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METRIC PROJECTIONS OF CLOSED SUBSPACES OF cq
ONTO SUBSPACES OF FINITE CODIMENSION

BY

V. INDUMATHTI (Pondicherry)

Abstract. Let X be a closed subspace of c¢yg. We show that the metric projection
onto any proximinal subspace of finite codimension in X is Hausdorff metric continuous,
which, in particular, implies that it is both lower and upper Hausdorff semicontinuous.

1. Proximinal subspaces of finite codimension. Let X be a real
Banach space. Let D C X and F be a map from D into a collection of non-
empty subsets of X. If x € D, the set-valued map F' is lower semicontinuous
at z if given € > 0 and z in F'(z), there exists § > 0 such that for all y in D
with ||z —y|| < 0, there exists w € F(y) with ||z —w|| < e. If § can be chosen
independent of z in F'(x) in the above definition, we say F' is lower Hausdor(f
semicontinuous at x. The map F is said to be lower semicontinuous (resp.
lower Hausdorff semicontinuous) on D if it is lower semicontinuous (resp.
lower Hausdorff semicontinuous) at each point x € D. A continuous map
f defined on X, with f(z) in F(z) for each x in X, is called a continuous
selection of the set-valued map F.

The set-valued map F' is upper Hausdorff semicontinuous at x in D if
given € > 0, there exists § > 0 such that

F(y) C F(x) +eBx

for all y in DN B(x,d). The map F' is said to be upper Hausdorff semicon-
tinuous on D if it is upper Hausdorff semicontinuous at each x € D. If C(Y')
denotes the class of all bounded, closed convex subsets of Y, then C(Y) is
a metric space with the Hausdorff metric given by
h(A, B) = max{sup d(z, B), sup d(y, A)},
€A yeB

for A and B in C(Y'). If F(x) belongs to C(Y) for all  in D C X, we say F
is Hausdorff metric continuous at x in D if the single-valued map F from D
into the metric space (C(Y'), h) is continuous. We say F' is Hausdorff metric
continuous on X if it is Hausdorff metric continuous at all z in X. We make
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an easy observation connecting the three semicontinuity concepts defined
above.

REMARK 1.1. Let X and Y be Banach spaces and F' a set-valued map
from X into Y with F'(z) in C(Y') for all  in X. Then F' is Hausdorff metric
continuous at x in X if and only if F' is both lower and upper Hausdorff
semicontinuous at x.

Throughout, X denotes a real Banach space, Bx the closed unit ball
of X, Sx the unit sphere of X, and ext Bx the set of extreme points of Bx.
The class of all norm attaining functionals on X is denoted by NA(X). For
a subspace Y of X, let

Yt={feX*: f(x)=0VzeY}
and if z is in X, d(x,Y) = inf{||z — y|| : y € Y'}. Further we set
Dy ={z e X :d(z,Y) =1}

All subspaces are assumed to be closed. Let Y be a subspace of X. For
x e X, let
Py(z)={y €Y :|lz —yll = d(z,Y)}.

The subspace Y is said to be proziminal in X if for each x € X, the set
Py (x) is non-empty. The set-valued map Py : X — 2Y is called the metric
projection onto Y. We set

Qy(z) =z — Py(z) VzelX.
We note that an easy application of the duality formula
d(,Y) = max{f(z): f€ Y1, |f| =1}, zeX,
implies that for any x € Dy,

Qv(x)={y € Sx: f(z) = fly) Vf €Y}

A finite-dimensional normed linear space X is called polyhedral if Bx
has only a finite number of extreme points. In this case it can be shown that
X* is also polyhedral and every extreme point of Bx is, in fact, exposed.
There are various notions of polyhedrality for infinite-dimensional Banach
spaces (see [6]) and we use here the one given in [8] (see Definition 6.1
of [8]). We call an infinite-dimensional Banach space X polyhedral if every
finite-dimensional subspace of X is polyhedral. We refer the reader to [6]
and [8] for more details.

Proximinality and continuity properties of metric projections for sub-
spaces of finite codimension have been studied for more than 40 years.
Some sample references are [1], [2], [4], [5], [7], [9] and [12]-[21]. It is an
easy consequence of one of Garkavi’s earlier results [9] that if Y is a proxim-
inal subspace of finite codimension in a normed linear space X, then Y1 is
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contained in NA(X). However, this condition is far from sufficient (see [12]
or [18]).

It was observed in [12] that for a subspace Y of finite codimension in a
Banach space X,

Y+ C NA(X) and Y+ polyhedral = Y is proximinal,

and if X is a subspace of ¢gy, the above implication becomes an equivalence.

Fonf and Lindenstrauss [7] have considered spaces with property (x)
(see also Proposition 6.11 of [8] and Example 3.5 of [13]), defined as follows.
A Banach space X has property (x) if there exists a l-norming subset B
of Sx+ such that no weak® limit point of B of norm 1 attains its norm
on B X-

Property (x) is hereditary and spaces with property () are necessarily
polyhedral. Also, it follows from the results of [10] that each polyhedral pre-
dual of [; (in particular ¢y and hence each subspace of ¢p) has property (x).
In [7], the results of [12] for subspaces of ¢ are extended to Banach spaces
with property (x), and in particular it is shown that the above equivalences
hold for Banach spaces with property (x).

Easy examples are available to show that the above equivalences do
not always hold. More sophisticated examples given in [7] show that there
are polyhedral Banach spaces X such that Y+ C NA(X) does not imply
proximinality of Y, and proximinality of Y need not imply Y+ is polyhedral,
for a subspace Y of finite codimension in X.

By Michael’s famous selection theorem, any lower semicontinuous map
from a Banach space X into the class of all closed convex subsets of X
has a continuous selection. However, examples are easily available (see for
instance [3]) to show that lower semicontinuity is not necessary for the ex-
istence of a continuous selection.

In the rest of this section, we assume Y is a proximinal subspace of finite
codimension of a Banach space X.

In a paper [13] subsequent to [12], it was shown that if Y+ is polyhedral,
then the metric projection Py has a continuous selection. This was done by
constructing a lower semicontinuous submap of Jy and an application of
Michael’s selection theorem to this submap. It can easily be verified that
this lower semicontinuous submap of )y need not equal QJy, and this rela-
tively short, simple proof (see Proposition 4.5 in [13]) for the existence of a
continuous selection for Py does not seem adaptable to yield more, namely,
the lower semicontinuity of Py .

We recall that if X has property () then Y is polyhedral. A natural
question that arises in this context is whether Py is lower Hausdorff semicon-
tinuous under suitable additional assumptions on X like having property ().
This has been shown very recently by V. Fonf. In the special case when X
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is a closed subspace of ¢y, we prove the Hausdorff metric continuity of Py,
which in particular implies the lower Hausdorff semicontinuity of Py (Theo-
rem 4.3). We observe that, in this case, by the above quoted Proposition 4.5
of [13], the weaker conclusion that Py has a continuous selection is already
known.

2. The set-valued map @y, . 1 . We begin with some notation and re-
marks needed in what follows. If E is a normed linear space and { f1, ..., fn}
is a finite subset of E* and x € Bg, we set

(1) Le(x, fi,.. fa) = [ {y € Be : fily) = fi(»)}.

=1

In the rest of this section, X denotes a Banach space and Y a subspace
of finite codimension n in X. For x € Dy and a finite set of functionals
fis.- s fr in Y we define

k
Qfy...in() = [y € Bx : fuly) = ful=)}.

i=1

REMARK 2.1. Note that Qy, . 5 () always contains Qy (x) and can be
an empty set. However, if Y is proximinal, then Py (z) and hence Qy ()
is non-empty and so the sets Qy,  r () are non-empty for any finite sub-
set fi,...,fr of YL If f1,..., fn is a basis of Y, then Qp,fn = Qv
irrespective of the basis f1,..., f,. =

The following simple but useful remark is easily verified.

REMARK 2.2. Let Y be proximinal. Then the following are equivalent.

(i) The metric projection Py is lower (resp. upper) Hausdorff semicon-
tinuous on X.
(ii) The map Qy is lower (resp. upper) Hausdorff semicontinuous on Dy .
(iii) For each = € Dy, there exists a basis f1,..., f, of Y+ such that the
set-valued map Qy, . ¢,, defined on the domain Dy, is lower (resp.
upper) Hausdorff semicontinuous at z. =

We emphasize that the domain of the set-valued maps Qy, .., will be
assumed to be the set Dy hereafter.

If fi,...,fr is a linearly independent subset of Y+, where k > 1 and Y’
is proximinal in X, we define numbers a ;, and 3, i, for  in Dy, as follows:

Oy o = inf{fk(y) 1y € Qfl,...,fk—l('r)}7

(2) _ .
Bag = suD{fu(y) : v € Qp,... 5o, ()}
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We begin with a result on Hausdorff metric continuity of the maps
Q#,,....fo- This is needed in the proof of the main theorem, Theorem 4.3.
The proof uses arguments very similar to that of Theorem 2.5 in [13].

PROPOSITION 2.3. Let X be a Banach space, Y be proximinal in X and
x € Dy. Assume that there exists a finite subset {f1,..., fra1}, 1 <k <mn,
of Y+ such that the map Q,...1, s Hausdorff metric continuous at x and
further
g1 < frop1(x) < Boptr-
Then Qy, ... £, 15 Hausdorff metric continuous at x.

Proof. By Remark 1.1, we need to show that Qp,
and upper Hausdorff semicontinuous at x. Let

.frs1 18 both lower
(3) 2n = min{ﬁm,k-f-l — fer1(®), fre1(z) — am,k+1}-
Then 7 > 0.

We first prove the lower Hausdorff semicontinuity. Since Q, . 7, is lower
Hausdorff semicontinuous at x, given ¢ > 0, there exists § > 0 such that
for any z in Q. f (x) and y in Dy with ||z — y|| < J, there exists w in
Qfy....5. (y) such that ||z —w|| < ne/8. Without loss of generality we assume
that 0 < d <ne/8,0<e < 1,and || fi]| =1 for 1 <i<n.Now, if y € Dy
and ||z — y|| < 4, it follows easily that
(4) Byk+1 > Brjr1 —0/8,  ayit1 < a1 +1/8,

(5) ay k1 < frr1(y) < Byr+1-
Fix z € Q.. 1., (). We have to show that there exists v in Qy, . r, . (v)
such that ||z —v| < e.

Since Qp,.....fo.1 (%) € Qyy, .. 5. (), there exists w in Qp, ... s, (y) such that

|z — w|| < ne/8. We have

fra1(2) = fraa(x),  Nw—z <n/8, |z -yl <ne/8 <n/8.
This together with (4) and (5) implies
6)  Byr+1 — fer1(w) = Bykt1 = Bupr1 + Brpr1 — frr1(x)

+ frer1(2) = frr1(2) + fer1(2) = frer1(w)
>2n—(n/8+n/8) >n.
Similarly we can show that
(7) Srpr(w) — ay g1 > 1.
Also,
&) |fit1(y) = frerr ()] < | far1(w) = frrr1(2)] + | fr1(2) = frrr(2)]
+ [ frr1(z) = frr1(v)]
<ne/8+mne/8=ne/d < n/4.
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If frr1(w) = fes1(y), then w € Qpi1(y) and |w — 2| < e. Take v = w in
this case.

Otherwise, we slightly perturb w to get an element of Q. . (y) as
follows. Note that using (6)—(8), we can get wy in Qy, . (y) such that

(9) |[fe1(wr) = frga(w)| >,

and fr11(y) lies in between fi1(w) and fri1(w1). Choose 0 < A < 1 such
that
Ser1(Qw + (1 = Nwi) = fria(y)
and take v = Aw + (1 — AN)wy. Since w and wy are in Qy, ¢ (y), v is in
Q... fupr (¥)- Also,
(1= XN frs1(wr) = ferr(w)] = fr1(y) = frra(w).
This together with (8) and (9) gives
1-A< % = ¢/4.

Hence
Jw = ol = (1= A)w — wi]] < 21— A) < 2:/4 = /2,
J2—oll < llz = w] + w — o] < /2422 ==.

We now prove the upper Hausdorff semicontinuity. Since Qy, . is up-
per Hausdorff semicontinuous at x, given ¢ > 0, there exists § > 0 such that
for any y in Dy with ||z — y|| < and for any w in Qy, .y (y), there exists
z in Q.. f.(x) such that ||z — w| < ne/8. Without loss of generality we
assume that 0 < 0 <ne/8, 0 <e < 1, and || f;]] =1 for 1 <1i < n. We have
to show that there exists v in Qy, .. r, ., (z) such that ||z —v[| <e.

We have

fer1(w) = fen(y),  Nlw—=z <n/8, [z -yl <ne/8 <n/s.

Also
Be k1 = fr+1(Y) = Bug1 — frr1() + fev1(x) — frer1(y) > 2n —n/8
and so
Be k1= [er1(2) = Be k1 — fer1(¥) + fer1(y) = ferr(w) + ferr(w) = frra(2)
>2n—n/8—n/8 >n.
Similarly we can show that
Jrr1(2) — azpg1 >

Now

|fe1(2) = frr1(2)] < |fer1(2) = frerr (W] + [frer1(v) = frr1(w)]

+ [ fr+1(w) = fr1(2)]
<en/8+en/8=cen/4 <n/d
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Note that we have now obtained (6)—(8) with = and z in place of y and w
respectively. Hence there exists v in Qy, ., ., () satisfying ||z — v|| < e.
This completes the proof. m

3. Hausdorff metric continuity of metric projections. In this sec-
tion, we obtain a sufficient condition (Theorem 3.10) for Hausdorff metric
continuity of the metric projection onto a proximinal subspace of finite codi-
mension. We need some facts about finite-dimensional convex sets, gathered
in the remarks and propositions below.

Let E be a Banach space and C be a closed convex subset of F. Any
convex extremal subset of C' is called a face of C. If f € E*, we set

Je(f) ={x € Sp: f(z) =]}

If non-empty, the closed convex subset Jg(f) is a face of Bg and is called
an exposed face of Bg. A face need not be an exposed face.
If f1,..., fr are in E*, we define inductively, for 2 <i < k, as in [13],

(10) JE(fl, .. ,fl) = {:IZ c JE(fl, .. .,fz‘_l) : fz(l’) = ki},
where
ki =sup{fi(y) 1y € Je(f1,..., fi-1)}-

Also, for any f € E*, ker f denotes the kernel of f and dim A denotes
the dimension of the set A. The relative interior of a convex subset A of a
normed linear space X is the interior of A when A is considered as a subset
of the affine hull of A, and is denoted by rel.int A.

REMARK 3.1. Let E be an n-dimensional normed linear space and x
belong to Sg. Then it is known and easily shown that the minimal face of By
containing x is a proper face of B and there exists a linearly independent
subset {f1,..., fm} of E* such that F = Jg(f1,..., fm). If  is in ext Bg,
or equivalently F' is a singleton, then m can be taken to be n (see Lemma 1
in [15]). If z is not an extreme point of By, then dim F' > 0 and z € rel.int F
as I’ is the minimal face of Bg containing x. Now, if ' — x = A, then
ACM =" kerf;. If dimA < dim M, we can select fy41,..., fr such
that {fi,..., fm, fm+1,---, fx} is a linearly independent subset of E* and
L = ﬂle ker f; is the subspace generated by the set A. Let I, = L + .
Then F' = I, N Bg. We observe that zero is in the relative interior of A and
the relative interior of F' coincides with the interior of I’ with respect to the
affine set I,. Further,

F=Je(fi, -, fm) =Je(fi,- - fr)

In summary, if x is in Sg, then there exists a linearly independent subset
{f1,..., fx} of E* such that the minimal face F' of Bp containing x is F' =
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Je(f1,.-., frx) (k = n if z is extreme) and x is in the interior of F' with
respect to the affine set I, as defined above.

The set Jg(f1,..., fr) in the above remark turns out to be a finite in-
tersection of exposed faces of Bg when F is a polyhedral space.

REMARK 3.2. Let E be an n-dimensional, polyhedral normed linear
space. For x in Sg, we set

Ag={f €8 : fz)=1}, Cp={f€extSp-: f(z)=1}.
Since E is polyhedral, C, is a finite set. Also,
N Je(5) = () Jelh).
feA, feCy
Let {f; : 1 <i <k} be a maximal linearly independent subset of C,. If

k

L= ()kerf=()kerfi, In=L+=z, 7 =I:NBg,
feCy i=1

then by Lemma 1.5 of [7],  is in the interior of 7, with respect to the affine

set I, or equivalently, x is in the relative interior of the convex set v,. Since

v, is an extremal subset of Bg, this implies F' = -y,, where F' is the minimal

face of Bg containing x. Clearly,

k
(11) F == Jelf)-
i=1
We now make the following definition.

DEFINITION 3.3. Let Y be a proximinal subspace of codimension n in
a normed linear space X, and = an element of Dy. We say x is a k-corner
point, 1 < k < n, with respect to a linearly independent set of functionals
fl,...,fk in YJ‘ if

k
=1

We need the following proposition (Proposition 2.4 in [13]). We present
it with a minor correction in the statement.

PROPOSITION 3.4. Let E be an n-dimensional normed linear space, P
be an element of Sg \ ext Bg, and F = Jg(fi,..., fx) the minimal face
to which @ belongs, for suitable linearly independent functionals f1,..., f
in E*. Then the set {fi,..., fx} can be expanded to a linearly independent
set {f1,.-y [k, fka1,- -+, i} in E* such that

inf{fi(¢) : ¢ € Lg(®, f1,..., fi-1)}
< fi(®) <sup{fi(¥) : ¢ € Lp(P, f1,..., fi-1)}
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for all k+1 < i <1 and for Lg(P, f1,...,f1) = {®}, where the sets
Lg(P, f1,...,fi) are given by (1).
The lemma below shows that if the functionals f1,..., fi are chosen as

in Remark 3.1, then in the above proposition [ = n and fy,..., f, are, in
fact, a basis of Y.

LEMMA 3.5. Let E be an n-dimensional normed linear space, x be in
Sg\ext Bg, and the set F' and the functionals fi, ..., fr be as in Remark 3.1.
If {fxs1,---, f1} is a finite subset of E* such that

l
{e} = ({z € Be: fiz) = fix)}
=1

then the set {f1,..., fi} is total over E.

Proof. Since x is not an extreme point of Bg, dim F' > 0. Let I, de-
note the affine set x + ﬂle ker f;. Then by Remark 3.1, there exists 6 > 0
such that if z in I, satisfies ||z — z|| < 6§, then z € F. Select any y in E
such that fij(y) = 0 for all 1 < ¢ < [. We will show that y = 0. We can
assume ||y|| < . Then z +y € F and hence ||z + y|| < 1. Thus, x +y €
ﬂﬁzl{z € Bg : fi(z2) = fi(x)} and by our assumption, y must be the zero
element. m

The following proposition is an immediate consequence of Proposition 3.4
and the above lemma.

PROPOSITION 3.6. Let E be an n-dimensional normed linear space, @
be in Sg \ ext Bg, and F = Jg(fi1,..., fr) be the minimal face to which ®
belongs, for suitable linearly independent functionals fi1, ..., fr in E* so that
@ is in the interior of F with respect to the affine set @ + ﬂf;:l ker f;. Then
the set {fi,..., fx} can be expanded to a basis {f1,..., fn} in E* such that
(12)  inf{fi(y) : ¢ € Lp(®, f1,.... fi-1)}

< fl(gp) < Sup{fl<'¢) : w S LE<¢7 f17 LR fi—l)}
forallk+1<i<n.m=

Let x € X. We denote by Z the image of x under the canonical embedding
of X into X**, and let Z)y-. denote the restriction of T to YL,

Define a map Cy1 : X — (Y1)* by Cy1(z) = Ty

REMARK 3.7. Note that for any = in X and f in Y+, we have
f@) = (Cyr(@)(f), Cyi(Dy) C Sy

An easily verified result of Garkavi, given in [9], says that

Y is proximinal in X < Cy1(By) = Byiy..
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Let Y be a proximinal subspace of codimension n in X, x in Dy,
®=Cy.(x) and {f1,..., f,} a basis of Y*. Considering {fi,..., f,} as
a basis of (Y+)**, for any positive integer k with 1 < k < n, select any v
in Ly 1y+(2, f1,- .., fe—1). Now Garkavi’s condition shows that there exists
z in Bx such that Cy.(z) = 9. Clearly z € Qy,,.. 5., (z). Note that we
always have

CYL (Qflw'wfkfl( )) - 'L(YL ((P f17 ) fk—l)'
By proximinality of Y, it now follows that

Cyi(Qf,..fo 1 (2) = Ly 1y« (P, f1, -, fr1).
Hence, for 1 < k < n,
oy = nf{y(fi) 1 ¥ € Ly 1)« (D, f1,-., fim1) ),
B =sup{t)(fi) 1 € Ly 1)« (D, f1,- ., frum1) },
where oy, and 3, are given by (2).
We need the following characterization of proximinal subspaces of finite
codimension.

PROPOSITION 3.8 ([16, Corollary 1.2]). Let X be a normed linear space
and Y be a subspace of finite codimension n in X. Then Y is proriminal

in X if and only if for any basis {f1,..., fn} of Y,
Ix(fi,-- o fu) #0

and
(13) CYL(JX(fh"'?fk)): (YL)= (fh"'?fk) fOT’lSkS’rL

REMARK 3.9. Let X be a normed linear space and Y be a proximinal
subspace of finite codimension n in X. Select any x in Dy and let @ be
Cy1(z). Then @ is in Spy1y-.

Now assume @ is in ext By1).. Taking E' = (Y1)* in Remark 3.1, we
obtain a basis {fi,..., fn} of Y such that

{?} = J(YL)*(fL vy fn)-
Then
Loy iy (@, i, f) = Ty (frseeos fi)s
which together with (13) gives

Qflz-~~7fn(m) = Qy(x) = JX(fh e 7fTL)
If & is not in ext B(y 1. then taking (Y1)* for E in Proposition 3.6, we
get a basis {f1,..., fn} of Y and a positive integer k with 1 < k < n such
that

(PEJ;@ (flv"‘afk)
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and (12) holds, with (Y+)* in place of E. Clearly,
Ly 1y«(@, f1, s fx) = Ty oy (-5 fr)

and using (13) again, we have

Ix(fr,- o fo) = Qpiegi ().
Now, by Remark 3.7,

Cyj_ (Qfl,..,7f,- (l‘)) = L(yj_)* (@, fl, ooy fl) for k <1< n.
This together with (2) and also (12), with (Y'+)* in place of E, implies
(14) Qg <fz(.73) :gp(fl) <ﬁx,’i Vi € {k+177n}

Thus for each z in Dy, there exists a basis {fi,..., fa} of Y+ such that
either

Qpy,fn(@) = Ix(f1,- -, f)

or there exists a positive integer k with 1 < k < n such that

Qpregi(@) = Ix(frs- -, fi)

and (14) holds. If further Y1 is polyhedral, by Remark 3.2, the sets
Jx(f1,--.,fj) can be replaced by (\_i Jx(fi), for j equal to n or k, in
the above two equalities.

Now we can prove the main result of this section.

THEOREM 3.10. Let X be a Banach space and Y be a proximinal sub-
space of finite codimension n in X. Fiz x in Dy and a basis {f1,..., fn}
of Y+ as in Remark 3.8. Assume that the map Qp,....1n 18 Hausdorff met-
ric continuous at x if k is the largest integer, less than or equal to n, that
satisfies

Qflw-afk(aj) = JX(fh ceey fk)

Then Qy, and hence the metric projection Py, is Hausdorff metric contin-
uous at x.

Proof. By Remarks 1.1 and 2.2, it suffices to show that the map Qy,
with domain Dy, is Hausdorff metric continuous at x. If

Qv (x) =Qp,.pn(®) = Ix(f1,---5 fn)

there is nothing to prove. Otherwise, by Remark 3.9, there exists 1 < k <n
such that

Qpregi(@) = Ix(frs- - fi)

and (14) holds. Again by assumption, Qy, . is Hausdorff metric continu-
ous at x. Now, a repeated application of Proposition 2.4 using (14) shows
that Q... 1, = Qy is Hausdorff metric continuous at z. =
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It is now easily verified that Definition 3.3, Remark 3.9 and Theorem 3.10
yield

THEOREM 3.11. Let X be a Banach space and Y be a proximinal sub-
space of finite codimension n in X with Y+ polyhedral. Assume that, when-
ever x in Dy is a k-corner point with respect to a set of linearly independent
functionals fi,..., fr in Y+, for some 1 < k < n, then Qp,...1. 18 Hausdorff
metric continuous at x. Then the metric projection Py is Hausdorff metric
continuous on X.

4. Subspaces of ¢y(N). Let N denote the set of positive integers, and
¢o(N) the space of sequences of real scalars converging to zero with the usual
sup norm, denoted by |- ||oo. Let X be a non-trivial subspace of ¢o(N), and Y
a subspace of finite codimension n in X. By Y we denote the annihilator
of Y considered as a subspace of X, that is,

Yi={FeX":F(z)=0VzeY}.

In this case, we have the following result, which is a corollary to Lemma 2
and Theorem 3 of [12] (see also Theorem IIL.5 in [11]).

PROPOSITION 4.1. Let X be a subspace of co(N) and Y be a subspace
of finite codimension in X. Then

Yyt C NA(X) < Y is proximinal and Yt s polyhedral.
We can now state one of the main results of this paper.

THEOREM 4.2. Let X be a subspace of co(N) and Y be a proximinal
subspace of finite codimension n in X. Assume xg in Dy is a k-corner
point for some 1 < k < n with respect to some linearly independent subset
{Fy,...,F} of Y. Then the map Qr ... F, ts Hausdorff metric continuous
at xg.

Before giving the rather long proof of Theorem 4.2, we observe that our
main result, given below, follows immediately from Theorem 4.2, Proposi-
tion 4.1 and Theorem 3.11.

THEOREM 4.3. Let X be a subspace of co(N) and Y be a proximinal sub-
space of finite codimension in X . Then the metric projection Py is Hausdorff
metric continuous on X.

The above theorem is to be compared with Proposition 4.5 of [13],
which says that if Y is a subspace of finite codimension in a Banach space X,
with Y+ polyhedral, then the metric projection Py has a continuous selec-
tion.

We now proceed to prove Theorem 4.2. The proof is split into a number
of facts for clarity. We use the following notation in the proofs given below.
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Let A denote a non-empty subset of N. For z = (2(n))p>1 in ¢o(N), let
x4 denote the element of ¢o(N) given by

x(n) ifn € A,
zp(n) = .
0 ifneN\ A
Similarly, if f = (f(n)) then f, denotes the element of /1 (N) given by
[ fn) ifneA,
fA(")_{o ifneN\ A

We set A° =N\ A.
Let X be a subspace of ¢o(N). We denote by X, the subspace of ¢(N)
given by
Xp={zp:2€ X}
If X = co(N), we write c¢o(A) in place of X4 and set
L(A) ={f = (f(n)n>1 € 1(N) : f(n) =0VYn € A}
Also, we define a subspace of [1(N) by
Xy={fa:feX"}.
We observe that the notation X j could have two legitimate meanings. How-
ever, we use it throughout to mean (X 14, as in the definition above.

For convenience in notation, we denote by X /%01 the closed unit ball of
the subspace X jc of [1. That is, we set

X = Byy, = {f € Xt 1Al = Y I ml < 1},
n=0

where
Xpe={fae: fe X}
Finally, ¢y denotes c¢o(N) and I; denotes I;(N).
REMARK 4.4. Assume A is a finite subset of N. Then X4 is a closed

subspace of cg. Also, it is easily verified that X /%C is a weak™ closed subspace
of ll. ]

If x € cg and f € [y, we set

o0

(@, [y => x(n)f(n), S(f)={neN:f(n)#0}.

n=1
We recall that f is in NA(cp) if and only if S(f) is a finite set.

The following remark is easy to verify.

REMARK 4.5. Let X be c¢g. Select any f in NA(X) and z in Jx(f).
Let (yn) be a sequence in Bx such that (y,, f) — 1 as n — oo. Then,
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if A= S(f).

Iz = yn)alloe = sup|(z —yn) (k)| = 0 asn — oo
keA

We now start proving Theorem 4.2 through a series of facts. In the
following results of this section, X denotes a subspace of cg.

FACT 4.6. Let A be a finite subset of N. Assume x in Bx, and (wy,) a
sequence in Bx, are such that

Iz = wn) all o = sup [(z = wp) (k)] = 0 asn — oo.
keA

Then
lim sup{(z — wy, ) : f € X#c;} = 0.

n—oo

Proof. Define a map T from X' into X jc by
T(f):f/lc) fEXJ_

Then T is continuous, linear and onto. Since X /ch is a closed subspace of [q,
T is open. There exists an M > 0 such that for any h in X /%617 there exists
an f in X satisfying

Ifllv< M,  T(f)=fre=h.
Note that in this case for any z in X we have

0= <Z7f> - <Z7f/1> + <Z7T(f)> = <va/1> + <Z,h> - <ZA,fA> + <Z,h>

Thus

(2, )| = (24, fa)] < M|za]l
for any z in X and h in Xﬁcl.

Now, by assumption, lim, . ||(z — wp) 4|/, = 0, and  —w,, is in X for
all n > 1. By the above inequality, we have

sup ((z —wn), h) < M|(z — wn) 4l
heX 5o,

and the required conclusion follows. =

FAcT 4.7. Let x € Bx, and A a finite subset of N. Assume that

sup (z, f) = 1.
feXte,

Then Ay = {f € X1, : f(z) =1} #0, and

M= J(S() £ e A}
is a finite subset of A°. Further, if (wy) is a sequence in Bx such that
(15) limsup{(z — wp, f): f € X741} =0

n—oo
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then

i (@~ wn) |, = 0.

Proof. As mentioned in Remark 4.4, X jcl is a weak® compact subset of
[1(N) and so A, is non-empty. It is easily seen that A; C {k € N : |z(k)| =1}
and since x € cg, A is finite. Clearly, A7 C A°.

For any k in Ay, there exists f in X 1., such that (z, f) = 1 and k € S(f).
Now by (15) and Remark 4.5,

nh_{lgo [(z — wn)S(f)”oo = 0.
As k€ S(f), limy,—o0 |(x —wy,) (k)| = 0. Since A; is a finite set, this implies
limy oo [[( —wn)y, | = 0. =

REMARK 4.8. Assume y in By satisfies |[(z —y) ||, = 0, for A as in
the above fact. Then by Fact 4.6 we conclude that

sup{{z —y, f) : f € Xje1} = 0.
Therefore, A, = Ay. Further by Fact 4.7, [|(z — y) 4, || = 0, and
Tim [y~ wa) [, =0

if (wy) is a sequence in By satisfying
limsup{(z — wp, f) : f € X751} = 0.

n—oo
Facrt 4.9. Let © € Bx, Ag be a non-empty finite subset of N, and
Az, Aog) ={y € Bx : [[(x —y) 4l , = 0}
Then there exists a finite subset A of N containing Ay and n > 0 such that
(16) sup (y,f) =1—n Vye Az, A),
feX+e,

and for any sequence (wy,) in Bx satisfying limp oo [|(z — wy) 4, |l . = 0, we
have
(a7 Tim (g —wi)glle =0, Vy € Az, Ao).

Proof. If (16) holds with A = Ap, we can take A = Ag and there is
nothing to prove. Otherwise, as by Fact 4.6,

sup <£L’—y,f>20 vyefél(‘ll:7‘/1())7
FEX e

we must have
sup (y, f) =1 Vy € Az, Ao).
fexjgl
We take A = Ay in Fact 4.7 and using Remark 4.8 get a finite subset A;
of Af satisfying (17) for A = A;. Let A = Ag U A;. Clearly (17) is satisfied
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for A and in particular,

[z =yl =0 Vy e Alz, Ao),
which, in turn, implies (Fact 4.6)

sup <':E_y7f>:O VyEA(l’,Ao)

feX e,
If now (16) holds for A, we are done. Otherwise we must have
sup (y,f) =1 Vy€ Az, Ao).

feX e,
Now repeat the above argument with Ag replaced by A = Ay U Ay to get
a finite subset Ay of A¢ satisfying (17) for A = Ay. Clearly (17) holds for
A= U?:o A; and if (16) also holds for A, then A is the required set.

We proceed inductively to get pairwise disjoint, finite sets A; satisfy-
ing (17) for A = A;. Note that, for each i, 4; C {n € N : |z(n)] = 1}.
Since x € ¢g, the inductive process must end at a finite stage, say [, with
A= Ui:o A; satisfying (16). Clearly A also satisfies (17) and is the required
set. m

REMARK 4.10. It is clear from the above facts that the set A in the above

fact and the constant 1 occurring in (16) are independent of the choice of
the sequence (wy,).

Facr 4.11. Let g in Iy and x in Sx satisfy g(z) = ||g||;. Then there
exists a finite subset A of N, containing Ay = S(g), and n > 0 such
that (16) is satisfied and also (17), for any sequence (wp) C Bx with
limy, o0 (Wn, g) = 1.

Proof. Note that Ag is a finite set and Jx(g) = A(z, Ag). Also, using
Remark 4.5, we have

tim |~ wa) ), =0

for any sequence (w,,) contained in Bx with lim,_,(wy,g) = 1. The re-
quired conclusion now follows from Fact 4.9.

FacT 4.12. Let x be in Bx and assume there exists a finite subset A
of N, n > 0 such that
1— sup (z,f)=2n,
2.
and w in Bx satisfying

IS
sup (z—w, f) < —
fer'cl 1-—¢

for some 0 < e < 1/2. Then there exists a t in co such that
[tloe <1l =1l < 3¢,
(4 f)=w, f) Vf€ X
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Proof. By Remark 4.4, X /ch is a weak™* closed subspace of [, and there-
fore,
Xje=M"={feli:(y,f)=0Vye M},
where
M=(Xt), ={y€co:(y, f)=0VYf€ Xz}
We have 1 =217 >0, 0 <e < 1/2 and if
ne /
1-c
then ¢’ < min{e, n}. Further, by assumption
sup (w,fy<1l—2n+e& <1-2n+n=1-—n.
f€Xte,

Now, our assumption along with the above inequality and the duality for-
mula implies that there exist y; and yo in M satisfying

Jw =yl <1=7n, [lz—w—1y, <e.
Let s1 = w — y1 and s3 = w + y9. Then

(18) (si, f) = (w, f) Vfe Xy, i=12
Also,

(19) |z —s2llo <€, lsille <1 =1
Note that

2]l < llzlloe +&" < 14

and A\ = ¢ satisfies the equation
AMl=—n)+(1-N1+&)=1.
Let t = As1 4+ (1 — X)s2. Then |[|t]| < 1. Also,
[z =t < Az = s1lloo + (1 = Mz = 2/l
<2A 4+ ||z — 59l <264+ =3¢

by (19). Now using (18) we have

{t.f)=(w,f) VfeXx,

and this completes the proof. m

5. Hausdorff metric continuity of Qg . . Having proved most
of the required preliminary results in the previous section, we now prove
Theorem 4.2. We begin with two observations. In the following, X stands
for a subspace of c¢g.

REMARK 5.1. We have X* ~ ll/XL. Let T denote the quotient map
from I; onto I1/X*. For FF € X*, let

NE) =T (F)n{feb:fl,=IFI}
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If f € N(F) and f|x denotes f restricted to X then

fx =F 1@l =1l = Ifixl = |F].
n=1

Also, in this case we have

JX(f):Jco(f)mX:JX(F)'

FAcCT 5.2. Let Y be a proziminal subspace of finite codimension n in X
and xo in Dy be a k-corner point, 1 < k < n, with respect to a linearly
independent subset {Fy,...,Fy} of Sx+NYL. Select any f; in N(F;) for
1<i<kandlet g denote k=" Zle fi- Then

k
sto) = U St

Proof. By the definition of a k-corner point with respect to F1,..., Fy,
we have

k
Q.5 (20) = [ {z € Bx : Fi(x) = Fi(wo)},
i=1

and by Remark 2.1, the set Qp, .. g, (z0) is non-empty. Now by the above
remark,
k k

k
(20)  Qr,..k (7o) = ﬂ Ix(F;) = ﬂ Ix(fi) = ﬂ(Jco(fi) NnX)#0.
i=1

i=1 =1
Clearly S(g) is contained in Ule S(fi). Choose any m in Ule S(fi) and
using (20), choose an element z in ﬂle[JCO(fi) N X]. Let
Ap={i:1<i<kand me S(fi)}.

For any real number « define

1 if >0,
sgna =4 —1 if a <0,
0 if a =0.

Clearly the set A,, is non-empty and
0 # x(m) =sgn f;(m) Vi€ Ap,.
Therefore
0 # sgn fi(m) = sgn fj(m) Vi, jin Ap,.
This implies g(m) # 0 and S(g) D Ule S(fi). Hence

k
S(g)=JS(fi).
i=1
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Let z and Y be as in Fact 5.2. In the rest of this section, given a linearly
independent subset Fy,...,Fy, of Y+, fi,...,fr and ¢ are as defined in
Fact 5.2.

We need the following fact in the proof of Theorem 4.2. We recall that
the definition of k-corner point is given in Definition 3.3.

Fact 5.3. Let X be a subspace of co(N) and Y be a proziminal subspace
of finite codimension n in X. Assume xg in Dy is a k-corner point for some
1 < k < n with respect to some linearly independent subset {Fi,..., Fy}
of YL. Then there exists 1 > 0 and a finite subset A containing S(g) such
that

sup (z,f)=1-2n, VzeQp.  r(xo).
fe€X e,
Further given e > 0, there exists 6 > 0 (depending on € and n) such that for
any y in Dy N B(xzg,0), w in Qp,,... r(y) and x in Qp,,.. r (o), we have

ne
[(z —w)ll <& sup (x —w, f) < 1 .
FEX ey —¢
Proof. Since xg is a k-corner point with respect to F1,..., Fj, we have

k k
QrF,...F,(T0) = ﬂ{w € Bx : Fi(x) = Fi(xo) = | Fi||} = ﬂ Jx (Fi).
=1 =1

Select any x in Qp, . (o). Then [|z| = 1. We can assume ||Fj|| = 1 for
1 <i < k. Clearly |lg||; = 1. Also g(x) = 1, which implies g € NA(co) and
therefore S(g) is a finite set. Let Ay denote the set S(g). Note that

Ix(9) ={y € Bx : g(x) = llglr} = Az, Ao) = @ry..... 7, (w0)-
Consider any sequence (x,) in Dy that converges to xy in X. Choose
any wy, in Qp, ... p,(xy). Then w, € Bx for each n > 1. We have

lim Fj(wy,) = lim Fj(x,) = Fi(xo) = Fi(x) =1 for1<i<k
n—oo n—oo

and so
lim fi(w,) = fi(z)=1 forl<i<k.

This implies
lim g(w,) = g(z) =1,

n—oo

and by Remark 4.5, we have
=0.

T (|G~ wn) 1

By Fact 4.9, there exists a finite subset A of N containing Ay and 1 > 0
such that

(21) sup <Z, f> =1- 2777 Vz € QFl,‘..,Fk ($0)a
fe€X e,
(22) lim [[(z —wn)yll, =0 Vz€Qn, . F(x0)

n—oo
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Now we apply Fact 4.6 to conclude that

(23) lim sup (z—wp, f)=0 VzeQm,. r(zo).

n—oo 1
F€X 4y

It is clear from Remark 4.10 that n is independent of the choice of the

sequence (wy). Thus given 0 < e < 1/2, (22) and (23) imply that there

exists 6 > 0 such that if y € Dy and ||zg — y|| < § then

ne

1—¢’

(24) [(z —w)yll, <& sup (z—w,f) <
fEX tey

for any  in Qp,,.. F.(z0) and w in Qp, . F,(y). This together with (21)

completes the proof. m

We are now in a position to prove Theorem 4.2.

Proof of Theorem 4.2. Let zg in Dy be a k-corner point for some 1 <
k < n with respect to some linearly independent subset {Fy,. .., F}.} of Y+,
If 0 < e < 1/3, use Fact 5.3 to get a finite subset A containing S(g) and
0 > 0 satisfying (24), where 7 is given by (21).

We first prove the lower Hausdorff semicontinuity of Qf, . g, at xo.
To this end, select any = in Qp, . g (z0), y in Dy N B(zp,0) and w in
QrF,,...F, (y). We will construct v in Qp, ... F, (y) such that ||z —v|| < 3e.

We apply Fact 4.12 to get t € ¢o with ||t]| < 1, ||z —t||,, < 3¢ and

{t,f)=(w,f) Ve Xz
w(m) if me A,
(m) = : .
t(m) it me A
We observe that at this point of the proof, we have made use of the special

structure of ¢g in the construction of v and it is easily seen that v belongs
to the unit ball of ¢g. Also, by Fact 5.2,

k
S(g) = J S(f2),
=1

Define

and since A contains Ap, which is S(g), we have
(25) (v, i) =(w, f;) =(w, F;) = (y, F;) for1<i<k.
Further, if f is in X+ then
(v, f) = (v, fa) + (v, fac) = (w, fa) + (&, fac) = (w, fa) + (w, fac) =0
as w is in X. Hence v € X and so
(v, F;) = (v, fi) forl<i<k.
By (25), the above equality gives
(v, F;) =(y, F;) for1<i<k
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and v is in Qp,,.. F, (y). We have ||z —t|| . < 3¢ and by (24) this implies
|z — v < 3e.

This proves the lower Hausdorff semicontinuity of Qr, .. r, at xo.

Now we show the upper Hausdorff semicontinuity of Qp, . r at xzg. To
this end, we select any w in Qp, .. r,(y), where y € Dy N B(xg, ). We will
get v in Qp .. F,(%0) such that ||lw — v < Be.

Select any x in Qp, . g, (o). Note that since € < 1/3, by (24),

ne

sup (r —w, f) < —— < n/2.
FE€X e, 1—e
Since 7 satisfies (21), using the above inequality we have
3
(26) l1-2a= sup (w,f)<1l—-2n+n/2=1--n.
feX e, 2
Hence 2o > 1. Now
€ 2ae
(27) sup (x —w, f)= sup (w—=x,f) < T < .
fGX/J{cl fGX,J{cl 1—¢ 1—¢

Now it is easily verified, using (26), (27) and the proof of Fact 4.12, that
we can get t in ¢ such that ||t]|,, <1, [Jw — ]|, < be and

{t,f)=(2,f) Vfe€ Xz
From this point onwards, we can follow the argument for lower Hausdorff
semicontinuity, replacing y by x¢ and interchanging x and w, to get v in
Q.. F, (z0) satisfying ||w — v||,, < 5e. This completes the proof of Theo-
rem 4.2. m
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