 2 and 5, the two assumptions of Proposition 6
imply p € S(G), hence all zp and u;p lie in L*(G), i.e. (i) of Proposition 4
is satisfied. m

For the next examples we follow the definitions of [G]. We present them in
increasing order of difficulty. By [C], the heat kernels of all step two stratified
Lie groups can theoretically be recovered from the N, 2 heat kernel. Let us
mention that the heat kernels of the generalized Heisenberg groups, which
we do not treat here, can be explicitly deduced from those of Heisenberg
groups [R].

II.A. Computation of the heat kernel on the Heisenberg groups.
Let (aj)}"”:l be strictly positive numbers. We consider the isotropic (i.e.
a; = 1,1 < j < n) or nonisotropic Heisenberg group G = Hf. Via the
exponential map, it may be identified with R?"*1, n > 1, equipped with
Lebesgue measure and the group law
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’Yg = (x17y17 ctt xn? yTL7 u)(l‘,17yi7 ctt x;],? y;],? u/)

n
= (z1+ Ty + Yl o+ Ty Yn + Yy u U+ 2> ay(ysal — xjy;‘))-
j=1
Here the first layer has dimension 2n, the central one has dimension 1, and
N = 2n + 2. A basis of the top layer is
0 0 0 0
Xj:8—%+2a]y] %, Y}Z— 261,]{13]8

and 3
[va}/]] = _4aj % = _40’ij 1<j<n,

the other brackets being zero. Equation (Hp) in Proposition 4 reduces to

& dp dp
(2n+2)p—Lp:—;< 8x +y]8 )—ZUUp.
The sublaplacian is given by

2

0? 0? 2 9 o2 o
I = Z (— + 5 —|—4a i (2 +y]) o2 +4g; <y] Oz j0u — 3‘%'8“))‘

. o - . . .
Since yja—xj — Tjp, 18 the generator of rotations in the x;,y; coordinates,

L commutes with these rotations; hence, if a function p as in Proposition 4
exists, it must depend only on u and r; = (m? + y?-)l/Q, 1 <5 < mn;if we set
p(x,y,u) = h(ry,...,rj,u), equation (Hi) reduces to

Ph 1 Oh 0
(%) (2”+2h+z< 2+E8—7"j+4]]82>

We first consider the isotropic case a; = 1,1 < j < n, G = H,. Here,
L commutes with rotations on R?", p must depend only on u and r =
(@2 +y2+... +z2+ y?L)l/2 We set p(1,y1,- -+, Tn, Yn,u) = h(r,u). Then
9*h  2n—1 0h d*h
—Lh = 44
T T T e
and equation (Hp) reduces to
d%h d*h 2n — 1 Oh oh
— +4y? — 4+ 2u— + (2n+2)h =0,
(%) 52 T4 a2+( >8r+ 8u+(n+)
with o € LY (R xR, r?"~drdu) and o2y, §1 5 h(r,uw)r** = dr du = 1, where
09, denotes the area of the unit sphere in R?". We denote by q(r, \) the

r
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Fourier transform of h(r,u) with respect to u. Since the transform of u% is

—q — /\g—g, (*) becomes
0%q 2n — 1\ dq 919 dq
— — —2(2r°\° — —-22—=—=0
(xx) 572 + (r—l— " >6r (2r n)q I\ ,
with o2, {51 g(r, 0)r*" 1 dr = 1. In particular, Q(r) = ¢(r, 0) satisfies
2n -1
Q”+<r+ ! )Q’+2nQ=0,

whose solutions belong to a two-dimensional vector space; an obvious so-
lution is Q1(r) = (27r)*"e*7"2/2 € LY(R*,r*1dr). Up to a multiplicative
constant, it is the only solution lying in this space, which is proved either
by computing another independent solution, or by Proposition 4 applied to
G = R?", or by noticing that we have indeed switched to the problem of
recovering the usual heat kernel on G = R?".

This is a motivation for looking for a solution of (%) of the form

a(r,3) = C)e 2
with o(0) =1 and C'(0) = (2m)™". We get

!
r2(a? — o —4X* + \)q + (—Qna +2n —2X %)q =0,

which splits into the two differential equations
o —a—4\ 4+ =0, a0)=1,
!
% il o) = (2710”.
The first one is a Riccati equation (as in [B]) with an obvious solution
a1(A) = 2\, so we look for a solution a(A) = 2A 4+ 1/5(N). We get
(A DF-AF =1, B0)=1.

hence () = 642—)\_1, and

a(A) = 2\ coth 2.

Then % = % — 2coth 2, hence

2 " 2
\) = —(Acoth2X)r )
4 A) <27r sinh 2)\) ‘

Let h be the inverse Fourier transform of ¢ with respect to A and let p
be the corresponding function on R?"*!. We will now show directly that p
satisfies (i) of Proposition 4. (At this step, the positivity of p is not known.)
It is also easy to verify that p is continuous and bounded, and we may use
Proposition 6, which is however less elementary than Lemma 7.
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LEMMA 7. (a) The function

— 2A —2X(coth2))z?/2
¢z, 4) = 2 sinh 2\

is the Fourier transform with respect to u of a function ¢(z,u) € L*(R?).
(b) z¢(z,u) and up(z,u) also belong to L*(R?).
(c) The function

: 2A " " (22442
2p(T1, Y1y -« s Ty Yny U) :éezku<m> e ACOth2A DT (23 +y7) gy

belongs to L*(R®*"1), and so do up, z;p, y;p, 1 <j < n.
Proof. (a)&(b) By the Cauchy—Schwarz inequality,

e, w)lle < 1L+ ul) (@, w)l| Lt (de,2 @ | L+ 1) 7 22 ()
and by the Plancherel formula,

(1 + [u))e(x, w)|| 1 (de, 22 (du))

0
< 66 Wl an oy + | o)

Ll(dr,LQ(d)\))'

In the same way, ||zp(z,u)||1 and ||up(z,u)||1 are controlled respectively by
the L'(dx, L?(d)\)) norms of z¢, x%, and g—f, %.
Let ¢ > 0 be such that Acoth A > ¢ for every A € R. Since

2\ 76.’172/2

[¢(z, M)l < 27 sinh 2\ € ’

¢ and z¢ belong to L'(dz, L?(d))).
The first two derivatives of A coth A are bounded on R, and the function
v(A) = 1/2A/(sinh 2)\) is such that v'/v and v” /v are bounded on R. Hence

x| =0 s[5

<c+a?g, |55

<O+ 2?)?9,

which implies that xaf\), gf, gT‘f € L'(dxz, L*(d))).

Let 3(&, ) be the full Fourier transform of ¢ on R2. Since
(c) Let ¢ @

— S o6 o —(2Acoth2))a2/2 g _ tanh 2\ Y
nE 2\
we get
2
BEN) = R

v/ cosh 2\
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The full Fourier transform p of p on R2"*1 is

n

1 tanh 2 5]2""77] n
D A) = T 2
p(&lv”l? 7671777715 ) jr‘[1COSh2>\6 E[ 5]7 7)]7 )a

it is the Fourier transform of a bounded measure, because p(£;,\) is the
transform on R?"*! of the bounded measure

do(21) @ ... ® p(zj,u)drjdu ® do(Tjt1) ® ... R do(yn).
On the other hand, by the Plancherel formula, p € L2(R?"*1): indeed,

~ 1 tanh2) 2
I Frerery L TR
R

1 2X \*"
‘ ISR (cosh 2))2n (tanh 2)\> =

Hence p € LY(R?*"*1). In the same way, 7;p = z'a%_ﬁ and up = ia%ﬁ are
J

—~

Fourier transforms of bounded measures, because so are, by (b), z'a%g? =Zp
and 8%{5 =up. m

Proposition 4 implies:

THEOREM 8 ([G], [H]). The heat kernel on Hy, is p; = t~ D61 (p),
i.e.
27Tpt($17 Y,y T, Yn, U)

— t_(n+1) S ei)\u/t (2 S2)\}1 2)\>ne (Acoth2>\)t_1 n (w +yj) d>\
7T S111

We now come back to the nonisotropic Heisenberg group H2. We recall
that we must solve

Oh 82h 8 1\ Oh

with h € LY(R? x R, (H?:1 rjdrj)du). By Fourier transform with respect
to u we get

oz 1V\00 202 )
() 2Aa)\+2nq+z<82 (r]—l—rj)ar] dajriA"q | = 0.

We look for a solution of (xx) of the form

n
q(r1y ...y, A) = e~ Nri/2,

Jj=1



HEAT KERNELS ON HEISENBERG GROUPS 245

We get the differential equations

' on—yl
—ap—aNa £ =0, L= ——SE a0) =1

with «;(0) = 1, (2m)"C(0) = 1, whose solutions are, as before,

2
@

n

2)Ma;
:(\) = 2)a; coth 2)\a; = | | —J
a;(X) = 2Aaj coth2Xa;, C(X) S ErEmIv

Hence

n
ﬁ(éla"'vgn)nla'”vnna H &-]7)‘0’] 77]7)‘0’])

Using Lemma 7 and Proposition 4, we get, as in the isotropic case:

THEOREM 9 ([CT]). The heat kernel on the nonisotropic Heisenberg
group HY is py = t_("+1)5t71/2 (p), i.e.

27Tpt($17y17“ xmym )

2)a; 1
_ 34— (n+1) { Jidu/t _oandy -
=t S | | 3 sinh 2%, eXp< : gz 23 4+ y7)Aa; coth 2/\a3> dA.

II.B. Computation of the heat kernel on the group N,2. We
consider the group N, 2, whose Lie algebra is the step two nilpotent free

algebra with n generators, i.e. Ny, o is ]R"JFC%, n > 1, equipped with Lebesgue
measure, and the group law

Y9 = (331, ey Ty (ukl)1§k<l§n)($/1’ ey .’E;,L, (u%l)1§k<l§n)

. / / / 1 / /
=\(z14+ay,..., 20 + 2, Ukl+ukz+§($k$l—l”l$k) )
1<k<i<n

The first layer has dimension n, the central one has dimension C?2, hence
N =n+2C2 =n?. A basis of the top layer is

0 1 0 0
Xj=r—+( N 1<j<
J 3$j+2< ,xk Oup; i auﬂ>’ =)=

and

J

On the other hand, L satisfies (see [G, p. 121])

0\ 0 I¢
S LMW W ) it I

k<j



246 F. LUST-PIQUARD

and equation (H7) reduces to

() —Lp+np+2x]8 +2 Z ukl—:O.

1<k<i<n

Since L is formally self-adjoint, we must have p(g) = p(g~!), which means
that p is even on R"J“CTQL and implies

= (k<3 auﬂ)@:zjj
We denote by q(z1,...,%n, ()\kl)lgk<l§n) the Fourier transform of p with
respect to all ug;. The Fourier transform of uklaan is —q — )\kla‘?\—q and the

transform of R; is —(AX ) ‘q, where X is the column matrix of the coordi-
nates xi,...,T,, A is the n X n antisymmetric matrix with Ay above the
diagonal and (AX); denotes the jth coordinate of the column matrix AX.
This gives

= g 1 9
—2 Y § Ny oL - S AX P = 0.
(+x) ng Akl o 3/\k1 2 81,2 + 2 T or; 4 [AX||"¢ =0

1<k<i<n
Let 2 € SO(n) be an orthogonal matrix, and X’ = 2*X, A" = Q*A.

Obviously E;L 1 acj;Tq, 27 1 8m2’ ||AX]|| are invariant under such a change

of variable, and so is Zl<k<l<n Akl 8)\ , because if (Ag)1<k<i<n and the over-

diagonal entries (\};)1<k<i<n of A" are identified with vectors in RMn—1)/2,
the mapping A — A’ defines a linear isometry Ty of R™"~1/2 equipped
with the euclidean norm. Hence, by unicity of L!(G) solutions of (x) with
integral 1,

o(X, A)r<t) = a(2° X, To(Au)k<t)-
It follows, by inverse Fourier transform, that
P(X, (k) 1<k<i<n) = p(2X, To(up)i1<k<i<n)-

We now use the same trick as in [G]. There exists an orthogonal matrix
2 € SO(n), which depends on A, such that

A= QMO

where M is block diagonal: if n is even, each block of M is a 2 x 2 matrix

0 1
< h < :
uh<_1 O)’ 1 <h<n/2;
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if n is odd, there are [n/2] such blocks and the last one is the 1 x 1 zero
matrix.

Let Y = 2*X. We define

Q(mlv <oy Iy (Akl)1§k<l§n) = Q(y17 e Yns M1yl :u[n/Z])
and get
[n/2]

a 1 82 a
”Q+Z( ZMh%_ZM%(ygh—l+y2h >+Z<a§+ ]8Q>:0,

Using polar coordinates ry, 0 instead of yop_1,yon, 1 < h < [n/2], denoting
by R the function obtained from () by this change of variable, we rewrite
(xx) if n is even as

R (1 OR 1 OR
E — — 2 .
(ko ) nik + + (Th —I—Th) o 4 prri R — 2pp — Brin =0

Since this looks like equation (k%) for the nonisotropic case, we look for a
solution
n/2
R(r1,y .oy Tryos By - ooy fny2) = H O (g ) e~ nn)Tic/2,

which yields the differential equations

1 ¢, 11—«
2 2 / h h
— oy — =y, + =0, —=—
QOp = Oh = 7 i+ RO, Ch .
with ap,(0) = 1,27C,(0) = 1. We get as in the previous cases

n/2 1
I1 _3Mh —(Suncoth Sun)5(v3, 1 +uE)

QY15+, Yns 15+ - s Hiny2) = ;
" n/ 27Tsmh%,uh

h=1

If n is odd, we get in the same way

Q(ylv"wynmu’l?"‘?:u[ }/2)
[n]/2
1 = ~ya/2 H T3 e~ (G1n coth 31n) 5 (y3y 1 +3)
27 sinh 2 5HA

THEOREM 10 ([G], [C]). The heat kernel on Ny, 2 is p; = t_”2/25t_1/2 (p).
Writing A = 2*M (2 as explained above, let

1
Pu(t,Y, M) = oM 3B +yE) Sun COth%ﬂh’ 1<h< M
27 sinh %,u,h -T2
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Then pi(x1, ..., Tn, (Ug)k<t) 18 given, for even n, by
) n/2
(2m) D22 i Rickasa i TT By, X, M) [ dowa,
Rn(n—1)/2 h=1 1<k<i<n

and for odd n, by
(27T)—n(n—1)/2t—n2/2

X S et Zash<ign MUK _—_ o~ 3 H Py(t, X, M) H dAki-

RA(n—1)/2 V2 h=1 1<k<I<n

Proof. We have not been able to prove directly that p, x;p, uyp belong

to L' (R"TC%), so we will use Proposition 6. If n is even, let p be the Fourier
transform of ¢ with respect to x1,...,xy:

ﬁ(glv s 7571) (Akl)k<l)
= Ve =m0 Qg s i) dyn - dyn

RTL
n/2 1 1
~TTo((@ s g )2 (29 g,
h=1
where £ is the column matrix of coordinates &1, ..., &, and ¢ has been com-

puted in the proof of Lemma 7. Obviously, |p] < 1 = p(0,...,0) and p is
a continuous function because so is » and we may choose the eigenvalues
uy, and the matrix §2 of corresponding eigenvectors as continuous functions
of A. The verification is analogous if n is odd, which ends the proof. =
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