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ORDINARY CONVERGENCE FOLLOWS FROM
STATISTICAL SUMMABILITY (C,1) IN THE CASE
OF SLOWLY DECREASING OR OSCILLATING SEQUENCES

BY

FERENC MORICZ (Szeged)

Abstract. Schmidt’s Tauberian theorem says that if a sequence (x) of real numbers
is slowly decreasing and limp—oo(1/n) > jp_; zx = L, then limy_, o 2 = L. The notion
of slow decrease includes Hardy’s two-sided as well as Landau’s one-sided Tauberian con-
ditions as special cases. We show that ordinary summability (C,1) can be replaced by
the weaker assumption of statistical summability (C,1) in Schmidt’s theorem. Two recent
theorems of Fridy and Khan are also corollaries of our Theorems 1 and 2. In the Appendix,
we present a new proof of Vijayaraghavan’s lemma under less restrictive conditions, which
may be useful in other contexts.

1. Introduction. We begin with some historical remarks. The term
“statistical convergence” first appeared in [2] by Fast, where he attributed
this concept to Hugo Steinhaus. More exactly, Henry Fast has recently ex-
plained to the referee of our paper in an e-mail message that actually he
had heard about this concept from Steinhaus, but in fact it was Antoni
Zygmund who proved theorems on the statistical convergence of Fourier se-
ries in the first edition of his book “Trigonometric Series” in 1935, where he
used the term “almost convergence” in place of statistical convergence. (See
[11, Vol. 2, pp. 181 and 188].)

A sequence (zy : k = 1,2,...) of complex numbers is said to be statis-
tically convergent if there exists a complex number L such that for every
g > 0 we have

(1.1) lim n '{k <n:l|x, — L| > e} =0,
where by k < n we mean that k = 1,...,n, and by |S| we denote the number
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of elements in the set S of positive integers. Clearly, L in (1.1) is uniquely
determined. In symbols, we write st-limzy = L.

Basic results on statistical convergence may be found in [2, 3, 9].

A sequence (zy) is said to be statistically summable (C, 1) to L whenever
st-limo,, = L, where

1 n
(1.2) Jn::E;xk, n=1,2...,

is the first arithmetic mean, also called the Cesaro mean (of first order).

We recall that a sequence (z) of real numbers is said to be slowly de-
creasing according to Schmidt [8] if
(1.3) lim liminf min (zy —2,) > 0.

A—14+ n—oo n<k<An

Since the function
(1.4) f(A) = hnrrilgf n<rr]i1§n/\n(mk —xy), A>1,
is clearly decreasing in A on the interval (1, 00), the right-hand limit in (1.3)
exists and can be equivalently replaced by sup,..

It is easy to see that (1.3) is satisfied if and only if for every € > 0 there
exist ng = ng(e) and A\g = \g(g) > 1, as close to 1 as we wish, such that

(1.5) T — Xy > —e whenever ng <n <k < \gn.

We recall that Hardy [6, pp. 124-125] defined the notion of slow decrease
by the requirement that

(1.6) hjlggf(xk? —Tp,;) >0
whenever
(1.7) n; — o0, 1<kj/nj—1 asj— oo.

We claim that definition (1.3) and (1.6) & (1.7) are equivalent. First, as-
sume that the sequence (xy) satisfies (1.3). If (1.7) holds for some sequences
{k;} and {n;} of positive integers, then for every A > 1, the inequalities
n; < kj < An; are satisfied for every large enough j. By (1.5), for every
e > 0 we have

li]nig}f(:pkj —Tp;) > —¢,
which proves (1.6).

Second, assume that the sequence (zj) satisfies (1.6) for all sequences
{k;} and {n;} of positive integers as in (1.7). We prove (1.3) indirectly.
Namely, if (1.3) is not satisfied, then there exists some £y > 0 such that for
all A > 1 and m > 1 there exist integers k and n for which

m<n<k<An, zp—x,<—¢0.
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In particular, let m; := 1 and A\; := 2; then there exist k; and nq such that
my <np <k <Ainy, Tk, — Ty, < —Eo-

We proceed by induction. If 1 < n; < ky < --- < nj_1 < k;j_1 have been
defined, then let m; :=k;_1 +1 and \; := (j+1)/4; then there exist k; and
n; such that

m; < n; < k‘j < )\j’l’Lj, Tk

—Zn. < —g0, j=1,2,....

J
Clearly, (1.7) is satisfied, while (1.6) is not. This contradiction proves (1.3).
We note that definitions (1.3) and (1.6) & (1.7) of slow decrease resem-
ble the equivalent definitions of continuity of a function at a point of the
definition domain, given by Cauchy (in terms of neighbourhoods with radii
e and ¢) and by Heine (in terms of sequences tending to the given point and
function value, respectively).
One more remark is appropriate here. A sequence (xy) of real numbers
may be said to be slowly increasing if
(1.8) /\13{1+ h;n_}solip ng}lgag\n(xk —z,) <0.
Clearly, (zy) is slowly increasing if and only if (—xx : k = 1,2,...) is slowly
decreasing. In particular, the right-hand limit in (1.8) can be equivalently
replaced by infy~i.
We recall that a sequence (xy) of complex numbers is said to be slowly
oscillating if
(1.9) )\13{1 hgl_}S;;p ax |z — x| = 0.
Again, the right-hand limit in (1.9) can be equivalently replaced by infy~1.
It is easy to see that (1.9) is satisfied if and only if for every € > 0 there
exist ng = no(e) and A\g = Ag(e) > 1, as close to 1 as we wish, such that

(1.10) |z —x,| <e whenever ng <n <k <An.

We note that Hardy [6, pp. 124-125] defined the notion of slow oscillation
by the requirement
(1.11) lim (2, —2p;) =0

J—00

whenever the conditions in (1.7) are satisfied. The equivalence of definitions
(1.9) and (1.11) & (1.7) can be justified exactly in the same way as in the
case of slow decrease.

It is plain that a sequence (x) of real numbers is slowly oscillating if
and only if (x) is both slowly decreasing and slowly increasing.

It is well known that if a sequence (xj) of complex numbers satisfies
Hardy’s two-sided Tauberian condition (see [5] and also [6, p. 121]):

(1.12) klxy — xx—1| < H for some H and every k,
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then (zy) is slowly oscillating. Furthermore, if a sequence (xy) of real num-
bers satisfies Landau’s one-sided Tauberian condition (see [7] and also
6, p. 121]):

(1.13) k(xy —xp—1) > —H for some H > 0 and every k,

then (zy) is slowly decreasing.

2. Main results. The main results of the present paper are summarized
in the following two theorems.

THEOREM 1. If a sequence (xy) of real numbers is statistically summable
(C,1) to some L and slowly decreasing, then (x) converges to L.

Theorem 2.3 in [4] by Fridy and Khan (under Landau’s one sided Taube-
rian condition) is a corollary of Theorem 1.

THEOREM 2. If a sequence () of complex numbers is statistically sum-
mable (C,1) to some L and slowly oscillating, then (1) converges to L.

Theorem 2.1 in [4] by Fridy and Khan (under Hardy’s two-sided Taube-
rian condition) is a corollary of Theorem 2.

3. Auxiliary results

LEMMA 1. Let (x) be a sequence of real numbers. Condition (1.3) of
slow decrease is equivalent to

1 lim liminf i n— > 0.
31 A Bt g (o =) 20

Proof. We consider the following extension of the function f(\) defined
in (1.4):
f(A) :==liminf min (z, —x;), 0<A<L1

n—oo An<k<n

Given an arbitrary A > 1, by (1.4) there exists an increasing sequence
(np :p=1,2,...) of natural numbers such that

f) = lim . glgnmp(mk — Tp,,).

Let us choose a sequence (k, : p=1,2,...) of integers such that

T —Tp = min (rp —T n, < k, < An =1,2,....
D Np np<k§>\np( np)7 P P Do p ) &y

Since
np < k, < An, is equivalent to (1/AN)k, <n, <k,
k, — oo as p — o0, and

min T —Tp) < T —X
(1/)\)kp§n<kp( » = Tn) po e
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it follows immediately that

< Timi . _
f(/x) < 1111_1)ggf (1/>\)Ikr,l,1£n<kp(xkp Zn)

< lim (2, —2n,) = f(A), A>1

P00
The converse inequality
FAN) S FO), 0<Aa<],
can be deduced in an analogous way. Thus, we conclude that
(3.2) f(/A) = f(A) forevery 0 < X < oo, A# 1.
Now, the equivalence of (1.3) and (3.1) is a trivial consequence of (3.2). m

LEMMA 2. Let (zy) be a sequence of complex numbers. Condition (1.9)
of slow oscillation is equivalent to

(3.3) lim limsup max |z, — x| =0.
A—=1l— oo An<lk<n

The proof runs along the same lines as that of Lemma 1. We omit the
details.

LEMMA 3 (see [1, Lemma 4]). Let (z1) be a sequence of real numbers. If
there exist a positive integer mgy and a real number A > 1 such that

(3.4) Tp — x> —1  forall mg <k <n<Ak,

then the sequence

—Z n—=Tk), n=12,...,

1s bounded below.

We note that Armitage and Maddox [1] stated Lemma 3 above for slowly
decreasing sequences, but in their proof they actually made use of condition
(3.4), while relying on a key lemma of Vijayaraghavan (see [10, Lemma 6]).
In Lemma 8 in the Appendix, we present a new proof of Vijayaraghavan’s
lemma under our less restrictive conditions.

LEMMA 4. Let (z1) be a sequence of complex numbers. If there exist a
positive integer mg and a real number A > 1 such that

(3.5) |xn — k| <1 for all mog <k <n <Ak,
then the sequence

1 n
3.6 — n— Tk, =12,...,
(36) PR

15 bounded.
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Proof. The proof of Lemma 4 is modelled after that of [1, Lemma 4]. By
Lemma 9 in the Appendix, there exists a constant B such that

(3.7) |z, — x| < Blog(n/k) foralll <k <n/A
By (3.5) and (3.7), for n > Am we can estimate as follows:
n [n/A] n
Ylew—al={3> + > -l
k=1 k=1  k=1t[n/
[n/A]

< B log(n/k) + (n — [n/A)

< an:log(n/k) +n= B{nlogn — zn:logk} +n
k=1 k=2

SB{nlogn—Slogudu}+n:(B—i—l)n, n > Amg,
1
t

where [-] means the integral part (of a real number) and where we used the
elementary fact that

k
logk > X logudu, k=2,3,...,n.
k—1

This proves the boundedness of sequence (3.6). m

We note that in the proofs of Theorems 1 and 2 in Section 4 we shall only
use weaker versions of Lemmas 3 and 4. However, we think that Lemmas 3
and 4 in the above formulation may be useful in other contexts.

The next auxiliary result is the so-called decomposition theorem due to
Fridy [3].

LEMMA 5 (see [3, Theorem 1]). If (xx) is statistically convergent to
some L, then there exists a sequence (yr) which is convergent (in the or-
dinary sense) to L and

(3.8) lim — [{k <n:yp#xr}| =0.

1
n—oo N
Finally, we sharpen [5, Theorem 2.2] by replacing Landau’s one-sided
Tauberian condition by the weaker condition of slow decrease.

LEMMA 6. Let (1) be a sequence of real numbers. If (xy) is statistically
convergent to some L and slowly decreasing, then (xy) is convergent to L.

Proof. We start with the decomposition theorem (see Lemma 5). Let
1 <l <ls < --- be the subsequence of those indices k for which y; = xy.
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Then setting n := [, in (3.8) gives

1
l—|{k§lm:yk:xk}]:lﬁ—>l as m — oo.

Consequently, it follows that

e . i1 m+1 m
. | =1 R
By the definition of the subsequence (I,,) (cf. (3.8)), we have
(3.10) lim z;, = lim y,, = L.
By (1.3), for every € > 0 there exists A = A(¢) > 1 such that

11 liminf mi —x,) > —e.
(8.11) Wit A, ) 2 =

By (3.9), we have l,;,41 < Al,,, for every large enough m, whence

min (v —2;,) > min  (xp —x3,,).

Ui <k<lm+1 Tl <k<Apm
By (3.11), we find that
(3.12) liminf ~ min (2 —ay,) > —¢.

m—00 |y <k<lm41

Since € > 0 is arbitrary, it follows that

lim inf min T —x; ) > 0.
m— oo lm<k<lm+1( m) -

Taking into account that

min =  min Tk — X, )+ T,
l77L<k<l7rL+1 k l'rn<k<l'm+1( k lM) lm
by (3.10) we conclude that
(3.13) liminf  min 2 > L.

m—oo I, <k§<lm+1

On the other hand, by Lemma 1, for every € > 0 there exists A = A\(¢) < 1

such that

(3.14) liminf min (z, —z,) > —c.

n—oo An<k<n

Since for every large enough m, we have

min Tl — Tk) > min Tl 01 — Tk
lm<k<lm+1( nt ) Alm+1§k<lm+1( et )

by (3.14) we conclude that

liminf ~ min  (zy,,., —2x) > —¢.
m—00 Iy, <k<lmi1

As e > 0 is arbitrary, it follows that

lim inf min x; — ) > 0.
m— o0 lm<k<lm+1( mt )_
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Taking into account that

min —z:)= min z ) —
lm<k<lm+1( k) lm,<k5<lm+1< lm+1 k) l

by (3.10) we find that

liminf min (—x) > —L,
m—0o0 l77L<k<l’VYL+1

m—+17

which is equivalent to

(3.15) limsup max z, < L.

m—oo Im<k<lm41
Combining (3.13) and (3.15) yields

L <liminf min 2z, <limsup max <L,
m— 00 lm<k‘<lm+1 m— o0 lm<k<lm+1
which together with (3.10) shows that the whole sequence (z}) is convergent
toL. m

LEMMA 7. Let (x) be a sequence of complex numbers. If (xy) is statis-
tically convergent to some L and slowly oscillating, then (xy) is convergent
to L.

Proof. 1t is similar to (and even simpler than) the proof of Lemma 6.
Again, we start with the decomposition theorem, consider the subsequence
1 <1l <ly < --- of those indices k for which y, = xj, and have (3.9)
and (3.10).

This time, by (1.9), for every € > 0 there exists A = A\(¢) > 1 such that

(3.16) limsup max |z —z,| <e.
n—oo n<k:§)\n

Analogously to (3.11) and (3.12), by (3.9) and (3.16), we conclude that

limsup max |z —a,| <e.
m— o0 l7n<k<l7n+1

Since € > 0 is arbitrary, it follows that

(3.17) lim max |z —x,|=0.

m—00 [, <k<lm41

Combining (3.10) and (3.17) implies that the whole sequence (x) is con-
vergent to L. =

We note that if Lemmas 6 and 7 were true under the weaker assumptions
of Lemmas 3 and 4, respectively, then we could prove stronger versions of
Theorems 1 and 2.

4. Proofs of Theorems 1 and 2

Proof of Theorem 1. First, we prove that if the sequence (x) of real
numbers is slowly decreasing, then so is the sequence (o,,) of the first arith-
metic means. To this end, let ¢ > 0 be given. By the slow decrease of (zy),
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there exist ng = ng(e) and A\g = Ao(e) > 1, as close to 1 as we wish, such
that (1.5) is satisfied.
Let ng <n < k < Agn. Then by (1.2) we obtain

n k
k— 1
(41) O — Op = — n E T+ — E T
kn 4 k
=1 Jj=n+1
n k
k—n 1
= > (@n — ;) + > (@ — ).
=1 j=n+1

By Lemma 3, there exists a positive constant B such that
1 n
— E (xn —zj) >—B, n=12,....
n
=1

Using this inequality and (1.5), we may estimate the right-hand side in (4.1)
as follows:

49)  op—on> " . " (-B)+ %(k —n)(—e) = _<1 - %)(B + o).

Since for n < k < Agn and Ay > 1, we have

n 1
4.3 1—=—<1——<X-—-1
(4.3) e )\0< 0 )

it follows from (4.2) that

o —0n > —(N—1)(B+e)>—e, ng<n<k<An,
provided that
(4.4) 1<X<1+4+¢/(B+e¢).

This proves that the sequence (o) is also slowly decreasing.

By assumption, the sequence (0,,) is statistically convergent to L. Con-
sequently, by Lemma 6, (0,,) is convergent to L in the ordinary sense. Ap-
plying Schmidt’s classical Tauberian theorem (see [8]) yields the ordinary
convergence of the sequence (xy) itself. m

Proof of Theorem 2. First, we prove that if (xy) is slowly oscillating,
then so is (0,,). Let € > 0 be given. By the slow oscillation of (), there
exist ng = no(e) and A\g = Ag(e) > 1, as close to 1 as we wish, such that
(1.10) is satisfied.

Let ng <n < k < Agn. Then by (4.1) we have

k

k—n — 1
log —on| < o Z|$"_xf|+z Z |z — zp).
Jj=1 j=n+1

By Lemma 4, there exists a constant B such that
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1 n
=3 len—2;|<B, n=12,....
n<
=1
Similarly to (4.2) and (4.3), this time we conclude that
logx — o] < (1— %)(B+6) <(Mo—1)(B+e)<e, no<n<k<n,

provided (4.4) is satisfied. This proves that (o) is also slowly oscillating.

By assumption, the sequence (o,,) is statistically convergent to L. Conse-
quently, by Lemma 7, (0,,) is convergent to L in the ordinary sense. Applying
Schmidt’s classical Tauberian theorem yields the ordinary convergence of the
sequence (zy) itself. m

5. Appendix. Our goal is to give a new, more constructive proof of
Vijayaraghavan’s lemma (see [10, Lemma 6]), which plays a crucial role,
via Lemma 3, in the proof of our Theorem 1. In addition, we prove Vija-
yaraghavan’s lemma under the less restrictive condition (3.4) instead of the
condition of slow decrease.

LEMMA 8. Let (x) be a sequence of real numbers. If there exist a positive
integer mo and a real number X > 1 such that condition (3.4) is satisfied,
then there exists a positive constant B such that

(5.1) Tn —xk > —Blog(n/k) forall 1 <k <n/\
Proof. Without loss of generality, we may assume that
(5.2) mo > 20/ (A —1).
Given n > myg, set ng := n and define
(5.3) np:=1+[ny,_1/A, p=1,...,q,
where ¢ is determined by the condition
(5.4) Ngt1 < Mo < ng.
It follows from (5.2) and (5.3) that
np <Np—1 <Ay, p=1,...,q+1,

and that (3.4) applies for each difference z,,, , — z,,.
Fix k such that 1 < k < n/\. First, we consider the case mg < k <n/A\.
Then

(5.5) npt1 <k <n, forsomel <p<q.

By (3.4), we estimate as follows:

(5.6) Tn =Tk = (Tn — Tn,) + (Tny — Tny) + -+ + (Tnyoy — Tn,)
+ (Tp, —21) > —p— L.
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By (5.3), we have

1
m<l+s, mp<l+l<i4s+

) )
11
np <14+ —4 5+ +

A A2 Ap—1
By this, (5.2) and (5.5), we conclude that

A

?’”S*”(l‘m)“”@‘ﬁ

whence it follows that
1 2n

. <
(5:7) P=10an 8%

Combining (5.6) and (5.7) gives

: R
(5.8) Ty — Tp > Tog \

Second, we consider the case 1 < k < mg. Again, by (3.4), w

(cf. (5.6))

(5.9) Tp — Tk = (fEn - $n1) + (l‘nl -
+(ﬂ3m0 _xk) > —q—1+c¢,

where

1 = mi i (2, —
(5.10) c mln{O,lérilg:no(:n o

Similarly to (5.7), this time we find that

1 1 2n
0—
log A &R

Combining (5.9) and (5.11) gives

(5.11) q<

log—, npp1 <k<n, 1<p<q.

P
log %L mo < k < n/A\.

st (T, — Tng)

1§k:<m0

1< k< mg.

e have

Since ¢ < 0 in (5.10), it follows from (5.8) and (5.12) that in either case

log 2

5.12 n— > -1 —
(5.12) Tn—xk > —14c )
we have
(5.13) Tp—xk > —14+c—

Z _BIOg(n/k)v
provided

log 2
(5.14) B >—(B—

B log\ —

log)\_
1<k<n/A
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Now, this is the case if we define B as follows:

1 log 2
1 B = 2 - .
(5-15) log A ( et log A)

In fact, by this choice of B we have

log 2 1 1 n
l4e— — (B——)logr>—(B———)log2
T Togn < log)\> 0B = ( log)\> %

where the equality is due to (5.15), while the inequality is due to the fact
that A <n/k for all 1 <k <n/\

To sum up, (5.13) holds with the choice (5.15) for B (which is clearly
positive). This completes the proof of Lemma 8. m

The next lemma is new. It plays a crucial role in the proof of Lemma 4,
which is of vital importance in the proof of our Theorem 2.

LEMMA 9. Let (z1) be a sequence of complex numbers. If there exist a
positive integer my and a real number X > 1 such that condition (3.5) is
satisfied, then there exists a constant B such that

(5.16) |z, — x| < Blog(n/k)  forall 1 <k <mn/A.

Proof. Again, we may assume that my is large enough to satisfy (5.2).
Given n > myg, by (5.3) we define ng :=n > ny > ng > -+ > ng >
mo 2 Ng41.

Fix k such that 1 < k < n/A. In case my < k < n/\, let p be defined
by (5.5). Taking into account (3.5), this time (5.6) is of the form

[0 = k| < fen = oy |+ |20y = Tno| -+ [T,y = @, [+ |20, — 24
<p+1,
where p is estimated in (5.7), while (5.8) is of the form

2n
log 22 <k <n/\
logh &g M= <n/

In case 1 < k < myg, (5.9) takes the form

(5.17) |zy, — x| <1+

[T — 2| < |Tn — Ty |+ |Tny — T |+ F ‘an — Timo| + |Tme — Tie
<g+1l+ec,
again due to (3.5), where this time

Ci= max [|Tm, = Tk

and ¢ is estimated in (5.11). In place of (5.12), now we have

2
log—n, 1<k <mg.

5.18 n— <1
( ) | xi| < +C+log)\ 7
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Finally, we define (cf. (5.15))

1 log 2
= 2
log)\( +C+log>\)
and (5.16) follows from (5.17) and (5.18) similarly to the way (5.1) followed
from (5.8) and (5.12) in the proof of Lemma 8. m
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