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PAV�O��P�&N.O�P!�G"RQoSo��"�UJ��"RV("ROJ�G"	WpPAO

X
c��! �"�O��! �"(��"*"	qdPAVU��V

C > 0
V�%�[r ��! IZP�(c

n:���L"	Z�[( \U��dV	P!��P8YP"�PAOJ�G"sr9"(�
m

ZdO�Wtn:���7"	Z�[r 
ε > 0

c��! �"(��"�"�qdPAVr��V]ZdO��P�! �"(��P8OJ�G"br�"(�
N = N(m, ε)
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WdP��0"RO�V�P��dO�ZMQEVU%�aRVbUcZ�[U"0� n
X
 IZdV Z�V:"	X(%."RO$[U" {en}mn=1

^� �Ps[r PAV
(1 + ε) ""	Xr%IP8YMZMQ\"ROJ�^�G�z�! �"�O�ZP�!%
��ZMQ.a�ZdV	PAV7� n

lm2
ZdO�Wz�! �"(��"$"	qdPAVr��V+Z]UJ���
#C"	[(��P��dO

P : X → span{en}mn=1^>P!�! ‖P‖ < C $
p^8�4X;=>�yP-C>�-:1UI�Z

X
e�<
-C2E>�<P4X+JI:��-L]^-:Z=Z�WC<PQ0g�Z=-CQN-:>94�-:eo238.b�23gJI�W:-C2C��]^-7<?>�Z=[j13-CWYI�Z=ZdI�>q-:�
�

I�QNg�ZA-?c�I�Z=23<je�8.-�4�<j`�;=23;=-C1 k 5 m ct<?O,I*23g�IKWC-
X̂
238�WU+�4�+�IY4YctO�<P1M-KIKWr+

m
��e�;=Q0-:>�23;A<P>�IKZ�238�b�23gJI�WC-

Xm
<?O
X̂
I�>�e�O�<?1�-YI�WU+�g�13<d�5-:W(4�;A<P>

P : X̂ → Xm
c�]^-7+JI:��- ‖P‖ > δ

√
m
]&+�-:13-

δ
e�<
-:2�>.<�4

e�-Cg�-:>�eo<P>
Xm

'
��-(4X>�<Y] {xn, x∗n}

b�-NI a�P����(�! ���r9�dO$ZMQEV	SdVr�G"(�¡<?O�I*p�I�>JI�WU+�23gJI�WC-
X
cJ4�+JIK4X;=2Cc {xn} ⊂ XI�>�e {x∗n} ⊂ X∗

i�4�+�-Xe�8JI�Z_23gJI�W:- n ]&;=4�+
x∗m(xn) = δm,n

Of<?1&I�Z=Z
m
I�>�e

n
'hF�-X2UI:[04�+JIK4 {xn};=20%IO�P n:���r� QoSq� P8O�P�� ZMQ_;=O {xn} IK>.e {x∗n}

I�13-*b�<P4�+�b�<?8�>.e�-:et�d]^-*2UI:[�4�+�IY4 {xn} ;A2�I a	ZdV	P8V
^>P!�! N?q�"	W a(��Z�[&%�":��V�<?O

X
;=O,4�+�-:13-z-(��;=254�2$I�>�;A>�W:13-KIK23;A>�yq23-Y698�-:>�WC- {p(m)} <PO�;A>�4�-:y?-:132�238�WU+4�+JIK4Yc�Of<?1�-YI�Wr+

x ∈ X c�23-(434�;=>.y p(0) = 0
c�]^-�+JI:��-

x =

∞∑

m=0

( p(m+1)∑

n=p(m)+1

x∗n(x)xn

)
.

VaO
p(m) = m

Of<?1�-KIKWr+
m
c�4�+�-:> {xn} ;=2�WYI�Z=Z=-CeoI('�[( IZ�%�W�"(�+a�ZdV	PAV,<?O

X
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[1]
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<?8�4�4�<�b�-�I���-C15[$WC<PQ0QN<?>NO I�W(4YBhOf<?1�;=>�254rI�>�WC-
c0
I�>�e
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O�<P1

1 ≤ p (6= 2) <∞ +JI:��-E238�b�23gJI�W:-C2
]&;\4�+�<?8�4LIzbJI�23;=2X]&;\4�+�/���-:e�b.1UIKWru?-(4�2C'7),+�-C13-:O�<?13-7]^-$>.-:-:e�I�>�<P4�+�-C1Xu
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b�-C254^g�<?2323;=b�Z=-Eg�13<?g�-C154�;=-:2Cc9238.WU+*4�+JIK4�4�+�-E-:��;=254�-:>�WC-E;=2�y?8JI�1UIK>94�-:-:ez;=>*-(��-C15[N23-CgJI�1UI�b�Z=-�p�I�>JI�WU+
23gJI�W:-��^+�-C>�W:-z4�+�-jQN<?254N>JIK4�8�1UI�Z^]�I([ ;=2�4�<�]^-YI�u?-:> 4�+�-Se�-:/.>�;\4�;=<?> <?O�4�+.-SbJI�23;=2�]&;\4�+ /���-:e
b�1UI�WUu?-:4�2Cc�I�>�eSg�13-CW:;=23-CZ\[_B�-C;\4�+�-:1�4�<NI�e�eSg�-C13Q78�4rIK4�;=<?>�2Cc9<?1^4�<�13-:>.<P8.>�W:-X/���-:eSb�1UI�WUu?-(4�2C'�Va> k lKm
I�>�e k v�) m ]^-�g�13<Y�?-CeM4�+.-�-:��;=254�-:>�WC-�<?O.I\a	ZdV�PAV ^>P��! NEq9"�W]a(��Z�[&%�":��V�ZdO�W�X(%�ZdV	P(N?q�"	W U�"(�r��%��bZP��P �dO�VrB
4�+JIK4�;=2Cc9Of<?1^I�b�;=<?154�+�<?y?<P>�IKZJ25[�254�-:Q {xn, x∗n}

I�2,I�b�<Y��-?c�4�+�-:13-&-:��;=254�4a]^<L;=>�WC13-YI�23;=>�yL23-C698�-C>�W:-C2
{q(m)} I�>�e {p(m)} <POX;=>�4�-Cy?-:1320238�Wr+ 4�+�IY4Yc�4�<�-YI�WU+ x ∈ X

c�4�+�-:13-qW:<?1313-:23g�<P>.e�2zI�>�<P4�+�-C1
23-C698�-C>�W:- {q(m)} <?O�;A>�4�-:y?-:132�238.WU+j4�+JIK4Yc�23-:434�;=>�y p(0) = q(0) = q(0) = 0

c

x =

∞∑

m=0

( p(m+1)∑

n=p(m)+1

x∗π(n)(x)xπ(n)

)
,

]&+�-C13-?c.O�<?1E-YI�WU+
m
c {π(n)}q(m+1)

n=q(m)+1

;=2Eg�-C13Q78�4rIK4�;=<?>j<?O {n}q(m+1)
n=q(m)+1

]&;\4�+
q(m) ≤ q(m) <

q(m+1).
),+�;=2�u
;=>�eL<?O�b�IK23;A2Cc	��<?;=>�-CeM]&;=4�+M4�+�-�>�-:y9IK4�;\��-^I�>�25]^-:1hOf<?1�4�+�-�bJI�23;=2�]&;\4�+L/���-:e7b�1UI�WUu9�

-(4�2Cc
]�I�2�I�>oI�Z=13-KIKe�[z238��NW:;=-C>�4EI�g�g.13<C��;=QzIK4�;=<?>z<?O�4�+.-Xb�<P13e.-:1,b�-(4a]^-:-C>S-:��;=254�-:>�WC-�I�>�ej>�<?>�-:�
�
;=254�-C>�W:-�'h),+�-XI�;=Q¡<?O�4�+�;=2�gJI�g�-C1�;=2�4�<Ly?-(4�4�+�;=2�b�<?13e�-C1�;A>�4�<�O�<
W:8�2Cc9;=>0<?13e�-C1�4�<L/�>�e04�+�-&u
;=>�e0<?O
bJI�23;=2�]&+�;=Wr+0WU+JI�1UI�W(4�-C13;=�:-C2�4�+�-&y?-:>�-C1UIKZJ23-:gJI�1UI�b�Z=-�p,I�>JI�Wr+023gJI�W:-?c �58�254,IK2^I�>0<?154�+�<?y?<P>�IKZJb�IK23;A2
;=2&Wr+JI�1UI�W(4�-:13;A254�;=W�<?O�IN��;=Z=b�-:154&23gJI�W:-�'�FH;\4�+j4�+�;A2&g�-:1323g�-:W(4�;=�?-M]^-7+JI:�?-7<P>.Z\[S4a]^<0g�<P2323;Ab�;=Z=;\4�;A-:2
<?O�Of8.154�+�-:1�;=Q0g�13<Y��-:QN-C>�4�2M<?O�4�+�-NbJI�23;=2M]&;=4�+�/���-:e@b�1UI�WruP-:4�2LI�>�e�698JI�23;�/��
-Ce�g�-:13Q78�4rIY4�;A<P>.2CB
-:;=4�+�-:1�4�<7;=QNg�13<Y��-�4�+�-Eb�1UI�WUu?-(4�2�b�[NgJI�2323;=>�yL4�<�IM23-:13;A-:2Cc9<P1�4�<�-CZ=;=Q0;=>JIK4�-^4�+�-Eg�-:13Q�8�4rIK4�;=<?>�2�b�[
gJI�2323;=>�yN4�<N;=>�e�;\��;=e.8JI�Z�b�1UI�WUu?-:4�2C��]^-X]&;=ZAZ_W:<?>�23;=e�-C1,4�+�-:23-M4a]^<$]�I([�2&;=>S4�+�-�>�-(�
4&238�b�23-:W:4�;=<?>t'

���+*��-,�'j)/.EC�BG��BFHM'jC�,GC�HM%G) ,d��BR%(�AH !$# %d'j)10�)c=j) ,(C$K B_)32EC�,(C4.?KA)15�C$=&C�HM' B�2&C�HJ)�� ��-(4
{xn, x∗n}

b�-�I�b.;=<?154�+�<?yP<?>JI�Z�25[�254�-:Q <?OMI�p�I�>JI�WU+�23gJI�W:-
X
'�F�-q2UI:[�4�+�IY4 {xn} ;=2zI a	Z

"V	P8V�^>P!�! U�"(�r��%��bZP��P �dO�V�<?O
X
;=Oac�O�<?1�O�<?1�-KIKWr+

x ∈ X cJ4�+.-:13-�-(��;=254�2�I0g�-:13Q78�4rIY4�;A<P> {π(n)} <?O
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{n} 238.WU+j4�+�IY4

(1) x =

∞∑

n=1

x∗π(n)(x)xπ(n)
'

p^8�4E4�+.;=2E23;=Q0g�Z=-Le.-:/�>�;=4�;=<?>q;=2Eg�13<?bJI�b�Z=[o>�<P4�g�1UI�W:4�;=WYI�Z�O�<?1�13-:23-KIK13Wr+�;=>�p�I�>JI�WU+�23g�IKWC-:2Cc�23;=>�WC-
4�+�-&g�-:13Q78�4rIY4�;A<P>.2 {π(n)} WC<P8.Z=e0b�-E6�8.;\4�-EI�13b�;=4�1UIK15[9'h),+.-:13-:O�<?13-�ZA-(4�8�2�Z=<
<?u7O�<P1^IMQN<?13-&8�23-COf8.Ze�-C/�>�;\4�;=<?>tB�]^-EWYI�>zI�2323<9WC;fIK4�-,4�<L-(��-C15[ {π(n)} IX23-Y6�8.-:>�WC- {p(m)} <?O_g�<?23;\4�;\��-�;=>�4�-CyP-C132�]&+�;=Wr+QN-KI�238�13-:2�;\4�2Xe�-CyP13-C-$<?O�g�-C13Q78�4rIK4�;=<?>�]&;\4�+�13-C23g�-:W:4X4�< {n} c�4�+�IY4�;=2CctO�<P1M-KIKWr+ m c {n}mn=1 ⊆
{π(n)}p(m)

n=1

'�),+�-:>�c�g�13<
WC-:-:e.;=>�y0IK2�O�<?1,4�+�-M23;=QNg.Z=-�WC<?>���-:13y?-:>�WC-LIK>.ej8�>�;=O�<?13Q W:<?>���-C13yP-C>�W:-M<?O
IN23-:13;=-C2&<?O�Of8�>.W(4�;=<?>�2Cc.]^-LWYI�>q2UI:[j4�+JIK4 {xn} ;=2XI a	ZdV�PAV�^>P!�! j%IOcP n:���r�0U."r�r�$%��bZP��P��dO�V^;=Oh4�+�-C13-
-(��;=254�2^IK>0;A>�W:13-KIK23;A>�y�23-C698�-C>�W:- {p(m)} <?O�g�<P23;=4�;\��-�;=>�4�-:y?-C132Cc�;=>�e�-Cg�-:>�e.-:>�4�<?O x c�238�Wr+N4�+�IY4�4�+�-
{π(n)} ;=> i5v n WKIK>�b�-7Wr+�<?23-:>�238�WU+�4�+JIK4Yc�O�<?1�-YI�WU+ m c {n}mn=1 ⊆ {π(n)}p(m)

n=1

'�Va>�gJI�154�;=WC8�ZfI�1
]^-�]&;=ZAZh2UI:[�4�+�IY47IzbJI�23;=2X]&;\4�+�8.>�;=O�<P13Q g�-C13Q78�4rIK4�;=<?>�2X;A2�I a	ZdV	PAV�^>P!�! �% O�P n(���r� QTS [U�dOJ�!���MQ8Q\"	W
U�"(�r��%��bZP��P �dO�V�;=O�;=>j4�+�-Mg�13-:��;=<?8�2�e�-:/.>�;\4�;=<?> {π(n)} WKIK>ob�-MWr+�<?23-:>o23<$4�+JIK4Yc�Of<?1�-KIKWr+ m c

(2) {n}mn=1 ⊆ {π(n)}p(m)
n=1 ⊆ {n}

p(m+1)
n=1 .

F�-�g�<?;=>94&<P8�4Yc�O�<?1�;A>�254rI�>�W:-�c�4�+JIK4&O�<?1EI$bJI�23;=2�]&;\4�+o8�>�;=O�<?13Q g�-C13Q78�4rIK4�;=<?>�2,4�+�-�23-:4&<?O�I�Z=Zt4�+�-
g�<?2323;=b�ZA-�g�-:13Q�8�4rIK4�;=<?>�2 {π(n)} ;=> i5v n +JI�2M;=>�y?-:>.-:1UI�Zh4�+�-�WKI�13e�;=>JI�Z=;\4a[ 2ℵ0
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W:<?8�>94rIKb.Z=-�WKI�13e�;=>JI�Z
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WYI�13e�;A>JI�Z=;\4a[z;=2 ≤ ℵ0
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$
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 IZdV

Z a	ZdV	P8Vt^>P��! $% O�P n(���r� QTS [U�dOJ�!���MQ8Q\"	W U�"(�r��%��bZP��P �dO�Vt^� �PL[( 6[	ZdO aU"X"	qP�G"RO�W�"�W��G� Z+a	ZdV	PAVE� n
X

^>P!�! 
% O�P n(���r� QTSp[U�dOJ�!���MQ8Q\"	W]U�"(�r��%��bZP��P �dO�V

$
F�-Mg�<?;=>�4&<?8�4,4�+JIK4&;=>S4�+�-Mg�13-:�
;A<P8.2,4�+�-:<?13-:Q02^4�+�-�W:<?>�4�13<?Zt23-C698�-:>.W:- {p(m)} ;A2,8�>�;=�?-C132UI�Zi!23-:-�4�+�-$-:>�e�<?O�/98�b.23-:W(4�;A<P> v?' 5 n c�4�+JIK4M;=2Cc_;A>�e�-:g�-:>�e�-C>�4M<?O�4�+�-$23gJI�W:-?'�F�-$13-:QzIK13uo4�+�IY4M4�+�-

g�13<
<?O�<?O�),+�-C<?13-:Q vSi!;=>�e�-Cg�-:>�e.-:>�4X<PO�4�+�-7W:<?>�254�138.W(4�;=<?>�2�<?O k lYm IK>.e k v�) m!n ;=2E;=>�O!I�W(4�I0e�;=13-:W:4
W:<?>�254�138.W(4�;=<?>z<?Ot4�+�;=2,u9;A>�ez<?O�bJI�23;=2Cc�254rI�154�;=>�y�O�13<?Q IK>oI�13b�;=4�1UIK15[*23-Y698�-:>�WC-E]&+.<P23-MW:Z=<?23-:eS23gJI�>
/�Z=ZA2�4�+.-*23gJI�W:-�'oF�-SI�Z=23<�13-:Q*I�13u�4�+JIK4Ych<?>�Z\[�W:<?>�WC-:13>�;=>.yo4�+�-zg�-:13Q�8�4rIK4�;=<?>�2Cc�4�+.-*e.-:/�>�;=4�;=<?>
<?O7I�bJI�23;=2z]&;\4�+�/��
-Ce�b.1UIKWru?-(4�2jI�>�e 6�8�IK23;�/��
-Ce�g�-:13Q78�4rIY4�;A<P>.2*;A2jI�b�;=4zb�-(434�-:1*4�+JI�> i x�n �
+�<Y]^-(��-C1Cc�g�13<
W:-C-:e�;=>.y�I�2$;A>�4�+.-Sg�13<
<POE<PO k v�) m c�;\4�]^<?8�Z=e b�-Sg�<?2323;=b�Z=-Sb�[�QN-KIK>.2�<?OXIq23QzIKZAZ
QN<
e�;A/�WYIK4�;=<?>X4�<&4�8�13>�I,bJI�23;=2�]&;=4�+�8�>.;=Of<?13Q0Z\[XW:<?>�4�13<?Z=Z=-CeMg�-C13Q78�4rIK4�;=<?>�2�;=>94�<�I�bJI�23;=2�]&;\4�+�/���-:e
b�1UI�WUu?-:4�2,I�>�ez698JI�23;�/��
-Ce*g�-C13Q78�4rIK4�;=<?>�2C'���>04�+�-�<�4�+.-:1�+JI�>�e*]^-Ee.<7>�<P4^23-:-�Of8.154�+�-:1�g�<?2323;=b.Z=-
;=Q0g�13<Y�?-CQN-C>�4�2�<?O�4�+.-�g�-C13Q78�4rIK4�;=<?>�2�b�-:WYI�8�23-0I a	ZdV	P8V�^>P!�! a_Q\�G[&%\U�"(�r��%��bZP��P �dO�V7i�4�+JIK4M;=2Cc�i5v n
]&;\4�+oI7/���-:eS23-Y6�8.-:>�WC- {q(m)} <?O�;=>�WC13-YI�23;=>�y�g�<P23;=4�;\��-�;=>94�-:y?-:132^238.WU+S4�+JIK4 {π(n)}q(m+1)

n=q(m)+1

;=2
I7g�-C13Q78�4rIK4�;=<?>S<?O {n}q(m+1)

n=q(m)+1

O�<?1,-YI�Wr+
m
I�>�ejO�<?1,-KIKWr+

x ∈ X n ;A>Sy?-:>.-:1UI�Z_e�<
-:2�>�<P4�-(��;=254Yc23;=>�WC-M;\4�]^<?8�Z=ejb�-7I�gJI�154�;=W:8�Z�IK1�bJI�23;=2,]&;\4�+j/���-:eob�1UI�WUu?-:4�2C'
p�[$I a	ZdV	P8V ^>P��! +P8O�WdPAY PsW�%�ZMQ$ar��Z�[&%P"(��Vt]^-,Q0-YI�>74�+JIK4YcP;=>74�+�-,e�-C/�>�;\4�;A<P>�<?O�I&bJI�23;=2d]&;=4�+7/���-:e

b�1UI�WUu?-:4�2Cc�4�+�-N23-C698�-:>.W:-
(p(m))

e�-:g�-:>�e�2�<?>
x
�tZA;=u?-NI*bJI�23;=2M]&;\4�+�;=>�e�;=�
;Ae�8JI�Zhg�-C13Q78�4rIK4�;=<?>�2Cc



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � �

4�+�;=2^e�-C/�>�;\4�;=<?>ze�<
-:2,>�<P4&I�g�g�-YI�1���-C15[*8�23-:O�8�Z�c
23;=>�WC-E4�+.-:23-Xb�1UI�WUu?-(4�2^WC<?8�Z=ezb�-X698�;\4�-MI�13b�;\4�1UI�15[_�
+�-C>�W:-�IKy9I�;=>�]^-j]&;AZ=Z�W:<?>�23;=e.-:1SI�b�-(434�-:10e.-:/�>�;=4�;=<?>�I�>�e�]^-o]&;=Z=Z�WKI�Z=Z {xn} c�]&;\4�+ {xn, x∗n}b�;=<?154�+�<?y?<?>JI�Z�cPI+a	ZdV�PAV ^>P!�! Xr%�ZdV�PMN?q�"	W\a(��Z�[&%�":��Vt;=O�4�+�-:13-�-(��;=254�2�IK>7;=>.W:13-YI�23;=>.y&23-Y698�-:>�WC-

(p(m))<?O�g�<P23;=4�;\��-X;=>�4�-CyP-C132�238�WU+j4�+JIK4&O�<?1�-YI�WU+
x ∈ X c�23-:434�;=>�y p(0) = 0

c�]^-M+�I(��-

x =
∞∑

m=0

( p(m+1)∑

n=p(m+1)

x∗n(x)xn

) ]&;\4�+
p(m) + 1 ≤ p(m) ≤ p(m+ 1)

O�<P1�-KI�WU+
m
'���-:>�WC-?c�b�[oI�g�g�Z\[�;=>�y$4�+�-Mg�13<
<?Oh<PO k �Ym c�<?>�-�WYI�>qI�Z=23<Ng�13<Y��-M4�+�-MO�<?Z=Z=<Y]&;=>�y

e�f&g�hEijgck���� ∗ '\m8ntZ V:"�UcZ���Z�a_Q\" �`ZdO�Z�[( \VbUcZ�[U" X
 IZdV PAOGN>OcP!�G" [U�P��SRU�"����! �"�O*�! �"(��"E"�qMP8Vr��VtZ\a	ZdV	P8V

^>P!�! 0% O�P n:���r� QTS [U�dO.�!�U�MQ8Q\"	W`U�"r�r�$%��bZP��P��dO�V ^� �Ps[r PAV ZMQTV:� Z a	ZdV	PAVt^>P!�! pXr%�ZdV	P N?q�"	W a(��Z�[&%�":��V��cn:���
�! �"\VRZ��*"]V:"	Xr%J"�O�[U"

(p(m))
� n�U��dV	P���PAYP"]P8OJ�G"br�"(��Vr'

�J<?1�23gJI�W:-:2&<?O�/�>�;\4�-MW:<P4a[�g�-X4�+�-�6�8.-:254�;=<?>j<PO�-:��;=254�-:>�WC-X<?O�4�+.;=2,u
;=>�eS<?OhbJI�23;=2�;=2�254�;=Z=Z�<?g�-C>t'
p^8�4z]^-�-(��g�-:W:4SI�>�-:y9IK4�;\��-�I�>�25]^-C1S;=>�y?-C>�-:1UI�Z�O�<P1*4�+�-C23-�23gJI�W:-:2C�MOf<?1z;=>�254rI�>�WC-q]^-�-(��g�-:W:4
I�>�-:y9IK4�;\��-�I�>�25]^-C1zO�<?104�+.-�23gJI�W:-

X̂
<?O�`�;A23;=-:1*<?O+/98�b�23-CW(4�;=<?> v?' x c&-(��-:>�O�<?1jI@bJI�23;=2z]&;\4�+

;=>�e.;\��;=e�8JI�Z�b�1UI�WUu?-:4�2C'0Va>�e.-:-:e�c�;=O {xn} c�]&;=4�+ {xn, x∗n}
b.;=<?154�+�<?yP<?>JI�Z�c�;=2�23<?Q0-Nu
;=>�e@<?O^b�IK23;A2

O�<P1
X̂,

O�<P17;=>�254rI�>�W:-zIjb�IK23;A2�]&;=4�+@g�-:13Q78�4rIY4�;A<P>.2Cc�]^-0u
>�<Y]¡4�+JIK4YchOf<?1L-KI�WU+
m
I�>�e�O�<?1L-YI�WU+

g�13<d�5-:W:4�;=<?>
P : X → span{xn}mn=1

c ‖P‖ > δ
√
m
�.4�+.;=2&O IKW:4&238.yPy?-C254�2&4�+�-Lg�<?2323;=b�Z=-L-(��;=254�-C>�W:-

<?OdI�>j;A>�W:13-KIK23;A>�yN23-C698�-:>.W:- {q(m)} <POh;=>�4�-Cy?-:132EI�>�ej<?O�I�>j-CZ=-:Q0-:>�4 x =
∑∞
m=1 xm

]&;=4�+

xm =

q(m+1)∑

n=1

am,nxn
c ∥∥∥

q(m)∑

n=1

am,nxn

∥∥∥ > 2m,

‖xm‖ <
1

2m
O�<?1�-YI�WU+

m
c ∥∥∥

m∑

n=1

x∗n(x)xn

∥∥∥→∞ '

� WC<P>.23-C698�-:>.W:-L<?Oh4�+�;=2&WC<?>d��-CW(4�8�13-L;=2&4�+JIK4XINbJI�23;=2&]&;\4�+o8�>�;=O�<?13QNZ\[SWC<P>94�13<PZAZ=-:eog�-C13Q78�4rIK4�;=<?>�2
;=2,4�+�-�u
;=>�ej<POhbJI�23;=2&WU+JI�1UI�W(4�-C13;=254�;=WX<?O�4�+�-My?-C>�-:1UI�Zt23-:gJI�1UI�b�Z=-Lp,I�>JI�Wr+j23g�IKWC-?'

���
	&� , ) HM'?=E����&) B0!$#�E=?�A#s!$,d  ��=?�� C$KL����Cc%(�A!�=>� VaO {xn, x∗n} ;=2 b�;=<?154�+�<?y?<P>�IKZz]&;\4�+
span{xn} = X

c�I@]^-CZ=Z�u
>�<Y]&>�4�-:Wr+�>�;A698�-q4�<�gJI�232jOf13<?Q {xn, x∗n}
4�< {yn, y∗n}

% O�P n(���r� QTS
� P8O�P�� ZMQ�i�4�+JIK4�;=2Cc
]&;=4�+ {yn} I�>�e {y∗n}

b�<�4�+jb�<?8�>�e.-:e n cJI�Z\]�I:[
2,]&;\4�+
span{yn} = X

c�;=2,4�+�-
W:<?>�254�138.W(4�;=<?>0<?O k 3 m c9QN<
e�;A/�WYIK4�;=<?>N<?O�IMZA-:QNQzIX<?O��EZ=-:�
23u
;=;G�?b�8�4^;A>N4�+�;=2�]^<?13u�]^-�g�13-:O�-:1�4�<�8.23-
4�+�-�Of<?Z=Z=<Y]&;=>.y7��-:15[S23;=QNg�ZA-XQ0-(4�+�<
e�i!23-:-7IKZA23<�4�+.-M/�13254&gJI�154&<?O /98�b�23-CW(4�;=<?>@v?' }?n B

� i$h���h��������Ah�� w ����"(� {un, u∗n}An=1

aU" aRP ���(�! ��	r��dO�ZMQ?P8O Z �`ZdO�Z�[r VbUcZ�[U"
X
c ^>P!�! ‖un‖ = 1ZdO�W ‖u∗n‖ < B

n(���
1 ≤ n ≤ A $�� " [	ZdO�"�q?�G"�O�WS�! �P8V N>O�P!�G" aRP ���(�! ���r9�dO�ZMQ&V	SdVr�G"(���G� ZdO��P�! �"(�

aRP ���(�! ���r9�dO�ZMQ�V	SdVr�G"(�
(un, u

∗
n)An=1 ∪ ((en,k

c
e∗n,k)24B

k=1)An=1

VU%�[( S�! IZP�(B
i w '\v n mAn

X
 IZdVL��S�U�"

1
�! �"�OdcIn:���$"�Z�[( :O ^>P��! 

1 ≤ n ≤ A
c ‖∑k

i=1 en,i‖ = 1
ZdO�W ‖e∗n,k‖ ≤ 2n:���

1 ≤ k ≤ 24B ^>P!�! ‖en,k‖ = 2
n:���

2 ≤ k ≤ 24B �&PAO��! �P8V\[	ZdV:"]^�"\V(":�

xn,0 =
24B∑

f=1

en,f , x∗n,0 =
1

24B

24B∑

f=1

e∗n,f −
u∗n
22B

;



��� �������	�
����	�

�*����"U�dYP"r��c<n:���
1 ≤ k ≤ 24B c&^�"\V:"(�

xn,k = en,k +
un
22B

, x∗n,k = e∗n,k − x∗n,0 = e∗n,k −
1

24B

24B∑

f=1

e∗n,f +
u∗n
22B

;

�! �"RO
((xn,k, x

∗
n,k)24B

k=0)An=1

PAV a�P����(�! ���r9�dO$ZMQ.^>P!�! ‖xn,k‖ < 3
ZdO�W ‖x∗n,k‖ < 5

n(���
0 ≤

k ≤ 24B ZdO�W
1 ≤ n ≤ A $

i w ' x�n mAn
X
 IZdV0��S�U�"

> 1
�! �"�Odc�n:���z"	Z�[( O ^>P!�! 

1 ≤ n ≤ A
c

(en,k)24B

k=1

P8V
1 "
"	Xr%IP8YMZMQ\"RO.�M�G�

�! �"�O$ZP�!%���ZMQ?a	ZdV�PAV7� n
l2

4B

2

ZdO�W
(e∗n,k)24B

k=1

PAV
K "
"	Xr%IP8YMZMQ\"RO.�,�G�*�! �"\O�ZP�!%���ZMQ?a�ZdV	PAV7� n

l2
4B

2

c
^� �"(��"

K
W�"�U�"�O�WdV7�dO�QTSS�dO

X
�&PAO��! �P8V�[�ZdV:"]^�"\V:"(�

xn,0 =
1

22B

24B∑

f=1

en,f , x∗n,0 =
1

22B

24B∑

f=1

e∗n,f −
u∗n
2B

,

�*����"U�dYP"r��c<n:���7"	Z�[r 
k
^>P!�! 

1 ≤ k ≤ 24B ,
^�"\V:"(�

xn,k = en,k +
un
2B

, x∗n,k = e∗n,k −
x∗n,0
22B

= e∗n,k −
1

24B

24B∑

f=1

e∗n,f +
u∗n
23B

;

�! �"RO
((xn,k, x

∗
n,k)24B

k=0)An=1

PAV\aRP����(�! ���r��dO�ZMQ�^>P!�! ‖xn,k‖ < 2
ZdO�W ‖x∗n,k‖ < 2K + 1

n(���
0 ≤ k ≤ 24B ZdO�W

1 ≤ n ≤ A $
),+.;=20g�13<?g�<?23;\4�;=<?> O�<PZAZ=<Y]&2NO�13<PQ ),+�-C<?13-:Q v?vo<?O]/98.b�23-:W:4�;=<?> x ' w c�I�>�e�Of13<?Q i�3 l '\v n I�>�e

i�3 l ' x�n <?O�4�+.-Mg�13<
<?O�<?Od),+�-:<?13-CQ x?x <?O>/
-:W(4�;A<P> 5�'
F�-0g�<?;=>947<?8�474�+JIK4$Ijb�IK23;A2�]&;=4�+�/���-:e�b.1UIKWru?-(4�27;=2L>�<P4�;=>�yP-C>�-:1UI�Z�8�>�;=O�<?13QNZ\[�QN;A>�;=Q*I�Z��

+�<Y]^-(��-C1^-:��-:15[*bJI�23;=2^]&;\4�+zg�-C13Q78�4rIK4�;=<?>�2^;=2^<?b���;=<?8�23Z\[*8�>�;=O�<?13QNZ\[0Q0;=>�;=QzIKZdi!23;=>�WC-$i5v n ;=QNg.Z=;=-:2
4�+JIK4

x∗π(n)(x)xπ(n) → 0
n '

��������� , 0�C$=E� ��CI%d�8!�= !$#E%('&)�2E,(!�!$# � Va>7<?13e�-:1�4�<&4rI�u?-���-:23+�<?O�+�-YI:�
[�O�<?13Q*I�Z=;=23Q <P�N4�+�-�;Ae�-YI�2Cc
;=> <?8�1$g�13<
<PO�2�]^-z]&;=ZAZ�g�13<
WC-:-:e�]&;\4�+�4�+�-SOf<?Z=ZA<C]&;A>�y�QN-:4�+�<
etB �.<?1$;A>�254rI�>�W:-S;=O

l1
;=2�/�>�;\4�-CZ\[

13-:g.13-:23-:>94�-:e�;=>
X
c�]&+�-:> ]^-j]&;=ZAZ^8.23-qI�/�>�;=4�-j23-C698�-C>�W:- {en}mn=1

;=>
X
]&+�;=WU+ ;A2

(1 + ε)
�

-C698�;=�?I�Z=-:>94�4�<�4�+.-&>JIK4�8�1UI�ZJbJI�23;=2�<?O
lm1
c?]^-&]&;=Z=Z�I�Z\]�I:[
2�238�g.g�<?23-

ε = 0
' � >JI�Z=<?y?<?8�23Z\[�c�;AO

Xm
;=2

I7/�>�;\4�-:��e�;=QN-C>�23;=<?>JI�Z�238�b.23gJI�W:-M<?O
X
I�>�ez]^-M>�-:-CeoIL/�>.;\4�-(��WC<9e.;=QN-C>�23;=<?>JI�Z�238�b�23g�IKWC-

W
<?O
X238�Wr+$4�+JIK4

Xm
;A2

(1+ε)
��<?154�+�<?y?<?>JI�Z
4�<

W
c�4�+.-:>tc�;=O {xm,n}pmn=1

;=2�I�>
ε
��>�-:4�<?OJ4�+�-�8�>�;\4�23g.+�-:13-

<?O
Xm

IK>.ej;=O {x∗m,n}pmn=1 ⊂ X∗
]&;\4�+ ‖x∗m,n‖ = 1 = ‖xm,n‖ = x∗m,n(xm,n)

Of<?1
1 ≤ n ≤ pm

c
4�+�-C>@23-(434�;=>.y

W = X ∩ ⋂pmn=1 x
∗
m,n,⊥

]^-02UI:[�4�+JIK4 ‖x + w‖ ≥ max{‖x‖, ‖w‖\2} O�<P1�-KI�WU+
x ∈ Xm

I�>�e
w ∈ W c�4�+JIK4X;=2CctIKy9I�;=>q]^-�238.g�g�<?23-

ε = 0
'M�q<?13-7g�13-CW:;=23-CZ\[�c�23-(434�;=>.y

ε = 0
]^-

<?>�Z\[*QN-YI�>z4�+JIK4�4�+�-X-:��-:W(4^<?O
ε
;=2�I�b�23<?13b�-:eS;=>S<P4�+�-:1�I�g�g�13<Y��;=Q*IK4�;=<?>�2�]&+�;=Wr+SI�Z=13-KI�e�[zI�g�g�-KI�1

;=>S4�+.-Mg�13<
<?Of2C'
/
;=>�W:-z4�+�-Sg�13<
<?O�;A>�4�+�-S13-YI�Z^WKI�23-z>�-C-:e�2$ZA-:232$Of<?13Q*I�Z=;A23Qoch]^-Se�-(��-CZ=<?g�4�+�-zg.13<9<?O&;=>�4�+�;=2

WYI�23-���+�<Y]^-(��-:1,4�+�-�WC<?>�254�138�W(4�;A<P>oI�>�ez4�+.-Xg�13<
<?Of2^]^<?13uzI�Z=23<�;A>z4�+�-�WC<?QNg�Z=-:�0WKIK23-�c.I�gJI�154,O�13<?Q
4�+�-�yP-C>�-:1UIK4�;=>.yXb.;=<?154�+�<?yP<?>JI�Z�25[�254�-:QN2Cc?]&+�;=Wr+0I�13-,-(��g�Z�IK;A>�-:e$Of<?1�4�+�-,WC<?QNg�Z=-:�7WYI�23-�23-CgJI�1UIY4�-CZ\[
;=> k vPv m 'j��<P13-C<Y�?-C1Cc�<Y]&;=>.yo4�<q),+�-C<P13-CQ V ∗ <?O /98�b�23-CW(4�;=<?>�v?' x ]&+�;=Wr+�-:>�<?13QN<?8�23Z=[�23;=Q0g�Z=;=/�-C2
4�+�-*254�138�W(4�8.13-0<?O^4�+.-023gJI�WC-0]&+�-:>�4�+�-*23gJI�WC-*+JI�2L4a[
g�-

> 1
ch<?8�17Q*I�;=>�-:��<P154�Of<?1�4�+�-zg�13<
<PO

+JI�2Mb�-:-C>�;=>�4�+�-$23gJI�W:-:2X]&+�-C13-
l1
;=2X/�>�;=4�-:Z\[q13-:g.13-:23-:>94�-:e�I�>�e�<?>�Z\[ /9-:W:4�;=<?> 5*;A2Xe.-(��<P4�-:e�4�<

23gJI�W:-7<POd4a[�g�-
> 1

��Q*I:[S]^-L238.yPy?-C254E13-KI�e�;=>�y04�+�;=2&23-CW:<?>�eqWKIK23-7/�13254YcJ23;=>�WC-�;\4�W:<?8�Z=eq+�-:Z=go4�+.-
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	���������G�����������G�����������o����� �	����� � � �����G� � � �

8�>�e.-:13254rI�>�e�;=>.yo<?O�4�+�-0/�132547WYI�23-�'*),+�-C13-:O�<?13-0;=>�4�+�-0>�-(�
47238�b�23-:W:4�;=<?>�]^-N]&;=Z=Z�b�-0W:<?>�W:-C13>�-:e
<?>�Z\[$]&;=4�+N4�+�-E23gJI�WC-:2�]&+�-:13-

l1
;=2�/�>�;\4�-CZ\[$13-Cg�13-:23-C>�4�-:ejIK>.etc
;=>0<?13e�-C1�4�<7254�13-:232E��8�254�4�+.-&;Ae�-YI�2Cc

]^-X]&;AZ=Z_<?>�Z\[zy?;\��-LI�23;=Q0g�Z=;=/.-:eSe�-C23W:13;=g�4�;A<P>S<?O�4�+.-XWC<?>�254�138�W(4�;A<P>�'

�������`9p) B H�,d� 2j%d�8!�= !$# %('&)  C$��= �ADE)<C�B !$#t%('&) HJ!�=&BR%(, EHM%(�A!�=>� )�<0;=Z=Z=8.254�1UIY4�-X4�+�-�y?-C>�-:1UI�Z
;=e�-KI7<?O�4�+�-MW:<?>�254�138�W:4�;=<?>SZ=-(4�8�2,��;=-:]H4�+�;=2,;Ae�-YI7ZA;=u?-MI�e�<
e�-CWYI�+�-:e.13<P>�c.I�>�eS]^-LI�13-M>.<C] y?<?;=>�y
4�<�-C>�Z=;=y?+�4�-C>�I�Z=Z�;=4�27O IKWC-:2C��IK474�+�-z-:>.e�]^-z]&;=Z=Z�b�13;=-C��[@-:��g�ZfI�;=>@4�+.-*O I�W(474�+JIK474�+.-*23-C698�-C>�W:-
(q(m))∞m=1

;A2�8�>�;\��-:132UI�Z�'�),+�-�WC<?>�254�138�W(4�;A<P>j<?O�4�+.-MbJI�23;=2,]&;\4�+og�-:13Q�8�4rIK4�;=<?>�2

(xn)∞n=1 = ((xn)
q(3(m+1))
n=q(3m)+1)∞m=0

i
q(0) = 0

n c
]&;\4�+

(xn, x
∗
n)∞n=1

b�;=<?154�+�<?y?<?>JI�Z�c
g�13<
WC-:-:e.2,b�[S;=>�e.8�W(4�;=<?>z4�+�13<?8�y?+j;=>�/�>.;\4�-�254rI�y?-:2,]&+.-:13-M-YI�WU+
254rI�y?-$W:<?>�WC-:13>�2M4�+�-$b�Z=<
Wru

(xn, x
∗
n)
q(3(m+1))
n=q(3m)+1

'$),+�-:>�;=4M;A2X238.�$WC;=-:>94X4�<j-:Q0g�+JI�23;=�C-�4�+�-$WC<P>��
254�138�W:4�;=<?>S<?O�4�+�;=2�b�Z=<
WruSI�>�eo;\4�2&I�W(4�;A<P>jO�<P1EI$y?-:>�-C1UIKZt-:ZA-:QN-C>�4

x ∈ X ]&;\4�+ ‖x‖ = 1
'

����� g v?'\/9-:434�;=>�y$O�<?1�-YI�WU+o>JIK4�8�1UI�Zt>98�Q�b�-:1
p
c

(n)
q(3(p+1))
n=q(3p)+1 = ((p, 0, n′))Q

′(p)
n=1 ∪ ((p, 0, n′′))Q

′′(p)
n=1

c

238�g�g�<P23-�ctO�<P1M<?8�1M/���-:e
m ≥ 1

c_4�<j+JI:�?-*IKZA13-YI�e�[�W:<?>�254�138.W(4�-:e�Izg�-C13Q78�4rIK4�;=<?>
(π(n))

q(m)
n=1

<?O

(n)
q(3m)
n=1 ∪ ((m, 0, n′))Q

′(m)
n=1

238�Wr+S4�+�IY4

(∗)
∥∥∥x−

q(m)∑

n=1

x∗π(n)(x)xπ(n)

∥∥∥ < εm
I�>�e ∥∥∥

q∑

n=q(m−1)+1

x∗π(n)(x)xπ(n)

∥∥∥ < εm−1

O�<P1
q(m− 1) + 1 ≤ q ≤ q(m)

'��E8�1EIK;AQ ;=2^4�<$/�>�e�I7238�b�23-Y6�8.-:>�WC-
((m+ 1, 0, n′))Q

′(m+1)
n=1

<?O
(n)

q(3m+3)
n=q(3m+1)+1

I�>�e�I�g�-C13Q78�4rIK4�;=<?>
(π(n))

q(m+1)
n=q(m)+1

<?O

((m, 0, n′′))Q
′′(m)

n=1 ∪ ((m+ 1, 0, n′))Q
′(m+1)

n=1238�Wr+z4�+JIK4
(∗) ;=2�I�Z=23<74�138.-�O�<?1 m 13-:g�ZfI�WC-:ezb�[

m+ 1
��+�-:13-

(εm)
;A2�IL>�<?>�;=>�WC13-YI�23;=>�y�23-C698�-C>�W:-

<?O�g�<?23;\4�;\��-E>98.Q7b�-C132�]&;=4�+
εm → 0

'�),+�;=2,;=2�4�+�-X/�13254,>JIK4�8�1UI�Z_;=e�-YI�4�+JIK4^]^-�]&;=Z=Z�Of<?Z=Z=<Y]H;=>*4�+�-
W:<?>�254�138.W(4�;=<?>j<PO�I�b�IK23;A2,]&;\4�+Sg�-:13Q78�4rIY4�;A<P>.2C'
����� g x '�),+�-�23-:W:<?>�eo>JIK4�8�1UI�Zt;=e�-KI7;A2,4�<$8.23-?c�Of<?1�4�+�-MW:<?>�254�138�W:4�;=<?>j<?O�-KIKWr+

(xn, x
∗
n)
q(p+1)
n=q(p)+1 = (((xp,n,k,l)

2Qp
l=1 )2Mp

k=1)
Pp
n=1,

4a]^<Mu
;=>.e�2�<?O�23-C698�-C>�W:-C2CB
(u′p,n, u

′∗
p,n)

Ap
n=1

i�4�+�-\[U�dO�O�"�[:��P��dO�V:"	Xr%J"�O�[U" n c?]&+.;=WU+$+�IK2^IKZAZ
4�+�-�;A>�Of<?15�
Q*IK4�;=<?>�<P>$4�+�-^W:<?>�>.-:W(4�;A<P>�b�-(4a]^-:-C>

(xn, x
∗
n)
q(p)
n=1

I�>�e
(xn, x

∗
n)∞n=q(p)+1

�9I�>�e
(êp,n, ê

∗
p,n)

M̂p

n=1∪
(e0,p,n, e

∗
0,p,n)

M0,p

n=1

i�]&;=4�+ ‖e∗p,n‖ ≤ 2
Of<?1

1 ≤ n ≤ M̂p

n ]&+�-:13-
(êp,n, ê

∗
p,n)

M̂p

n=1

i�4�+�-:VU%(U�U����(�
V:"	Xr%J"�O�[U" n ;=27IS8�>.;=<?>@<?O^238.b�23-C698�-C>�W:-C2�]&;\4�+�Iz��-:15[@23g�-:WC;fI�Zd4rI�23u�O�<?1�-YI�WU+�<?O�4�+�-CQoB�<?>�-0<?O
4�+�-C23-S238�b.23-C698�-:>.W:-:2N+JI�2`�58�254$4�+.-z4rI�23u@4�<�b�-z4�+�-0Da238.g�g�<?1545TSO�<P1�4�+�-j-:Z=-CQN-C>�4�2�<?O�4�+.-SWC<P>��
>�-CW(4�;=<?>z23-Y698�-:>�WC-?c
]&+�;=Z=-

(e0,p,n, e
∗
0,p,n)

M0,p

n=1

i�4�+�-�PAO�VU%IQ ZP��PAO r V("	X(%."RO�[�" n ;A2^238.WU+S4�+JIK4,;AOt]^-X23-:4

E0,p = span(e0,p,n)
M0,p

n=1

c
4�+�-:>
(êp,n +E0,p)

M̂p

n=1

;A2
1
��-C698�;=�?I�Z=-:>94�4�<74�+�-�>�IY4�8.1UIKZ�bJI�23;=2,<PO

l
M̂p
∞
'

)�<qQzIKu?-04�+�-*WC<P>.254�138�W(4�;=<?>�23Z=-:>�e.-:1�I�>�e�;=>�<?13e�-C1L4�<q13-C>�e�-:17Q0<P13-0��;=23;=b�ZA-N4�+�-N4rI�23u
27<?O^4�+�-
238�b�23-Y698�-:>�WC-:20<PO&4�+�-j238�g�g�<P154023-Y6�8.-:>�WC-?c�Of<?1N<?8�1$/���-Ce

m
4�+.-jb�Z=<
WUu

(xn, x
∗
n)
q(3m+3)
n=q(3m)+1

;=>
;\4�2E4�8�13>�;=2�gJI�154�;\4�;=<?>�-Ceq;=>�4�<*4�+�13-:-�238�b���b�ZA<9Wru
2CB

(xn, x
∗
n)
q(3m+1)
n=q(3m)+1

i�4�+.-p[U��� U$Q\":�G"�O�"RV�V a_Q\�G[&% n c
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(xn, x
∗
n)
q(3m+2)
n=q(3m+1)+1

i�4�+�-���"brP%IQ Z���P��GZP��P �dO aRQ=�G[ % n IK>.e
(xn, x

∗
n)
q(3m+3)
n=q(3m+2)+1

i�4�+.-�nU��"U" a_Q\�G[&% n
i�]^-X]&;AZ=Z_23-:-�b�-(434�-C1^4�+�;=2�O!I�W:4&;=> ��I�WC-:2�v�)0I�>�e�v?v n '

��<Y]�]^-�gJI�232�4�<EQ0<P13-�e�-(4rI�;=ZA2C'_F�-�WYI�>L23-:-�4�+�IY4�4�+.-�W:<?>�>.-:W(4�;A<P>L23-C698�-C>�W:-�WC<?>�4rI�;=>�2dI�Z\]�I:[�2
4�+�-E]&+�<?Z=-E;=>.238�ZfIK4�;=>�yL23-C698�-C>�W:-�<POt4�+�-Eg�13-:��;=<?8�2�238�b���b�ZA<9Wru*IK>.eSI�Z=23<7-CZ=-:Q0-:>�4�2�<POt4�+�-E238�g.g�<?154
23-C698�-C>�W:-�<?Od4�+�-7g�13-:��;=<?8�2E238�b���b�Z=<
WUu�i�4�+�;=2�O!I�W:4E]&;=Z=Z�b�-���-C15[o;AQNg�<?154rI�>�4�Of<?1 ��I�W:-C2 � I�>�e l�n �
;=>�e.-:-:e

(xn)
q(3m+1)
n=q(3m)+1 ⊂ span(u′3m,n)A3m

n=1 + span(ê3m,n)M̂3m
n=1

c

(u′3m,n)
M0,3m−1

n=1 = (e0,3m−1,n)
M0,3m−1

n=1

c

(ê3m,n)M̂3m
n=1 = (e3m,aux,s)

A3m

s=M0,3m−1+1 ∪ ((e3m,aux,s,t)
22B3m

t=1 )A3m
s=1 ∪ (ecarr,n)

q(3m+1)
n=q(3m)+1

∪ (earm,n)
q(3m+1)
n=q(3m)+1 ∪ ((e3m,brd,n,k)2M3m

k=1 )P3m
n=1

�
I�>JI�Z=<?y?<P8.23Z\[

(xn)
q(3m+2)
n=q(3m+1)+1 ⊂ span(u′3m+1,n)

A3m+1

n=1 + span(ê3m+1,n)
M̂3m+1

n=1

c

(u′3m+1,n)
M0,3m

n=1 = (e0,3m,n)
M0,3m

n=1

c

(u′3m+1,n)
A3m+1

n=A3m+1−A′3m+1+1 = (earm,n)
q(3m+1)
n=q(3m)+1 ∪ ((e3m,brd,n,k)2M3m

k=1 )P3m
n=1

c

(ê3m+1,n)
M̂3m+1

n=1 = (e3m+1,aux,s)
A3m+1−A′3m+1

s=M0,3m+1 ∪ ((e3m+1,aux,s,t)
22B3m+1

t=1 )
A3m+1

s=1

∪ (ecarr,n)
q(3m+2)
n=q(3m+1)+1 ∪ ((e3m+1,brd,n,k)2M3m+1

k=1 )
P3m+1

n=1

�
I�>JI�Z=<?y?<P8.23Z\[

(xn)
q(3m+3)
n=q(3m+2)+1 ⊂ span(u′3m+2,n)

A3m+2

n=1 + span(ê3m+2,n)
M̂3m+2

n=1

c

(u′3m+2,n)
M0,3m+1

n=1 = (e0,3m+1,n)
M0,3m+1

n=1

c

(u′3m+2,n)
A3m+2

n=A3m+2−A′3m+2+1 = ((e3m+1,brd,n,k)2M3m+1

k=1 )
P3m+1

n=1

c

(ê3m+2,n)
M̂3m+2

n=1 = (e3m+2,aux,s)
A3m+2−A′3m+2

s=M0,3m+1+1 ∪ ((e3m+2,aux,s,t)
22B3m+2

t=1 )
A3m+2

s=1

∪ (ecarr,n)
q(3m+3)
n=q(3m+2)+1

'
����� g w 'M),+�-04�+�;=13e@>JIK4�8�1UI�Z�;=e�-KISW:<?>�W:-C13>�2�4�+�-0238.g�g�<?154723-C698�-C>�W:-�'*F�-N]&;=Z=Z�QzIKu?-N4�+�;A2�23-:�
698�-:>.W:-�;=>�e.-:g�-C>�e�-:>94j<PO$IKZAZ�4�+�-�g.13-(��;=<?8�2j23-C698�-:>.W:-:2CcE4�+JIK4j;=2Cc&]^-�]&;A23+�4�+�IY4YcEO�<?1S-KIKWr+

p
c

(êp,n, ê
∗
p,n)

M̂p

n=1∪ (e0,p,n, e
∗
0,p,n)

M0,p

n=1

i�IK>.eN;=>NgJI�154�;=WC8�ZfI�1
(êp,n, ê

∗
p,n)

M̂p

n=1

n I�W(4�2�Z=;AuP-EI�>N;=23ZfI�>�ezI�2
13-:y9I�13e�2

(xn, x
∗
n)
q(p)
n=1 ∪ (u′p,n, u

′∗
p,n)

M0,p−1

n=1 ∪ (u′p,n, u
′∗
p,n)

Ap
n=Ap−A′p+1

'�),+.-:13-:O�<?13-?c_Of<?1
p = 3mi�4�+JIK4�;A2Cc�O�<?1,4�+�-MWC<PQ0g�Z=-:4�-:>�-C232,b�Z=<
Wru n 4�+�-MO�<?Z=Z=<Y]&;=>�y$g�13<?g�-C154�;=-:2�+�<?Z=etB

i!; n ‖x + e‖ ≥ max(‖x‖, ‖e‖/2)
O�<?1�-YI�WU+

x ∈ span((xn)
q(3m)
n=1 ∪ (u′3m,n)

M0,3m−1

n=1 )
I�>�e

e ∈ span((ê3m,n)M̂3m
n=1 ∪ (e0,3m,n)

M0,3m

n=1 )
�

i!;=; n
(ê3m,n)M̂3m

n=1

;A2
1
��-Y698�;\�?I�Z=-C>�4,4�<$4�+�-M>JIK4�8�1UI�ZtbJI�23;=2&<PO

lM̂3m
1

�
i!;A;=; n

(ê3m,n + E0,3m)M̂3m
n=1

;=2
1
��-Y6�8.;\�?I�Z=-C>�4,4�<�4�+.-M>JIK4�8�1UI�ZtbJI�23;=2�<?O

lM̂3m∞
'

),+�-C>
‖x+ e+ E0,3m‖ ≥ ‖e+ E0,3m‖/2

O�<?1
e ∈ span(ê3m,n)M̂3m

n=1
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I�>�e

x ∈ span((xn)
q(3m)
n=1 ∪ (u′3m,n)

M0,3m−1

n=1 ) +X ∩
q(3m)⋂

n=1

x∗n⊥

∩
M0,3m−1⋂

n=1

u′∗(3m,n)⊥ ∩
M̂3m⋂

n=1

ê∗(3m,n)⊥ ∩
M0,3m⋂

n=1

ê∗(0,3m,n)⊥
'

F�-^-CQNg�+�IK23;A�:-�4�+�-,O I�W(4d4�+JIK4d4�+�-,238�b�23gJI�W:-C2
span(ê3m,n+E0,3m)M̂3m

n=1

IK13- ^�"_Q8Q$[���� U$Q\"(�0"ROJ�G"	W
;=>�4�+�-*23gJI�WC-

X/E0,3m
��+�-:>.W:-*]^-jIK13-z;=>�4�+�-z2UI�QN-zW:<?>�e.;\4�;=<?>�27<?O,4�+�-z23gJI�W:-:2�<?O,4a[�g�-

> 1]&+�-C13-?c9b�[z),+�-:<?13-CQ¡V ∗ <PO?/98�b.23-:W(4�;A<P>�vP' x c94�+�-:13-MIK13-E]^-:Z=Z�W:<?Q0g�Z=-:Q0-:>�4�-Ce�i�I�Z=QN<?254�-:8�WCZ=;=e�-KI�> n
238�b�23g�IKWC-:2C��4�+�-�<P>.Z\[ze�;=��-:13-:>.W:-M;=2,4�+JIK4�]^-M>.<C] ]^<?13uz;=>o698�<P4�;=-:>94�23gJI�W:-C2C'

� >�IKZA<Py?<?8�23Z\[N4�+�-X2UI�QN-Xg�13<?g�-:154�;A-:2^+�<?Z=ezO�<?1
p = 3m+ 2

i�4�+�IY4,;=2Cc
O�<P1^4�+�-�O�13-:-Xb�Z=<
Wru n �94�+�-
<?>�Z\[ze.;=��-:13-C>�W:-M;=2,4�+�IY4&>.<C]

(u′3m,n)
M0,3m−1

n=1

;=2,13-Cg�ZfI�W:-Cejb�[

(u′3m+2,n)
M0,3m+1

n=1 ∪ (u′3m+2,n)
A3m+2

n=A3m+2−A′3m+2+1.

����� g 3.' ��<Y] ]^-�W:<?>�23;=e.-:1S4�+�-�23-C698�-C>�W:-C2
(ecarr,n)

q(3m+1)
n=q(3m)+1

c
(ecarr,n)

q(3m+2)
n=q(3m+1)+1

I�>�e

(ecarr,n)
q(3m+3)
n=q(3m+2)+1

c,]&+�;=WU+HI�13-qWKIKZAZ=-:e [	Z��r��P�"r� V:"	X(%."RO$[U"RV$b�-:WYI�8�23-�4�+�-o4rI�23u <?OX4�+�-:;A10-CZ=-(�
QN-C>�4�2z;A2z4�<�b�-�4�+.-�238.g�g�<?154j<?OM4�+�-�-CZ=-:Q0-:>�4�2z<?OM4�+.-�WC<?>�>�-:W:4�;=<?>�23-Y698�-:>�WC-:2@i�]^-�]&;=Z=Z�23-:-
W:ZA-YI�13Z\[�4�+�;=2*O!I�W(4*;A> 4�+�-qe�-C23W:13;=g�4�;A<P>�<?O ��I�WC- �?n ' ),+�-:>�O�<P104�+�-q238�g.g�<?154*23-Y6�8.-:>�WC-q<PO�4�+�-
13-:y?8�Z�IK13;A�YIK4�;=<?>�b�Z=<
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(u′3m,n)

M0,3m−1

n=1

;=20>�<Y] 13-Cg�ZfI�W:-Ce b�[
(u′3m+1,n)

M0,3m

n=1 ∪ (u′3m+1,n)
A3m+1

n=A3m+1−A′3m+1+1

'�),+�-
Q*I�;=>oe�;A��-:13-C>�W:-LW:<?>�WC-:13>�2�i!;=; n I�>�eq<?>�Z=[jOf<?1�4�+�-7WYI�1313;=-:1&23-C698�-C>�W:-

(ecarr,n)
q(3m+2)
n=q(3m+1)+1
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u
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span(u′3m+1,n)
A3m+1

n=1

b�[�QN-YI�>�2z<?O
238�b�238.QN2M<?O ∑q(3m+2)

n=q(3m+1)+1 x
∗
n(x)xn

c�]^-0I�13-�O I�W:;=>.yz4�+�-�Of<?Z=ZA<C]&;A>�yz23;\4�8JIK4�;=<?>tB&-KIKWr+�-:Z=-CQN-C>�4
u′3m+1,n′

I�g�g�-KI�1320Dag�8.Z\��-:13;=�C-:e
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x∗n(x)xn

]&+�-C13-
ecarr,n

IK13-74�+.-LWKI�1313;=-:132Cc_I�>JI�Z=<?y?<?8�23Z\[o;A>�-YI�WU+
x∗n(x)

4�+.-:13-7;A2
e∗carr,n(x)

IK>.e
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u′∗3m+1,n′(x)
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ecarr,n
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carr,n)

q(3m+2)
n=q(3m+1)+1

c�4�+�IY4X;A2Cc
(e′carr,n)

q(3m+2)
n=q(3m+1)+1
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1
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q(3m+2)−q(3m+1)
1

c�]&+�;=Z=-Mg�13<?g�-C154a[�i!;=; n <?O���I�W:- w c�O�<?1

(ecarr,n, e
∗
carr,n)

q(3m+2)
n=q(3m+1)+1 = (((e3m+1,carr,n,k,l, e

∗
3m+1,carr,n,k,l)

2Q3m+1

l=1 )2M3m+1

k=1 )
P3m+1

n=1

c
;=2�13-Cg�ZfI�W:-CeSb�[S4�+�-MO�<?Z=Z=<Y]&;=>�y�O�8�154�+�-C1�g�13<?g�-:154�;A-:2Cc�Of<?1�-YI�Wr+

n
]&;\4�+

1 ≤ n ≤ P3m+1
B

i!;=� n O�<P1�-KI�WU+
k
]&;=4�+

1 ≤ k ≤ 2M3m+1
c

e3m+1,carr,n,k,1 = e′3m+1,carr,n,k,1,

e3m+1,carr,n,k,l = e′3m+1,carr,n,k,l − e′3m+1,carr,n,k,l−1

O�<?1
2 ≤ l ≤ 2Q3m+1 ,



��� �������	�
����	�

+�-C>�W:-
∥∥∥

L∑

l=1

e3m+1,carr,n,k,l

∥∥∥ = 1
Of<?1

1 ≤ L ≤ 2Q3m+1
�

i�� n 23-(434�;A>�y
3m+ 1, carr, n = s

c

1 = ‖x‖ ≥
∥∥∥

2M3m+1∑

k=1

2Q3m+1∑

l=1

e∗s,k,l(x)es,k,l +X ∩
2M3m+1⋂

k=1

2Q3m+1⋂

l=1

e∗(s,k,l)⊥

∥∥∥

≥ max
( 2M3m+1∑

k=1

|e∗s,k,l(x)| : 1 ≤ l ≤ 2Q3m+1

)
/21+M3m+1/2

'

),+�-C>tc
23;=>.W:- ‖e∗carr,n‖ ≤ 2
O�<?1

q(3m+ 1) + 1 ≤ n ≤ q(3m+ 2)
I�>�eS23;=>�WC-

M3m+1
;=2

Q78.WU+oZfI�13y?-:1^4�+�IK>
Q3m+1

c
4�+.-:13-M;A2EIKZ=]�I([�2
k
]&;=4�+

1 ≤ k ≤ 2M3m+1
23<$4�+JIK4

2Q3m+1∑

l=1

|e∗
3m+1,carr,n,k,l

(x)| < 1

2Q3m+1

'

),+�-C13-:O�<P13-�c_;=>�<?13e�-C1X4�<S-CQNg�+JI�23;=�C-74�+�-0I�g�g�13<Y��;=QzIY4�;A<P>�<PO
u′∗3m+1,n(x)u′3m+1,n

b9[�Q0-YI�>�2X<?O
I�238�b�238.Q <?O ∑q(3m+2)

n=q(3m+1)+1 x
∗
n(x)xn

c�23-(434�;=>�y
3m + 1, carr, n, k = s

Z=-:4j8.2j23WU+�-CQ*IK4�;=�C-
i�I�W(4�8JI�Z=Z=[*;=> ��I�WC- � ]^-M]&;=Z=Z_b�-�QN<?13-Mg�13-:WC;=23- n

x∗s,l(x)xs,l =

(
e∗s,l(x) +

u′∗3m+1,n(x)

2Q3m+1/2

)(
es,l +

u′3m+1,n

2Q3m+1/2

) O�<?1
1 ≤ l ≤ 2Q3m+1

c

]&;\4�+ ‖u′3m+1,n‖ = 1
IK>.e ‖u′∗3m+1,n‖ < 2Q3m+1/4

'�p�[N4�+�-MI�b�<Y��-MI�>�eSb�[04�+�-�ZfI�254^13-CZfIK4�;=<?>0<?O
i!;\� n ;\4.�58�254EOf<?Z=ZA<C]&2,4�+JIK4

∥∥∥
2Q3m+1∑

l=1

x∗s,l(x)xs,l − u′∗3m+1,n(x)u′3m+1,n

∥∥∥

=

∥∥∥∥
2Q3m+1∑

l=1

(
e∗s,l(x) +

u′∗3m+1,n(x)

2Q3m+1/2

)(
es,l +

u′3m+1,n

2Q3m+1/2

)
− u′∗3m+1,n(x)u′3m+1,n

∥∥∥∥

=

∥∥∥∥
2Q3m+1∑

l=1

e∗s,l(x)

(
es,l +

u′3m+1,n

2Q3m+1/2

)
+
u′∗3m+1,n(x)

2Q3m+1/2

2Q3m+1∑

l=1

es,l

∥∥∥∥

≤
( 2Q3m+1∑

l=1

|e∗s,l(x)|
)(

2+
‖u′3m+1,n‖
2Q3m+1/2

)
+
|u′∗3m+1,n(x)|

2Q3m+1/2

∥∥∥
2Q3m+1∑

l=1

es,l

∥∥∥< 3

2Q3m+1
+

1

2Q3m+1/4

'

����� g } 'M��-(4q8.2o4�8�13> 4�<�I b�-(434�-C1je.-:23W:13;Ag�4�;=<?> <?O74�+�-�g�13<?g�-C154�;=-:2q<?O74�+�-�WC<P>.>�-:W:4�;=<?> 23-:�
698�-:>.W:-?' � >.<�4�+.-:1d;Ae�-YIE;=2h4�+JIK4d4�+�-^Q*I�;=>NI�;=Q�<?O

(u′3m+1,n)
A3m+1

n=1

;A2h4�<XW:<?>�>�-CW(4d4�+�-,238�b���b�ZA<9Wru
2

(xn, x
∗
n)
q(3m+1)
n=q(3m)+1

I�>�e
(xn, x

∗
n)
q(3m+2)
n=q(3m+1)+1

>�<P4�<?>�Z\[�b�[74�+�-�g�13-:23-C>�W:-�<?O
(u′3m+1,n)

M0,3m

n=1 =

(e0,3m,n)
M0,3m

n=1

c�b�8�4&I�Z=23<$b�[*4�+�-Xg�13-C23-:>�WC-X<?O
(u′3m+1,n)

A3m+1−A′3m+1

n=M0,3m+1

;=>z4�+�-MOf<?Z=Z=<Y]&;=>.yL23-C>�23-?B



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � ���

;=O
X = Xo + U + Y

]&+.-:13-

X0 = span(xn)
q(3m+1)
n=1 + span((u′3m+1,n)

M0,3m

n=1 ∪ (u′3m+1,n)
A3m+1

n=A3m+1−A′3m+1+1)
c

Y = span((ê′3m+1,n)
M̂ ′3m+1

n=1 ∪ (e0,3m+1,n)
M0,3m+1

n=1 ) + span(xn)n≥q(3m+2)+1

I�>�e�]&+�-C13-
(ê′3m+1,n)

M̂ ′3m+1

n=1

e�-C>�<P4�-:2�4�+.-*238�b�23-Y6�8.-:>�WC-*<?O
(ê3m+1,n)

M̂3m+1

n=1

WC<?QNg�Z=-CQN-C>�4rI�15[
4�<

(e3m+1,aux,s)
A3m+1−A′3m+1

s=M0,3m+1

I�>�e +�-:>�WC-
U = span(u′3m+1,n)

A3m+1−A′3m+1

n=M0,3m+1

c�4�+�-SO�<PZAZ=<Y]&;=>�y
g�13<?g�-C154a[�+�<?Z=e.2CB ‖x + y‖ ≥ ‖x‖ Of<?1�-YI�WU+ x ∈ X0

I�>�e
y ∈ Y c_4�+JIK4�;=2Cc U W:<?>�4rI�;=>.2�I�Z=Zd4�+�-

W:<?>�>.-:W(4�;A<P>.2,b�-:4a]^-:-:>j4�+�-X4a]^<0238�b�23gJI�W:-C2
X0

I�>�e
Y
'�),+�-:13-COf<?13-�c�;=O�O�<?1�;=>�254rI�>�WC-

A3m∑

n=1

|u′∗3m,n(x)|+
A3m+2∑

n=1

|u′∗3m+2,n(x)| < εm → 0
c

4�+�-C>tc�;=OE]^-�I�g�g�Z\[�4�+.-jg.13-(��;=<?8�2N13-KI�23<P>.;=>�y@4�<�4�+�-o/�13254SI�>�e 4�+.;=13e b�Z=<
WUu
2Cc�;\40O�<?Z=Z=<Y]&2$4�+JIK4
4�+�-zb�Z=<
Wru ∑q(3m+2)

n=q(3m+1)+1 x
∗
n(x)xn

;=2�g�1UI�W(4�;=WKI�Z=Z\[�;A23<PZ�IY4�-Ce I�>�e�;\4�WYI�>�>.<�4$WC<?QN-z8�>�e�-C1NI�>�[
;=>��.8�-:>�WC-MO�13<?Q 4�+.-M23-(4&<?Oh238�b�238�Q02&<?O

q(3m+1)∑

n=1

x∗n(x)xn +
∑

n≥q(3m+2)+1

x∗n(x)xn

i!;=>�e.-:-:e�c�23-:434�;=>�y
εm = 0

c�O�<?10I�>�[
x ∈ span(xn)

q(3m+1)
n=1

c
y ∈ span(xn)

q(3m+2)
n=q(3m+1)+1

I�>�e
z ∈ span(xn)n≥q(3m+2)+1

c�;=4�O�<PZAZ=<Y]&2^4�+JIK4 ‖x+ y + z‖ ≥ ‖x+ y‖ ≥ ‖y‖/2 n '
� >�IKZA<Py?<?8�23Z\[SOf<?1,4�+�-�W:<?>�>�-CW(4�;=<?>j23-C698�-:>.W:-:2

(u′3m,n)A3m
n=1

I�>�e
(u′3m+2,n)

A3m+2

n=1

'
����� g 5�'dF�-�>�<Y] ;=Z=Z=8�254�1UIK4�-X<?>�-�<?O�4�+�-�Q*I�;=>j;=e�-KIK2�<?O�4�+�;=2,]^<?13u�'

��-(4*8�20W:<?>�23;=e.-:1$4�+.-j238.b���b�Z=<
WUu ∑q(3m+1)
n=q(3m)+1 x

∗
n(x)xn

i�4�+�-o2UI�QN-og�13<
WC-:e�8�13-j]&;=ZAZ^]^<?13u
O�<P1�4�+�-0238�b���b�Z=<
Wru92 ∑q(3m+2)

n=q(3m+1)+1 x
∗
n(x)xn

IK>.e ∑q(3m+3)
n=q(3m+2)+1 x

∗
n(x)xn

n '*Va>�y?-:>�-C1UIKZ�>�<P4
<?>�Z\[*4�+�-M23-C698�-C>�W:-M<?O�4�+�-M>�<?13QN2�<POh;\4�2,gJI�154�;fI�Z�238.QN2,]&;=Z=Z_b�-MZ=;=u?-�I725]&;=4�WU+9bJI�WruSI�Z=23<$O�<P1�-YI�WU+
g�<?2323;=b�ZA-�g�-C13Q78�4rIK4�;=<?>$<?O�4�-:13QN2Cc�b�8�4�]&+�-C>$]^-�I�e�eN4�+�-&238�b�23-Y698�-:>�4^238�b���b�ZA<9Wru74�+�-:13-&W:<?8�ZAeNb�-
13-(4�13<9I�W(4�;A<P>.2�b9[$4�+.-&-CZ=-:Q0-:>�4�2�<?O�4�+�-EW:<?>�>.-:W(4�;A<P>*23-C698�-C>�W:-

(u′3m+1,n)
A3m+1

n=1

]&;\4�+0WC<P>.23-C698�-:>94
W:<?Z=Z�IKg.23-:2�<?O
4�+�-�>�<?13Q02�<?O
4�+.-�g�IK154�;�IKZ�238�QN2�<?O ∑q(3m+1)

n=q(3m)+1 x
∗
n(x)xn

'���-:>�WC-?cK;=>L<?13e�-:1�4�<&+�I(��-
I�>zI�W(4�8JI�Z.23-:13;=-C2�O�<P1�4�+�-&13-:g.13-:23-:>94rIY4�;A<P>0<?OJ4�+.-&-:Z=-CQN-C>�4

x
c�>.<�4�<P>.Z\[$e�<�]^-�+JI:��-�4�<Lg�8�4�;A>*I�e��

�?I�>�WC-&IK>.e�y?1UI�e�8JI�Z=Z\[L4�+�-C23-^13-:4�13<9IKW:4�;=<?>�2CcPb�8�4�I�Z=23<X;=O.4�+.-:23-,13-(4�13<9I�W(4�;=<?>�2h]^-C13-�I�b�23-C>�4Yc?;\4�WC<?8�Z=e
b�-^>�-:WC-:232UI�15[�4�<�23QN<
<P4�+7<?8�4h4�+�-�238�Q0QN;\4�2h<?O�4�+�-�25]&;=4�WU+9bJI�Wru7IKb�<C��-�'��E>L4�+.-�<P4�+�-C1h+JI�>�etc�I�Z=23<
;=O�]^-LWYI�>qW:<?>�254�138�W:4&4�+�-�-:ZA-:QN-C>�4�2

u ∈ span(u′3m+1,n)
A3m+1

n=1

>�-:WC-:232UI�15[jO�<P1&4�+�-:23-L<?g�-:1UIK4�;=<?>�2
b�[NQ0-YI�>�2�<?O�4�+�-&Q0-(4�+�<
eN<?O ��IKWC- 3�c9;\4�;A2�>.-:W:-C232UI�15[$4�+JIK4�4�+�-:23-

u′3m+1,n

IK13-E13-YI�Z=Z\[$g�13-:23-C>�4^;=>
4�+�-X238.b���b�Z=<
WUu ∑q(3m+2)

n=q(3m+1)+1 x
∗
n(x)xn

��QN<?13-:<Y��-:1Cc
4�+�-:23-M-:Z=-CQN-:>94�2^Q*I:[*b�-�I�W:4�8JI�Z=Z\[0g�13-:23-C>�4
b�8�4�>�<P4,;=>*4�+�-M6�8�IK>94�;\4a[N4�+JIK4^]^-X>�-C-:e*4�<�23-:434�Z=-&4�+.-E]&+�<?Z=-�238.b���b�Z=<
WUu ∑q(3m+1)

n=q(3m)+1 x
∗
n(x)xn

'
),+�-C13-:O�<P13-7<?8�1�;=e.-YIN;=2E4�<z<P13y9I�>�;=�C-L4�+�-7-:Z=-CQN-:>94�2E<?O

(u′∗3m+1,n(x)u′3m+1,n)
A3m+1

n=1

;=>q4�+�-�238�b��
b�Z=<
Wru ∑q(3m+2)

n=q(3m+1)+1 x
∗
n(x)xn

23<zIK2�4�<N+JI:��-X4�+�-�Of<?Z=Z=<Y]&;=>.y74�+�13-C-MWr+JI�1UIKW:4�-:13;=254�;AW:2CB
i!; n ;=O�cJOf<?1E23<?Q0-

n′
]&;=4�+

1 ≤ n′ + 1 ≤ A3m+1
c |u′∗3m+1,n′+1(x)| > ε′3m+1

i!Of<?1XIN238�;=4rIKb.Z=-
23-C698�-C>�W:-

(ε′m)
<?OEg�<P23;=4�;\��-S>98�Q7b�-:132$]&;=4�+

ε′m → 0
n c�]^-qI�13-j238.13-S4�+JIK4Yc�b�[ QN-KI�>�2N<POE4�+�-

QN-:4�+�<
e�<?O ��IKWC-�3�cP]^-�WYI�>$W:<?>�254�138.W(4&i!Q0<?13-^g�13-:WC;=23-:Z=[�c�]^-,WYI�>0I�g�g.13<C��;=QzIK4�- n I�Z=Z
4�+�-�-:Z=-CQN-C>�4�2
u ∈ span(u′3m+1,n)n

′
n=1

4�+JIK4�]^-M>�-C-:et�



��� �������	�
����	�

i!;A; n ;=>7<?13e�-C1�4�<�+JI:��-�4�+�-^g�<?2323;=b�;=ZA;\4a[X4�<MI�g�g�13<Y��;=Q*IK4�-�-KIKWr+
u ∈ span(u′3m+1,n)n

′
n=1

4�+JIK4h]^-
>�-C-:e�i!<PO�WC<?8�1323- ‖u‖ < 2

∑q(3m+1)
n=1 ‖x∗n‖ · ‖xn‖

n ;\4�;=2,>�-:WC-:232UI�15[S>�<P4�<P>.Z\[*4�+JIK4,4�+�-M-:Z=-CQN-C>�4�2
u′3m+1,n

IK13-,13-YI�Z=Z\[�IK4�<?8�1de�;A23g�<?2UIKZ�b9[7QN-KIK>.2d<?O�4�+�-^4�-C13QN2
x∗n(x)xn

<PO.4�+�-,23-:WC<P>.e�238�b���b�Z=<
WUu�c
b�8�4�I�Z=23<$]&;\4�+jb�<P4�+jg�<?23;\4�;=�?-LI�>�ej>.-:y9IK4�;\��-X23;AyP>.2C�

i!;A;=; n ;=>�4�+�;=2�<?g�-:1UIK4�;=<?>�<?O�23Q0<9<P4�+�;A>�yz<PO ∑q(3m+1)
n=q(3m)+1 x

∗
n(x)xn

c.]^-7]&;=ZAZ�W:<?>�238�Q0-$I�Z\]�I:[�2
<?>�Z\[ Iq�?-C15[�23Q*I�Z=Z,698JI�>�4�;=4a[�<?O&4�-:13QN2

x∗n(x)xn
<?O&4�+�-j238�b���b�Z=<
Wru ∑q(3m+2)

n=q(3m+1)+1 x
∗
n(x)xn

c
4�+JIK4,;=2Cc�;=>z4�+�;=2,238�b���b�Z=<
WruzI�Z=Z�4�+�-X-:Z=-CQN-C>�4�2�<?O

(u′3m+1,n)n
′
n=1

+�I(��-�4�<�b�-�I�Z\]�I:[
2,g�13-C23-:>�4�;=>oI
��-:15[SZfI�13y?-�6�8�IK>94�;\4a[�'

� 4�4�+.;=2�g�<?;=>�4�]^-LI�13-�13-YI�e�[z4�<$8�>.e�-:13254rI�>�eo4�+�-LI�;=Q <?O�4�+�-MO�<?Z=Z=<Y]&;=>�y$e�-C/�>�;\4�;=<?>t'
F�-M2UI:[z4�+JIK4

(wm,n, w
∗
m,n)

Pm

n=1

;=2EI�>
εm
�
r9"�O�"(��ZP��PAO<r n:���r��<?OdI$b�;=<?154�+�<?y?<P>�IKZt25[�254�-:Q

(um,n, u
∗
m,n)

Pm

n=1

<?OdI$p�I�>JI�WU+o23gJI�W:-
X
;AO

span(w∗m,n)
Pm

n=1 = span(u∗m,n)
Pm

n=1

I�>�e
span(wm,k)nk=1 = span(um,k)nk=1

O�<P1
1 ≤ n ≤ Pm

�^QN<?13-:<Y��-:1NOf<?1$-KIKWr+
x ∈ X

]&;=4�+ ‖x‖ = 1
c�;AO

n
;=20I�> ;=>.e�-(��]&;\4�+

1 ≤
n ≤ Pm − 1

238�Wr+@4�+JIK4 |u∗m,n+1(x)| > εm
c�4�+�-:13-0-:�
;A254�27IS23-C698�-C>�W:-

(g(n))n+1
n=1

<?O^g�<?23;\4�;=�?-
;=>�4�-Cy?-:132�]&;\4�+

g(n+ 1) ≤ Pm
IK>.e

n ≤ g(n) < g(n+ 1)
O�<?1

1 ≤ n ≤ n
238�WU+q4�+JIK4Yc.Of<?1E-YI�WU+

εm
��>.-(4

(um,i)
Im
i=1

<?O�4�+�-�8�>.;\4�bJI�Z=Z�<?O
span(um,n)nn=1

c?4�+�-:13-&-(��;=254�23-Y698�-:>�WC-:2
((εm,i,n)nn=1)Imi=1<?O�g�<?23;\4�;\��-7>98�Q7b�-:132LI�>�e

((f(i, n))nn=1)Imi=1

<?O�;A>�4�-:y?-:132Cc�]&;\4�+tc�O�<P1M-YI�WU+
i
]&;\4�+

1 ≤ i ≤ Im
c

-:;=4�+�-:1
f(i, n) = g(n+ 1)

O�<?1
1 ≤ n ≤ n <?1 f(i, n) = g(n)

O�<?1
1 ≤ n ≤ n c
238�Wr+*4�+JIK4Yc
23-(434�;=>.y

wm,i =

n∑

n=1

εm,i,nw
∗
m,f(i,n)(x)wm,f(i,n)

c

]^-M+�I(��-

‖wm,i − um,i‖ <
εm
Im

c n∑

n=1

εm,i,n < εm/Im;

23<
Im∑

i=1

‖wm,i − um,i‖ < εm
c Im∑

i=1

n∑

n=1

εm,i,n < εm
'

),+�-0Q*I�;=>�I�;=Q <?O�4�+.-:23-Ny?-C>�-:1UIK4�;=>�yoO�<?13QN2�;=20�G� Z�U�UJ���GqdP�� ZP�G"zI�Z=Zd4�+�-0-CZ=-:Q0-:>�4�2�<PO�4�+�-08�>�;\4
bJI�Z=Zt<?O

span(um,n)nn=1

a�S*�*"�ZdO�V7� n N.O�P!�G"\VU%�aRVU%
� VL� n��! �"\V("(��P�"�V ∑
x∗n(x)xn

�.;=>jgJI�154�;=WC8�ZfI�1
4�+�-�O I�W(4�4�+JIK4 ∑Im

i=1

∑n
n=1 εm,i,n < εm

IKZAZ=<Y]&2�8�2d4�<�W:<?>�238�Q0-�Of<?1�4�+�-:23-EI�g�g.13<C��;=QzIK4�;=<?>�2d<?>�Z\[
I�13-:ZfIK4�;\��-CZ\[*23Q*I�Z=Z_>98.Q7b�-C1�<?O�4�-:13QN2�Of<?1�-KIKWr+ob�Z=<
WUu�'

),+.-�]^<?13e�Day?-:>.-:1UIK4�;=>�y�T�Q0-YI�>�2h4�+JIK4d4�+�;=2�4�1UI�>�23O�<?13Q*IK4�;=<?>7<?O�4�+.-^b�;=<?154�+�<?y?<?>JI�Z
25[�254�-:Q ��8.254
y?-:>�-C1UIK4�-:2�INZfI�13y?-L698JI�>�4�;\4a[j<?Od238�b�238.QN2E<?O ∑q(m+1)

n=q(m)+1 x
∗
n(x)xn

238�WU+q4�+JIK4&]^-LWKI�>�IKg.g�13<Y�
;=�
Q*IK4�-LI�Z=Z_4�+�-M-:Z=-CQN-:>94�2,<?O

span(um,n)nn=1

4�+JIK4�]^-M>�-C-:et'
����� g { ' �J13<PQ ��I�W:-C2 3$IK>.ep5�;\4�>JIK4�8�1UI�Z=Z\[NOf<?Z=Z=<Y]&2�4�+JIK4�]^-EW:<?8�Z=e*gJI�232^Of13<?Q

(u′3m+1,n)
A3m+1

n=1e�;=13-CW(4�Z\[�4�<�;\4�2�y?-:>.-:1UIK4�;=>�y�O�<P13Qq��b�8�4Yc�;=O�]^-oI�13-S;=>�4�+�-S+�[�g�<P4�+�-C23;=2$<PO�i!; n <?O ��IKWC- 5�c�]&;\4�+
|u′∗3m+1,n(x)| ≤ ε′m

O�<?1
n′ + 2 ≤ n ≤ A2m

c�gJI�2323;=>�y�4�<�4�+�-qy?-:>�-C1UIK4�;=>�y�Of<?13Qqc�O�13<?Q 4�+�-
g�13<
W:-Ce�8�13-0<PO�4�+�-N23-:WC<?>�e�gJI�154L<PO ��I�WC-65S;\4M]^<?8�ZAe@Of<?Z=ZA<C] 4�+JIK4�]^-$]&;=Z=Z�b�-0I�b�ZA-$4�<qI�g�g�13<Y�
�
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;=QzIY4�-o<?>�Z\[�I�Z=Z�4�+�-q-:ZA-:QN-C>�4�20<?O
span(u′3m+1,n)n

′
n=1

c^4�+JIK4*;=2Cc�]^-qZA<P23-o4�+.-qW:<?>�4�13;=b�8�4�;=<?> <?O
u′∗3m+1,n′(x)u′3m+1,n′

]&+�;=Wr+jW:<?8�Z=eob�-M-C2323-:>�4�;fI�Z�'
),+.-:13-:O�<?13-M<P8.1�;=e.-YI�;=2^4�+�IY4Yc�b�-COf<?13-Mg�IK2323;A>�y$4�<�4�+.-My?-:>�-C1UIK4�;=>�y$O�<?13Qoc

(u′3m+1,n, u
′∗
3m+1,n)

A3m+1

n=1+JI�2M4�<j8�>.e�-:13y?<�Izg�13-:�?-C>�4�;\��-$<?g�-C1UIY4�;A<P>�<?O�8�>.;=Of<?13Q Q0;=>�;=QzI�Z=;=�YIK4�;=<?> i!23-:-qi w '\v n <?O�`�13<Pg�<P23;=�
4�;=<?> w <?O /
8�b�23-:W:4�;=<?>�v?' 3 n b�[SQ0-YI�>�2�<?O�4�+.-6Z�%�qMPAQTPsZ���S V:"	Xr%J"�O�[U"

((e3m+1,aux,s,t, e
∗
3m+1,aux,s,t)

22B3m+1

t=1 )
A3m+1

s=1i�]&+�;=Wr+S>.<C] �58�254�;=/�-C2�;\4�2�>JI�QN- n I�>�ej]^-MgJI�232�4�<

(u3m+1,n, u
∗
3m+1,n)

P3m+1

n=1 = ((u3m+1,s,t, u
∗
3m+1,s,t)

22B3m+1

t=0 )
A3m+1

s=1]&+�-C13-?c�Of<?1�-YI�Wr+
s
I�>�e

t
]&;\4�+

1 ≤ s ≤ A3m+1
I�>�e

1 ≤ t ≤ 22B3m+1
c

u3m+1,s,0 =

22B3m+1∑

j=1

e3m+1,aux,s,j
c

u∗3m+1,s,0 =

22B3m+1∑

j=1

e∗3m+1,aux,s,j

22B3m+1
−
u′∗3m+1,s

2B3m+1

c

u3m+1,s,t = e3m+1,aux,s,t +
u′3m+1,s

2B3m+1

c
u∗3m+1,s,t

=

(
e∗3m+1,aux,s,t −

22B3m+1∑

j=1

e∗3m+1,aux,s,j

22B3m+1

)
+
u′∗3m+1,s

2B3m+1

'

),+�-C13-:O�<P13-�4�+�-L/�13254�13-YI�23<?>qOf<?1&8.>�;=O�<P13Q QN;A>�;=Q*I�Z=;A�YIK4�;=<?>z;=2�4�+JIK4Yc�]&+.-:>o]^-LgJI�232&4�<N4�+�-�I�2323<P�
W:;�IY4�-Ce*y?-:>�-C1UIK4�;=>�y7O�<?13Q

(w3m+1,n, w
∗
3m+1,n)

P3m+1

n=1

c
;=Ot]^-MI�13-�;=>*4�+�-XW:<?>�e�;=4�;=<?>*<?O_4�+�-�23-:WC<?>�e
gJI�154�<?O ��I�WC-p5S]&;=4�+

m
13-:g�Z�IKWC-:e�b�[

3m + 1
cdO�<P1

n + 1 = (1 + 22B3m+1)(s − 1) + t
]&;\4�+

1 ≤ s ≤ A3m+1
I�>�e

0 ≤ t ≤ 22B3m+1
c_b�[�Q0-YI�>�2X<?O�4�+�-�g.13<9WC-:e�8.13-�<?O�4�+.-�23-CW:<?>�e�gJI�154M<?O

��I�WC-`5X]^-&]&;=Z=Z.Z=<?23-�4�+�-EWC<P>94�13;=b�8�4�;=<?>0<PO
u∗3m+1,n+1(x)u3m+1,n+1

]&+�-:13-�c�;=O
1 ≤ t ≤ 22B3m+1

c
u′3m+1,s

I�g�g�-YI�132X;=>q4�+�-7O�<?13Q
u∗3m+1,n+1(x)u′3m+1,s/2

B3m+1
c�+�-C>�W:-74�+�;=2�Z=<?232�e�<
-C2�>�<P4Xe�;A25�

4�8�13bS4�+.-LI�g�g�13<Y��;=Q*IK4�;=<?>�2�23;=>�WC- ‖u∗3m+1,n+1‖ < 5
I�>�e

B3m+1
;=2,��-:15[SZfI�13yP-�c
]&+.;=Z=-?c�;=O

t = 0
c

u′3m+1,s

e�<
-C20>�<P4*-(��-:>�I�g�g�-YI�1C'�),+�-:13-o;=2zI�Z=23<�I�>�<P4�+�-C10QN<?13-o;=QNg�<P154rI�>�4013-KIK23<?>�O�<?1N4�+�;=2
8�>�;AOf<?13Q QN;=>.;=Q*I�Z=;=�KIK4�;=<?>tc?]&+�;=Wr+S]&;=Z=Z_b�-�-(��g�ZfI�;=>.-:eS;=>S4�+.-MZfI�254�O I�W:-�'

F�-qg�13<
W:-:-Ce�IK>�IKZA<Py?<?8�23Z\[�Of<?1
(u′3m,n, u

′∗
3m,n)A3m

n=1

I�>�e
(u′3m+2,n, u

′∗
3m+2,n)

A3m+2

n=1

<?O�4�+�-
/�13254�I�>�ej4�+�;=13eo238�b���b�Z=<
Wru*13-C23g�-:W:4�;\��-:Z\[9'
����� g � ' �h;A>JI�Z=Z\[�c.]^-L4�8�13>�4�<*<?8�1�i!23;=Q0g�Z=;=/.-:etc.4�+JIK4�;=2�>�<P4�-(�.I�W(4�� n W:<?>�254�138.W(4�;=<?>q<?Od4�+.-L/.13254
238�b���b.Z=<
WUu

(xn, x
∗
n)
q(3m+1)
n=q(3m)+1 = (((x3m,n,k,l, x

∗
3m,n,k,l)

2Q3m

l=1 )2M3m

k=1 )P3m
n=1

c

x3m,n,k,l = e3m,carr,n,k,l + e3m,arm,n,k,l
i
+ e3m,brd,n,k

;=O
l = 2Q3m

n
+
w3m,n

2M3m
,

x∗3m,n,k,l = e∗3m,carr,n,k,l +
w∗3m,n
2Q3m

O�<P1
1 ≤ n ≤ P3m

c
1 ≤ k ≤ 2M3m

I�>�e
1 ≤ l ≤ 2Q3m

�JI�>JI�Z=<?yP<?8�23Z=[

(xn)
q(3m+2)
n=q(3m+1)+1 = (((x3m+1,n,k,l)

2Q3m+1

l=1 )2M3m+1

k=1 )
P3m+1

n=1

c

x3m+1,n,k,l = e3m+1,carr,n,k,l
i
+ e3m+1,brd,n,k

;AO
l = 2Q3m+1

n
+
w3m+1,n

2Q3m+1

c
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x∗3m+1,n,k,l = e∗3m+1,carr,n,k,l +
w∗3m+1,n

2M3m+1

O�<P1
1 ≤ n ≤ P3m+1

c
1 ≤ k ≤ 2M3m+1

I�>�e
1 ≤ l ≤ 2Q3m+1

�JI�>JI�Z=<?y?<P8.23Z\[

(xn)
q(3m+3)
n=q(3m+2)+1 = ((x3m+2,n,k)2M3m+2

k=1 )
P3m+2

n=1

c
x3m+2,n,k = e3m+2,carr,n,k + w3m+2,n

c

x∗3m+2,n,k = e∗3m+2,carr,n,k +
w∗3m+2,n

2M3m+2

i�I�W(4�8JI�Z=Z=[*;=> /98�b.23-:W(4�;A<P> w ' x c
e∗3m,carr,n,k,l

;A2�13-:g�ZfI�WC-:ejb�[

e∗3m1,carr,n,k,l −
2Q3m∑

g=1

e∗3m,carr,n,k,g/2
Q3m

I�>�eNI�>JI�Z=<?y?<P8.23Z\[LOf<?1
e∗3m+1,carr,n,k,l

I�>�e
e∗3m+2,carr,n,k

n 'd),+�;=2hWCZfI�13;=/�-:2h4�+�-�13<?Z=-^<?O�4�+�-�WKI�1313;=-:1
23-C698�-C>�W:-C2,]&+.;=WU+S]^-7I�Z=13-YI�e�[z-:��g�ZfI�;=>�-CeS;=> ��I�WC-:2 w I�>�e 3.'

p^8�4�<?8�1MIK;AQ£;=>o4�+�;=2EO IKWC-L;=2&4�<*e�1UI:] IK434�-:>�4�;A<P>o4�<N4�+.-LO!I�W:4&4�+JIK4YcJOf13<?Q ��I�W:- x I�>�eqO�13<?Q
4�+�-7IKb�<C��-�c�;\4&Of<?Z=ZA<C]&2,4�+JIK4

(u′3m+1,n, u
′∗
3m+1,n)

A3m+1

n=A3m+1−A′3m+1+1

= (earm,n, e
∗
arm,n − x∗n)

q(3m+1)
n=q(3m)+1

∪ ((e3m,brd,n,k, e
∗
3m,brd,n,k − x∗3m,brd,n,k,2Q3m )2M3m

k=1 )P3m
n=1

c

(u′3m+2,n, u
′∗
3m+2,n)

A3m+2

n=A3m+2−A′3m+2+1

= ((e3m+1,brd,n,k, e
∗
3m+1,brd,n,k − x∗3m+1,brd,n,k,2Q3m+1

)2M3m+1

k=1 )
P3m+1

n=1

'

),+�-C13-:O�<P13-zO�<?17;=>�254rI�>�WC-
((e3m,brd,n,k)2M3m

k=1 )P3m
n=1

I�g�g�-KIK132�;A>�b�<P4�+�4�+�-*/�132540I�>�e�4�+�-z23-:W:<?>�e
238�b���b.Z=<
WUu�c�I�Z=23<�;=O

((e∗3m,brd,n,k)2M3m

k=1 )P3m
n=1

I�g�g�-KIK132�<?>�Z\[@;=>�4�+�-*23-:WC<?>�e�238.b���b�Z=<
WUu���Of<?1L4�+�;=2
13-YI�23<?>04�+�-C23-E23-C698�-:>.W:-:2�+JI:��-&b�-:-:>*WYI�Z=ZA-:e a(��PsW r�" V:"�X(%."RO�[U"�Vr'���8�1�;Ae�-YIM+JI�2�b�-:-C>N4�<78�23-&4�+�-:23-
b�13;=e.yP-�23-C698�-C>�W:-C2z;=>�<P13e.-:1*4�< I�WU+�;=-:��-o4�+�-�O�<PZAZ=<Y]&;=>�y@4a]^<�13-C238�Z\4�2�i�]^-�W:<?>�23;Ae�-:1*>.<C] <?>�Z\[
4�+�-Nb�13;=e.yP-N23-Y6�8.-:>�WC-$<?O�4�+�-N/�13254L238.b���b�Z=<
WUu�ct4�+�-N2UI�QN-Ng�13<?g�-C154�;=-:2M+�<?Z=e�I�Z=23<jO�<P1M4�+.-$b.13;=e�y?-
23-C698�-C>�W:-�<?O�4�+�-�23-:WC<P>.ej238.b���b�Z=<
WUu n B

i!; n ;=O�c
O�<P1,23<?QN-
n
]&;=4�+

1 ≤ n ≤ P3m
c |u∗3m,n(x)| > ε3m

i�I�Z\]�I:[�2,Of<?1&I7238�;=4rIKb.Z=-�23-C698�-C>�W:-
(εm)

<?O�g�<?23;\4�;=�?-�>98.Q7b�-C132z]&;\4�+
εm → 0

n c�4�+.-:>�4�+�-�WYI�Z=;=b.1UIY4�;A<P>�<?O�4�+�-�WC<?>�254�138�W(4�;A<P>�<?O
((x3m,n,k,l, x

∗
3m,n,k,l)

2Q3m

l=1 )2M3m

k=1

;A2L238.WU+�4�+JIK474�+�-C13-SI�Z\]�I:[
27-:�
;A254�2
k(n)

ch]&;\4�+
1 ≤ k(n) ≤

2M3m
c�238.WU+ 4�+JIK4Yc�;=OEb�[ 4�+�-qI�b�<Y��-

n′
;A2�4�+.-j;A>�e�-(��]&;=4�+

u′3m+1,n′ = e3m,brd,n,k(n)
c�4�+�-:>

A3m+1 − A′3m+1 + 1 ≤ n′ ≤ A3m+1
i�]^-$13-CQ*I�13uq4�+JIK4

((e3m,brd,n,k)2M3m

k=1 )P3m
n=1

I�g�g�-KIK1327IK4
4�+�-�-:>�ej<?O

(u′3m+1,n)
A3m+1

n=1

n c
]&;\4�+ |u′∗3m+1,n′+1(x)| > ε′3m+1

�
i!;A; n 4�+�-:13-LI�Z=23<N-(��;=254�2

n′′
]&;\4�+

P3m+1 − (22B3m+1 + 1)A′3m+1 + 1 ≤ n′′ ≤ P3m+1
c |u∗3m+1,n′′(x)| > ε3m+1

�
I�>�eo;=>jgJI�154�;=W:8�Z�IK1EI�Z=Z�4�+�-Mg.13<Pg�-:154�;=-C2,<?O,i!; n <?O���I�W:-�5�+�<?Z=et'
����� g l '�),+�-�W:<?>�WCZ=8�23;=<?>j<?O�4�+.-�g�13-(��;=<?8�2�O I�W:-7I�Z=Z=<Y]&2�8�2�4�<N;=ZAZ=8�254�1UIK4�-�I�>�<P4�+�-:1&Q*I�;=>o;=e�-YI�<?O
4�+�;=2Li�]^-�g�<?;=>�4&<P8�4�4�+JIK4Yc�O�<?1�-YI�WU+

p
c
A′p

;=2�Q78�Wr+o23Q*I�Z=Z=-C1�4�+�IK>
Ap
n Bd-C;\4�+�-:1
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i!; n i�4�+�-6WdPAVR[U�dO�O�"	[(�G"	W�[( IZdPAO [U�dO�WdP!��P �dO n

|u′∗3m+1,n(x)| < ε3m+1 → 0
Of<?1

1 ≤ n ≤ A3m+1
�

<?1
i!;A; n i�4�+�-7��U�"r�	ZP��P8O r+[( IZdP8O [U�dO�WdP���P��dO n i!; n e�<
-:2�>�<P4�+�<?Z=et��;=>�4�+�;A2dWYI�23-,4�+�-:13-�-(��;=254

n(3m+1)I�>�e
n(3m+2)

c�]&;\4�+
A3m+1−A′3m+1 +1 ≤ n(3m+1) ≤ A3m+1

I�>�e
A3m+2−A′3m+2 +1 ≤

n(3m + 2) ≤ A3m+2
c�238�WU+�4�+JIK4 |u′∗3m+1,n(3m+1)(x)| ≥ ε3m+1

I�>�e |u′∗3m+2,n(3m+2)(x)| ≥
ε3m+2

i!>�<Y] 4�+.-N13-YI�23<?>�<?O�4�+�-0>JI�QN-�DaOf13-C-0b�Z=<
WUu�T$Of<?1M4�+�-N4�+�;=13e@238.b���b�Z=<
WUu�b�-:WC<?QN-:2�W:Z=-KI�1CB
DaO�13-:-rT&Q0-YI�>�2�4�+�IY4�4�+�;=2�238�b���b.Z=<
WUuNe�<
-:2�>�<P4�+JI:��-&4�+�-Eb�13;Ae�y?-&23-Y698�-:>�WC-?c9+�-:>.W:-&4�+�-XI�;=Q¡<?O�4�+�;=2
238�b���b.Z=<
WUu�;=2�4�<j;=>�4�-:13138.g�4X4�+�-$Wr+JI�;=>tc_b�-CWYI�8�23-�]&;=4�+@IzyPZA<Pb�IKZdWr+JI�;=>�;\4X]^<?8�Z=e�b�-$e�;A�$WC8�Z\4X4�<
u?-:-CgS4�+�-MWC<?QNg�Z=-:4�-:>�-C232 n '

),+.;=2�g.13<Pg�-:154a[�;A2$>�<P4$>.-:W:-C232UI�15[�Of<?10I�bJI�23;=2�]&;\4�+�8.>�;=O�<P13Q0Z\[�WC<P>94�13<PZAZ=-:e�g�-:13Q78�4rIY4�;A<P>.2Cc
b�8�4$]^-S-C698�;Ag�<?8�1$bJI�23;=20I�Z=23<�]&;\4�+�4�+.;=2�g�13<?g�-:154a[�b�-CWYI�8�23-S;\4$254�13<?>�y?Z\[�23;=QNg�ZA;=/�-:2�b�<P4�+�4�+�-
W:<?>�254�138.W(4�;=<?>qIK>.ej;=4�2,-(��g�Z�IK>�IY4�;A<P>�'
����� g v�)�'�Va> ��I�W:- 5$4�+�-C13-L;=2XI�Z=13-KI�e�[S4�+�-7y?-:>�-C1UIKZ�;Ae�-YIN<?Od4�+�-LgJI�232UI�y?-7O�13<PQ 4�+�-$IK2323<
WC;fIK4�-:e
23-:13;A-:2�4�<L4�+�-XI�W(4�8�IKZ�23-:13;A-:2�]&+.;=WU+*13-:g�13-C23-:>�4�2�4�+�-Ey?-:>�-C1UI�ZJ-CZ=-:Q0-:>�4

x
<?O�4�+�-E8�>�;\4^23g�+�-C13-�<PO

X
c

�58�254Eb�[oQN-KIK>.2&<?Odg�-C13Q78�4rIK4�;=<?>o<?O�4�+.-M4�-C13QN2&<?Oh4�+�-�IK2323<
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1 ≤ q ≤ Q c

∣∣∣
q∑

n=1

an

∣∣∣ ≤
∣∣∣
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n=1

an

∣∣∣+ ε
'
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q(3m+3)
n=q(3m)+1

n ]^-�Q0-YI�>j4�<0/�>�e�I$g�-C13Q78�4rIK4�;=<?>
(π(n))

q(3m+1)
n=q(3m)+1<?O

(n)
q(3m+1)
n=q(3m)+1
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(ũn)

q(3m+1)
n=q(3m)+1

<?Oh-:Z=-CQN-C>�4�2,238�WU+o4�+JIK4

(∥∥∥
Q∑

n=q(3m)+1

(x∗π(n)(x)xπ(n) + ũn)
∥∥∥
)q(3m+1)

Q=q(3m)+1

;=2
(0, εm)
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(u′3m+1,n)

A3m+1

n=1
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(ũn)
q(3m+1)
n=q(3m)+1 ⊂ span(u′3m+1,n)

A3m+1

n=1
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(un)
q(3m+1)
n=q(3m)+1]&;\4�+ ∑q(3m+1)

n=q(3m)+1 ‖un − ũn‖ < εm
c�]&+�-C13-z4�+.-S-:Z=-CQN-:>94�2

un
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un =

Q(3m,n)∑

k=Q(3m,n−1)+1

x∗π(k)(x)xπ(k)
Of<?1

q(3m) + 1 ≤ n ≤ q(3m+ 1)
c

]&+�-C13-
((π(k))

Q(3m,n)
k=Q(3m,n−1)+1)

q(3m+1)
n=q(3m)+1 = (π(k))

Q(3m,q(3m+1))
k=Q(3m,q(3m))+1
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(n)

q(3m+2)
n=q(3m+1)+1
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((∥∥∥
N−1∑

n=q(3m)+1

(x∗π(n)(x)xπ(n) +

Q(3m,n)∑

k=Q(3m,n−1)+1

x∗π(k)(x)xπ(k)) + (x∗π(N)(x)xπ(N)

+

K∑

k=Q(3m,N−1)+1

x∗π(k)(x)xπ(k))
∥∥∥
)Q(3m,N)

K=Q(3m,N−1)+1

)q(3m+1)

N=q(3m)+1

;=2
(0, 2εm)

��QN<?>�<P4�<?>�-�c
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∗
n(x)xn
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WUu
(xn, x

∗
n)
q(3m+1)
n=q(3m)+1

c�4�+JIK4z;=2Cc
]&;\4�+�4�+�-�W:<?Q0g�Z=-(4�-C>�-:232zb�Z=<
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[U���`U$Q="(�G"RO�"�V	V�]^-�QN-KI�>j4�+JIK4Yc�O�<?1&-YI�WU+

x ∈ X ]&;\4�+ ‖x‖ = 1
cJ>�<P4&<?>�Z=[Se�<
-:2&4�+�-:13-�-:�
;A254Yc�Of<?1

-YI�Wr+
p
c

ũp ∈ span(u′3p+1,n)
A3p+1

n=1

c ∥∥∥x−
( q(3p)∑

n=1

x∗n(x)xn + ũp

)∥∥∥ < ηp → 0
c

b�8�4�I�Z=23<$4�+�-C13-M-:�
;A254�2&I�238.b�238�Q
up
<?O ∑q(3p+2)

n=q(3p)+1 x
∗
n(x)xn

]&;\4�+

‖up − ũp‖ < ηp,
+.-:>�WC- ∥∥∥x−

( q(3p)∑

n=1

x∗n(x)xn + up

)∥∥∥ < 2ηp
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WUu ∑q(3m)
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q(3m+1)
n=q(3m)+1
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q(3m+1)
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Q
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q(3m) + 1 ≤ Q ≤ q(3m + 1)
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(π(n))
q(3m+1)
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(n)

q(3m+1)
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|x∗π(n)(x)| ≥
∥∥∥

Q∑
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∥∥∥
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1 ≤ n ≤ P3m+1
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1 ≤ l ≤ 2Q3m+1

c
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k=1 = (x3m+1,n,g)
2Q3m+1+M3m+1

g=1 ,
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g=1
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(g)2Q3m+1+M3m+1

g=1

]&;\4�+

(∣∣∣
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g=1
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∣∣∣
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238�WU+o4�+JIK4Yc�Of<?1
1 ≤ s ≤ S3m+1

c



� � �������	�
����	�

∥∥∥∥
t(3m+1,n,s)∑

g=t(3m+1,n,s−1)+1

x∗3m+1,n,π(n,g)(x)x′′3m+1,n,π(n,g) −
w∗3m+1,n(x)w3m+1,n

S3m+1

∥∥∥∥ <
1

2Q3m+1

c

∥∥∥∥
t(3m+1,n,s)∑

g=1

x∗3m+1,n,π(n,g)(x)x′′3m+1,n,π(n,g) −
s

S3m+1
w∗3m+1,n(x)w3m+1,n

∥∥∥∥ <
1

2Q3m+1

c

]&+�-C13-
Q3m+1

;A2$Q�8�WU+�ZfI�13y?-:1$4�+JI�> ∑P3m+1

n=1 ‖w∗3m+1,n‖
IK>.e

S3m+1
;=2NQ78�Wr+ Z�IK13y?-C1�4�+�IK>

Q3m+1
'�VG4&Of<?Z=Z=<Y]&2,4�+JIK4

∥∥∥∥
P3m+1∑

n=1

t(3m+1,n,s)∑

g=t(3m+1,n,s−1)+1

x∗3m+1,n,π(n,g)(x)x′′3m+1,n,π(n,g)−
1

S3m+1

P3m+1∑

n=1

u∗3m+1,n(x)u3m+1,n

∥∥∥∥

<
P3m+1

2Q3m+1

c

∥∥∥∥
P3m+1∑

n=1

t(3m+1,n,s)∑

g=1

x∗3m+1,n,π(n,g)(x)x′′3m+1,n,π(n,g) −
s

S3m+1

P3m+1∑

n=1

u∗3m+1,n(x)u3m+1,n

∥∥∥∥

<
P3m+1

2Q3m+1

'
VG4�;=2q>�<Y] 238��NW:;=-C>�4q4�<�23-(4

(π(n))
q(3m+2)
n=q(3m+1)+1 = (((g)

t(3m+1,n,s)
t(3m+1,n,s−1)+1)

P3m+1

n=1 )
S3m+1

s=1

I�>�e

(‖∑q
n=q(3m+1)+1 x

∗
π(n)(x)x′′π(n)‖)

q(3m+2)
q=q(3m+1)+1

;=2
(0, 2/2Q3m+1)

��QN<?>�<P4�<?>�-�cq;=> gJI�154�;=WC8�ZfI�1

(
∑q
n=q(3m+1)+1 x

∗
π(n)(x)x′′π(n))

q(3m+2)
q=q(3m+1)+1

b�-CW:<?QN-C2�I g�13<?y?13-:2323;\��- -:>�Z�IK13y?-CQN-:>94�<?O�4�+�-

1/S3m+1
��QN;=>.;fIK4�8�13- 1

S3m+1

∑P3m+1

n=1 u∗3m+1,n(x)u3m+1,n
<PO ∑P3m+1

n=1 u∗3m+1,n(x)u3m+1,n
'

�&O�P8YP"r��V_ZMQTP!��S�� n��! �" V:"�X(%."RO�[U"
(q(m))∞m=1

'�),+�-�23-C698�-:>.W:-
(q(m))∞m=1

;=2z8�>.;\��-:132UI�Z�Of<?1oIKZAZ
23gJI�W:-C2X<?O�4a[
g�-

1
c�23;=>.W:-�;\4�2XW:<?>�254�138�W:4�;=<?>�;=2X-:2323-C>�4�;fI�Z=Z\[o��<?Z=8�QN-:4�13;=W�I�>�e�;\4Xe�<
-:2X>.<�4Me�-Cg�-:>�e

<?>�4�+�-*23gJI�W:-?'jVa>�y?-C>�-:1UI�Z�4�+�;=2L23-Y698�-:>�WC-0e.-:g�-C>�e�27<?>�4�+�-023-Y698�-:>�WC-:2
(Am)∞m=1

c
(Bm)∞m=1

c
(Q0,m)∞m=1

i
Tm

;A>�4�+�-N23gJI�WC-:2L<PO�4a[�g�-
> 1

n c
(Qm)∞m=1

I�>�e
(Mm)∞m=1

�h;=>@23gJI�W:-:2�<?O�4a[�g�-
> 1

4�+�-C13-N;=27I�Z=23<qIS>98�Q�b�-:1
K
]&+�;=Wr+�e.-:g�-C>�e�2L<P>@4�+�-N23gJI�W:-*I�>�e�;=>.��8�-:>.W:-:2M4�+�-Ng.13-(��;=<?8�2

23-C698�-C>�W:-C2C��+.<C]^-:��-:1oi!23-C-?c�;=> /98.b�23-:W:4�;=<?> w ' x c�4�+�-jb�-:y?;=>�>.;=>�y@I�>�e /�4�-Cg } <PO�/ ¢ V3V3Vr'=vPc�4�+�-
b�-CyP;A>�>�;=>�yjI�>�e /�4�-Cg x <PO�/ ¢ V3V3Vr' x I�>�e�4�+.-�b�-Cy?;=>�>�;=>.y*<?O / ¢ V3V3Vr' w c_23-:-$QN<?13-:<Y��-:1\/98�b�254�-Cg�2
vjI�>�e } <?O,4�+�-Sg�13<
<?O�<POE),+�-C<P13-CQ x 3�;=> /9-CW(4�;=<?> 5 n ;A>�<?8�1�WC<P>.254�138�W(4�;=<?>�4�+�-:23-S23-C698�-C>�W:-C2
I�13-0e�-:/.>�-:etch;=>�23gJI�W:-C27<PO^4a[
g�-

1
c�]&;=4�+�Ijy?13<C]�4�+�QN<?13-01UI�g�;=e@4�+JI�>�;A>@23g�IKWC-:2L<?O�4a[�g�-

> 1i!;\4E;A2&238.�$WC;=-:>94&4�<*WU+.-:WUuS4�+�;=2EO I�W(4�Of<?1
(Am)∞m=1

I�>�e
(Bm)∞m=1

n cJ+.-:>�WC-�]^-7W:<?8�Z=eq8�23-L4�+�-:23-
23-C698�-C>�W:-C2EI�Z=23<NOf<?1&23gJI�W:-:2&<?O�4a[�g�-

> 1
'

�^�������t��		� ��
�X�a��	��	�E�������������������������

),+�-qy?-:>.-:1UIK4�;=>�y@O�<?13Q ;=2Cc^O�<P1N4�+.-obJI�23;=20]&;\4�+�g�-C13Q78�4rIK4�;=<?>�20<?O$i5v n c�4�+�-ou?-([ ]&+�;AWU+�I�Z=Z=<Y]&2
I�g�g�13<Y��;=Q*IK4�;=>.y74�+�-�-:Z=-CQN-C>�4

x
b�[S/�>.;\4�-M238�b�238�Q02&<?O�4�+�-�23-:13;=-C2 ∑∞

n=1 x
∗
n(x)xn

'

7������ ,�'j) 0�)I=&) ,(CI%d��= 0 #s!$,d !$#�C ..�8!$, %d'j!40�!�=&C$K B��&BR% )I ��= %('&) ,()<C$K HJC�B_)$� ),+.-X>�-(�
4
4�+�-C<P13-CQ g�13<Y�
;Ae�-:2�IEg.13<9WC-:e�8.13-^4�<XgJI�232�4�<�4�+�-�yP-C>�-:1UIK4�;=>.y�O�<?13Q�;A>74�+�-�13-YI�Z�WYI�23-��?4�+�-,W:<?QNg�ZA-(�
WYI�23-�+JI�2�b�-C-:>je.-:23W:13;Ab�-:ej;A>

[11]
'
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	���������G�����������G�����������o����� �	����� � � �����G� � � �

e�f&g�hEijgck 3 i���-C>�-:1UIK4�;=>�yjp^;=<?154�+�<?y?<?>JI�Z /�[�254�-:Q ),+�-C<?13-:Qoc��Xp /
) n � ��":� {um,n, u∗m,n}Pmn=1aU"+aRP����(�! ���r��dO�ZMQ�P8O
X

^>P!�! 

(4) ‖um,n‖ = 1
ZdO�W ‖u∗m,n‖ < K

n:���
1 ≤ n ≤ Pm

i� �"RO$[U"
K > 1

n
$
� P qz��^��\U��dV	P���PAY�"�P8OJ�G"br�"(��V

M
ZdO�W

Q $
�����$"	Z�[r U��dV	P���PAYP"\O.%
�6a�"(� ZpZdO�W`n(���

ZdO�S]U��dV	P���PAYP"]P8OJ�G"br�"(��V
q
ZdO�W

m
c&^���P!�G"

(5) EX[a, 1, q] = aQ·q, EX[a,m+ 1, q] = EX[a, 1, EX[a,m, q]] = aQ·EX[a,m,q].
�  �"RO Q\":� {wm,n, w∗m,n}Pmn=1

a�" aRP ���(�! ���r9�dO�ZMQ�^>P!�! 
wm,1 = um,1

ZdO�W�c<n:���
2 ≤ n ≤ Pm

c

(6) wm,n =

n∑

k=1

um,k
Am,n,k

,

^� �"(��"
Am,n,1 = 1

ZdO�W�c<n:���
2 ≤ k ≤ n c

Am,n,k = EX[2K, 22P 2
m(Pm−n+1) + 2(k − 2), Pm],

PAO6U�Z��(��PL[(%IQ Z��

Am,2,2 = EX[2K, 22P 2
m(Pm−1), Pm], Am,Pm,k = EX[2K, 22P 2

m + 2(k − 2), Pm].
� P q

x ∈ X ^>P��! ‖x‖ = 1
ZdO�W

n
^>P��! 

1 ≤ n ≤ Pm − 1
VU%�[( j�! IZP�

(7) |u∗m,n+1(x)| > 1

2MPm
.

�  �"RO\n(���
Q
VU%�� [RP "ROJ�LQTS Q Z��br�"�i�W�"
U."�O�WdP8O r ZMQTV:�0�dO

M
n �! �"r�U"�"	qdPAVU��V�Z+V("	X(%."RO�[�" {g(n)}n+1

n=1

� n
U��dV	P!��P8YP"�P8OJ�G"br�"(��V\^>P!�! 

g(n + 1) ≤ Pm
ZdO�W

n ≤ g(n) < g(n+ 1)
n:���

1 ≤ n ≤ n
VU%�[( o�! IZP�(c

P n ^�" N?q
u ∈ span{um,n}nn=1

^>P!�! ‖u‖ = 1
c��! �"RO

(8) u =

n∑

n=1

anum,n
^>P��! |an| < K

n:���7"	Z�[( �O ^>P!�! 
1 ≤ n ≤ n,

PAO UcZ��(��Ps[r%cQ Z�� ^>P!�! |añ| ≥ 1/2MPm
ZdO�W |an| < 1/2MPm

n(���
ñ+ 1 ≤ n ≤ n cMn:��� V:���0" ñ ^>P��! 

1 ≤ ñ ≤ n ���! �"�Odc&V:"(� ��PAO r {f(n)}ñn=1 = {g(n)}ñ+1
n=2

P n
añ

ZdO�W
w∗m,g((ñ+1))(x)

 IZdY�"L�! �"]V_Z��*"
V	P rMOdc��P�! �"(��^>P8V:" {f(n)}ñn=1 = {g(n)}ñn=1

ct�! �"r��"�"	qdPAVr��V Z�V:"	Xr%J"�O�[U" {bn}nn=1

� n O�%�� aU"(��V ^>P!�! 
bn = 0

n(���
ñ+ 1 ≤ n ≤ n VU%�[( S�! IZP�

(9) 0 <
bn

w∗m,f(n)(x)
<

1

2MPm

n(���
1 ≤ n ≤ n,

�*����"U�dY�"(�

‖w − u‖ < 1

2MPm

^� �"r��"
w =

n∑

n=1

bnwm,f(n).

m�OpUcZ��(��Ps[r%cQ Z�� n��U��� �! �" UJ���Y� n P!�,"	ZdV	P�QTS n:�MQ8Q\�d^>VL�! IZP�rcEP n
u′ ∈ span(um,n′)

n′
n=1

^>P��! 
(n′)n

′
n=1 ⊂

(n)nn=1

ZdO�W ‖u′‖ = 1
c�P n

(g(n′′))n
′+1
n=1

PAV�ZdO�S VU%�a�V:"	Xr%J"�O�[U"o� n
(g(n))n+1

n=1

VU%�[r ��! IZP�X�! �"6V:"
"X(%."RO$[U"

(w∗m,g(n′′)(x))n
′+1
n=1

 IZdV�ZMQ �G"r��O�ZP�G" V	P rMO�V?c.�! �"�O�Z r<ZdP8ON�! �"(��"�"	qdPAVU�&ZdV Z�aU�dYP"
(f(n′))n

′
n=1 ⊂

(g(n′′))n
′+1
n=1

ZdO$W O.%
�6a�"(��V
(b
′
n)n

′
n=1

V�%�[r j�! IZP�(c<n:���
1 ≤ n ≤ n′ c

0 <
b
′
n

w∗m,f(n′)(x)
<

1

2MPm
,

∥∥∥
n′∑

n=1

b
′
nwm,f(n′) − u′

∥∥∥ < 1

2MPm
.



� � �������	�
����	�

�^���Y� n
$
� �8i���� � � i � '�p�[@is5 n ]^-M+�I(��-

w∗m,Pm = Am,Pm,Pm .u
∗
m,Pm , u∗m,Pm =

w∗m,Pm
Am,Pm,Pm

,

w∗m,Pm−1 = Am,Pm−1,Pm−1

(
u∗m,Pm−1 −

w∗m,Pm
Am,Pm,Pm−1

)
,

u∗m,Pm−1 =
w∗m,Pm−1

Am,Pm−1,Pm−1
+

w∗m,Pm
Am,Pm,Pm−1

I�>�eo23<N<?>�i!;=>jgJI�154�;=WC8�ZfI�1
w∗m,1 = u∗m,1 −

∑Pm
k=2w

∗
m,k

n ��Z=-:4�8�2&g�13<Y��-M4�+JIK4Yc�O�<?1
1 ≤ n ≤ Pm

c

u∗m,n =

Pm∑

k=n

w∗m,k
Am,k,n

c
(10.1)

‖w∗m,n‖ < EX[2K, 22P 2
m(Pm−n+1) + 2(n− 2) + 1, Pm].(10.2)

/9;=>.W:-0i5v�)�'=v n ;=2�<?b���;=<?8�2Cc�]^-�WU+�-CWUu�i5v�)�' x�n '
VaO
n = Pm

c�]^-�23-:-�b�[@i5v�)�'=v n I�>�e�i�3 n�| is5 n 4�+�IY4

‖w∗m,Pm‖ = ‖Am,Pm,Pm .u∗m,Pm‖ < K ·Am,Pm,Pm
= K · EX[2K, 22P 2

m + 2(Pm − 2), Pm] < EX[2K, 22P 2
m + 2(Pm − 2) + 1, Pm].

�d;\�
n
]&;\4�+

1 ≤ n ≤ Pm − 1
I�>�e�238�g�g�<P23-L4�+�-�I�2323-:154�;=<?>q;=2&4�138�-LO�<P1E-KIKWr+

k
]&;\4�+

n + 1 ≤ k

≤ Pm
'�p�[�i5v�)�'=v n I�>�e�i�3 n�| is5 n ]^-�+JI:��-

‖w∗m,n‖ =

∥∥∥∥Am,n,n
(
u∗m,n −

Pm∑

j=n+1

w∗m,j
Am,j,n

)∥∥∥∥ ≤ Am,n,n
(
K +

Pm∑

j=n+1

‖w∗m,j‖
Am,j,n

)

< Am,n,n

(
K +

Pm∑

j=n+1

EX[2K, 22P 2
m(Pm−j+1) + 2(j − 2) + 1, Pm]

EX[2K, 22P 2
m(Pm−j+1) + 2(n− 2), Pm]

)

< Am,n,n

(
K +

Pm∑

j=n+1

EX[2K, 22P 2
m(Pm−j+1) + 2(j − 2) + 1, Pm]

)

< 2Am,n,n

( Pm∑

j=n+1

EX[2K, 22P 2
m(Pm−j+1) + 2(j − 2) + 1, Pm]

)

< 2PmAm,n,nEX[2K, 22P 2
m(Pm−n) + 2(n− 1) + 1, Pm]

= 2PmEX[2K, 22P 2
m(Pm−n+1) + 2(n− 2), Pm]

· EX[2K, 22P 2
m(Pm−n) + 2(n− 1) + 1, Pm]

< (EX[2K, 22P 2
m(Pm−n+1) + 2(n− 2), Pm])2

= ((2K)QEX[2K,22P2
m(Pm−n+1)+2(n−2)−1,Pm])2

< (2K)QEX[2K,22P2
m(Pm−n+1)+2(n−2),Pm]

= EX[2K, 22P 2
m(Pm−n+1) + 2(n− 2) + 1, Pm],

]&+�;=Wr+jW:<?Q0g�Z=-(4�-C2^4�+�-Mg�13<
<?Oh<PO,i5v�)�' x�n '



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � � �

��<Y] b�[�i {?n I�>�eob�[@i5v�)�'=v n 4�+�-:13-�-(��;=254�2
g(n+ 1)

238�Wr+j4�+JIK4

(11) n+ 1 ≤ g(n+ 1) ≤ Pm
IK>.e |w∗m,g(n+1)(x)|

Am,g(n+1),n+1
>

1

2(M+1)Pm
;

;=>�e.-:-:e�c�<P4�+�-C15]&;=23-

1

2MPm
< |u∗m,n+1(x)| =

∣∣∣∣
Pm∑

k=n+1

w∗m,k(x)

Am,k,n+1

∣∣∣∣

≤
Pm∑

k=n+1

|w∗m,k(x)|
Am,k,n+1

≤
Pm∑

k=n+1

1

2(M+1)Pm
=

Pm − n
2(M+1)Pm

<
1

2MPm
.

��-(�
4Yc�Z=-:4�8�2&g�13<Y��-X4�+JIK4

(12.1)
|w∗m,g(n+1)(x)|
Am,g(n+1),n

> 22PmEX[2K, 22P 2
m(Pm−g(n+1)+1) + 2((n+ 1)− 2)− 1, Pm],

i5v x ' x�n Pm∑

n=g(n+1)+1

|w∗m,n(x)|
Am,n,n

< EX[2K, 22P 2
m(Pm−g(n+1)) + 2g(n+ 1)− 1, Pm].

Va>�e�-C-:etc.b�[@i5vPv n I�>�e�is5 n ]^-�+JI:�?-

|w∗m,g(n+1)(x)|
Am,g(n+1),n

=
Am,g(n+1),n+1

Am,g(n+1),n
·
|w∗m,g(n+1)(x)|
Am,g(n+1),n+1

>
1

2(M+1)Pm
· Am,g(n+1),n+1

Am,g(n+1),n

=
1

2(M+1)Pm
.
EX[2K, 22P 2

m(Pm−g(n+1)+1) + 2(n− 1), Pm]

EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 2), Pm]

> 2MPmEX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 1)− 1, Pm],

]&+�;=ZA-Xb�[@i5v�)�' x?n I�>�eob�[@is5 n ]^-�+�I(��-
Pm∑

n=g(n+1)+1

|w∗m,n(x)|
Am,n,n

≤
Pm∑

n=g(n+1)+1

‖w∗m,n‖
Am,n,n

<

Pm∑

n=g(n+1)+1

EX[2K, 22P 2
m(Pm−n+1) + 2(n− 2) + 1, Pm]

EX[2K, 22P 2
m(Pm−n+1) + 2(n− 2), Pm]

<

Pm∑

n=g(n+1)+1

EX[2K, 22P 2
m(Pm−n+1) + 2(n− 2) + 1, Pm]/Pm

< EX[2K, 22P 2
m(Pm−g(n+1)) + 2g(n+ 1)− 1, Pm],

]&+�;=Wr+jW:<?Q0g�Z=-(4�-C2^4�+�-Mg�13<
<?Oh<PO,i5v x ' x�n '
��-(4&8�2�g.13<C��-M4�+JIK4�4�+�-C13-M;=2

g(n)
]&;\4�+

n ≤ g(n) ≤ g(n+ 1)− 1
23<$4�+JIK4

w∗m,g(n)(x)
I�>�e

w∗m,g(n+1)(x)
+�I(��-�<?g�g�<?23;\4�-M23;=y?>�2C�

(13.1)

|w∗m,g(n)(x)|
Am,g(n),n

>
1

2MPm

|w∗m,g(n+1)(x)|
Am,g(n+1),n

�
(13.2)

|w∗m,g(n)(x)|
Am,g(n),n−1

> 2MPmEX[2K, 22P 2
m(Pm−g(n)+1) + 2(n− 2)− 1, Pm]

�
(13.3)
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����	�

Pm∑

n=g(n)+1

|w∗m,n(x)|
Am,n,n−1

< EX[2K, 22P 2
m(Pm−g(n)) + 2g(n)− 1, Pm].(13.4)

��-:4X8�2Xg�13<Y��-ji5v w '\v n I�>�e i5v w ' x�n B&p�[�i5v�)�'\v n I�>�e�b�[ i�3 n c ∑Pm
k=n w

∗
m,k(x)/Am,k,n = u∗m,n(x)]&;\4�+ |u∗m,n(x)| < K

'�),+.-:>ob�[@i5v x ' x�n I�>�e�i5v x '=v n c

∣∣∣∣
g(n+1)∑

k=n

w∗m,k(x)

Am,k,n

∣∣∣∣ =

∣∣∣∣u∗m,n(x)−
Pm∑

k=g(n+1)+1

w∗m,k(x)

Am,k,n

∣∣∣∣ ≤ |u∗m,n(x)|+
Pm∑

k=g(n+1)+1

|w∗m,k(x)|
Am,k,n

< K +

Pm∑

n=g(n+1)+1

|w∗m,n(x)|
Am,n,n

< K + EX[2K, 22P 2
m(Pm−g(n+1)) + 2g(n+ 1)− 1, Pm]

< 2 · EX[2K, 22P 2
m(Pm−g(n+1)) + 2g(n+ 1)− 1, Pm]

< 2 · EX[2K, 22P 2
m(Pm−g(n+1)) + 2g(n+ 1)− 1, Pm]

·
( |w∗m,g(n+1)(x)|

Am,g(n+1),n
.

1

2MPmEX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 1)− 1, Pm]

)

=
|w∗m,g(n+1)(x)|
Am,g(n+1),n

.
1

EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 2), Pm]

.

·
(
EX[2K, 22P 2

m(Pm−g(n+1)+1) + 2(n− 2), Pm]

2MPm
.

· 2EX[2K, 22P 2
m(Pm−g(n+1)) + 2g(n+ 1)− 1, Pm]

EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 1)− 1, Pm]

)

]&;\4�+
(. . . ) < 1

' ),+98�2 ∑g(n+1)−1
k=n w∗m,k(x)/Am,k,n

I�>�e
w∗m,g(n+1)(x)/Am,g(n+1),n

+�I(��-
<?g�g�<?23;\4�-M23;=y?>�2�I�>�e

∣∣∣∣
g(n+1)−1∑

k=n

w∗m,k(x)

Am,k,n

∣∣∣∣ >
|w∗m,g(n+1)(x)|
Am,g(n+1),n

· (1− 1/EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 2), Pm])

�
+�-C>�W:-�c
23;=>�WC-

g(n+ 1)− n < Pm
c
4�+�-:13-�I�Z=23<$-(��;=254�2

g(n)
]&;\4�+

n ≤ g(n) ≤ g(n+ 1)− 1
238�Wr+

4�+JIK4$i5v w '=v n I�>�e i5v w ' x?n I�13-L2UIK4�;=23/.-:et'X��>q4�+�-7<P4�+�-:1�+JI�>�etcJ4�+.-Lg.13<9<?O�2E<?O&i5v w ' w�n I�>�e i5v w ' 3 n c
254rI�154�;=>�y*O�13<?Q¤i5v w ' x�n c_I�13-$I�>JI�Z=<?y?<P8.2E4�<04�+.-7g�13<
<?O�<?O&i5v x '\v n I�>�e i5v x ' x?n 254rI�154�;=>.y*Of13<?Q¤i5v?v n B
;=>�e.-:-:e�c�b�[@i5v x '\v n c

|w∗m,g(n)(x)|
Am,g(n),n−1

=
Am,g(n),n

Am,g(n),n−1

|w∗m,g(n)(x)|
Am,g(n),n

>
Am,g(n),n

Am,g(n),n−1

1

2MPm

|w∗m,g(n+1)(x)|
Am,g(n+1),n

>
2EX[2K, 22P 2

m(Pm−g(n)+1) + 2(n− 2), Pm]

EX[2K, 22P 2
m(Pm−g(n)+1) + 2(n− 3), Pm]
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· EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 1)− 1, Pm]

> 22PmEX[2K, 22P 2
m(Pm−g(n)+1) + 2(n− 2)− 1, Pm],

Pm∑

n=g(n)+1

|w∗m,n(x)|
Am,n,n−1

≤
Pm∑

n=g(n)+1

‖w∗m,n‖
Am,n,n−1

<

Pm∑

n=g(n)+1

‖w∗m,g(n)+1‖
Pm

< ‖w∗m,g(n)+1‖ < EX[2K, 22P 2
m(Pm−g(n)) + 2(g(n)− 1) + 1, Pm].

p�[j4�+�-�2UIKQ0-7g�13<
WC-:e�8�13-7]^-7WKIK>�e�-:4�-:13Q0;=>�-
g(n − 1)

I�>�e�23<z<P>���4�+JIK4X;=2CcJ]^-�y?-:4
(g(n))n+1

n=1238�Wr+S4�+�IY4
n ≤ g(n) < g(n+ 1)

Of<?1
1 ≤ n ≤ n '��q<?13-:<Y��-:1

w∗m,g(n)(x)
I�>�e

w∗m,g(n+1)(x)
+�I(��-�<?g�g�<?23;\4�-M23;=y?>�2C�

(14.1)

|w∗m,g(n)(x)|
Am,g(n),n

>
1

2MPm

|w∗m,g(n+1)(x)|
Am,g(n+1),n

�
(14.2)

|w∗m,g(n)(x)|
Am,g(n),n−1

> 2MPmEX[2K, 22P 2
m(Pm−g(n)+1) + 2(n− 2)− 1, Pm](14.3)

O�<P1
2 ≤ n ≤ n,

]&+�-:13-�]^-$+JI:��-$<?>�Z\[q4�<SWU+�-CWUu i5v_3�' w�n c�]&+�;AWU+�]^-*IKZA13-YI�e�[qu
>�<Y] ��-:13;=/.-:e�Of<?1
n = n+ 1

b�[�i5v x '=v n I�>�eSO�<?1
n = n

b�[�i5v w ' w?n '�),+�-C>z/��
n
]&;\4�+

2 ≤ n ≤ n− 1
I�>�eS238�g.g�<?23-

4�+JIK47i5v_3.' w�n ;=2,��-C13;=/�-:eoOf<?1&-YI�WU+
k
]&;\4�+

n+ 1 ≤ k ≤ n
'�p�[@i5vR3.' x�n ]&+�;=WU+o;=2�I�Z\]�I:[�2�2UIK4�;=23/�-Ce

I�>�eob�[@i5v_3�' w�n ]&+�;=Wr+S]^-Mu
>�<Y] 4�<$+�<?Z=ejO�<?1�>��7vM]^-�+JI:�?-

|w∗m,g(n)(x)|
Am,g(n),n−1

=
Am,g(n),n

Am,g(n),n−1
·
|w∗m,g(n)(x)|
Am,g(n),n

>
Am,g(n),n

Am,g(n),n−1
· 1

2MPm

|w∗m,g(n+1)(x)|
Am,g(n+1),n

>
Am,g(n),n

Am,g(n),n−1
· EX[2K, 22P 2

m(Pm−g(n+1)+1) + 2((n+ 1)− 2)− 1, Pm]

=
EX[2K, 22P 2

m(Pm−g(n)+1) + 2(n− 2), Pm]

EX[2K, 22P 2
m(Pm−g(n)+1) + 2(n− 3), Pm]

· EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 1)− 1, Pm]

>
EX[2K, 22P 2

m(Pm−g(n)+1) + 2(n− 2), Pm]

EX[2K, 22P 2
m(Pm−g(n)+1) + 2(n− 3), Pm]

> 2MPmEX[2K, 22P 2
m(Pm−g(n)+1) + 2(n− 2)− 1, Pm],

4�+JIK4&;=2Cc�i!;=;=; n ;=2,��-:13;A/�-:eqI�Z=23<NO�<?1
n
c
]&+�;AWU+jWC<PQ0g�Z=-:4�-:2^4�+�-Mg.13<9<?Oh<?O^i5v_3.' w�n '

��8�1XI�;=Q£>.<C]Lc�;=>q<?13e�-C1�4�<*g�13<Y��-Si l?n cJ;=2&4�<zI�g�g.13<C��;=QzIK4�-M4�+�-L4�-:13QN2
anum,n

<PO
u
;=>�i ��n c

O�<P1
1 ≤ n ≤ n cJI�>�eS]^-�WKI�>j238�g�g�<?23-M4�+JIK4

(15) ñ = n,
+�-C>�W:- |an| >

1

2(M+1)Pm

I�>�e {g(n′)}ñ+1
n=1 = {g(n)}n+1

n=1

i!;=O |an| ≤ 1/2(M+1)Pm
c�]^-o23;=Q0g�Z\[�4�8�13> 4�<�W:<?>�23;Ae�-:13;=>.y�c�;A>�254�-YI�e�<PO

u
c�4�+�-o>�-:] -:Z=-CQN-C>�4

ũ =
∑ñ

n=1 anum,n
]&+�-C13- |añ| > 1/2(M+1)Pm

]&+�;=Z=- |an| ≤ 1/2(M+1)Pm
Of<?1

ñ+ 1 ≤ n ≤ n c+�-C>�W:- ‖ũ−u‖ ≤ Pm/2(M+1)Pm
�?4�+.-:>�4�+�-�g�13<
W:-Ce�8�13-^]&;AZ=Z�b�-^4�+.-,2UI�QN-�Of<?1�-YI�Wr+$238�b�23-Y6�8.-:>�WC-

(g(n′))ñ+1
n=1

<?O
(g(n))n+1

n=1

]&;=4�+qI�Z\4�-:13>JIK4�-X23;AyP>.2 n '
),+.-:>S]^-�+JI:��-M4a]^<Ng�<?2323;=b�;=ZA;\4�;=-:2C�94�+�-�/�13254&<?>�-�;=2CB

(16) w∗m,g(n+1)(x)
I�>�e

an
+JI:�?-M4�+�-M2UI�Q0-M23;=y?>t'
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Va>j4�+�;=2�WYI�23-M]^-MWCZfI�;=Q 4�+JIK4Yc�23-(434�;A>�y

(17.1) bn = anAm,g(n+1),n

I�>�eoQN<?13-:<Y��-:1

(17.2) wm,g(n+1) = wm,g(n+1) −
n−1∑

k=1

um,k
Am,g(n+1),k

=

g(n+1)∑

k=n

um,k
Am,g(n+1),k

,

]^-M+�I(��-

(17.3) ‖bnwm,g(n+1) − anum,n‖ <
1

2(M+1)Pm
, 0 <

bn
w∗m,g(n+1)(x)

<
1

2MPm
.

Va>�e�-C-:etc�4�+�-M/�13254&g�IK154&<?O,i5v { ' w�n O�<?Z=Z=<Y]&2,O�13<?Q i�3 n c�i }�n ctis5 n I�>�e�i �?n i!Of<?1
Q
238��NW:;=-C>�4�Z\[zZfI�13y?-?c

]^-LI�Z=13-KI�e�[S2UIK;AeS4�+JIK4
Q
e.-:g�-C>�e�2&<P>

M
n 23;=>�WC-0i!b�[@i5v { '\v n I�>�e�i5v { ' x�n3n

‖bnwm,g(n+1) − anum,n‖ =

∥∥∥∥
g(n+1)∑

k=n

bnum,k
Am,g(n+1),k

− bnum,n
Am,g(n+1),n

∥∥∥∥ =

∥∥∥∥
g(n+1)∑

k=n+1

bnum,k
Am,g(n+1),k

∥∥∥∥

≤ |bn|
g(n+1)∑

k=n+1

1

Am,g(n+1),k
≤ |bn|

g(n+ 1)− n
Am,g(n+1),n+1

= an(g(n+ 1)− n)
Am,g(n+1),n

Am,g(n+1),n+1

< KPmAm,g(n+1),n/Am,g(n+1),n+1

= KPm
EX[2K, 22P 2

m(Pm−g(n+1)+1) + 2(n− 2), Pm]

EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 1), Pm]

< 1/EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 1)− 1, Pm] < 1/2(M+1)Pm

O�<P1
Q
-:>�<?8�y?+jZfI�13y?-0i!23-C-0i }�n3n '

�J<?1�4�+�-�23-:WC<?>�ezgJI�154,<?O�i5v { ' w?n c9]^-�254rI�154,b�[*g�<?;=>�4�;=>.yL<?8�4^4�+JIK4�i5v 5 n I�>�ez4�+�-�e�-:/.>�;\4�;=<?>*<?O
bn
y?;\��-E4�+�-X2UI�QN-X23;=y?>zO�<?1

bn
I�>�e

w∗m,g(n+1)(x)
��<P>z4�+�-X<�4�+.-:1^+JI�>�eSb9[�i5v x '\v n c�I�>�e@i ��n c_i�3 n c

is5 n I�>�e�i }�n c
]^-�+JI:��-

bn
w∗m,g(n+1)(x)

=
|an|Am,g(n+1),n

|w∗m,g(n+1)(x)| < K/
|w∗m,g(n+1)(x)|
Am,g(n+1),n

<
K

2MPmEX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 1)− 1, Pm]

<
1

2MPm

i�I�Z\]�I:[�2�Of<?1
Q
238��NW:;=-C>�4�Z\[zZfI�13y?- n c
]&+.;=WU+jWC<?QNg�Z=-:4�-:2^4�+.-Mg�13<
<?O�<?O,i5v w?n '

� g � h���� � � i � �$�E8�1�>.-(�
4�254�-CgqWC<P>.W:-:13>.2E4�+�-7;=>�e�-:�
n − 1

I�>�eq]^-$I�13-7y?<?;=>�y*4�<*g�13<Y��-L4�+JIK4
;=O�]^-�23-:4

(i) bn−1 = Am,g(n),n−1

(
an−1 −

bn
Am,g(n+1),n−1

)

I�>�e

(ii) wm,g(n) = wm,g(n) −
n−2∑

j=1

um,j
Am,g(n),j

=

g(n)∑

j=n−1

um,j
Am,g(n),j

,
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4�+�-C>

i!;=;=; n ∥∥∥∥
(

bn
Am,g(n+1),n−1

um,n−1 + bn−1wm,g(n)

)
− an−1um,n−1

∥∥∥∥ <
1

2(M+1)Pm

c

i!;\� n |bn−1| >
|bn|
2

Am,g(n),n−1

Am,g(n+1),n−1

> Am,g(n),n−1EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 2)− 1, Pm],

i�� n |bn−1|
Am,g(n),n−2

> EX[2K, 22P 2
m(Pm−g(n)+1) + 2(n− 3)− 1, Pm]

bn
Am,g(n+1),n−2

c

i���; n
0 <

bn−1

w∗m,g(n)(x)
<

1

2MPm
.

)�<$g.13<C��-*i!;=;A; n c
>�<P4�-X4�+JIK4
∥∥∥∥
(

bn
Am,g(n+1),n−1

um,n−1 + bn−1wm,g(n)

)
− an−1um,n−1

∥∥∥∥

=

∥∥∥∥
(

bn
Am,g(n+1),n−1

um,n−1 + bn−1
um,n−1

Am,g(n),n−1
+

g(n)∑

j=n

bn−1um,j
Am,g(n),j

)
− an−1um,n−1

∥∥∥∥
i!b�[@i!;=; n3n

=

∥∥∥∥
(

bn
Am,g(n+1),n−1

um,n−1 +Am,g(n),n−1

(
an−1 −

bn
Am,g(n+1),n−1

)
um,n−1

Am,g(n),n−1

+

g(n)∑

j=n

bn−1um,j
Am,g(n),j

)
− an−1um,n−1

∥∥∥∥
i!b�[@i!; n3n

=

∥∥∥∥
g(n)∑

j=n

bn−1um,j
Am,g(n),j

∥∥∥∥ ≤ |bn−1|
g(n)∑

j=n

1

Am,g(n),j
≤ |bn−1|

g(n)− n+ 1

Am,g(n),n

<
Pm|bn−1|
Am,g(n),n

=
PmAm,g(n),n−1

Am,g(n),n

∣∣∣∣an−1 −
bn

Am,g(n+1),n−1

∣∣∣∣
i!b�[@i!; n3n

< Pm
Am,g(n),n−1

Am,g(n),n
2

∣∣∣∣
bn

Am,g(n+1),n−1

∣∣∣∣
23;=>�WC-Mb�[@i5v { '\v n c�i5v }?n cti }�n I�>�eoO�<P1

Q
238��NW:;=-C>�4�Z\[zZ�IK13y?-�c�b�[@i ��n c

|bn|
Am,g(n+1),n−1

=
|bn|

Am,g(n+1),n

Am,g(n+1),n

Am,g(n+1),n−1

= |an|
Am,g(n+1),n

Am,g(n+1),n−1
>

1

2(M+1)Pm

Am,g(n+1),n

Am,g(n+1),n−1

=
1

2(M+1)Pm

EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 2), Pm]

EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 3), Pm]

> 2K > 2|an−1|.
Va>jgJI�154�;=WC8�ZfI�1,;A>z]&+JIK4&O�<?Z=Z=<Y]&2^]^-M]&;=ZAZ�8�23-M4�+�-�O!I�W:4

(∗) |bn|
Am,g(n+1),n−1

>
1

2(M+1)Pm

Am,g(n+1),n

Am,g(n+1),n−1
> 2K.
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2Pm
Am,g(n),n−1

Am,g(n),n

|bn|
|w∗m,g(n+1)(x)|

|w∗m,g(n+1)(x)|
Am,g(n+1),n−1

<
2Pm

2MPm

Am,g(n),n−1

Am,g(n),n

|w∗m,g(n+1)(x)|
Am,g(n+1),n−1

≤ 2Pm
2MPm

Am,g(n),n−1

Am,g(n),n

‖w∗m,g(n+1)‖
Am,g(n+1),n−1i!b�[z4�+�-MZ�IK254&gJI�154&<?O^i5v { ' w�n3n

<
2Pm

2MPm

Am,g(n),n−1

Am,g(n),n

EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(g(n+ 1)− 2) + 1, Pm]

Am,g(n+1),n−1

i!b�[@i5v�)�' x�n3n

=
2Pm

2MPm
· EX[2K, 22P 2

m(Pm−g(n)+1) + 2(n− 3), Pm]

EX[2K, 22P 2
m(Pm−g(n)+1) + 2(n− 2), Pm]

· EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(g(n+ 1)− 2) + 1, Pm]

EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 3), Pm]

i!b�[@is5 n3n

<
1

2(M+1)Pm

1

EX[2K, 22P 2
m(Pm−g(n)+1) + 2(n− 2)− 1, Pm]

<
1

2(M+1)Pm

i!b�[@i }�n3n
.

p�[
(∗) c |bn|/Am,g(n+1),n−1 > 2K > 2|an−1|

c.+�-:>�WC-�b�[�i!; n c
bn−1

+JI�2�4�+�-�23;=y?>o<?O −bn c�4�+JIK4;=2CcJb�[�i5v { ' w�n
bn−1

+�IK2&4�+�-L23;=y?>o<?O −w∗m,g(n+1)(x)
c.4�+JIK4E;=2Cc.b�[�i5v_3�'=v n c

bn−1
+JI�2&4�+�-L23;=y?>o<?O

w∗m,g(n)(x)
c�4�+�-:13-COf<?13-LI�Z=23<$4�+�-M/.13254&gJI�154&<?O,i��
; n +�IK2&b�-C-:>jg�13<Y��-:e�'

)�8�13>�;A>�y$4�<oi!;=� n c�b�[@i!; n I�>�e
(∗) ]^-M+JI:��-

|bn−1| >
Am,g(n),n−1

2

|bn|
Am,g(n+1),n−1

>
Am,g(n),n−1

2 · 2(M+1)Pm

Am,g(n+1),n

Am,g(n+1),n−1

=
Am,g(n),n−1

2 · 2(M+1)Pm

EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 2), Pm]

EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 3), Pm]

> Am,g(n),n−1EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 2)− 1, Pm].

)�<$g.13<C��-*i�� n c�b�[�i!;\� n ;=4EI�Z=23<NOf<?Z=ZA<C]&2,4�+JIK4

|bn−1|
Am,g(n),n−2

=
Am,g(n),n−1

Am,g(n),n−2

|bn−1|
Am,g(n),n−1

>
1

2

Am,g(n),n−1

Am,g(n),n−2

|bn|
Am,g(n+1),n−1

=
1

2

Am,g(n),n−1

Am,g(n),n−2

Am,g(n+1),n−2

Am,g(n+1),n−1

|bn|
Am,g(n+1),n−2

=
1

2

EX[2K, 22P 2
m(Pm−g(n)+1) + 2(n− 3), Pm]

EX[2K, 22P 2
m(Pm−g(n)+1) + 2(n− 4), Pm]

· EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 4), Pm]

EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 3), Pm]

· |bn|
Am,g(n+1),n−2

> EX[2K, 22P 2
m(Pm−g(n)+1) + 2(n− 3)− 1, Pm]

|bn|
Am,g(n+1),n−2

.

�d;=>JI�Z=Z\[9c
O�<?1,4�+�-M23-CW:<?>�eogJI�154&<?O^i���; n c�b�[@i!; n c
(∗) cti5v { ' w�n I�>�e�i5v_3�' w�n O�<?1 n = n

c�]^-�+JI:�?-

bn−1

w∗m,g(n)(x)
=

|bn−1|
|w∗m,g(n)(x)| =

|bn−1|
Am,g(n),n−1

/
|w∗m,g(n)(x)|
Am,g(n),n−1

< 2
|bn|

Am,g(n+1),n−1
/
|w∗m,g(n)(x)|
Am,g(n),n−1
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= 2
|w∗m,g(n+1)(x)|
Am,g(n+1),n−1

|bn|
|w∗m,g(n+1)(x)|/

|w∗m,g(n)(x)|
Am,g(n),n−1

<
2

2MPm

|w∗m,g(n+1)(x)|
Am,g(n+1),n−1

/
|w∗m,g(n)(x)|
Am,g(n),n−1

<
2

2MPm+2Pm
·
|w∗m,g(n+1)(x)|
Am,g(n+1),n−1

1

EX[2K, 22P 2
m(Pm−g(n)+1) + 2(n− 2)− 1, Pm]

≤ 2

2(M+2)Pm

‖w∗m,g(n+1)‖
Am,g(n+1),n−1

1

EX[2K, 22P 2
m(Pm−g(n)+1) + 2(n− 2)− 1, Pm]

<
2

2(M+2)Pm
· EX[2K, 22P 2

m(Pm−g(n+1)+1) + 2(g(n+ 1)− 2) + 1, Pm]

EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 3), Pm]

· 1

EX[2K, 22P 2
m(Pm−g(n)+1) + 2(n− 2)− 1, Pm]

<
2

2(M+2)Pm

1

EX[2K, 22P 2
m(Pm−g(n)+1) + 2(n− 3), Pm]

<
1

2MPm
.

��<Y]�]^-�WYI�>7g�13<
W:-C-:eLb�[L;=>�e�8.W(4�;=<?>�IK>.e�]^-�]&;AZ=Z�-(�.I�W(4�Z\[MO�<PZAZ=<Y]�4�+�-�g�13<
WC-:e�8�13-�<?O�4�+�-�Z�IK254h254�-Cgtc
]&;\4�+*23Q*I�Z=ZJQ0<9e.;=/�WYIK4�;=<?>�2C�9+�<Y]^-(��-C1�O�<?1�W:<?QNg�ZA-(4�-:>.-:232�]^-E]&;=Z=ZJy?;\��-XI�Z=Z.4�+�-Ee.-(4rI�;=Z=2C'h��-C>�W:-&]^-
/��

n
]&;\4�+

1 ≤ n ≤ n − 2
I�>�e�]^-�238�g�g�<?23-�4�<z+JI:�?-�O�<?8�>�e�>98�Q�b�-:132 {bk}nk=n+1

238�WU+�4�+JIK4Yc
O�<P1E-YI�WU+

k
]&;\4�+

n+ 1 ≤ k ≤ n− 1
i!23;=>.W:-M]^-�IKZA13-YI�e�[SWC<?>�23;=e�-C13-:ej4�+.-�WYI�23-�<?O

k = n− 1
;=>

4�+�-�g�13-:WC-:e�;=>.y$Of<?13Q�8�ZfI n c
]^-M+JI:��-

i5v � '\v n
bk = Am,g(k+1),k

(
ak −

n∑

j=k+1

bj
Am,g(j+1),k

) �

i5v � ' x�n
wm,g(k+1) = wm,g(k+1) −

k−1∑

j=1

um,j
Am,g(k+1),j

=

g(k+1)∑

j=k

um,j
Am,g(k+1),j

�

i5v � ' w�n ∥∥∥∥
(( n∑

j=k+1

bj
Am,g(j+1),k

)
um,k + bkwm,g(k+1)

)
− akum,k

∥∥∥∥ <
1

2(M+1)Pm

�

(18.4) ‖bk| >
|bk+1|

2

Am,g(k+1),k

Am,g(k+2),k

> Am,g(k+1),k

n−1∏

j=k

EX[2K, 22P 2
m(Pm−g(j+2)+1) + 2(j − 1)− 1, Pm]

�

(18.5)
|bk|

Am,g(k+1),k−1

> EX[2K, 22P 2
m(Pm−g(k+1)+1) + 2(k − 2)− 1, Pm]

n∑

j=k+1

|bj |
Am,g(j+1),k−1

;

i5v � ' 5 n
0 <

bk
w∗m,g(k+1)(x)

<
1

2MPm
.

F�-7IK13-�y?<?;=>�y$4�<0g�13<Y�?-*i5v � '=v n�| i5v � ' 5 n IKZA23<N;=O
n+ 1

;=2�13-:g.ZfI�W:-:eob�[
n
c�+.-:>�WC-M]^-�e�-:e�8.W:-M4�+JIK4

i5v � '\v n�| i5v � 'T5 n I�13-X4�138.-MO�<P1
1 ≤ k ≤ n− 1

'�),+�-:>j23-:434�;=>�y
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bn = Am,g(n+1),n

(
an −

n∑

j=n+1

bj
Am,g(j+1),n

)
,(19.1)

wm,g(n+1) = wm,g(n+1) −
n−1∑

j=1

um,j
Am,g(n+1),j

=

g(n+1)∑

j=n

um,j
Am,g(n+1),j

,(19.2)

b�[�i5v � ' }�n O�<P1
k = n+ 1

]^-�u
>�<Y] 4�+JIK4

(20)
|bn+1|

Am,g(n+2),n
> EX[2K, 22P 2

m(Pm−g(n+2)+1) + 2(n− 1)− 1, Pm]
n∑

j=n+2

|bj |
Am,g(j+1),n

,

]&+�;=Wr+j;=Q0g�Z=;=-C2Cc
b�[@i5v l '\v n c�i �?n I�>�e�i5v � 'T5 n Of<?1
k = n+ 1

c�4�+JIK4

|bn| < 2Am,g(n+1),n
|bn+1|

Am,g(n+2),n
=

2Am,g(n+1),n|bn+1|
|w∗m,g(n+2)(x)|

|w∗m,g(n+2)(x)|
Am,g(n+2),n

(21)

<
2

2MPm

Am,g(n+1),n

Am,g(n+2),n
‖w∗m,g(n+2)‖

�

W:<?>�23-Y698�-:>�4�Z=[zb�[@i5v l '=v n cti5v l ' x?n c�is5 n cti5v�)�' x?n cti x v n I�>�e�I�y�I�;=>jb�[�i5v )�' x�n c
]^-�+JI:�?-
∥∥∥∥
(( n∑

j=n+1

bj
Am,g(j+1),n

)
um,n + bnwm,g(n+1)

)
− anum,n

∥∥∥∥

=

∥∥∥∥
(( n∑

j=n+1

bj
Am,g(j+1),n

)
um,n + bn

um,n
Am,g(n+1),n

+ bn

g(n+1)∑

j=n+1

um,j
Am,g(n+1),j

)
− anum,n

∥∥∥∥

=

∥∥∥∥
(( n∑

j=n+1

bj
Am,g(j+1),n

)
um,n +Am,g(n+1),n

·
(
an −

n∑

j=n+1

bj
Am,g(j+1),n

)
um,n

Am,g(n+1),n
+ bn

g(n+1)∑

j=n+1

um,j
Am,g(n+1),j

)
− anum,n

∥∥∥∥

=

∥∥∥∥bn
g(n+1)∑

j=n+1

um,j
Am,g(n+1),j

∥∥∥∥ ≤ |bn|
g(n+1)∑

j=n+1

1

Am,g(n+1),j
<

Pm|bn|
Am,g(n+1),n+1

<
Pm

Am,g(n+1),n+1

2

2MPm

Am,g(n+1),n

Am,g(n+2),n
‖w∗m,g(n+2)‖

<
2Pm

2MPm

Am,g(n+1),n

Am,g(n+1),n+1
· EX[2K, 22P 2

m(Pm−g(n+2)+1) + 2(g(n+ 2)− 2) + 1, Pm]

Am,g(n+2),n

=
2Pm

2MPm

EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 2), Pm]

EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 1), Pm]

· EX[2K, 22P 2
m(Pm−g(n+2)+1) + 2(g(n+ 2)− 2) + 1, Pm]

EX[2K, 22P 2
m(Pm−g(n+2)+1) + 2(n− 2), Pm]

<
2Pm

2MPm
· 1

EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 1)− 1, Pm]

<
1

2(M+1)Pm

�
+�-C>�W:-M]^-�+JI:�?-*i5v � '=v n cti5v � ' x?n I�>�e�i5v � ' w�n Of<?1

k = n.p�[ i x ) n c
an −

∑n
j=n+1 bj/Am,g(j+1),n

+JI�2z4�+�-�23;=y?>�<?O −bn+1
�X+�-C>�W:-�c�b�[ i5v � ' 5 n O�<?1

k = n + 1
c
bn+1

+�IK2$4�+�-j23;=y?> <?O
w∗m,g(n+2)(x)

��4�+�-C13-:O�<?13-Sb�[Hi5v l '=v n c
bn

+JI�2$4�+�-j23;=y?> <?O
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−w∗m,g(n+2)(x)
��+�-C>�W:-7b�[�i5v_3.'=v n c

bn
+JI�2E4�+�-723;=y?>q<PO

w∗m,g(n+1)(x)
�J4�+�-C13-:O�<P13-$IKZA23<N4�+�-7/�13254

gJI�154�<?O&i5v � 'T5 n ;A2&g.13<C��-CeqO�<?1
k = n

'&)�8�13>.;=>�y04�<�i5v � ' 3 n Of<?1
k = n

cJb�[�i5v l '\v n chi x ) n c�I�>�eq4�+�-
23-:WC<?>�eogJI�154&<PO,i5v � ' 3 n O�<?1

k = n+ 1
c�]^-M+�I(��-

|bn| >
Am,g(n+1),n

2

|bn+1|
Am,g(n+2),n

=
Am,g(n+1),n

2

Am,g(n+2),n+1

Am,g(n+2),n
· |bn+1|
Am,g(n+2),n+1

>
Am,g(n+1),n

2

Am,g(n+2),n+1

Am,g(n+2),n

·
n−1∏

j=n+1

EX[2K, 22P 2
m(Pm−g(j+2)+1) + 2(j − 1)− 1, Pm]

=
Am,g(n+1),n

2

EX[2K, 22P 2
m(Pm−g(n+2)+1) + 2(n− 1), Pm]

EX[2K, 22P 2
m(Pm−g(n+2)+1) + 2(n− 2), Pm]

·
n−1∏

j=n+1

EX[2K, 22P 2
m(Pm−g(j+2)+1) + 2(j − 1)− 1, Pm]

> Am,g(n+1),nEX[2K, 22P 2
m(Pm−g(n+2)+1) + 2(n− 1)− 1, Pm]

·
n−1∏

j=n+1

EX[2K, 22P 2
m(Pm−g(j+2)+1) + 2(j − 1)− 1, Pm]

�

+�-C>�W:-ji5v � ' 3 n ;=2E��-C13;=/�-:e@IKZA23<*O�<?1
k = n

' ¢ <?>�WC-:13>�;A>�y�i5v � ' }�n Of<?1
k = n

;\4X;=2�<?>�Z=[o238.�$WC;=-:>94Yc
b�[@i5v � ' 5 n O�<P1

n+ 1 ≤ k ≤ n I�>�eob�[@i5v�)�' x�n c
4�<Ng�<?;=>�4&<?8�4�4�+�IY4
n∑

j=n+1

|bj |
Am,g(j+1),n−1

=
n∑

j=n+1

|bj |
|w∗m,g(j+1)(x)|

|w∗m,g(j+1)(x)|
Am,g(j+1),n−1

<
n∑

j=n+1

|w∗m,g(j+1)(x)|
2MPmAm,g(j+1),n−1

<
1

2MPm

n∑

j=n+1

|w∗m,g(j+1)(x)| ≤ 1

2MPm

n∑

j=n+1

‖w∗m,g(j+1)‖

≤ 1

2MPm

n∑

j=n+1

EX[2K, 22P 2
m(Pm−g(j+1)+1) + 2(g(j + 1)− 2) + 1, Pm]

<
Pm

2MPm
EX[2K, 22P 2

m(Pm−g(n+2)+1) + 2(g(n+ 2)− 2) + 1, Pm]
�

4�+JIK4&;=2Cc

EX[2K, 22P 2
m(Pm−g(n+2)+1) + 2(g(n+ 2)− 2) + 1, Pm]

>
2MPm

Pm

n∑

j=n+1

|bj |
Am,g(j+1),n−1

>

n∑

j=n+1

|bj |
Am,g(j+1),n−1

�

]&+�;=ZA-�b�[�4�+�-N23-:W:<?>�e@gJI�154�<?OXi5v � ' 3 n O�<P1
k = n

i�IKZA13-YI�e�[q��-:13;=/.-:e n c�I�>�e�b9[ is5 n I�>�e�i }?n c_]^-
+JI:��-

|bn|
Am,g(n+1),n−1

=
Am,g(n+1),n

Am,g(n+1),n−1

|bn|
Am,g(n+1),n

>
Am,g(n+1),n

Am,g(n+1),n−1
· 1

=
EX[2K, 22(Pm−g(n+1)+1) + 2(n− 2), Pm]

EX[2K, 22(Pm−g(n+1)+1) + 2(n− 3), Pm]
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> EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 2)− 1, Pm]

· EX[2K, 22P 2
m(Pm−g(n+2)+1) + 2(g(n+ 2)− 2) + 1, Pm]

c
4�+JIK4&;=2Cc�b�[z]&+JIK4�]^-���8.254&g�13<Y�?-Ce�IKb�<C��-7IKb�<P8�4

EX[2K, 22P 2
m(Pm−g(n+2)+1) + 2(g(n+ 2)− 2) + 1, Pm]

c
I�Z=23<oi5v � ' }�n Of<?1

k = n
+JI�2,b�-C-:>z��-:13;A/�-:et'�)�<�WC<?QNg�Z=-:4�-&4�+�-Mg�13<
<PO�<?O�i5v � 'T5 n Of<?1

k = n
c�b�[*4�+�-

ZfI�254&gJI�154&<?O^i x v n cti5v�)�' x�n I�>�e�i5v_3�' w�n ]&;\4�+
n
13-:g.ZfI�W:-:eob�[

n+ 1
c�]^-�+JI:�?-

bn
w∗m,g(n+1)(x)

=
|bn|

|w∗m,g(n+1)(x)| =
|bn|

Am,g(n+1),n
/
|w∗m,g(n+1)(x)|
Am,g(n+1),n

<
2

2MPm

‖w∗m,g(n+2)‖
Am,g(n+2),n

/
|w∗m,g(n+1)(x)|
Am,g(n+1),n

<
2

2MPm

EX[2K, 22P 2
m(Pm−g(n+2)+1) + 2(g(n+ 2)− 2) + 1, Pm]

EX[2K, 22P 2
m(Pm−g(n+2)+1) + 2(n− 2), Pm]

· 1

2MPm

1

EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 1)− 1, Pm]

<
2

22MPm

1

EX[2K, 22P 2
m(Pm−g(n+1)+1) + 2(n− 2), Pm]

<
1

2MPm

c

]&+�;=Wr+jW:<?Q0g�Z=-(4�-C2^4�+�-Mg�13<
<?Oh<PO,i5v � '\v n�| i5v � 'T5 n '
� 4�4�+�;=2�g�<?;=>�4Yc�23-(434�;=>�y

w =
∑n
n=1 bnwm,g(n+1)

c�23;=>�W:-7b�[�i5v � ' x�n c
wm,g(2) = wm,g(2)

c�b�[
i ��n I�>�e�i5v � ' w�n ]&;\4�+

k
13-:g.ZfI�W:-:ejb�[

n
I�>�eob�[@i5v { ' w�n c�]^-M+JI:��-

‖w − u‖ =
∥∥∥

n∑

n=1

(bnwm,g(n+1) − anum,n)
∥∥∥

=
∥∥∥

n∑

n=2

(bn(wm,g(n+1) − wm,g(n+1))) +
n∑

n=1

(bnwm,g(n+1) − anum,n)
∥∥∥

=

∥∥∥∥
n∑

n=2

(
bn

n−1∑

k=1

um,k
Am,g(n+1),k

)
+

n∑

n=1

(bnwm,g(n+1) − anum,n)

∥∥∥∥

=

∥∥∥∥
n−1∑

k=1

( n∑

n=k+1

bn
Am,g(n+1),k

)
um,k +

n∑

n=1

(bnwm,g(n+1) − anum,n)

∥∥∥∥

=

∥∥∥∥
n−1∑

n=1

([( n∑

j=n+1

bj
Am,g(j+1),n

)
um,n + bnwm,g(n+1)

]
− anum,n

)

+ (bnwm,g(n+1) − anum,n)

∥∥∥∥

≤
n−1∑

n=1

∥∥∥∥
(( n∑

j=n+1

bj
Am,g(j+1),n

)
um,n + bnwm,g(n+1)

)
− anum,n

∥∥∥∥

+ ‖bnwm,g(n+1) − anum,n‖

<

n−1∑

n=1

1

2(M+1)Pm
+

1

2(M+1)Pm
=

n

2(M+1)Pm
<

1

2MPm

�
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4�+JIK4�;=2Cc�i l?n ;=2X�?-C13;=/�-Ce�]&;\4�+
f(n) = g(n + 1)

O�<P1
1 ≤ n ≤ n

�t4�+�;=2MWC<PQ0g�Z=-:4�-:2�4�+�-$g�13<
<?O�<?O
),+�-C<P13-CQ 3N8�>�e.-:1,4�+�-�+�[�g�<P4�+�-:23;=2Li5vG5 n '

VaO0i5vG5 n ;A2*>�<P4*2UIK4�;=23/.-:etc,]^-q+JI:��-q4�+�-q23-CW:<?>�e�g�<?2323;=b.;=Z=;\4a[_B
w∗m,g(n+1)(x)

I�>�e
an

+�I(��-
<?g�g�<?23;\4�-�23;=y?>�2C'�),+�-:>qb�[�i5v_3.'=v n c

w∗m,g(n)(x)
IK>.e

an
+�I(��-�4�+.-�2UI�QN-L23;=y?>t�.4�+�-:13-COf<?13-M]^-LWKIK>

13-:g�-YIK4,4�+�-X]&+�<?Z=-Mg�13<
WC-:e�8�13-M<?O�4�+�-Mg�13<
<PO�8.>�e�-:1�4�+�-M+�[�g�<P4�+�-C23;=2�i5vG5 n c�<?>�Z\[*]^-�>�<Y] +JI:�?-M4�<
13-:g.ZfI�W:-

g(n + 1)
b�[

g(n)
O�<P1

1 ≤ n ≤ n
ct]&;\4�+�4�+�-0W:<?>�W:ZA8�23;=<?>�4�+�IY4zi l�n ;=27I�y�I�;=>@2UIK4�;=23/�-Ce

]&;\4�+
f(n) = g(n)

Of<?1
1 ≤ n ≤ n '�),+�;=2�WC<PQ0g�Z=-:4�-:2^4�+�-Mg.13<9<?Oh<?Oh),+�-C<?13-:Q 3.'

� g�k � i�� } i �q<
e�;=/�-Ce ��-:>�-C1UIK4�;=>�ySp^;=<?154�+�<?yP<?>JI�Z>/�[�254�-CQoc_� �Xp / n ��Va>�),+�-C<?13-:Q 3*]^-�WKIK>
13-:g.ZfI�W:-

(wm,n, w
∗
m,n)Pmn=1

b�[
(vm,n, v

∗
m,n)Pmn=1

]&+�-:13-�c�O�<?1�-KIKWr+
n
]&;\4�+

1 ≤ n ≤ Pm/2
c

vm,2n−1 = wm,2n +
wm,2n−1

D′m
, v∗m,2n−1 =

w∗m,2n
2

+
w∗m,2n−1

2
D′m,

vm,2n = wm,2n −
wm,2n−1

D′m
, v∗m,2n =

w∗m,2n
2
− w∗m,2n−1

2
D′m,

]&+�-C13-
D′m

;=2$I�>�;=>�4�-:y?-C1 ≥ 2
∑Pm
n=1 ‖w∗m,n‖ ' /98�g�g�<P23-z4�+JIK4ji {Pn�| i l�n <?O&),+�-C<P13-CQ 3�WC<P>94�;=>98�-

4�<�+.<PZAet'�),+.-:>�4�+�-:13-q-:��;=254�2zI�>�;A>�4�-:y?-:1
ñ
]&;\4�+

n ≤ ñ ≤ Pm
I�>�e�I@254�13;=W(4�Z\[ ;=>�WC13-YI�23;=>�y

23-C698�-C>�W:-
(h(n))ñn=1

<?O,;=>�4�-:y?-C132�I�>�e Ij23-C698�-C>�W:-
(̃bn)ñn=1

<?O,>98�Q7b�-:1327238.WU+�4�+JIK4$I�y9I�;=>@]^-
+JI:��-

f(n)− 1 ≤ h(ñ) ≤ f(n)
I�>�e

n ≤ h(n) < h(n+ 1)
O�<?1

1 ≤ n ≤ ñ− 1
c

0 <
b̃n

v∗m,h(n)(x)
<

2

2MPm

Of<?1
1 ≤ n ≤ ñ

I�>�e

‖w̃ − u‖ < 2

2MPm

]&+�-C13-
w̃ =

ñ∑

n=1

b̃nvm,h(n).

�^���Y� n
$
¢ <?>�23;=e�-C1�I�>�;=>94�-:y?-:1

n′
]&;\4�+

1 ≤ n′ ≤ n
I�>�e�Z=-(4

n′′
b�-SI�>�;=>�4�-:y?-C1L238�WU+�4�+JIK4L]^-

WYI�> 238�g�g�<?23-S4�<�+JI:��-qIKZA13-YI�e�[�e.-:/�>�-Ce {h(n)}ñn=n′′+1

b9[�QN-YI�>�2N<PO {f(n)}nn=n′+1

i!;=>�4�+�-
/�13254&254�-Cg

n′ = n
c�+�-:>.W:- {f(n)}nn=n′+1

IK>.e {h(n)}ñn=n′′+1

e�<N>�<P4�IKg.g�-YI�1 n '�),+�-C13-�I�13-MO�<P8.1
g�<?2323;=b�;AZ=;\4�;=-C2CB

i�I n ),+.-:13-L-(��;=254�2
n′′′

238�Wr+o4�+�IY4
f(n′ − 1) = 2n′′′ − 1

I�>�e
f(n′) = 2n′′′

i!;=>j4�+�;=2&WKI�23-L;=>
4�+�-�/�13254^254�-Cg

n′′′ = f(n)/2
n 'hF�-E23-:4

h(n′′− 1) = 2n′′′− 1 (= f(n′− 1))
I�>�e

h(n′′) = 2n′′′

(= f(n′))
i!+.-:>�WC-

n′′ = n
;AO�]^-LI�13-M;=>j4�+�-M/�13254E254�-:g�IK>.e

h(ñ) = f(n)
n '��q<?13-:<Y��-:1

b̃n′′−1 =
bn′

2
+
bn′−1

2
D′m, b̃n′′ =

bn′

2
− bn′−1

2
D′m;

+�-C>�W:-

b̃n′′−1vm,h(n′′−1) + b̃n′′vm,h(n′′) = b̃n′′−1vm,2n′′′−1 + b̃n′′vm,2n′′′

=

(
bn′

2
+
bn′−1

2
D′m

)(
wm,2n′′′ +

wm,2n′′′−1

D′m

)

+

(
bn′

2
− bn′−1

2
D′m

)(
wm,2n′′′ −

wm,2n′′′−1

D′m

)

= bn′−1wm,2n′′′−1 + bn′wm,2n′′′ = bn′−1wm,f(n′−1) + bn′wm,f(n′).



�G� �������	�
����	�

p�[@i5vR3.' x�n i�]&+�-C13-X]^-LWYI�>o238�g�g�<?23-
f(n) = g(n+ 1)

Of<?1
1 ≤ n ≤ n

23;A>�W:-�;=O
f(n) = g(n)

Of<?1
1 ≤ n ≤ n

4�+�-7g�13<
W:-:e.8�13-L]^<P8.Z=eqb�-�4�+.-L2UI�QN-?c�+�-C>�W:-L]^-7WKI�>q8�23-Si5v_3.' x�n Of<?1
n
13-:g�Z�IKWC-:eqb�[

n′
c
g(n)

13-:g.ZfI�W:-:e0b9[
g(n′) = f(n′− 1)

I�>�e
g(n+ 1)

13-:g�Z�IKWC-:e0b�[
g(n′+ 1) = f(n′)

c?4�+�IY4^;=2Cc

|w∗m,g(n′)(x)|
Am,g(n′),n′

=
|w∗m,f(n′−1)(x)|
Am,f(n′−1),n′

>
1

22Pm

|w∗m,f(n′)(x)|
Am,f(n′),n′

n

]^-Mu
>�<Y] 4�+JIK4

|w∗m,2n′′′−1(x)| = |w∗m,f(n′−1)(x)| >
|w∗m,f(n′)(x)|

22Pm

Am,f(n′−1),n′

Am,f(n′),n′

=
|w∗m,2n′′′(x)|

22Pm

EX[2K, 22P 2
m(Pm−f(n′−1)+1) + 2(n′ − 2), Pm]

EX[2K, 22P 2
m(Pm−f(n′)+1) + 2(n′ − 2), Pm]

> EX[2K, 22P 2
m(Pm−f(n′−1)+1) + 2(n′ − 2)− 1, Pm]|w∗m,2n′′′(x)| �

I�>JI�Z=<?y?<P8.23Z\[�b9[ i5v � ' 3 n ]&;\4�+
k
13-Cg�ZfI�W:-Ce b�[

n′ − 1
c�+�-:>.W:-

g(k + 1)
13-:g.ZfI�W:-:e b9[

g(n′) =

f(n′ − 1)
I�>�e

g(k + 2)
13-:g.ZfI�W:-:ejb�[

g(n′ + 1) = f(n′)
c�]^-Mu
>�<Y] 4�+�IY4

|bn′−1| >
1

2

Am,f(n′−1),n′−1

Am,f(n′),n′−1
|bn′ | > EX[2K, 22P 2

m(Pm−f(n′−1)+1) + 2(n′ − 3)− 1, Pm]|bn′ |
�

4�+�-C13-:O�<P13-
b̃n′′−1

+JI�2M4�+�-N23;=y?>�<?O
bn′−1

ct4�+JIK4M;A20i!b�[ i5v � 'T5 n O�<?1
k = n′ − 1

n c
b̃n′′−1

+JI�2M4�+�-
23;=y?>�<?O

w∗m,f(n′−1)(x) = w∗m,2n′′′−1(x)
cd+�-:>�WC-N4�+.-*23;=y?>�<?O

v∗m,2n′′′−1(x) = v∗m,h(n′′−1)(x)
c

]&+�;=ZA-
b̃n′′

+JI�2E4�+.-�23;=y?>�<?O −bn′−1
c�4�+JIK4X;=2$i!b9[�i5v � ' 5 n O�<P1

k = n′ − 1
n c
b̃n′′

+JI�2�4�+�-�23;=y?>�<?O
−w∗m,f(n′−1)(x) = −w∗m,2n′′′−1(x)

c�+.-:>�WC-M4�+�-L23;=y?>o<?O
v∗m,2n′′′(x) = v∗m,h(n′′)(x)

�JQN<?13-:<Y��-:1Cc
23;=>�WC-Sb9[Hi5v_3.'\v n I�>�e b9[Hi5v � ' 5 n c

bn′
I�>�e

bn′−1
+JI:��-j<?g�g�<?23;\4�-S23;=y?>�2qi�I�>�e�I�>JI�Z=<?y?<P8.23Z\[�O�<?1

w∗m,2n′′′(x)
I�>�e

w∗m,2n′′′−1(x)
n c�;\4&Of<?Z=ZA<C]&2,4�+JIK4

0 <
b̃n′′−1

v∗m,h(n′′−1)(x)

b̃n′′−1

v∗m,2n′′′−1(x)

=

(
bn′

2
+
bn′−1

2
D′m

)/(
w∗m,2n′′′(x)

2
+
w∗m,2n′′′−1(x)

2
D′m

)

<

(
bn′−1

2
D′m

)/(
1

2

w∗m,2n′′′−1(x)

2
D′m

)

= 2
bn′−1

w∗m,2n′′′−1(x)
= 2

bn′−1

w∗m,f(n′−1)(x)
<

2

2MPm

i!b�[@i5v � ' 5 n3n ' � >�IKZA<Py?<?8�23Z\[*]^-�+JI:��-

0 <
b̃n′′

v∗m,h(n′′)(x)
=

b̃n′′

v∗m,2n′′′(x)

=

(
bn′

2
− bn′−1

2
D′m

)/(
w∗m,2n′′′(x)

2
−
w∗m,2n′′′−1(x)

2
D′m

)

<

(
−2

bn′−1

2
D′m

)/(
−
w∗m,2n′′′−1(x)

2
D′m

)
= 2

bn′−1

w∗m,f(n′−1)(x)
<

2

2MPm
.



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � � !

i!b n ),+�-C13-�-(��;=254�2
n′′′

]&;\4�+
1 ≤ n′′′ < n′

238�WU+N4�+JIK4
f(n′) = 2n′′′−1

I�>�e
f(n′+1) > 2n′′′i!+�-C>�W:-&;A>N4�+�;=2�WYI�23-&]^-EWYI�>�>�<P4�b�-&;=>N4�+.-&/.13254�254�-:g�c�23;=>.W:-�4�+�-Eg�13<
W:-:e.8�13-&<?O�4�+�;=2�W:<?>�254�138.W(4�;=<?>

]^<?8�Z=eq;=Q0g�Z\[S4�+JIK4&]^-$I�Z=13-KIKe�[j8�23-Ce
f(n′ + 1)

c.4�+�-C13-:O�<?13-L;\4&]^<?8�Z=e�>�<P4�b�-Lg�<?2323;=b.Z=-�4�<*b�-7;=>
4�+�-�/�13254�254�-Cg n '�p�[@i5v_3.' x?n i!O�<P1

n = n′ + 1
c.+�-C>�W:-�]&;\4�+

g(n)
13-:g�Z�IKWC-:eob�[

g(n′ + 1) = f(n′)I�>�e
g(n+ 1)

13-:g.ZfI�W:-:ezb�[
g(n′+ 2) = f(n′+ 1)

n I�>�ezb�[�i5v x '=v n i�]&;=4�+
n
13-Cg�ZfI�W:-Ce*b�[

n′+ 1
c

+�-C>�W:-
g(n+ 1)

13-Cg�ZfI�W:-Cejb�[
g(n′ + 2) = f(n′ + 1)

n c�QN<?13-C<C��-C1,b�[�i5v )�' x�n c
]^-�+JI:�?-

|w∗m,f(n′)(x)| >
|w∗m,f(n′+1)(x)|

22Pm

Am,f(n′),n′+1

Am,f(n′+1),n′+1

> Am,f(n′),n′+1EX[2K, 22P 2
m(Pm−f(n′+1)+1) + 2n′ − 1, Pm]

= EX[2K, 22P 2
m(Pm−f(n′)+1) + 2(n′ − 1), Pm]

· EX[2K, 22P 2
m(Pm−f(n′+1)+1) + 2n′ − 1, Pm],

Pm∑

n=f(n′)+1

‖w∗m,n‖ <
Pm∑

n=f(n′)+1

EX[2K, 22P 2
m(Pm−n+1) + 2(n− 2) + 1, Pm]

< PmEX[2K, 22P 2
m(Pm−f(n′)) + 2(f(n′)− 1) + 1, Pm]

< EX[2K, 22P 2
m(Pm−f(n′)+1) + 2(n′ − 1), Pm].

VaO�]^-M13-YI�ej4�+�-�ZfI�254�23-C698�-C>�W:-�<?O�;=>.-C698JI�Z=;\4�;=-C2^O�13<PQ 4�<?gS4�<Nb�<P434�<?Qoc�23;=>.W:-
Pm∑

n=f(n′)+1

‖w∗m,n‖ > ‖w∗m,f(n′)+1‖ ≥ |w∗m,f(n′)+1(x)| = |w∗m,2n′′′(x)|,

]^-M/.>�ej4�+JIK4

|w∗m,f(n′)(x)| >
( Pm∑

n=f(n′)+1

‖w∗m,n‖
)
EX[2K, 22P 2

m(Pm−f(n′+1)+1) + 2n′ − 1, Pm]

> EX[2K, 22P 2
m(Pm−f(n′+1)+1) + 2n′ − 1, Pm]|w∗m,2n′′′(x)|.

F�-�23-(4
h(n′′ − 1) = 2n′′′ − 1

i
= f(n′)

n I�>�e
h(n′′) = 2n′′′

i
= f(n′) + 1 < f(n′ + 1)

n c�;=>
gJI�154�;=WC8�ZfI�1

v∗m,h(n′′−1)(x) =
w∗m,2n′′′(x)

2
+
w∗m,2n′′′−1(x)

2
D′m.

��-:>.W:-
v∗m,h(n′′−1)(x)

+JI�2�4�+�-M23;AyP>o<PO
w∗m,2n′′′−1(x) = w∗m,f(n′)(x)

c�]&+�;=ZA-

v∗m,h(n′′)(x) =
w∗m,2n′′′(x)

2
−
w∗m,2n′′′−1(x)

2
D′m

I�>�e −w∗m,f(n′)(x)
+JI:��-M4�+�-�2UIKQ0-M23;=y?>t'�),+�-:>�c�;=O

b̃n′′−1 = bn′
2 D′m

I�>�e
b̃n′′ = − bn′2 D′m

c

b̃n′′−1vm,h(n′′−1) + b̃n′′vm,h(n′′)

= b̃n′′−1vm,2n′′′−1 + b̃n′′vm,2n′′′

=
bn′

2
D′m

(
wm,2n′′′ +

wm,2n′′′−1

D′m

)
− bn′

2
D′m

(
wm,2n′′′ −

wm,2n′′′−1

D′m

)

= bn′wm,2n′′′−1 = bn′wm,f(n′).



� � �������	�
����	�

�q<?13-:<Y��-:1
b̃n′′−1

+�IK2�4�+�-�23;=y?>�<?O
bn′

IK>.e�+.-:>�WC-�<PO
w∗m,f(n′)(x) = w∗m,2n′′′−1(x)

I�>�e�+�-:>.W:-
<?O
v∗m,h(n′′−1)(x)

c�]&+�;=Z=-
b̃n′′

+�IK2�4�+�-N23;=y?>@<?O −bn′ I�>�e@+.-:>�WC-N<?O −w∗m,2n′′′−1(x)
c�+�-C>�W:-N<?O

v∗m,2n′′′(x) = v∗m,h(n′′)(x)
b�[z4�+�-7I�b�<Y�?-�' �d;=>JI�Z=Z\[9c

b̃n′′−1

v∗m,h(n′′−1)(x)
=

b̃n′′−1

v∗m,2n′′′−1(x)
=

(
bn′

2
D′m

)/(
w∗m,2n′′′(x)

2
+
w∗m,2n′′′−1(x)

2
D′m

)

<

(
bn′

2
D′m

)/(
1

2

w∗m,2n′′′−1(x)

2
D′m

)
= 2

bn′

w∗m,2n′′′−1(x)
= 2

bn′

w∗m,f(n′)(x)
<

2

2MPm
.

� >JI�Z=<?y?<?8�23Z\[�i�]^-7e�<z>�<P4Xu
>�<Y] 4�+�-723;=y?>�<?O
w∗m,2n′′′(x)

c�b.8�4 |w∗m,2n′′′−1(x)| > |w∗m,2n′′′(x)|b�[S4�+�-M/�13254&g�IK154&<?O,i!b n3n

b̃n′′

v∗m,h(n′′)(x)
=

b̃n′′

v∗m,2n′′′(x)
=

(
− bn′

2
D′m

)/(
w∗m,2n′′′(x)

2
−
w∗m,2n′′′−1(x)

2
D′m

)

<

(
−bn′

2
D′m

)/(
−1

2

w∗m,2n′′′−1(x)

2
D′m

)
=

2bn
w∗m,f(n′)(x)

<
2

2MPm
.

i!W n ),+�-:13-�-:��;=254�2
n′′′

]&;\4�+
1 ≤ n′′′ < n′

238�Wr+74�+JIK4
f(n′) = 2n′′′

]&+�;=Z=-
f(n′−1) < 2n′′′−1i!+�-C>�W:-

n′′′ = f(n)/2
;=O^]^-SI�13-0;=>�4�+�-*/�13254�254�-Cg n c�Q0<?13-:<Y��-:1L-C;\4�+�-:1

w∗m,2n′′′−1(x)
+JI�2L4�+.-

23;=y?>j<?O
w∗m,2n′′′(x)

<?1
w∗m,2n′′′−1(x) = 0

'
),+.-:>�]^-*23-:4

h(n′′) = 2n′′′ − 1
i!+�-:>.W:-

h(n′′) = h(ñ) = 2 f(n)
2 − 1 = f(n) − 1

;=O,]^-
I�13-7;=>o4�+.-L/.13254�254�-:g n I�>�e

b̃n′′ = bn′
��+�-:>.W:-Si�]^-713-:WYI�Z=Z^i5v � 'T5 n O�<?1

k = n′
+�-C>�W:-

g(k + 1) =

g(n′ + 1) = f(n′)
n

b̃n′′vm,h(n′′) = b̃n′′vm,2n′′′−1 = bn′

(
wm,2n′′′ +

wm,2n′′′−1

2D
′
m

)
,

‖b̃n′′vm,h(n′′) − bn′wm,f(n′)‖ = ‖b̃n′′vm,h(n′′) − bn′wm,2n′′′‖

= |bn′ |
‖wm,2n′′′−1‖

D′m
< 2
|bn′ |
D′m

< 2
|w∗m,f(n′)(x)|

2MPmD′m

≤ 2
‖w∗m,f(n′)‖
2MPmD′m

≤ 2‖w∗m,f(n′)‖/(2MPm2MP 2
m

∑Pm
f=1 ‖w∗m,f‖)

<
1

Pm2MPm

�

b̃n′′
+�IK2�4�+�-M23;=y?>o<?O

bn′
+.-:>�WC-M<?O

w∗m,f(n′)(x) = w∗m,2n′′′(x)
c�+�-C>�W:-�<?O

w∗m,2n′′′(x)

2
+
w∗m,2n′′′−1(x)

2
D′m = v∗m,2n′′′−1(x) = v∗m,h(n′′)(x)

�

b̃n′′

v∗m,h(n′′)(x)
=

b̃n′′

v∗m,2n′′′−1(x)
= bn′

/(
w∗m,2n′′′(x)

2
+
w∗m,2n′′′−1(x)

2
D′m

)

<
bn′

w∗m,2n′′′(x)/2
= 2

bn′

w∗m,f(n′)(x)
<

2

2MPm
.

i!e n � 20;=> i!W n I�2013-:y9I�13e�2
n′′′

c
f(n′)

c
f(n′ − 1)

I�>�e
n′′
c�b�8�40]&;\4�+

w∗m,2n′′′−1(x)
I�>�e

w∗m,2n′′′(x)
<?O^<?g�g�<?23;\4�-N23;=y?>t'NF�-023-(4

h(n′′) = 2n′′′
i!+.-:>�WC-

h(ñ) = f(n)
;AO�]^-*I�13-0;=>�4�+�-



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � � �

/�13254&254�-Cg n I�>�e
b̃n′′ = bn′

��+.-:>�WC-?c�b�[@i5v � ' 5 n IK2�I�b�<Y��-?c

b̃n′′vm,h(n′′) = b̃n′′vm,2n′′′ = bn′

(
wm,2n′′′ −

wm,2n′′′−1

D′m

)
,

‖b̃n′′vm,h(n′′) − bn′wm,f(n′)‖ = ‖bn′vm,2n′′′ − bn′wm,2n′′′‖ = |bn′ |
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2MPmD′m

<
1

Pm2MPm

�

b̃n′′
+JI�2,4�+.-M23;=y?>j<?O

bn′
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=
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∥∥∥
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∥∥∥∥
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∥∥∥∥

<
1

2MPm
+
∥∥∥
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∥∥∥

<
1

2MPm
+ Pm

1

Pm2MPm
=

2

2MPm

c

]&+�;=Wr+jW:<?Q0g�Z=-(4�-C2^4�+�-Mg�13<
<?Oh<PO��&-CQ*I�13u } '
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ln∞
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∞
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S

n=1
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O�<P1
1 ≤ n ≤ 2S

'
VaO {ak}Pk=1

;=2@I�23-C698�-C>�W:- <?O0>98�Q7b�-:132Cc�]^-�]&;=Z=Z�2UI:[ 4�+�IY4 {∑K
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∣∣∣
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∥∥∥
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∥∥∥
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O�<P1

1 ≤ k ≤ 2p+1;

+�-C>�W:-�c�O�<?1
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∥∥∥
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i�]&+�-:13-�]&;\4�+�<?8�4,Z=<?232,<?O�y?-:>�-C1UI�Z=;\4a[N]^-XWYI�>S238�g�g�<?23-
n1 = 1

n
b�-�I0238�b�23-C698�-C>�W:-7<?O {m}Sm=1

I�>�e�Z=-:4 {ak}Kk=1

b�-$IN23-C698�-C>�W:-L<?O�>98.Q7b�-C132C'`/9;=>�WC- {o∗k}2
S

k=1
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;=2
1
��-C698�;=�?I�Z=-:>94^4�<$4�+�-M>JIK4�8�1UI�Ztb�IK23;A2�<?O

l2
S

1

]^-�+JI:�?-

∥∥∥
2∑

k=1

ake
∗
k

∥∥∥ =

∥∥∥∥
1

2S

(
a1

2S∑

k=1

o∗k + a2

22∑

j=1

(−1)j+1

j.2S−2∑

k=(j−1)2S−2+1

o∗k
)∥∥∥∥

=
1

2S

∥∥∥
22∑

j=1

(a1 + (−1)j+1a2)

j·2S−2∑

k=(j−1)2S−2+1

o∗k

∥∥∥

=
2S−2

2S

22∑

j=1

|a1 + (−1)j+1a2| =
|a1 + a2|+ |a1 − a2|

21

=
2S−n2

2S
(2n2−1|a1 + a2|+ 2n2−1|a1 − a2|)

=
2S−n2

2S

2n2∑

j=1

|a1 + (−1)j+1a2| =
1

2S

∥∥∥
2n2∑

j=1

(a1 + (−1)j+1a2)

j·2S−n2∑

k=(j−1)2S−n2+1

o∗k

∥∥∥

=

∥∥∥∥
1

2S

(
a1

2S∑

k=1

o∗k + a2

2n2∑

j=1

(−1)j+1

j·2S−n2∑

k=(j−1)2S−n2+1

o∗k

)∥∥∥∥ =
∥∥∥

2∑

k=1

ake
∗
nk

∥∥∥.

� >JI�Z=<?y?<?8�23Z\[�c�23-:434�;=>�y
Aj =

∑j2S−n3

k=(j−1)2S−n3+1
o∗k
O�<P1

1 ≤ j ≤ 2n3
c
]^-�+JI:��-

∥∥∥
3∑

k=1

ake
∗
nk

∥∥∥ =
1

2S

∥∥∥a1

2S∑

k=1

o∗k + a2

2n2∑

j=1

(−1)j+1

j.2S−n2∑

k=(j−1)2S−n2+1

o∗k

+ a3

2n3∑

j=1

(−1)j+1

j·2S−n3∑

k=(j−1)2S−n3+1

o∗k

∥∥∥

=
1

2S

∥∥∥
2n2∑

i=1

i2n3−n2∑

j=(i−1)2n3−n2+1

(a1 + (−1)i+1a2 + (−1)j+1a3)Aj

∥∥∥

=
2S−n3

2S

2n2∑

i=1

i2n3−n2∑

j=(i−1)2n3−n2+1

|a1 + (−1)i+1a2 + (−1)j+1a3|

=
2S−n3

2S
(2n2−1(2n3−n2−1|a1 + a2 + a3|+ 2n3−n2−1|a1 + a2 − a3|)

+ 2n2−1(2n3−n2−1|a1 − a2 + a3|+ 2n3−n2−1|a1 − a2 − a3|))
=

1

22
(|a1 + a2 + a3|+ |a1 + a2 − a3|+ |a1 − a2 + a3|+ |a1 − a2 − a3|)

i!23;=>�WC- 2S−n3

2S 2n2−12n3−n2−1 = 1
22

n ]&+�;=Wr+je�<
-:2�>�<P4&e�-Cg�-:>.ej<?>
n2

I�>�e
n3
'�),+�-:>

∥∥∥
3∑

k=1

ake
∗
nk

∥∥∥ =
∥∥∥

3∑

k=1

ake
∗
k

∥∥∥
I�>�eo23<N<P>�c�4�;=Z=Z�]^-�yP-:4

∥∥∥
K∑

k=1

ake
∗
k

∥∥∥ =
∥∥∥

K∑

k=1

ake
∗
nk

∥∥∥.
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i!;A; n F�-�WYI�>�;=Q0QN-:e.;fIK4�-:Z\[ 23-C-�4�+JIK4 {em + E0}Sm=1

;=2
1
��Q0<P>.<�4�<?>�- i!;=>.e�-:-Cetc�O�<?1S-YI�WU+

23-C698�-C>�W:-
c1 ∪ (c2m−1+1)Sm=2

<?O_>98�Q�b�-:132�Z=-:4
(cn)S

n(/∈(2m−1+1)Sm=2)=2

b�-XI�>�<P4�+�-C1�23-C698�-C>�W:-E<?O
>98�Q�b�-:132&238�Wr+S4�+�IY4

∥∥∥c1ô1 +

S∑

m=2

c2m−1+1ô2m−1+1 + E0

∥∥∥ =
∥∥∥

2S∑

n=1

cnôn

∥∥∥;

4�+�-C>j<?b���;=<?8�23Z\[

∥∥∥
2S∑

n=1

cnôn

∥∥∥ ≥
∥∥∥

2S−1∑

n=1

cnôn

∥∥∥

≥
∥∥∥c1ô1 +

S−1∑

m=2

c2m−1+1ô2m−1+1 + span{ôn}Sn(/∈(2m−1+1)Sm=2)=2

∥∥∥

=
∥∥∥c1ô1 +

S−1∑

m=2

c2m−1+1ô2m−1+1 + E0

∥∥∥,

I�>�e*23<L<?> n '�),+�-C13-:O�<?13-&ZA-(4 {ak}Kk=1∪{a′k}K
′

k=1

b�-XIM23-Y698�-:>�WC-E<PO_>
8�Q7b�-C132,I�>�e*Z=-:4 {nk}Kk=1∪
{n′k}K

′
k=1

i�]&+.-:13-o]&;\4�+�<?8�4*ZA<P232z<POMyP-C>�-:1UI�Z=;=4a[�]^-qWKI�>�238�g�g�<P23-
n1 = 1

n b�-�I@gJI�154�;\4�;A<P>�<?O
{m}Sm=1

' /9-:434�;=>�y
ô =

∑K
k=1 akek

IK>.e
ô′ =

∑K
k=1 akenk

]^-jWKI�> 23-:-j4�+JIK4 ‖ô + E0‖ ≥
‖ô′ + E0‖

'�Va>�e�-C-:etc�ZA-(4
b2 ∪ ((bi)

2m

i=2m−1+2)Km=2

b�-LI$23-C698�-:>.W:-M<?Oh>98�Q�b�-:132&238�WU+j4�+JIK4

‖ô+ E0‖ =
∥∥∥a1ô1 +

K∑

m=2

amô2m−1+1 + E0

∥∥∥

=
∥∥∥a1ô1 +

K∑

m=2

amô2m−1+1 + span(ô2 ∪ ((ôi)
2m

i=2m−1+2)Km=2)
∥∥∥

=
∥∥∥a1ô1 +

K∑

m=2

amô2m−1+1 + b2ô2 +
K∑

m=2

2m∑

i=2m−1+2

biôi

∥∥∥;

23;=>�WC-M;\4&;=2�;=Q0QN-:e.;fIK4�-E4�<$23-C-M4�+JIK4

(ôi)
2K

i=1 = (ôi)
21

i=1 ∪ ((ôi)
2m−1+2m−1

i=2m−1+1 )Km=2

I�>�e
(ôi)

21

i=1 ∪ ((ôi)
2nk−1+2m−1

i=2nk−1+1
)Kk=2I�13-

1
��-C698�;=�?I�Z=-:>94�i!O�<?1�;=>�254rI�>�WC-Xb9[S;=>�e.8�W(4�;=<?> n c�;\4�O�<?Z=Z=<Y]&2^4�+�IY4

‖ô′ + E0‖ ≤
∥∥∥a1ô1 +

K∑

k=2

akô2nk−1+1 + b2ô2 +

K∑

k=2

2nk−1+2m−1∑

i=2nk−1+1

biôi

∥∥∥

=
∥∥∥a1ô1 +

K∑

m=2

akô2m−1+1 + b2ô2 +
K∑

m=2

2m∑

i=2m−1+2

biôk

∥∥∥ = ‖ô+ E0‖.

),+.-:13-:O�<?13-�]^-$I�13-L>�<Y] y?<?;=>�y04�<*g�13<Y��-L4�+JIK4 ‖ô′ + E0‖ ≥ ‖ô + E0‖
i!+.-:>�WC- ‖ô′ + E0‖ =

‖ô+ E0‖
c�4�+JIK4&;=2Cc

(em + E0)Sm=1

;=2�;=>�e.;=23W:-C13>�;=b�Z=- n I�>�e�I�Z=23<$4�+JIK4

∥∥∥
K∑

k=1

akenk +

K′∑

k=1

a′ken′k + E0

∥∥∥ ≥
∥∥∥

K∑

k=1

akenk + E0

∥∥∥
i!+�-C>�W:-

(em + E0)Sm=1

;=2
1
��8�>�WC<P>.e�;\4�;=<?>JI�Z n '
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/
;=>�W:-Mb�[S4�+�-LI�b�<Y��-
(em + E0)Sm=1

;=2
1
��QN<?>�<P4�<?>�-?c�]^-�+JI:��-

‖ô+ E0‖ =
∥∥∥

K∑

k=1

akek + E0

∥∥∥ =
∥∥∥a1ô1 +

K∑

m=2

amô2m−1+1 + E0

∥∥∥

=
∥∥∥a1ô1 +

K∑

m=2

amô2m−1+1 + E0 + span(ô2m−1+1)Sm=K+1

∥∥∥;

+�-C>�W:-�c9;AO
(em +E0, Fm)Sm=1

;=2^b�;=<?154�+�<?y?<?>JI�Z�c�4�+�-C13-�-(��;=254�2
F ∈ (span(em +E0)Sm=K+1)> =

span{Fm}Km=1

c
F =

∑K
m=1 bmFm

c_238�Wr+�4�+�IY4
F (ô + E0) = ‖ô + E0‖

i!+�-:>.W:- ‖ô + E0‖ =∑K
m=1 ambm

n ]&;\4�+ ‖F‖ = 1
'��E>S4�+.-M<P4�+�-:1�+�IK>.etc

(E/E0)∗
;=2�ZA;=>�-YI�13Z\[*;A23<PQ0-(4�13;=WX4�<

(E0)> = span(ô∗1 ∪ span(ô∗2m−1+1)Sm=2)
I�>�e {Fm}Sm=1

IK>.e
ô∗1 ∪{ô∗2m−1+1}Sm=2

IK13-
1
��-C698�;\��IKZA-:>�4Y�9+�-:>.W:-?c
23-(434�;=>�y

F ′ =
∑K

k=1 bkFnk
c

23;=>�WC-Mb�[@i!; n c
ô∗1 ∪ {ô∗2m−1+1}Sm=2 = {e∗m}Sm=1

;=2�;=>�e�;A23W:-:13>.;=b�Z=-�c9;=4�O�<PZAZ=<Y]&2^4�+JIK4

1 = ‖F‖ =
∥∥

K∑

m=1

bmFm

∥∥∥ =
∥∥∥b1ô∗1 +

K∑

m=2

bmô
∗
2m−1+1

∥∥∥

=
∥∥∥b1ô∗1 +

K∑

k=2

bkô
∗
2nk−1+1

∥∥∥ =
∥∥∥

K∑

k=1

bkFnk

∥∥∥ = ‖F ′‖.
� 4�4�+�;=2�g�<?;=>�4�]^-�>�<P4�;=W:-X4�+JIK4

F ′(ô′ + E0) =
( K∑

k=1

bkFnk

)( K∑

k=1

akenk + E0

)
=

K∑

k=1

akbk = ‖ô+ E0‖

]&;\4�+ ‖F ′‖ = 1
I�>�e

F ′⊥ = span(en′k)K
′

k=1

c�+�-C>�W:-

∥∥∥
K∑

k=1

akenk + E0

∥∥∥ = ‖ô′ + E0‖ ≤
∥∥∥ô′ +

K′∑

k=1

a′ken′k + E0

∥∥∥.
),+�-C13-:O�<P13-X]^-�WC<P>.W:Z=8�e.-�4�+�IY4&b�<�4�+

‖ô′ + E0‖ = sup(F̃ (ô′ + E0) : ‖F̃‖ = 1) ≥ F ′(ô′ + E0) = ‖ô+ E0‖i�]&+�;=Wr+z]�I�2&<?8�1EI�;=Q n IK>.e

‖ô′ + E0‖ =
∥∥∥

K∑

k=1

akenk + E0

∥∥∥ ≤
∥∥∥

K∑

k=1

akenk +
K′∑

k=1

a′ken′k + E0

∥∥∥
i!b�[*4�+.-�I�b�<Y��- n c�4�+JIK4�;=2Cc {em +E0}Sm=1

;=2&I�Z=23<
1
��8�>.W:<?>�e�;\4�;A<P>�IKZG'd),+.;=2,WC<PQ0g�Z=-:4�-:2�4�+�-Mg�13<
<?O

<?O^i!;A; n IK>.ej+�-:>.W:-�<?O�`�13<?g�<?23;\4�;=<?> { '
� h�� ����i�� � ���Ah�� Vr'�F�-0254rIK154LOf13<?Q 4�+�-0b�;=<?154�+�<?y?<P>�IKZ�25[�254�-:Q {ôn, ô∗n}2

S

n=1

<?OXi x?x�n O�<?1
S =

M +R
' �J<P1&-YI�Wr+

o =

2M+R∑

n=1

anen ∈ Ê = l2
M+R

∞ = span{ôn}2
M+R

n=1 = span{on}2
M+R

n=1

]^-Me.-:/�>�-M4�+.- VU%(U�U����(�_<?O
o
4�<Nb�-X4�+�-�23-(4

supp(o) = {n : 1 ≤ n ≤ 2M+R; an 6= 0}.
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� �8i���� � ��g � '�F�-�WYI�>S]&13;\4�-
i x?}�n {ôn, ô∗n}2

M+R

n=1 = {ô1,m, ô
∗
1,m}2

M+1

m=1 ∪{{ôr,m, ô∗r,m}2
M+r−1

m=1 }Rr=2

]&;\4�+ {ô1,m, ô
∗
1,m}2

M+1

m=1 =

{ôn, ô∗n}2
M+1

n=1

I�>�e ]^-H23-(4
Ê1 = span{ô1,m}2

M+1

m=1

cSQN<?13-C<C��-C1CczO�<P1
2 ≤ r ≤ R,

{ôr,m, ô∗r,m}2
M+r−1

m=1 = {ôn, ô∗n}2
M+r

n=2M+r−1+1

I�>�e7]^-^23-(4
Êr = span{ôr,m}2

M+r−1

m=1

cP+�-C>�W:-
∑R
r=1 Êr = span{on}2

M+R

n=1 = Ê
�,/�>JI�Z=Z=[�]^-j23-(4Yc�O�<P1

1 ≤ r ≤ R, Êr = Ê′r + Ê′′r ,]&+�-:13-
Ê1 = Ê′1

I�>�e
Ê2 = Ê′2

cX]&+�;=Z=-�c�Of<?1
3 ≤ r ≤ R

c
Ê′r = span{ôr,m}2

M+1

m=1I�>�e
Ê′′r = span{ôr,m}2

M+r−1

m=2M+1+1,
QN<?13-:<Y��-:1

Ê = Ê′ + Ê′′
]&;\4�+

Ê′ =
∑R

r=1 Ê
′
r

I�>�e

Ê′′ =
∑R
r=3 Ê

′′
r

i!;=>�gJI�154�;=WC8�ZfI�1Cc�O�<?1
r = 2

c {ô2,m, ô
∗
2,m}2

M+1

m=1 = {ôn}2
M+2

n=2M+1+1

n 'jp�[�i x?w '\v n IK>.e�i xPw ' x�n ]^-
WYI�>j23-:47i!23-C-LIKZA23<�4�+.-M-(��g�Z�IK>�IY4�;A<P>.2&I�OA4�-C1^4�+�-�Of<?13Q�8�ZfI n
i x 5�'\v n O�<?1

1 ≤ r ≤ R,

õ0,r,j =

j.2R−r∑

t=(j−1)2R−r+1

ot
I�>�e

õ∗0,r,j =

j.2R−r∑

t=(j−1)2R−r+1

o∗t

O�<?1
1 ≤ j ≤ 2M+r i!;=> g�IK154�;AW:8�ZfI�1 õ0,R,j = oj

O�<P1
1 ≤ j ≤ 2M+R I�>�e

õ0,1,j =
∑j·2R−1

t=(j−1)2R−1+1 ot
O�<P1

1 ≤ j ≤ 2M+1 c�/.>JI�Z=Z\[ õ0,r′,j =
∑2r

′′−r′

l=1 õ0,r′′,(j−1)2r′′−r′+lO�<?1
1 ≤ j ≤ 2M+r′ I�>�e 1 ≤ r′ ≤ r′′ ≤ R);

]^-�g�<?;=>94^<P8�4�4�+JIK4Yc9O�<?1
1 ≤ m ≤ 2M+r−1,

ôr,m = ô2M+r−1+m =

2M+r∑

k=1

εM+r,2M+r−1+m,kõ0,r,k;

i x 5�' x�n O�<?1
1 ≤ k ≤ 2M+1 ]^-M23-:4

õ1,k = õ0,1,k =
k·2R−1∑

t=(k−1)2R−1+1

ot
IK>.e

õ∗1,k = õ∗0,1,k,

I�>JI�Z=<?y?<?8�23Z\[

õ2,k =

21∑

j=1

(−1)j+1

(k−1)2R−1+j.2R−2∑

t=(k−1)2R−1+(j−1)2R−2+1

ot =

21∑

j=1

(−1)j+1õ0,2,(k−1)21+j

I�>�e

õ∗2,k =
21∑

j=1

(−1)j+1õ∗0,2,(k−1)21+j ;

;\4NO�<PZAZ=<Y]&274�+JIK4Yc�Of<?1
1 ≤ r ≤ 2, ôr,1 =

∑2M+1

k=1 õr,k
I�>�e ;=> y?-:>.-:1UI�Z�c�Of<?1

1 ≤ m ≤
2M+1, ôr,m =

∑2M+1

k=1 εM+1,m,k õr,k;
i x 5�' w�n /��S>�<Y]

r
]&;\4�+

3 ≤ r ≤ R ��]^-�u9>.<C] 4�+�IY4

ôr,n(= ô2M+r−1+n) =

2M+r∑

j=1

εM+r,2M+r−1+n,j õ0,r,j



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � � !

O�<?1
1 ≤ n ≤ 2M+r−1 c.+�-:>�WC-

ôr,1 = ô2M+r−1+1 =

2M+r∑

j=1

(−1)j+1õ0,r,j =

2M+1∑

k=1

k.2r−1∑

j=(k−1)2r−1+1

(−1)j+1õ0,r,j

=
2M+1∑

k=1

õr,k

]&+�-C13-?c�Of<?1
1 ≤ k ≤ 2M+1,

õr,k =
k.2r−1∑

j=(k−1)2r−1+1

(−1)j+1õ0,r,j =
2r−1∑

j=1

(−1)j+1õ0,r,(k−1)2r−1+j

=
2r−1∑

j=1

(−1)j+1

(k−1)2R−1+j·2R−r∑

t=(k−1)2R−1+(j−1)2R−r+1

ot

i�I�>�eS]^-�23-:4
õ∗r,k =

∑k.2r−1

j=(k−1)2r−1+1(−1)j+1õ∗0,r,j)
��;\4&Of<?Z=Z=<Y]&2,4�+JIK4

ôr,m = ô2M+r−1+m =

2M+1∑

k=1

εM+1,m,k õr,k

O�<?1
1 ≤ m ≤ 2M+1 �

i x 5�' 3 n O�<?1
1 ≤ r ≤ R I�>�e

1 ≤ k ≤ 2M+1,

supp(õr,k) = {n : (k − 1)2R−1 + 1 ≤ n ≤ k · 2R−1}.
i x 5�'\v n WC<?>�W:-C13>�2CcMOf<?1q-YI�Wr+

r
]&;\4�+

1 ≤ r ≤ R
cX4�+�-�13-Cg�13-:23-C>�4rIK4�;=<?> <PO�4�+�-�-:ZA-:QN-C>�4�2o<?O

{ôr,m}2
M+r−1

m=1

c9]&+�-:13-&4�+�-�Dab�13;=WUu
2�TE<PO�4�+.-EW:<?>�254�138.W(4�;=<?>SIK13-&4�+�-�-:Z=-CQN-C>�4�2
õ0,r,j

c9;=>*gJI�154�;=WC8�ZfI�1
]^-M8.23-

2M+R/2M+r = 2R−r
c
2M+r′′/2M+r′ = 2r

′′−r′ I�>�e

õ0,r′,j =

j.2R−r
′

∑

t=(j−1)2R−r′+1

ot =

2r
′′−r′∑

l=1

(j−1)2R−r
′
+l.2R−r

′′
∑

t=(j−1)2R−r′+(l−1)2R−r′′+1

ot

=

2r
′′−r′∑

l=1

((j−1)2r
′′−r′+l)·2R−r′′∑

t=((j−1)2r′′−r′+(l−1))2R−r′′+1

ot =

2r
′′−r′∑

l=1

õ0,r′′,(j−1)2r′′−r′+(l−1)+1

=
2r
′′−r′∑

l=1

õ0,r′′,(j−1)2r′′−r′+l.

i x 5�' x�n I�>�e�i x 5�' w�n WC<?>�W:-C13>z4�+�-M13-Cg�13-:23-C>�4rIK4�;=<?>S<?O�4�+�-M/�13254
2M+1 -:ZA-:QN-C>�4�2,<?O {ôr,m}2M+r−1

m=1

�
]^-LWYI�Z=Z

õr,k
4�+�-XDab�13;=Wru92�T�<?Oh4�+�;=2&13-Cg�13-:23-C>�4rIK4�;=<?>t'���-:>�WC-M]^-LW:<?>�23;Ae�-:1&23-CgJI�1UIK4�-:Z\[S4�+�-�WKI�23-�<?O

1 ≤ r ≤ 2
i�]&+�-C13-

Ê′′r
e�<
-:2&>�<P4�I�g�g�-KIK1 n I�>�eo<?O

3 ≤ r ≤ R ' �J<?1Li x 5�' x�n ]^-�+JI:�?-

õ2,k =

21∑

j=1

(−1)j+1

(k−1)2R−1+j.2R−2∑

t=(k−1)2R−1+(j−1)2R−2+1

ot



� � �������	�
����	�

=
21∑

j=1

(−1)j+1

((k−1)21+j)2R−2∑

t=((k−1)21+(j−1))2R−2+1

ot =
21∑

j=1

(−1)j+1õ0,2,(k−1)21+(j−1)+1

=
21∑

j=1

(−1)j+1õ0,2,(k−1)21+j = õ0,2,2k−1 − õ0,2,2k.

�E>j4�+�-�<P4�+�-:1�+JI�>�e�c�b�[@i x?w '=v n I�>�eob�[z4�+�-Me�-C/�>�;\4�;A<P>j<?O�4�+.-XF�I�Z=23+jQzIK4�13;\�_c

ô2,1 = ô2M+1+1 =

2M+2∑

k=1

εM+2,2M+1+1,kõ0,2,k =

2M+2∑

k=1

(−1)k+1õ0,2,k

=
2M+1∑

k=1

(õ0,2,2k−1 − õ0,2,2k) =
2M+1∑

k=1

õ2,k.

��-:>.W:-?c�O�<P1
1 ≤ m ≤ 2M+1 c

ô2,m = ô2M+1+m

(
=

2M+2∑

k=1

εM+2,2M+1+m,kõ0,2,k

)
=

2M+1∑

k=1

εM+1,m,k õ2,k.

�.<?1�i x 5�' w�n c�IK>�IKZA<Py?<?8�23Z\[9cK4�+�-^O I�W(4h4�+JIK4
εM+r,2M+r−1+1,j = (−1)j+1 Of<?1 1 ≤ j ≤ 2M+r WC<PQ0-:2

O�13<PQ i x?w '\v n I�>�eoO�13<PQ 4�+�-�e�-:/.>�;\4�;=<?>j<PO�4�+�-MF�I�Z=23+jQ*IK4�13;\� n '
� g � h���� ����g � �MF�-LI�13-�>�<Y] y?<P;A>�y$4�<$e.-:/�>�-7I�>�<P4�+�-C1��MI�QN-:Z_b�IK23;A2

(vn)2M+R

n=1 = (v1,m)2M+1

m=1 ∪ ((vr,m)2M+r−1

m=1 )Rr=2<?O
E = span(ôn)2M+R

n=1 .
F�-j254rI�154$]&;\4�+

r = 1
I�>�e ]^-z]&;=ZAZ�e�-C/�>�-�i�]^-S238.yPy?-C254NQzI�u9;A>�y@I

g�;=W:4�8�13- n

(v1,n)2M+1

n=1 = ((v1,m,g)
2M−m+1

g=1 )Mm=1 ∪ (v1,M+1,g)2
g=1.F�-E254rI�154�]&;\4�+

m = 1
I�>�etc9b�[�i x 5�' x�n IK>.e*b�[�i x?}?n c9QN<?13-C<C��-C1�b�[N4�+�-Ee�-C/�>�;\4�;=<?>0<?O�4�+�-&F�I�Z=23+

Q*IK4�13;\�_c9Of<?1
1 ≤ g ≤ 2M

i�4rI�u
;=>�yL;=>94�<�I�WCW:<?8�>�4^4�+�-�O IKW:4�4�+JIK4Yc9O�<P1�4�+�-C23-
g
c
εM+1,2(g−1)+1,k =

εM,g,k
O�<?1

1 ≤ k ≤ 2M
n ]^-M23-(4

v1,1,g =
(ô1,2(g−1)+1 + ô1,2g)

21
=

1

2

( 2M+1∑

k=1

εM+1,2(g−1)+1,k õ1,k +
2M+1∑

k=1

εM+1,2g,k õ1,k

)

=
2M+1∑

k=1

εM+1,2(g−1)+1,k + εM+1,2g,k

2
õ1,k=

2M∑

k=1

εM+1,2(g−1)+1,k õ1,k=
2M∑

k=1

εM,g,k õ1,k.

�.<?1
m = 2

]^-�23-(4�I�>JI�Z=<?y?<P8.23Z\[zO�<P1
1 ≤ g ≤ 2M−1 c

v1,2,g =
(ô1,22(g−1)+1 − ô1,22(g−1)+2) + (ô1,22(g−1)+3 − ô1,22g)

22

=
2M+1∑

k=1

(εM+1,22(g−1)+1,k − εM+1,22(g−1)+2,k) + (εM+1,22(g−1)+3,k − εM+1,22g,k)

22
õ1,k

=

2M+2M−1∑

k=2M+1

εM+1,22(g−1)+1,kõ1,k =

2M+2M−1∑

k=2M+1

εM−1,g,k−2M õ1,k.
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¢ <?>�4�;=>98.;=>�y$]^-My?-(4Yc�O�<P1
2 ≤ m ≤M − 1

c
1 ≤ g ≤ 2M−m+1 c

v1,m,g (∈ span(ô1,n)2M+1

n=1 ) =

2M+···+2M−m+1∑

k=2M+···+2M−m+2+1

εM−m+1,g,k−(2M+···+2M−m+2)õ1,k, v1,M,g

=

2M+···+21∑

k=2M+···+22+1

ε1,g,k−(2M+···+22)õ1,k =

2M+1−21∑

k=2M+1−22+1

ε1,g,k−(2M+1−22)õ1,k,

v1,M+1,g =

2M+1∑

k=2M+1−2+1

ε1,g,k−(2M+1−2)õ1,k (∈ span{ô1,n}2
M+1

n=1 ).

� 4E4�+.;=2�g�<?;=>�4�]^-723-(4Yc�Of<?1
1 ≤ m ≤ M

c
wm,1 = v1,m,1

'�/
;=>�W:-
(v1,n)2M+1

n=1

;=2MI0�MI�QN-:Z�b�IK23;A2
<?O

span(ô1,n)2M+1

n=1

cJ4�+�-:13-7-:�
;A254�2
(v∗1,n)2M+1

n=1 ⊂ span(ô∗1,n)2M+1

n=1

238�Wr+q4�+JIK4
(v1,n, v

∗
1,n)2M+1

n=1

;A2
b�;=<?154�+�<?y?<?>JI�Z�'MVa>�g�IK154�;AW:8�ZfI�1�b�[�4�+�-0I�b�<Y�?-0I�>�e�b�[ i x 5
' x�n I�>�e�i x?w ' w?n c_;=4X;=2M-YI�25[q4�<Se�-:e.8�W:-
4�+JIK4

v∗1,1,g = ô∗1,2(g−1)+1 + ô∗1,2g =
1

2M+R−1

2M∑

k=1

εM,g,k õ
∗
1,k

i!23;=>�WC-Lb�[�i x 5�' 3 n 4�+�-7WKIK13e.;=>JI�Z=;\4a[j<PO
supp(õr,k)

;A2
2R−1 O�<P1 1 ≤ r ≤ R

I�>�e
1 ≤ k ≤ 2M+1

n
O�<P1

1 ≤ g ≤ 2M
' � >JI�Z=<?yP<?8�23Z=[�O�<P1

2 ≤ m ≤ M
c�23;=>.W:-

2M−m+12R−1 = 2M+R−m c�O�<?1
1 ≤ g ≤ 2M−m+1 ]^-�+JI:�?-

v∗1,m,g =

∑2M+···+2M−m+1

k=2M+···+2M−m+2+1 εM−m+1,g,k−(2M+···+2M−m+2)õ
∗
1,k

2M+R−m ,

v∗1,M+1,g =
1

2R

2M+1∑

k=2M+1−2+1

ε1,g,k−(2M+1−2)õ
∗
1,k

O�<?1
1 ≤ g ≤ 2.

Va>7g�IK154�;AW:8�ZfI�1hb�[�4�+�-�I�b�<Y�?-�c�b9[zi x?w '\v n I�>�eji x?w ' w�n I�>�e�b�[�4�+�-^e�-C/�>�;\4�;=<?>7<?O�4�+�-�F IKZA23+7Q*IK4�13;\�_c

w1,1 = v1,1,1 =

2M∑

k=1

εM,1,k õ1,k =

2M∑

k=1

õ1,k, w
∗
1,1 =

1

2M+R−1

2M∑

k=1

õ∗1,k

I�>�etc�O�<?1
2 ≤ m ≤M c

wm,1 = v1,m,1 =

2M+···+2M−m+1∑

k=2M+···+2M−m+2+1

εM−m+1,1,k−(2M+···+2M−m+2)õ1,k

=
2M+···+2M−m+1∑

k=2M+···+2M−m+2+1

õ1,k
c
w∗m,1 =

1

2M+R−m

2M+···+2M−m+1∑

k=2M+···+2M−m+2+1

õ∗1,k.

F�-�23-:4
Ê0,1 = Ê′0,1 =

∑M+1
m=1 Ê0,1,m

]&+.-:13-
Ê0,1,m = span{v1,m,g}2

M−m+1

g=2

O�<P1
1 ≤

m ≤ M
c,]&+�;=ZA-

Ê0,1,M+1 = span{v1,M+1,g}2g=1

' p�[ i x?}�n ;\4zO�<?Z=Z=<Y]&2N4�+�IY4
Ê1 = Ê′1 =

span{wm,1}Mm=1 + Ê′0,1
'

�J<?1
r = 2

4�+�-^2UI�QN-^g.13<9WC-:e�8.13-�]^<?13u
2CB�;AO�]^-^13-Cg�ZfI�W:- {õ1,k, õ
∗
1,k}2

M+1

k=1

b�[ {õ2,k, õ
∗
2,k}2

M+1

k=1

c
4�+�-C>S]^-My?-(4
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w1,2 = v2,1,1 =
2M∑

k=1

õ2,k, w∗1,2 =
1

2M+R−1

2M∑

k=1

õ∗2,k,

v2,1,g =

2M∑

k=1

εM,g,kõ2,k, v∗2,1,g =
1

2M+R−1

2M∑

k=1

εM,g,k õ
∗
2,k

O�<P1
2 ≤ g ≤ 2M

'��q<?13-:<Y��-:1Cc.Of<?1
2 ≤ m ≤M c

wm,2 = v2,m,1 =
2M+···+2M−m+1∑

k=2M+···+2M−m+2+1

õ2,k,

w∗m,2 =
1

2M+R−m

2M+···+2M−m+1∑

k=2M+···+2M−m+2+1

õ∗2,k
O�<?1

2 ≤ g ≤ 2M−m+1,

v2,m,g =
2M+···+2M−m+1∑

k=2M+···+2M−m+2+1

εM−m+1,g,k−(2M+···+2M−m+2)õ2,k,

v∗2,m,g =

∑2M+···+2M−m+1

k=2M+···+2M−m+2+1 εM−m+1,g,k−(2M+···+2M−m+2)õ
∗
2,k

2M+R−m ,

v2,M+1,g =

2M+1∑

k=2M+1−2+1

ε1,g,k−(2M+1−2)õ2,k,

v∗2,M+1,g =
1

2R

2M+1∑

k=2M+1−2+1

ε1,g,k−(2M+1−2)õ
∗
2,k

Of<?1
1 ≤ g ≤ 2.

� y9I�;=>N]^-&23-(4
Ê0,2 = Ê′0,2 =

∑M+1
m=1 Ê0,2,m

]&+�-:13-
Ê0,2,m = span{v2,m,g}2

M−m+1

g=2

Of<?1
1 ≤ m

≤M c
]&+�;=Z=-
Ê0,2,M+1 = span{v2,M+1,g}2g=1

'�p�[�i x?}�n c
Ê2 = Ê′2 = span{wm,2}Mm=1 + Ê′0,2

'
e�f��8i ��� ��g � ' ��<Y]�]^-^/��

r
]&;\4�+

3 ≤ r ≤ R ' ¢ <?QNgJI�13-:e74�<E4�+�-^g�13-(��;=<?8�2�4a]^<XW:<?>�254�138.W(4�;=<?>�2Cc4�+�-C13-q;=2SI@e�;=��-:13-:>.W:-?c^23;=>�WC-q>.<C]�4�+�-q�MI�Q0-:Z&bJI�23;=2
(ôr,n)2M+r−1

n=1

<?O
span(ôr,n)2M+r−1

n=1

+JI�2
2M+r−1 > 2M+1 -:Z=-CQN-C>�4�2C�.I�y�I�;=>S]^-M]&;=Z=Z_e�-:/.>�-7I�>�<P4�+�-:1��MI�QN-CZ_bJI�23;=2

(vr,n)2M+r−1

n=1 = ((vr,m,g)
2M+r−1−m
g=1 )Mm=1 ∪ (vr,M+1,g)

2r−1

g=1

<?O
span(ôr,n)2M+r−1

n=1

I�>�e�]^-q]&;=ZAZ&8�23-q4�+�-�-(��g�13-:2323;A<P>�<?O
ôr,n

<?O0i x 5�' w?n c�Of<?1*-KI�WU+
n
]&;\4�+

1 ≤ n ≤ 2M+r−1 '�F�-�254rIK154E]&;\4�+ m = 1
�Jb�[�i x 5�' w�n IK>.e�i xP}�n cJI�>�eqb9[S4�+�-�e�-:/.>�;\4�;=<?>o<?O�4�+.-

F�I�Z=23+jQzIK4�13;\�_c
O�<P1
1 ≤ g ≤ 2M+r−2 ]^-M23-:4

vr,1,g =
1

21
(ôr,2(g−1)+1 + ôr,2g)

=
1

21

( 2M+r∑

j=1

εM+r,2M+r−1+2(g−1)+1,j õ0,r,j +
2M+r∑

j=1

εM+r,2M+r−1+2g,j õ0,r,j

)

=

2M+r∑

j=1

1

21
(εM+r,2M+r−1+2(g−1)+1,j + εM+r,2M+r−1+2g,j)õ0,r,j

=

2M+r−1∑

j=1

εM+r,2M+r−1+2(g−1)+1,j õ0,r,j =

2M+r−1∑

j=1

εM+r−1,2M+r−2+g,j õ0,r,j



����� � ��� ���
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i!b�[o4�+�-7W:<?>�254�138.W(4�;=<?>�<PO�4�+�-LF�I�Z=23+�QzIK4�13;\�_c�IKZ=]�I([�2E4rI�u
;=>�y*;=>�4�<jI�W:WC<P8.>�4E4�+JIK4Yc�O�<?1
1 ≤ g ≤

2M+r−2 I�>�e 1 ≤ j ≤ 2M+r−1 c

εM+r,2M+r−1+2(g−1)+1,j = εM+r−1,2M+r−2+g,j).
¢ <?>�4�;=>98.;=>�y.c�]^-Ny?-(4

vr,m,g
O�<?1

2 ≤ m ≤ M + 1
I�>�e

1 ≤ g ≤ 2M+r−m−1 i!23-C-�4�+.-$Of<?8�154�+
254�-:goOf<?1,4�+�-�g�13-:WC;=23-M-:�
g.13-:2323;=<?> n IK>.ej;A>jgJI�154�;=W:8.ZfI�1

vr,M,g =
2M+r−1+···+2r∑

j=2M+r−1+···+2r+1+1

εr,2r−1+g,j−(2M+r−1+···+2r+1)õ0,r,j

=

2M+r−2r∑

j=2M+r−2r+1+1

εr,2r−1+g,j−(2M+r−2r+1)õ0,r,j
O�<?1

1 ≤ g ≤ 2r−1.

¢ <?>�W:-C13>�;=>�y$4�+�-MO�8�>�W:4�;=<?>JI�Z=2Cc.I�y�I�;=>j]^-M+JI:��-M4�+�-Mb.;=<?154�+�<?yP<?>JI�Zt25[�254�-:Q

(vr,n, v
∗
r,n)2M+r−1

n=1 = ((vr,m,g, v
∗
r,m,g)

2M+r−1−m
g=1 )Mm=1 ∪ (vr,M+1,g, v

∗
r,M+1,g)

2r−1

g=1]&+�-C13-?c.23;A>�W:-Lb�[�i x 5�'=v n 4�+�-LWKIK13e.;=>JI�Z=;\4a[S<?O
supp(õ0,r,j)

;A2
2R−r

O�<?1
1 ≤ r ≤ R

I�>�e
1 ≤ j ≤

2M+r c

v∗r,1,g = ô∗r,2(g−1)+1 + ô∗r,2g =
1

2M+R−1

2M+r−1∑

j=1

εM+r−1,2M+r−2+g,j õ
∗
0,r,j

O�<P1
1 ≤ g ≤ 2M+r−2 ��I�>JI�Z=<?y?<?8�23Z\[�O�<P1 2 ≤ m ≤ M + 1

I�>�e
1 ≤ g ≤ 2M+r−m−1 c�]^-

+JI:��-
v∗r,m,g

i!23-:-�4�+�-NOf<?8�154�+�254�-Cg n 'N�E>�4�+�-$<P4�+�-:1M+JI�>�etct;=O�]^-NW:<?>�23;Ae�-:1M<?>�Z\[q4�+�-N/�13254�gJI�154

(ôr,m)2M+1

m=1

<?O
(ôr,m)2M+r−1

m=1

c�23;=>�WC-0b�[�4�+�-*-:>�e�<PO�i x 5�' w�n c
ôr,m =

∑2M+1

k=1 εM+1,m,k õr,k
O�<?1

1 ≤ m ≤ 2M+1 c�]^-SWYI�> 13-:g�-YIK4�4�+�-S2UI�QN-SW:<?>�254�138�W:4�;=<?>�<?O r = 1, 2
I�>�e <Pb�4rIK;A> I�>�<P4�+�-:1

�MI�QN-CZ_bJI�23;=2
(v′r,m)2M+1

m=1

<?O
span(ôr,m)2M+1

m=1

]&;\4�+

(v′r,nv
′∗
r,n)2M+1

n=1 = ((v′r,m,g, v
′∗
r,m,g)

2M−m+1

g=1 )Mm=1 ∪ (v′r,M+1,g, v
′∗
r,M+1,g)

21

g=1b�;=<?154�+�<?y?<?>JI�Z�'d`�13-:W:;A23-:Z\[9c�Of<?1
1 ≤ g ≤ 2M

c

v′r,1,g =

2M∑

k=1

εM,g,k õr,k, v
′∗
r,1,g =

1

2M+R−1

2M∑

k=1

εM,g,k õ
∗
r,k.

¢ <?>�4�;=>98.;=>�y.c
]^-�y?-(4Yc�Of<?1
2 ≤ m ≤M I�>�e

1 ≤ g ≤ 2M−m+1 c

v′r,m,g =
2M+···+2M−m+1∑

k=2M+···+2M−m+2+1

εM−m+1,g,k−(2M+···+2M−m+2)õr,k,

v′∗r,m,g =
1

2M+R−m

2M+···+2M−m+1∑

k=2M+···+2M−m+2+1

εM−m+1,g,k−(2M+···+2M−m+2)õ
∗
r,k,

v′r,M+1,g =

2M+1∑

k=2M+1−2+1

ε1,g,k−(2M+1−2)õr,k,

v′∗r,M+1,g =
1

2R

2M+1∑

k=2M+1−2+1

ε1,g,k−(2M+1−2)õ
∗
r,k

Of<?1
1 ≤ g ≤ 2

'
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� 4�4�+�;=2�g�<P;A>�4Yc�;=O�]^-�W:<?Q0gJI�13-�]&;=4�+z4�+�-�Of<?8�154�+o254�-:gtc�;=4�;=2�-KIK25[z4�<N23-:-M4�+JIK4

((v′r,m,g, v
′∗
r,m,g)

2M−m+1

g=1 )Mm=1 ∪ (v′r,M+1,g , v
′∗
r,M+1,g)

21

g=1

= ((vr,m,g, v
∗
r,m,g)

2M−m+1

g=1 )Mm=1 ∪ (vr,M+1,g, v
∗
r,M+1,g)

21

g=1.
Va>�e�-C-:etc�Of<?1

2 ≤ m ≤ M
I�>�e

1 ≤ g ≤ 2M−m+1 ctI�>�e�O�<P1 1 ≤ g ≤ 21 ;=O m = M + 1
c�;=Od]^-

8�23- {õr,m}2M+1

m=1

;=>�254�-KIKeo<PO {õ0,r,j}2
M+r

j=1

;=>j4�+�-MWC<P>.254�138�W(4�;=<?>j<?O
vr,m,g

c�]^-�+JI:�?-�-:�.IKW:4�Z\[*4�+�-
e�-C/�>�;\4�;=<?>N<?O

v′r,m,g
' ��<Y]�]^-&23-:4

wm,r = vr,m,1
IK>.e

w∗m,r = v∗r,m,1 = v′∗r,m,1
O�<?1

1 ≤ m ≤MI�>�e
1 ≤ r ≤ R 'F�-MWYI�>qI�Z=23<N13-Cg�ZfI�W:-

((wm,r, w
∗
m,r)

R
r=1)Mm=1

b�[z4�+�-Mb.;=<?154�+�<?yP<?>JI�Zt25[�254�-:Q

((um,r, u
∗
m,r)

R
r=1)Mm=1,

]&+�-C13-?c�Of<?1
1 ≤ r ≤ R c

um,r =
m∑

s=1

ws,r = w1,r +
m∑

s=2

ws,r =
2M∑

k=1

õr,k +
m∑

s=2

2M+···+2M−s+1∑

k=2M+···+2M−s+2+1

õr,k

=

2M+···+2M−m+1∑

k=1

õr,k

O�<P1
1 ≤ m ≤M '�VG4&;=2�-YI�25[z4�<NWU+�-CWUu*4�+JIK4

u∗M,r = w∗M,r =
1

2R

2M+···+21∑

k=2M+···+22+1

õ∗r,k,

u∗m,r = w∗m,r − w∗m+1,r

=
1

2M+R−m ·
2M+···+2M−m+1∑

k=2M+···+2M−m+2+1

õ∗r,k −
1

2M+R−m−1

2M+···+2M−m∑

k=2M+···+2M−m+1+1

õ∗r,k

O�<P1
2 ≤ m ≤ M − 1

c
u∗1,r = w∗1,r − w∗2,r

'¡VG4j;=2j-YI�25[�4�< 23-:-�4�+�IY4
w1,r = u1,r

]&+�;=Z=-
wm,r = um,r − um−1,r

Of<?1
2 ≤ m ≤M '

� h �&i �$f � ��g � �L),+.-z>�-:�94$O�<?13Q78�Z�Io238�QNQzI�13;=�:-C2L4�+�-Se�-:/�>.;\4�;=<?>�2�<?O,4�+.-zQ*I�;=>�g�13-:�
;A<P8.2�23-:�
698�-:>.W:-:2CB
i x�{?n Of<?1�-KIKWr+

r
]&;\4�+

1 ≤ r ≤ R ]^-M+JI:��-

w1,r =

2M∑

k=1

εM,1,k õr,k =

2M+r−1∑

j=1

εM+r−1,2M+r−2+1,j õ0,r,j

]&;\4�+

w∗1,r =
1

2M+R−1

2M+r−1∑

j=1

εM+r−1,2M+r−2+1,j õ
∗
0,r,j =

1

2M+R−1

2M∑

k=1

õ∗r,k,

QN<?13-:<Y��-:1Cc�O�<P1
2 ≤ g ≤ 2M+r−2 (2M

;=O
r = 1)

c

vr,1,g =

2M+r−1∑

j=1

εM+r−1,2M+r−2+g,j õ0,r,j
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i
=
∑2M

j=1 εM,g,j õ0,1,j
;=O
r = 1

cJI�>�e
=
∑2M

k=1 εM,g,k õr,k
O�<P1

2 ≤ g ≤ 2M
n ]&;\4�+

v∗r,1,g =

∑2M+r−1

j=1 εM+r−1,2M+r−2+g,j õ
∗
0,r,j

2M+R−1

(=
∑2M

j=1 εM,g,j õ
∗
0,1,j/2

M+R−1 ;=O r = 1
c�I�>�e

=
∑2M

k=1 εM,g,k õ
∗
r,k/2

M+R−1 O�<?1 2 ≤ g ≤
2M )

�
]&+.;=Z=-?c�O�<?1
2 ≤ m ≤M,

wm,r =

2M+···+2M−m+1∑

k=2M+···+2M−m+2+1

õr,k

=

2M+r−1+···+2M+r−m∑

j=2M+r−1+···+2M+r−m+1+1

εM+r−m,2M+r−m−1+1,j−(2M+r−1+···+2M+r−m+1)õ0,r,j

]&;\4�+

w∗m,r =
2M+r−1+···+2M+r−m∑

j=2M+r−1+···+2M+r−m+1+1

εM+r−m,2M+r−m−1+1,j−(2M+r−1+···+2M+r−m+1)õ
∗
0,r,j

2M+R−m

=
1

2M+R−m

2M+···+2M−m+1∑

k=2M+···+2M−m+2+1

õ∗r,k,

QN<?13-:<Y��-:1Cc�O�<P1
2 ≤ g ≤ 2M+r−m−1 (2M+1−m ;AO

r = 1)
c

vr,m,g

=

2M+r−1+···+2M+r−m∑

j=2M+r−1+···+2M+r−m+1+1

εM+r−m,2M+r−m−1+g,j−(2M+r−1+···+2M+r−m+1)õ0,r,j

i�I�Z=23<
=
∑2M+···+2M−m+1

k=2M+···+2M−m+2+1 εM−m+1,g,k−(2M+···+2M−m+2)õr,k
O�<?1

2≤ g≤ 2M−m+1)]&;\4�+

v∗r,m,g

=

∑2M+r−1+···+2M+r−m

j=2M+r−1+···+2M+r−m+1+1 εM+r−m,2M+r−m−1+g,j−(2M+r−1+···+2M+r−m+1)õ
∗
0,r,j

2M+R−m

(= 1
2M+R−m

∑2M+···+2M−m+1

k=2M+···+2M−m+2+2 εM−m+1,g,k−(2M+···+2M−m+2)õ
∗
r,k

O�<?1
2 ≤ g ≤

2M−m+1)
��/.>JI�Z=Z\[

vr,M+1,g =

2M+r∑

j=2M+r−2r+1

εr,2r−1+g,j−(2M+r−2r)õ0,r,j

]&;\4�+

v∗r,M+1,g =
1

2R

2M+r∑

j=2M+r−2r+1

εr,2r−1+g,j−(2M+r−2r)õ
∗
0,r,j

Of<?1
1 ≤ g ≤ 2r−1 i x ;=O r = 1)

i�I�Z=23<
vr,M+1,g =

∑2M+1

k=2M+1−2+1 ε1,g,k−(2M+1−2)õr,k
O�<?1

1 ≤ g ≤ 2)
'



� � �������	�
����	�

� � � ��f � ��g � �L),+.-M>�-:�94&Of<?13Q�8�ZfI�23+�-:e.2�Q0<P13-�Z=;=y?+�4�<?>j4�+�-Mg�13-CW:-Ce�;=>�y$254�-Cg�27i!23-:-0i x�{?n3n B
i x � '\v n

((wm,r, w
∗
m,r)

R
r=1)Mm=1 ∪ ((v1,m,g, v

∗
1,m,g)

2M+1−m
g=2 )Mm=1 ∪ (v1,M+1,g, v

∗
1,M+1,g)21

g=1 ∪
(((vr,m,g, v

∗
r,m,g)

2M+r−1−m
g=2 )Mm=1 ∪ (vr,M+1,g , v

∗
r,M+1,g)

2r−1

g=1 )Rr=2

;=2,b�;=<?154�+�<?y?<?>JI�Z�]&;\4�+

span(wm,1 ∪ (v1,m,g)
2M+1−m
g=2 )Mm=1 = Ê1

I�>�e
span(wm,r ∪ (vr,m,g)

2M+r−1−m
g=2 )Mm=1 =

Êr
O�<?1

2 ≤ r ≤ R;
i x � ' x�n ]^-$23-:4

Ê0 =
∑R
r=1 Ê0,r =

∑M+1
m=1 Ẽ0,m, Ê0,r =

∑M+1
m=1 Ê0,r,m

Of<?1
1 ≤ r ≤ R

I�>�e�c
O�<?1

1 ≤ m ≤M + 1, Ẽ0,m =
∑R

r=1 Ê0,r,m
]&+�-:13-

Ê0,1,m = span{v1,m,g}2
M+1−m
g=2

O�<?1

1 ≤ m ≤ M
I�>�e

Ê0,1,M+1 = span{v1,M+1,g}2
1

g=2

c�]&+�;=ZA-?c�Of<?1
2 ≤ r ≤ R, Ê0,r,m =

span{vr,m,g}2
M+r−1−m
g=2

O�<?1
1 ≤ m ≤M I�>�e

Ê0,r,M+1 = span{vr,M+1,g}2
r−1

g=1 ;
+.-:>�WC-?c

O�<?1
1 ≤ r ≤ R, Êr = Ê0,r + Wr

]&;=4�+
Wr = span{wm,r}Mm=1

�EQN<?13-C<C��-C1
Ê =

Ê0 +W
]&;\4�+

W =
∑R
r=1Wr, Ê0 = Ê ∩ {∩Rr=1 ∩Mm=1 w

∗
(m,r)⊥}

�
Ê = Ê′ + Ê′′

]&;\4�+

Ê′ = W +

R∑

r=1

( M∑

m=1

span{vr,m,g}2
M+1−m
g=2 + span{vr,M+1,g}2

1

g=1

)

=
R∑

r=1

span{ôr,m}2
M+1

m=1

I�>�e

Ê′′ =

R∑

r=3

span{ôr,m}2
M+r−1

m=2M+1+1

=
R∑

r=3

( M∑

m=1

span{vr,m,g}2
M+r−1−m

g=2M+1−m+1 + span{vr,M+1,g}2
r−1

g=21+1

)
;

4�+�-C>

Ê0 =

R∑

r=1

( M∑

m=1

span{vr,m,g}2
M+1−m
g=2 + span{vr,M+1,g}2

1

g=1

)
+ Ê′′;

i x � ' w�n
((um,r, u

∗
m,r)

R
r=1)Mm=1

;=2�b.;=<?154�+�<?yP<?>JI�Z_]&;\4�+

um,r =

m∑

s=1

ws,r =

2M+···+2M−m+1∑

k=1

õr,k
O�<?1

1 ≤ m ≤M I�>�e
1 ≤ r ≤ R �

u∗M,r = w∗M,r =
1

2R

2M+···+21∑

k=2M+···+22+1

õ∗r,k
Of<?1

1 ≤ r ≤ R,

O�<?1
2 ≤ m ≤M − 1,

u∗m,r = w∗m,r −w∗m+1,r =

∑2M+···+2M−m+1

k=2M+···+2M−m+2+1 õ
∗
r,k − 2

∑2M+···+2M−m

k=2M+···+2M−m+1+1 õ
∗
r,k

2M+R−m
I�>�e

u∗1,r = w∗1,r − w∗2,r =

∑2M

k=1 õ
∗
r,k − 2

∑2M+2M−1

k=2M+1 õ∗r,k
2M+R−1

;

w1,r = u1,r
]&+�;=Z=-

wm,r = um,r − um−1,r
Of<?1

2 ≤ m ≤M ;
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i x � ' 3 n O�<?1M-YI�Wr+@/���-:e
r
]&;\4�+

1 ≤ r ≤ R
c

supp(vr,1,g) = {t}2M+R−1

t=1

Of<?1
1 ≤ g ≤ 2M+r−2

(1 ≤ g ≤ 2M
;=O
r = 1)

c�]&+.;=Z=-XO�<?1
2 ≤ m ≤M,

supp(vr,m,g) = {t}2M+R−1+···+2M+R−m

t=2M+R−1+···+2M+R−m+1+1

O�<?1
1 ≤ g ≤ 2M+r−1−m (1 ≤ g ≤ 2M+1−m ;=O

r = 1)
��4�+�-:13-COf<?13-z;\4�O�<?Z=Z=<Y]&2L4�+JIK4Yc

O�<?17IK>9[
m, m′,m′′, r, r′, r′′

]&;\4�+
1 ≤ m,m′ 6= m′′ ≤ M

I�>�e
1 ≤ r, r′ 6= r′′ ≤ R

c
supp(wm′,r)∩ supp(wm′′,r) = ∅ ]&+�;=Z=- supp(wm,r′) = supp(wm,r′′)

]&;\4�+0WYI�13e�;=>JI�Z=;=4a[
= 2M+R−m '

�.<?1,i x � ' 3 n ]^-�13-CWYI�Z=Z�4�+JIK4dOf<?1
2 ≤ m ≤M cPb�[zi x 5
'=v n I�>�eji x�{?n c

supp(vr,1,g) = {t}2M+r−12R−r
t=1

= {t}2M+R−1

t=1

c�]&+�;=Z=-�c�Of<?1
2 ≤ m ≤M c

supp(vr,1,g) = {t}2M+r−12R−r
t=1 = {t}2M+R−1

t=1 ,

supp(vr,m,g) = {t}(2
M+r−1+···+2M+r−m)2R−r

t=(2M+r−1+···+2M+r−m+1)2R−r+1
= (t)2M+R−1+···+2M+R−m

t=2M+R−1+···+2M+R−m+1+1
.

� ��� ��f � ��g � �Lp�[S4�+�-Lg.13-(��;=<?8�2&O�<?13Q78�ZfI$O�<?1&-YI�Wr+q23-Y6�8.-:>�WC-
((am,r)

R
r=1)Mm=1

<?Oh>
8�Q7b�-C132&]^-
;=>�O�-:1,4�+JIK47i!23-:-M4�+�-Mb�-Cy?;=>�>�;=>.y�<?O�4�+�-M23-CW:<?>�e�I�>�ej4�+�;=13ej254�-:g�2 n
i x?l�n ;=O

(ô0,1,n)2M+R−1

n=1

;=2�4�+�-�23-C698�-:>.W:-�e�-C13;\��-:eLOf13<?Q
(on)2M+R−1

n=1

b�[LQN-YI�>�2h<?O
4�+.-�F�I�Z=23+LQzIK�
4�13;\�qI�>�e

(ô0,m,n)2M+R−m
n=1

4�+.-L23-C698�-C>�W:-Le.-:13;\��-:eqO�13<?Q
(o0,m,n)2M+R−m

n=1

O�<?1
2≤m≤M c

4�+�-:>

(v1,1,g)
2M

g=1 ∪ ((vs,1,g)
2M+s−2

g=1 )Rs=2 = (ô0,1,n)2M+R−1

n=1

I�>�e

(v1,m,g)
2M+1−m
g=1 ∪ ((vs,m,g)

2M+s−m−1

g=1 )Rs=2 = (ô0,m,n)2M+R−m
n=1

Of<?1
2 ≤ m ≤M '

Va>�e�-C-:etc�;\4M;=2M238��NW:;A-:>�4M4�<jW:<?>�23;=e�-C1M<P>.Z\[q4�+�-$WKIK23-N<?O
m = 1

c�23;=>�W:-$O�<P1X4�+�-N<�4�+.-:1MWYI�23-:2M4�+�-
13-YI�23<?>�;=>.yq;=2�-:�.IKW:4�Z\[�4�+�-*2UIKQ0-?'j�q<?13-:<Y��-:17;=>@]&+JIK47O�<PZAZ=<Y]&2M]^-*8�23-�i x 5�'=v n I�>�e�i x 5�' x�n I�>�e
i x � ' 3 n �?]^-&254rI�154�O�13<?Q 4�+�-&-(��g�13-C2323;=<?>�2�<?O

(ôn)2M+R

n=1

<PO�i x?}�n c�<?O
(v1,n)2M+1

n=1

<?O�4�+.-�23-CW:<?>�e0254�-:g
I�>�etcKO�<P1

2 ≤ r ≤ R cK<?O94�+�- (vr,n)2M+r−1

n=1

<?O
4�+�-�23-CW:<?>�e�IK>.eM4�+�;A13e�254�-:g�2CcK]&+�-:13-
(vr,n)2M+r−1

n=1

;A2
I&�MI�QN-CZ9b�IK23;A2h<?O

span(ôr,m)2M+r−1

m=1 = span(ôn)2M+r

n=2M+r−1+1

'd),+�-:13-COf<?13-^>�<Y] i!O�<?1
m = 1

n ]^-
W:<?>�23;Ae�-:1^<?>�Z=[

(v1,1,g)
2M

g=1 ∪ ((vr,1,g)
2M+r−2

g=1 )Rr=2

I�>�ez]^-Xu
>�<Y]�4�+JIK4^4�+�-C23-�23-Y6�8.-:>�WC-:2^WC<P>.W:-:13>
<?>�Z\[�4�+.-N/�132547gJI�154

(on)2M+R−1

n=1

<?O
(on)2M+R

n=1

'*�q<?13-:<Y��-:1�]^-Ne�-C>�<P4�-Nb�[
(ô0,1,n)2M+R−1

n=1

4�+�-
23-C698�-C>�W:-Ee�-:13;\��-Ce0Of13<?Q

(on)2M+R−1

n=1

b�[$Q0-YI�>�2�<PO�4�+�-�F�I�Z=23+0QzIK4�13;\�_'h),+�-:>0]^-&u
>�<Y]�b�[�i x?{?n
I�>�e�i x 5
'=v n 4�+JIK4Yc�Of<?1

1 ≤ g ≤ 2M
c

v1,1,g =
2M∑

k=1

εM,g,k õ1,k =
2M∑

j=1

εM,g,j õ0,1,j =
2M∑

j=1

εM,g,j

j.2R−1∑

t=(j−1)2R−1+1

ot,

v2,1,g =
2M∑

k=1

εM,g,k õ2,k =
2M+1∑

j=1

εM+1,2M+g,j õ0,2,j =
2M+1∑

j=1

εM+1,2M+g,j

j.2R−2∑

t=(j−1)2R−2+1

ot;

+�-C>�W:-7IKZA23<
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v1,1,g =

2M∑

j=1

εM,g,j

j.2R−1∑

t=(j−1)2R−1+1

ot

=
2M∑

j=1

εM,g,j

( (2(j−1)+1)2R−2∑

t=((2(j−1)+1)−1)2R−2+1

ot +

2j.2R−2∑

t=(2j−1)2R−2+1

ot

)

=
2M∑

j=1

εM,g,j(õ0,2,2j−1 + õ0,2,2j)

]&+�;=ZA-Si!23-:-74�+.-�g�13<
<PO�<PO�i x 5�' x�n3n
v2,1,g =

∑2M

j=1 εM,g,j(õ0,2,2j−1 − õ0,2,2j)
'M��-:>�WC-�;\4X;=2X-YI�25[

4�<N23-:-M4�+JIK4

(v1,1,g)
2M

g=1 ∪ (v2,1,g)
2M

g=1 =
( 2M+1∑

j=1

εM+1,g,j õ0,2,j

)2M+1

g=1
= (ô0,1,n)2M+1

n=1 .

��<Y] /��
r
]&;\4�+

3 ≤ r ≤ R I�>�eo238�g�g�<?23-M]^-�+JI:��-7I�Z=13-YI�e�[z�?-C13;=/�-Cez4�+JIK4

(v1,1,g)
2M

g=1 ∪ ((vs,1,g)
2M+s−2

g=1 )r−1
s=2 = (ô0,1,n)2M+r−2

n=1 .
p�[�i x 5�'\v n O�<?1

r′ = r − 1
I�>�e

r′′ = r
ch23;=>�WC-

2M+R−1/2M+r−2 = 2R−(r−1) cdOf<?1 1 ≤ g ≤
2M+r−2 ]^-M+JI:��-

ô0,1,g =
2M+r−2∑

j=1

εM+r−2,g,j õ0,r−1,j =
2M+r−2∑

j=1

εM+r−2,g,j

21∑

l=1

õ0,r,(j−1)21+l

=

2M+r−2∑

j=1

εM+r−2,g,j(õ0,r,(j−1)21+1 + õ0,r,j21),

]&+�;=ZA-?c�b�[z4�+�-�2UIKQ0-Mg�13<
WC-:e�8�13-�c
]^-�u
>�<Y] i!b�[@i x�{?n3n 4�+JIK4

vr,1,g =
2M+r−1∑

j=1

εM+r−1,2M+r−2+g,j õ0,r,j =
2M+r−2∑

j=1

εM+r−2,g,j(õ0,r,(j−1)21+1 − õ0,r,j21)
'

��-:>.W:-?c�g�13<
W:-C-:e�;A>�y0I�2EI�b�<Y�?-M]^-�y?-(4

(v1,1,g)
2M

g=1 ∪ ((vs,1,g)
2M+s−1

g=1 )rs=2 = (ô0,1,n)2M+r−1

n=1I�>�eo23<N<?>t'�),+�;A2�ZfI�254�254�-:goWC<PQ0g�Z=-:4�-:2 ¢ <?>�254�138�W(4�;A<P>jVr'
e�f&g�hEijgck � ib/
g�-:WC;fI�Zt23-C698�-C>�W:-C2&;=>o23g�IKWC-:2E<?Od;=>�/�>�;=4�-�W:<P4a[�g�- n � ��":�

((wm,r, w
∗
m,r)

R
r=1)Mm=1

c

((um,r, u
∗
m,r)

R
r=1)Mm=1

ZdO�W
Ê0

aU",�! �" a�P����(�! ���r9�dO$ZMQ<V	SMVU�G"(� V ZdO�WX�! �" VU%�aRVsU�Z�[�"�i�� n
Ê = l2

M+R

∞
n

� n����dOcVr�!�r%�[(��P��dO mLi!23-:-L;=>ogJI�154�;=W:8.ZfI�1Li x ��n3n ' ��":�
((am,r)

R
r=1)Mm=1

a�" Z6V:"�X(%."RO�[U"$� n]O�%�� aU"(��V
ZdO�W V:":�

R = 2R̃
ZdO�W

M = 2M̃ $
�  �"RO��! �" n(�MQ8Q\�d^>PAO r\UJ����U�"(�(��P�"�VX ��MQ W�B

i w )�'\v n n:���j"	Z�[r 6NEq9"�W
r
^>P!�! 

1 ≤ r ≤ M
c�^�"S IZdY�"

um,r =
∑m
s=1 ws,r

n:���
1 ≤ m ≤ M,

u∗M,r = w∗M,r

^� �P�Q\"
u∗m,r = w∗m,r − w∗m+1,r

n:���
1 ≤ m ≤ M − 1, w1,r = u1,r

^� �PAQ\"
wm,r = um,r − um−1,r

n:���
2 ≤ m ≤M ;

i w )�' x�n ‖wm,r‖ = ‖w∗m,r‖ = ‖um,r‖ = 1
n(���

1 ≤ r ≤ R ZdO$W
1 ≤ m ≤M i�P8O UcZ��(��Ps[r%cQ Z���cJn:���

"	Z�[( +N?q�"	W
r
^>P!�! 

1 ≤ r ≤ R, ‖∑m
s=1 ws,r‖ = 1

n:���
1 ≤ m ≤ M, ‖u∗M,r‖ = 1

ZdO$W

‖u∗m,r‖ = 2
n(���

1 ≤ m ≤M − 1)
�



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � � !

i w )�' w�n ∥∥∥
M∑

m=1

R∑

r=1

am,rwm,r

∥∥∥ = max
(∥∥∥

R∑

r=1

am,rwm,r

∥∥∥ : 1 ≤ m ≤M
)
,

∥∥∥
M∑

m=1

R∑

r=1

am,rwm,r + Ê0

∥∥∥ = max
(∥∥∥

R∑

r=1

am,rwm,r + Ê0

∥∥∥ : 1 ≤ m ≤M
)

= max
(∥∥∥

R∑

r=1

am,rwm,r + Ê0,m

∥∥∥ : 1 ≤ m ≤M
)

;

i w )�' 3 n
((wm,r + Ê0)Rr=1)Mm=1

PAV
1 "
%IO$[U�dO�WdP!��P �dO�ZMQ ZdO�W:PAO UcZ��(��PL[(%IQ Z��

(wm,r + Ê0)Rr=1

PAV�PAO
"WdPAV_[�"(��O�PLa_Q\" n:���

1 ≤ m ≤M c��0����"U�dYP"r�

Ê0 = Ê ∩
R⋂

r=1

M⋂

m=1

w∗(m,r)⊥ = Ê ∩
R⋂

r=1

M⋂

m=1

u∗(m,r)⊥;

i w )�' }�n n:���E"	Z�[( 
ε > 0

c$P n
R̃ ≥ R̃(M̃, ε) = 2 log2 (22M̃

√
22M̃+1/ε),

�! �"�O n:���E"	Z�[r 
x ∈ E ^>P��! 

‖x‖ = 1
�! �"r�U"�"	qdPAVU��V�ZdO PAO�W�"�q

r
^>P!�! 

1 ≤ r ≤ 2R̃
V�%�[r j�! IZP� ∑2M̃

m=1 |w∗m,r(x)| < ε $

�^���Y� n
$
i w )�'=v n W:<?QN-C2�Of13<?Q i x � '\v n I�>�e�i x � ' w�n '

i w )�' x?n Of<?Z=ZA<C]&20Of13<?Q i w )�'=v n cXi x 5�' 3 n cXi x � '\v n I�>�e i x � ' w?n 23;A>�W:- {o∗n}2M+R

n=1

;=2N4�+.-o>JIK4�8�1UI�Z
bJI�23;=20<PO

E = l2
M+R

1

�,+�-C>�W:-�c�O�<?1
1 ≤ r ≤ R

c ‖õ∗0,r,j‖ = 2R−r
Of<?1

1 ≤ j ≤ 2M+r c^I�>�e
‖õ∗r,k‖ = 2R−1 O�<?1 1 ≤ k ≤ 2M+1 cP;=>�gJI�154�;=W:8�Z�IK1hb�[Si x � ' w�n ;\4�I�Z=23<�O�<?Z=Z=<Y]&2�4�+JIK4Yc�O�<?1 1 ≤ r ≤ RI�>�e

1 ≤ m ≤M − 1
c

‖u∗m,r‖ =
2M−m+1 + 2.2M−m

2M+R−m 2R−1 = 2.

i w )�' w?n WC<?QN-:2�Of13<?Q�i x?{?n cti x � ' x�n I�>�e�i x � ' 3 n '
i w )�' 3 n W:<?QN-C2tOf13<?Q i w )�' w?n cYO�13<PQ 4�+�-�-C>�e�<?O_i x � ' x�n c�I�>�e�O�13<?QH4�+.-�O!I�W:4t4�+JIK4YcCb9[M`�13<Pg�<P23;=4�;=<?>

{ i!;=; n IK>.e�b�[ i x?l�n c�Of<?1
1 ≤ m ≤ M

c
(wm,r + Ê0)Rr=1 = (wm,r + Ẽ0,m)Rr=1

;=2X;=>�e�;=23WC-:13>�;Ab�Z=-
I�>�e

1
��8�>�W:<?>�e.;\4�;=<?>JI�Z�'

F�-�>�<Y] g�13<Y�?-�i w )�' }?n ' p�[¡i x � ' x�n I�>�e b�[¡i x?w ' }�n <?O �&-CQ*I�13u 5�cMO�<P1�-YI�Wr+ 23-C698�-C>�W:-

((br,m)22M̃+1

m=1 )2R̃

r=1

<?O�>
8�Q7b�-C132Cc

∥∥∥
2R̃∑

r=1

22M̃+1∑

m=1

br,môr,m + Ê′′
∥∥∥ ≥

( 2R̃∑

r=1

22M̃+1∑

m=1

|br,m|
)
/
√

2R̃22M̃+1
'

��-:>.W:-M;=>j<?8�1&WYI�23-?c�;=O
x ∈ Ê ]&;\4�+ ‖x‖ = 1

]^-�+JI:��-

1 = ‖x‖ ≥ ‖x+ Ê′′‖ =
∥∥∥

2R̃∑

r=1

22M̃+1∑

m=1

ô∗r,m(x)ôr,m + Ê′′
∥∥∥

≥
( 2R̃∑

r=1

22M̃+1∑

m=1

|ô∗r,m(x)|
)
/
√

2R̃22M̃+1.
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����	�

),+98�2&4�+�-:13-M;=2
r
]&;\4�+

1 ≤ r ≤ 2R̃
23<$4�+JIK4

22M̃+1∑

m=1

|ô∗r,m(x)| ≤
∑2R̃

r=1

∑22M̃+1

m=1 |ô∗r,m(x)|
2R̃

=

√
22M̃+1

√
2R̃

∑2R̃

r=1

∑22M̃+1

m=1 |ô∗r,m(x)|√
2R̃22M̃+1

.

),+�-C13-:O�<P13-

(31)

22M̃+1∑

m=1

|ô∗r,m(x)| ≤
√

22M̃+1/
√

2R̃.

��-:>.W:-?c�23;=>�WC-Mb�[@i w )�' x�n c ‖w∗m,r‖ = 1
Of<?1

1 ≤ m ≤ 2M̃
I�>�eoQ0<P13-C<Y�?-C1

Ê0 = Ê ∩
R⋂

r=1

M⋂

m=1

w∗(m,r)⊥

b�[�i w )�' 3 n c�Q0<?13-:<Y��-:1&b�[S4�+�-�ZfI�254&13-:Z�IY4�;A<P>.2�<PO�i x � ' x�n I�>�e�i xPx�n c�/.>JI�Z=Z\[Sb�[�i w v n c�]^-�+�I(��-*i�]^-
13-:WKI�Z=Z�4�+JIK4

span(wm,r)
2M̃

m=1 + span(((vr,m,g)
22M̃+1−m
g=2 )2M̃

m=1 ∪ (v
r,2M̃+1,g

)21

g=1) = span(ôr,m)22M̃+1

m=1

b�[S4�+�-M23-:W:<?>�eogJI�154&<?O�4�+�-X4�+�;A13ej254�-:g n

2M̃∑

m=1

|w∗m,r(x)| ≤ 2M̃ max(|w∗m,r(x)| : 1 ≤ m ≤ 2M̃ )

≤ 2M̃
∥∥∥

2M̃∑

m=1

w∗m,r(x)wm,r +

R∑

r(6=r)=1

span(wm,r)
22M̃

m=1 + Ê0

∥∥∥

≤ 2M̃
∥∥∥

2M̃∑

m=1

w∗m,r(x)wm,r +
2M̃∑

m=1

22M̃+1−m∑

g=2

v∗r,m,g(x)vr,m,g

+

21∑

g=1

v∗
r,2M̃+1,g

(x)v
r,2M̃+1,g

+

R∑

r(6=r)=1

( 2M̃∑

m=1

span{vr,m,g}2
M+1−m
g=1 + span{vr,M+1,g}2

1

g=1

)
+ Ê′′

∥∥∥

= 2M̃
∥∥∥

22M̃+1∑

m=1

ô∗r,m(x)ôr,m

+
R∑

r(6=r)=1

( 2M̃∑

m=1

span{vr,m,g}2
M+1−m
g=2 + span{vr,M+1,g}2

1

g=1

)
+ Ê′′

∥∥∥

≤ 2M̃
∥∥∥

22M̃+1∑

m=1

ô∗r,m(x)ôr,m + Ê′′
∥∥∥ ≤ 2M̃

22M̃+1∑

m=1

|ô∗r,m(x)| ≤ 2M̃

√
22M̃+1

√
2R̃

.
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	���������G�����������G�����������o����� �	����� � � �����G� � � �

��-:>.W:-?c�;A>j<?13e�-:1,4�<N+JI:��-*i w )�' }�n c
]^-�WYI�>j23-:4
R ≥ R(N, ε)

23<$4�+�IY4

2M̃
√

22M̃+1/
√

2R(N,ε) = ε,
4�+�-:>

R(N, ε) = 2 log2(2M̃
√

22M̃+1/ε).
),+�;=2�WC<?QNg�Z=-:4�-:2^4�+�-�g�13<
<POh<?Oh),+.-:<?13-:Q � '

7��+*���� ��=?�@%G) %G,(C�=EB #s!$,d C ..��KL�@% � C$=&D %('&) � C�K�BG'2 Cc%(,d��� ��=
ln1
� ),+.-�>.-(�
4SZ=-:Q0Q*I

W:<?>�WC-:13>�2L4�+�-*O�<PZAZ=<Y]&;=>�yq698�-:254�;=<?>t'jVaO {e′n}2
Q

n=1

;=2L4�+�-*>JIK4�8�1UI�Z�bJI�23;=27<?O
l2
Q

1

c�;=O
e1 = e′1

I�>�e
en = e′n − e′n−1

O�<P1
2 ≤ n ≤ 2Q

c,QN<?13-:<Y��-:10;=O
w
;A2zI�>�<P4�+�-C10-:Z=-CQN-:>94N]&;\4�+ ‖w + e‖ ≥

max(‖w‖, ‖e‖/2)
O�<?1E-YI�WU+

e ∈ span{e′n}2
Q

n=1

cJ/�>JI�Z=Z\[j;=O {an}2Qn=1

;=2XIN23-C698�-C>�W:-L<?Od>98�Q�b�-:132Cc
e�<
-:2z4�+�-:13-�-:�
;A254jI�g�-:13Q�8�4rIK4�;=<?>

(π(n))2Q

n=1

<?O {n}2Qn=1

238�WU+�4�+JIK4
(‖∑q

n=1 aπ(n)(eπ(n) +

w)‖)2Q

q=1

b�-CW:<?QN-C2
(1, 0)

��QN<?>�<P4�<?>�-�R
� g�k k � l i!`�I�154�;=WC8�ZfI�1�23-Y698�-:>�WC-:2X;A>

ln1
n ����"(� {e′n}2Qn=1

aU"N�! �" O$ZP�!%���ZMQ a	ZdV	PAV$� n
l2
Q

1

ZdO�W:V:":�
e1 = e′1

ZdO�W
en = e′n− e′n−1

n(���
2 ≤ n ≤ 2Q $

�  �"�O]n:���M"	Z�[( V("	X(%."RO�[�" {an}2Qn=1

� n O�%�� aU"(��V
�! �"(��"�"	qdPAVr��V\Z�U�"(�r�$%��bZP��P��dO {π(n)}2Qn=1

� n {n}2Qn=1

V�%�[r j�! IZP�(B
i w?x '\v n

(|∑q
n=1 aπ(n)|)2Q

q=1

PAV
(1, 0) "

�*�dO��P�G�dO�"��
i w?x ' x�n

(‖∑q
n=1 aπ(n)eπ(n)‖)2Q

q=1

PAV
(0, 0) "

�*�dO��P�G�dO�"
$

�^���Y� n
$
F�-Mg�<P;A>�4&<?8�4�4�+JIK4

(33.1)
∥∥∥

2Q∑

n=1

anen

∥∥∥ =
2Q−1∑

n=1

|an − an+1|+ |a2Q |

i!+�-C>�W:-
(‖∑q

n=1 anen‖)2Q

q=1

;=2
(0, 0)

��Q0<P>.<�4�<?>�- n 'hF�-M23-:4

(33.2) A =

2Q∑

n=1

an
I�>�e

a = max{|an| : 1 ≤ n ≤ 2Q} '

F�-7WYI�>�238�g�g�<?23-
A ≥ 0

i!;=O
A < 0

4�+�-7g�13<
W:-:e.8�13-7e�<
-:2E>.<�4XWr+JI�>�y?- n '�F�-L23-:4
π(1) = 1

I�>�e
]^-7g.13<9WC-:-Ce�b�[q;A>�e�8�W:4�;=<?>tc.4�+�IY4X;A2CcJ]^-�/���I0g�<?23;\4�;\��-L;=>�4�-Cy?-:1

m
]&;\4�+

1 ≤ m ≤ 2Q − 1
IK>.e

]^-M238.g�g�<?23-M4�+�IY4
i w 3.'\v n {n}2Qn=1 = {s(n)}mn=1 ∪{r(n)}2Q−mn=1

I�>�e {π(n)}mn=1

;=2�I�g�-:13Q�8�4rIK4�;=<?>0<?O {s(n)}mn=1;
i w 3.' x�n −a ≤∑p

n=1 aπ(n) ≤ a
Of<?1

1 ≤ p ≤ m;
i w 3.' w�n

(‖∑q
n=1 aπ(n)eπ(n)‖)mq=1

;=2
(0, 0)

��QN<?>�<P4�<?>�-�'
),+�-C>S]^-�+JI:��-X4�+�13-C-Mg�<?2323;=b�;AZ=;\4�;=-C2CB

i!V n −a ≤ ∑m
n=1 aπ(n) + ar(1) ≤ a

'�Va>�4�+�;=27WYI�23-z]^-*23-:4
π(m + 1) = r(1)

I�>�e�+�-C>�W:-
i w 3.' x�n WC<?>�4�;=>98�-C2N4�<@+�<?Z=e�Of<?1

m
13-Cg�ZfI�W:-Ce b�[

m + 1
' ��<C]£]^-j��-:13;AOA[ i w 3�' w�n ' F�-o>�<P4�;=WC-

4�+JIK4
r(1)− 1 = π(m+ 1)− 1 ∈ {π(n)}mn=1

i!b�[@i w 3.'\v n 23;=>�W:- {r(n)}2Q−mn=1

;=2EI7238�b�23-Y6�8.-:>�WC-
<?O {n}2Qn=1

IKWCW:<?13e�;=>.y*4�<*4�+.-�>JIK4�8�1UI�Zd<?13e�-:1Cc_+�-:>.W:-
r(1)

;=2�4�+�-$/�13254M;=>.e�-(��I�W:WC<P13e.;=>�y*4�<z4�+�-
>JIK4�8�1UI�Z�<P13e.-:1�238�Wr+*4�+JIK4

r(1) /∈ {π(n)}mn=1

n c�4�+JIK4�;A2Cc�4�+�-:13-�;=2
n′
]&;\4�+

1 ≤ n′ ≤ m 238�Wr+*4�+JIK4
π(n′) = r(1)− 1 = π(m+ 1)− 1

'�),+�-�;=>�e�-:�
π(m+ 1) + 1

WYI�>jb�-CZ=<?>�y�4�< {π(n)}mn=1

<?>�Z\[
;=Ot4�+�-M23;=y?>S<?O

aπ(m+1)+1
;=2,<?g�g�<?23;\4�-X4�<74�+�-M23;=y?>S<?O

aπ(m+1)
i!b�-CWYI�8�23-?c.I�2,]^-�]&;AZ=Z�23-:-Xb�-:434�-:1

;=>�i!V3V n I�>�e�i!V3V3V n c�]&+�-C>�]^-N>�-C-:e@23<PQ0-
an

Of<?1�-(�.I�QNg�Z=-$g�<?23;\4�;\��-�c�]^-�]&;AZ=Zdg�;=WUu�8�g�4�+.-$/.13254
O�13-:-M;A>�e�-(�

n′′
238�WU+o4�+JIK4

an′′ > 0
��4�+�-C13-:O�<P13-�;\4&;=2�;=Q0g�<?2323;=b�Z=-MO�<?1

π(m+ 1) + 1
4�<Nb�-:Z=<?>�y$4�<
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{π(n)}mn=1

;=O
aπ(m+1)+1

+JI�2E4�+�-L2UI�QN-723;=y?>q<?O
aπ(m+1)

]&+�-:13-
π(m+ 1) = r(1)

I�>�eq+.-:>�WC-
π(m+ 1) + 1 /∈ {π(n)}mn=1

n '�),+.-:13-:O�<?13-X]^-�+JI:�?-M4�+.-XO�<?Z=Z=<Y]&;=>�y$238�b�WKI�23-:2CB
i
I1

n
π(m + 1) + 1 /∈ {π(n)}mn=1

'*��-C>�W:-�c�23;=>�W:-
π(m + 1) − 1 = π(n′)

c�O�13<?Q i w?w '\v n ;\4
O�<PZAZ=<Y]&2^4�+JIK4

∥∥∥
m∑

n=1

aπ(n)eπ(n)

∥∥∥ = ‖Bn′ + aπ(n′)e
′
π(n′)‖ = An′ + |aπ(m+1)−1|,

]&+�-C13-
Bn′

WYI�>�>�<P4*W:<?>�4rI�;=>�I�>�[ 4�-:13Q ;=>���<?Z\��;=>�y
e′π(n′)

c�23;A>�W:-
Bn′

W:<?>�4rI�;=>�2
e′π(n′)

<?>�Z\[ ;AO
π(n′) + 1 = π(m+ 1) ∈ {π(n)}mn=1

c�b�-:WKI�8�23-

aπ(m+1)eπ(m+1) = aπ(n′)+1eπ(n′)+1 = aπ(n′)+1e
′
π(n′)+1 − aπ(n′)+1e

′
π(n′),

]&+�;=Wr+ ;A20;=QNg�<?2323;=b.Z=-S23;A>�W:-
π(m + 1) = r(1)

'��q<?13-C<C��-C1
An′ = ‖Bn′‖

]&+�-C13-
An′

WC<?8�Z=e
W:<?>�4rI�;=>�I�Z=23<*4�+�-�4�-:13Q |aπ(n′)−1 − aπ(n′)|

;=O
π(n′) − 1 ∈ {π(n)}mn=1

b�8�4E4�+�;=2EO I�W(4�e�<
-:2�>�<P4
;=>��.8�-:>�WC-X]&+JIK4&O�<?Z=Z=<Y]&2C��/�>JI�Z=Z\[

aπ(n′) = aπ(m+1)−1
b�[z4�+.-LI�b�<Y��-?'���-:>.W:-

∥∥∥
m+1∑

n=1

aπ(n)eπ(n)

∥∥∥ = ‖Bn′ + aπ(m+1)−1e
′
π(m+1)−1 + aπ(m+1)(e

′
π(m+1) − e′π(m+1)−1)‖

= An′ + |aπ(m+1)−1 − aπ(m+1)|+ |aπ(m+1)|

≥ An′ + |aπ(m+1)−1| =
∥∥∥

m∑

n=1

aπ(n)eπ(n)

∥∥∥,

4�+JIK4&;=2Cc�i w?x ' x�n WC<P>94�;=>98�-C2,4�<N+�<?Z=et'
i
I2

n
π(m + 1) + 1 ∈ {π(n)}mn=1

'�),+�-C>�4�+�-C13-*;=2
n′′

]&;\4�+
1 ≤ n′′ ≤ m

IK>.e
π(n′′) =

π(m + 1) + 1
i�4�+�-C>�b�[q4�+�-$IKb�<C��-

aπ(m+1)
I�>�e

aπ(m+1)+1
+JI:��-7<?g�g�<?23;\4�-�23;=y?>�2Cc�QN<?13-:<Y��-:1

]^-�WYI�>�238�g�g�<P23-
π(n′′) + 1 /∈ {π(n)}mn=1

23;=>�WC-74�+�;=2�O I�W(4Xe�<
-:2M>�<P4X;=>���8�-C>�W:-74�+.-7g�13<
W:-Ce�8�13-
4�+JIK4�O�<?Z=Z=<Y]&2 n '���-:>.W:-NOf13<?Q i w?w '\v n ]^-N+JI:��-qi!;A>�]&+JIK4�O�<PZAZ=<Y]&2

A(n′,n′′) = ‖B(n′,n′′)‖
]&+�-:13-

B(n′,n′′)
W:<?>�4rI�;=>�2&>.<N4�-C13Q£;=>���<?Z\��;=>�yN-:Z=-CQN-C>�4�2�<?O

(e′π(n′)

c
e′π(n′′)−1, e

′
π(n′′))

c.;=>�e�-C-:e
π(n′′)−

1 = (π(m+ 1) + 1)− 1 = π(m+ 1) = r(1) /∈ {π(n)}mn=1)

∥∥∥
m∑

n=1

aπ(n)eπ(n)

∥∥∥ = ‖B(n′,n′′) + aπ(n′)e
′
π(n′) + aπ(n′′)eπ(n′′)‖

= ‖B(n′,n′′) + aπ(n′)e
′
π(n′) − aπ(n′′)e

′
π(n′′)−1 + aπ(n′′)e

′
π(n′′)‖

= ‖B(n′,n′′) + aπ(m+1)−1e
′
π(m+1)−1 − aπ(m+1)+1e

′
π(m+1)

+ aπ(m+1)+1e
′
π(m+1)+1‖

= A(n′,n′′) + |aπ(m+1)−1|+ 2|aπ(m+1)+1|,
∥∥∥
m+1∑

n=1

aπ(n)eπ(n)

∥∥∥ =
∥∥∥

m∑

n=1

aπ(n)eπ(n) + aπ(m+1)(e
′
π(m+1) − e′π(m+1)−1)

∥∥∥

= ‖B(n′,n′′) + (aπ(m+1)−1 − aπ(m+1))e
′
π(m+1)−1

+ (aπ(m+1) − aπ(m+1)+1)e′π(m+1) + aπ(m+1)+1e
′
π(m+1)+1‖

= A(n′,n′′) + |aπ(m+1)−1 − aπ(m+1)|
+ |aπ(m+1) − aπ(m+1)+1|+ |aπ(m+1)+1|
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= A(n′,n′′) + |aπ(m+1)−1 − aπ(m+1)|+ |aπ(m+1)|+ 2|aπ(m+1)+1|

≥ A(n′,n′′) + |aπ(m+1)−1|+ 2|aπ(m+1)+1| =
∥∥∥

m∑

n=1

aπ(n)eπ(n)

∥∥∥,
4�+JIK4�;A2Cchi w?x ' x�n W:<?>�4�;=>98.-:2&4�<z+�<?Z=e�I�>�e�+�-:>�WC-L]^-7WYI�>�13-Cg�-YIK4E4�+�-L]&+�<?Z=-7g�13<
W:-Ce�8�13-�cJ254rI�154�;=>�y
O�13<PQ i w 3 n ]&;\4�+

m
13-Cg�ZfI�W:-CeSb�[

m+ 1
'

i!V3V n ∑m
n=1 aπ(n) + ar(1) < −a

i!+.-:>�WC- ∑m
n=1 aπ(n) < 0

I�>�e
ar(1) < 0

n '&��-(4
n′′′

b�-L4�+�-
/�13254&;=>.e�-(�z]&;\4�+

2 ≤ n′′′ ≤ 2Q −m 238.WU+j4�+�IY4
ar(n′′′) ≥ 0

I�>�eo23-(4
π(m+ 1) = r(n′′′)

��4�+�-:>
i w 3.' x�n W:<?>�4�;=>
8�-:2E4�<0+�<?Z=eq]&;\4�+

m
13-:g�ZfI�WC-:eqb�[

m + 1
' ��<Y] ]^-L��-:13;=Of[�i w 3�' w�n ',F�-L+JI:��-L4�+�-

O�<PZAZ=<Y]&;=>�y$238�b�WYI�23-C2CB
i
II1

n
π(m + 1) − 1 ∈ {π(n)}mn=1

' ),+.-:> 4�+�-S]&+.<PZA-Sg�13<
WC-:e�8�13-j<?O�i!V n ]^<?13u
2$4�+.13<P8.yP+
(I1)

I�>�e
(I2)

I�>�ej+�-C>�W:-Ni w?x ' x?n WC<P>94�;=>98�-C2�4�<$+�<?Z=eoI�>�ez]^-MWYI�>S13-Cg�-YIK4^4�+�-X]&+�<?Z=-�g.13<9WC-:e�8.13-?c
254rI�154�;=>�y$O�13<?Q i w 3 n ]&;\4�+

m
13-:g�ZfI�WC-:ejb�[

m+ 1
'

i
II2

n
π(m+ 1)− 1 /∈ {π(n)}mn=1

i!+�-:>.W:-
aπ(m+1)−1 < 0

23;=>.W:-
n′′′

;=2�4�+.-�/�13254,;=>�e.-(�N]&;\4�+
2 ≤ n′′′ ≤ 2Q − m

238�WU+ 4�+JIK4
ar(n′′′) ≥ 0

n ' /98.g�g�<?23-z4�+�IY4
π(m + 1) + 1 ∈ {π(n)}mn=1

c
4�+JIK4�;=2Cch4�+�-:13-z;=2

n′′
]&;=4�+

1 ≤ n′′ ≤ m
I�>�e

π(n′′) = π(m + 1) + 1
i!WC<P>.23-C698�-:>94�Z\[�I�y�I�;=>

aπ(m+1)+1 < 0
b�[o4�+�-72UI�QN-713-YI�23<?>�<PO&i!V n 23;=>�WC-L;A>o4�+�;A2�WYI�23-

aπ(m+1)
IK>.e

aπ(m+1)+1
+�I(��-

<?g�g�<?23;\4�-E23;=y?>�2 n '�),+�-C>*O�13<?Q i wPw '=v n ;\4�O�<?Z=Z=<Y]&2�4�+JIK4Mi�]^-EWYI�>z238�g�g�<P23-
π(n′′) + 1 /∈ {π(n)}mn=123;=>�WC-z;\4$e�<
-:2�>�<P4$;=>.��8�-:>.W:-*4�+.-zg�13<
W:-Ce�8�13-S<PO�4�+�-Sg�13<
<PO�c�QN<?13-C<C��-C1L]^-S23-(4

An′′ = ‖Bn′′‖]&+�-C13-
Bn′′

e�<
-:2&>�<P4&W:<?>�4rI�;=>j-:Z=-CQN-C>�4�2,<?O
(e′
π(m+1)−1

, e′
π(m+1)

, e′π(m+1)+1)
n

∥∥∥
m∑

n=1

aπ(n)eπ(n)

∥∥∥ = ‖Bn′′ + aπ(m+1)+1eπ(m+1)+1‖

= ‖Bn′′ − aπ(m+1)+1e
′
π(m+1) + aπ(m+1)+1e

′
π(m+1)+1‖ = An′′ + 2|aπ(m+1)+1|.��-:>.W:-?c�23;A>�W:-

aπ(m+1)
I�>�e

aπ(m+1)+1
+JI:��-�<Pg.g�<?23;\4�-M23;=y?>�2Cc

∥∥∥
m+1∑

n=1

aπ(n)eπ(n)

∥∥∥ =
∥∥∥

m∑

n=1

aπ(n)eπ(n) + aπ(m+1)(e
′
π(m+1) − e′π(m+1)−1)

∥∥∥

= ‖Bn′′ − aπ(m+1)e
′
π(m+1)−1 + aπ(m+1)e

′
π(m+1)

− aπ(m+1)+1e
′
π(m+1) + aπ(m+1)+1e

′
π(m+1)+1‖

= ‖Bn′′ − aπ(m+1)e
′
π(m+1)−1 + (aπ(m+1) − aπ(m+1)+1)e′π(m+1)

+ aπ(m+1)+1e
′
π(m+1)+1‖

= An′′ + |aπ(m+1)|+ |aπ(m+1) − aπ(m+1)+1|+ |aπ(m+1)+1|
= An′′ + 2|aπ(m+1)|+ 2|aπ(m+1)+1|

≥ An′′ + 2|aπ(m+1)+1| =
∥∥∥

m∑

n=1

aπ(n)eπ(n)

∥∥∥,
4�+JIK4�;A2Cchi w?x ' x�n W:<?>�4�;=>98.-:2&4�<z+�<?Z=e�I�>�e�+�-:>�WC-L]^-7WYI�>�13-Cg�-YIK4E4�+�-L]&+�<?Z=-7g�13<
W:-Ce�8�13-�cJ254rI�154�;=>�y
O�13<PQ i w 3 n ]&;\4�+

m
13-Cg�ZfI�W:-CeSb�[

m+ 1
'

(II3) π(m + 1) − 1 /∈ {π(n)}mn=1

I�>�e
π(m + 1) + 1 /∈ {π(n)}mn=1

4�<
<�i!+�-C>�W:-qI�y9I�;=>
aπ(m+1)−1 < 0

n ' �J13<?Q�i wPw '=v n ;\4&e�;=13-:W:4�Z\[zOf<?Z=Z=<Y]&2,4�+JIK4
∥∥∥
m+1∑

n=1

aπ(n)eπ(n)

∥∥∥ =
∥∥∥

m∑

n=1

aπ(n)eπ(n)

∥∥∥+ ‖aπ(m+1)eπ(m+1)‖
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=
∥∥∥

m∑

n=1

aπ(n)eπ(n)

∥∥∥+ ‖aπ(m+1)e
′
π(m+1) − aπ(m+1)e

′
π(m+1)−1‖

=
∥∥∥

m∑

n=1

aπ(n)eπ(n)

∥∥∥+ 2|aπ(m+1)|
I�>�e*+�-C>�W:-�i w?x ' x�n W:<?>�4�;=>98.-:2�4�<7+�<?Z=ezI�>�e*]^-&WKI�>*13-:g�-KIK4�4�+.-�]&+.<PZA-&g�13<
W:-Ce�8�13-?c
254rIK154�;A>�y�O�13<?Q
i w 3 n ]&;\4�+

m
13-:g.ZfI�W:-:ejb�[

m+ 1.
i!V3V3V n ∑m

n=1 aπ(n) + ar(1) > a
i!+.-:>�WC- ∑m

n=1 aπ(n) > 0
I�>�e

ar(1) > 0
n 'dVaOt4�+�-C13-MI�13-X23<?Q0-

;=>�e.;=W:-C2
n
]&;=4�+

ar(n) ≤ 0
]^-zZ=-:4

n′′′
b�-*4�+�-z/�13254$;A>�e�-(�

n
238�Wr+�4�+�IY4

2 ≤ n′′′ ≤ 2Q − mI�>�e
ar(n′′′) ≤ 0

I�>�e�]^-N23-(4
π(m + 1) = r(n′′′)

'���-:>�WC-oi w 3�' x�n W:<?>�4�;=>98.-:2M4�<j+�<?Z=e�]&;=4�+
m13-:g.ZfI�W:-:e�b�[

m + 1
c_QN<?13-:<Y��-:1�I�Z=23<z4�+�-7]&+�<?Z=-�g.13<9WC-:e�8.13-�<?O�i!V3V n i�]&;\4�+�4�+�-�<?g�g�<?23;\4�-�23;=y?>�2 n

4�+�13<?8�y?+
(II1) . . . (II3)

W:<?>�4�;=>
8�-:2&4�<N]^<?13u�cJ+�-:>�WC-7I�Z=23<�i w?w '\v n WC<P>94�;=>98�-C2�4�<0+.<PZAe�I�>�eo]^-LWKIK>
13-:g�-YIK4�4�+�-7]&+�<?Z=-�g�13<
W:-:e.8�13-?c�254rI�154�;=>�yzO�13<PQ i w 3 n ]&;=4�+

m
13-:g.ZfI�W:-:e�b�[

m + 1
'XVaO

ar(n) > 0O�<P1
2 ≤ n ≤ 2Q − m ch]^-S23-(4 π(m + n) = r(n)

Of<?1
1 ≤ n ≤ 2Q − m '�),+�-C>�<?b���;=<?8�23Z\[i w?x '\v n +.<PZAe�2^I�>�e0]^-�gJI�232�4�<7WU+�-CWUuoi w?x ' x�n ' �.<?1

π(m+ 1) = r(1)
]^-E+JI:��-E<?>�Z\[N4�<L13-:g�-KIK4�4�+�-

]&+�<?Z=-�g�13<
WC-:e�8�13-�<?O,i!V n c�]&+�;=Z=-�c�Of<?1
m+ 2 ≤ k ≤ 2Q

cJI�y9I�;=>j]^-�13-Cg�-YIK4&O�<?1
π(k) = r(k −m)4�+�-*]&+�<?Z=-zg�13<
W:-Ce�8�13-z<?OLi!V n -(��W:-Cg�474�+JIK47]^-S254rIK154$Of13<?Q ∑k−1

n=1 aπ(n)eπ(n)
;=>�254�-KIKe <PO�O�13<?Q

∑m
n=1 aπ(n)eπ(n)

I�2&;=>�i!V n '�),+�;A2�W:<?QNg�ZA-(4�-:2^4�+�-�g�13<
<?O�<?Oh��-:Q0Q*I l '
~���-:>o;=O�]^-Me�<N>�<P4&>�<Y] 8�23-M4�+�-M13-C238�Z\4�2�<PO k lYm I�>�e k v�) m c�4�+�-X4�+�-C<?15[z<?O�/�>.;\4�-�4�1UI�>�23O�<P13QzIK�

b�;=ZA;\4a[�<PO k l c�g�gt'<5 wY|�{ v m ;=2�O�8�>�eJI�Q0-:>�4rI�Z.;=>$4�+.;=2d]^<?13u�c�<?>�Z\[$>�<Y]�-(��-C15[74�;=Q0-,]^-�e�;A13-:W(4�Z=[7g.13<C��-
]&+JIK4L]^-*>�-:-Cet'*F�-013-CWYI�Z=Z�4�+JIK4$Iop�IK>�IKWr+�23gJI�WC-

Y
;=2`N.O�P!�G"RQoS��!��ZdO�VAn(���r�6Z�aRQ="M;A>�4�<�I�>�<P4�+�-C1

p�I�>JI�WU+023gJI�W:-
X
;AOac�O�<?1�-YI�WU+0/.>�;\4�-(��e.;=QN-C>�23;=<?>JI�Z�238�b�23g�IKWC-

Y0
<?O
Y
I�>�e0O�<?1�-KI�WU+

ε > 0
c�4�+�-C13-

-(��;=254�2EI�238�b.23gJI�W:-
X0

<?O
X
I�>�e�I�>j;=23<?Q0<P13g.+�;=23Q

T : X/X0 → Y0
]&;=4�+ ‖T‖‖T−1‖ < 1+ ε

�
4�+�-C>0O�13<?Q k l c9`�13<Pg�'JvP'=v?c�g�' 5d3 m ;\4�O�<?Z=Z=<Y]&2�4�+JIK4�4�+.-&/�>�;\4�-E13-:g�13-C23-:>�4rI�b�;=ZA;\4a[�<?O

l1
;=>
X
I�>�e*4�+�-

/�>�;=4�-X4�1UI�>�23O�<P13QzI�b�;=Z=;\4a[z<?O
X
;=>
c0
I�13-M4�+.-�2UIKQ0-M4�+�;=>�y.'�F�-M]&;=Z=ZtOf13-Y6�8.-:>�4�Z\[S8�23-M4�+.;=2�O I�W(4E;=>

4�+�;=2,]^<?13u�c�-(��-:>j;AO�]^-�23+JI�Z=Z_>.<�4&-:��g�Z=;=WC;\4�Z\[0Q0-:>�4�;A<P>S/.>�;\4�-X4�1UI�>�23O�<?13Q*I�b�;=ZA;\4a[�'
),+.-�I�;=Q <PO�4�+�-�>�-:�94SZ=-CQNQzI�IK>.e�4�+�-�>�-(�
4S4�+�-:<?13-:Q ;=2*4�<�g.13<C��;=e.-�I�23-C698�-:>.W:-�]&;\4�+

g�13<?g�-C154�;=-:2XI�>JI�Z=<?y?<P8.2E4�<04�+�-7g.13<Pg�-:154�;=-C2&<?Od4�+�-�23-C698�-C>�W:-C2E<?O�),+.-:<?13-:Q � c�b.8�4X;=>
ln1
;A>�254�-YI�e

<?O�;=>
ln∞
'�Va>q4�+�-L>�-:�94�Z=-CQNQzI�]^-�]&;=Z=Z�>�<P4�O�<?Z=Z=<Y] 4�+�-723;=QNg�ZA;=/�WYIK4�;=<?>j<?O /98.b�23-:W:4�;=<?>�vP' } <?>�Z\[

;=>�<P13e.-:1�4�<S23+�<Y] 4�+�-�e.;=��-:13-C>�W:-�b�-(4a]^-:-C>�4�+�-�4a]^<Sg�13<
W:-Ce�8�13-C2Ni!b.8�4M;=>�]&+JIK4MOf<?Z=ZA<C]&2Cc�]&+�-:>
]^-X]&;AZ=Z_8�23-M4�+�;=2�ZA-:QNQzI�c9]^-X]&;AZ=ZtI�Z\]�I:[�2�238.g�g�<?23-

ε = 0
n '

� g�k k � v�)Si��d;=>�;=4�-�4�1UI�>�23Of<?13QzIKb.;=Z=;\4a[L;=>94�<
ln1
n � ��":�

X
aU" Z��`ZdO�Z�[( +VbUcZ�[U" ^� �"r��"

l1
PAV�N>O�P!�G"RQTS

��"�UJ��"RV("ROJ�G"	W�c<N?q
ε > 0

ZdO�W�Z�U.�dV�P!��PAY�"\P8OJ�G"br9"r�
S $

i w?} '\v n �  �"r��" "	qdP8Vr� {e′n, e′∗n }2
S

n=1 ∪ {e0,n, e
′∗
0,n}S0

n=1

aRP ���(�! ��	r��dO�ZMQ P8O
X
c ^>P��! {e′n}2

S

n=1 ∪
{e0,n}S0

n=1 (1+ε′) "
"	Xr%IP8YMZMQ\"ROJ�_�G�X�! �" O�ZP�!%
��ZMQIa	ZdV	PAV^� n

l2
S+S0

1 , ‖e′n‖ = 1
n:���

1 ≤ n ≤ 2SZdO�W ‖e0,n‖ = 1
n(���

1 ≤ n ≤ S0
�&^�"\V(":�

E = span((e′n)2S

n=1 ∪ (e0,n)S0
n=1), U = X ∩

2S⋂

n=1

e′∗n⊥ ∩
S0⋂

n=1

e′∗(0,n)⊥;

i w?} ' x�n �! �"(��"j"	qdPAVU� {e′n, e′′∗n }2
S

n=1 ∪ {e0,n − v0,n
c
e′∗0,n}S0

n=1

aRP ���(�! ���r9�dO�ZMQ>VU%�[( @�! IZP� P n ^�"6V:":�

E0 = span{e0,n− v0,n}S0
n=1,

�! �"�O {e′n +E0}2
S

n=1

ZdO$W {e′n +E0 +U}2Sn=1

Z���"
(1 + ε) ""	X(% PAYdZMQ\"ROJ���G� {on}2Sn=1

� n
(22)

�
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l2
S

∞
c�4�+JIK4�;=2Cc�4�<

(on)2S

n=1

<PO,i x?x�n c
+�-C>�W:-

(ẽ′′′∗n|E )2S

n=1

;=2
1
��-C698�;=�?I�Z=-:>94X4�<j4�+�-N>JIK4�8�1UI�Z�bJI�23;=2�<?O

l2
S

1

�dI�WCW:<?13e�;=>�yj4�<S4�+.-$-C>�e@<?O�4�+�-
g�13<
<?OJ<?O.��-CQNQzILv�)�cP;=>�4�+�-,WU+�<?;=WC-^<?O

(v0,n)M0
n=1

c�4�+.-:13-,;=2�I�W:<?>�e�;\4�;A<P>7]&+�;=Wr+7]&;=ZAZ9b�-^-:��g�ZfI�;=>�-Ce
;=> /94�-:g w '

� ��g � w '�p�[
(∗) ]^-oWYI�>�g�IK232N4�<@4�+�-ob�;=<?154�+�<?y?<P>�IKZ�25[�254�-:Q (xn, x

∗
n)Qn=1 ∪ (e′′n, ẽ

′′∗
n )2S

n=1 ∪
(e′0,n − v0,n, ẽ

′′∗
0,n)M0

n=1

]&;\4�+
(e′′n + E′′0 + X0)2S

n=1 2
��-C698�;=�?I�Z=-:>94�4�<�4�+�-j>JIK4�8�1UI�Z,b�IK23;A2$<?O

l2
S

∞i!+�-C>�W:-
(ẽ′′∗n|E+X0

)2S

n=1

;A2
2
��-Y698�;\�?I�Z=-C>�4,4�<$4�+�-M>JIK4�8�1UI�ZtbJI�23;=2�<?O

l2
S

1

n ' � 4,4�+.;=2�g�<?;=>�4Yc�b�[SQN-KIK>.2
<?O.4�+.-��MIK+.> | p,I�>JI�Wr+�4�+.-:<?13-:Qqc�]^-�gJI�232�O�13<PQ

(ẽ′′∗n|E+X0
)2S

n=1∪(ẽ′′∗(0,n)|E+X0
)M0
n=1

4�<
(e′′∗n )2S

n=1∪



�G� �������	�
����	�

(e′′∗0,n)M0
n=1.

/9-:4

U = X ∩
Q⋂

n=1

x∗n⊥ ∩
2S⋂

n=1

e′′∗n⊥ ∩
M0⋂

n=1

e′′∗(0,n)⊥.

),+�-C>
(e′′n + E′′0 +X0 + U)2S

n=1

;A2
2
��-C698�;\��I�Z=-:>�4,4�<$4�+�-�>JIK4�8�1UI�ZtbJI�23;=2�<?O

l2
S

∞
c�4�+JIK4&;=2Cc

1

2

∥∥∥
2S∑

n=1

ane
′′
n + E′′0

∥∥∥ =
1

2
max(|an| : 1 ≤ n ≤ 2S) ≤

∥∥∥
2S∑

n=1

an(e′′n + E′′0 ) + (X0 + U)/E′′0

∥∥∥

=
∥∥∥

2S∑

n=1

ane
′′
n + E′′0 +X0 + U

∥∥∥ ≤ max(|an| : 1 ≤ n ≤ 2S) =
∥∥∥

2S∑

n=1

ane
′′
n + E′′0

∥∥∥

O�<P1�-KI�WU+o23-C698�-C>�W:-
(an)2S

n=1

<?Oh>98�Q7b�-:132C��+�-C>�W:-�c�O�<?1�-YI�WU+
e′′ ∈ E′′ c

‖e′′ + E′′0 +X0 + U‖ ≥ 1

2
‖e′′ + E′′0 ‖.

�q<?13-:<Y��-:1CcK;=O
(ê′′n)2S

n=1

W:<?QN-C2tOf13<?Q
(e′′n)2S

n=1

b�[MQN-KI�>�2�<PO
4�+�-�F�I�Z=23+�QzIK4�13;\�_cKIK>.e�;=O
(ê′n)2N+R

n=1 =

((ê′r,n)2N

n=1)2R

n=1

WC<?QN-:20Of13<?Q
(ê′′n)2S

n=1

b�[�4�+�-o2UIKQ0-oe�-:/�>.;\4�;=<?> <?O$i x � ' w�n <?O ¢ <?>�254�138�W:4�;=<?> V
]&+�;=Wr+oyP;=�?-C2

((um,r)
R
r=1)Mm=1

254rIK154�;A>�yNOf13<?Q
(ôn)2S

n=1

<?O,i x?x�n c�]^-�23g�-:W:;AOA[z4�+JIK4&4�+�-�W:<?>�e�;=4�;=<?>
<?>j4�+�-MWU+�<?;=WC-M<?O

(v0,n)M0
n=1

i!;=>S4�+�-�g�13-(��;=<?8�2�254�-:g n ;A2
v0,n = ê′n

O�<?1
1 ≤ n ≤ 2N+R '

� ��g � 3.'>/94�-:g w W:<?Q0g�Z=-(4�-C2h4�+�-,gJI�232UIKy?-�<?O�/�4�-Cg x �?>�<Y]�]^-,23g�-CW:;=Of[�4�+.-^g�IK232UI�y?-�<?O�/94�-:g w '�p�[
QN-KI�>�2E<POd4�+�-�F�I�Z=23+qQ*IK4�13;\�S]^-LgJI�2323-:e�Of13<?Q

(e′′n, e
′′∗
n )2S

n=1

4�<
(ê′′n, ê

′′∗
n )2S

n=1

c.4�+�-:>o]^-Lg�IK2323-Ce
O�13<PQ

(ê′′n, ê
′′∗
n )2S

n=1

4�<
((ê′r,n, ê

′∗
r,n)2N

n=1)2R

n=1∪(e′0,0,n, e
′∗
0,0,n)2S−2N+R

n=1

b.;=<?154�+�<?yP<?>JI�Z�cP]&;\4�+tcP;=O
E′′0;=2,4�+�-�238�b�23gJI�WC-�<PO /�4�-Cg x c

span(((ê′r,n)2N

n=1)2R

r=1 ∪ (e′0,0,n)2S−2N+R

n=1 ) = span(ê′′n)2S

n=1,

span(((ê′∗r,n)2N

n=1)2R

r=1 ∪ (e′∗0,0,n)2S−2N+R

n=1 ) = span(ê′′∗n )2S

n=1.
/9-:4

E′′′0 = span(e′0,0,n)2S−2N+R

n=1

I�>�e
E′0 = E′′0 + E′′′0

'�),+.-:>
((ê′r,n + E′0)2N

n=1)2R

r=1

;=2
1
�

-C698�;=�?I�Z=-:>94E4�<
((um,r + E0)Rr=1)Mm=1

<PO�i x � ' w�n <?O ¢ <?>�254�138.W(4�;=<?>�V�]&;\4�+
(m)Mm=1

IK>.e
(r)Rr=113-:g.ZfI�W:-:ejb�[

(n)2N

n=1

I�>�e
(r)2R

r=1

'
� ��g � } ' ��<Y] ]^-�+JI:�?-M4�+�-Mb.;=<?154�+�<?yP<?>JI�Zt25[�254�-:Q

((ê′r,n, ê
′∗
r,n)2N

n=1)2R

r=1 ∪ (e′0,0,n, e
′∗
0,0,n)2S−2N+R

n=1 ∪ (e′0,n − v0,n, ẽ
′′∗
0,n)M0

n=1]&;\4�+
ê′n = v0,n

Of<?1
1 ≤ n ≤ 2N+R i!b�[S4�+.-L-:>�e�<?O /�4�-:g w�n '���-:>�WC-Lb�[j4�+�-7e�-:/�>.;\4�;=<?>o<?O

E′0;\4�IKZA23<$O�<?Z=Z=<Y]&2Cc�O�<P1
1 ≤ n ≤ 2N+R c�4�+JIK4

ê′n + E′0 = ê′n + (e′0,n − v0,n) + E′0 = ê′n + (e′0,n − ê′n) + E′0 = e′0,n + E′0.
/9-:4

e′0,n = e′n
I�>�e

ẽ′′∗0,n − ê′∗n = ẽ′∗0,n
O�<P1

1 ≤ n ≤ 2N+R '�),+�-:>S4�+.-MO�<PZAZ=<Y]&;=>�y$O!I�W(4�2�+.<PZAetB

i!; n
(xn, x

∗
n)Qn=1 ∪ ((e′r,n, e

′∗
r,n)2N

n=1)2R

r=1 ∪ (e0,n, e
∗
0,n)N0

n=1

;=2�b.;=<?154�+�<?yP<?>JI�Z�]&+�-C13-

((e′r,n, e
′∗
r,n)2N

n=1)2R

r=1 = (e′n, e
′∗
n )2N+R

n=1 ,

(e0,n, e
∗
0,n)N0

n=1 = (e′0,0,n, e
′∗
0,0,n)2S−2N+R

n=1 ∪ (e′0,n − v0,n, ẽ
′∗
0,n)2N+R

n=1

∪ (e′0,n − v0,n, ẽ
′′∗
0,n)M0

n=2N+R+1
i�4�+�-C>

E′0 = span(e0,n)N0
n=1

I�>�e
E = E′+E′0 = E′′+E′′0

]&+�-:13-
E′ = span((e′r,n, )

2N

n=1)2R

r=1

n �



����� � ��� ���
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i!;A; n
((e′r,n +E′0)2N

n=1)2R

r=1

;=2
1
��-Y698�;\�?I�Z=-C>�4�4�<

((um,r +E0)Rr=1)Mm=1

<PO�i x � ' w�n <?O ¢ <?>�254�138.W(�
4�;=<?>0Vrc9QN<?13-:<Y��-:1

((e′r,n +E′0 +U +X0)2N

n=1)2R

r=1

i!bJI�23;=2�<?O
X/(E′0 +U +X0)

n ;=2
2
��-C698�;=�?I�Z=-:>94

4�<
((um,r + E0)Rr=1)Mm=1

c�O�<?1 {m}Mm=1

13-:g.ZfI�W:-:ejb�[
(n)2N

n=1

I�>�e
(r)Rr=1

b�[
(r)2R

r=1

�
i!;A;=; n

(e′n)2N+R

n=1

;=2
1
��-C698�;\��IKZA-:>�4,4�<$4�+�-M>�IY4�8.1UIKZtbJI�23;=2&<?O

l2
N+R

1

'
� ��g � 5�' ��<Y] ]^-023-:4Yc�O�<P1�-KI�WU+

r
]&;\4�+

1 ≤ r ≤ 2R
c
er,1 = e′r,1

I�>�e
er,n = e′r,n − e′r,n−1O�<P1

2 ≤ n ≤ 2N
'^��-:>�WC-?cJb�[S4�+.-�-C>�eq<?O,i x � ' w?n <PO ¢ <?>�254�138�W:4�;=<?>oVrchi wPl ' 3 n ;=2&2UIK4�;=23/�-Ce�I�>�e�;=>

gJI�154�;=WC8�ZfI�1^4�+�-MO!I�W(4,4�+JIK4 ‖e∗r,n‖ ≤ 2
O�<P1

1 ≤ n ≤ 2N
WC<?QN-:2�Of13<?Q 4�+�-Mb�-CyP;A>�>�;=>�y$<?O^i w )�' x�n <?O

),+�-C<P13-CQ � I�>�ejOf13<?Q 4�+.-XO!I�W:4^4�+�IY4
((er,n +E′0 +X0 + U)2N

n=1)2R

n=1

;A2
2
��-Y6�8.;\�?I�Z=-C>�4&I�>�ej>�<P4

1
��-C698�;\��I�Z=-:>�4&4�<

((wm,r + E0)Rr=1)Mm=1

<?O�),+�-C<P13-CQ � ' � Z=23<04�+�-L-C>�e�<PO&i w?l ' w�n Of<?Z=Z=<Y]&2&O�13<?Q
i w )�' 3 n <?O�),+�-:<?13-:Q � ' � >�IKZA<Py?<?8�23Z\[�i w?l ' }?n O�<?Z=Z=<Y]&2EOf13<?Q£4�+�-7-C>�eq<?O&i wPl '=v n I�>�e�Of13<?Q i w )�' }�n
i!23-:-7I�Z=23<N;\4�2,g�13<
<?O n <?Od),+�-:<?13-CQ � ��;=>jgJI�154�;=WC8�ZfI�1^]^-�>�<Y] +�I(��-

R̃(M̃, ε) = 2 log2(22M̃
√

22M̃+1/ε),

23<
M̃ = N, R̃ = R, ε = 1/2N

n

R

(
N,

1

2N

)
= 2 log2

(
22N

√
22N+1/

1

2N

)
= log2(23N

√
22N+1)2 = 6N + 2N + 1 < 4N .

�d;=>JI�Z=Z\[9c�i w?l 'T5 n +JI�2^b�-C-:>*g�13<Y��-:eS;=>:/�4�-Cg w i!23;A>�W:-
E′′+E′′0 = E′+E′0

n 'd),+.;=2�WC<?QNg�Z=-:4�-:2�4�+�-
g�13<
<?O�<?Od),+�-:<?13-CQ v?v?'

F�-�g�<P;A>�4S<P8�4*4�+�IY4�i!; n <?O�`�13<?g�<?23;\4�;=<?> w <?OM4�+�-�Va>�4�13<
e�8�W(4�;A<P>�O�<?Z=Z=<Y]&2zOf13<?Q i w?l ' 3 n <?O
),+�-C<P13-CQ v?v?�
]&+�;=Z=-Ni!;=; n <?O�4�+JIK4�g�13<?g�<?23;\4�;=<?>*]&;AZ=Z�Of<?Z=Z=<Y]HO�13<?Q 4�+.-Xg�13<
<?O�<PO^i�3 l '=v n IK>.e@i�3 l ' x�n
<?Oh),+.-:<?13-:Q x?x <?O /9-:W:4�;=<?> 5�'

�,������� ���
	.����������� ��
� � � �
� ��� �G� ��� ��	 � �&� �h���a��� �

*��������\!�=EBR%G, &HM%d�8!�= !$# HJ!�=E=&) HM%(�A!�=&B C$ !�= 0 ..K8!jHd-jBM� ��8�1SI�;=Q >�<Y]�;=204�<�y?8JI�1UI�>�4�-:-
4�+�-�W:<?QNg.Z=-(4�-C>�-:232*<?OX<?8�1zW:<?>�254�138�W:4�;=<?>tc^4�+JIK4z;=2Cc^]^-q]&;=23+�4�<�b�-q238.13-q4�+JIK4z<?8�1*bJI�23;=2zWKIK>
13-:g.13-:23-:>94o-KI�WU+ -:ZA-:QN-C>�4o<PO74�+�-@23gJI�W:-�I�>�e >�<P4o<?>�Z\[�4�+�-@-:ZA-:QN-C>�4�2j<?O723<?QN-@g�13<?g�-C1o238�b��
23gJI�W:-�'
� h�� ����i�� � ���Ah�� ��� '�),+�-�>�-(�
4&WC<P>.254�138�W(4�;=<?>jW:<?>�WC-:13>�2&-YI�WU+o23-:gJI�1UI�b�Z=-Lp,I�>JI�Wr+j23g�IKWC-?'

��-(4
X
b�-�I723-CgJI�1UI�b�Z=-Mp�I�>JI�WU+S23gJI�WC-?'dF�-X/��SI7g�<?23;\4�;\��-X;=>�4�-:y?-C1

m
I�>�eqIL23-Y698�-:>�WC-

(xk);=>
X
I�>�ej]^-�238�g.g�<?23-M4�<$+�I(��-M4�+�-�Of<?Z=ZA<C]&;A>�y�23;\4�8JIK4�;=<?>tB

i�3 )�'\v n
(yn, y

∗
n)
Q(m)
n=1 ∪(v′m+1,n, v

′∗
m+1,n)

Q′′m+1

n=1

b.;=<?154�+�<?yP<?>JI�Z�;=>
X
]&;\4�+ ‖yn‖<6

I�>�e ‖y∗n‖<13O�<?1
1 ≤ n ≤ Q(m), ‖v′m+1,n‖ = 1

I�>�e ‖v′∗m+1,n‖ < 5
O�<?1

1 ≤ n ≤ Q′′m+1

�
i�3 )�' x�n

X = X ′′m + U ′′m
]&+�-C13-

X ′′m = span((yn)
Q(m)
n=1 ∪ (v′m+1,n)

Q′′m+1

n=1 )
I�>�e

U ′′m = X ∩
⋂Q(m)
n=1 y∗n⊥ ∩

⋂Q′′m+1

n=1 v′∗(m+1,n)⊥;
i�3 )�' w�n

dist(xk, X
′′
m) < 1/2m

O�<?1
1 ≤ k ≤ m

c�]&+�-:13-
span(xk) = X

]&;\4�+ ‖xk‖ = 1
O�<P1

-KIKWr+
k.
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�d;\�
ηm+1 > 0

��]^-MWKIK>o23-:4
ηm+1 = 1/22Q(m)+1 '�p�[�i�3 )�' w?n 4�+.-:13-M-:��;=254

(v′m+1,n)
Q′m+1

n=Q′′m+1+1 ∪ ((v′m+1,n,k)
Q′m+1,n

k=1 ∪ (v′′m+1,n,k)
Q′′m+1,n

k=1 )
Q′m+1

n=Q′′m+1+1

∪ (v′m+2,n)
Q′′m+2

n=1 ⊂ X c (v′∗m+1,n)
Q′m+1

n=Q′′m+1+1 ∪ ((ṽ′∗m+1,n,k)
Q′m+1,n

k=1

∪ (v′′∗m+1,n,k)
Q′′m+1,n

k=1 )
Q′m+1

n=Q′′m+1+1 ∪ (v′∗m+2,n)
Q′′m+2

n=1 ⊂ X∗
23<$4�+�IY4

(41.1) (yn, y
∗
n)
Q(m)
n=1 ∪ (v′m+1,n, v

′∗
m+1,n)

Q′m+1

n=1 ∪ ((v′m+1,n,k, ṽ
′∗
m+1,n,k)

Q′m+1,n

k=1

∪(v′′m+1,n,k, v
′′∗
m+1,n,k)

Q′′m+1,n

k=1 )
Q′m+1

n=Q′′m+1+1 ∪ (v′m+2,n, v
′∗
m+2,n)

Q′′m+2

n=1

;=2Xb�;=<?154�+�<?y?<?>JI�Z�cJ]&;\4�+�c�O�<?1
Q′′m+1 + 1≤n≤Q′m+1

c ‖v′m+1,n‖= 1
I�>�e ‖v′∗m+1,n‖<5,

‖v′m+1,n,k‖ = 1
Of<?1

1 ≤ k ≤ Q′m+1,n

I�>�e ‖v′′m+1,n,k‖ = 1
O�<P1

1 ≤ k ≤ Q′′m+1,n

c
‖v′m+2,n‖ = 1

I�>�e ‖v′∗m+2,n‖ < 5
O�<?1

1 ≤ n ≤ Q′′m+2

'
/9-:4&QN<?13-:<Y��-:1

i�3.v?' x�n
U ′′′m+1 = U ′′m ∩

Q′m+1⋂

n=Q′′m+1+1

v′∗(m+1,n)⊥ ∩
Q′m+1,n⋂

k=1

ṽ′∗(m+1,n,k)⊥ ∩
Q′′m+1,n⋂

k=1

v′′∗(m+1,n,k)⊥,

X ′′′m+1 = X ′′m + span(v′m+1,n ∪ (v′m+1,n,k)
Q′m+1,n

k=1 ∪ (v′′m+1,n,k)
Q′′m+1,n

k=1 )
Q′m+1

n=Q′′m+1+1

c

U ′′m+1 = U ′′′m+1 ∩
Q′′m+2⋂

n=1

v′∗(m+2,n)⊥, X ′′m+1 = X ′′′m+1 + span(v′m+2,n)
Q′′m+2

n=1 .

),+�-C>S4�+�-MO�<?Z=Z=<Y]&;=>�y$g�13<?g�-C154�;=-:2�+�<?Z=etB
i�3 x '\v n

dist(xk, X
′′′
m + span(v′m+1,n)

Q′m+1

n=Q′′m+1+1) < 1/2m+1 O�<?1 1 ≤ k ≤ m+ 1;
i�3 x ' x�n O�<?1�-YI�WU+

x ∈ X ′′m
c�]&;\4�+ ‖x‖ < 78Q(m) + 5Q′′m+1,

dist(x, span((v′m+1,n,k)
Q′m+1,n

k=1 ∪ (v′′m+1,n,k)
Q′′m+1,n

k=1 )
Q′m+1

n=Q′′m+1+1 + U ′′′m+1)

> ‖x‖ − ηm+1/2]&+�;AZ=-

dist(x, span(v′m+1,n)
Q′m+1

n=Q′′m+1+1)

< dist(x, span(v′m+1,n ∪ (v′m+1,n,k)
Q′m+1,n

k=1 ∪ (v′′m+1,n,k)
Q′′m+1,n

k=1 )
Q′m+1

n=Q′′m+1+1+U ′′′m+1)

+ ηm+1/2;
i�3 x ' w�n O�<?1�-YI�WU+

n
]&;\4�+

Q′′m+1 + 1 ≤ n ≤ Q′m+1

I�>�eoOf<?1�-YI�Wr+

x ∈ X ′′m + span((v′m+1,k)
Q′m+1

k=Q′′m+1+1 ∪ ((v′m+1,f,k)
Q′m+1,f

k=1

∪ (v′′m+1,f,k)
Q′′m+1,f

k=1 )n−1
f=Q′′m+1+1)]&;\4�+

‖x‖ < 78Q(m) + 5Q′m+1 +

n−1∑

f=Q′′m+1+1

(Q′m+1,f∑

k=1

‖ṽ′∗m+1,f,k‖+

Q′′m+1,f∑

k=1

‖v′′∗m+1,n,k‖
)
,
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]^-�+JI:��-

dist(x
c
span((v′′m+1,n,k)

Q′′m+1,n

k=1 ∪ ((v′m+1,f,k)
Q′m+1,f

k=1

∪ (v′′m+1,f,k)
Q′′m+1,f

k=1 )
Q′m+1

f=n+1) + U ′′′m+1)

> ‖x‖ − ηm+1/2
]&+�;AZ=-

dist(x
c
span(v′m+1,n,k)

Q′m+1,n

k=1 ) < ηm+1/2 + dist(x
c
span((v′m+1,f,k)

Q′m+1,f

k=1

∪ (v′′m+1,f,k)
Q′′m+1,f

k=1 )
Q′m+1

f=n + U ′′′m+1)
�

i�3 x ' 3 n O�<?1�-YI�WU+
x ∈ X ′′′m

]&;\4�+

‖x‖ < 78Q(m) + 5Q′m+1 +

Q′m+1∑

f=Q′′m+1+1

(Q′m+1,f∑

k=1

‖ṽ′∗m+1,f,k‖+

Q′′m+1,f∑

k=1

‖v′′∗m+1,n,k‖
)
,

]^-�+JI:��-
dist(x, U ′′m+1) > ‖x‖ − ηm+1/2

]&+�;=ZA-

dist(x, span(v′m+2,n)
Q′′m+2

n=1 ) < dist(x
c
span(v′m+2,n)

Q′′m+2

n=1 + U ′′m+1) + ηm+1/2
�

i�3 x ' }�n O�<?1^-YI�WU+
n
]&;\4�+

Q′′m+1 + 1 ≤ n ≤ Q′m+1

4�+�-C13-�;A2
(w′m+1,n,k)

Q′′m+1,n

k=1 ηm+1/2
��e�-:>�23-M;=>

4�+�-�bJI�Z=Zt<PO
span(v′m+1,n,k)

Q′m+1,n

k=1

]&;\4�+j1UIKe.;=8�2

78Q(m) + 5Q′m+1 +

n−1∑

f=Q′′m+1+1

(Q′m+1,f∑

k=1

‖ṽ′∗m+1,f,k‖+

Q′′m+1,f∑

k=1

‖v′′∗m+1,n,k‖
)

I�>�ej]&;\4�+
w′m+1,n,k =

∑Q′m+1,n

f=1 am+1,n,k,fv
′
m+1,n,f

Of<?1
1 ≤ k ≤ Q′′m+1,n

i�]&+�;=Wr+z]^-M]&;AZ=ZtI�Z=23<$]&13;\4�-

w′m+1,n,f =

Q′m+1,n∑

k=1

am+1,n,f,kv
′
m+1,n,k

O�<P1
1 ≤ f ≤ Q′′m+1,n

�

]^-�I�Z=23<�g�<?;=>�4q<?8�4q4�+JIK4
(w′m+1,n,k)

Q′′m+1,n

k=1

<?Ooi�3 x ' }�n e�-C/�>�-C2o4�+�-�;=>�4�-:y?-C1
Q′′m+1,n

]&+�;=WU+
I�g�g�-KIK1320;=> i�3�v?'=v n3n �^;A>�e�-:-Cetc�]^-o<?>�Z\[ +JI:��-j4�<@23g�-:WCOA[ 4�+JIK4N;A> i�3�v?'=v n ;\4N;A2Ng�<?2323;=b�ZA-S4�<@y?-(4
‖v′∗m+1,n‖ < 5

Of<?1
Q′′m+1 + 1 ≤ n ≤ Q′m+1

IK>.e ‖v′∗m+2,n‖ < 5
Of<?1

1 ≤ n ≤ Q′′m+2O�<P1*;=>�254rI�>�WC-qb�[�`�13<?g�<?23;\4�;=<?> w i!; n <?O�4�+�-q;=>94�13<9e.8�W(4�;=<?>t�EQN<?13-:<Y��-:1Cc^;A>�<?13e�-C104�<�y?-:4�i�3 x ' x�n
I�>�e�i�3 x ' w?n ch23-:-04�+�-*g�13<
W:-Ce�8�13-0<?O /98�b�23-CW(4�;=<?>�v?' } <?O�4�+.-0Va>�4�13<
e�8.W(4�;=<?>@4�<oy?-(4

W
c�254rI�154�;=>�y

O�13<PQ I@/.>�;\4�-(��e.;=QN-C>�23;=<?>JI�Z�238�b�23gJI�WC-
Xm

<?O
X
238�Wr+�4�+JIK404�+.-qOf<?Z=Z=<Y]&;=>.y@g.13<Pg�-:154�;=-C20+�<?Z=etB

X = Xm +W +W0
c
Xm

;=2
(1 + ε)

��<?154�+�<?y?<?>JI�Z�4�<
W

I�>�e
W0

+JI�2�/�>.;\4�-Me�;=QN-C>�23;=<?>t'
Va>�4�+.-*>�-(�
47ZA-:QNQzIz]^-*8.23-04�+.-*O!I�W:4L4�+JIK4YchO�<P17-YI�WU+�b�;=<?154�+�<?y?<?>JI�Z�25[�254�-CQ

(xn, x
∗
n)Pn=1

c
23-(434�;A>�y ∑P

n=1(xn‖x∗n‖) = x̂
cC]^-�>�-(��-:1�+JI:��- ‖x̂‖ < 1

23;=>.W:-
(x∗n/‖x∗n‖)(x̂) = 1

O�<?1
1 ≤ n ≤ P '

� g�k k � v x i!`�13<?g�-C154�;=-:2$<?O�4�+.-SWC<P>.>�-:W:4�;=<?> 23-C698�-C>�W:- n �+m�O��! �" V(":� ��PAO<r � n ���dO�Vr�!�r%�[:��P �dO m m
i n:�����! �"�"RO$WS� n�i�3 w '\v n ^�"�%IV:"L�! �"\O��P�bZP��P �dO Z nr�G"r� n(���r�$%IQ Zzi�3 x ' }�n3n
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i�3 w '\v n
(u′′m+1,n, u

′′∗
m+1,n)

Q′′m+1

n=1 = (v′m+1,n, v
′∗
m+1,n)

Q′′m+1

n=1

c
(u′′m+1,n, u

′′∗
m+1,n)

P ′′m+1

n=Q′′m+1+1 =

(u′′′m+1,n/‖u′′′m+1,n‖, ‖u′′′m+1,n‖u′′′∗m+1,n)
P ′′m+1

n=Q′′m+1+1

^� �"(��"
(u′′′m+1,n, u

′′′∗
m+1,n)

P ′′m+1

n=Q′′m+1+1

= ((v′m+1,n,k, v
′∗
m+1,n,k)

Q′m+1,n

k=1 ∪ (u′′′m+1,n,k, u
′′′∗
m+1,n,k)

Q′′m+1,n

k=0 )
Q′m+1

n=Q′′m+1+1

^� �"r�U"?c&n:���

Q′′m+1 + 1 ≤ n ≤ Q′m+1,

u′′′m+1,n,0 =
ηm+1v

′
m+1,n

2Q′m+1

− 3

Q′′m+1,n∑

k=1

v′′m+1,n,k‖v′′∗m+1,n,k‖

i5�! �"RO ‖u′′′m+1,n,0‖ > 2)
ZdO�W

u′′′∗m+1,n,0 = (2Q′m+1/ηm+1)v′∗m+1,n;
�*����"U�dY�"(��c�n(���

1 ≤
k ≤ Q′′m+1,n

c
u′′′m+1,n,k = v′′m+1,n,kηm+1/2 + w′m+1,n,k

ZdO�W

u′′′∗m+1,n,k =
2

ηm+1
v′′∗m+1,n,k +

2.3

ηm+1
‖v′′∗m+1,n,k‖u′′′∗m+1,n,0

=
2

ηm+1
v′′∗m+1,n,k + 3

22Q′m+1

η2
m+1

‖v′′∗m+1,n,k‖v′∗m+1,n;

V:":� ��P8O r*�*����"U�dY�"(��c<n(���

1 ≤ k ≤ Q′m+1,n

c
v′∗m+1,n,k = ṽ′∗m+1,n,k −

Q′′m+1,n∑

f=1

am+1,n,f,ku
′′∗
m+1,n,f ,

�! �" n(�MQ8Q=�d^>P8O r\UJ����U."r�(��P�"�VM ��MQ W�B
i�3 w ' x�n

(yn, y
∗
n)
Q(m)
n=1 ∪ (u′′m+1,n, u

′′∗
m+1,n)

P ′′m+1

n=1 ∪ (v′m+2,n, v
′∗
m+2,n)

Q′′m+2

n=1

PAV\aRP ���(�! ���r9�dO�ZMQG�
i�3 w ' w�n n:���L"	Z�[r 

x′ ∈ X ^>P!�! ‖x′‖ = 1
c&P n |v∗m+1,n′(x

′)| > ηm+1/(2Q
′
m+1)

n(��� V:���0"
n′

^>P!�! 
Q′′m+1 + 1 ≤ n′ ≤ Q′m+1

c ^� �P�Q\" |v∗m+1,n(x′)| ≤ ηm+1/(2Q
′
m+1)

n:���
n′ + 1 ≤ n ≤

Q′m+1

c^�! �"RO
(au′′∗m+1,n′,k(x′)u′′m+1,n′,k : 0 < |a| < 1)

Q′′
m+1,n′

k=1

PAV
ηm+1 "

W�"�O�V:"6PAO �! �"
a	ZMQ8Qh� n

span(v′m+1,n′,k)
Q′
m+1,n′

k=1

� nM��Z�WdP�% V

78Q(m) + 5Q′m+1 +

n′−1∑

f=Q′′m+1+1

(Q′m+1,f∑

k=1

‖ṽ′∗m+1,f,k‖+

Q′′m+1,f∑

k=1

‖v′′∗m+1,n,k‖
)
.

�^���Y� n
$
Va>�e�-C-:etc_Z=-(4

w
b�-7;=>q4�+.-7bJI�Z=Zh<?O

span(v′m+1,n′,k)
Q′
m+1,n′

k=1

<?O�1UI�e�;A8�2MI�2X;=> i�3 w ' w�n c_I�>�e
Z=-:4

k′
b�-LI�>o;=>�4�-Cy?-:1^]&;=4�+

1 ≤ k′ ≤ Q′′m+1,n′
23<$4�+JIK47i!b�[@i�3 x ' }�n3n

(44) ‖w − w′m+1,n′,k′‖ < ηm+1/2.
/9-:4

a = 1/u′′′∗m+1,n′,k′(x
′)
'�p�[z4�+�-M+�[�g�<P4�+�-C23;=2�<?O^i�3 w ' w?n c

|u′′′∗m+1,n′,k′(x
′)| = 2

ηm+1

∣∣∣∣v′′∗m+1,n′,k′(x
′) +

6Q′m+1

ηm+1
‖v′′∗m+1,n′,k′‖v′∗m+1,n′(x

′)

∣∣∣∣

≥ 2

ηm+1

(
6Q′m+1

ηm+1
‖v′′∗m+1,n′,k′‖|v′∗m+1,n′(x

′)| − |v′′∗m+1,n′,k′(x
′)|
)

≥ 2

ηm+1

(
6Q′m+1

ηm+1
‖v′′∗m+1,n′,k′‖|v′∗m+1,n′(x

′)| − ‖v′′∗m+1,n′,k′‖
)
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=
2

ηm+1
‖v′′∗m+1,n′,k′‖

(
6Q′m+1

ηm+1
|v′∗m+1,n′(x

′)| − 1

)

>
2

ηm+1
‖v′′∗m+1,n′,k′‖

(
6Q′m+1

ηm+1

ηm+1

2Q′m+1

− 1

)

=
4‖v′′∗m+1,n′,k′‖

ηm+1
= 22Q(m)+3‖v′′∗m+1,n′,k′‖ ≥ 22Q(m)+3.

),+�-C>
0 < |a| < 1/22Q(m)+3 I�>�e

‖w − au′′∗m+1,n′,k′(x
′)u′′m+1,n′,k′‖ = ‖w − au′′′∗m+1,n′,k′(x

′)u′′′m+1,n′,k′‖ = ‖w − u′′′m+1,n′,k′‖
≤ ‖w − w′m+1,n′,k′‖+ ‖w′m+1,n′,k′ − u′′′m+1,n′,k′‖
= ‖w − w′m+1,n′,k′‖+ ‖w′m+1,n′,k′ − (v′′m+1,n′,k′ηm+1/2 + w′m+1,n′,k′)‖
= ‖w − w′m+1,n′,k′‖+ ‖v′′m+1,n′,k′ηm+1/2‖ = ‖w − w′m+1,n′,k′‖+ ηm+1/2 < ηm+1

b�[@i�3J3 n '�),+�;=2�WC<?QNg�Z=-:4�-:2,4�+�-Mg�13<
<?Oh<POh��-CQNQzI*v x '

*��87�� �\!�=&BR%(, EHM%(�A!�= !$# )<C�HM' .?KA!jHd-?� ),+�;=2^238�b.23-:W(4�;A<P>S;=2�4�+�-�+.-YI�154,<?Ot4�+�-E]&+�<?Z=-XW:<?>�254�138�W:�
4�;=<?>j<PO�I�b�IK23;A2,]&;\4�+Sg�-:13Q78�4rIY4�;A<P>.2C'
� h�� ����i�� � ���Ah�� ����� '7��8�1&I�;=Q >�<Y] ;=2^4�+�-XW:<?>�254�138.W(4�;=<?>z<?O�-YI�WU+jb�Z=<
WUu��
4�+JIK4,;=2Cc
]^-X238�g.g�<?23-
4�<N+JI:��-7IKZA13-YI�e�[zWC<P>.254�138�W(4�-Ce

(xn, x
∗
n)
q(3m)
n=1 ∪ (u′3m,s, u

′∗
3m,s)

M3m−1,o+P
′′
3m

s=1 ∪ (v′3m,n, v
′∗
3m,n)

Q′′3m
n=1

I�>�ej]^-X4�8�13>j4�<�4�+.-MW:<?>�254�138.W(4�;=<?>j<PO

(xn, x
∗
n)
q(3(m+1))
n=1 ∪ (u′3(m+1),s, u

′∗
3(m+1),s)

M3m+2,o+P
′′
3(m+1)

s=1 ∪ (v′3(m+1),n, v
′∗
3(m+1),n)

Q′′3(m+1)

n=1 .

F�-�y?;\��-q23-:gJI�1UIK4�-:Z\[ 4�+�-�W:<?>�254�138�W:4�;=<?>�<?O
(xn, x

∗
n)
q(3m+1)
n=q(3m)+1

i�4�+�- [U��� U$Q\"(�G"RO�"�V	V aRQ\�([ % n c,<?O

(xn, x
∗
n)
q(3m+2)
n=q(3m+1)+1

i�4�+�-E�U"srP%IQ Z���P �GZP��P��dOpaRQ\�([ % n I�>�e7<?O
(xn, x

∗
n)
q(3(m+1))
n=q(3m+2)+1

i�4�+�-?nU��"U" a_Q\�G[&% n '
F�-�254rIK154�]&;=4�+z4�+�-�W:<?QNg.Z=-(4�-C>�-:232�b�Z=<
WUu�'
� � � � h�� � �$i�� � ���Ah�� V3V3Vr'=v�ib/ ¢ V3V3Vr'\v?cdW:<?>�254�138�W:4�;=<?>�<?O^4�+�-zW:<?Q0g�Z=-(4�-C>�-:2327b�Z=<
WUu n 'jF�-*254rI�154
O�13<PQ 4�+�-�b�;=<?154�+�<?y?<?>JI�Z_25[�254�-:Q

B1(3m) = (xn, x
∗
n)
q(3m)
n=1 ∪ (u′3m,s, u

′∗
3m,s)

A′′3m
s=1 ∪ (v′3m+1,n, v

′∗
3m+1,n)

Q′′3m+1

n=1 ,

A′′3m = M3m−1,0 + P ′′3m = A3m, K3m = max(‖u′∗3m,s‖ : 1 ≤ s ≤ A3m),

B3m > A3m23K3mA3m , P3m = A3m(1 + 22B3m).
F�-q]&;AZ=Z�I�Z=23<�8�23-@IK>�;A>�4�-:y?-:1

M3m
]&+�;=Wr+�]&;=Z=ZEb�-�e�-C/�>�-Ce�;=> /�4�-:g } '�),+�-�W:<?>�254�138.W(4�;=<?>

e�-:�?-CZ=<?g�2,4�+�13<?8�y?+j23;\�S254�-Cg�2CB
� ��g � v?'Mp�[SQN-YI�>�2�<?O�4�+�-Mg.13<9WC-:e�8.13-M<?O���-:Q0Q*Izv�)�]^-MgJI�232�4�<$4�+�-�b�;=<?154�+�<?y?<?>JI�Z_25[
254�-CQ

B′2(3m) = B1(3m) ∪ (ê3m,n, ê
∗
3m,n)

S′3m+M ′3m,0
n=1

]&;\4�+�4�+�-*O�<PZAZ=<Y]&;=>�yog.13<Pg�-:154�;=-C2CB
(ê3m,n)

S′3m+M ′3m,0
n=1

;=2
1
��-C698�;=�?I�Z=-:>94�4�<q4�+�-*>JIK4�8�1UI�Z�bJI�23;=27<?O

l
S′3m+M ′3m,0
1

��Q0<P13-C<Y�?-C1Cc�23-(434�;A>�y
(y3m,n)

Q(3m)
n=1 = (xn)

q(3m)
n=1 ∪ (u′3m,s)

A′′3m
s=1 ∪ (v′3m+1,n)

Q′′3m+1

n=1 ,
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]^-M+�I(��-

‖y + e‖ ≥ max(‖y‖, ‖e‖/2), y ∈ span(y3m,n)
Q(3m)
n=1 , e ∈ span(ê3m,n)

S′3m+M ′3m,0
n=1 ;

QN<?13-C<C��-C1S]^-�238�g.g�<?23-
S′3m

I�>�e
M ′3m,0

I�13-�238�WU+ 4�+JIK4j4�+.-:13-�I�13-
(v̂0,3m,n)

S′3m+M ′3m,0
n=S′3m+1

;=>

span(ê3m,n)
S′3m
n=1

I�>�e
(ê′′∗3m,n)

S′3m
n=1

;A>
X∗

23<$4�+�IY4Yc�;=O�]^-�23-(4

(ê3m,n − v̂0,3m,n, ê
∗
3m,n)

S′3m+M ′3m,0
n=S′3m+1 = (e3m,0,n, e

∗
3m,0,n)

M ′3m,0
n=1 , E′3m,0 = span(e3m,0,n)

M ′3m,0
n=1 ,

4�+�-C>
(ê3m,n, ê

′′∗
3m,n)

S′3m
n=1∪ (e3m,0,n, e

∗
3m,0,n)

M ′3m,0
n=1

;=2�b�;=<?154�+�<?y?<?>JI�Z�IK>.e
(ê3m,n+E′3m,0)

S′3m
n=1

;=2

1
��-C698�;\��I�Z=-:>�4,4�<$4�+�-�>JIK4�8�1UI�Z_bJI�23;=2&<?O

l
S′3m∞

'dF�-M>.<C] 23g�-CW:;=Of[*4�+JIK4

S′3m = P3m(2 + 2M3m) + 2M
′
3m , M ′3m = A3m22B3m + P3m(2 · 2M3m + 22M3m),

(ê3m,n, ê
′′∗
3m,n)

P3m(2+2M3m )
n=1 = (e′′′3m,n, e

′′′∗
3m,n)

P3m(1+2M3m )
n=1

= ((ω3m,n, ω
∗
3m,n) ∪ (ω3m,n,k, ω

∗
3m,n,k)2M3m

k=1 )P3m
n=1.� 4�4�+�-�-:>�ej<?O�4�+�;=2�254�-CgS]^-�g�<?;=>�4&<P8�4�4�+�-MO�<?Z=Z=<Y]&;=>�y$8�23-:O�8�ZtO I�W(4YB
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(v̂0,3m,n)
S′3m+M ′3m,0
n=S′3m+1 = ((v̂0,3m,k)

M ′3m,0,n
k=M ′3m,0,n−1+1)

S′3m
n=1

238�Wr+�4�+�IY4Yc&O�<P1
1 ≤ n ≤ S′3m

c
(v̂0,3m,k)

M ′3m,0,n
k=M ′3m,0,n−1+1 ⊂ span(ê3m,n′)

n
n′=1

IK>.e�]^-�WKIK>
238�g�g�<P23-*4�+JIK4

(ê3m,n′ + span(v̂0,3m,k)
M ′3m,0,n
k=1 )nn′=1

;=2
1
��-C698�;\��I�Z=-:>�4�4�<o4�+�-0>JIK4�8�1UI�Z�bJI�23;=2L<?O

l
S′3m∞

'
� ��g � x ' /�4rI�154�;=>.yLOf13<?Q

(ê3m,n, ê
′′∗
3m,n)

S′3m
n=P3m(2+2M3m )+1

I�>�e
E′3m,0

]^-�yP-:4Yc9O�13<PQ¡4�+�-�g�13<
W:-:�
e�8�13-�<?Od),+�-:<?13-CQ v?v?c�4�+�-Mb�;A<P154�+.<Py?<?>JI�Zt25[
254�-CQ

((e′3m,aux,s,t, e
′∗
3m,aux,s,t)

22B3m

t=1 )A3m
s=1 ∪ ((e′3m,n,k, e

′∗
3m,n,k)2M3m

k=1 )P3m
n=1

∪ (((e′3m,n,k,l, e
′∗
3m,n,k,l)

2M3m

l=1 )2M3m

k=1 )P3m
n=1

∪ (((e′3m,n,k,0,l, e
′∗
3m,n,k,0,l)

2M3m

l=1 )2M3m

k=1 )P3m
n=1 ∪ (e3m,0,n, e

∗
3m,0,n)

M3m,0

n=M ′3m,0+1,

E3m,0 = span(e3m,0,n)
M3m,0

n=1 , M3m,0 = M ′3m,0 + (2M
′
3m −M ′3m).

�.<?1
1 ≤ s ≤ A3m

cK]^-�23-:4
e3m,aux,s,1 =e′3m,aux,s,1

I�>�e
e3m,aux,s,t = e′3m,aux,s,t−e′3m,aux,s,t−1O�<P1

2 ≤ t ≤ 22B3m
��O�<?1

1 ≤ n ≤ P3m
]^-*23-(4

e3m,n,1 = e′3m,n,1
IK>.e

e3m,n,k = e′3m,n,k −
e′3m,n,k−1

O�<?1
2 ≤ k ≤ 2M3m

c
e3m,n,1,2M3m =e′

3m,n,1,2M3m

IK>.e
e3m,n,k,2M3m =e′

3m,n,k,2M3m
−

e′
3m,n,k−1,2M3m

O�<P1
2 ≤ k ≤ 2M3m

��Q0<?13-:<Y��-:17Of<?17-YI�Wr+
n
I�>�e

k
]&;=4�+

1 ≤ n ≤ P3m
I�>�e

1 ≤ k ≤ 2M3m
]^-o23-:4

e3m,n,k,1 = e′3m,n,k,1
I�>�e

e3m,n,k,l = e′3m,n,k,l − e′3m,n,k,l−1

O�<?1
2 ≤ l ≤ 2M3m − 1

�
e3m,n,k,0,1 = e′3m,n,k,0,1

I�>�e
e3m,n,k,0,l = e′3m,n,k,0,l − e′3m,n,k,0,l−1

O�<?1

2 ≤ l ≤ 2M3m
'd),+�-C>

(e′3m,aux,s,t)
22B3m

t=1

c
(e3m,aux,s,t)

22B3m

t=1

I�>�e
E3m,0

+JI:��-�g.13<Pg�-:154�;=-C2�IK>�IKZ=�
<?y?<P8.2E4�<04�+.-Lg.13<Pg�-:154�;=-C2&<?O

((e′r,n)2N

n=1)2R

n=1

c
((er,n)2N

n=1)2R

n=1

I�>�e
E′0

<?O&i w?l ' w�n IK>.e i w?l ' 3 n <?O
),+�-C<P13-CQ v?v?cK]&;\4�+ {n}2Nn=1

I�>�e {r}2Rr=1

13-Cg�ZfI�W:-Ce�13-C23g�-:W:4�;\��-:Z\[Mb�[
(t)22B3m

t=1

I�>�e {1} �9IK>.e�I�>JI�Z\�<?y?<P8.23Z\[�Of<?1
(e′3m,n,k)2M3m

k=1

IK>.e
(e3m,n,k)2M3m

k=1

c�Of<?1
(e′3m,n,k,l)

2M3m−1
l=1

I�>�e
(e3m,n,k,l)

2M3m−1
l=1

c
O�<P1

(e′3m,n,k,0,l)
2M3m

l=1

I�>�e
(e3m,n,k,0,l)

2M3m

l=1

cYO�<?1
(e′

3m,n,k,2M3m
)2M3m

k=1

I�>�e
(e3m,n,k,2M3m )2M3m

k=1

'
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B2(3m) = B1(3m) ∪ (e3m,0,n, e
∗
3m,0,n)

M3m,0

n=1 ∪ (e′′′3m,n, e
′′′∗
3m,n)S3m

n=1,

S3m = S′3m − (2M
′
3m −M ′3m),

(e′′′3m,n, e
′′′∗
3m,n)S3m

n=P3m(2+2M3m )+1
= ((e3m,aux,s,t, e

∗
3m,aux,s,t)

22B3m

t=1 )A3m
s=1

∪ ((e3m,n,k, e
∗
3m,n,k)2M3m

k=1 )P3m
n=1

∪ (((e3m,n,k,l, e
∗
3m,n,k,l)

2M3m

l=1 )2M3m

k=1 )P3m
n=1

∪ (((e3m,n,k,0,l, e
∗
3m,n,k,0,l)

2M3m

l=1 )2M3m

k=1 )P3m
n=1.Va>zgJI�154�;=W:8.ZfI�1Cc9b�[0��-:Q0Q*I0v�)�I�>�eS),+.-:<?13-:Q v?vXI�>�eS23;=>�WC- ‖y+ e‖ ≥ max(‖y‖, ‖e‖/2)

IK4^4�+�-
b�-CyP;A>�>�;=>�yN<PO /�4�-Cg@v?c
]^-�+JI:��- ‖e′′′3m,n‖ ≤ 2

I�>�e ‖e′′′∗3m,n‖ ≤ 2
O�<?1

1 ≤ n ≤ S3m
'

� ��g � w 'dF�-Mg�IK232Cc.b�[z4�+�-�g�13<
W:-Ce�8�13-M<?Oh��-CQNQ*Izv�)�c�4�<$4�+�-Mb�;A<P154�+.<Py?<?>JI�Z_25[�254�-:Q
B′3(3m) = B2(3m) ∪ ((e3m,arm,n,j , e

∗
3m,arm,n,j)

J3m,arm

j=1 )P3m
n=1

∪ (e3m,arm,0,n, e
∗
3m,arm,0,n)

M3m,arm,0

n=1]&+�-C13-?c�23-(434�;=>�yNOf<?1
1 ≤ n ≤ P3m

c

(e3m,arm,n,j)
J3m,arm

j=1 = ((e3m,arm,n,k,l)
2M3m

l=1 )2M3m

k=1 ,

E′3m,arm,0 = span(e3m,arm,0,n)
M ′3m,arm,0

n=1 ,

E3m,arm,0 = span(e3m,arm,0,n)
M3m,arm,0

n=1 (M ′3m,arm,0 < M3m,arm,0),

((e3m,arm,n,j)
J3m,arm

j=1 )P3m
n=1

;=2
1
��-C698�;\��IKZA-:>�4,4�<$4�+�-M>�IY4�8.1UIKZtbJI�23;=2&<?O

l
P3mJ3m,arm

1

I�>�e

((e3m,arm,n,j + E′3m,arm,0)
J3m,arm

j=1 )P3m
n=1

i!+�-C>�W:-NI�Z=23<
((e3m,arm,n,j + E3m,arm,0)

J3m,arm

j=1 )P3m
n=1

n ;=2
1
��-C698�;\��I�Z=-:>�4�4�<z4�+�-�>JIK4�8�1UI�ZdbJI�23;=2X<?O

l
P3mI3m,arm
∞

��]&+�;=ZA-
E3m,arm,0

;=2�23<$4�+JIK4Yc�23-:434�;=>�y

W ′ = X ∩
Q(3m)⋂

n=1

y∗(3m,n)⊥ ∩
S3m⋂

n=1

e′′′∗(3m,n)⊥

∩
M3m,0⋂

n=1

e∗(3m,0,n)⊥ ∩
P3m⋂

n=1

J3m,arm⋂

j=1

e∗(3m,arm,n,j)⊥ ∩
M ′3m,arm,0⋂

n=1

e∗(3m,arm,0,n)⊥,

U3m,arm = W ′ ∩
M3m,arm,0⋂

n=M ′3m,arm,0+1

e∗(3m,arm,0,n)⊥,

X ′ = span((y3m,n)
Q(3m)
n=1 ∪ (e′′′3m,n)S3m

n=1 ∪ (e3m,0,n)
M3m,0

n=1 ),
]^-M+�I(��- ‖x+ e‖ ≥ ‖e‖/2 Of<?1�-YI�Wr+ x ∈ X ′ + U3m,arm

I�>�e

e ∈ span(((e3m,arm,n,j)
J3m,arm

j=1 )P3m
n=1 ∪ (e3m,arm,0,n)

M ′3m,arm,0

n=1 )
i�]^-XI�g�g.Z\[$4a]&;=WC-&238.W:W:-C2323;\��-:Z\[$4�+�-�g�13<
W:-:e.8�13-&4�<Ly?-:4�4�+�-E238�b�23gJI�W:-

W
<?OE/
8�b�23-:W:4�;=<?>qv?' } c9/.13254

4�<oy?-:4
((e3m,arm,n,j)

J3m,arm

j=1 )P3m
n=1 ∪ (e3m,arm,0,n)

M ′3m,arm,0

n=1

]&;\4�+ ‖x + e‖ ≥ max{‖x‖, ‖e‖/2}
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O�<P1E-YI�WU+
x ∈ X ′ IK>.e e ∈ span(((e3m,arm,n,j)

J3m,arm

j=1 )P3m
n=1 ∪ (e3m,arm,0,n)

M ′3m,arm,0

n=1 )
]&;\4�+o4�+�-

g�13<?g�-C154�;=-:2�<?OJIKb�<C��-���I�>�e723-CW:<?>�eL4�<Ey?-(4�I&/�>�;\4�-:��W:<
e�;=Q0-:>�23;A<P>�IKZ�238�b�23gJI�WC-
W0

<?O
W ′

238�Wr+L4�+JIK4
‖x+w0‖ ≥ max(‖x‖, ‖w0‖/2)

O�<?1
w0 ∈W0

I�>�e
x ∈ X ′+ span(((e3m,arm,n,j)

J3m,arm

j=1 )P3m
n=1∪

(e3m,arm,0,n)
M ′3m,arm,0

n=1 );
4�+�-C> ]^-oWYI�>�/.>�e

(e3m,arm,0,n, e
∗
3m,arm,0,n)

M3m,arm,0

n=M ′3m,arm,0+1

23<@4�+JIK4Yc
23-(434�;A>�y

W1 = span(e3m,arm,0,n)
M3m,arm,0

n=M ′3m,arm,0+1, W ′ = W0 +W1,

]^-M+�I(��- ‖x+ e+ w0‖ ≥ ‖x+ e‖ ≥ ‖e‖/2 Of<?1 x ∈ X ′, w0 ∈W0,
I�>�e

e ∈ span(((e3m,arm,n,j)
J3m,arm

j=1 )P3m
n=1 ∪ (e3m,arm,0,n)

M ′3m,arm,0

n=1 )).
� >�IKZA<Py?<?8�23Z\[o4�<*4�+�-�-:>�e�<PO /�4�-Cg x ]^-�23+�<Y]�4�+JIK4Yc�Of<?1

1 ≤ n ≤ P3m
c ‖e∗3m,arm,n,j‖ ≤ 2O�<P1

1 ≤ j ≤ J3m,arm
'

� ��g � 3.'hF�-EgJI�232^O�13<?Q
(u′3m,s, u

′∗
3m,s)

A3m
s=1

4�<
(u′3m,s/‖u′3m,s‖, ‖u′3m,s‖u′∗3m,s)A3m

s=1

c�]&+�;AWU+0]^-
WYI�Z=Z

(u′3m,s, u
′∗
3m,s)

A3m
s=1

I�y9I�;=>t�
4�+�-C>jOf13<?Q

(u′3m,s, u
′∗
3m,s)

A3m
s=1 ∪ ((e3m,aux,s,t, e

∗
3m,aux,s,t)

22B3m

t=1 )A3m
s=1

]^-Mg�IK232&4�<
(u3m,n, u

∗
3m,n)P3m

n=1 = ((u3m,s,t, u
∗
3m,s,t)

22B3m

t=0 )A3m
s=1

]&+�-C13-?c�Of<?1�-YI�Wr+
s
]&;\4�+

1 ≤ s ≤ A3m
IK>.e

1 ≤ t ≤ 22B3m
c

u3m,s,0 =
22B3m∑

j=1

e3m,aux,s,j , u∗3m,s,0 =
1

22B3m

22B3m∑

j=1

e∗3m,aux,s,j −
u′∗3m,s
2B3m

,

u3m,s,t = e3m,aux,s,t +
u′3m,s
2B3m

,

u∗3m,s,t = e∗3m,aux,s,t − u∗3m,s,0 =

(
e∗3m,aux,s,t −

1

22B3m

22B3m∑

j=1

e∗3m,aux,s,j

)
+
u′∗3m,s
2B3m

;

4�+JIK4&;=2Cc
(u3m,n, u

∗
3m,n)P3m

n=1

;=2EI�Da8.>�;=O�<P13Q Q0;=>�;=QzIKZA;=�YIK4�;=<?>
T&<?O
(u′3m,s, u

′∗
3m,s)

A3m
s=1

'
� 4�4�+.;=2�g�<?;=>�4�]^-MgJI�232�4�<$4�+�-�yP-C>�-:1UIK4�;=>.y$b�;=<?154�+�<?y?<?>JI�Z_25[�254�-:Q

(w3m,n, w
∗
3m,n)P3m

n=1 = ((w3m,s,t, w
∗
3m,s,t)

22B3m

t=0 )A3m
s=1

I�>�e�]^-$23g�-CW:;=Of[o4�+�IY4Yct23-(434�;A>�y
Q0,3m = max(‖w∗3m,n‖ : 1 ≤ n ≤ P3m)

c�]^-NWU+�<
<?23-
M3m >

4P3mQ0,3m
'

Va>j]&+JIK4&O�<?Z=Z=<Y]&2,;=> / ¢ V3V3Vr'\vX]^-M]&;=Z=Z�8.23-7IKZA23<0I�b�;A<P154�+.<Py?<?>JI�Zt25[
254�-CQ

((ω′3m,n, ω
′∗
3m,n) ∪ (e3m,brd,n,k, e

∗
3m,brd,n,k)2M3m

k=1 )P3m
n=1

]&+�;=Wr+S]&;=Z=Z_b�-Xe.-:/�>�-Ceo;=> / ¢ V3V3Vr' x '
��<Y]�]^-^/��

n
]&;=4�+

1 ≤ n ≤ P3m
'h),+�-:>7]^-^23-(4Yc�O�<?1

1 ≤ k ≤ 2M3m
I�>�e

1 ≤ l ≤ 2M3m−1
c

ω3m,n,0 =

2M3m∑

f=1

e3m,n,f,2M3m , ω∗3m,n,0 =
1

2M3m

2M3m∑

f=1

e∗3m,n,f,2M3m −
ω∗3m,n
2M3m

,

e′′3m,n,k,2M3m = e3m,n,k,2M3m + ω3m,n, e
′′∗
3m,n,k,2M3m



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � ! �

= e∗3m,n,k,2M3m − ω∗3m,n,0 = e∗0,3m,n,k,2M3m +
ω∗3m,n
2M3m

,

e∗0,3m,n,k,2M3m = e∗3m,n,k,2M3m −
1

2M3m

2M3m∑

f=1

e∗3m,n,f,2M3m ;

ω3m,n,k,0 =

2M3m−1∑

g=1

e3m,n,k,g , ω∗3m,n,k,0 =

2M3m−1∑

g=1

e∗3m,n,k,g
2M3m − 1

−
ω∗3m,n,k

2M3m − 1
,

e′′3m,n,k,l = e3m,n,k,l + ω3m,n,k,

e′′∗3m,n,k,l = e∗3m,n,k,l − ω∗3m,n,k,0 = e∗0,3m,n,k,l +
ω∗3m,n,k

2M3m − 1
,

e∗0,3m,n,k,l = e∗3m,n,k,l −
2M3m−1∑

g=1

e∗3m,n,k,g
2M3m − 1

,

+�-C>�W:-
2M3m∑

k=1

e∗0,3m,n,k =
2M3m∑

k=1

e∗0,3m,n,k,2M3m =
2M3m−1∑

l=1

e∗0,3m,n,k,l = 0,

2M3m−1∑

l=1

e′′∗3m,n,k,l = ω∗3m,n,k.

Va>S4�+�-�>�-(�
4&254�-Cg�2,]^-M]&;=Z=Z�]^<?13u*]&;\4�+S4�+�-Mb�;A<P154�+.<Py?<?>JI�Zt25[
254�-CQ

B4(3m) = (xn, x
∗
n)
q(3m)
n=1 ∪ ((w3m,n, w

∗
3m,n) ∪ ((e3m,n,k, e

∗
3m,n,k)

∪ (e′′3m,n,k,l, e
′′∗
3m,n,k,l))

2M3m

l=1 )2M3m

k=1 )P3m
n=1

∪ ((ω3m,n,0, ω
∗
3m,n,0) ∪ (ω′3m,n,0, ω

′∗
3m,n,0) ∪ (ω3m,n,k,0, ω

∗
3m,n,k,0)2M3m

k=1 )P3m
n=1

∪ (((e3m,n,k,0,l, e
∗
3m,n,k,0,l)

2M3m

l=1 )2M3m

k=1 )P3m
n=1

∪ ((e3m,arm,n,j , e
∗
3m,arm,n,j)

J3m,arm

j=1 )P3m
n=1 ∪ (e3m,0,n, e

∗
3m,0,n)

M3m,0

n=1

∪ (e3m,arm,0,n, e
∗
3m,arm,0,n)

M3m,arm,0

n=1 ∪ (v′3m+1,n, v
′∗
3m+1,n)

Q′′3m+1

n=1 .
� ��g � } '���-:4�8�2&/��

n
]&;\4�+

1 ≤ n ≤ P3m
' �.<?1�-KI�WU+

l
I�>�e

k
]&;\4�+

1 ≤ l, k ≤ 2M3m
]^-�23-:4

x3m,n,0 =

2M3m∑

f=1

e3m,n,f , x∗3m,n,0 =

2M3m∑

f=1

e∗3m,n,f
2M3m

−
w∗3m,n
2M3m

;

x3m,n,k = e3m,n,k + w3m,n,

x∗3m,n,k = e∗3m,n,k − x∗3m,n,0 = x∗0,3m,n,k +
w∗3m,n
2M3m

, x∗0,3m,n,k = e∗3m,n,k −
2M3m∑

f=1

e∗3m,n,f
2M3m

;

x3m,n,k,0 =

2M3m∑

g=1

e′′3m,n,k,g =

2M3m∑

g=1

e3m,n,k,g + (2M3m − 1)ω3m,n,k + ω3m,n,

x∗3m,n,k,0 =
1

2M3m

2M3m∑

g=1

e′′∗3m,n,k,g − x∗3m,n,k =
ω∗3m,n,k + e′′∗

3m,n,k,2M3m

2M3m
− x∗3m,n,k;
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x3m,n,k,l = e′′3m,n,k,l + e3m,arm,n,k,l + x3m,n,k/2
M3m

= e3m,n,k,l + ω3m,n,k + e3m,arm,n,k,l +
e3m,n,k

2M3m
+
w3m,n

2M3m

I�>�etc�O�<?1
1 ≤ l ≤ 2M3m − 1,

x∗3m,n,k,l = e′′∗3m,n,k,l − x∗3m,n,k,0 = x∗0,3m,n,k,l + x∗1,3m,n,k,l + w∗3m,n/2
M3m ,

x∗0,3m,n,k,l = e∗0,3m,n,k,l − (e∗0,3m,n,k,2M3m − x∗0,3m,n,k)/2M3m ,

x∗1,3m,n,k,l = ω∗3m,n,k/(2
M3m(2M3m − 1))− ω∗3m,n/22M3m ;

x3m,n,k,2M3m = e′′3m,n,k,2M3m + x3m,n,k + e′′3m,brd,n,k

= e3m,n,k,2M3m + ω3m,n + e3m,arm,n,k,2M3m

+
e3m,n,k

2M3m
+
w3m,n

2M3m
+ e3m,brd,n,k + ω′3m,n,

x∗3m,n,k,2M3m = e′′∗3m,n,k,2M3m − x∗3m,n,k,0

= e′′∗3m,n,k,2M3m

(
1− 1

2M3m

)
−
ω∗3m,n,k
2M3m

+ x∗3m,n,k

= x∗0,3m,n,k,2M3m + x∗1,3m,n,k,2M3m +
w∗3m,n
2M3m

,

x∗0,3m,n,k,2M3m = e∗0,3m,n,k,2M3m

(
1− 1

2M3m

)
+ x∗0,3m,n,k

x∗1,3m,n,k,2M3m =
ω∗3m,n
2M3m

(
1− 1

2M3m

)
−
ω∗3m,n,k
2M3m

;

x3m,n,k,0,0 =
2M3m∑

g=1

e3m,n,k,0,g , x
∗
3m,n,k,0,0 =

1

2M3m

2M3m∑

g=1

e∗3m,n,k,0,g − x∗3m,n,k,0,

x3m,n,k,0,l = e3m,n,k,0,l + x3m,n,k,0/2
M3m ,

x∗3m,n,k,0,l = e∗3m,n,k,0,l − x∗3m,n,k,0,0;

e′′′3m,brd,n,k = e′′3m,brd,n,k,

e′′′∗3m,brd,n,k = e′′∗3m,brd,n,k − x∗3m,n,k,2M3m = e′′′∗0,3m,brd,n,k + e′′′∗1,3m,brd,n,k −
w∗3m,n
2M3m

,

e′′′∗0,3m,brd,n,k = e′′∗0,3m,brd,n,k − x∗0,3m,n,k,2M3m ,

e′′′∗1,3m,brd,n,k = −ω
∗
3m,n

2M3m

(
1− 1

2M3m

)
+
ω∗3m,n,k
2M3m

+
ω′∗3m,n
2M3m

.

� ��g � 5�' ��<Y] ]^-�23-(4

(xn, x
∗
n)
q(3m+1)
n=q(3m)+1 = (((x3m,n,k,l, x

∗
3m,n,k,l)

2M3m

l=1 )2M3m

k=1 )P3m
n=1 = (x3m,g, x

∗
3m,g)

G3m
g=1 ;

((e′3m,arm,n,j , e
′∗
3m,arm,n,j)

J3m,arm

j=1 )P3m
n=1 = (e′3m,arm,g, e

′∗
3m,arm,g)

G3m
g=1

= (e3m,arm,g, e
∗
3m,arm,g − x∗3m,g)G3m

g=1 ;

(x0,0,0,3m,g , x
∗
0,0,0,3m,g)

G0,0,0,3m

g=1 = (e3m,0,n, e
∗
3m,0,n)

M3m,0

n=1

∪ (x0,0,3m,g, x
∗
0,0,3m,g)

G0,0,3m

g=1 ∪ (e′3m,arm,g, e
′∗
3m,arm,g)

G3m
g=1 ;
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(x0,0,3m,g, x
∗
0,0,3m,g)

G0,0,3m

g=1

= ((ω3m,n,0, ω
∗
3m,n,0) ∪ (ω3m,n,k,0, ω

∗
3m,n,k,0)2M3m

k=1 )P3m
n=1

∪ (x3m,n,0, x
∗
3m,n,0)P3m

n=1 ∪ (((x3m,n,k,0,l, x
∗
3m,n,k,0,l)

2M3m

l=0 )2M3m

k=1 )P3m
n=1;

(u′3m+1,s, u
′∗
3m+1,s)

A3m+1

s=A3m+1−A′3m+1+1

= ((ω′3m,n,0, ω
′∗
3m,n,0) ∪ (e′′′3m,brd,n,k, e

′′′∗
3m,brd,n,k)2M3m

k=1 )P3m
n=1;

(u′3m+1,s, u
′∗
3m+1,s)

A3m+1/2+M3m,arm,0

s=A3m+1/2+1 = (e3m,arm,0,n, e
∗
3m,arm,0,n)

M3m,arm,0

n=1 ;

(x0,3m,g, x
∗
0,3m,g)

G0,3m

g=1 = (x3m,g, x
∗
3m,g)

G3m
g=1 ∪ (x0,0,3m,g , x

∗
0,0,3m,g)

G0,0,3m

g=1 ;

B5(3m) = (xn, x
∗
n)
q(3m)
n=1 ∪ (x0,3m,g, x

∗
0,3m,g)

G0,3m

g=1

∪ (u′3m+1,s, u
′∗
3m+1,s)

A3m+1/2+M3m,arm,0

s=A3m+1/2+1

∪ (u′3m+1,s, u
′∗
3m+1,s)

A3m+1

s=A3m+1−A′3m+1+1.

),;=Z=Z_>�<Y] ]^-�g�IK2323-CeoOf13<?Q
B4(3m)

<?O>/94�-:g } 4�<�4�+.-Mb�;=<?154�+�<?y?<?>JI�Z_25[�254�-:Q

B5(3m) ∪ (v′3m+1,n, v
′∗
3m+1,n)

Q′′3m+1

n=1 .
� 4^4�+�;A2^g�<?;=>�4Yc�b�[*Q0-YI�>�2,<?Ot4�+�-Xg�13<
W:-Ce�8�13-X<?O ¢ <?>�254�138�W:4�;=<?>zV3V�I�>�eS<?O���-:Q0Q*I0v x c9]&+.-:13-�]^-
13-:g.ZfI�W:-

(yn, y
∗
n)
Q(m)
n=1

b9[
B̃5(3m)

i�]&+�-C13-
B̃5(3m)

;=2�4�+�-N25[
254�-CQ
B5(3m)

]&+.-:>�]^-$13-CQN<Y��-
I�Z=Z�4�+�-�-:Z=-CQN-:>94�2,<?O

((ω′3m,n, ω
′∗
3m,n) ∪ (e3m,brd,n,k, e

∗
3m,brd,n,k)2M3m

k=1 )P3m
n=1)

I�>�e
m+ 1

b�[
3m

c�]^-�e�-:/�>.-

(u′′3m+1,s, u
′′∗
3m+1,s)

P ′′3m+1

s=1 ∪ (v′3m+2,n, v
′∗
3m+2,n)

Q′′3m+2

n=1

i�]&+�-C13-
(u′′3m+1,s, u

′′∗
3m+1,s)

Q′′3m+1

s=1 = (v′3m+1,s, v
′∗
3m+1,s)

Q′′3m+1

s=1

n ]&+�-C13-
(v′3m+2,n)

Q′′3m+2

n=1

]&;=Z=Z
b�-�8�23-:eo<?>�Z\[z;A>S4�+�-MWC<?>�254�138�W(4�;A<P>j<?O

(xn, x
∗
n)
q(3m+3)
n=q(3m+2)+1

��/�>JI�Z=Z=[*]^-M23-:4

B6(3m) = (xn, x
∗
n)
q(3m+1)
n=1 ∪ (u′3m+1,s, u

′∗
3m+1,s)

A′′3m+1

s=1

∪ (u′3m+1,s, u
′∗
3m+1,s)

A3m+1/2+M3m,arm,0

s=A3m+1/2+1

∪ (u′3m+1,s, u
′∗
3m+1,s)

A3m+1

s=A3m+1−A′3m+1+1 ∪ (v′3m+2,n, v
′∗
3m+2,n)

Q′′3m+2

n=1 ;

(u′3m+1,s, u
′∗
3m+1,s)

A′′3m+1

s=1 = (x0,0,0,3m,g , x
∗
0,0,0,3m,g)

G0,0,0,3m

g=1 ∪ (u′′3m+1,s, u
′′∗
3m+1,s)

P ′′3m+1

s=1 .
F�-�g�<?;=>94^<?8�4^4�+�IY4Yc
b�[04�+.-�-C>�ez<?O./�4�-:g x I�>�ez<?O./�4�-:g w I�>�eSb�[*��-:Q0Q*I0v�)�c ‖xn‖ < 10

I�>�e
‖x∗n‖ < 7

O�<?1
q(3m) + 1 ≤ n ≤ q(3m+ 1)

'dF�-LI�Z=23<N23-(4Yc�O�<P1
q(3m) + 1 ≤ n ≤ q(3m+ 1)

c

xn = x′n + x̃n + xarm,n + xbrd,n, x̃n = x′′n + x′′′n ,

x′n ∈ span(e′′′3m,i : 1 ≤ i ≤ S3m, e
′′′
3m,i /∈ span((e3m,aux,s,t)

22B3m

t=1 )A3m
s=1 ),

x′′n ∈ span((e3m,aux,s,t)
22B3m

t=1 )A3m
s=1 ), x′′′n ∈ span(u′3m,s)

A3m
s=1 ,

xarm,n ∈ span((e3m,arm,r,j)
J3m,arm

j=1 )P3m
r=1 ),

xbrd,n ∈ span(ω′3m,r ∪ (e3m,brd,k,r)
2M3m

k=1 )P3m
r=1 .
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F�-�23-(4Yc�Of<?1�-YI�Wr+
x ∈ X ]&;\4�+ ‖x‖ = 1

c

a3m = a3m(x) = max(max(|x∗n(x)| : q(3m) + 1 ≤ n ≤ q(3m+ 1)),

max(|x∗0,3m,g(x)| : 1 ≤ g ≤ G0,3m),max(|e′′′∗3m,i(x)| : 1 ≤ i ≤ S3m)).
�d;=>JI�Z=Z\[9c9]^-�23-:4

B1(3m+ 1) = B6(3m)
I�>�ej]^-LI�13-�13-YI�e�[zO�<?1`/
8�b�W:<?>�254�138.W(4�;=<?>jV3V3Vr' x '

� � � � h�� � �$i�� � ���Ah�� V3V3Vr' x ib/ ¢ V3V3Vr' x cdWC<P>.254�138�W(4�;=<?>�<PO,4�+.-*13-:y?8�ZfI�13;=�KIK4�;=<?>@b�Z=<
WUu n '�F�-04�8�13>
4�<q4�+�-zW:<?>�254�138�W:4�;=<?>�<PO

(xn, x
∗
n)
q(3m+2)
n=q(3m+1)+1

I�>�e�]^-z254rI�154�Of13<?Q 4�+.-*b�;=<?154�+�<?y?<?>JI�Z�25[
254�-CQ
B1(3m+ 1)

e�-:/�>.-:eo;=> / ¢ V3V3Vr'=v?�
]^-M]&;=Z=Z_g�13<
W:-:-CeS4�+�13<?8�y?+oOf<?8�1�254�-Cg�2C'dF�-�23-(4

A3m+1 = 4q(3m+1)(A′3m+1+M3m,arm,0+A′′3m+1),

K3m+1 = max(‖u′∗3m+1,s‖ : 1 ≤ s ≤ A′′3m+1,

A3m+1/2 + 1 ≤ s ≤ A3m+1/2 +M3m,arm,0, A3m+1 −A′3m+1 + 1 ≤ s ≤ A3m+1),

B3m+1 > A3m+12K3m+1A3m+1 , P3m+1 = A3m+1(22B3m+1 + 1).
� ��g � v?'7p�[q4�+�-$g�13<
W:-Ce�8�13-$<?O���-:Q0Q*I�v )z]^-$gJI�232�Of13<?Q

B1(3m + 1)
4�<z4�+�-$b.;=<?154�+�<?yP<?>JI�Z

25[�254�-:Q
B1(3m + 1) ∪ (ê3m+1,n, ê

∗
3m+1,n)

S′3m+1+M ′3m+1,0

n=1

]&+�-C13-
(ê3m+1,n)

S′3m+1+M ′3m+1,0

n=1

;=2
v(��-C698�;\��I�Z=-:>�4,4�<$4�+�-�>JIK4�8�1UI�Z_bJI�23;=2&<?O

l
S′3m+1+M ′3m+1,0

1

c�QN<?13-:<Y��-:1,]&;=4�+

‖y + e‖ ≥ max(‖y‖, ‖e‖/2)

O�<P1
y ∈ span(y3m+1,n)

Q(3m+1)
n=1 , e ∈ span(ê3m+1,n)

S′3m+1+M ′3m+1,0

n=1 ,
I�>�e

(y3m+1,n)
Q(3m+1)
n=1 = (xn)

q(3m+1)
n=1 ∪ (u′3m+1,s)

A′′3m+1

s=1

∪ (u′3m+1,s)
A3m+1/2+M3m,arm,0

s=A3m+1/2+1

∪ (u′3m+1,s)
A3m+1

s=A3m+1−A′3m+1+1 ∪ (v′3m+2,n)
Q′′3m+2

n=1 .

),+�-C>tc�I�W:WC<P13e.;=>�yj4�<o4�+.-0g�13<
WC-:e�8�13-*<?O,��-:Q0Q*I�v�)�c�4�+�-C13-zI�13-
(v̂0,3m+1,n)

S′3m+1+M ′3m+1,0

n=S′3m+1+1

;=>

span(ê3m+1,n)
S′3m+1

n=1

I�>�e
(ê′′∗3m+1,n)

S′3m+1

n=1

;=>
X∗

23<$4�+JIK4�]^-M+�I(��-M4�+�-�b�;=<?154�+�<?y?<?>JI�Z_25[
254�-CQ

(ê3m+1,n, ê
′′∗
3m+1,n)

S′3m+1

n=1 ∪ (e3m+1,0,n, e
∗
3m+1,0,n)

M ′3m+1,0

n=1 ,

(e3m+1,0,n, e
∗
3m+1,0,n)

M ′3m+1,0

n=1 = (ê3m+1,n − v̂0,3m+1,n, ê
∗
3m+1,n)

S′3m+1+M ′3m+1,0

n=S′3m+1+1 ;

E′0,3m+1 = span(e3m+1,0,n)
M ′3m+1,0

n=1 ;

S′3m+1 = 2M
′
3m+1 + (A3m+1 − (A′3m+1 +A′′3m+1 +M3m,arm,0)) + P3m+1 + P3m;

M ′3m+1 = A3m+122B3m+1 + P3m+12M3m+1(24Q3m+1 + 1) + P3m2M3m .

),+�-C>
(ê3m+1,n +E′0,3m+1)

S′3m+1

n=1

;=2
1
��-C698�;\��I�Z=-:>�4�4�<74�+�-X>JIK4�8�1UI�Z�b�IK23;A2^<?O

l
S′3m+1∞

I�>�ez]^-�WKIK>
238�g�g�<P23-M4�+�IY4�4�+.-MQN-:4�+�<
eoIK4�4�+�-�-:>�eo<PO /�4�-Cg@vM<?O / ¢ V3V3Vr'\vMWC<P>94�;=>98�-C2,4�<�]^<?13u�'

��<Y]LcJb�[S4�+.-�g�13<
WC-:e�8�13-C2&<?Oh4�+�-�g.13<9<?Od<?O�),+�-:<?13-:Q�v?v7I�>�eq<?Oh��-:Q0Q*ISv�)�c�]^-LgJI�232EO�13<?Q

(ê3m+1,n, ê
′′∗
3m+1,n)

S′3m+1

n=1

4�<$4�+�-Mb.;=<?154�+�<?yP<?>JI�Zt25[�254�-:Q

(ê′3m+1,n, ê
′∗
3m+1,n)

M ′3m+1

n=1 ∪ (e3m+1,0,n, e
∗
3m+1,0,n)

M3m+1,0

n=M ′3m+1,0+1

∪ (e′′′3m+1,n, e
′′′∗
3m+1,n)

S3m+1

n=M ′3m+1+1;
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M3m+1,0 = M ′3m+1,0 + (2M
′
3m+1 −M ′3m+1); S3m+1 = S′3m+1 − (2M

′
3m+1 −M ′3m+1);

E3m+1,0 = span(e3m+1,0,n)
M3m+1,0

n=1 ;

(ê′3m+1,n, ê
′∗
3m+1,n)

M ′3m+1

n=1 = ((e′3m+1,aux,s,t, e
′∗
3m+1,aux,s,t)

22B3m+1

t=1 )
A3m+1

s=1

∪ ((e′3m+1,n,k, e
′∗
3m+1,n,k)2M3m+1

k=1 )
P3m+1

n=1

∪ (((e′3m+1,n,k,l, e
′∗
3m+1,n,k,l)

24Q3m+1

l=1 )2M3m+1

k=1 )
P3m+1

n=1

∪ ((e′3m,brd,n,k, e
′∗
3m,brd,n,k)2M3m

k=1 )P3m
n=1;

(e′′′3m+1,n, e
′′′∗
3m+1,n)

S3m+1

n=M ′3m+1+1 = (ê3m+1,n, ê
′′∗
3m+1,n)

S′3m+1

n=2
M′

3m+1+1

= (e3m+1,aux,s, e
∗
3m+1,aux,s)

A3m+1/2
s=A′′3m+1+1

∪ (e3m+1,aux,s, e
∗
3m+1,aux,s)

A3m+1−A′3m+1

s=A3m+1/2+M3m,arm,0+1

∪ (ω′3m+1,n, ω
′∗
3m+1,n)

P3m+1

n=1 ∪ (ω′3m,n, ω
′∗
3m,n)P3m

n=1;
23<$4�+�IY4&23-(434�;=>.y�c�O�<P1

1 ≤ s ≤ A3m+1
c

e3m+1,aux,s,1 = e′3m+1,aux,s,1

I�>�e
e3m+1,aux,s,t = e′3m+1,aux,s,t − e′3m+1,aux,s,t−1

O�<P1
2 ≤ t ≤ 22B3m+1

c
(e′3m+1,aux,s,t)

22B3m+1

t=1

c
(e3m+1,aux,s,t)

22B3m+1

t=1

I�>�e
E3m+1,0

W:<?1313-:�
23g�<?>�e 4�<

((e′r,n)2N

n=1)2R

r=1

c
((er,n)2N

n=1)2R

r=1

IK>.e
E′0

<?Oqi w?l ' w?n IK>.e i w?l ' 3 n <?O*),+�-:<?13-:Q v?v
]&;\4�+ {n}2Nn=1

I�>�e {r}2Rr=1

13-:g�ZfI�WC-:e 13-:23g�-CW(4�;\��-:Z=[�b�[
(t)22B3m+1

t=1

I�>�e {1} ' �q<?13-:<Y��-:1qO�<P1
1 ≤ n ≤ P3m+1

c
;=O�]^-�23-:4^Of<?1
1 ≤ k ≤ 2M3m+1

c
e3m+1,n,k,1 = e′3m+1,n,k,1

I�>�e
e3m+1,n,k,l =

e′3m+1,n,k,l − e′3m+1,n,k,l−1

Of<?1
2 ≤ l ≤ 24Q3m+1 − 1

c�4�+�-C>
((e′3m+1,n,k,l)

24Q3m+1−1
l=1 )2M3m+1

k=1

c

((e3m+1,n,k,l)
24Q3m+1−1
l=1 )2M3m+1

k=1

IK>.e
E3m+1,0

WC<?1313-:23g�<?>�eN4�<
((e′r,n)2N

n=1)2R

r=1

c
((er,n)2N

n=1)2R

r=1I�>�e
E′0

<?O�i w?l ' w�n I�>�e�i w?l ' 3 n <?Ot),+�-C<P13-CQ v?v�]&;\4�+ {n}2Nn=1

I�>�e {r}2Rr=1

13-Cg�ZfI�W:-Ce013-:23g�-CW(4�;\��-:Z=[
b�[

(l)24Q3m+1−1
l=1

I�>�e
(k)2M3m+1

k=1

'���<P13-C<Y�?-C10Of<?1
1 ≤ n ≤ P3m+1

c�;=O&]^-o23-:4
e3m+1,n,1 =

e′3m+1,n,1

I�>�e
e3m+1,n,1,24Q3m+1 = e′

3m+1,n,1,24Q3m+1

I�>�e
e3m,brd,n,1 = e′3m,brd,n,1

c�QN<?13-:�
<Y��-:1

e3m+1,n,k = e′3m+1,n,k − e′3m+1,n,k−1,

e3m+1,n,k,24Q3m+1 = e′
3m+1,n,k,24Q3m+1

− e′
3m+1,n,k−1,24Q3m+1

O�<P1
2 ≤ k ≤ 2M3m+1 ,

e3m,brd,n,k = e′3m,brd,n,k − e′3m,brd,n,k−1

Of<?1
2 ≤ k ≤ 2M3m ,

4�+�-C>

(e′3m+1,n,k)2M3m+1

k=1

IK>.e
(e3m+1,n,k)2M3m+1

k=1 ,

(e′
3m+1,n,k,24Q3m+1

)2M3m+1

k=1

IK>.e
(e3m+1,n,k,24Q3m+1 )2M3m+1

k=1 ,

(e′3m+1,brd,n,k)2M3m+1

k=1

I�>�e
(e3m+1,brd,n,k)2M3m+1

k=1

I�>�e
E3m+1,0

W:<?1313-:23g�<?>�ej4�<
((e′r,n)2N

n=1)2R

r=1

c
((er,n)2N

n=1)2R

r=1

I�>�e
E′0

<?O,i wPl ' w�n I�>�e�i w?l ' 3 n <?O
),+�-C<P13-CQ£v?v,]&;\4�+ {n}2Nn=1

I�>�e {r}2Rr=1

13-Cg�ZfI�W:-CeN13-:23g�-:W(4�;=�?-CZ\[7b�[
(k)2M3m+1

k=1

i
(k)2M3m

k=1

O�<?1�4�+�-
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ZfI�254&<?>�- n I�>�e
(1)
'�),+�-:>j]^-Mg�IK232&4�<�4�+.-Xb.;=<?154�+�<?yP<?>JI�Zt25[�254�-:Q

B2(3m+ 1) = B1(3m+ 1) ∪ (e′′′3m+1,n, e
′′′∗
3m+1,n)

S3m+1

n=1 ∪ (e3m+1,0,n, e
∗
3m+1,0,n)

M3m+1,0

n=1 ;

(e′′′3m+1,n, e
′′′∗
3m+1,n)

M ′3m+1

n=1 = ((e3m+1,aux,s,t, e
∗
3m+1,aux,s,t)

22B3m+1

t=1 )
A3m+1

s=1

∪ ((e3m+1,n,k, e
∗
3m+1,n,k)2M3m+1

k=1 )
P3m+1

n=1

∪ (((e3m+1,n,k,l, e
∗
3m+1,n,k,l)

24Q3m+1

l=1 )2M3m+1

k=1 )
P3m+1

n=1

∪ ((e3m,brd,n,k, e
∗
3m,brd,n,k)2M3m

k=1 )P3m
n=1.Va>ogJI�154�;=W:8.ZfI�1Cc
b�[�i w )�' w�n <?Oh),+.-:<?13-:Q � I�>�eob�[j),+�-C<?13-:Q v?v?c

∥∥∥
P3m+1∑

n=1

2M3m+1∑

k=1

24Q3m+1−1∑

l=1

an,k,le3m+1,n,k,l + E3m+1,0

∥∥∥

= max
(∥∥∥

2M3m+1∑

k=1

an,k,le3m+1,n,k,l + E3m+1,0

∥∥∥ : 1 ≤ n ≤ P3m+1, 1 ≤ l ≤ 24Q3m+1 − 1
)

O�<P1�-KI�WU+�23-C698�-C>�W:-
((an,k,l)

24Q3m+1−1
l=1 )2M3m+1

k=1 )
P3m+1

n=1

<?O^>98�Q�b�-:132C' � >JI�Z=<?y?<P8.23Z\[q4�<j4�+�-0-:>�e
<?O>/94�-:g x <PO /98�b�W:<?>�254�138�W:4�;=<?>SV3V3Vr'=v?c ‖e′′′∗3m+1,n‖ ≤ 2

O�<P1
1 ≤ n ≤ S3m+1

'
� ��g � x ' ��<Y] ]^-�8�23-LI$b�;=<?154�+�<?y?<P>�IKZ_25[�254�-CQ

((ω3m+1,n, ω
∗
3m+1,n) ∪ (e3m+1,brd,n,k, e

∗
3m+1,brd,n,k)2M3m+1

k=1 )
P3m+1

n=1]&+�;=Wr+S]&;=Z=Z_b�-Xe.-:/�>�-Ceo;=> / ¢ V3V3Vr' w c
4�+�-C>S]^-�gJI�232�4�<

(ω3m+1,n,0, ω
∗
3m+1,n,0) ∪ (e′′3m+1,brd,n,k, e

′′∗
3m+1,brd,n,k)2M3m+1

k=1]&+�-C13-?c�Of<?1
1 ≤ k ≤ 2M3m+1

c

ω3m+1,n,0 =

2M3m+1∑

f=1

e3m+1,brd,n,f ,

ω∗3m+1,n,0 =
1

2M3m+1

2M3m+1∑

f=1

e∗3m+1,brd,n,f − ω∗3m+1,n/2
M3m+1 ,

e′′3m+1,brd,n,k = e3m+1,brd,n,k + ω3m+1,n,

e′′∗3m+1,brd,n,k = e∗3m+1,brd,n,k − ω∗3m+1,n,0

=

(
e∗3m+1,brd,n,k −

1

2M3m+1

2M3m+1∑

f=1

e∗3m+1,brd,n,f

)
+
ω∗3m+1,n

2M3m+1
;

I�>�e�4�+�-�2UI�QN-�Of13<?Q
(ω′3m+1,n, ω

′∗
3m+1,n) ∪ (e3m+1,n,k,24Q3m+1 , e

∗
3m+1,n,k,24Q3m+1

)2M3m+1

k=1

4�<

(ω′3m+1,n,0, ω
′∗
3m+1,n,0) ∪ (e′′

3m+1,n,k,24Q3m+1
, e′′∗

3m+1,n,k,24Q3m+1
)2M3m+1

k=1

]&+�-C13-?cJO�<?1
1 ≤ k ≤

2M3m+1
c

ω′3m+1,n,0 =
2M3m+1∑

f=1

e3m+1,n,f,24Q3m+1 ,
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ω′∗3m+1,n,0 =
1

2M3m+1

2M3m+1∑

f=1

e∗
3m+1,n,f,24Q3m+1

− ω′∗3m+1,n/2
M3m+1 ,

e′′
3m+1,n,k,24Q3m+1

= e3m+1,n,k,24Q3m+1 + ω′3m+1,n,

e′′∗
3m+1,n,k,24Q3m+1

= e∗
3m+1,n,k,24Q3m+1

− ω′∗3m+1,n,0

=
(
e∗

3m+1,n,k,24Q3m+1
− 1

2M3m+1

2M3m+1∑

f=1

e∗
3m+1,n,f,24Q3m+1

)
+
ω′∗3m+1,n

2M3m+1
.

/9-:434�;=>�y

(e3m+1,aux,s, e
∗
3m+1,aux,s)

A3m+1/2
s=A′′3m+1+1 = (u′3m+1,s, u

′∗
3m+1,s)

A3m+1/2
s=A′′3m+1+1

I�>�e

(e3m+1,aux,s, e
∗
3m+1,aux,s)

A3m+1−A′3m+1

s=A3m+1/2+M3m,arm,0+1

= (u′3m+1,s, u
′∗
3m+1,s)

A3m+1−A′3m+1

s=A3m+1/2+M3m,arm,0+1,O�13<PQ 4�+.-�-:�
g.13-:2323;=<?>z<?O
B1(3m+ 1) = B6(3m)

<PO./ ¢ V3V3Vr'\vE]^-�y?-(4^4�+�-Xb�;=<?154�+�<?y?<?>JI�Z�25[�254�-CQ
(u′3m+1,s, u

′∗
3m+1,s)

A3m+1

s=1 ∪ ((e3m+1,aux,s,t, e
∗
3m+1,aux,s,t)

22B3m+1

t=1 )
A3m+1

s=1

O�13<PQ ]&+�;AWU+�IY4X/.13254
]^-@gJI�232qO�13<?Q

(u′3m+1,s, u
′∗
3m+1,s)

A3m+1

s=1

4�<
(u′3m+1,s/‖u′3m+1,s‖, ‖u′3m+1,s‖u′∗3m+1,s)

A3m+1

s=1]&+�;=Wr+*]^-XWYI�Z=Z
(u′3m+1,s, u

′∗
3m+1,s)

A3m+1

s=1

IKy9I�;=>t�
4�+�-:>z]^-�g�IK232,4�<
(u3m+1,n, u

∗
3m+1,n)

P3m+1

n=1 =

((u3m+1,s,t, u
∗
3m+1,s,t)

22B3m+1

t=0 )
A3m+1

s=1

]&+�-C13-?c�O�<?1
1 ≤ s ≤ A3m+1

I�>�e
1 ≤ t ≤ 22B3m+1

c

u3m+1,s,0 =

22B3m+1∑

j=1

e3m+1,aux,s,j , u∗3m+1,s,0 =

22B3m+1∑

j=1

e∗3m+1,aux,s,j

22B3m+1
−
u′∗3m+1,s

2B3m+1
,

u3m+1,s,t = e3m+1,aux,s,t +
u′3m+1,s

2B3m+1
,

u∗3m+1,s,t = e∗3m+1,aux,s,t−u∗3m+1,s,0 =

(
e∗3m+1,aux,s,t−

22B3m+1∑

j=1

e∗3m+1,aux,s,j

22B3m+1

)
+
u′∗3m+1,s

2B3m+1
.

),+�-C>S]^-�gJI�232,4�<$4�+�-�y?-:>�-C1UIY4�;A>�y$b�;=<?154�+�<?y?<?>JI�Z_25[�254�-CQ

(w3m+1,n, w
∗
3m+1,n)

P3m+1

n=1 = ((w3m+1,s,t, w
∗
3m+1,s,t)

22B3m+1

t=0 )
A3m+1

s=1

I�>�e�]^-�23g�-:WC;=OA[�4�+JIK4Yc�;=OM]^-�23-(4
Q0,3m+1 = max(‖w∗3m+1,n‖ : 1 ≤ n ≤ P3m+1)

c�4�+�-:>

Q3m+1 > 42P3m+1Q0,3m+1
]&+�;AZ=-

M3m+1 > 42Q3m+1+4·24Q3m+1 '
�d;=>�IKZAZ\[�c
]^-MgJI�232�4�<$4�+�-�QN<
e�;=/�-CeSy?-C>�-:1UIK4�;=>�yNb�;=<?154�+�<?y?<P>�IKZ_25[�254�-CQ

(v3m+1,n, v
∗
3m+1,n)

P3m+1

n=1
]&+�-C13-?c�Of<?1

1 ≤ n ≤ P3m+1/2
c

v3m+1,2n−1 = w3m+1,2n + w3m+1,2n−1/2
M3m+1+Q3m+1 ,

v∗3m+1,2n−1 = (w∗3m+1,2n + 2M3m+1+Q3m+1w∗3m+1,2n−1)/2,

v3m+1,2n = w3m+1,2n − w3m+1,2n−1/2
M3m+1+Q3m+1 ,

v∗3m+1,2n =
w∗3m+1,2n − 2M3m+1+Q3m+1w∗3m+1,2n−1

2
.
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Va>j4�+�-M>�-(�
4&254�-Cg�2,]^-M]&;=Z=Z�]^<?13u*]&;\4�+S4�+�-MO�<?Z=Z=<Y]&;=>�y$b�;=<?154�+�<?y?<?>JI�Z_25[�254�-:QqB

B3(3m+ 1) = (xn, x
∗
n)
q(3m+1)
n=1 ∪ ((v3m+1,n, v

∗
3m+1,n)

∪ ((e3m+1,n,k, e
∗
3m+1,n,k) ∪ (e3m+1,n,k,l, e

∗
3m+1,n,k,l)

24Q3m+1−1
l=1

∪ (e′′
3m+1,n,k,24Q3m+1

, e′′∗
3m+1,n,k,24Q3m+1

))2M3m+1

k=1

∪ (e′′3m+1,brd,n,k, e
′′∗
3m+1,brd,n,k)2M3m+1

k=1 )

∪ ((ω3m+1,n,0, ω
∗
3m+1,n,0) ∪ (ω′3m+1,n,0, ω

′∗
3m+1,n,0)

P3m+1

n=1

∪ (e3m+1,0,n, e
∗
3m+1,0,n)

M3m+1,0

n=1 ∪ (v′3m+2,n, v
′∗
3m+2,n)

Q′′3m+2

n=1 .

� ��g � w '���-(4&8.2�/��
n
]&;=4�+

1 ≤ n ≤ P3m+1
��O�<?1

1 ≤ k ≤ 2M3m+1
IK>.e

1 ≤ l ≤ 24Q3m+1 − 1
c

]^-M23-:4

x3m+1,n,0 =
2M3m+1∑

f=1

e3m+1,n,f ,

x∗3m+1,n,0 =

2M3m+1∑

f=1

e∗3m+1,n,f

2M3m+1
−

v∗3m+1,n

2M3m+1+2Q3m+1
;

x3m+1,n,k = e3m+1,n,k + 22Q3m+1v3m+1,n,

x∗3m+1,n,k = e∗3m+1,n,k − x∗3m+1,n,0

=

(
e∗3m+1,n,k −

2M3m+1∑

f=1

e∗3m+1,n,f

2M3m+1

)
+

v∗3m+1,n

2M3m+1+2Q3m+1
;

x3m+1,n,k,0 =

24Q3m+1−1∑

g=1

e3m+1,n,k,g + e′′
3m+1,n,k,24Q3m+1

,

x∗3m+1,n,k,0 =
1

24Q3m+1

( 24Q3m+1−1∑

g=1

e∗3m+1,n,k,g + e′′∗
3m+1,n,k,24Q3m+1

)

− 2P3m+1Q0,3m+1

22Q3m+1
x∗3m+1,n,k;

x3m+1,n,k,l = e3m+1,n,k,l +
x3m+1,n,k

2P3m+1Q0,3m+122Q3m+1

= e3m+1,n,k,l +
e3m+1,n,k

2P3m+1Q0,3m+122Q3m+1
+

v3m+1,n

2P3m+1Q0,3m+1
,

x∗3m+1,n,k,l = e∗3m+1,n,k,l − x∗3m+1,n,k,0

=

(
e∗3m+1,n,k,l −

1

24Q3m+1

( 24Q3m+1−1∑

g=1

e∗3m+1,n,k,g

+

((
e∗

3m+1,n,k,24Q3m+1
−

2M3m+1∑

f=1

e∗
3m+1,n,f,24Q3m+1

2M3m+1

)
+
ω′∗3m+1,n

2M3m+1

))

+
2P3m+1Q0,3m+1

22Q3m+1

(
e∗3m+1,n,k −

2M3m+1∑

f=1

e∗3m+1,n,f

2M3m+1

)

+
2P3m+1Q0,3m+1

2M3m+1+4Q3m+1
v∗3m+1,n,
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x3m+1,n,k,24Q3m+1 = e′′
3m+1,n,k,24Q3m+1

+
x3m+1,n,k

2P3m+1Q0,3m+122Q3m+1
+ e′′3m+1,brd,n,k

= e3m+1,n,k,24Q3m+1 + ω′3m+1,n +
e3m+1,n,k

2P3m+1Q0,3m+122Q3m+1

+
v3m+1,n

2P3m+1Q0,3m+1
+ e3m+1,brd,n,k + ω3m+1,n, x

∗
3m+1,n,k,24Q3m+1

= e′′∗
3m+1,n,k,24Q3m+1 − x∗3m+1,n,k,0

=

((
e∗

3m+1,n,k,24Q3m+1
−

2M3m+1∑

f=1

e∗
3m+1,n,f,24Q3m+1

2M3m+1

)
+
ω′∗3m+1,n

2M3m+1

)

− 1

24Q3m+1

( 24Q3m+1−1∑

g=1

e∗3m+1,n,k,g

+

((
e∗

3m+1,n,k,24Q3m+1 −
2M3m+1∑

f=1

e∗
3m+1,n,f,24Q3m+1

2M3m+1

)
+
ω′∗3m+1,n

2M3m+1

))

+
2P3m+1Q0,m

22Q3m+1

(
e∗3m+1,n,k −

2M3m+1∑

f=1

e∗3m+1,n,f

2M3m+1

)

+
2P3m+1Q0,3m+1

2M3m+1+4Q3m+1
v∗3m+1,n.

� Of4�-:1o4�+�;=2qWC<?>�254�138�W(4�;A<P>�c
((e′′3m+1,brd,n,k, e

′′∗
3m+1,brd,n,k)2M3m+1

k=1 )
P3m+1

n=1

<?O6/�4�-:g x b�-:WC<PQ0-:2

((e′′′3m+1,brd,n,k, e
′′′∗
3m+1,brd,n,k)2M3m+1

k=1 )
P3m+1

n=1

]&+.-:13-?cXO�<P1
1 ≤ n ≤ P3m+1

IK>.e
1 ≤ k ≤

2M3m+1
c

e′′′3m+1,brd,n,k = e′′3m+1,brd,n,k = e3m+1,brd,n,k + ω3m+1,n,

e′′′∗3m+1,brd,n,k = e′′∗3m+1,brd,n,k − x∗3m+1,n,k,24Q3m+1

= e′′∗0,3m+1,brd,n,k + e′′′′∗3m+1,brd,n,k +

(
− 2P3m+1Q0,3m+1

2M3m+1+4Q3m+1
v∗3m+1,n

)
,

e′′∗0,3m+1,brd,n,k =

(
e∗3m+1,brd,n,k −

1

2M3m+1

2M3m+1∑

f=1

e∗3m+1,brd,n,f

)

−
((

e∗
3m+1,n,k,24Q3m+1

−
2M3m+1∑

f=1

e∗
3m+1,n,f,24Q3m+1

2M3m+1

)(
1− 1

24Q3m+1

)

+
2P3m+1Q0,3m+1

22Q3m+1

(
e∗3m+1,n,k −

2M3m+1∑

f=1

e∗3m+1,n,f

2M3m+1

))
,

e′′′′∗3m+1,brd,n,k =
ω∗3m+1,n

2M3m+1
−
(
ω′∗3m+1,n

2M3m+1

(
1− 1

24Q3m+1

)
− 1

24Q3m+1

24Q3m+1−1∑

g=1

e∗3m+1,n,k,g

)
.

),+�-C> ∑2M3m+1

k=1 e′′∗0,3m+1,brd,n,k = 0
'��q<?13-C<C��-C1Cc�;=O�]^-M/��

n
]&;\4�+

1 ≤ n ≤ P3m+1
cJI�>�eo23-(4

x∗3m+1,n,k,l = x∗0,3m+1,n,k,l +
2P3m+1Q0,3m+1

2M3m+1+4Q3m+1
v∗3m+1,n
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O�<P1
1 ≤ k ≤ 2M3m+1

I�>�e
1 ≤ l ≤ 24Q3m+1

c
4�+�-C>tc�13-:WYI�Z=ZA;=>�y�4�+JIK4

2M3m+1∑

k=1

(
e∗

3m+1,n,k,24Q3m+1
−

2M3m+1∑

f=1

e∗
3m+1,n,f,24Q3m+1

2M3m+1

)
= 0

I�>�e
2M3m+1∑

k=1

(
e∗3m+1,n,k −

1

2M3m+1

2M3m+1∑

f=1

e∗3m+1,n,f

)
= 0,

]^-M+�I(��-

2M3m+1∑

k=1

24Q3m+1∑

l=1

x∗0,3m+1,n,k,l

=

2M3m+1∑

k=1

( 24Q3m+1−1∑

l=1

(
e∗3m+1,n,k,l −

1

24Q3m+1

( 24Q3m+1−1∑

g=1

e∗3m+1,n,k,g

+

((
e∗

3m+1,n,k,24Q3m+1
−

2M3m+1∑

f=1

e∗
3m+1,n,f,24Q3m+1

2M3m+1

)
+
ω′∗3m+1,n

2M3m+1

)))

+
2P3m+1Q0,3m+1

22Q3m+1

(
e∗3m+1,n,k −

1

2M3m+1

2M3m+1∑

f=1

e∗3m+1,n,f

)

+

((
e∗

3m+1,n,k,24Q3m+1
−

2M3m+1∑

f=1

e∗
3m+1,n,f,24Q3m+1

2M3m+1

)
+
ω′∗3m+1,n

2M3m+1

)

− 1

24Q3m+1

( 24Q3m+1−1∑

g=1

e∗3m+1,n,k,g +

((
e∗

3m+1,n,k,24Q3m+1

−
2M3m+1∑

f=1

e∗
3m+1,n,f,24Q3m+1

2M3m+1

)
+
ω′∗3m+1,n

2M3m+1

))

+
2P3m+1Q0,3m+1

22Q3m+1

(
e∗3m+1,n,k −

2M3m+1∑

f=1

e∗3m+1,n,f

2M3m+1

))

=
2M3m+1∑

k=1

( 24Q3m+1−1∑

l=1

(
e∗3m+1,n,k,l

− 1

24Q3m+1

( 24Q3m+1−1∑

g=1

e∗3m+1,n,k,g +
ω′∗3m+1,n

2M3m+1

)))

+ ω′∗3m+1,n −
2M3m+1

24Q3m+1

( 24Q3m+1−1∑

g=1

e∗3m+1,n,k,g +
ω′∗3m+1,n

2M3m+1

)
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=
2M3m+1∑

k=1

( 24Q3m+1−1∑

l=1

e∗3m+1,n,k,l

− 24Q3m+1 − 1

24Q3m+1

24Q3m+1−1∑

g=1

e∗3m+1,n,k,g −
24Q3m+1−1∑

g=1

e∗3m+1,n,k,g

24Q3m+1

)

− 24Q3m+1 − 1

24Q3m+1
ω′∗3m+1,n + ω′∗3m+1,n −

1

24Q3m+1
ω′∗3m+1,n

=

2M3m+1∑

k=1

( 24Q3m+1−1∑

l=1

e∗3m+1,n,k,l

(
1− 24Q3m+1 − 1

24Q3m+1
− 1

24Q3m+1

))

+ ω′∗3m+1,n

(
−24Q3m+1 − 1

24Q3m+1
+ 1− 1

24Q3m+1

)
= 0.

� ��g � 3.'dF�-Mg�IK232&O�13<PQ
B3(3m+ 1)

<?O>/�4�-Cg x 4�<$4�+�-�b�;=<?154�+�<?y?<?>JI�Z_25[
254�-CQ

B′3(3m+ 1) ∪ (v′3m+2,n, v
′∗
3m+2,n)

Q′′3m+2

n=1 ,

B′3(3m+ 1) = (xn, x
∗
n)
q(3m+2)
n=1 ∪ (e3m+1,0,n, e

∗
3m+1,0,n)

M3m+1,0

n=1

∪ ((x3m+1,n,0, x
∗
3m+1,n,0)

∪ (ω′3m+1,n,0, ω
′∗
3m+1,n,0) ∪ (ω3m+1,n,0, ω

∗
3m+1,n,0)

∪ (x3m+1,n,k,0, x
∗
3m+1,n,k,0)2M3m+1

k=1 )
P3m+1

n=1

∪ ((e′′′3m+1,brd,n,k, e
′′′∗
3m+1,brd,n,k)2M3m+1

k=1 )
P3m+1

n=1 ;

(xn, x
∗
n)
q(3m+2)
n=q(3m+1)+1 = (((x3m+1,n,k,l, x

∗
3m+1,n,k,l)

24Q3m+1

l=1 )2M3m+1

k=1 )
P3m+1

n=1 .
� 4M4�+�;=2Mg�<?;=>�4Yc�I�Z\]�I:[�2Xb9[�4�+�-$g�13<
WC-:e�8�13-N<PO ¢ <?>�254�138�W(4�;A<P>�V3VXI�>�e@<?O���-CQNQzI�v x c_]&+.-:13-�]^-
13-:g.ZfI�W:-

(yn, y
∗
n)
Q(m)
n=1

b�[
B̃3(3m + 1)

]&+�;=Wr+�WC<PQ0-:2XOf13<?Q
B′3(3m + 1)

]&+�-C>�]^-$13-:Q0<C��-NI�Z=Z
4�+�-�-:Z=-CQN-:>94�2,<?O

((ω3m+1,n, ω
∗
3m+1,n) ∪ (e3m+1,brd,n,k, e

∗
3m+1,brd,n,k)2M3m+1

k=1 )
P3m+1

n=1 ,
]^-Me.-:/�>�-

(u′′3m+2,s, u
′′∗
3m+2,s)

P ′′3m+2

s=1 ∪ (v′3m+3,n, v
′∗
3m+3,n)

Q′′3m+3

n=1 ,

(u′′3m+2,s, u
′′∗
3m+2,s)

Q′′3m+2

s=1 = (v′3m+2,n, v
′∗
3m+2,n)

Q′′3m+2

n=1 ;

B4(3m+ 1) = B′4(3m+ 1) ∪ (v′3m+3,n, v
′∗
3m+3,n)

Q′′3m+3

n=1 ,

B′4(3m+ 1) = (xn, x
∗
n)
q(3m+2)
n=1 ∪ (u′3m+2,s, u

′∗
3m+2,s)

A′′3m+2

s=1

∪ (u′3m+2,s, u
′∗
3m+2,s)

A3m+2

s=A3m+2−A′3m+2+1;

A′′3m+2 = M3m+1,0 + P ′′3m+2 + (2 + 2M3m+1)P3m+1, A′3m+2 = (1 + 2M3m+1)P3m+1,

(u′3m+2,s, u
′∗
3m+2,s)

A′′3m+2

s=1 = (e3m+1,0,n, e
∗
3m+1,0,n)

M3m+1,0

n=1 ∪ (u′′3m+2,s, u
′′∗
3m+2,s)

P ′′3m+2

s=1

∪ ((x3m+1,n,0, x
∗
3m+1,n,0) ∪ (ω′3m+1,n,0, ω

′∗
3m+1,n,0)

∪ (x3m+1,n,k,0, x
∗
3m+1,n,k,0)2M3m+1

k=1 )
P3m+1

n=1 ,



�G� �������	�
����	�

(u′3m+2,s, u
′∗
3m+2,s)

A3m+2

s=A3m+2−A′3m+2+1 = ((ω3m+1,n,0, ω
∗
3m+1,n,0)

∪ (e′′′3m+1,brd,n,k, e
′′′∗
3m+1,brd,n,k)2M3m+1

k=1 )
P3m+1

n=1 .

F�-�g�<?;=>�4�<?8�4�4�+�IY4YcKb�[*i w?l ' w�n I�>�ezi w?l ' 3 n <?O�),+�-C<?13-:Q v?v�I�>�e7b�[+/�4�-Cg�2�v^I�>�e w c ‖xn‖ < 5
I�>�e

‖x∗n‖ < 7
O�<?1

q(3m+ 1) + 1 ≤ n ≤ q(3m+ 2)
�9Q0<?13-:<Y��-:1 ‖ω′3m+1,n,0‖ = ‖ω3m+1,n,0‖ = 1 =

‖x3m+1,n,0‖
I�>�e ‖x3m+1,n,k,0‖ = 3

c�]&+.;=Z=-
max(‖ω′∗3m+1,n,0‖, ‖ω∗3m+1,n,0‖, ‖x∗3m+1,n,0‖,

‖x∗3m+1,n,k,0‖) < 3
Of<?1

1 ≤ n ≤ P3m+1
I�>�e

1 ≤ k ≤ 2M3m+1
'&F�-723-(4

(xn)
q(3m+2)
n=q(3m+1)+1 =

(x3m+1,n)
G3m+1

n=1

I�>�etc.Of<?1
q(3m+ 1) + 1 ≤ n ≤ q(3m+ 2)

c

xn = x′n + x̃n + xbrd,n, x̃n = x′′n + x′′′n ;

x′n ∈ span(e′′′3m+1,i : 1 ≤ i ≤ S3m+1, e
′′′
3m+1,i /∈ span((e3m+1,aux,s)

A3m+1/2
s=A′′3m+1+1

∪ (e3m+1,aux,s)
A3m+1−A′3m+1

s=A3m+1/2+M3m,arm,0+1

∪ ((e3m+1,aux,s,t)
22B3m+1

t=1 )
A3m+1

s=1 ) ∪ (ω3m+1,n ∪ (e3m+1,brd,r,k)2M3m+1

k=1 )
P3m+1

r=1 ),

x′′n ∈ span((e3m+1,aux,s)
A3m+1/2
s=A′′3m+1+1

∪ (e3m+1,aux,s)
A3m+1−A′3m+1

s=A3m+1/2+M3m,arm,0+1 ∪ ((e3m+1,aux,s,t)
22B3m+1

t=1 )
A3m+1

s=1 ),

x′′′n ∈ span((u′3m+1,s)
A′′3m+1

s=1 ∪ (u′3m+1,s)
A3m+1/2+M3m,arm,0

s=A3m+1/2+1

∪ (u′3m+1,s)
A3m+1

s=A3m+1−A′3m+1+1),

xbrd,n ∈ span(ω3m+1,n ∪ (e3m+1,brd,r,k)2M3m+1

k=1 )
P3m+1

r=1 .

F�-�23-(4Yc�Of<?1�-YI�Wr+
x ∈ X ]&;\4�+ ‖x‖ = 1

c

a3m+1 = a3m+1(x) = max(max(|x∗n(x)| : q(3m+ 1) + 1 ≤ n ≤ q(3m+ 2)),

max(|e′′′∗3m+1,n(x)| : 1 ≤ n ≤ S3m+1),max(|ω∗3m+1,n,0(x)|,
|x∗3m+1,n,0(x)|, |x∗3m+1,n,k,0(x)| : 1 ≤ n ≤ P3m+1, 1 ≤ k ≤ 2M3m+1)).

�d;=>JI�Z=Z\[9c^]^-�23-:4
B1(3m + 2) = B4(3m + 1)

I�>�e�]^-@IK13-�13-KIKe�[�O�<?104�+.-�WC<?>�254�138�W(4�;A<P>�<?O
(xn, x

∗
n)
q(3m+3)
n=q(3m+2)+1

'

� ��g �
4′
'�Va>S4�+�;A2�238�b���b�Z=<
Wru04�+.-MW:<?>�e.;\4�;=<?>

‖ω′3m+1,n,0‖ = ‖ω3m+1,n,0‖ = 1 = ‖x3m+1,n,0‖
;=2L>�<P4L254�13;AW(4�Z\[�>�-:WC-:232UI�15[�c�;=4L;=2�<?>�Z\[�8�23-:O�8�Z�4�<�I:��<?;=e@Q0<P13-0O�<?13Q*I�Z=;=23Qqct;=>@g�IK154�;AW:8�ZfI�1�;=>@4�+�-
g�13<
<?O�<?O,i � n <?O��&��'�Va>�e�-C-:etc�;A> /�4�-:g�v�]^-�WC<?8�Z=eqIKZA23<$23-:4

S′3m+1 = 2M
′
3m+1 + (A3m+1 − (A′3m+1 +A′′3m+1 +M3m,arm,0 +M3m,brd,0))

+ 2P3m+1 + 3.2M3m+1 ;

M ′3m+1 = A3m+122B3m+1 + P3m+12M3m+1(24Q3m+1−1 + 3).
� y9I�;=>tc?b9[$Q0-YI�>�2�<?OJ4�+.-�g�13<
WC-:e�8�13-C2�<PO�4�+�-Eg�13<
<PO�<?O_),+�-:<?13-CQ£v?v�IK>.e0<PO���-:QNQzI�v�)�c?]^-&gJI�232
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O�13<PQ
(ê3m+1,n, ê

′′∗
3m+1,n)

S′3m+1

n=1

4�<�4�+�-�2UIKQ0-Mb�;A<P154�+.<Py?<?>JI�Zt25[
254�-CQ

(ê′3m+1,n, ê
′∗
3m+1,n)

M ′3m+1

n=1 ∪ (e3m+1,0,n, e
∗
3m+1,0,n)

M3m+1,0

n=M ′3m+1,0+1

∪ (e′′′3m+1,n, e
′′′∗
3m+1,n)

S3m+1

n=M ′3m+1+1

<?O>/94�-:g@v?c�]&+�-C13-M>�<Y] ;=>
(ê′3m+1,n, ê

′∗
3m+1,n)

M ′3m+1

n=1

]^-�13-:g�ZfI�WC-

((e′3m+1,n,k, e
′∗
3m+1,n,k)2M3m+1

k=1 ∪ ((e′
3m+1,n,k,24Q3m+1

, e′∗
3m+1,n,k,24Q3m+1

)2M3m+1

k=1

∪ (e′3m+1,brd,n,k, e
′∗
3m+1,brd,n,k)2M3m+1

k=1 )
P3m+1

n=1

b�[
(((e′i,3m+1,n,0,k, e

′∗
i,3m+1,n,0,k)2M3m+1

k=1 )
P3m+1

n=1 )3
i=1,

]&+.;=WU+S4�+.-:>jb�-CW:<?QN-

(((ei,3m+1,n,0,k, e
∗
i,3m+1,n,0,k)2M3m+1

k=1 )
P3m+1

n=1 )3
i=1,

]&+�;=ZA-�]^-�;=>�WCZ=8�e�-Me�;=13-CW(4�Z\[*;A>
(e′′′3m+1,n, e

′′′∗
3m+1,n)

S3m+1

n=M ′3m+1+1

I�Z=23<$4�+�-Mg�IK154

((e3m+1,n,k, e
∗
3m+1,n,k)2M3m+1

k=1 ∪ ((e3m+1,n,k,24Q3m+1 ,

e∗
3m+1,n,k,24Q3m+1 )2M3m+1

k=1 ∪ (e3m+1,brd,n,k, e
′∗
3m+1,brd,n,k)2M3m+1

k=1 )
P3m+1

n=1 ;
4�+JIK4&;=2Cc�>�<Y]

((e3m+1,n,k)2M3m+1

k=1 ∪ (e3m+1,n,k,24Q3m+1 )2M3m+1

k=1 ∪ (e3m+1,brd,n,k)2M3m+1

k=1 )
P3m+1

n=1

;=2
1
��-C698�;=�?I�Z=-:>94E4�<*4�+.-7>JIK4�8�1UI�ZhbJI�23;=2M<PO

l
3P3m+12M3m+1

1

'XVG4MOf<?Z=ZA<C]&2E4�+�IY4X;A> /�4�-:g w c�4�+.13<P8.yP+
(((ei,3m+1,n,0,k, e

∗
i,3m+1,n,0,k)2M3m+1

k=1 )
P3m+1

n=1 )3
i=1

IK>.ez4�+�-Xg�13<
W:-Ce�8�13-X<?O�8�>�;=O�<?13Q Q0;=>�;=QzIKZA;=�YIK�
4�;=<?>tc
]^-�+JI:��-X4�<N13-Cg�ZfI�W:-

(x3m+1,n,0, x
∗
3m+1,n,0) ∪ (ω′3m+1,n,0, ω

′∗
3m+1,n,0) ∪ (ω3m+1,n,0, ω

∗
3m+1,n,0)

b�[

((x3m+1,n,0,k, x
∗
3m+1,n,0,k)∪ (ω′3m+1,n,0,k, ω

′∗
3m+1,n,0,k)∪ (ω3m+1,n,0,k, ω

∗
3m+1,n,0,k))2M3m+1

k=0 .
� � � � h�� � �$i�� � ���Ah�� V3V3Vr' w i!WC<P>.254�138�W(4�;=<?>�<?O�4�+�-NOf13-C-$b.Z=<
WUu n '7F�-�4�8.13>�4�<S4�+�-NW:<?>�254�138.W(4�;=<?>
<?O

(xn, x
∗
n)
q(3m+3)
n=q(3m+2)+1

I�>�e*]^-�254rIK154^O�13<?Q¡4�+�-Eb�;A<P154�+.<Py?<?>JI�Z�25[
254�-CQ
B1(3m+ 2)

e�-C/�>�-Ce*;A>
4�+�-�g�13-(��;=<?8�2�238�b�W:<?>�254�138�W:4�;=<?>t�
]^-M]&;=Z=Z_g�13<
W:-:-CeS4�+�13<?8�y?+j4a]^<N254�-:g�2C' � y9IK;A>z]^-�23-(4

A3m+2 = 4q(3m+2)(A′3m+2+A′′3m+2),

K3m+2 = max(‖u′∗3m+2,s‖ : 1 ≤ s ≤ A′′3m+2, A3m+2 −A′3m+2 + 1 ≤ s ≤ A3m+2),

B3m+2 > A3m+22K3m+2A3m+2 , P3m+2 = A3m+2(22B3m+2 + 1).
� ��g � v?'7p�[q4�+�-$g�13<
W:-Ce�8�13-$<?O���-CQNQzI�v )z]^-$gJI�232�Of13<?Q

B1(3m + 2)
4�<S4�+�-$b�;=<?154�+�<?y?<?>JI�Z

25[�254�-:Q
B1(3m + 2) ∪ (ê3m+2,n, ê

∗
3m+2,n)

S′3m+2+M ′3m+2,0

n=1

]&+�-C13-
(ê3m+2,n)

S′3m+2+M ′3m+2,0

n=1

;A2
v(��-C698�;\��I�Z=-:>�4,4�<$4�+�-�>JIK4�8�1UI�Z_bJI�23;=2&<?O

l
S′3m+2+M ′3m+2,0

1

c�QN<?13-:<Y��-:1,]&;=4�+

‖y + e‖ ≥ max(‖y‖, ‖e‖/2)
O�<P1

y ∈ span(y3m+2,n)
Q(3m+2)
n=1 ,

e ∈ span(ê3m+2,n)
S′3m+2+M ′3m+2,0

n=1 ,
I�>�e



� � �������	�
����	�

(y3m+2,n)
Q(3m+2)
n=1 = (xn)

q(3m+2)
n=1 ∪ (u′3m+2,s)

A′′3m+2

s=1

∪ (u′3m+2,s)
A3m+2

s=A3m+2−A′3m+2+1 ∪ (v′3m+3,n)
Q′′3m+3

n=1 .
),+�-C>S]^-�238�g�g�<?23-M4�+JIK4YcJI�W:W:<?13e�;A>�y�4�<$4�+�-Mg.13<9WC-:e�8.13-M<?O���-:Q0Q*Izv�)�c
4�+.-:13-LI�13-

(v̂0,3m+2,n)
S′3m+2+M ′3m+2,0

n=S′3m+2+1

;=>
span(ê3m+2,n)

S′3m+2

n=1

I�>�e
(ê′′∗3m+2,n)

S′3m+2

n=1

;=>
X∗

23<E4�+�IY4h]^-^+JI:��-�4�+�-^b�;=<?154�+�<?y?<?>JI�Z
25[
254�-CQ

(ê3m+2,n, ê
′′∗
3m+2,n)

S′3m+2

n=1 ∪ (e3m+2,0,n, e
∗
3m+2,0,n)

M ′3m+2,0

n=1 ,

(e3m+2,0,n, e
∗
3m+2,0,n)

M ′3m+2,0

n=1 = (ê3m+2,n − v̂0,3m+2,n, ê
∗
3m+2,n)

S′3m+2+M ′3m+2,0

n=S′3m+2+1 ;

E′0,3m+2 = span(e3m+2,0,n)
M ′3m+2,0

n=1 ; S′3m+2 = 2M
′
3m+2 +(A3m+2−(A′3m+2 +A′′3m+2))+1,

M ′3m+2 = A3m+222B3m+2 + P3m+22M3m+2 .

),+�-C>
(ê3m+2,n +E′0,3m+2)

S′3m+2

n=1

;=2
1
��-C698�;\��I�Z=-:>�4�4�<74�+�-X>JIK4�8�1UI�Z�b�IK23;A2^<?O

l
S′3m+2
∞

I�>�ez]^-�WKIK>
238�g�g�<P23-L4�+JIK4�4�+�-LQN-:4�+�<
eqIK4&4�+�-�-C>�eo<?O /�4�-:g�v�<?O / ¢ V3V3Vr'=vMWC<P>94�;=>98�-C2�4�<$]^<?13u�' ��>�Z=;=u?-M4�+�-
g�13-:�
;A<P8.2�4a]^<z238�b�W:<?>�254�138.W(4�;=<?>�2E>�<Y] 4�+�-Lb.13;=e�y?-L23-C698�-C>�W:-7e�<
-:2E>.<�4MI�g�g�-KI�1C'�p�[S4�+.-Lg�13<
W:-:�
e�8�13-C2�<?O�4�+�-,g�13<
<?O.<?O�),+�-C<P13-CQ v?v�I�>�eN<POJ��-CQNQ*ILv�)�c�]^-,gJI�232�O�13<PQ

(ê3m+2,n, ê
′′∗
3m+2,n)

S′3m+2

n=14�<$4�+�-Mb.;=<?154�+�<?yP<?>JI�Zt25[�254�-:Q

((e′3m+2,aux,s,t, e
′∗
3m+2,aux,s,t)

22B3m+2

t=1 )
A3m+2

s=1 ∪ ((e′3m+2,n,k, e
′∗
3m+2,n,k)2M3m+2

k=1 )
P3m+2

n=1

∪ (e′3m+1,brd,n,k, e
′∗
3m+1,brd,n,k)2M3m+1

k=1 )
P3m+1

n=1

∪ (e3m+2,0,n, e
∗
3m+2,0,n)

M3m+2,0

n=M ′3m+2,0+1 ∪ (e′′′3m+2,n, e
′′′∗
3m+2,n)

S3m+2

n=M ′3m+2+1;

M3m+2,0 = M ′3m+2,0 + (2M
′
3m+2 −M ′3m+2); S3m+2 = S′3m+2 − (2M

′
3m+2 −M ′3m+2);

E3m+2,0 = span(e3m+2,0,n)
M3m+2,0

n=1 ;

(e′′′3m+2,n, e
′′′∗
3m+2,n)

S3m+2

n=M ′3m+2+1 = (ê3m+2,n, ê
′′∗
3m+2,n)

S′3m+2

n=2
M′

3m+2+1

= (e3m+2,aux,s, e
∗
3m+2,aux,s)

A3m+2−A′3m+2

s=A′′3m+2+1

∪ (ω3m+1,n, ω
∗
3m+1,n)

P3m+1

n=1 ;
23<$4�+�IY4&;AO�]^-M23-(4Yc�O�<P1

1 ≤ s ≤ A3m+2
c

e3m+2,aux,s,1 = e′3m+2,aux,s,1

I�>�e
e3m+2,aux,s,t = e′3m+2,aux,s,t − e′3m+2,aux,s,t−1

O�<P1
2 ≤ t ≤ 22B3m+2

c�4�+�-C>
(e′3m+2,aux,s,t)

22B3m+2

t=1 , (e3m+2,aux,s,t)
22B3m+2

t=1

I�>�e
E3m+2,0

WC<?15�
13-:23g�<P>.e$4�<

((e′r,n)2N

n=1)2R

r=1

c
((er,n)2N

n=1)2R

r=1

I�>�e
E′0

<?Odi w?l ' w?n I�>�e�i w?l ' 3 n <?O�),+.-:<?13-:Q£vPv,]&;\4�+

{n}2Nn=1

I�>�e {r}2Rr=1

13-:g.ZfI�W:-:e�13-:23g�-CW(4�;\��-:Z=[�b�[
(t)22B3m+2

t=1

I�>�e {1} ��I�>JI�Z=<?y?<?8�23Z\[�c�;=O�]^-N23-:4YcO�<P1
1 ≤ n ≤ P3m+2

c
e3m+2,n,1 = e′3m+2,n,1

I�>�e
e3m+2,n,k = e′3m+2,n,k − e′3m+2,n,k−1

O�<?1
2 ≤ k ≤ 2M3m+2

c
e3m+1,brd,n,1 = e′3m+1,brd,n,1

I�>�e

e3m+1,brd,n,k = e′3m+1,brd,n,k − e′3m+1,brd,n,k−1

O�<?1
2 ≤ k ≤ 2M3m+1 ,

4�+�-C>
(e′3m+2,n,k)2M3m+2

k=1

c
(e3m+2,n,k)2M3m+2

k=1

I�>�e
E3m+2,0

c�QN<?13-:<Y��-:1
(e′3m+1,brd,n,k)2M3m+1

k=1

c



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � � �

(e3m+1,brd,n,k)2M3m+1

k=1

I�>�e
E3m+2,0

c.WC<P1313-C23g�<?>�eo4�<
((e′r,n)2N

n=1)2R

r=1

c
((er,n)2N

n=1)2R

r=1

I�>�e
E′0<?O$i w?l ' w?n I�>�e i w?l ' 3 n <?OM),+�-:<?13-CQ v?vj]&;\4�+ {n}2Nn=1

I�>�e {r}2Rr=1

13-:g�ZfI�WC-:e�13-:23g�-CW(4�;\��-:Z=[�b�[
(k)2M3m+2

k=1

I�>�e {1} c_QN<?13-:<Y��-:1�b�[ (k)2M3m+1

k=1

I�>�e {1} '�),+�-:>�]^-�gJI�232�4�<z4�+�-�b�;=<?154�+�<?y?<?>JI�Z25[�254�-:Q

B2(3m+ 2) = B1(3m+ 2) ∪ (e′′′3m+2,n, e
′′′∗
3m+2,n)

S3m+2

n=1 ∪ (e3m+2,0,n, e
∗
3m+2,0,n)

M3m+2,0

n=1 ;

(e′′′3m+2,n, e
′′′∗
3m+2,n)

M ′3m+2

n=1 = ((e3m+2,aux,s,t, e
∗
3m+2,aux,s,t)

22B3m+2

t=1 )
A3m+2

s=1

∪ ((e3m+2,n,k, e
∗
3m+2,n,k)2M3m+2

k=1 )
P3m+2

n=1 .
� 2�O�<P1,4�+.-Mg�13-:�
;A<P8.2�238�b�W:<?>�254�138.W(4�;=<?>�2Cc ‖e′′′∗3m+2,n‖ ≤ 2

Of<?1
1 ≤ n ≤ S3m+2

' /9-:434�;=>�y

(e3m+2,aux,s, e
∗
3m+2,aux,s)

A3m+2−A′3m+2

s=A′′3m+2+1 = (u′3m+2,s, u
′∗
3m+2,s)

A3m+2−A′3m+2

s=A′′3m+2+1 ,

O�13<PQ 4�+�-*-(��g�13-C2323;=<?>�<PO
B1(3m + 2) = B4(3m + 1)

<PO`/ ¢ V3V3Vr' x ]^-zyP-:4L4�+�-*b�;=<?154�+�<?y?<?>JI�Z
25[�254�-:Q

(u′3m+2,s, u
′∗
3m+2,s)

A3m+2

s=1 ∪ ((e3m+2,aux,s,t, e
∗
3m+2,aux,s,t)

22B3m+2

t=1 )
A3m+2

s=1O�13<PQ ]&+.;=WU+tc
b�[*4�+�-�2UI�QN-Xg�13<
W:-Ce�8�13-X<?O?/94�-:g x ]&;\4�+
3m+ 1

13-:g.ZfI�W:-:ezb�[
3m+ 2

c ]^-�g�IK232^4�<
(u3m+2,n, u

∗
3m+2,n)

P3m+2

n=1 = ((u3m+2,s,t, u
∗
3m+2,s,t)

22B3m+2

t=0 )
A3m+2

s=1

I�>�e*4�+�-C>*4�<L4�+�-�y?-:>�-C1UIK43�
;=>�y�b.;=<?154�+�<?yP<?>JI�Z�25[
254�-CQ

(w3m+2,n, w
∗
3m+2,n)

P3m+2

n=1 = ((w3m+2,s,t, w
∗
3m+2,s,t)

22B3m+2

t=0 )
A3m+2

s=1I�>�e�]^-z23g�-:WC;=Of[�4�+JIK4Ych23-:434�;=>�y
Q0,3m+2 = max(‖w∗3m+2,n‖ : 1 ≤ n ≤ P3m+2)

c
M3m+2 >

42P3m+2Q0,3m+2
'�),+�-:>j]^-�+JI:�?-M4�+.-Mb�;=<?154�+�<?y?<?>JI�Z_25[�254�-:Q

B3(3m+ 2) = (xn, x
∗
n)
q(3m+2)
n=1 ∪ ((w3m+2,n, w

∗
3m+2,n)

∪ (e3m+2,n,k, e
∗
3m+2,n,k)2M3m+2

k=1 )
P3m+2

n=1 ∪ (v′3m+3,n, v
′∗
3m+3,n)

Q′′3m+3

n=1 .
� ��g � x '���-:4�8�2&/��

n
]&;\4�+

1 ≤ n ≤ P3m+2
' �J<?1

1 ≤ k ≤ 2M3m+2
]^-�23-(4

x3m+2,n,0 =

2M3m+2∑

f=1

e3m+2,n,f , x∗3m+2,n,0 =

2M3m+2∑

f=1

e∗3m+2,n,f

2M3m+2
−
w∗3m+2,n

2M3m+2
;

x3m+2,n,k = e3m+2,n,k + w3m+2,n,

x∗3m+2,n,k = e∗3m+2,n,k − x∗3m+2,n,0 =

(
e∗3m+2,n,k −

2M3m+2∑

f=1

e∗3m+2,n,f

2M3m+2

)
+
w∗3m+2,n

2M3m+2
.

F�-�gJI�232�O�13<?Q
B3(3m+ 2)

<?O>/94�-:g�vX4�<�4�+.-Mb�;=<?154�+�<?y?<?>JI�Z_25[�254�-CQ

B′3(3m+ 2) ∪ (v′3m+3,n, v
′∗
3m+3,n)

Q′′3m+3

n=1 ,

B′3(3m+ 2) = (xn, x
∗
n)
q(3m+3)
n=1 ∪ (e3m+2,0,n, e

∗
3m+2,0,n)

M3m+2,0

n=1 ;

(xn, x
∗
n)
q(3m+3)
n=q(3m+2)+1 = (((x3m+2,n,k, x

∗
3m+2,n,k)2M3m+2

k=0 )
P3m+2

n=1 .
� 4M4�+�;=2Mg�<?;=>�4Yc�I�Z\]�I:[�2Xb9[�4�+�-$g�13<
WC-:e�8�13-N<PO ¢ <?>�254�138�W(4�;A<P>�V3VXI�>�e@<?O���-CQNQzI�v x c_]&+.-:13-�]^-
13-:g.ZfI�W:-

(yn, y
∗
n)
Q(m)
n=1

b9[
B′3(3m+ 2)

c
]^-�e�-:/�>.-

(u′′3m+3,s, u
′′∗
3m+3,s)

P ′′3m+3

s=1 ∪ (v′3m+4,n, v
′∗
3m+4,n)

Q′′3m+4

n=1 ,

(u′′3m+3,s, u
′′∗
3m+3,s)

Q′′3m+3

s=1 = (v′3m+3,n, v
′∗
3m+3,n)

Q′′3m+3

n=1 ;
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B4(3m+ 2) = (xn, x
∗
n)
q(3m+3)
n=1 ∪ (u′3m+3,s, u

′∗
3m+3,s)

A′′3m+3

s=1 ∪ (v′3m+4,n, v
′∗
3m+4,n)

Q′′3m+4

n=1 ,

(u′3m+3,s, u
′∗
3m+3,s)

A′′3m+3

s=1 = (e3m+2,0,n, e
∗
3m+2,0,n)

M3m+2,0

n=1 ∪ (u′′3m+3,s, u
′′∗
3m+3,s)

P ′′3m+3

s=1 .

p�[ i w?l ' w�n I�>�e�i wPl ' 3 n <?OM),+�-C<?13-:Q v?v�I�>�e�b�[ 4�+�-�I�b�<Y��-?c ‖xn‖ < 3
I�>�e ‖x∗n‖ < 5

O�<P1
q(3m+ 2) + 1 ≤ n ≤ q(3m+ 3)

i�]^-L13-:WKIKZAZ_4�+JIK4 ‖x3m+2,n,0‖ = 1
O�<?1

1 ≤ n ≤ P3m+2

n ��]^-
23-(4

(xn)
q(3m+3)
n=q(3m+2)+1 = (x3m+2,n)

G3m+2

n=1

I�>�etc�O�<?1
q(3m+ 2) + 1 ≤ n ≤ q(3m+ 3)

c

xn = x′n + x̃n; x̃n = x′′n + x′′′n ;

x′n ∈ span(e′′′3m+2,i : 1 ≤ i ≤ S3m+2, e
′′′
3m+2,i /∈ span((e3m+2,aux,s)

A3m+2

s=A′′3m+1+1

∪ ((e3m+2,aux,s,t)
22B3m+2

t=1 )
A3m+2

s=1 );

x′′n ∈ span((e3m+2,aux,s)
A3m+2

s=A′′3m+1+1 ∪ ((e3m+2,aux,s,t)
22B3m+2

t=1 )
A3m+2

s=1 );

x′′′n ∈ span(u′3m+2,s)
A′′3m+2

s=1 .

F�-�23-(4Yc�Of<?1�-YI�Wr+
x ∈ X ]&;\4�+ ‖x‖ = 1

c

a3m+2 = a3m+2(x) = max(max(|x∗n(x)| : q(3m+ 2) + 1 ≤ n ≤ q(3m+ 3)),

max(|e′′′∗3m+2,n(x)| : 1 ≤ n ≤ S3m+2)).

�d;=>JI�Z=Z\[9c^]^-�23-:4
B1(3m + 3) = B4(3m + 2)

I�>�e�]^-@IK13-�13-KIKe�[�O�<?104�+.-�WC<?>�254�138�W(4�;A<P>�<?O
(xn, x

∗
n)
q(3(m+2))
n=q(3(m+1))+1

'�),+.;=2�254�-:gjWC<?QNg�Z=-:4�-:2 / ¢ V3V3Vr' w IK>.ej+.-:>�WC- ¢ V3V3Vr'

� h�� ����i�� � ���Ah�� V � i ¢ V �$c�23-:W:<?>�e���-C1323;=<?>�<?OX4�+�-qWC<?>�254�138�W(4�;A<P>�<?OM-YI�WU+�b.Z=<
WUu n '�Va>�4�+�;=2
23-:WC<?>�e���-:1323;A<P>H4�+�-�b�Z=<
Wru

(xn, x
∗
n)
q(3m+3)
n=q(3m)+1

W:<?>�4�;=>
8�-:2S4�< b�-�gJI�154�;\4�;=<?>�-Ce�;=>�4�+�13-C-�238�b��
b�Z=<
Wru92Cc�+.<C]^-:��-:1L>�<Y]¡4�+�-023-:WC<?>�e�238�b���b�Z=<
WUu�;=>@4�8�13>�;=2LgJI�154�-:e�;=>�Ij23-(47<PO,238�b���238�b���b.Z=<
WUu
2C'
/9;=>.W:- ¢ V � ;=2LI�>�;=Q0g�13<Y�?-CQN-C>�4X<?O ¢ V3V3Vrc�4�+�-N13-YI�ZdWC<P>.254�138�W(4�;=<?>�<PO�4�+�-$b�ZA<9Wru
2X<?O�4�+�-$b�IK23;A2
]&;\4�+0g�-C13Q78�4rIK4�;=<?>�2�;=2 ¢ V �$c�b�8�4�4�+�-XI�e���IK>94rIKy?-E<?O ¢ V3V3V�;=2�4�+JIK4^;\4�yP;=�?-C2^I�b�-:434�-:1�;=e�-KIX<?O_4�+�-
g�13<?g�-C154�;=-:2h<?O�4�+�-^b�IK23;A2Cc�+�-C>�W:-&IKZAZ�4�+.-�g�13<
<?O�2h<?O.4�+�-�y?-C>�-:1UI�Z
g.13<Pg�-:154�;=-C2�]&;=ZAZ9b�-^y?;\��-:>�Of<?1 ¢ V3V3V
23;=>�WC-�4�+�-Xg.13<9WC-:e�8.13-:2^]^<?13uSI�Z=23<�O�<?1 ¢ V � I�>�ej<?>�Z\[z;=>z��-:QNQzI*v � i �&� n ;\4^]&;=Z=Z�b�-M>�-:WC-:232UI�15[
4�<�23g�-CW:;=Of[�IogJI�154$<PO,4�+�-zg�13<
<?OEIKZA23<qO�<?1 ¢ V �$��4�+�-z2UI�QN-zOf<?1L4�+�-zg�13<
<?Of2�<?O,4�+�-*g�13<?g�-C154�;=-:2
<?Od4�+�-LbJI�23;=2CcJ]&+�-C13-L<?>�Z=[j;=>o4�+.-Lg.13<9<?O�<PO&i!;A; n <?O���-:QNQzIjv l i�� � ¢ � n ]^-78�23-7e.;=13-:W:4�Z\[ ¢ V �$'
��-:>.W:-?c�Of<?1X]&+�IY4LW:<?>�WC-:13>�2M4�+�-N23-:W:<?>�e�238�b���b�Z=<
Wru�ct4�+�-Ng�13<
<PO�2M<?O���-:QNQzI�v w i ��p�� n IK>.e�<?O
i!; n <POh��-CQNQzI*v l i�� � ¢ � n ]^<?13uSI�Z=23<NO�<?1`/ ¢ V �$' x '
� � � � h�� � �$i�� � ���Ah�� V �$'\vqib/ ¢ V �$'\v?ctW:<?>�254�138�W:4�;=<?>�<PO�4�+�-NW:<?QNg.Z=-(4�-C>�-:232Xb.Z=<
WUu n '�),+�-N2UIKQ0-
W:<?>�254�138.W(4�;=<?>L<?O$/ ¢ V3V3Vr'=v�]^<?13u92Cc�]&;\4�+�4�+�-�O�<PZAZ=<Y]&;=>�y&23;=QNg�ZA;=/�WYIK4�;=<?>tB_Va>L4�+�-,I�>JI�Z=<?yP8.-�<?O�/94�-:g 5
<?O?/ ¢ V3V3Vr'\v&]^-�]&;=Z=ZJ>�<P4,e�-:/.>�-�>�<Y]�4�+�-�25[�254�-:Q

(v′3m+2,s, v
′∗
3m+2,s)

Q′′3m+2

s=1

c
+�-C>�W:-
B1(3m+ 1)b�-CW:<?QN-C2

B1,0(3m+ 1) = B1,1(3m+ 1) ∪ (b′3m,i, b
′∗
3m,i)

L′3m
i=1 ,

B1,1(3m+ 1) = (xn, x
∗
n)
q(3m+1)
n=1 ∪ (u′1,3m+1,s, u

′∗
1,3m+1,s)

A′′1,3m+1

s=1 ,

(b′3m,i, b
′∗
3m,i)

L′3m
i=1 = ((ω′3m,n,0, ω

′∗
3m,n,0) ∪ (e′′′3m,brd,n,k, e

′′′∗
3m,brd,n,k)2M3m

k=1 )P3m
n=1,

]&+�-C13-
(u′1,3m+1,s)

A′′1,3m+1

s=1

;=2^4�+�-M23-C698�-:>.W:-
(u′3m+1,s)

A′′3m+1

s=1

<?O./�4�-Cg 5�<PO>/ ¢ V3V3Vr'=v?'��q<?13-C<C��-C1
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]^-^13-CWYI�Z=Z94�+JIK4�IKW:4�8JI�Z=Z\[M]^-,e�-:/.>�-:e�<?>�Z\[
(xn−xbrd,n)

q(3m+1)
n=q(3m)+1

cP23;=>.W:-�]^-^254�;AZ=Z9+JI:��-^4�<�e�-C/�>�-

((ω′3m,n∪(e3m,brd,n,k)2M3m

k=1 )P3m
n=1

c�+.-:>�WC-�I�Z=23<
(b′3m,i, b

′∗
3m,i)

L′3m
i=1

]&+�-:13-
L′3m = (2M3m+1)P3m

'

� � � � h�� � �$i�� � ���Ah�� V �$' x ib/ ¢ V �$' x c�W:<?>�254�138�W:4�;=<?>�<?Od4�+.-�13-:y?8�ZfI�13;=�KIY4�;A<P>qb�Z=<
WUu n 'X),+�;=2X238�b��
b�Z=<
Wru

(xn, x
∗
n)
q(3m+2)
n=q(3m+1)+1

<?O�4�+�-Mb�Z=<
Wru
(xn, x

∗
n)
q(3m+3)
n=q(3m)+1

]&;AZ=Z�>�<Y] b�-M8�>.;=<?>S<?O
L3m

238�b��
238�b���b.Z=<
WUu
2�i�]&+�;=Wr+�;=>�]&+JIK4*O�<?Z=Z=<Y]&2N]^-o]&;AZ=Z�WKI�Z=Z&238�b���b.Z=<
WUu
2 n c^]&+�-:13-o4�+�-�W:<?>�254�138.W(4�;=<?>�<?O
-YI�Wr+�238�b���b.Z=<
WUu�]&;AZ=Z�b�-�I@23;=QNg�ZA;=/�WYIK4�;=<?> <?O\/ ¢ V3V3Vr' x c^g�13-CW:;=23-CZ\[�4�+�-�b�13;=e.yP-q23-C698�-C>�W:-q]&;=Z=Z
>�<P4�I�g�g�-YI�1@I�>�e 4�+�-�23-Y698�-:>�WC-

(v′3m+3,s)
Q′′3m+2

s=1

cL4�<Py?-:4�+�-:1q]&;=4�+ 4�+�-�23-Y698�-:>�WC-
((ω′3m,n ∪

(e3m,brd,n,k)2M3m

k=1 )P3m
n=1

cP]&;=Z=Z�b�-�e�-:/�>.-:eN<?>�Z=[7;A>�4�+�-�ZfI�254
(L3m)

4�+$238�b���b�Z=<
WUuji�4�+JIK4�;=2Cc9I�Z=23<X4�+�-
23-C698�-C>�W:-C27I�>JI�Z=<?yP<?8�2M4�<

(v′3m+3,s)
Q′′3m+2

s=1

e.<j>.<�4�I�g�g�-YI�1�;=>�4�+�-N/�13254
L3m − 1

238�b���b.Z=<
WUu
2 n '
F�-M]&;=Z=Z�g.13<9WC-:-CeS4�+�13<?8�y?+ 3$254�-Cg�2C'

� ��g � vqi!254rI�154�;=>�yog�<?;=>�4�I�>�e�g�<?;=>�4L<?O�I�1313;\��IKZ n 'X),+�-0254rI�154�;=>�yog�<?;=>�4L;=2
B1,1(3m + 1)

<?OMi!; n
I�b�<Y��-?c�]&+�;=Z=-X4�+�-�g�<?;=>�4�<?O�I�1313;\�?I�Z�]&;=Z=Z_b�-

B1(3m+ 2) = (xn, x
∗
n)
q(3m+2)
n=1 ∪ (u′3m+2,s, u

′∗
3m+2,s)

A′′3m+2

s=1 ∪ (v′3m+3,s, u
′∗
3m+3,s)

Q′′3m+3

s=1 ,

(u′3m+2,s)
A′′3m+2

s=1 = (eL3m,3m+1,0,n)
L
L3m,3m+1,0

n=1 ∪ (u′′3m+2,s)
P ′′3m+2

s=1 ,

(xn)
q(3m+2)
n=q(3m+1)+1 = (xo,3m+1,g)

G0,3m+1

g=1 = ((xd,0,3m+1,g)
Gd,0,3m+1

g=1 )L3m

d=1

]&+�-C13-?c�Of<?1
1 ≤ d ≤ L3m

c
1 ≤ n ≤ Pd,3m+1

I�>�e
1 ≤ k ≤ 2Md,3m+1

c

(xd,0,3m+1,g)
Gd,0,3m+1

g=1 = ((xd,0,3m+1,n,g)
Gd,0,3m+1,0

g=1 )
Pd,3m+1

n=1 ,

(xd,0,3m+1,n,g)
Gd,0,3m+1,0

g=1 = (xd,0,0,3m+1,n,g)
Gd,0,0,3m+1,0

g=1 ∪ (xd,3m+1,n,g)
Gd,3m+1,0

g=1 ,

(xd,0,0,3m+1,n,g)
Gd,0,0,3m+1,0

g=1 = xd,3m+1,n,0 ∪ (xd,3m+1,n,k,0)2Md,3m+1

k=1 ,

(xd,3m+1,n,g)
Gd,3m+1,0

g=1 = ((xd,3m+1,n,k,l)
24Qd,3m+1

l=1 )2Md,3m+1

k=1 ,

(((xd,3m+1,n,g)
Gd,3m+1,0

g=1 )
Pd,3m+1

n=1 )L3m

d=1 = ((xd,3m+1,g)
Gd,3m+1

g=1 )L3m

d=1 = (x3m+1,g)
G3m+1

g=1

�
QN<?13-C<C��-C1Cc�O�<?1

1 ≤ d ≤ L3m
c
1 ≤ n ≤ Pd,3m+1

c
1 ≤ k ≤ 2Md,3m+1

IK>.e
1 ≤ l ≤ 24Qd,3m+1

c

xd,3m+1,n,0 =

2Md,3m+1∑

f=1

ed,3m+1,n,f ,

x∗d,3m+1,n,0 =

2Md,3m+1∑

f=1

e∗d,3m+1,n,f

2Md,3m+1
−

v∗d,3m+1,n

2Md,3m+1+2Qd,3m+1
,

xd,3m+1,n,k,0 =

24Qd,3m+1∑

g=1

ed,3m+1,n,k,g , x
∗
d,3m+1,n,k,0

=

24Qd,3m+1∑

g=1

e∗d,3m+1,n,k,g

24Qd,3m+1
− 2Pd,3m+1Qd,0,3m+1

22Qd,3m+1
(e∗d,3m+1,n,k − x∗d,3m+1,n,0),

xd,3m+1,n,k,l = ed,3m+1,n,k,l +
ed,3m+1,n,k

2Pd,3m+1Qd,0,3m+1+2Qd,3m+1
+

vd,3m+1,n

2Pd,3m+1Qd,0,3m+1
,



� � �������	�
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x∗d,3m+1,n,k,l = e∗d,3m+1,n,k,l − x∗d,3m+1,n,k,0

=

(
e∗d,3m+1,n,k,l −

24Qd,3m+1∑

g=1

e∗d,3m+1,n,k,g

24Qd,3m+1

)

+
2Pd,3m+1Qd,0,3m+1

22Qd,3m+1

(
e∗d,3m+1,n,k −

2Md,3m+1∑

f=1

e∗d,3m+1,n,f

2Md,3m+1

)

+
2Pd,3m+1Qd,0,3m+1

2Md,3m+1+4Qd,3m+1
v∗d,3m+1,n.

� ��g � x i!e.-:23W:13;Ag�4�;=<?>�<?OJ4�+�-,238.g�g�<?154�23-Y698�-:>�WC- n ' �d;=13254�]^-�e.-:/�>�-�23<?Q0-,;=>�4�-Cy?-:132�I�>�e$]^-�g�<?;=>�4
<?8�4d4�+�IY4�23<?QN-,-:Z=-CQN-:>94�2�]&+.;=WU+NI�g�g�-KI�1d;=>74�+�-C23-,e�-:/�>.;\4�;=<?>�2h]&;=Z=Z
b�-^e.-:/�>�-Ce$;=>74�+�-,>�-(�
4�254�-:g�2CB

A3m+1 ≥ 4q(3m+1)A′′1,3m+1 , K3m+1 = max(‖u′∗1,3m+1,s‖ : 1 ≤ s ≤ A′′1,3m+1),

B3m+1 ≥ A3m+12K3m+1A3m+1 , L3m = (22B3m+1 + 1)L′3m
�

QN<?13-C<C��-C1�Of<?1
1 ≤ d ≤ L3m

c�23-:434�;=>�y

q(1, 0, 3m+ 1) = q(3m+ 1), q(d, 0, 3m+ 1) = q(3m+ 1) +

d−1∑

c=1

Gc,0,3m+1

O�<P1
2 ≤ d ≤ L3m

c�]^-Me�-C/�>�-

B0,3m+1 ≥ 2L3m ,

Ad,3m+1 ≥ 4q(d,0,3m+1)(A′′d,3m+1+B0,3m+1),

Kd,3m+1 = max(‖u′∗d,3m+1,s‖ : 1 ≤ s ≤ A′′d,3m+1),

Bd,3m+1 ≥ Ad,3m+12K3m+1Ad,3m+1 ,

Pd,3m+1 = (22Bd,3m+1 + 1)(Ad,3m+1 − 1) + 22B0,3m+1 + 1,

Qd,0,3m+1 = max(‖w∗d,3m+1,n‖ : 1 ≤ n ≤ Pd,3m+1),

Qd,3m+1 ≥ 42Pd,3m+1Qd,0,3m+1 , Md,3m+1 ≥ 42Qd,3m+1+4.24Qd,3m+1
.

F�-�254rIK154&O�13<?Q I�b�;=<?154�+�<?y?<?>JI�Z_25[�254�-:Q i!23-C-�/�4�-Cg@v n

(xn, x
∗
n)
q(3m+1)
n=1 ∪ (u′1,3m+1,s, u

′∗
1,3m+1,s)

A′′1,3m+1

s=1 ∪ (ê3m+1,n, ê
∗
3m+1,n)

L̂3m+1

n=1

]&+�-C13-
(ê3m+1,n)

L̂3m+1

n=1

;=2
1
��-C698�;=�?I�Z=-:>94X4�<j4�+�-N>JIK4�8�1UI�Z�bJI�23;=2�<?O

l
L̂3m+1

1

I�>�e ‖ê∗3m+1,n‖ ≤ 2O�<P1
1 ≤ n ≤ L̂3m+1

'��E8�1�I�;=Q ;=2,4�<Ny?-(4�I�b�;A<P154�+.<Py?<?>JI�Zt25[
254�-CQ

(ẽ3m+1,n, ẽ
∗
3m+1,n)

L̃3m+1

n=1 ∪ (e3m+1,0,n, e
∗
3m+1,0,n)

L̃3m+1,0

n=1]&;\4�+S4�+�-MO�<?Z=Z=<Y]&;=>�y$g�13<?g�-C154�;=-:2CB

(ẽ3m+1,n)
L̃3m+1

n=1 = ((ẽd,3m+1,n)
L̃d,3m+1

n=1 )L3m

d=1 ∪ (ω′3m,n ∪ (e3m,brd,n,k)2M3m

k=1 )P3m
n=1

∪ ((e3m+1,aux,i,j)
22B3m+1

j=1 )
L′3m
i=1 ,

(e3m+1,0,n)
L̃3m+1,0

n=1 = ((ed,3m+1,0,n)
L̃d,3m+1,0

n=1 )L3m

d=1 ,

(ed,3m+1,0,n)
L̃d,3m+1,0

n=1 = ((ec,d,3m+1,0,n)
L̃d,c,3m+1,0

n=1 )dc=1,
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(ẽd,3m+1,n)
L̃d,3m+1

n=1

= (ed,3m+1,n,k ∪ (ed,3m+1,n,k,l)
24Qd,3m+1

l=1 )2Md,3m+1

k=1 ∪ (ed,3m+1,aux,s)
Ad,3m+1−1

s=A′′d,3m+1+1

∪ ((ed,3m+1,aux,s,t)
22Bd,3m+1

t=1 )
Ad,3m+1−1
s=1 ∪ (ed,3m+1,aux,Ad,3m+1,t)

22B0,3m+1

t=1

�

QN<?13-C<C��-C1�4�+.-:13-j;=2*I�Z=23<�I�W:<?>�>.-:W(4�-Ce b�;=<?154�+�<?y?<?>JI�Z,25[�254�-:Q
(ẽ′3m+1,n, ẽ

′∗
3m+1,n)

L̃′3m+1

n=1

c�]&;\4�+

(ẽ′3m+1,n)
L̃′3m+1

n=1 1
��-C698�;=�?I�Z=-:>94^4�<$4�+�-M>JIK4�8�1UI�Ztb�IK23;A2�<PO

l
L̃′3m+1

1

I�>�e

(ẽ′3m+1,g)
L̃′3m+1

g=1 = (((e′d,3m+1,n,k ∪ (e′d,3m+1,n,k,l)
24Qd,3m+1

l=1 )2Md,3m+1

k=1 )
Pd,3m+1

n=1

∪ ((e′d,3m+1,aux,s,t)
22Bd,3m+1

t=1 )
Ad,3m+1−1
s=1

∪ (ed,3m+1,aux,Ad,3m+1,t)
22B0,3m+1

t=1 )L3m

d=1

∪ ((e′3m,brd,n,k)2M3m

k=1 )P3m
n=1 ∪ ((e′3m+1,aux,i,j)

22B3m+1

j=1 )
L′3m
i=1 ,238�Wr+S4�+�IY4�4�+.-MO�<PZAZ=<Y]&;=>�y$g�13<?g�-:154�;=-C2,+�<?Z=e�B

e3m,brd,n,1 = e′3m,brd,n,1, e3m,brd,n,k = e′3m,brd,n,k − e′3m,brd,n,k−1O�<P1
2 ≤ k ≤ 2M3m

IK>.e
1 ≤ n ≤ P3m

��QN<?13-C<C��-C1Cc�O�<?1
2 ≤ j ≤ 22B3m+1

IK>.e
1 ≤ i ≤ L′3m

c

e3m+1,aux,i,1 = e′3m+1,aux,i,1, e3m+1,aux,i,j = e′3m+1,aux,i,j − e′3m+1,aux,i,j−1

�
QN<?13-C<C��-C1Cc�O�<?1

1 ≤ d ≤ L3m
c

ed,3m+1,aux,s,1 = e′d,3m+1,aux,s,1, ed,3m+1,aux,s,t = e′d,3m+1,aux,s,t − e′d,3m+1,aux,s,t−1O�<P1
2 ≤ t ≤ 22Bd,3m+1

IK>.e
1 ≤ s ≤ Ad,3m+1 − 1

�JIK>�IKZA<Py?<?8�23Z\[9c�O�<?1
2 ≤ t ≤ 22B0,3m+1

c

ed,3m+1,aux,Ad,3m+1,1 = e′d,3m+1,aux,Ad,3m+1,1
,

ed,3m+1,aux,Ad,3m+1,t = e′d,3m+1,aux,Ad,3m+1,t
− e′d,3m+1,aux,Ad,3m+1,t−1

�
QN<?13-C<C��-C1Cc�O�<?1

1 ≤ n ≤ Pd,3m+1
c

ed,3m+1,n,1 = e′d,3m+1,n,1, ed,3m+1,n,k = e′d,3m+1,n,k − e′d,3m+1,n,k−1O�<P1
2 ≤ k ≤ 2Md,3m+1

c�Q0<?13-:<Y��-:1Cc�Of<?1
2 ≤ l ≤ 24Qd,3m+1

I�>�e
1 ≤ k ≤ 2Md,3m+1

c

ed,3m+1,n,k,1 = e′d,3m+1,n,k,1, ed,3m+1,n,k,l = e′d,3m+1,n,k,l − e′d,3m+1,n,k,l−1

�
QN<?13-C<C��-C1Cc�23-:434�;=>�y$O�<?1

1 ≤ d ≤ L3m
c

Ed,3m+1,0 = span(ed,3m+1,0,n)
L̃d,3m+1,0

n=1 , E3m+1,0 = span(e3m+1,0,n)
L̃3m+1,0

n=1 ,
4�+�-�Of<?Z=Z=<Y]&;=>.y�g�13<?g�-C154�;=-:2�+�<?Z=etB

• ((e′3m,brd,n,k)2M3m

k=1 )P3m
n=1, ((e3m,brd,n,k)2M3m

k=1 )P3m
n=1

IK>.e
E3m+1,0,

• ((e′3m+1,aux,i,j)
22B3m+1

j=1 )
L′3m
i=1 , ((e3m+1,aux,i,j)

22B3m+1

j=1 )
L′3m
i=1

I�>�e
E3m+1,0,

QN<?13-C<C��-C1Cc�O�<?1
1 ≤ d ≤ L3m

c

• ((e′d,3m+1,aux,s,t)
22Bd,3m+1

t=1 )
Ad,3m+1−1
s=1 , ((ed,3m+1,aux,s,t)

22Bd,3m+1

t=1 )
Ad,3m+1−1
s=1I�>�e

Ed,3m+1,0,

• (e′d,3m+1,aux,Ad,3m+1,t
)22B0,3m+1

t=1 , (ed,3m+1,aux,Ad,3m+1,t)
22B0,3m+1

t=1

IK>.e
Ed,3m+1,0

c

• ((e′d,3m+1,n,k)2Md,3m+1

k=1 )
Pd,3m+1

n=1

c
((ed,3m+1,n,k)2Md,3m+1

k=1 )
Pd,3m+1

n=1

IK>.e
Ed,3m+1,0,
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• (((e′d,3m+1,n,k,l)
24Qd,3m+1

l=1 )2Md,3m+1

k=1 )
Pd,3m+1

n=1 , (((ed,3m+1,n,k,l)
24Qd,3m+1

l=1 )2Md,3m+1

k=1 )
Pd,3m+1

n=1I�>�e
Ed,3m+1,0,

+JI:��-E4�+.-�2UI�QN-Xg�13<?g�-C154�;=-:2�<?O
((e′r,n)2N

n=1)2R

r=1

c
((er,n)2N

n=1)2R

r=1

IK>.e
E′0

<?O�i w?l ' w�n I�>�e@i wPl ' 3 n <?O
),+t'tv?v?c�Of<?1

(n)2N

n=1

I�>�e
(r)2R

r=1

13-:g�ZfI�WC-:ej13-:23g�-CW(4�;\��-:Z=[*b�[

• (((n, k))2M3m

k=1 )P3m
n=1

I�>�e {1} c

• (((i, j))22B3m+1

j=1 )
L′3m
i=1

I�>�e {1} c

• (((s, t))22Bd,3m+1

t=1 )
Ad,3m+1−1
s=1

I�>�e {1} c
• (Ad,3m+1, t)

22B0,3m+1

t=1

I�>�e {1} c

• (((n, k))2Md,3m+1

k=1 )
Pd,3m+1

n=1

IK>.e {1} c

• (((n, k, l))24Qd,3m+1

l=1 )
Pd,3m+1

n=1

I�>�e
((n, k, l))2Md,3m+1

k=1

�
;=>jg�IK154�;AW:8�ZfI�1&I�Z=Z�4�+�-�g�13-(��;=<?8�2�g�13<?g�-:154�;=-C2,WC<P>94�;=>98�-M4�<$+.<PZAeoI�Z=23<N;=O�c�Of<?1�-KIKWr+

d
]&;\4�+

1 ≤ d ≤
L3m

c9]^-M13-:g�ZfI�WC-
Ed,3m+1,0

b�[
Ed+i,3m+1,0

Of<?1
1 ≤ i ≤ L3m − d

<?1^b�[
E3m+1,0

��/�>JI�Z=Z\[04�+�-
O�<PZAZ=<Y]&;=>�y$g�13<?g�-:154a[oI�Z=23<N+�<?Z=e�2Cc�Of<?1�-KIKWr+o23-C698�-:>.W:-

(a3m+1,n)
L̃3m+1

n=1

<POh>98�Q�b�-:132CB

∥∥∥
L̃3m+1∑

n=1

a3m+1,nẽ3m+1,n + E3m+1,0

∥∥∥

=
∥∥∥
P3m∑

n=1

(a3m,nω
′
3m,n +

2M3m∑

k=1

a3m,brd,n,ke3m,brd,n,k) +

L′3m∑

i=1

22B3m+1∑

j=1

a3m+1,aux,i,je3m+1,aux,i,j

+

L3m∑

d=1

( Ad,3m+1−1∑

s=A′′d,3m+1+1

ad,3m+1,aux,sed,3m+1,aux,s

+

Ad,3m+1−1∑

s=1

22Bd,3m+1∑

t=1

ad,3m+1,aux,s,ted,3m+1,aux,s,t

+

22B0,3m+1∑

t=1

ad,3m+1,aux,Ad,3m+1,ted,3m+1,aux,Ad,3m+1,t

+

Pd,3m+1∑

n=1

2Md,3m+1∑

k=1

(ad,3m+1,n,ked,3m+1,n,k

+
24Qd,3m+1∑

l=1

ad,3m+1,n,k,led,3m+1,n,k,l

)
+ E3m+1,0

∥∥∥

= max
(

max(|a3m,n| : 1 ≤ n ≤ P3m),max(|a3m,brd,n,k| : 1 ≤ k ≤ 2M3m , 1 ≤ n ≤ P3m),

max(|a3m+1,aux,i,j | : 1 ≤ j ≤ 22B3m+1 , 1 ≤ i ≤ L′3m),

max(|ad,3m+1,aux,s| : A′′d,3m+1 + 1 ≤ s ≤ Ad,3m+1 − 1, 1 ≤ d ≤ L3m),

max(|ad,3m+1,aux,s,t| : 1 ≤ s ≤ Ad,3m+1 − 1, 1 ≤ t ≤ 22Bd,3m+1 , 1 ≤ d ≤ L3m)

max(|ad,3m+1,aux,Ad,3m+1,t| : 1 ≤ t ≤ 22B0,3m+1 , 1 ≤ d ≤ L3m),
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max(|ad,3m+1,n,k| : 1 ≤ k ≤ 2Md,3m+1 , 1 ≤ n ≤ Pd,3m+1, 1 ≤ d ≤ L3m),

max
(∥∥∥

2Md,3m+1∑

k=1

ad,3m+1,n,k,led,3m+1,n,k,l + E3m+1,0

∥∥∥ :

1 ≤ l ≤ 24Qd,3m+1 , 1 ≤ n ≤ Pd,3m+1, 1 ≤ d ≤ L3m

))
.

� ��g � w i!W:<?>�254�138�W:4�;=<?>S<?O�4�+�-MWC<?>�>�-:W:4�;=<?>S23-Y698�-:>�WC-:2 n '&i!; n �d;=13254�]^-�gJI�232&Of13<?Q
(b′3m,i, b

′∗
3m,i)

L′3m
i=1

<?O / ¢ V �$'\vz4�<
(b3m,d, b

∗
3m,d)

L3m

d=1 = ((b3m,i,j , b
∗
3m,i,j)

22B3m+1

i=0 )
L′3m
i=1

]&+�-C13-?c
O�<P1

1 ≤ j ≤ 22B3m+1
I�>�e

1 ≤ i ≤ L′3m
c

b3m,i,0 =
22B3m+1∑

g=1

e3m+1,aux,i,g, b∗3m,i,0 =
22B3m+1∑

g=1

e∗3m+1,aux,i,g

22B3m+1
−

b′∗3m,i
2B3m+1

,

b3m,i,j = 7e3m+1,aux,i,j +
b′3m,i

2B3m+1
,

b∗3m,i,j = e∗3m+1,aux,i,j − b∗3m,i,0

=

(
e∗3m+1,aux,i,j −

22B3m+1∑

g=1

e∗3m+1,aux,i,g

22B3m+1

)
+

b′∗3m,i
2B3m+1

.

i!;A; n ��<C]Lc�O�<P1�-KI�WU+
d
]&;=4�+

1 ≤ d ≤ L3m
c�]^-�254rIK154&O�13<?Q 4�+�-M25[�254�-:Q

(u′d,3m+1,s, u
′∗
d,3m+1,s)

A′′d,3m+1

s=1 ∪ (ed,3m+1,aux,s, e
∗
d,3m+1,aux,s)

Ad,3m+1−1

s=A′′d,3m+1+1

∪ ((ed,3m+1,aux,s,t, e
∗
d,3m+1,aux,s,t)

22Bd,3m+1

t=1 )
Ad,3m+1−1
s=1

∪ (ed,3m+1,aux,Ad,3m+1,t, e
∗
d,3m+1,aux,Ad,3m+1,t

)22B0,3m+1

t=1

]&+�-C13-?chOf<?1
d = 1

c
(u′1,3m+1,s, u

′∗
1,3m+1,s)

A′′1,3m+1

s=1

;=2�4�+�-*25[
254�-CQ <?O / ¢ V �$'\v?c�]&+�;AZ=-0Of<?1
2 ≤

d ≤ L3m
c

(u′d,3m+1,s, u
′∗
d,3m+1,s)

A′′′d,3m+1

s=1 = (ed−1,3m+1,0,n, e
∗
d−1,3m+1,0,n)

L̃d−1,3m+1,0

n=1 ,

(u′d,3m+1,s, u
′∗
d,3m+1,s)

A′′d,3m+1

s=A′′′d,3m+1+1 = (u′′d,3m+1,s, u
′′∗
d,3m+1,s)

P ′′d,3m+1

s=1

i!+�-C>�W:-
A′′′d,3m+1 = L̃d−1,3m+1,0

I�>�e
A′′d,3m+1 = A′′′d,3m+1 + P ′′d,3m+1

n '@),+�-C>�]^-S23-(4oi�]^-
13-:WKI�Z=Z�4�+JIK4

Pd,3m+1 = (22Bd,3m+1 + 1)(Ad,3m+1 − 1) + 22B0,3m+1 + 1
n

(u′d,3m+1,s, u
′∗
d,3m+1,s)

Ad,3m+1−1

s=A′′d,3m+1+1 = (ed,3m+1,aux,s, e
∗
d,3m+1,aux,s)

Ad,3m+1−1

s=A′′d,3m+1+1,

(ud,3m+1,n, u
∗
d,3m+1,n)

Pd,3m+1−22B0,3m+1−1
n=1 = ((ud,3m+1,s,t, u

∗
d,3m+1,s,t)

22B3m+1

t=0 )
Ad,3m+1−1
s=1 ,

(ud,3m+1,n, u
∗
d,3m+1,n)

Pd,3m+1

n=Pd,3m+1−22B0,3m+1

= (ud,3m+1,Ad,3m+1,t, u
∗
d,3m+1,Ad,3m+1,t

)22B0,3m+1

t=0 ,

]&+�-C13-?c�Of<?1
1 ≤ s ≤ Ad,3m+1 − 1

I�>�e
1 ≤ t ≤ 22Bd,3m+1

c
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ud,3m+1,s,0 =

22Bd,3m+1∑

g=1

ed,3m+1,aux,s,g, u
∗
d,3m+1,s,0 =

22Bd,3m+1∑

g=1

e∗d,3m+1,aux,s,g

22Bd,3m+1
−
u′∗d,3m+1,s

2Bd,3m+1
,

ud,3m+1,s,t = ed,3m+1,aux,s,t +
u′d,3m+1,s

2Bd,3m+1
,

u∗d,3m+1,s,t = e∗d,3m+1,aux,s,t − u∗d,3m+1,s,0

=

(
e∗d,3m+1,aux,s,t −

22Bd,3m+1∑

g=1

e∗d,3m+1,aux,s,g

22Bd,3m+1

)
+
u′∗d,3m+1,s

2Bd,3m+1
,

]&+�;=ZA-?c�O�<P1
s = Ad,3m+1

I�>�e
1 ≤ t ≤ 22B0,3m+1

c

ud,3m+1,Ad,3m+1,0 =

22B0,3m+1∑

g=1

ed,3m+1,aux,Ad,3m+1,g,

u∗d,3m+1,Ad,3m+1,0
=

22B0,3m+1∑

g=1

e∗d,3m+1,aux,Ad,3m+1,g

22B0,3m+1
−

b∗3m,d
2B0,3m+1

,

ud,3m+1,Ad,3m+1,t = ed,3m+1,aux,Ad,3m+1,t +
b3m,d

2B0,3m+1
,

u∗d,3m+1,Ad,3m+1,t
= e∗d,3m+1,aux,Ad,3m+1,t

− u∗d,3m+1,Ad,3m+1,0

=

(
e∗d,3m+1,aux,Ad,3m+1,t

−
22B0,3m+1∑

g=1

e∗d,3m+1,aux,Ad,3m+1,g

22B0,3m+1

)
+

b∗3m,d
2B0,3m+1

'

��<Y]LcYb�[XQ0-YI�>�2t<?O94�+�-�g�13<
W:-Ce�8�13-C2t<?O �Xp /
)�IK>.eL� �Xp /�c(]^-�gJI�232�4�<^4�+�-�y?-:>�-C1UIY4�;A>�y,b�;A<P154�+.<PyP�
<?>JI�Z�25[�254�-:Q

(wd,3m+1,n, w
∗
d,3m+1,n)

Pd,3m+1

n=1

I�>�e�4�+.-:> 4�<
(vd,3m+1,n, v

∗
d,3m+1,n)

Pd,3m+1

n=1

c
]&+�-C13-

(vd,3m+1,n, v
∗
d,3m+1,n)

Pd,3m+1

n=1 = ((vd,3m+1,2n−1, v
∗
d,3m+1,2n−1)

∪ (vd,3m+1,2n, v
∗
d,3m+1,2n))

Pd,3m+1/2
n=1 ,

vd,3m+1,2n−1 = wd,3m+1,2n + wd,3m+1,2n−1/2
Md,3m+1+Qd,3m+1 ,

vd,3m+1,2n = wd,3m+1,2n − wd,3m+1,2n−1/2
Md,3m+1+Qd,3m+1 ,

v∗d,3m+1,2n−1 = (w∗d,3m+1,2n + 2Md,3m+1+Qd,3m+1w∗d,3m+1,2n−1)/2,

v∗d,3m+1,2n = (w∗d,3m+1,2n − 2Md,3m+1+Qd,3m+1w∗d,3m+1,2n−1)/2
�

/�>JI�Z=Z=[�i!23-:-+/�4�-:g@v n c�Of<?1
1 ≤ d ≤ L3m

c
1 ≤ n ≤ Pd,3m+1

I�>�e
1 ≤ g ≤ Gd,0,3m+1,0

c

xd,0,3m+1,n,g = x′d,0,3m+1,n,g + x̃d,0,3m+1,n,g ,

(x̃d,0,3m+1,n,g)
Gd,0,3m+1,0

g=1 = (x̃d,3m+1,n,g)
Gd,3m+1,0

g=1]&+�-C13-?c�Of<?1
1 ≤ g ≤ Gd,3m+1,0

c

x̃d,3m+1,n,g = x̃′′d,3m+1,n,g + x̃′′′d,3m+1,n,g ,

x̃′′d,3m+1,n,g = v′′d,3m+1,n/2
Pd,3m+1Qd,0,3m+1 ,

x̃′′′d,3m+1,n,g = v′′′d,3m+1,n/2
Pd,3m+1Qd,0,3m+1 ,
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vd,3m+1,n = v′′d,3m+1,n + v′′′d,3m+1,n, (x̃
′′
d,3m+1,n,g)

Gd,3m+1,0

g=1 ⊂ span(ẽd,3m+1,n)
L̃d,3m+1

n=1 ,

Pd,3m+1∑

n=1

v′′′∗d,3m+1,n(x)v′′′d,3m+1,n =

A′′d,3m+1∑

s=1

u′∗d,3m+1,s(x)ud,3m+1,s + b∗3m,d(x)b3m,d.

� ��g � 3�i!WC<?>�254�138�W(4�;A<P> <?O&4�+.-j238�g�g�<?154023-C698�-C>�W:- n '���-:4N8�20/���e ]&;=4�+
2 ≤ d ≤ L3m

I�>�e
238�g�g�<P23-M]^-�+�I(��-7IKZA13-YI�e�[ze�-C/�>�-Ce�i!23-C-0i!;=; n <?O /�4�-:g w?n

Bd,1(3m+ 1) = (xn, x
∗
n)
q(3m+1)
n=1

∪ ((xc,0,3m+1,g , x
∗
c,0,3m+1,g)

Gc,0,3m+1

g=1 )d−1
c=1 ∪ (u′d,3m+1,s, u

′∗
d,3m+1,s)

A′′′d,3m+1

s=1

]&+�-C13-�]^-L13-:WKI�Z=Zt4�+JIK4&]^-L254�;=Z=Z�+JI:�?-L4�<*e�-:/.>�-
(xbrd,n)

q(3m+1)
n=q(3m)+1 ∪ (b3m,d)

L3m

d=1

�.4�+�-C13-:O�<?13-�Z=-(4
8�2&23-(4

Xd,0,3m+1 = span((xn)
q(3m)
n=1 ∪ (xn − xbrd,n)

q(3m+1)
n=q(3m)+1

∪ ((x̂c,0,3m+1,g)
Gc,0,3m+1

g=1 )d−1
c=1 ∪ (u′d,3m+1,s)

A′′′d,3m+1

s=1]&+�-C13-?c�Of<?1
1 ≤ c ≤ d− 1

c

(x̂c,0,3m+1,g)
Gc,0,3m+1

g=1 = (xc,3m+1,n,0 ∪ (xc,3m+1,n,k,0)2Mc,3m+1

k=1 )
Pc,3m+1

n=1

∪ (((xc,3m+1,n,k,l)
24Qc,3m+1

l=1 )2Mc,3m+1

k=1 )
Pc,3m+1−1
n=1

∪ ((xc,3m+1,Pc,3m+1,k,l)
24Qc,3m+1−1
l=1 )2Mc,3m+1

k=1

∪
(
xc,3m+1,Pc,3m+1,k,2

4Qc,3m+1 −
vc,3m+1,Pc,3m+1

2Pd,3m+1Qd,0,3m+1

)2Mc,3m+1

k=1

'

),+�-C>tc�23-(434�;=>�y
Ê3m+1 = span(ê3m+1,n)

L̂3m+1

n=1

c�;AO
L̂3m+1

;A2$238.�$WC;=-:>94�Z\[�ZfI�13y?-S4�+�-:13-j-(��;=254�2
Iq238.b�23gJI�W:-

Êd,ort,3m+1
<?O
Ê3m+1

238�Wr+ 4�+JIK4�]^-SWKI�>�]&13;\4�- ‖x + e‖ ≥ ‖x‖ Of<?1$-YI�WU+ x ∈
Xd,0,3m+1 + Ed−1,3m+1,0

I�>�e
e ∈ Êd,ort,3m+1

' �q<?13-:<Y��-:1*]^-qWKI�>HIKZA23<�238�g�g�<?23-
L̂3m+1238��NW:;A-:>�4�Z\[$Z�IK13y?-&238�WU+04�+JIK4�4�+�-:13-E-(��;=254�2�;=>

Êd,ort,3m+1
IXb.Z=<
WUu$23-C698�-:>.W:-

(êd,3m+1,n)
L̂d,3m+1

n=1<?O
(ê3m+1,n)

L̂3m+1

n=1

i�I�W(4�8JI�Z=Z=[�cYb�[�QN-YI�>�2�<?O.I�254rI�>�eJI�13e7g�13<
W:-Ce�8�13-?cK]^-�WYI�>L<?>�Z\[My?-:4dI�23-C698�-C>�W:-
<?O
Êd,ort,3m+1

]&+.;=WU+�WYI�>�I�g�g�13<Y��;=QzIY4�-zIjb.Z=<
WUu�23-Y698�-:>�WC-0<?O
(ê3m+1,n)

L̂3m+1

n=1

ch+�<Y]^-(��-:1L]^-
I�Z\]�I:[�2LOf<?Z=ZA<C]¡4�+�-*;=e�-KIj<PO,4�+�-*/�13254�gJI�1547<?O /98�b.23-:W(4�;A<P>�v?' }�n ' � 4L4�+�;=2Lg�<P;A>�4L]^-*+JI:��-*<?>�Z\[
4�<@Of<?Z=Z=<Y] 4�+�-j2UI�QN-jg�13<
W:-Ce�8�13-j<?OE4�+�-S/.132540238�b���b.Z=<
WUuHi�]&+�;=WU+ ;=2$4�+�-jg�13<
W:-:e.8�13-j<?O�/�4�-Cg v
<?Ot/ ¢ V3V3Vr' x c�g�13-:WC;=23-:Z\[@ISQN<?13-N23;=QNg.Z=;=/�-Ce���-:1323;=<?>@23;=>�WC-$>.<C] ]^-0e�<o>�<P4L>�-:-Ce�4�+.-*I�>JI�Z=<?y?8�-
<?O�4�+.-0-:Z=-CQN-:>94�2

ω3m+1,n
c
ω′3m+1,n

c
e3m+1,brd,n,k

<PO / ¢ V3V3Vr' x�n ct]&+�-:13-N]^-0+JI:��-N4�<o13-:g�Z�IKWC-

(ê3m+1,n)
L̂3m+1

n=1

b�[
(êd,3m+1,n)

L̂d,3m+1

n=1

'�),+�-C>tc^;=O
2 ≤ d ≤ L3m − 1

c�]^-qWKI�>�e.-:/�>�-o4�+�-
b�;=<?154�+�<?y?<?>JI�Z_25[�254�-CQ

(ẽd,3m+1,n, ẽ
∗
d,3m+1,n)

L̃d,3m+1

n=1 ∪ (e0,d,3m+1,0,n, e
∗
0,d,3m+1,0,n)

L̃o,d,3m+1,0

n=1

]&+�-C13-
(ẽd,3m+1,n, ẽ

∗
d,3m+1,n)

L̃d,3m+1

n=1

;=2�4�+�-Xb.;=<?154�+�<?yP<?>JI�Z�25[�254�-:Q <?O_4�+.-�/�13254�gJI�154�<?O./�4�-:g x c
QN<?13-C<C��-C1

(e0,d,3m+1,0,n)
L̃o,d,3m+1,0

n=1 = ((ed,c,3m+1,0,n)
L̃d,c,3m+1,0

n=1 )L3m

c=d

23<S4�+JIK4Yc�O�<P1M-YI�WU+
c
]&;\4�+

d + 1 ≤ c ≤ L3m
c

(ed,c,3m+1,0,n, e
∗
d,c,3m+1,0,n)

L̃d,c,3m+1,0

n=1

+JI�2Cc_O�<?1
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]&+JIK4&W:<?>�WC-:13>�2
(ẽd,3m+1,n, ẽ

∗
d,3m+1,n)

L̃d,3m+1

n=1

c
4�+�-�2UI�QN-Mg.13<Pg�-:154�;=-C2,<?O

(e3m+1,0,n, e
∗
3m+1,0,n)

M3m+1,0

n=1

I�2713-:y9I�13e�2
(e′′′3m+1,n, e

′′′∗
3m+1,n)

S3m+1

n=1

;A> /�4�-Cg�v0<?O / ¢ V3V3Vr' x �d4�+�-C13-:O�<?13-?ch;=O�I�W:WC<P13e.;=>�yo4�<q4�+�-
e�-C/�>�;\4�;=<?>j<?O>/�4�-Cg x c

(ed,3m+1,0,n)
L̃d,3m+1,0

n=1 = ((ec,d,3m+1,0,n)
L̃d,c,3m+1,0

n=1 )dc=1,
]^-E+JI:��-�4�+�-&g�13<
<?O�<?O�4�+�-&g�13<?g�-C154a[$<?O&/94�-:g x 4�+JIK4�]^-&WKIK>*13-:g.ZfI�W:-

Ed,3m+1,0
b�[

Ed+i,3m+1,0O�<P1
1 ≤ i ≤ L3m − d

'LF�-$g�<?;=>�4�<P8�4X4�+JIK4Yc_O�<?1
d = 1

c
(ẽ1,3m+1,n)

L̃1,3m+1

n=1

+�IK2M4�<SW:<?QNg.13;=23-
I�Z=23<$4�+�-M23-Y698�-:>�WC-

((e3m+1,aux,i,j)
22B0,3m+1

j=1 )
L′3m
i=1

' �d;=>�IKZAZ\[�c�;=O
d = L3m

c�]^-X]&;=ZAZ_e�-:/�>.-

(ẽL3m,3m+1,n, ẽ
∗
L3m,3m+1,n)

L̃L3m,3m+1

n=1 ∪ (eL3m,3m+1,0,n, e
∗
L3m,3m+1,0,n)

L̃L3m,3m+1,0

n=1

∪ ((ω′3m,n, ω
′∗
3m,n) ∪ (e3m,brd,n,k, e

∗
3m,brd,n,k)2M3m

k=1 )P3m
n=1.

� ��g � } i!WC<?QNg�Z=-:4�;=<?>�<?O�4�+�-$W:<?>�254�138.W(4�;=<?>�<?O�4�+�-�WC<?>�>�-:W:4�;=<?>�23-Y6�8.-:>�WC- n ' /98�g�g�<P23-
1 ≤ d ≤

L3m − 1
'Np�[�QN-KIK>.2M<?O�4�+�-Ng�13<
W:-Ce�8�13-N<?O ¢ V3VXI�>�e�<PO���-:Q0Q*I�v x c_]&+.-:13-N>�<Y] ]^-N13-:g�ZfI�WC-

(yn)
Q(m)
n=1

b�[z4�+�-M23-Y6�8.-:>�WC-0i!23-:-M4�+�-M/.13254&gJI�154&<?O /�4�-:g:3 n

(xn)
q(3m)
n=1 ∪ (xn − xbrd,n)

q(3m+1)
n=q(3m)+1 ∪ ((x̂c,0,3m+1,g)

Gc,0,3m+1

g=1 )d−1
c=1 ∪ (u′d,3m+1,s)

A′′′d,3m+1

s=1 ,

(u′d,3m+1,s)
A′′′d,3m+1

s=1 = (ed−1,3m+1,0,n)
L̃d−1,3m+1,0

n=1 ,
]^-MWKI�>je.-:/�>�-

(u′′d,3m+1,s, u
′′∗
d,3m+1,s)

P ′′d,3m+1

s=1 = (u′d,3m+1,s, u
′∗
d,3m+1,s)

A′′d,3m+1

s=A′′′d,3m+1+1

I�>�e�]^-NI�13-713-YI�e�[�Of<?1E4�+�-�WC<?>�254�138�W(4�;A<P>�<?O�4�+�-
d
4�+�238�b���b�ZA<9Wru�' �J<P1

d = L3m
238.g�g�<?23-�+�I(��-

I�Z=23<Ne�-:/.>�-:e

(xL3m,0,3m+1,g , x
∗
L3m,0,3m+1,g)

GL3m,0,3m+1

g=1 = (xn, x
∗
n)
q(3m+2)
n=q(3m+2)−GL3m,0,3m+1+1.

VaO�]^-M13-:g.ZfI�W:-
(yn)

Q(m)
n=1

b9[

(xn)
q(3m+2)
n=1 ∪ (u′3m+2,s)

A′′′d,3m+1

s=1 , (u′3m+2,s)
A′′′d,3m+1

s=1 = (eL3m,3m+1,0,n)
L̃L3m,3m+1,0

n=1 ,
b�[jQN-YI�>�2�<?O�4�+�-Mg.13<9WC-:e�8.13-M<?O ¢ V3V,I�>�eo<?Oh��-:Q0Q*I x ]^-�yP-:4

(u′′3m+2,s, u
′′∗
3m+2,s)

P ′′3m+2

s=1 ∪ (v′3m+3,s, v
′∗
3m+3,s)

P ′′3m+2

s=1

I�>�etc�23-:434�;=>�y
(u′3m+2,s)

A′′d,3m+1

s=A′′′d,3m+1+1 = (u′′3m+2,s)
P ′′3m+2

s=1

c�]^-*I�13-013-YI�e�[�O�<P1M4�+.-NW:<?>�254�138.W(4�;=<?>
<?Ot/ ¢ V �$' w c_]&+�-C13-�]^-NWKIK>@23-:-$4�+JIK4M4�+�-N23-C698�-C>�W:-

(u′3m+2,s)
A3m+2

s=A3m+2−A′3m+2+1

<?Ot/ ¢ V3V3Vr' w
e�<
-:2�>.<�4XI�g�g�-KIK1C'
� � � � h�� � �$i�� � ���Ah�� V �$' w ib/ ¢ V �$' w cEWC<?>�254�138�W(4�;A<P>H<?OL4�+�-�O�13-:-�b�Z=<
Wru n ' � y9I�;=>�4�+�-@2UIKQ0-
W:<?>�254�138.W(4�;=<?>�<?Ot/ ¢ V3V3Vr' w ]^<?13u
2Cc�I�gJI�154�O�13<PQ 4�+�-$O!I�W:4X4�+JIK4M>�<Y] 4�+.-�g�13<
WC-:e�8�13-N<POt/ ¢ V �$' x
]&;=Z=Z
WYI�8�23-^4�+JIK4h4�+�-�I�>JI�Z=<?y?8�-^<?O.4�+�-�25[�254�-CQ

(u′3m+2,s, u
′∗
3m+2,s)

A3m+2

s=A3m+2−A′3m+2+1

<PO�/ ¢ V3V3Vr' w
]&;=Z=Z_>.<�4�I�g�g�-YI�1C'

),+.;=2�W:<?QNg.Z=-(4�-C2 ¢ V �$'



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � � �
�&����	�� � �t	���� ������
� ��� � � ���,���

),+�-�>�-(�
4&Z=-CQNQ*I�2,W:<?>�WC-:13>S4�+.-Mg�13<?g�-C154�;=-:2�<PO�4�+�-�b�Z=<
WUu
(xn, x

∗
n)
q(3m+3)
n=q(3m)+1

'
),+.-�/�13254�Z=-:Q0Q*ILI�Z=Z=<Y]&2�4�+�-XW:<?>�254�138�W:4�;=<?>*<?O_4�+.-�Dab�13;=WUu
2�T$i!g�13-:WC;=23-:Z=[�c9gJI�154�;=WC8�ZfI�1�238.b�238�QN2

<?O ∑q(3m+2)
n=q(3m+1)+1 x

∗
n(x)xn

n >�-CW:-:232UI�15[�4�<oOf<?13Q 4�+�-N-CZ=-:Q0-:>�4�2�I�b�ZA-�4�<*Da13-:y?8�Z�IK13;A�:-rT74�+�-N238�Q
∑q(3m+1)
n=q(3m)+1 x

∗
n(x)xn

c?4�+JIK4�;A2Cc?4�<M4�1UI�>�23O�<?13Q ;\4�;=>�4�<7I�>�<P4�+�-:1�238�Q¡]&+�-:13-�4�+.-&23-C698�-C>�W:-&<?O�4�+�-
>�<?13QN2�<?O�4�+�-Mg�IK154�;�IKZt238�b�238.QN2&;=2

(0, εm)
��QN<?>�<P4�<?>�-MO�<?1

εm → 0
'

� g�k k ��v w i �E-:y?8�ZfI�13;=�KIY4�;A<P>0p�ZA<9Wru���-:Q0Q*I�c �Ep^� n ����"(�
x ∈ X ^>P!�! ‖x‖ = 1

ZdO�W N?q
n
^>P��! 

1 ≤ n ≤ P3m+1
V:���! IZP�

n = 2n − 1
n:��� V:���0"

n
^>P��! 

1 ≤ n ≤ P3m+1/2 $
'�%dU�U��dV:"*�! IZP�

|w∗3m+1,2n−1(x)| > 1 $
�  �"RO

i!< n 1

4

2P3m+1Q0,3m+1

23Q3m+1
<

2P3m+1Q0,3m+1

2M3m+1+4Q3m+1
|v∗3m+1,n(x)| < Q0,3m+1

2P3m+1Q0,3m+1

23Q3m+1
;

�*����"U�dY�"(���! �"(��"�"	qdP8Vr����^�� PAOJ�G"sr9"(��V
k
ZdO�W

k̃
cE^>P!�! 

1 ≤ k, k̃ ≤ 2M3m+1
c&V:�0�! IZP�

(i) e′′∗
0,3m+1,brd,n,k

(x) <
1

2

2P3m+1Q0,3m+1

2M3m+1+4Q3m+1
v∗3m+1,n(x)

P n
v∗3m+1,n(x) > 0,

e′′∗
0,3m+1,brd,n,k

(x) > −1

2

2P3m+1Q0,3m+1

2M3m+1+4Q3m+1
v∗3m+1,n(x)

P n
v∗3m+1,n(x) < 0;

(ii)
2P3m+1Q0,3m+1

22Q3m+1

(
e∗

3m+1,n,k̃
(x)− 1

2M3m+1

2M3m+1∑

f=1

e∗3m+1,n,f (x)

)

> −1

2

2P3m+1Q0,3m+1

2M3m+1+4Q3m+1
v∗3m+1,n(x)

P n
v∗3m+1,n(x) > 0,

2P3m+1Q0,3m+1

22Q3m+1

(
e∗

3m+1,n,k̃
(x)− 1

2M3m+1

2M3m+1∑

f=1

e∗3m+1,n,f (x)

)

<
1

2

2P3m+1Q0,3m+1

2M3m+1+4Q3m+1
v∗3m+1,n(x)

P n
v∗3m+1,n(x) < 0;

(iii)

24Q3m+1−1∑

g=1

|e∗
3m+1,n,k,g

(x)|+
24Q3m+1−1∑

g=1

|e∗
3m+1,n,k̃,g

(x)| < 1

24Q3m+1
;

(iv)
PAO�UcZ��(��Ps[r%cQ Z�� |e′′′∗

3m+1,brd,n,k
(x)| > 1

9

1

23Q3m+1
;

i�� n n:����"	Z�[( O.%
�6aU"r� Z ^>P!�! |a| < Q0,3m+1
c��! �"(��"�"�qMP8Vr��V ZdO PAOJ�G"br�"(�

L(a)
^>P!�! 

1 ≤
L(a) < Q0,3m+123Q3m+1

VU%�[r j�! IZP�

∥∥∥
L(a)∑

l=1

x∗
3m+1,n,k̃,l

(x)x3m+1,n,k̃,l − aw3m+1,2n

∥∥∥ < 1

2Q0,3m+12P3m+1
;

PAO�UcZ��(��Ps[r%cQ Z��
n = 2n− 1

P n
a
ZdO�W

w∗3m+1,2n−1(x)
 IZdYP"7�! �"�V_Z��0"\V	P rdO�V?c?^� �PAQ\"

n = 2n
P n
aZdO�W

w∗3m+1,2n−1(x)
 IZdY�"$��U�U��dV	P��G"]V	P rMO�V

$
�^���Y� n

$
Va>j4�+�;=2�g�13<
<?O�]^-�13-:O�-:1,4�<�4�+.-M254�-:g.2�<?O / ¢ V3V3Vr' x '

p�[ /94�-:g x c^;=>�gJI�154�;=W:8.ZfI�1$b�[ 4�+�-oe�-:/.>�;\4�;=<?> <?O
Q0,3m+1

I�>�e�b�[�4�+�-o13-CZfIK4�;=<?>�2*IKQ0<?>�y
Q0,3m+1

c
Q3m+1

I�>�e
M3m+1

cP23;=>�WC- |w∗3m+1,2n−1(x)| > 1
I�>�e |w∗3m+1,2n(x)| ≤ ‖w∗3m+1,2n‖



��� � �������	�
����	�

< Q0,3m+1 < Q3m+1
c
]^-�+JI:��-

2P3m+1Q0,3m+1

2M3m+1+4Q3m+1
|v∗3m+1,n(x)|

=
2P3m+1Q0,3m+1

2M3m+1+4Q3m+1

1

2
|w∗3m+1,2n(x) + 2M3m+1+Q3m+1w∗3m+1,2n−1(x)|

>
2P3m+1Q0,3m+1

2M3m+1+4Q3m+1

1

4
2M3m+1+Q3m+1 |w∗3m+1,2n−1(x)|

=
2P3m+1Q0,3m+1

4

|w∗3m+1,2n−1(x)|
23Q3m+1

>
1

4

2P3m+1Q0,3m+1

23Q3m+1
;

I�>JI�Z=<?y?<P8.23Z\[

2P3m+1Q0,3m+1

2M3m+1+4Q3m+1
|v∗3m+1,n(x)|

=
2P3m+1Q0,3m+1

2M3m+1+4Q3m+1

1

2
|w∗3m+1,2n(x) + 2M3m+1+Q3m+1w∗3m+1,2n−1(x)|

≤ 2P3m+1Q0,3m+1

2M3m+1+4Q3m+1

1

2
(|w∗3m+1,2n(x)|+ 2M3m+1+Q3m+1 |w∗3m+1,2n−1(x)|)

<
2P3m+1Q0,3m+1

2M3m+1+4Q3m+1

1

2
(Q0,3m+1 + 2M3m+1+Q3m+1Q0,3m+1)

= Q0,3m+1
2P3m+1Q0,3m+1

2M3m+1+4Q3m+1

1 + 2M3m+1+Q3m+1

2

< Q0,3m+1
2P3m+1Q0,3m+1

2M3m+1+4Q3m+1
2M3m+1+Q3m+1 = Q0,3m+1

2P3m+1Q0,3m+1

23Q3m+1
;

4�+JIK4&;=2Cc�i!< n +JI�2&b�-:-C>jg�13<Y��-:et'
��<Y]�Z=-:4�8�2�g�13<Y��-ji!;=; n i!23;=>.W:-�4�+�-�g�13<
<?O�<POEi!; n ;=2MIK>�IKZA<Py?<?8�2 n 'EVG4�;A2E238��NW:;A-:>�4�4�<*WC<?>�23;=e�-C1

<?>�Z\[S4�+�-LWYI�23-L<?O
w∗3m+1,2n−1(x)

g�<?23;\4�;\��-M+.-:>�WC-
v∗3m+1,n(x) > 0

'�p�[S4�+�-L-:>�eq<?O /94�-:g�v�]^-
u
>�<Y] 4�+JIK4Yc�;AO�]^-�23-(4Yc�Of<?1

1 ≤ k ≤ 2M3m+1
c

ak =
2P3m+1Q0,3m+1

22Q3m+1

(
e∗3m+1,n,k(x)−

2M3m+1∑

f=1

e∗3m+1,n,f (x)

2M3m+1

)
,

4�+�-C>

|ak| < 4
2P3m+1Q0,3m+1

22Q3m+1

IK>.e 2M3m+1∑

k=1

ak = 0.

��<Y] 238�g�g�<?23-�]^-M+JI:��-7I�23-C698�-C>�W:-
(ai)

N
i=1

<?Oh13-YI�Z_>
8�Q7b�-C132,]&;=4�+
N∑

i=1

ai = 0, |ai| < c = 42P3m+1Q0,3m+1/22Q3m+1
O�<P1

1 ≤ i ≤ N,
I�>�eo23-(4

b =
1

4

2P3m+1Q0,3m+1

23Q3m+1
.

�E8.1MI�;=Q�;=2E4�<z-:254�;AQ*IK4�-L4�+�-7Z=<Y]^-C254
N
238�WU+�4�+JIK4�IKZ=]�I([�2E4�+�-C13-7-:�
;A254�2

(i′)N
′

i=1 ⊂ (i)Ni=1

]&;\4�+
ai′ > −b/2

O�<?1
1 ≤ i ≤ N ′ c�]&;=4�+ N ′ > 24·24Q3m+1 'dVa>*<?13e�-C1�4�<7-C254�;=Q*IK4�-

N
]^-�W:<?>�23;=e�-C1�4�+.-



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � ��� �

QN<?254M8�>�O I:�?<?8�1UI�b�ZA-�23;\4�8JIK4�;=<?>tc�]&+�;=Wr+�+�IKg.g�-:>�2MOf<?1X;=>.254rIK>.W:-�O�<P1
ai = c

O�<?1
1 ≤ i ≤ N ′

I�>�e

ai = −b/2 O�<?1 N ′ + 1 ≤ i ≤ N
']/9;=>�WC- ∑N

i=1 ai = 0
]^-�+JI:��-

cN ′ = (N − N ′)b/2 c�+�-C>�W:-�c23;=>�WC-
M3m+1 > 42Q3m+1+4·24Q3m+1 b9[ /�4�-Cg x c�;\4�O�<?Z=Z=<Y]&2&4�+�IY4X23-:434�;=>�y

N ′ = 24·24Q3m+1 ]^-
+JI:��-

N = (2c/b+ 1)N ′ =

(
2 · 42P3m+1Q0,3m+1

22Q3m+1
· 4 · 23Q3m+1

2P3m+1Q0,3m+1
+ 1

)
24·24Q3m+1

= (32 · 2Q3m+1 + 1) · 24·24Q3m+1
< 25·24Q3m+1

< M3m+1 < 2M3m+1 .

),+�-C13-:O�<P13-&]^-EW:<?>�WCZ=8�e�-&4�+JIK4�4�+�-C13-&-:��;=254�2
(k′i)

K′
i=1∪ (k′′i )K

′′
i=1 ⊂ (k)2M3m+1

k=1

c�]&;\4�+
min(K ′,K ′′)

> 24.24Q3m+1 c�238�WU+j4�+JIK4
e′′∗0,3m+1,brd,n,k′i

(x) < 1
2b
Of<?1

1 ≤ i ≤ K ′ cJI�>�e

2P3m+1Q0,3m+1

22Q3m+1

(
e∗3m+1,n,k′′i

(x)− 1

2M3m+1

2M3m+1∑

f=1

e∗3m+1,n,f (x)

)
> −1

2
b

O�<P1
1 ≤ i ≤ K ′′

'&),+.-:> i!;=;A; n Of<?Z=ZA<C]&2Eb�[o4�+�-7ZfI�254Eg.13<Pg�-:154�;=-C2&<?O /�4�-Cg�v?c�b�[j4�+�-7-C>�eq<?O&i w?l '\v n
I�>�e�b�[�i w?l ' }�n <?O^),+.-:<?13-:Q vPv?�h4�+�-C13-:O�<P13-N4�+�-:13-0-(��;=254�2

k̃ ∈ (k′i)
K′
i=1

23<j4�+JIK4zi!;=; n +�<?Z=e�2CcdI�>�e
I�>JI�Z=<?y?<P8.23Z\[74�+�-:13-�-:�
;A254�2

k ∈ (k′′i )K
′′

i=1

23<M4�+JIK4�I�Z=23<*i!; n +�<?Z=e.2C'dp�[ji!; n I�>�eqi!;=;=; n c?I�>�e0b�[6/�4�-:g w c
;\4�IKZA23<$O�<?Z=Z=<Y]&2^4�+�IY4

|e′′′∗
3m+1,brd,n,k

(x)|

=

∣∣∣∣e′′∗0,3m+1,brd,n,k
(x) + e′′′′∗

3m+1,brd,n,k
(x) +

(
− 2P3m+1Q0,3m+1

2M3m+1+4Q3m+1
v∗3m+1,n(x)

)∣∣∣∣

≥ 1

2

2P3m+1Q0,3m+1 |v∗3m+1,n(x)|
2M3m+1+4Q3m+1

− |e′′′′∗
3m+1,brd,n,k

(x)|

≥ 1

8

2P3m+1Q0,3m+1

23Q3m+1
−
( |ω∗3m+1,n(x)|

24Q3m+12M3m+1
+

1

24Q3m+1

24Q3m+1−1∑

g=1

|e∗
3m+1,n,k,g

(x)|
)

>
1

8

2P3m+1Q0,3m+1

23Q3m+1
− 1

24Q3m+1

(
2

2M3m+1
+

1

24Q3m+1

)
>

1

9

2P3m+1Q0,3m+1

23Q3m+1
,

+�-C>�W:-7IKZA23<oi!;=� n +JI�2&b�-:-C>jg�13<Y��-:et'
�d;=>�IKZAZ\[�c�Z=-(4&8.2�4�8�13>j4�<0g�13<Y��;=>�y�i�� n Bd]^-LWYI�>q238�g�g�<?23-�4�+JIK4

a
I�>�e

w∗3m+1,2n−1(x)
c.+�-:>.W:-

a
I�>�e

v∗3m+1,n(x)
c�+JI:��-*4�+�-z2UI�QN-z23;=y?>Hi!;=>�e�-C-:etcd;=O,4�+�-z23;=y?>�27]^-:13-S<Pg.g�<?23;\4�-?cd;\47]^<?8�Z=e�b�-

238��NW:;A-:>�4&b�[ /�4�-:g x 4�<N8�23-
n = 2n

;=>�254�-YI�ej<?O
n = 2n− 1

n '�),+�-:>�c�23-:434�;=>�y

V ∗3m+1,n(x) =
2P3m+1Q0,3m+1

22Q3m+1

(
e∗

3m+1,n,k̃
(x)− 1

2M3m+1

2M3m+1∑

f=1

e∗3m+1,n,f (x)

)

+
2P3m+1Q0,3m+1v∗3m+1,n(x)

2M3m+1+4Q3m+1
,

]^-M/.>�etc�b�[�i!< n cti!;=; n c�i!;A;=; n I�>�eob�[z4�+�-�b�-:y?;=>�>.;=>�y$<?O�4�+�;=2�g�13<
<?Oac�4�+JIK4

1

8

2P3m+1Q0,3m+1

23Q3m+1
< V ∗3m+1,n(x) < 2Q0,3m+1

2P3m+1Q0,3m+1

23Q3m+1
,(∗)

1

8

1

23Q3m+1
<

V ∗3m+1,n(x)

2P3m+1Q0,3m+1
<

2Q0,3m+1

23Q3m+1
.(∗∗)



��� � �������	�
����	�

��-:>.W:-X4�+�-:13-�;=2EI�>o;=>�4�-:y?-C1
L(a)

i
= 1

;AO
a ≤ V ∗3m+1,n(x)/2P3m+1Q0,3m+1

n 23<$4�+JIK4

(L(a)− 1)
V ∗3m+1,n(x)

2P3m+1Q0,3m+1
< a ≤ L(a)

V ∗3m+1,n(x)

2P3m+1Q0,3m+1]&+�-C>�W:-�c�b�[S4�+�-M/.13254&;=>�-C698JI�Z=;=4a[SIK>.ejb9[
(∗∗),

∣∣∣∣L(a)
V ∗3m+1,n(x)

2P3m+1Q0,3m+1
− a
∣∣∣∣ <

V ∗3m+1,n(x)

2P3m+1Q0,3m+1
<

2Q0,3m+1

23Q3m+1
,

L(a) < a
2P3m+1Q0,3m+1

V ∗3m+1,n(x)
+ 1 < a8 · 23Q3m+1 + 1 < 9Q0,3m+123Q3m+1

i!b�[z4�+�-�+�[�g�<P4�+�-:23;=2�<?>
a
n c
4�+JIK4&;=2Cc

(∗∗∗)
∣∣∣∣L(a)

V ∗3m+1,n(x)

2P3m+1Q0,3m+1
− a
∣∣∣∣ <

2Q0,3m+1

23Q3m+1
, L(a) < 9Q0,3m+123Q3m+1 .

��-:>.W:-?c�b�[z4�+�-�e�-:/�>.;\4�;=<?>S<?O
v3m+1,n

IK>.ejb�[
(∗∗∗) c

∥∥∥∥L(a)
V ∗3m+1,n(x)

2P3m+1Q0,3m+1
v3m+1,n − aw3m+1,2n

∥∥∥∥

≤
∥∥∥∥L(a)

V ∗3m+1,n(x)

2P3m+1Q0,3m+1
v3m+1,n − av3m+1,n

∥∥∥∥+ ‖av3m+1,n − aw3m+1,2n‖

=

∣∣∣∣L(a)
V ∗3m+1,n(x)

2P3m+1Q0,3m+1
− a
∣∣∣∣ · ‖v3m+1,n‖+ a

∥∥∥∥
w3m+1,2n−1

2M3m+1+Q3m+1

∥∥∥∥

<
2Q0,3m+1

23Q3m+1
2 +

2Q0,3m+1

2M3m+1+Q3m+1
<

5Q0,3m+1

23Q3m+1
.

),+�-C13-:O�<P13-
∥∥∥
L(a)∑

l=1

x∗
3m+1,n,k̃,l

(x)x3m+1,n,k̃,l − aw3m+1,2n

∥∥∥

≤
∥∥∥
L(a)∑

l=1

x∗
3m+1,n,k̃,l

(x)x3m+1,n,k̃,l − L(a)
V ∗3m+1,n(x)

2P3m+1Q0,3m+1
v3m+1,n

∥∥∥

+

∥∥∥∥L(a)
V ∗3m+1,n(x)

2P3m+1Q0,3m+1
v3m+1,n − aw3m+1,2n

∥∥∥∥

<

∥∥∥∥
L(a)∑

l=1

x∗
3m+1,n,k̃,l

(x)x3m+1,n,k̃,l − L(a)
V ∗3m+1,n(x)

2P3m+1Q0,3m+1
v3m+1,n

∥∥∥∥+
5Q0,3m+1

23Q3m+1

i!b�[ /�4�-Cg w I�>�ejb9[z4�+�-�e�-:/�>.;\4�;=<?>S<?O
V ∗3m+1,n(x)

n

=

∥∥∥∥
L(a)∑

l=1

(
e∗

3m+1,n,k̃,l
(x)− 1

24Q3m+1

( 24Q3m+1−1∑

g=1

e∗
3m+1,n,k̃,g

(x)

+

((
e∗

3m+1,n,k̃,24Q3m+1
(x)− 1

2M3m+1

2M3m+1∑

f=1

e∗
3m+1,n,f,24Q3m+1

(x)

)

+
ω′∗3m+1,n(x)

2M3m+1

))
+ V ∗3m+1,n(x)

)(
e3m+1,n,k̃,l +

e3m+1,n,k̃

2P3m+1Q0,3m+122Q3m+1

+
v3m+1,n

2P3m+1Q0,3m+1

)
− L(a)

V ∗3m+1,n(x)

2P3m+1Q0,3m+1
v3m+1,n

∥∥∥∥+
5Q0,3m+1

23Q3m+1
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=

∥∥∥∥
L(a)∑

l=1

(e∗
3m+1,n,k̃,l

(x)− 1

24Q3m+1

( 24Q3m+1−1∑

g=1

e∗
3m+1,n,k̃,g

(x)

+

((
e∗

3m+1,n,k̃,24Q3m+1
(x)− 1

2M3m+1

2M3m+1∑

f=1

e∗
3m+1,n,f,24Q3m+1

(x)

)

+
ω′∗3m+1,n(x)

2M3m+1

))
x3m+1,n,k̃,l +

L(a)∑

l=1

V ∗3m+1,n(x)

(
e3m+1,n,k̃,l

+
e3m+1,n,k̃

2P3m+1Q0,3m+122Q3m+1

)∥∥∥∥+
5Q0,3m+1

23Q3m+1

≤
L(a)∑

l=1

(
|e∗

3m+1,n,k̃,l
(x)|

+
1

24Q3m+1

( 24Q3m+1−1∑

g=1

|e∗
3m+1,n,k̃,g

(x)|+ |e∗
3m+1,n,k̃,24Q3m+1

(x)|

+
2M3m+1∑

f=1

|e∗
3m+1,n,f,24Q3m+1

(x)|
2M3m+1

+
|ω′∗3m+1,n(x)|

2M3m+1

))
‖x3m+1,n,k̃,l‖

+ V ∗3m+1,n(x)

∥∥∥∥
L(a)∑

l=1

e3m+1,n,k̃,l

∥∥∥∥+
L(a)V ∗3m+1,n(x)‖e3m+1,n,k̃‖

2P3m+1Q0,3m+122Q3m+1

+
5Q0,3m+1

23Q3m+1
<
i!b�[ /�4�-Cg:3 n,} L(a)∑

l=1

(
|e∗

3m+1,n,k̃,l
(x)|

+
1

24Q3m+1

( 24Q3m+1−1∑

g=1

|e∗
3m+1,n,k̃,g

(x)|+ |e∗
3m+1,n,k̃,24Q3m+1

(x)|

+
1

2M3m+1

2M3m+1∑

f=1

|e∗
3m+1,n,f,24Q3m+1 (x)|+

|ω′∗3m+1,n(x)|
2M3m+1

))
+

i!b�[S4�+�-�e.-:/�>�;=4�;=<?>�2�<?O
((e′3m+1,n,k,l)

24Q3m+1−1
l=1 )2M3m+1

k=1

I�>�e
((e3m+1,n,k,l)

24Q3m+1−1
l=1 )2M3m+1

k=1;=> /94�-:g@v?cJIK>.e ∑L(a)
l=1 e3m+1,n,k̃,l = e′

3m+1,n,k̃,L(a)

n

V ∗3m+1,n(x) · 1 + L(a)V ∗3m+1,n(x)
1

2P3m+1Q0,3m+122Q3m+1
+

5Q0,3m+1

23Q3m+1

= 5

L(a)∑

l=1

|e∗
3m+1,n,k̃,l

(x)|+ 5L(a)

24Q3m+1

24Q3m+1−1∑

g=1

|e∗
3m+1,n,k̃,g

(x)|

+
5L(a)

24Q3m+1

(
|e∗

3m+1,n,k̃,24Q3m+1
(x)|

+
1

2M3m+1

2M3m+1∑

f=1

|e∗
3m+1,n,f,24Q3m+1

(x)|+ |ω
′∗
3m+1,n(x)|
2M3m+1

)

+ V ∗3m+1,n(x)

(
1 +

L(a)

2P3m+1Q0,3m+122Q3m+1

)
+

5Q0,3m+1

23Q3m+1
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<
i!b�[�i!;=;A; n3n 5

24Q3m+1
+
i!b�[�i!;=;A; n3n 5L(a)

24Q3m+1

1
24Q3m+1

+
i!b�[�4�+�-S-C>�e <?O /94�-:gHv n 5L(a)

24Q3m+1
(2 +

2 + 2
2M3m+1

)+
i!b�[�4�+�-o8�g.g�-:10b�<?8�>.e�<?O

V ∗3m+1,n(x)
<?O

(∗) n 2Q0,3m+1
2P3m+1Q0,3m+1

23Q3m+1
(1 +

L(a)

2P3m+1Q0,3m+122Q3m+1
) +

5Q0,3m+1

23Q3m+1
<
i!b�[z4�+�-�8�g�g�-C1�b�<?8�>�eo<?O

L(a)
<?O

(∗∗∗) n

5

24Q3m+1
+

5.9Q0,3m+123Q3m+1

24Q3m+1

1

24Q3m+1
+

5.9Q0,3m+123Q3m+1

24Q3m+1
5

+ 2Q0,3m+1
2P3m+1Q0,3m+1

23Q3m+1

(
1 +

9Q03m+123Q3m+1

2P3m+1Q0,3m+122Q3m+1

)
+

5Q0,3m+1

23Q3m+1

=
5

24Q3m+1
+

45Q0,3m+1

25Q3m+1
+

225Q0,3m+1

2Q3m+1

+ 2Q0,3m+1
2P3m+1Q0,3m+1

23Q3m+1
+ 18

(
Q0,3m+1

2Q3m+1

)2

+
5Q0,3m+1

23Q3m+1
<

i!b�[z4�+�-�13-:ZfIK4�;=<?>Sb�-:4a]^-:-:>
Q3m+1

I�>�e
Q0,3m+1

<?O /�4�-:g x?n
(

5

24Q3m+1
+

45

24Q3m+1

Q0,3m+1

22Q0,3m+1P3m+1
+ 225

Q0,3m+1

22Q0,3m+1P3m+1

+
2

2Q3m+1

Q0,3m+1

22Q0,3m+1P3m+1

1

2Q0,3m+1P3m+1
+ 18

(
Q0,3m+1

22Q0,3m+1P3m+1

)2)

+
5Q0,3m+1

22Q0,3m+1P3m+12Q3m+1

=
5

24Q3m+1
+

Q0,3m+1

22Q0,3m+1P3m+1

(
45

24Q3m+1
+ 225

+
2

2Q3m+1

1

2Q0,3m+1P3m+1
+ 18

Q0,3m+1

22Q0,3m+1P3m+1
+

5

2Q3m+1

)

<
5

24Q3m+1
+ 226

Q0,3m+1

22Q0,3m+1P3m+1
< 227

Q0,3m+1

22Q0,3m+1P3m+1
<

1

2Q0,3m+12P3m+1
.

),+�;=2�WC<?QNg�Z=-:4�-:2^4�+�-�g�13<
<POh<?O���-:Q0Q*Izv w '
F�-^g�<P;A>�4�<?8�4�4�+JIK4d4�+�-,QN<?254�;=QNg�<?154rI�>�4�g�13<?g�-C154�;=-:2d<?OJ��-:Q0Q*ILv w IK13-�i!;\� n i�]&+�;=Wr+�13-C>�e�-C132

g�<?2323;=b�ZA-S4�+�-jg�13<
<?OE<?OE4�+�-jWU+�IK;A> Z=-:Q0Q*I n I�>�e i�� n i�]&+�;=Wr+�I�Z=Z=<Y]&2$4�+�-jWC<?>�254�138�W(4�;A<P> <?OE4�+�-
-:ZA-:QN-C>�4�2,<?O

span(u′3m+1,s)
A′′3m+1

s=1

>�-CW:-:232UI�15[z4�<j��"br�%cQ Z���P��C"

P3m+1−1∑

n=1

2M3m+1−1∑

k=1

2Q3m+1−1−1∑

l=1

x∗3m+1−1,n,k,l(x)x3m+1−1,n,k,l;

4�+�;=2�O I�W(4&;=2,4�+�-M13-KI�23<P>oO�<?1,4�+�-M>JI�Q0-��U"srP%IQ Z���P �GZP��P��dO a_Q\�G[&% n '
� g�k k �¡vR3�i ¢ <?QNg�Z=-:4�-:>�-C232Lp^Z=<
Wru���-CQNQzI
c ¢ p^� n �7� P@q

x ∈ X
^>P��! ‖x‖ = 1

ZdO�W
n
^>P��! 

1 ≤ n ≤ P3m $
�  �"�Odc P n |w∗3m,n(x)| ≥ 7

cE�! �"(��"q"	qdP8Vr��V
k
^>P!�! 

1 ≤ k ≤ 2M3m
VU%�[r ��! IZP�

|e′′′∗
3m,brd,n,k

(x)| ≥ 1/2M3m $

�^���Y� n
$
p�[ /94�-:g�2 3*IK>.e } <?O / ¢ V3V3Vr'=v�]^-�u9>.<C] 4�+JIK4Yc�Of<?1

1 ≤ k ≤ 2M3m
c

e′′′∗3m,brd,n,k = e′′∗0,3m,brd,n,k − x∗0,3m,n,k,2M3m + e′′′∗1,3m,brd,n,k −
w∗3m,n
2M3m

,
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e′′′∗1,3m,brd,n,k = −
ω∗3m,n
2M3m

(
1− 1

2M3m

)
+
ω∗3m,n,k
2M3m

+
ω′∗3m,n
2M3m

,

]&;\4�+
2M3m∑

k=1

(e′′∗0,3m,brd,n,k − x∗0,3m,n,k,2M3m ) = 0, ‖e′′′∗1,3m,brd,n,k‖ <
6

2M3m
.

),+�-C13-:O�<P13-o4�+.-:13-q-(��;=254�2
k
]&;\4�+

1 ≤ k ≤ 2M3m
238�Wr+�4�+JIK4*4�+�-q23;=y?>�<?O

e′′∗0,3m,brd,n,k(x) −
x∗

0,3m,n,k,2M3m
(x)

;=2�<?g�g�<P23;=4�-�4�<$4�+�-�23;=y?>j<?O
w∗3m,n(x)

c�+�-C>�W:-

|e′′′∗
3m,brd,n,k

(x)| ≥
∣∣∣∣e′′∗0,3m,brd,n,k(x)− x∗0,3m,n,k,2M3m (x)−

w∗3m,n(x)

2M3m

∣∣∣∣− |e′′′∗1,3m,brd,n,k(x)|

≥ |w
∗
3m,n(x)|
2M3m

− |e′′′∗1,3m,brd,n,k(x)| > 1

2M3m
,

]&+�;=Wr+jW:<?Q0g�Z=-(4�-C2^4�+�-Mg�13<
<?Oh<POh��-CQNQzIzv_3�'
),+.-�>�-:�
4XZ=-CQNQzI
c�;=QNg�<?154rI�>�4XO�<?1X<?8�1XW:<?>�254�138.W(4�;=<?>tc ��8�254�;A/�-:2�4�+.-�>JI�QN- a(��PLW r9" V("	X(%."RO�[�"

O�<P174�+�-z23-C698�-C>�W:-C2
(e3m,brd,n,k)2M3m

k=1

I�>�e
(e3m+1,brd,n,k)2M3m+1

k=1

'�Va>�]&+JIK4�O�<PZAZ=<Y]&2�]^-z]&;=Z=Z
8�23-M4�+�-�Of<?Z=ZA<C]&;A>�y�>�<P4rIK4�;=<?>�2Cc�O�<?1�-YI�WU+o/���-Cej;=>�4�-CyP-C1

m
B

ε′m =
1

Am22q(m)Am

I�>�e
εm =

1

Pm22q(m)Pm
.

� g�k k �Hv } i!��<
WYI�Z ¢ +JI�;=>j��-CQNQ*I�c�� ¢ � n ��� Z�[r 
x ∈ X ^>P��! ‖x‖ = 1

 IZdV?c�n:���7"	Z�[( z��c��! �"
n:�MQ8Q\�d^>P8O r\UJ�U��U�"r�(��S�B�"�P!�! �"r�

i!; n i5�! �"&e.;=23W:<?>�>�-CW(4�-CeSWr+JI�;=>jW:<?>�e.;\4�;=<?> n

|u′∗3m,n(x)| < ε′3m
n:���

1 ≤ n ≤ A3m;
���

i!;A; n i5�! �"d<?g�-C1UIK4�;=>�yEWU+JI�;=>�W:<?>�e�;=4�;=<?> n i!; n W��K"�V O��P�t ��MQ W���PAO*�! �P8Vt[	ZdV("��! �"(��"&"	qdPAVU�
n′(3m+1)ZdO�W

n′(3m+2)
c�^>P!�! 

A3m+1−A′3m+1+1 ≤ n′(3m+1) ≤ A3m+1
ZdO�W

A3m+2−A′3m+2+1 ≤
n′(3m + 2) ≤ A3m+2

c.VU%�[( ��! IZP� |u′∗3m+1,n′(3m+1)(x)| ≥ ε′3m+1

ZdO$W |u′∗3m+2,n′(3m+2)(x)| ≥
ε′3m+2 $

�^���Y� n
$
/98�g�g�<P23-*4�+JIK4Si!; n e�<
-:27>�<P47+�<?Z=et'j),+�;A2LQN-KIK>.2�4�+JIK4L4�+�-C13-0-(��;=254�2

n′(3m)
]&;\4�+

1 ≤
n′(3m) ≤ A3m

238�WU+04�+JIK4 |u′∗3m,n′(3m)(x)| ≥ ε′3m
��]^-XI�13-&y?<?;=>�y�4�<�g�13<Y��-&4�+JIK4�4�+�-&g�13<?g�-C154�;=-:2

<?Odi!;=; n +�<?Z=et'hVa>�e�-C-:etc�b�[6/94�-:g 3M<?O&/ ¢ V3V3Vr'\v,]^-�u9>.<C]�4�+JIK4Yc?O�<P1
1 ≤ t ≤ 22B3m

c
u∗3m,n′(3m),t =

u∗0,3m,n′(3m),t + u′∗3m,n′(3m)/2
B2m

]&;\4�+

u∗0,3m,n′(3m),t = e∗3m,aux,n′(3m),t −
1

22B3m

22B3m∑

j=1

e∗3m,aux,n′(3m),j ,

+�-C>�W:- ∑22B3m

j=1 u∗0,3m,aux,n′(3m),j = 0
�
4�+�-:13-COf<?13-�c94�+�-C13-X-(��;=254�2

t(n′(3m))
]&;\4�+

1 ≤ t(n′(3m))

≤22B3m
238.WU+�4�+JIK4

u∗0,3m,n′(3m),t(n′(3m))(x)
-C;\4�+�-:1t;=2 ),<?1t+�IK2t4�+�-�2UI�QN-�23;=y?>7IK2

u′∗3m,n′(3m)(x)
c

]&+�-C>�W:-�c�;=O�]^-�23-:4

n(3m) = (n′(3m), t(n′(3m))) = (n′(3m)− 1)(1 + 22B3m) + t(n′(3m)),
4�+�-C>
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|u∗3m,n(3m)(x)| = |u∗3m,n′(3m),t(n′(3m))(x)| ≥
|u′∗3m,n′(3m)(x)|

2B3m

≥ ε′3m
2B3m

=
1

2B3m

1

A3m22q(3m)A3m
>

1

P3m22q(3m)P3m
= ε3m,

]&;\4�+
2 ≤ n(3m) ≤ P3m

'@p�[�i {?n I�>�e i5v x '\v n <?O �Xp /
) i�� ),+�-:<?13-:Q 3 n Of<?1
M

13-:g�ZfI�WC-:e
b�[

4q(3m)
i!+�-C>�W:-

ε3m > 1/2MP3m
n c_4�+�;=2�;=QNg�ZA;=-:2�4�+�IY4�4�+�-:13-N-:�
;A254�2

(g(3m,n))
n(3m)
n=1

]&;\4�+
g(3m,n(3m)) ≥ 2

I�>�e |w∗3m,g(3m,n(3m))(x)| > 24q(3m)P3m
c.]&+.;=WU+tc�b�[�i!;A; n <?O ¢ p^��cJ;=QNg.Z=;=-:2

4�+JIK4 |e′′′∗
3m,brd,g(3m,n(3m)),k(3m)

(x)| > 1/2M3m
O�<?1&23<?QN-

1 ≤ k(3m) ≤ 2M3m
' ¢ <?>�23-C698�-C>�4�Z\[9c

b�[ /�4�-Cg 5�<?O / ¢ V3V3Vr'=v?c
4�+.-:13-�-(��;=254�2
n′(3m+ 1)

]&;\4�+
A3m+1 − A′3m+1 + 1 ≤ n′(3m+ 1) ≤

A3m+1
238�Wr+S4�+�IY47i!13-:WKIKZAZ�4�+JIK4

2M3m < q(3m+ 1)
b�[z4�+�-�e�-:/.>�;\4�;=<?>S<?O

q(3m+ 1)
;=> /�4�-Cg 5

<?O>/ ¢ V3V3Vr'=v n

|u′∗3m+1,n′(3m+1)(x)| > 1

2M3m
>

1

A3m+122q(3m+1)A3m+1
= ε′3m+1.

p�[z4�+�-M2UIKQ0-Mg�13<
WC-:e�8�13-M4�+�-:13-�-(��;=254
n(3m+ 1)

]&;\4�+

P3m+1 −A′3m+1(22B3m+1 + 1) + 1 ≤ n(3m+ 1) ≤ P3m+1

I�>�e
(g(3m+ 1, n))

n(3m+1)
n=1

]&;\4�+
g(3m+ 1, n(3m+ 1)) ≥ n(3m+ 1)

238�Wr+j4�+JIK4

|u∗3m+1,n(3m+1)(x)| > ε3m+1
I�>�e |w∗3m+1,g(3m+1,n(3m+1))(x)| > 24q(3m+1)P3m+1 .

),+�-C>�i!23-:-0IKZA23< �&-CQ*I�13u }�n b�[�4�+�-$13-:ZfIK4�;=<?>�b�-(4a]^-C-:>
A3m+1

I�>�e
A′3m+1

IK4X4�+�-Nb�-:y?;=>�>.;=>�y
<?O+/ ¢ V3V3Vr' x 4�+�-C13-�-(��;=254�2

(n′)
A′′3m+1

n=1 ⊂ (n)
P3m+1/2
n=1

]&;\4�+
(2n′ − 1, 2n′)

A′′3m+1

n=1 ⊂ (g(3m +

1, n))
n(3m+1)
n=1

'^��-C>�W:-Lb�[j4�+�-Le�-C/�>�;\4�;A<P>o<?O
(v3m+1,n)

P3m+1

n=1

I�>�e�b�[�i!;\� n <?O �Ep^��4�+�-:13-L-:��;=254
ñ(3m+1)

I�>�e
k(3m+1)

]&;\4�+
A′′3m+1 ≤ ñ(3m+1) ≤ P3m+1/2

IK>.e
1 ≤ k(3m+1) ≤ 2M3m+1

238�Wr+S4�+�IY4 |w∗3m+1,2ñ(3m+1)−1(x)| > 24q(3m+1)P3m+1
I�>�ej+.-:>�WC-

|e′′′∗3m+1,brd,2ñ(3m+1)−1,k(3m+1)(x)| > 1

9

1

23Q3m+1
.

p�[ /�4�-:g 3M<?Oj/ ¢ V3V3Vr' x cP4�+�;=2�;=Q0g�Z=;=-C2�4�+JIK4�4�+�-:13-�-(��;=254�2
n′(3m+2)

]&;=4�+
A3m+2−A′3m+2 +1 ≤

n′(3m + 2) ≤ A3m+2
ch238.WU+�4�+JIK4Si!13-:WKIKZAZ�4�+�IY4

23Q3m+1 < q(3m + 2)
b9[�4�+�-ze�-:/�>.;\4�;=<?>�<PO

q(3m+ 2)
;=> /94�-:g:3N<?O / ¢ V3V3Vr' x�n

|u′∗3m+2,n′(3m+2)(x)| > 1

9

1

23Q3m+1
>

1

A3m+222q(3m+2)A3m+2
= ε′3m+2.

),+�;=2�WC<?QNg�Z=-:4�-:2^4�+�-�g�13<
<POh<?O���-:Q0Q*Izv } '
�L�P�bZP��P �dO�V�ZdO�W�UcZ��(��P!��P��dOcVr'XVa>j4�+�-M>�-:�
4&Z=-:Q0Q*I�2^]^-M]&;=Z=Z�8.23-M4�+�-MO�<?Z=Z=<Y]&;=>�y$gJI�154�;\4�;=<?>�2CB

(xbrd,n)
q(3m+2)
n=q(3m+1)+1 = ((e3m+1,brd,n,k + ω3m+1,n)2M3m+1

k=1 )
P3m+1

n=1

= (xbrd,a,n)
q(3m+2)
n=q(3m+1)+1 ∪ (xbrd,p,n)

q(3m+2)
n=q(3m+1)+1, (xbrd,a,n)

q(3m+2)
n=q(3m+1)+1

= (x3m+1,brd,a,g)
N3m+1,brd,a

g=1

= ((e3m+1,brd,n,k + ω3m+1,n)2M3m+1

k=1 )
n′′(3m+1,brd)−1
n=1

∪ (e3m+1,brd,n′′(3m+1,brd),k + ω3m+1,n′′(3m+1,brd))
k(3m+1,brd)
k=1

⊂ span(u′3m+2,s)
n′(3m+2)
s=1 ,



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � ��� !

(xbrd,p,n)
q(3m+2)
n=q(3m+1)+1 = (x3m+1,brd,p,g)

N3m+1,brd,p

g=1

= (e3m+1,brd,n′′(3m+1,brd),k + ω3m+1,n′′(3m+1,brd))
2M3m+1

k=k(3m+1,brd)+1

∪ ((e3m+1,brd,n,k + ω3m+1,n)2M3m+1

k=1 )
P3m+1

n=n′′(3m+1,brd)+1

⊂ span(u′3m+2,s)
A3m+2

s=n′(3m+2)+1;

(xbrd,n)
q(3m+1)
n=q(3m)+1 = ((e3m,brd,n,k + ω′3m,n)2M3m

k=1 )P3m
n=1 = (x3m,brd,a,g)

N3m,brd,a

g=1

∪ (x3m,brd,p,g)
N3m,brd,p

g=1 , (xbrd,a,n)
q(3m+1)
n=q(3m)+1 = (x3m,brd,a,g)

N3m,brd,a

g=1

= ((e3m,brd,n,k + ω′3m,n)2M3m

k=1 )
n′′(3m,brd)−1
n=1

∪ (e3m,brd,n′′(3m,brd),k + ω′3m,n′′(3m,brd))
k(3m,brd)
k=1

⊂ span(u′3m+1,s)
n′(3m+1)
s=1 ,

(xbrd,p,n)
q(3m+1)
n=q(3m)+1 = (x3m,brd,p,g)

N3m,brd,p

g=1

= (e3m,brd,n′′(3m,brd),k + ω′3m,n′′(3m,brd))
2M3m

k=k(3m,brd)+1

∪ ((e3m,brd,n,k + ω′3m,n)2M3m

k=1 )P3m

n=n′′(3m,brd)+1

⊂ span(u′3m+1,s)
A3m+1

s=n′(3m+1)+1

i�]&+�-C13-$D5IYT0Q0-YI�>�2�D5IKb.23-:>�45Tz23;=>�W:-*4�+�-([�e�;=2UI�g�g�-KI�1L;A>�4�+�-z13-:y?8�ZfI�13;=�KIY4�;A<P>�c�]&+�;=Z=-$Dag
T*QN-KIK>.2
Dag�13-C23-:>�45TM23;=>�W:-X4�+�-([zWC<?>�4�;=>98�-X4�<$b�-LI�Z=23<NI�Of4�-:1^4�+�-M13-:y?8�Z�IK13;A�YIK4�;=<?>t�9Q0<P13-C<Y�?-C1,<?b���;=<?8�23Z\[z;\4,;A2
g�<?2323;=b�ZA-�4�+�IY4

xbrd,n = 0
'���<P13-C<Y�?-C1,]^-M]&;=Z=Z_8�23-M4�+.-M>�<P4rIK4�;=<?>�2�i!23-C-�/�4�-Cg 5�<?O / ¢ V3V3VEv n

(x0,3m+1,g)
G0,3m+1

g=1 = ((x0,3m+1,n,g)
G0,3m+1,0

g=1 )
P3m+1

n=1 ,

(x0,3m+1,n,g)
G0,3m+1,0

g=1 = (ω′3m+1,n,0 ∪ x3m+1,n,0 ∪ (x3m+1,n,k,0)2M3m+1

k=1 )

∪ (x3m+1,n,g)
G3m+1,0

g=1

Of<?1
1 ≤ n ≤ P3m+1;

(x0,3m,g)
G0,3m

g=1 = ((x0,3m,n,g)
G0,3m,0

g=1 )P3m
n=1,

(x0,3m,n,g)
G0,3m,0

g=1 = (x0,0,3m,n,g)
G0,0,3m,0

g=1 ∪ (x3m,n,g)
G3m,0

g=1 ,

(x0,0,3m,n,g)
G0,0,3m,0

g=1 = ω3m,n,0 ∪ (ω3m,n,k,0)2M3m

k=1

∪ (x3m,n,0,k)2M3m

k=0 ∪ ((x3m,n,k,0,l)
2M3m

l=0 )2M3m

k=1

O�<?1
1 ≤ n ≤ P3m.

Va> 4�+�-j>�-(�
4NZA-:QNQzIo]^-S]&;=Z=Z^8.23-S4�+�-j>�<P4rIK4�;=<?>�2
n′(3m)

c
t(n′(3m))

c
n(3m)

c
ε′3m

IK>.e
ε3m<?O,4�+.-zg�13<
<?O�<?O�� ¢ �H;=>�4�+�-z<?g�-C1UIK4�;=>�y�Wr+JI�;=>�W:<?>�e.;\4�;=<?>�]&+�-:13-S>�<Y] ]^-SWYI�>�238�g.g�<?23-z4�+JIK4

|u∗3m,n′(3m),t(x)| < ε3m
O�<?1

t(n′(3m)) + 1 ≤ t ≤ 22B3m
'

� g�k k ��v 5�i ¢ <?QNg.Z=-(4�-C>�-:232���-:QNQzI�c ¢ � n ����"(�
x ∈ X ^>P��! ‖x‖ = 1 $

�  �"�O��! �"r��"z"�qdPAVr��V Z
V:"	Xr%J"�O�[U"

(ηm)
� n U��dV	P!��P8YP"]O.%
�6aU"r��V?c&^>P!�! 

ηm → 0
c&VU%�[( j�! IZP�rc<n:���7"	Z�[( 

m,

i!; n �! �"(��"�"	qdPAVU��V�Z V�%�a�V:"	X(%."RO$[U"
(u′3m,nk)K+1

k=1

� n
(u′3m,s)

A′′3m
s=1

ZdO�W
0 < a < 1

^>P!�! 

∥∥∥x−
( q(3m)∑

n=1

x∗n(x)xn +

K∑

k=1

u′∗3m,nk(x)u′3m,nk + au′∗3m,nK+1
(x)u′3m,nK+1

)∥∥∥ < ηm



��� � �������	�
����	�

i�PAO6UcZ��(��Ps[r%cQ Z��
(nk)

M3m−1,0+Q′′3m
k=1 = (k)

M3m−1,0+Q′′3m
k=1

n �
i!;A; n

max
(∥∥∥

q(3m+1)∑

n=q(3m)+1

x∗n(x)xbrd,p,n + E3m,0

∥∥∥,
∥∥∥

q(3m+2)∑

n=q(3m+1)+1

x∗n(x)xbrd,p,n + E3m+1,0

∥∥∥,

∥∥∥
G0,3m∑

g=1

x∗0,3m,g(x)(x′0,3m,g + x′′0,3m,g) + E3m,0

∥∥∥,

∥∥∥
G0,3m+1∑

g=1

x∗0,3m+1,g(x)(x′0,3m+1,g + x′′0,3m+1,g) + E3m+1,0

∥∥∥,

∥∥∥
G3m+2∑

g=1

x∗3m+2,g(x)(x′3m+2,g + x′′3m+2,g) + E3m+2,0

∥∥∥
)
< ηm;

i!;A;=; n
t(n′(3m)) > 2B3m/2

ZdO$Wj�! �"(��"6ZMQo^ ZdSdV�PAV
ũ′m ∈ span(u3m,n′(3m),t)

t(n′(3m))−1
t=1

^>P!�! 
‖ũ′m − u′∗3m,n′(3m)(x)u′3m,n′(3m)‖ < ηm $

�^���Y� n
$
�d;=13254&Z=-(4&8�2&g�<?;=>�4&<?8�4&23<?QN-�O!I�W(4�2C'

����� � v?'
dist(x−∑q(3m+2)

n=1 x∗n(x)xn, span(xn)
q(3m+3)
n=q(3m+2)+1)→ 0

'
Va>.e�-:-Cetc�b�[ /�4�-Cgp3N<PO>/ ¢ V3V3Vr' x c.I�>�eSb9[�i�3.vP'=v n c_i�3 x '\v n I�>�e�i�3 w '=v n <?O ¢ <?>�254�138�W:4�;=<?>SV3Vrc9]^-

u
>�<Y] 4�+JIK4

dist
(
x−

q(3m+2)∑

n=1

x∗n(x)xn, span((u′3m+2,s)
A′′3m+2

s=1 ∪ (u′3m+2,s)
A3m+2

s=A3m+2−A′3m+2+1)
)
→ 0,

23;=>�WC-
(u′3m+2,s)

M3m+1,0+P ′′3m+2

s=M3m+1,0+Q′′3m+2+1 = (u′′3m+2,s)
P ′′3m+2

s=Q′′3m+2+1, span(u′′3m+2,s)
P ′′3m+2

s=Q′′3m+2+1 =

span((v′3m+2,n)
Q′3m+2

n=Q′′3m+2+1 ∪ ((v′3m+2,n,k)
Q′3m+2,n

k=1 ∪ (v′′3m+2,n,k)
Q′′3m+2,n

k=1 )
Q′3m+2

n=Q′′3m+2+1),
]&+�;=ZA-

(xn)
q(3m+2)
n=1 ∪ (u′3m+2,s)

M3m+1,0

s=1 ∪ (u′3m+2,s)
A′′3m+2

s=M3m+1,0+P ′′3m+2+1

∪ (u′3m+2,s)
A3m+2

s=A3m+2−A′3m+2+1

W:<?1313-C23g�<?>�e�2�4�<
(yn)

Q(m)
n=1

<PO ¢ <P>.254�138�W(4�;=<?>�V3Vr��<?>�4�+�-�<P4�+�-:1�+JI�>�e�c�O�13<PQ /�4�-:g 3z<?O / ¢ V3V3Vr' x
;\4&Of<?Z=Z=<Y]&2,4�+JIK4

span(xn)
q(3m+3)
n=q(3m+2)+1 ⊃ span(u3m+2,s)

A3m+2

s=1 ⊃ span(u′3m+2,s)
A3m+2

s=1

⊃ span((u′3m+2,s)
A′′3m+2

s=1 ∪ (u′3m+2,s)
A3m+2

s=A3m+2−A′3m+2+1).

����� � x '
max((max(|v′∗3m+i,n(x)| : 1 ≤ n ≤ Q′3m+i) : 0 ≤ i ≤ 2)→ 0,

max((max(|u∗3m+i,n(x)| : 1 ≤ n ≤ P3m+i) : 0 ≤ i ≤ 2)→ 0.
VG4�;=2,238.�$WC;=-:>94,4�<$g�13<Y�?-M4�+�-X23-CW:<?>�ej13-CZfIK4�;=<?>*O�<?1

i = 0
IK>.ez]^-M13-:WKI�Z=Z�c
b�[ /�4�-Cg } <PO>/ ¢ V3V3Vr'=vPc

/�4�-Cg w <PO / ¢ V3V3Vr' x IK>.e /94�-:g x <?O / ¢ V3V3Vr' w c�4�+JIK4
(u∗3m+i)

P3m+i

n=1 ∈ span(x∗3m+i,n)
G3m+i

n=1O�<P1
0 ≤ i ≤ 2

i!;=>�e�-C-:etc&Of<?1
1 ≤ n ≤ P3m+i

c ∑2M3m

k=1

∑2M3m

l=1 x∗3m,n,k,l = 2M3mw∗3m,n
c



����� � ��� ���
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∑2M3m+1

k=1

∑24Q3m+1

k=1 x∗3m+1,n,k,l=2P3m+1Q0,3m+1v∗3m+1,n

I�>�e ∑2M3m+2

k=1 x∗3m+2,n,k=w∗3m+1,n

n '
),+�-C13-:O�<P13-

span(x∗n)
q(3m+1)
n=q(3m)+1 ⊃ span(u∗3m,n)P3m

n=1

'�),+�-�23gJI�W:-

X ′∗m = span(x∗n)
q(3m+1)
n=q(3m)+1

;=2�4�+�-Ne.8JI�Z�<?O
X ′m = span(xn)

q(3m+1)
n=q(3m)+1

+�-C>�W:-zI�Z=23<
X ′m = (X ′∗m)∗

'o�E>@4�+.-N<P4�+�-:1L+JI�>�etc
b�[4/94�-:g 3�<?O�/ ¢ V3V3Vr'=vPc

(u∗3m,n, u3m,n)P3m
n=1

;=2Sb�;=<?154�+�<?y?<?>JI�Z&]&;\4�+
1 < ‖u∗3m,n‖ < 5

IK>.e
1 ≤ ‖u3m,n‖ < 3

O�<?1
1 ≤ n ≤ P3m

c�4�+�IY4&;A2Cc

dist(u∗3m,n/‖u∗3m,n‖, span(u∗3m,k)P3m

k(6=n)=1) > 1/15
Of<?1

1 ≤ n ≤ P3m

),+�-C13-:O�<P13-N4�+.-:13-0-(��;=254�2
(ũ3m,n)P3m

n=1

;=>
X ′m

]&;=4�+
(u∗3m,n, ũ3m,n)P3m

n=1

b�;=<?154�+�<?y?<?>JI�Z�I�>�e
1 ≤

‖ũ3m,n‖ < 3
O�<?1

1 ≤ n ≤ P3m
'oVG4�;=27>�<Y] -YI�25[�i!O�<?17;=>�254rI�>�W:-*b�[�Q0-YI�>�27<?O&Iob�;=<?154�+�<?y?<P�

>JI�Z=;=�KIK4�;=<?>qg�13<
W:-:e.8�13- n 4�<z/�>�e
(x̃n)

q̃(3m+1)
n=q̃(3m)+1

;=>
X ′m

I�>�e
(x̃∗n)

q̃(3m+1)
n=q̃(3m)+1

;=>
X∗′m

238�Wr+�4�+JIK4

(x̃n, x̃
∗
n)
q̃(3m+1)
n=q̃(3m)+1 ∪ (ũ3m,n, u

∗
3m,n)P3m

n=1

;=2,b�;=<?154�+�<?y?<P>�IKZGc�]&;=4�+
X ′m = span((x̃n)

q̃(3m+1)
n=q̃(3m)+1 ∪

(ũ3m,n)P3m
n=1)

I�>�e
X ′∗m = span((x̃∗n)

q̃(3m+1)
n=q̃(3m)+1∪(u∗3m,n)P3m

n=1)
'��E>$4�+�-�<P4�+�-:1�+JI�>�etc�b�[ ��I�W:4&v?c

O�<P1�-KI�WU+
m
4�+.-:13-M-(��;=254�2EI�23-C698�-C>�W:-

(an)
q(3m+3)
n=q(3m+2)+1

<?Oh>98�Q7b�-:132&238�WU+j4�+JIK4

∥∥∥x−
( q(3m+2)∑

n=1

x∗n(x)xn +

q(3m+3)∑

n=q(3m+2)+1

anxn

)∥∥∥ < ηm → 0,

+�-C>�W:-

ηm−1 + ηm >
∥∥∥x−

( q(3m−1)∑

n=1

x∗n(x)xn +

q(3m)∑

n=q(3m−1)+1

anxn

)∥∥∥

+
∥∥∥x−

( q(3m+2)∑

n=1

x∗n(x)xn +

q(3m+3)∑

n=q(3m+2)+1

anxn

)∥∥∥

≥
∥∥∥
(
x−

( q(3m−1)∑

n=1

x∗n(x)xn +

q(3m)∑

n=q(3m−1)+1

anxn

))

−
(
x−

( q(3m+2)∑

n=1

x∗n(x)xn +

q(3m+3)∑

n=q(3m+2)+1

anxn

))∥∥∥

=
∥∥∥

q(3m)∑

n=q(3m−1)+1

(x∗n(x)xn − an)xn +

q(3m+2)∑

n=q(3m)+1

x∗n(x)xn +

q(3m+3)∑

n=q(3m+2)+1

anxn

∥∥∥

=
∥∥∥

q(3m)∑

n=q(3m−1)+1

(x∗n(x)xn − an)xn +

q̃(3m+1)∑

n=q̃(3m)+1

x̃∗n(x)x̃n

+

P3m∑

n=1

u∗3m,n(x)ũ3m,n +

q(3m+2)∑

n=q(3m+1)+1

x∗n(x)xn +

q(3m+3)∑

n=q(3m+2)+1

anxn

∥∥∥

≥ 1

5
max(|u∗3m,n(x)| : 1 ≤ n ≤ P3m).

),+�;=2�WC<?QNg�Z=-:4�-:2^4�+�-�g�13<
<POh<?O���I�W(4 x '
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�^���Y� nM� n ��"r�$�6Z������sP � '�p�[04�+.-Xg�13<
W:-Ce�8�13-X<PO�4�+�-Xg�13<
<?O�<?O ��I�W:4 1
]^-XWKIK>S254rIK4�- ��I�W(4�v�]&;\4�+

3m + 2
13-:g�ZfI�WC-:e b�[

3m
i!+�-C>�W:-j>.<C]£]^-o8�23-j4�+�-o-:>�e�<?O�/ ¢ V3V3Vr' w I�>�e 4�+�-jb�-:y?;=>�>�;A>�y�<?O

/ ¢ V3V3Vr'=v n ;=>z4�+.-MO�<PZAZ=<Y]&;=>�y$QN<?13-Mg�13-:WC;=23-MO�<?13QoB

dist
(
x−

( q(3m)∑

n=1

x∗n(x)xn +

M3m−1,0+Q′′3m∑

s=1

u′∗3m,s(x)u′3m,s
)
,

span(u′3m,s)
A′′3m
s=M3m−1,0+Q′′3m+1

)
→ 0

i!23;=>�WC-
(u′3m,s)

A′′3m
s=M3m−1,0+Q′′3m+1 = (u′′3m,s)

P ′′3m
s=Q′′3m+1

]&;\4�+

span(u′′3m,s)
P ′′3m
s=Q′′3m+1 = span((v′3m,n)

Q′3m
n=Q′′3m+1∪((v′3m,n,k)

Q′3m,n
k=1 ∪(v′′3m,n,k)

Q′′3m,n
k=1 )

Q′3m
n=Q′′3m+1)

I�>�e
(xn)

q(3m)
n=1 ∪ (u′3m,s)

M3m−1,0

s=1

W:<?1313-C23g�<?>�e�2�4�<
(yn)

Q(m)
n=1

<?O ¢ V3V n �t+.-:>�WC-N>�<Y]¡]^-0WKIK>�23-:4
Q(3m) = q(3m) +M3m−1,0

IK>.e
η3m = 1/22Q(3m)+1 '

/
8�g�g�<?23-�4�+JIK4 |v′∗3m,n′(x)| > η3m/2Q
′
3m

O�<P1E23<PQ0-
n′
]&;\4�+

Q′′3m + 1 ≤ n′ ≤ Q′3m
c�]&+�;AZ=-?c

O�<P1
n′ + 1 ≤ n ≤ Q′3m

c |v′∗3m,n(x)| ≤ η3m/2Q
′
3m

'�F�-S23-(4
x′3m = x −∑q(3m)

n=1 x∗n(x)xn
c

QN<?13-C<C��-C1Li!23-:-0i�3 w '=v n <?O���-:QNQzIzv x�n

(u′3m,nk)Kk=1 = (u′3m,s)
M3m−1,0+Q′′3m
s=1 ∪ ((u′′3m,n,k)

Q′′3m,n
k=0 ∪ (v′3m,n,k)

Q′3m,n
k=1 )n

′−1
n=Q′′3m+1.

p�[ ��I�W(4LvX4�+�-C13-M-(��;=254�2
x0,3m ∈ span(xn)

q(3m)
n=1

]&;\4�+ ‖x′ − x0,3m‖ ≤ η′′3m → 0
'dF�-M23-(4

x′0,3m = x0,3m −
q(3m)∑

n=1

x∗n(x)xn, x
′′
0,3m = x′0,3m −

K∑

k=1

u′∗3m,nk(x)u′3m,nk ,

x′′3m = x′3m −
K∑

n=1

u′∗3m,nk(x)u′3m,nk ,

x′′′0,3m = x′′0,3m −
Q′3m∑

n=n′

v′∗3m,n(x)v′3m,n, x′′′3m = x′′3m −
Q′3m∑

n=n′

v′∗3m,n(x)v′3m,n.

p�[@i�3 w '=v n <?O���-:Q0Q*Izv x c

span((v′3m,n)
Q′3m
n=n′ ∪ ((u′′3m,n,k)

Q′′3m,n
k=0 ∪ (v′3m,n,k)

Q′3m,n
k=1 )n

′−1
n=1 )

= span((v′3m,n)
Q′3m
n=Q′′3m+1 ∪ ((v′3m,n,k)

Q′3m,n
k=1 ∪ (v′′3m,n,k)

Q′′3m,n
k=1 )n

′−1
n=Q′′3m+1)

I�>�e�b�[�i�3 w ' x�n 4�+�-:13-z-(��;=254
a
]&;\4�+

0 < |a| < 1
I�>�e

k′
]&;\4�+

1 ≤ k′ ≤ Q′′3m,n′
23<�4�+JIK4Ych;AO

u′3m,nK+1
= u′′3m,n′,k′

I�>�e
u′∗3m,nK+1

= u′′∗3m,n′,k′
c�4�+.-:>

‖x′′′0,3m − au′∗3m,nK+1
(x)u′3m,nK+1

‖ = ‖x′′′0,3m − au′′∗3m,n′,k′(x)u′′3m,n′,k′‖

< dist(x′′′0,3m, span((v′3m,n,k)
Q′3m,n
k=1 ∪ (v′′3m,n,k)

Q′′3m,n
k=1 )

Q′3m
n=n′ + U ′′3m) + η3m/2 + η3m

i�]&+�-C13-X]^-M8.23-:e�i�3 x ' w�n <?O ¢ V3V,IK>.e�i�3 w ' w?n <?Oh��-CQNQ*Izv x�n c
]&;\4�+

U ′′3m = X ∩
q(3m)⋂

n=1

x∗n⊥ ∩
A′′3m⋂

s=1

u′∗(3m,s)⊥.



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � � � �

�E>j4�+�-M<P4�+�-C1�+JI�>�etc�b�[S4�+�-MWC<?>�254�138�W(4�;A<P>j<?O
x′′′3m

I�>�eo<?O
U ′′3m

c

dist(x′′′0,3m, span((v′3m,n,k)
Q′3m,n
k=1 ∪ (v′′3m,n,k)

Q′′3m,n
k=1 )

Q′3m
n=n′ + U ′′3m)

≤ dist(x′′′3m, span((v′3m,n,k)
Q′3m,n
k=1 ∪ (v′′3m,n,k)

Q′′3m,n
k=1 )

Q′3m
n=n′ + U ′′3m) + η′′3m = 0 + η′′3m = η′′3m.��-:>.W:-Mb�[z4�+.-LI�b�<Y��-

‖x′′′0,3m − a.u′∗3m,nK+1
(x)u′3m,nK+1

‖ < η′′3m + η3m/2 + η3m.
),+�-C13-:O�<P13-X]^-�WC<P>.W:Z=8�e.-�4�+�IY4
∥∥∥x−

( q(3m)∑

n=1

x∗n(x)xn +
K∑

k=1

u′∗3m,nk(x)u′3m,nk + au′∗3m,nK+1
(x)u′3m,nK+1

)∥∥∥

= ‖x′′3m − au′∗m,nK+1
(x)u′m,nK+1

‖

=
∥∥∥
(
x′′′3m +

Q′3m∑

n=n′

v′∗3m,n(x)v′3m,n
)
− au′∗m,nK+1

(x)u′m,nK+1

∥∥∥

≤ ‖x′′′3m − au′∗3m,nK+1
(x)u′3m,nK+1

‖+
∥∥∥
Q′3m∑

n=n′

v′∗3m,n(x)v′3m,n

∥∥∥

≤ ‖x′′′0,3m − au′∗3m,nK+1
(x)u′3m,nK+1

‖+ ‖x′′′3m − x′′′0,3m‖+
∥∥∥
Q′3m∑

n=n′

v′∗3m,n(x)v′3m,n

∥∥∥

< η′′3m + (η3m/2 + η3m)
i!b�[oI�b�<Y��- n

+ η′′3m +

Q′3m∑

n=n′

|v′∗3m,n(x)|

= 2η′′3m +
3

2
η3m + |v′∗3m,n′(x)|+

Q′3m∑

n=n′+1

|v′∗3m,n(x)|

≤ 2η′′3m +
3

2
η3m + |v′∗3m,n′(x)|+

Q′3m∑

n=n′+1

η3m

2Q′3m

< 2η′′3m + 2η3m + |v′∗3m,n′(x)|.
��<Y]Lc.23;=>�W:-�b9[S4�+�-�/�13254EgJI�154E<?O���I�W(4 x i!Of<?1

i = 0
n |v′∗3m,n(x)| < η̂3m → 0

O�<P1
1 ≤ n ≤ Q′3mO�<P1�-KI�WU+

m
c�4�+�-7IK2323-C154�;=<?>j;=2�g�13<Y��-:eoOf<?1

η′m = 2η′′3m + 2η3m + η̂3m
'

/
8�g�g�<?23-�>�<Y] 4�+JIK4 |v′∗3m,n(x)| ≤ η3m/2Q
′
3m

O�<?1
Q′′3m + 1 ≤ n ≤ Q′3m

'
��-(4

x0,3m
c
η′′3m

c
x′3m

I�>�e
x′0,3m

b�-7IK2�I�b�<Y��-X]&;\4�+

(u′3m,nk)Kk=1 = (u′3m,s)
M3m−1,0+Q′′3m
s=1 , x′′3m = x′3m −

M3m−1,0+Q′′3m∑

n=1

u′∗3m,n(x)u′3m,n,

x′′0,3m = x′0,3m −
M3m−1,0+Q′′3m∑

n=1

u′∗3m,n(x)u′3m,n = x0,3m −
( q(3m)∑

n=1

x∗n(x)xn

+

M3m−1,0+Q′′3m∑

n=1

u′∗3m,n(x)u′3m,n
)
∈ span(xn)

q(3m)
n=1 + span(u′3m,s)

M3m−1,0+Q′′3m
s=1 .



� ��� �������	�
����	�

�q<?13-:<Y��-:1Cc.b�[z4�+�-Me�-C/�>�;\4�;A<P>j<?O
U ′′3m

c

0 = dist(x′′3m, span(v′3m,n ∪ (v′3m,n,k)
Q′3m,n
k=1 ∪ (v′′3m,n,k)

Q′′3m,n
k=1 )

Q′3m
n=Q′′3m+1 + U ′′3m)

=
∥∥∥x′′3m −

(
x̃3m +

Q′3m∑

n=Q′′3m+1

v′∗3m,n(x)v′3m,n
)∥∥∥,

+�-C>�W:-

x̃3m = x′′3m −
Q′3m∑

n=Q′′3m+1

v′∗3m,n(x)v′3m,n

= x−
( q(3m)∑

n=1

x∗n(x)xn +

M3m−1,0+Q′′3m∑

n=1

u′∗3m,n(x)u′3m,n +

Q′3m∑

n=Q′′3m+1

v′∗3m,n(x)v′3m,n
)

∈ U ′′3m + span((v′3m,n,k)
Q′3m,n
k=1 ∪ (v′′3m,n,k)

Q′′3m,n
k=1 )

Q′3m
n=Q′′3m+1.

��-:>.W:- ‖x′′0,3m − x̃3m‖ > ‖x′′0,3m‖ − η3m/2
b�[o]&+JIK4�]^-72UI�;=e�IKb�<C��-$I�b�<?8�4

x′′0,3m
c�+�-:>�WC-7b�[

4�+�-7IKb�<C��-

∥∥∥x′′0,3m −
(
x̃3m +

Q′3m∑

n=Q′′3m+1

v′∗3m,n(x)v′3m,n
)∥∥∥

≥ ‖x′′0,3m − x̃3m‖ −
∥∥∥

Q′3m∑

n=Q′′3m+1

v′∗3m,n(x)v′3m,n

∥∥∥

≥ ‖x′′0,3m − x̃3m‖ −
Q′3m∑

n=Q′′3m+1

|v′∗3m,n(x)| > ‖x′′0,3m − x̃3m‖ − η3m/2

> ‖x′′0,3m‖ − η3m ≥ ‖x′′3m‖ − (η′′3m + η3m);
4�+JIK4&;=2Cc�b�[z4�+�-LI�b�<Y��-?c

0 =
∥∥∥x′′3m −

(
x̃3m +

Q′3m∑

n=Q′′3m+1

v′∗3m,n(x)v′3m,n
)∥∥∥

≥
∥∥∥x′′0,3m −

(
x̃3m +

Q′3m∑

n=Q′′3m+1

v′∗3m,n(x)v′3m,n
)∥∥∥− η′′3m ≥ ‖x′′3m‖ − (η′′3m + η3m)− η′′3m.

),+98�2 ‖x′′3m‖ ≤ η′′′3m = 2η′′3m + η3m
IK>.eS4�+.-LI�2323-:154�;=<?>o+�<?Z=e�2�O�<?1

η′m = η′′′3m

'�),+�;=2�W:<?Q0g�Z=-(4�-C2
4�+�-�g�13<
<POh<?O^i!; n '

�^���Y� nj� n ��"(���6Z �����sPAP � 'Mp�[ /�4�-Cg�2jvoI�>�e x <?O / ¢ V3V3Vr'\v?c
(e3m,brd,p,s + E3m,0)

N3m,brd,p

s=1

;=2
1
��-C698�;\��I�Z=-:>�4�4�<z4�+�-$>JIK4�8�1UI�Zhb�IK23;A2X<?O

l
N3m,brd,p
∞

'L),+.-:13-:O�<?13-?c_b�[q4�+.-�g�13<
W:-:e.8�13-�<?O�4�+�-$g�13<
<?O
<?O���I�W(4 x i!23-C-LI�Z=23<6/94�-:g�2 } IK>.e 5$<?O>/ ¢ V3V3Vr'=v n I�>�eo23-(434�;A>�y

A =

q(3m)∑

n=q(3m−1)+1

(x∗n(x)xn − an)xn +

q(3m+3)∑

n=q(3m+2)+1

anxn,



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � � ���

]^-M+�I(��-

ηm−1 + ηm >
∥∥∥

q(3m+2)∑

n=q(3m)+1

x∗n(x)xn +A
∥∥∥

=
∥∥∥

q(3m+2)∑

n=q(3m)+1

x∗n(x)xn

+
(
A−

A3m+1∑

s=n′(3m+1)+1

u′∗3m+1,s(x)u′3m+1,s

)
+

A3m+1∑

s=n′(3m+1)+1

u′∗3m+1,s(x)u′3m+1,s

∥∥∥

≥
∥∥∥

q(3m+2)∑

n=q(3m)+1

x∗n(x)xn +
(
A−

A3m+1∑

s=n′(3m+1)+1

u′∗3m+1,s(x)u′3m+1,s

)∥∥∥

−
A3m+1∑

s=n′(3m+1)+1

|u′∗3m+1,s(x)|

≥
∥∥∥

q(3m+2)∑

n=q(3m)+1

x∗n(x)xn +
(
A−

A3m+1∑

s=n′(3m+1)+1

u′∗3m+1,s(x)u′3m+1,s

)∥∥∥

− A3m+1 − n′(3m+ 1)

A3m+122q(3m+1)A3m+1

≥ 1

2

∥∥∥
q(3m+1)∑

n=q(3m)+1

x∗n(x)xbrd,p,n + E3m,0

∥∥∥− A3m+1 − n′(3m+ 1)

A3m+122q(3m+1)A3m+1
;

4�+JIK4&;=2Cc

∥∥∥
q(3m+1)∑

n=q(3m)+1

x∗n(x)xbrd,p,n + E3m,0

∥∥∥

< 2

(
ηm−1 + ηm +

A3m+1 − n′(3m+ 1)

A3m+122q(3m+1)A3m+1

)
< 2

(
ηm−1 + ηm +

1

22q(3m+1)A3m+1

)
.

��-:>.W:-&4�+�-XI�2323-:154�;=<?>*;=2�g�13<Y��-:e*;=O�]^-�13-:g�Z�IKWC-
2(ηm−1 + ηm + 1/22q(3m+1)A3m+1)

b�[
ηm
'�),+�-

2UI�QN-*g�13<
W:-Ce�8�13-0]^<P13u
2$I�Z=23<�Of<?1�4�+�-*<P4�+�-:17WKIK23-C2Si�]^-0+JI:��-04�<q8�23-jIKZA23<�i w?l ' 5 n <?O�),+�-C<P13-CQ
v?v n '�),+�;=2�WC<?QNg�Z=-:4�-:2,4�+�-Mg�13<
<?Oh<PO,i!;=; n '

�^���Y� n,� n ��"(���6Z �����LPAPAP � $ p�[ /�4�-:g.2 x I�>�e�3�<?O�/ ¢ V3V3Vr'=v?c ‖∑t′

t=1 e3m,aux,n′(3m),t‖ = 1
O�<P1

1 ≤
t′ ≤ 22B3m

IK>.e
2B3mu′∗3m,n′(3m)(x) =

∑22B3m

t=1 u∗3m,n′(3m),t(x)
'&��-C>�W:-�cJ;AO

max(|u∗3m,n(x)| :
1 ≤ n ≤ P3m) = η′m → 0

i!b�[z4�+.-X23-CW:<?>�eogJI�154&<?O���I�W(4 x?n c�;\4&Of<?Z=Z=<Y]&2,4�+JIK4

t(n′(3m))η′m >
∣∣∣
t(n′(3m))∑

t=1

u∗3m,n′(3m),t(x)
∣∣∣

≥ 2B3m |u′∗3m,n′(3m)(x)| −
22B3m∑

t=t(n′(3m))+1

|u∗3m,n′(3m),t(x)|

> 2B3m
1

A3m22q(3m)A3m
− 22B3m − t(n′(3m))

P3m22q(3m)P3m
> 2B3m/2,



� ��� �������	�
����	�

4�+JIK4&;=2Cc
t(n′(3m)) > 2B3m/2/η′m > 2B3m/2;

4�+�-C13-:O�<?13-?c�23-(434�;A>�y

ũ′m =

t(n′(3m))−1∑

t=1

ãu3m,n′(3m),t, ã =
1

t(n′(3m))− 1

t(n′(3m))−1∑

j=1

u∗3m,n′(3m),j(x),

]^-M+�I(��- |ã| < η′m
I�>�e

ũ′m =
( t(n′(3m))−1∑

j=1

u∗3m,n′(3m),j(x)
)u′3m,n′(3m)

2B3m
+ ã

t(n′(3m))−1∑

t=1

e3m,n′(3m),t,

‖ũ′m − u′∗3m,n′(3m)(x)u′3m,n′(3m)‖

=

∥∥∥∥ũ′m −
(

1

2B3m

22B3m∑

1

u∗3m,n′(3m),t(x)

)
u′3m,n′(3m)

∥∥∥∥

=

∥∥∥∥ã
t(n′(3m))−1∑

t=1

e3m,aux,n′(3m),t −
(

1

2B3m

22B3m∑

t=t(n′(3m))

u∗3m,n′(3m),t(x)

)
u′3m,n′(3m)

∥∥∥∥

≤ |ã| ·
∥∥∥
t(n′(3m))−1∑

t=1

e3m,aux,n′(3m),t

∥∥∥

+
‖u′3m,n′(3m)‖

2B3m

(
|u∗3m,n′(3m),t(n′(3m))(x)|+

22B3m∑

t=t(n′(3m))+1

|u∗3m,n′(3m),t(x)|
)

< η′m · 1 + 1 · 1

2B3m

(
η′m +

22B3m∑

t=t(n′(3m))+1

1

P3m22q(3m)P3m

)

< η′m

(
1 +

1

2B3m

)
+

1

22q(3m)P3m
.

��-:>.W:-�4�+�-�I�2323-:154�;=<?>q;=2Eg�13<Y�?-CeqO�<?1
ηm = η′m(1 + 1/2B3m) + 1/22q(3m)P3m

'�),+�;=2EW:<?Q0g�Z=-(4�-C2
4�+�-�g�13<
<POh<?O���-:Q0Q*Izv 5�'

p^-COf<?13-L4�+�-713-Cy?8�ZfI�13;=�YIK4�;=<?>qZ=-CQNQzI
cJZA-(4�8.2�254rIK4�-$I�>�-KI�25[qZ=-CQNQ*IN<?>�>98�Q0-:13;=WKI�Z�g�-C13Q78�4rIK�
4�;=<?>�2C'
� g�k k �Hv { i!<P>o>98�QN-C13;=WYI�Z_g�-C13Q78�4rIK4�;=<?>�2Cc ��`�� n ��'.%dU�U��dV:"�^�"L IZdY�"L��^�� V:"	Xr%J"�O�[U"RVL� n O.%��

"aU"r��V
(nk)Mk=1

ZdO$W
(mk)Mk=1

V:�0�! IZP�

(∗) |nk| ≤ 1
ZdO$W |mk| ≤ 1

n(���
1 ≤ k ≤M ZdO�W M∑

k=1

nk =

M∑

k=1

mk = 0.

�  �"RO��! �"r��"q"	qdPAVr��VpZ�U�"(�r��%��bZP��P �dO
(π(k))Mk=1

� n
(k)Mk=1

V�%�[r ��! IZP�
(|∑G

g=1 nπ(k)|)MG=1

ZdO�W

(|∑G
g=1mπ(k)|)MG=1

Z���"+aU�P�! 
(2, 0) "

�*�dO��P�G�dO�"7i�^� �Ps[r pPAO��! �P8V�[	ZdV:"\PAVM�bZdOJ�bZ��*��% OJ���G�
(0, 2) "�*�dO��P�G�dO�" n

$
# O�ZMQ\�	r���%IV	QoS�c P n

(pk)Mk=1

P8V:ZdO��P�! �"r�pV:"�X(%."RO�[U"q� n6O�%�� aU"(��V ^>P!�! |pk| ≤ 1
n(���

1 ≤ k ≤ M
ZdO�W ∑M

k=1 pk = 0
c7�! �"�O �! �"(��"@"	qdPAVU��V Z U�"(�r��%��bZP��P �dO

(π(k))Mk=1

� n
(k)Mk=1VU%�[( ��! IZP�

(|∑G
g=1 nπ(k)|)MG=1

c
(|∑G

g=1mπ(k)|)MG=1

ZdO�W
(|∑G

g=1 pπ(k)|)MG=1

Z���" ZMQ8Q
(3, 0) "



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � � ���

�*�dO��P�G�dO�"
$

� n [���%���V:"$�! �"
(0, 3) "

�0�dO��P�G�dO�PL[RP!��S [��dOJ��PAO.%."RV��G�S ��MQ W ZMQTV:�pP n\^�"�UcZdV	V7�G�
(nk +

a)Mk=1

c
(mk + b)Mk=1

ZdO�W
(pk + c)Mk=1

n(���L�! ��U"�" N?q�"	W O�%�� aU"(��V
a
c
b
ZdO�W

c $
�^���Y� n

$
��-:4$8�2�WC<?>�23;=e�-C1�;=>

R2 c�O�<?1 1 ≤ k ≤ M
cd4�+�-z��-:W(4�<?1

vk =
√
mk

2 + n2
ke
iθk

W:<?1313-:�
23g�<?>�e�;A>�yo4�<q4�+�-*g�<?;=>�4

Pk = (mk, nk)
'jF�-*254rI�154L]&;\4�+

π(1) = 1
ch+.-:>�WC-

vπ(1) = v1
c�I�>�e

238�g�g�<P23-*O�<P1L;=>�254rI�>�WC-$4�+JIK4
vπ(1) =

√
2ei

1
4π

i�4�+JIK4L;=2Cc
Pπ(1) = (1, 1)

n 'p/98�g.g�<?23-N4�+JIK4L4�+�-:13-
-(��;=254�2

π(2) ∈ (k)Mk=2

]&;=4�+
π ≤ θπ(2) ≤ 3

2π.
),+�-C>

max(|mπ(1) +mπ(2)|, |nπ(1) + nπ(2)|) ≤ 1
I�>�eq]^-NIK13-7e�<?>�-�Of<?1E]&+JIK4XW:<?>�W:-C13>�2&4�+.-7WU+.<P;AW:-L<?O

vπ(2)
�J4�+.-:>q]^-7WYI�>�13-Cg�-YIK4E4�+�-7g�13-:�
;A<P8.2

g�13<
W:-Ce�8�13-0b�8�47254rI�154�;=>�yoO�13<?Q ∑2
k=1 vπ(k)

;=>�254�-KI�e@<?O^O�13<?Q
vπ(1)

'zF�+.;=Z=-?c�;=O
π(2)

e�<
-:2L>.<�4
-(��;=254Yc�23;A>�W:-�4�+�-�ZfI�254SgJI�154S<?O

(∗) 2UI:[�2z4�+JIK4 ∑M
k=2 vk = −vπ(1)

c�4�+�-C13-�-:��;=254�2
(vk′)

M ′
k=1 ∪

(vk′′)
M ′′
k=1 ⊆ (vk)Mk=2

238.WU+q4�+JIK4 3
4π ≤ θk′ < π

O�<?1
1 ≤ k ≤ M ′

I�>�e 3
2π < θk′′ ≤ 7

4π
Of<?1

1 ≤
k ≤M ′′ '�),+�-C>N]^-E23-(4 π(2) = 1′

I�>�e
π(3) = 1′′

�
>�-(�
4Yc�;=O
π ≤ θπ(2) + θπ(3) ≤ 3

2π
c�]^-&13-Cg�-YIK4

4�+�-,]&+�<?Z=-,g�13-:��;=<?8�2�g�13<
W:-Ce�8�13-�254rI�154�;=>�yMO�13<PQ ∑3
k=1 vπ(k)

�?]&+�;=Z=-�cP;=O 3
4π ≤ θπ(2) +θπ(3) <

3
2π
c

]^-^23-:4
π(4) = 2′′

i�I�>JI�Z=<?yP<?8�23Z=[�;=O 3
2π < θπ(2)+θπ(3) ≤ 7

8π
cK]^-^23-:4

π(4) = 2′
n '�`�13<
W:-C-:e�;A>�y�;=>

4�+�;=2,]�I:[*]^-MyP-:4
(k′′′)M

′′′
k=1 ⊆ (k′)M

′
k=1 ∪ (k′′)M

′′
k=1

238�Wr+S4�+�IY4
π ≤∑M ′′′

k=1 θπ(k′′′) ≤ 3
2π
��4�+�-C>z]^-

13-:g�-YIK4�4�+�-&]&+�<?Z=-Eg�13<
WC-:e�8�13-E254rI�154�;=>�y7Of13<?Q ∑3
k=1 vπ(k) +

∑M ′′′

k=1 vπ(k′′′)
I�>�ez23<L<?>t' ��<Y]�4�+�-

g�13<
W:-Ce�8�13-0;=2MWCZ=-YI�1C' � >�I�>JI�Z=<?y?<P8.2
3
��e.;=QN-C>�23;=<?>JI�Z�y?-:<?QN-:4�13;=WYI�Zdg�13<
<?O�]^<?13u
2�;=O�]^-NWC<?>�23;=e�-C1

I�Z=23<$4�+�-X4�+.;=13eS23-Y698�-:>�WC-
(pk)Mk=1

'�),+�;=2�W:<?Q0g�Z=-(4�-C2^4�+�-�g�13<
<?O�<POd��-:Q0Q*Izv { '
� g�k k ��v � i �&-Cy?8�ZfI�13;=�YIK4�;=<?>*ZA-:QNQzI�c �&� n � ��":�

x ∈ X ^>P!�! ‖x‖ = 1
ZdO$W_c�n:���\ZtN?q�"	WN�qc&Q\":�

am(x)
aU"L�! �"\O.%
�6aU"r�+Z�U�U�"	Z���P8O rpZP���! �"�"RO$WS� n / ¢ V3V3Vr'=v?c�V3V3Vr' x ZdO�WLV3V3Vr' w

$
�  �"�O

i � n �  �"r��"�"	qdPAVr��V\Z]U�"(�r��%��bZP��P �dO
(xπ(0,3m+1,g))

G0,3m+1

g=1

� n

(x3m+1,g)
G3m+1

g=1 ∪ (ω′3m+1,n,0 ∪ x3m+1,n.0 ∪ (x3m+1,n,k,0)2M3m+1

k=1 )
P3m+1

n=1

VU%�[( ��! IZP�(c P n
(xπ(3m+1,g))

G3m+1

g=1

PAV��! �" U�"(�r�$%��bZP��P��dO PAO�W�%�[U"	Wq�dO
(x3m+1,g)

G3m+1

g=1

c��! �"RO��! �"
U�"(�r��%��bZP��P �dO
(∥∥∥

G∑

g=1

x∗π(0,3m+1,g)(x)(x′π(0,3m+1,g) + xπ(0,3m+1,brd,g))

+ span(u′3m+2,s)
n′(3m+2)
s=A3m+2−A′3m+2+1 + E3m+1,0

∥∥∥
)G0,3m+1

G=1PAV
(6, 0) "

�*�dO��P�G�dO�"��h�! �"tU�"(�r�$%��bZP��P��dOcV
(∥∥∥

G∑

g=1

x∗π(3m+1,g)(x)x̃π(3m+1,g) + E3m+1,0

∥∥∥
)G3m+1

Q=1

ZdO�W
(∥∥∥

G∑

g=1

x∗π(3m+1,g)(x)x̃π(3m+1,g)

∥∥∥
)G3m+1

Q=1

Z���"
(0, a3m+1/2

Q0,3m+1) "
�0�dO��P�G�dO�"��.ZdO�W

(∥∥∥
G∑

g=1

x∗π(0,3m+1,g)(x)xπ(0,3m+1,g) + span(u′3m+2,s)
n′(3m+2)
s=A3m+2−A′3m+2+1 +E3m+1,0

∥∥∥
)G0,3m+1

Q=1

PAV
(2, 6, a3m+1/2

Q0,3m+1) "
�0�dO��P�G�dO�"

$



� ��� �������	�
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i p n �  �"(��"�"	qdPAVU��V�Z]U�"r�r�$%��bZP��P��dO
(xπ(0,3m,g))

G0,3m

g=1

� n
(x0,3m,g)

G0,3m

g=1

VU%�[r j�! IZP�rc&P n
(xπ(3m,g))

G3m
g=1

P8V��! �"tU�"(�r�$%��bZP��P��dO P8O�W�%�[�"	WS�dO
(x3m,g)

G3m
g=1

ch�! �"�O

(∥∥∥
G∑

g=1

x∗π(0,3m,g)(x)(xπ(0,3m,g) − x̃π(0,3m,g)) + E3m,0

+ span(u′3m+1,s)
G0,0,0,3m

s=G0,0,0,3m−G3m+1 + span(u′3m+1,s)
n′(3m+1)
s=A3m+1−A′3m+1+1

∥∥∥
)G0,3m

G=1

PAV
(3, 0) "

�*�dO��P�G�dO�"����0����"U�dYP"r�

(∥∥∥
G∑

g=1

x∗π(3m,g)(x)x̃π(3m,g) + E3m,0

∥∥∥
)G3m

G=1
and

(∥∥∥
G∑

g=1

x∗π(3m,g)(x)x̃π(3m,g)

∥∥∥
)G3m

G=1

Z���"
(2, a3m/2

M3m/2) "
�*�dO��P�G�dO�"��>ZdO$W

(∥∥∥
G∑

g=1

x∗π(0,3m,g)(x)xπ(0,3m,g) + E3m,0 + span(u′3m+1,s)
G0,0,0,3m

s=G0,0,0,3m−G3m+1

+ span(u′3m+1,s)
n′(3m+1)
s=A3m+1−A′3m+1+1

∥∥∥
)G0,3m

G=1

PAV
(2, 3, a3m/2

M3m/2) "
�*�dO��P�G�dO�"

$i ¢ n �  �"r��"$"	qdP8Vr��V\Z]U."r�r�$%��bZP��P��dO
(π(3m+ 2, g))

G3m+2

g=1

� n
((3m+ 2, g))

G3m+2

g=1

VU%�[r j�! IZP�

(∥∥∥
G∑

g=1

x∗π(3m+2,g)(x)x̃π(3m+2,g) + E3m+2,0

∥∥∥
)G3m+2

G=1

ZdO�W

(∥∥∥
G∑

g=1

x∗π(3m+2,g)(x)x̃π(3m+2,g)

∥∥∥
)G3m+2

G=1

Z���"
(0, a3m+2/2

Q0,3m+2) "
�0�dO��P�G�dO�"�c.ZdO�W

(∥∥∥
G∑

g=1

x∗π(3m+2,g)(x)xπ(3m+2,g) + E3m+2,0

∥∥∥
)G3m+2

G=1

PAV
(2, 1, a3m+2/2

Q0,3m+2) "
�0�dO��P�G�dO�"

$

�^���Y� n
$
� �8i������ � i � ����-:4�8�2�W:<?>�23;Ae�-:1d4�+�-,b�ZA<9Wru

(x∗n(x)xn)
q(3m+2)
n=q(3m+1)+1

'�F�-,g�<?;=>94�<P8�4�4�+JIK4Yc
;=>z]&+JIK4�O�<PZAZ=<Y]&2Cc9]^-MW:<?8�Z=eoI�Z=23<$8�23-X4�+�-�I�Z\4�-C13>JIK4�;\��-�W:<?>�254�138�W:4�;=<?>z<?O./94�-:g

4′
<?O>/ ¢ V3V3Vr' x I�>�e

4�+�-�g�13<
W:-:e.8�13-M<?O�4�+�-Mg�13<
<?O�]^<P8.Z=ejb�-M4�+�-M2UI�QN-�c�<?>�Z=[*]&;\4�+jQN<?13-MO�<?13Q*I�Z=;=23Qq'�F�-M23-:4

(xn)
q(3m+2)
n=q(3m+1)+1 = (x3m+1,g)

G3m+1

g=1 = ((x3m+1,n,g)
G3m+1,0

=1 )
P3m+1

n=1 ,

G3m+1,0 = 2M3m+1+4Q3m+1 ,

(x3m+1,n,g)
G3m+1,0

=1 = ((x3m+1,n,k,l)
24Q3m+1

l=1 )2M3m+1

k=1

O�<P1
1 ≤ n ≤ P3m+1

'�),+�-:>�b�[ /�4�-Cg�2$vNIK>.e 3z<?O / ¢ V3V3Vr' x ]^-�/�>.e�4�+JIK4Yc�O�<?1�-KI�WU+�23-C698�-C>�W:-
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	���������G�����������G�����������o����� �	����� � � �����G� � � � !

(an)
q(3m+2)
n=q(3m+1)+1

<?Oh>98�Q�b�-:132Cc

∥∥∥
q(3m+2)∑

n=q(3m+1)+1

anxn + E3m+1,0

∥∥∥

≥ max
(∥∥∥

q(3m+2)∑

n=q(3m+1)+1

an(x′n + x′′n + xbrd,n) + E3m+1,0

∥∥∥
/

2,

∥∥∥
q(3m+2)∑

n=q(3m+1)+1

anx
′′′
n + E3m+1,0

∥∥∥
)

;

∥∥∥
q(3m+2)∑

n=q(3m+1)+1

anx
′′′
n + E3m+1,0

∥∥∥ =
∥∥∥

q(3m+2)∑

n=q(3m+1)+1

anx
′′′
n

∥∥∥;

∥∥∥
q(3m+2)∑

n=q(3m+1)+1

an(x′n + x′′n + xbrd,n) + E3m+1,0

∥∥∥

= max
(∥∥∥

G3m+1,0∑

g=1

a3m+1,n,g(x
′
3m+1,n,g + x′′3m+1,n,g + x3m+1,brd,n,g) + E3m+1,0

∥∥∥ :

1 ≤ n ≤ P3m+1

)
;

∥∥∥
G3m+1,0∑

g=1

a3m+1,n,g(x
′
3m+1,n,g + x′′3m+1,n,g + x3m+1,brd,n,g) + E3m+1,0

∥∥∥

= max
(∥∥∥

G3m+1,0∑

g=1

a3m+1,n,gx
′
3m+1,n,g + E3m+1,0

∥∥∥,

∥∥∥
G3m+1,0∑

g=1

a3m+1,n,gx
′′
3m+1,n,g + E3m+1,0

∥∥∥,
∥∥∥
G3m+1,0∑

g=1

a3m+1,n,gx3m+1,n,brd,g + E3m+1,0

∥∥∥
)

O�<P1
1 ≤ n ≤ P3m+1

'�VaO
(π(n))

q(3m+2)
n=q(3m+1)+1 = (π(3m + 1, g))

G3m+1

g=1

;=2NIqg�-C13Q78�4rIK4�;=<?>�<?O

(n)
q(3m+2)
n=q(3m+1)+1

I�>�e ;=Oac�O�<?10Iq/��
-Ce
n
]&;\4�+

1 ≤ n ≤ P3m+1
c

(π(3m + 1, n, g))
G3m+1,0

g=1

;A2
4�+�-jg�-:13Q�8�4rIK4�;=<?>�;=>�e.8�W:-Ce <?>

((3m + 1, n, g))
G3m+1,0

g=1

c�]^-je�-C>�<P4�-?c�O�<?1$-KI�WU+
k
I�>�e

l
]&;\4�+

1 ≤ k ≤ 2M3m+1
I�>�e

1 ≤ l ≤ 24Q3m+1
c�b9[

(π(3m + 1, n, k, g))2M3m+1

g=1

IK>.e
(π(3m+ 1,

n, g, l))24Q3m+1−1
g=1

4�+�-Sg�-C13Q78�4rIK4�;=<?>�2�;=>�e�8�WC-:e <?>
((3m + 1, n, k, g))2M3m+1

g=1

I�>�e
((3m+ 1,

n, g, l))24Q3m+1−1
g=1

13-:23g�-CW(4�;\��-CZ\[�'L),+�-C> i!13-CWYI�Z=ZN4�+JIK4Yczb�[ /94�-:g�2�v?c x I�>�e w <?O / ¢ V3V3Vr' x c
‖ω′3m+1,n,0‖ = 1 = ‖x3m+1,n,0‖ = ‖x3m+1,n,k,0‖

O�<?1
1 ≤ k ≤ 2M3m+1

n ]^-�+JI:��-
∥∥∥ω′∗3m+1,n,0(x)ω′3m+1,n,0 + x∗3m+1,n,0(x)x3m+1,n,0

+

2M3m+1∑

k=1

(
x∗3m+1,n,k,0(x)x3m+1,n,k,0 +

24Q3m+1∑

l=1

x∗3m+1,n,k,l(x)x′3m+1,n,k,l

)
+ E3m+1,0

∥∥∥
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=

∥∥∥∥ω′∗3m+1,n,0(x)
( 2M3m+1∑

f=1

e3m+1,n,f,24Q3m+1

)
+ x∗3m+1,n,0(x)

( 2M3m+1∑

f=1

e3m+1,n,f

)

+
2M3m+1∑

k=1

(
x∗3m+1,n,k,0(x)

( 24Q3m+1∑

g=1

e3m+1,n,k,g + ω′3m+1,n

)

+

24Q3m+1−1∑

l=1

x∗3m+1,n,k,l(x)

(
e3m+1,n,k,l +

e3m+1,n,k

2P3m+1Q0,3m+122Q3m+1

)

+ x∗
3m+1,n,k,24Q3m+1

(x)

(
e3m+1,n,k,24Q3m+1 + ω′3m+1,n +

e3m+1,n,k

2P3m+1Q0,3m+122Q3m+1

))

+ E3m+1,0

∥∥∥∥

=

∥∥∥∥
2M3m+1∑

k=1

(
x∗3m+1,n,0(x) +

24Q3m+1∑

l=1

x∗3m+1,n,k,l(x)

2P3m+1Q0,3m+122Q3m+1

)
e3m+1,n,k

+
2M3m+1∑

k=1

( 24Q3m+1−1∑

l=1

(x∗3m+1,n,k,0(x) + x∗3m+1,n,k,l(x))e3m+1,n,k,l

+ (ω′∗3m+1,n,0(x) + x∗3m+1,n,k,0(x) + x∗
3m+1,n,k,24Q3m+1 (x)

)
e3m+1,n,k,24Q3m+1

+
( 2M3m+1∑

k=1

(x∗3m+1,n,k,0(x) + x∗
3m+1,n,k,24Q3m+1

(x))
)
ω′3m+1,n + E3m+1,0

∥∥∥∥.
p�[ /�4�-:g�2 x I�>�e w <?O / ¢ V3V3Vr' x c�23-(434�;A>�y

A =
1

24Q3m+1

( 24Q3m+1−1∑

g=1

e∗3m+1,n,k,g(x) + e′′∗
3m+1,n,k,24Q3m+1

(x)
)
,

]^-M+�I(��-

x∗3m+1,n,k,0(x) = A−B, B =
2P3m+1Q0,3m+1

22Q3m+1
x∗3m+1,n,k(x),

x∗3m+1,n,0(x) +

24Q3m+1∑

l=1

x∗3m+1,n,k,l(x)

2P3m+1Q0,3m+122Q3m+1

= x∗3m+1,n,0(x)

+

∑24Q3m+1−1
l=1 (e∗3m+1,n,k,l(x)−A+B) + (e′′∗

3m+1,n,k,24Q3m+1
(x)−A+B)

2P3m+1Q0,3m+122Q3m+1

= x∗3m+1,n,0(x) +
22Q3m+1

2P3m+1Q0,3m+1
B = x∗3m+1,n,0(x) + x∗3m+1,n,k(x)

= e∗3m+1,n,k(x),

x∗3m+1,n,k,0(x) + x∗3m+1,n,k,l(x) = e∗3m+1,n,k,l(x)
Of<?1

1 ≤ l ≤ 24Q3m+1 − 1,
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x∗3m+1,n,k,0(x) + x∗
3m+1,n,k,24Q3m+1

(x) = e′′∗
3m+1,n,k,24Q3m+1

(x),

ω′∗3m+1,n,0(x) + x∗3m+1,n,k,0(x) + x∗
3m+1,n,k,24Q3m+1

(x)

= ω′∗3m+1,n,0(x) + e′′∗
3m+1,n,k,24Q3m+1

(x) = e∗
3m+1,n,k,24Q3m+1

(x),

2M3m+1∑

k=1

(x∗3m+1,n,k,0(x) + x∗
3m+1,n,k,24Q3m+1

(x))

=

2M3m+1∑

k=1

e′′∗
3m+1,n,k,24Q3m+1

(x) = ω′∗3m+1,n(x).

),+�-C13-:O�<P13-

(45)
∥∥∥ω′∗3m+1,n,0(x)ω′3m+1,n,0 + x∗3m+1,n,0(x)x3m+1,n,0

+

2M3m+1∑

k=1

(
x∗3m+1,n,k,0(x)x3m+1,n,k,0 +

24Q3m+1∑

l=1

x∗3m+1,n,k,l(x)x′3m+1,n,k,l

)
+ E3m+1,0

∥∥∥

=
∥∥∥

2M3m+1∑

k=1

e∗3m+1,n,k(x)e3m+1,n,k

+

2M3m+1∑

k=1

24Q3m+1∑

l=1

e∗3m+1,n,k,l(x)e3m+1,n,k,l + ω′∗3m+1,n(x)ω′3m+1,n + E3m+1,0

∥∥∥

= max(D1,3m+1,n, D2,3m+1,n, D3,3m+1,n, D4,3m+1,n);

D1,3m+1,n = max

(∣∣∣∣e∗3m+1,n,k(x) = x∗3m+1,n,0(x) +

24Q3m+1∑

l=1

x∗3m+1,n,k,l(x)

2P3m+1Q0,3m+122Q3m+1

∣∣∣∣ :

1 ≤ k ≤ 2M3m+1

)
;

D2,3m+1,n = max
(∥∥∥

2M3m+1∑

k=1

(e∗3m+1,n,k,l(x) = x∗3m+1,n,k,0(x)

+ x∗3m+1,n,k,l(x))e3m+1,n,k,l + E3m+1,0

∥∥∥ :

1 ≤ l ≤ 24Q3m+1 − 1
)

;

D3,3m+1,n = max(|e∗
3m+1,n,k,24Q3m+1 (x) = ω′∗3m+1,n,0(x)

+ x∗3m+1,n,k,0(x) + x∗
3m+1,n,k,24Q3m+1

(x)| : 1 ≤ k ≤ 2M3m+1);

D4,3m+1,n =
∣∣∣ω′∗3m+1,n(x) =

2M3m+1∑

k=1

(x∗3m+1,n,k,0(x) + x∗
3m+1,n,k,24Q3m+1

(x))
∣∣∣.

�E>j4�+�-M<P4�+�-C1�+JI�>�etc

∥∥∥
q(3m+2)∑

n=q(3m+1)+1

x∗n(x)xbrd,n + E3m+1,0 + span(u′3m+2,s)
n′(3m+2)
s=A3m+2−A′3m+2+1

∥∥∥



��� � �������	�
����	�

=
∥∥∥
P3m+1∑

n=1

2M3m+1∑

k=1

x∗
3m+1,n,k,24Q3m+1

(x)(e3m+1,brd,n,k + ω3m+1,n)

+ E3m+1,0 + span(u′3m+2,s)
n′(3m+2)
s=A3m+2−A′3m+2+1

∥∥∥

=
∥∥∥

2M3m+i∑

k=k(3m+1,brd)+1

x∗
3m+1,n′′(3m+1,brd),k,24Q3m+1 (x)(e3m+1,brd,n′′(3m+1,brd),k

+ ω3m+1,n′′(3m+1,brd)) +

P3m+1∑

n=n′′(3m+1,brd)+1

2M3m+1∑

k=1

x∗
3m+1,n,k,24Q3m+1

(x)

· (e3m+1,brd,n,k + ω3m+1,n)) + E3m+1,0

∥∥∥

=
∥∥∥

2M3m+i∑

k=k(3m+1,brd)+1

x∗
3m+1,n′′(3m+1,brd),k,24Q3m+1

(x)e3m+1,brd,n′′(3m+1,brd),k

+

P3m+1∑

n=n′′(3m+1,brd)+1

2M3m+1∑

k=1

x∗
3m+1,n,k,24Q3m+1

(x)e3m+1,brd,n,k

+
( 2M3m+i∑

k=k(3m+1,brd)+1

x∗
3m+1,n,k,24Q3m+1

(x)
)
ω3m+1,n′′(3m+1,brd)

+

P3m+1∑

n=n′′(3m+1,brd)+1

( 2M3m+1∑

k=1

x∗
3m+1,n,k,24Q3m+1

(x)
)
ω3m+1,n + E3m+1,0

∥∥∥

= max(D5,3m+1, D6,3m+1),
D5,3m+1 = max(max(|x∗

3m+1,n′′(3m+1,brd),k,24Q3m+1 (x)| :
k(3m+ 1, brd) + 1 ≤ k ≤ 2M3m+i),

max(|x∗
3m+1,n,k,24Q3m+1

(x)| : 1 ≤ k ≤ 2M3m+i , n′′(3m+ 1, brd) + 1 ≤ n ≤ P3m+1)),

D6,3m+1 = max
(∣∣∣

2M3m+i∑

k=k(3m+1,brd)+1

x∗
3m+1,n′′(3m+1,brd),k,24Q3m+1

(x)
∣∣∣,

max
(∣∣∣

2M3m+1∑

k=1

x∗
3m+1,n,k,24Q3m+1

(x)
∣∣∣ : n′′(3m+ 1, brd) + 1 ≤ n ≤ P3m+1

))
.

� g � h���� � � i � ��F�-*+�I(��-z4�<�WC<?>�23;=e�-C1ji�IKZA23<�Of<?1�-YI�WU+�g�-:13Q78�4rIY4�;A<P>
(xπ(3m+1,g))

G3m+1,0

g=1

<?O

(x3m+1,g)
G3m+1,0

g=1

n

D3m+1 = max(max((D1,3m+1,n, D2,3m+1,n, D3,3m+1,n, D4,3m+1,n :

1 ≤ n ≤ P3m+1), D5,3m+1, D6,3m+1)
]&+�-C13-

D1,3m+1,n = max

(∣∣∣∣x∗3m+1,n,0(x) +

L∑

l=1

x∗3m+1,n,k,l(x)

2P3m+1Q0,3m+122Q3m+1

∣∣∣∣ :

1 ≤ L ≤ 24Q3m+1 , 1 ≤ k ≤ 2M3m+1

)
;
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D2,3m+1,n = max
(

max
(∥∥∥

K−1∑

k=1

(x∗3m+1,n,k,0(x) + x∗3m+1,n,k,l(x))e3m+1,n,k,l

+ E3m+1,0

∥∥∥ : 1 ≤ l ≤ 24Q3m+1 − 1
)
,

max
(∥∥∥

K∑

k=1

(x∗3m+1,n,k,0(x) + x∗3m+1,n,k,l(x))e3m+1,n,k,l + E3m+1,0

∥∥∥ : 1 ≤ l ≤ L
)

:

1 ≤ L ≤ 24Q3m+1 − 1, 1 ≤ K ≤ 2M3m+1

)
;

D3,3m+1,n = max(|e∗
3m+1,n,k,24Q3m+1

(x) = ω′∗3m+1,n,0(x) + x∗3m+1,n,k,0(x)

+ x∗
3m+1,n,k,24Q3m+1

(x)| : 1 ≤ k ≤ 2M3m+1);

D4,3m+1,n = max
(∣∣∣

K∑

k=1

(x∗3m+1,n,k,0(x) + x∗
3m+1,n,k,24Q3m+1

(x))
∣∣∣ : 1 ≤ K ≤ 2M3m+1

)
.

�d;\�
n
]&;\4�+

1 ≤ n ≤ P3m+1
'��J<?1

D1,3m+1,n
;\4�;=2�238��NW:;=-C>�4�4�+JIK4YcdO�<?1

1 ≤ k ≤ 2M3m+1
c

(|∑L
l=1 x

∗
π(3m+1,n,k,l)(x)|)24Q3m+1−1

L=1

;=2
(1, 0)

��QN<?>�<P4�<?>�-
i!+�-C>�W:-

(|∑L
l=1

x∗π(3m+1,n,k,l)(x)

2P3m+1Q0,3m+122Q3m+1
|)24Q3m+1

L=1

b�-:WC<?QN-:2
(1, 0)

��QN<?>�<P4�<?>�-?c�g�13-CW:;=23-CZ\[

(0, a3m+1/2
P3m+1Q0,3m+122Q3m+1)

��QN<?>�<P4�<?>�- n �
D3,3m+1,n ≤ 3a3m+1

I�>�e
D5,3m+1 ≤

a3m+1
�JI�>�e

D4,3m+1,n ≤ 3a3m+1
;=O

(∣∣∣
K∑

k=1

e′′∗
π(3m+1,n,k,24Q3m+1 )

(x) (= x∗
π(3m+1,n,k,24Q3m+1 )

(x) + x∗π(3m+1,n,k,0)(x))
∣∣∣
)2M3m+1

K=1

;=2
(3, 0)

��QN<?>�<P4�<?>�-�c
D6,3m+1 ≤ 3a3m+1

;=O
(|∑K

k=1 x
∗
π(3m+1,n,k,24Q3m+1 )

(x)|)2M3m+1

K=1

;A2
(3, 0)

�
QN<?>�<P4�<?>�-�I�>�e$]^-,13-:WKI�Z=Z94�+�-,23-CW:<?>�e$gJI�154�<POhi!;A; n <?O ¢ ��'P)�8�13>�;=>.y�4�<

D2,3m+1,n
;\4�;=2�>�-:WC-:232UI�15[

4�<�+JI:��-�4�<?y?-(4�+�-C1
x∗3m+1,n,k,0(x)x3m+1,n,k,0

I�>�e
x∗3m+1,n,k,l(x) x3m+1,n,k,l

cK;=>M<?13e�-C1_4�<EI:�?<?;=e
4�+�-7O�<PZAZ=<Y]&;=>�y*e�1UI:]&bJI�WUu�B /98.g�g�<?23-74�+JIK4Yc�O�<P1

n = 1
IK>.e

1 ≤ k ≤ 2M3m+1
c
x∗3m+1,1,k,l(x) =

(−1)k
Of<?1

1 ≤ l ≤ 24Q3m+1
'�),+�-:> i!b9[ /94�-:g vj<?O\/ ¢ V3V3Vr' x I�>�e�b�[�),+�-:<?13-:Q l I�>�e�;=>

gJI�154�;=WC8�ZfI�1,b�[z4�+�-�2UI�QN-X4�<
<?Z=2�<PO�4�+�-�g�13<
<POh<?O^i w?l ' }?n c�;A>jgJI�154�;=W:8.ZfI�1^b9[@i x?w ' }�n <?O �E-:Q*I�13up5 n

∥∥∥
2M3m+1∑

k=1

24Q3m+1−1∑

l=1

x∗3m+1,1,k,l(x)e3m+1,1,k,l + E3m+1,0

∥∥∥

=
∥∥∥

2M3m+1∑

k=1

(−1)ke3m+1,1,k,1 + E3m+1,0

∥∥∥ ≥ 2M3m+1/2;

∥∥∥
2M3m+1∑

k=1

24Q3m+1∑

l=1

x∗3m+1,1,k,l(x)e3m+1,1,k,l −
2M3m+1∑

k=1

(−1)kx3m+1,1,k,0 + E3m+1,0

∥∥∥

=
∥∥∥

2M3m+1∑

k=1

24Q3m+1∑

l=1

(−1)ke3m+1,1,k,l −
2M3m+1∑

k=1

(−1)k
( 24Q3m+1∑

l=1

e3m+1,1,k,l + ω′3m+1,1

)

+ E3m+1,0

∥∥∥

=
∥∥∥

2M3m+1∑

k=1

(−1)kω′3m+1,1 + E3m+1,0

∥∥∥ = 0.
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�E>j4�+�-�<P4�+�-:1�+JI�>�e�c�;=>S4�+�-X4�+�;A13ejgJI�154&<?O�4�+�-�g�13<
<?O�]^-M]&;=Z=Z_8�23-M4�+�-MO I�W(4�4�+JIK4

(∣∣∣
G∑

g=1

x∗π(3m+1,n,g)(x)
∣∣∣
)G3m+1,0

G=1

;=2
(6, 0)

��QN<?>�<P4�<?>�-*O�<?1
1 ≤ n ≤ P3m+1

��4�+�-:13-COf<?13-0]^-*WKI�>�23-:434�Z=-N4�+.;=27O I�W(4NI�>�e I:��<?;=e�4�+�-
g�<?2323;=b�;AZ=;\4a[*<?O�4�+.-Mg�13-:�
;A<P8.2�e�1UI:]&bJI�WUu�c�b�[jQN-YI�>�2�<?O�4�+�-MO�<?Z=Z=<Y]&;=>�y$g�13<?g�-C154a[�B

/
8�g�g�<?23-*]^-z+JI:�?-oIj23-Y698�-:>�WC-z<PO�>98�Q�b�-:132
(bk)2M3m+1

k=1 ∪ ((ak,l)
24Q3m+1−1
l=1 )2M3m+1

k=1

]&;\4�+
ak,l = bk

O�<P1
1 ≤ l ≤ 24Q3m+1 − 1

I�>�e
1 ≤ k ≤ 2M3m+1

cJQN<?13-C<C��-C1&23-:4
a = max(|bk| : 1 ≤

k ≤ 2M3m+1)
I�>�eN238�g.g�<?23-,4�+JIK4 ∑2M3m+1

k=1 bk = 0
' /9-(434�;A>�y

(bk)2M3m+1

k=1 = (bk′)
M ′
k=1∪(bk′′)

M ′′
k=1]&;\4�+

bk′ > 0
Of<?1

1 ≤ k ≤ M ′
IK>.e

bk′′ < 0
O�<P1

1 ≤ k ≤ M ′′
i�]^-7WYI�>�238.g�g�<?23- |bk| > 0

O�<P1
1 ≤ k ≤ 2M3m+1

n c�]^-E254rI�154�]&;\4�+
π(1) = 1′

'd),+�-C13-XI�13-&4a]^<Lg�<P2323;Ab�;=Z=;\4�;A-:2CB�;=O
b1′ ≤ |b1′′ |

c�4�+�-:>
4�+�-C13-�-(��;=254�2�I$g�-:13Q�8�4rIK4�;=<?>

(aπ(g))
G1
g=1

<?O
(a1′,l)

24Q3m+1−1
l=1 ∪ (a1′′,l)

L1

l=1

i
L1 ≤ 24Q3m+1 − 1

n
238�Wr+�4�+JIK4

(|∑G
g=1 aπ(g)|)G1

G=1

;=2
(1, 0)

��QN<?>�<P4�<?>�-��P<P4�+�-:15]&;=23-
b1′ > |b1′′ |

I�>�e74�+.-:>�4�+�-:13-^-:��;=254
4a]^<�g�<?23;\4�;\��-�;=>�4�-:y?-C132

S(1) > 1
I�>�e

L1 ≤ 24Q3m+1 − 1
238�Wr+z4�+JIK4

b1′ > |
∑S(1)−1
k=1 bk′′ |

]&+�;=Z=-

b1′ ≤ |
∑S(1)
k=1 bk′′ |

c
+�-:>.W:-XI�y�I�;=>04�+�-C13-E-(��;=254�2^I�g�-C13Q78�4rIK4�;=<?>
(aπ(g))

G1
g=1

<?O
(a1′,l)

24Q3m+1−1
l=1 ∪

((ak′′,l)
24Q3m+1−1
l=1 )

S(1)−1
k=1 ∪ (aS(1)′′,l)

L1

l=1

238.WU+�4�+JIK4
(|∑G

g=1 aπ(g)|)G1

G=1

;A2
(1, 0)

��Q0<?>�<P4�<P>.-?'
/9;=>.W:-04�+�-*23-:WC<?>�e�WKI�23-*;A>�W:Z=8.e�-:2�I�Z=23<q4�+�-*/.132547<?>�-�cd23-(434�;=>�y

S(1) = 1
c�]^-zWYI�>�254rI�154NI�y9IK;A>

O�13<PQ 4�+�;A2�yP-C>�-:1UI�Zt23;\4�8JIK4�;=<?>qIK>.eS4�+.-:13-LI�13-M4�+�13-:-Mg�<?2323;=b�;AZ=;\4�;=-C2CB
i!; n VG4*;=2*>�<P4*g�<?2323;=b�Z=-o4�<�yP-:4

L1 = 24Q3m+1 − 1
i!+�-:>.W:-

b1′ < |
∑S(1)
k=1 bk′′ |

n '�Va>�4�+�;=2
WYI�23-04�+�-:13-*-(��;=254$I�y9IK;A>@4a]^<qg�<?23;\4�;\��-0;=>�4�-:y?-C132

T (2) > 2
I�>�e

L2 ≤ 24Q3m+1 − 1
238�WU+�4�+JIK4

∑T (2)−1
k=1 bk′ < |

∑S(1)
k=1 bk′′ |

]&+�;=Z=- ∑T (2)
k=1 bk′ ≥ |

∑S(1)
k=1 bk′′ |

c�+�-C>�W:-L4�+�-C13-L-(��;=254�2XINg�-C13Q78�4rIK�
4�;=<?>

(aπ(g))
G2

g=G1+1

<?O

(aS(1)′′,l)
24Q3m+1−1
l=L1+1 ∪ ((ak′,l)

24Q3m+1−1
l=1 )

T (2)−1
k=2 ∪ (aT (2)′,l)

L2

l=1

238�Wr+S4�+�IY4
(|∑G

g=1 aπ(g)|)G2

G=1

;=2
(1, 0)

��Q0<P>.<�4�<?>�-�'
i!;A; n

L1 = 24Q3m+1−1
I�>�e

b1′ < |
∑S(1)
k=1 bk′′ |

'h),+.-:>�]^-�g�13<
W:-:-Ce0I�2�Of<?1&i!; n �P]&+�;AZ=-?cP;=O
b1′ =

|∑S(1)
k=1 bk′′ |

ch]^-*WYI�>�13-:g�-KIY474�+�-0]&+�<?Z=-*g�13<
W:-Ce�8�13-*254rI�154�;=>�yqO�13<?Q
(bk′)

M ′
k=2 ∪ (bk′′)

M ′′
k=S(1)+1;=>�254�-KI�ej<?O�O�13<?Q

(bk′)
M ′
k=1 ∪ (bk′′)

M ′′
k=1

'
��<Y] 4�+�-�g�13<
W:-Ce�8�13-M;A2�W:Z=-KIK1EI�>�ej]^-MW:<?>�WCZ=8�e�-M4�+JIK4,4�+�-C13-M-:�
;A254,4a]^<Ng�-:13Q�8�4rIK4�;=<?>�2

(π(k))2M3m+1

k=1

<PO
(k)2M3m+1

k=1 , (aπ(g))
2M3m+1 (24Q3m+1−1)
g=1

<?O
((ak,l)

24Q3m+1−1
l=1 )2M3m+1

k=1

]&;\4�+jb�<P4�+

(46.1)′ (|∑G
g=1 aπ(g)|)2M3m+1 (24Q3m+1−1)

G=1 , (|∑K
k=1 bπ(k)|)2M3m+1

K=1 (1, 0)
��QN<?>�<P4�<?>�-?�

(46.2)′
O�<?1�-KI�WU+

G, 1 ≤ G ≤ 2M3m+1(24Q3m+1 − 1),
4�+�-:13-oI�13-SO�<?8�1�;A>�4�-:y?-:132

S
c
T
c
L(s)I�>�e

L(T )
]&;\4�+

1 ≤ S ≤ T ≤ 2M3m+1
I�>�e

1 ≤ L(S), L(T ) ≤ 24Q3m+1 − 1
23<04�+JIK4

(aπ(g))
G
g=1 = ((aπ(k),l)

24Q3m+1−1
l=1 )T−1

k(6=S)=1 ∪ (aπ(S),l)
L(S)
l=1 ∪ (aπ(T ),l)

L(T )
l=1

i�4�+JIK4M;=2Cc�I�gJI�154MOf13<?Q�4a]^<j13<Y]&2�IK4X4�+.-�Q0<P254Yc�I�Z=Zh4�+�-�13<Y]&2Mg�13-C23-:>�4�;=>
(π(g))Gg=1

I�13-�4�<�4rI�Z=Z=[
;=>�WCZ=8�e�-Ce n '�Va>.e�-:-CetcK4�+.;=2hg�13<?g�-C154a[L;=2h238��NW:;A-:>�4d4�<�23-(434�ZA-

D2,3m+1,n
23;=>�WC-?cK4rI�u
;=>�yE;A>�4�<MI�W:W:<?8�>94

I�Z=23< i wPl ' 3 n <?O&),+�-C<?13-:Q vPvjIK>.e�i w )�' 3 n <?O&),+�-:<?13-CQ � c�]^-z23-:-*4�+JIK4YcdOf<?1
1 ≤ n ≤ P3m+1

c
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((e3m+1,n,k,l + E3m+1,0)24Q3m+1−1
l=1 )2M3m+1

k=1

;=2
2
��8�>�W:<?>�e.;\4�;=<?>JI�Z,I�>�e�;A>�gJI�154�;=WC8�ZfI�1CchO�<?1

1 ≤
1 ≤ 24Q3m+1 − 1

c
(e3m+1,n,k,l + E3m+1,0)2M3m+1

k=1

;=2
2
��;=>�e�;=23WC-:13>�;Ab�Z=-?'

��<Y]Lc�Of<?1EI$/���-:e
n
]&;\4�+

1 ≤ n ≤ P3m+1
c�b9[zQ0-YI�>�2&<?O ��`���i!��-CQNQ*Izv {?n c�23-:434�;=>�y

E∗k(x) = e∗3m+1,n,k(x)− 1

2M3m+1

2M3m+1∑

f=1

e∗3m+1,n,f (x)
O�<?1

1 ≤ k ≤ 2M3m+1 ,

Z=-:4
(π(k))2M3m+1

k=1

b�- I�g�-:13Q�8�4rIK4�;=<?> <?O
(k)2M3m+1

k=1

238�Wr+ 4�+JIK4
(|∑K

k=1E
∗
π(k)(x)|)2M3m+1

K=1

c

(|∑K
k=1 x

∗
3m+1,n,π(k),24Q3m+1 )

(x)|)2M3m+1

K=1

c
(|∑K

k=1 e
′′∗
3m+1,n,π(k),24Q3m+1

(x)|)2M3m+1

K=1

I�13-NIKZAZ

(3, 0)
��QN<?>�<P4�<?>�-?�_QN<?13-:<Y��-:1Cc_Of<?1X-YI�WU+

k
]&;=4�+

1 ≤ k ≤ 2M3m+1
c_Z=-(4

(π(k, l))24Q3m+1−1
l=1

b�-NI
g�-C13Q78�4rIK4�;=<?>@<PO

(l)24Q3m+1−1
l=1

238�Wr+@4�+JIK4
(|∑L

l=1 x
∗
3m+1,n,π(k),π(k,l)(x)|)24Q3m+1−1

L=1

;A2
(1, 0)

�
QN<?>�<P4�<?>�-�'hF�-�13-:WYI�Z=Z_b9[ /94�-:g w <PO / ¢ V3V3Vr' x 4�+JIK4

x∗3m+1,n,π(k),π(k,l)(x) = x′∗3m+1,n,π(k),π(k,l)(x) +
2P3m+1Q0,3m+1

22Q3m+1
E∗k(x)

+
2P3m+1Q0,3m+1

2M3m+1+4Q3m+1
v∗3m+1,n

O�<P1
1 ≤ l ≤ 24Q3m+1

]&;\4�+ ∑24Q3m+1

l=1 x′∗3m+1,n,π(k),π(k,l)(x) = 0
' /
<�4�+.-:13-M-(��;=254�2EI7g�-:13Q78�4rIY�

4�;=<?>

(xπ(0,3m+1,n,g))
2M3m+1+4Q3m+1

g=1

<?O
(x3m+1,n,π(k),0 ∪ (x3m+1,n,π(k),π(k,l))

24Q3m+1−1
l=1 )2M3m+1

k=1 ,
]&+�;=Wr+j;=>�WCZ=8�e�-C2&I�g�-C13Q78�4rIK4�;=<?>

(xπ′(3m+1,n,g))
2M3m+1(24Q3m+1−1)
g=1

<PO
((x3m+1,n,π(k),π(k,l))

24Q3m+1−1
l=1 )2M3m+1

k=1 ,
238�Wr+�4�+JIK4�i�I�W:WC<P13e.;=>�y@4�<

(46.1)′
I�>�e

(46.2)′
]&+.-:13-ob9[ 4�+�-�I�b�<Y��-o]^-qWYI�>�13-:g�Z�IKWC-

bk
b�[

(2P3m+1Q0,3m+1/22Q3m+1)E∗k(x)
n

i�3<5�'\v n
(|∑G

g=1 x
∗
π′(3m+1,n,g)(x)|)2M3m+1(24Q3m+1−1)

G=1

;=2
(3, 0)

��QN<?>�<P4�<?>�-?�
i�3<5�' x�n O�<?1�-YI�WU+

G
]&;\4�+

1 ≤ G ≤ 2M3m+1+4Q3m+1 = G3m+1,0
4�+�-:13- I�13-

(Si)
3
i=1

c
T
c

(L(Si))
3
i=1

IK>.e
L(T )

]&;\4�+
1 ≤ S1 ≤ S2 ≤ S3 ≤ T ≤ 2M3m+1 , 1 ≤ L(Si), L(T ) ≤

24Q3m+1 − 1
O�<?1

1 ≤ i ≤ 3,
]&;\4�+

(x∗π′(3m+1,n,g))
G
g=1 = (x3m+1,n,π(k),0 ∪ (x3m+1,n,π(k),π(k,l))

24Q3m+1−1
l=1 )T−1

k(/∈(Si)3
i=1)=1

∪ (x3m+1,n,π(Si),0 ∪ (x3m+1,n,π(Si),π(Si,l))
L(Si)
l=1 )3

i=1

∪ (x3m+1,n,π(T ),0 ∪ (x3m+1,n,π(T ),π(T,l))
L(T )
l=1 )

i!;\4�;=2�g�<?2323;=b�Z=-&4�<�Wr+�-:Wru74�+�;A2�O I�W(4�e.;=13-:W:4�Z\[�b�[NW:<?Q�b�;=>�;=>.yM4�+�-&g�13<
<?O�<?O
(46.1)′

I�>�e
(46.2)′

I�>�e
4�+�-�g�13<
<?O�<PO ��`���cJb�-(434�-:1�;A>q4�+�- x ��e�;=Q0-:>�23;=<?>JI�ZhWYI�23-�23;=>�WC-74�+�-7g.13<9WC-:e�8.13-�;=2E4�+.-72UI�QN-�b�8�4
23;=Q0g�Z=-:1Cc�;=>S4�+�;A2�WYI�23-X]^-�/�>.e

(Si)
2
i=1

;A>�254�-YI�ej<PO
(Si)

3
i=1

n '�),+.-:13-:O�<?13-M23-:434�;=>�y

(x′π(0,3m+1,n,g) + xπ(0,3m+1,brd,n,g))
G0,3m+1,0

g=1

= ω′3m+1,n,0 ∪ x3m+1,n,0

∪ (x3m+1,n,π(k),0 ∪ (x′3m+1,n,π(k),π(k,l) + x3m+1,brd,n,π(k),π(k,l))
24Q3m+1

l=1 )2M3m+1

k=1 ,
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((x′π(3m+1,n,g) + xπ(3m+1,brd,n,g))
G3m+1,0

g=1

= ((x′3m+1,n,π(k),π(k,l) + x3m+1,brd,n,π(k),π(k,l))
24Q3m+1

l=1 )2M3m+1

k=1 ,

(x′π(0,3m+1,g) + xπ(0,3m+1,brd,g))
G0,3m+1

g=1

= ((x′π(0,3m+1,n,g) + xπ(0,3m+1,brd,n,g))
G0,3m+1,0

g=1 )
P3m+1

n=1 ,

(x′π(3m+1,g) + xπ(3m+1,brd,g))
G3m+1

g=1 = ((x′π(3m+1,n,g) + xπ(3m+1,brd,n,g))
G3m+1,0

g=1 )
P3m+1

n=1 ,

23;=>�WC-
D ≤ 6

c�]^-MWKIK>o254rIY4�-M4�+�-MO�<?Z=Z=<Y]&;=>�y
����� � v?'
(∥∥∥

G∑

g=1

x∗π(0,3m+1,g)(x)(x′π(0,3m+1,g) + xπ(0,3m+1,brd,g)) + E3m+1,0

+ span(u′3m+2,s)
n′(3m+2)
s=A3m+2−A′3m+2+1

∥∥∥
)G0,3m+1,0

G=1

ZdO�W
(|∑G

g=1 x
∗
π(3m+1,n,g)(x)|)G3m+1,0

G=1

n:���
1 ≤ n ≤ P3m+1

Z���"
(6, 0) "

�*�dO��P�G�dO�"
$

e�f��8i � � � i � ��F�-M4�8�13>S4�<NW:<?>�23;Ae�-:13;=>.y
∥∥∥

q(3m+2)∑

n=q(3m+1)+1

x∗π′(n)(x)(x′′n + x′′′n ) + E3m+1,0

∥∥∥

=

∥∥∥∥
P3m+1∑

n=1

( 2M3m+1∑

k=1

24Q3m+1∑

l=1

x∗3m+1,n,k,l(x)

)
v3m+1,n

2P3m+1Q0,m
+ E3m+1,0

∥∥∥∥.

VaO�]^-z/��
n
]&;\4�+

1 ≤ n ≤ P3m+1
c�b�[�4�+�-z-C>�e�<?O`/94�-:g w <?O`/ ¢ V3V3Vr' x ]^-Su
>�<Y] 4�+JIK4YcdO�<?1

1 ≤ l ≤ 24Q3m+1
I�>�e

1 ≤ k ≤ 2M3m+1
c

x∗3m+1,n,k,l = x∗0,3m+1,n,k,l +
2P3m+1Q0,3m+1

2M3m+1+4Q3m+1
v∗3m+1,n,

2M3m+1∑

k=1

24Q3m+1∑

l=1

x∗0,3m+1,n,k,l = 0,

2M3m+1∑

k=1

24Q3m+1∑

l=1

x∗3m+1,n,k,l = 2P3m+1Q0,3m+1v∗3m+1,n.

F�-�23-(4
T3m+1 = 2M3m+1+2Q3m+1

'���-:4
(π′(3m + 1, g))

G3m+1

g=1

b�- I�>�[ g�-C13Q78�4rIK4�;=<?> <?O

(n)
q(3m+2)
n=q(3m+1)+1

]&+�;AWU+M2UIK4�;=23/.-:2���IKW:4�v?cY23<
(|∑G

g=1 x
∗
π′(3m+1,g)(x)|)G3m+1

G=1

;=2
(6, 0)

��Q0<?>�<P4�<P>.-?'
�.<?1

1 ≤ n ≤ P3m+1
c�;=O

(π′(3m+ 1, n, g))
G3m+1,0

g=1

;A2d4�+�-�g�-:13Q78�4rIY4�;A<P>N;=>�e�8�WC-:eN<?>
(((3m+ 1,

n, g))
G3m+1,0

g=1

c�]^-o8�23-
(t(3m + 1, n, p))

T3m+1

p=1

O�<P1zI�gJI�154�;\4�;=<?> <PO
(π′(3m + 1, n, g))

G3m+1,0

g=1i�]&+�-C>�W:-
t(3m + 1, n, 0) = 0

I�>�e
t(3m + 1, n, T3m+1) = G3m+1,0

n 23<q4�+JIK4Yc�Of<?1
1 ≤ p ≤

T3m+1
c
∣∣∣∣

t(3m+1,n,p)∑

g=t(3m+1,n,p−1)+1

x∗π′(3m+1,n,g)(x)− 2P3m+1Q0,3m+1v∗3m+1,n(x)

T3m+1

∣∣∣∣ < a3m+1,



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � ��� �

∣∣∣∣
t(3m+1,n,p)∑

g=1

x∗π′(3m+1,n,g)(x)− p
2P3m+1Q0,3m+1v∗3m+1,n(x)

T3m+1

∣∣∣∣ < a3m+1.

/9;=>.W:-Mb�[z4�+.-LI�b�<Y��-?c�Of<?1
1 ≤ g,G ≤ G3m+1,0

c

x∗π′(3m+1,n,g)(x) = x∗0,π′(3m+1,n,g)(x) +
2P3m+1Q0,3m+1

2M3m+1+4Q3m+1
v∗3m+1,n(x),

(|∑G
g=1 x

∗
0,π′(3m+1,n,g)(x)|)G3m+1

G=1

;=2
(6, 0)

��QN<?>�<P4�<?>�-�I�>�e�+.-:>�WC- |∑G
g=1 x

∗
0,π′(3m+1,n,g)(x)|

≤ 6a3m+1
c�]^-0WYI�>�e�;=13-CW(4�Z\[�]&13;\4�-?c�O�<?1

1 ≤ p ≤ T3m+1
c
t(3m + 1, n, p) = t(3m + 1, p) =

p22Q3m+1
I�>�eo+�-C>�W:-

∣∣∣∣
t(3m+1,p)∑

g=t(3m+1,p−1)+1

x∗π′(3m+1,n,g)(x)−
2P3m+1Q0,3m+1v∗3m+1,n(x)

T3m+1

∣∣∣∣ < 7a3m+1,

∣∣∣
t(3m+1,p)∑

g=t(3m+1,p−1)+1

x∗π′(3m+1,n,g)(x)
∣∣∣ ≤

2P3m+1Q0,3m+1 |v∗3m+1,n(x)|
T3m+1

+ 7a3m+1

<
2P3m+1Q0,3m+1Q0,3m+12M3m+1+Q3m+1

2M3m+1+2Q3m+1
+ 7a3m+1

=
2P3m+1Q0,3m+1Q0,3m+1

2Q3m+1
+ 7a3m+1,

∣∣∣∣
t(3m+1,p)∑

g=t(3m+1,p−1)+1

x∗π′(3m+1,n,g)(x)

2P3m+1Q0,3m+1

∣∣∣∣ <
Q0,3m+1

2Q3m+1
+

7a3m+1

2P3m+1Q0,3m+1
,

∣∣∣∣
t(3m+1,p)∑

g=t(3m+1,p−1)+1

x∗π′(3m+1,n,g)(x)

2P3m+1Q0,3m+1
−
v∗3m+1,n(x)

T3m+1

∣∣∣∣ <
7a3m+1

2P3m+1Q0,3m+1
,

∣∣∣∣
t(3m+1,p)∑

g=1

x∗π′(3m+1,n,g)(x)

2P3m+1Q0,3m+1
− p

T3m+1
v∗3m+1,n(x)

∣∣∣∣ <
7a3m+1

2P3m+1Q0,3m+1
.

�.<?1
1 ≤ n ≤ P3m+1

c
1 ≤ p ≤ T3m+1

c�]^-M23-:4
W̃3m+1,p =

∑p
g=1W3m+1,g

c�]&+�-C13-

W3m+1,p =

P3m+1∑

n=1

W3m+1,n,p,

W3m+1,n,p =

t(3m+1,p)∑

g=t(3m+1,p−1)+1

x∗π′(3m+1,n,g)(x)
v3m+1,n

2P3m+1Q0,3m+1
.

),+�-C>tc�b9[ /�4�-Cg x <PO / ¢ V3V3Vr' x c

W3m+1 = W̃3m+1,T3m+1
=

P3m+1∑

n=1

v∗3m+1,n(x)v3m+1,n

=

P3m+1∑

n=1

u∗3m+1,n(x)u3m+1,n = W ′′3m+1 +W ′′′3m+1,
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W ′′3m+1 =

A3m+1/2∑

s=A′′3m+1+1

e∗3m+1,aux,s(x)e3m+1,aux,s

+

A3m+1−A′3m+1∑

s=A3m+1/2+M3m+1−1,arm,0+1

e∗3m+1,aux,s(x)e3m+1,aux,s

+

A3m+1∑

s=1

22B3m+1∑

t=1

e∗3m+1,aux,s,t(x)e3m+1,aux,s,t,

W ′′′3m+1 =

A′′3m+1∑

s=1

u′∗3m+1,s(x)u′3m+1,s

+

A3m+1/2+M3m+1−1,arm,0∑

s=A3m+1/2+1

u′∗3m+1,s(x)u′3m+1,s

+

A3m+1∑

s=A3m+1−A′3m+1+1

u′∗3m+1,s(x)u′3m+1,s.

�.<?1
1 ≤ p ≤ T3m+1

c�]^-�+JI:�?-

W3m+1,p −
W3m+1

T3m+1
=

P3m+1∑

n=1

W3m+1,n,p −
1

T3m+1

P3m+1∑

n=1

v∗3m+1,n(x)v3m+1,n

=

P3m+1∑

n=1

(
W3m+1,n,p −

v∗3m+1,n(x)v3m+1,n

T3m+1

)

=

P3m+1∑

n=1

( t(3m+1,p)∑

g=t(3m+1,p−1)+1

x∗π′(3m+1,n,g)(x)
1

2P3m+1Q0,3m+1
−
v∗3m+1,n(x)

T3m+1

)
v3m+1,n,

∥∥∥∥W3m+1,p −
W3m+1

T3m+1

∥∥∥∥

< 2

P3m+1∑

n=1

∥∥∥∥
t(3m+1,p)∑

g=t(3m+1,p−1)+1

x∗π′(3m+1,n,g)(x)
1

2P3m+1Q0,3m+1
− v∗3m+1,n(x)

T3m+1

∥∥∥∥

< 2P3m+1
7a3m+1

2P3m+1Q0,3m+1
<

a3m+1

4P3m+12Q0,3m+1
,

∥∥∥∥W̃3m+1,p −
p

T3m+1
W3m+1

∥∥∥∥ <
a3m+1

4P3m+12Q0,3m+1

b�[S4�+�-M2UIKQ0-Mg�13<
<?O�'��q<?13-:<Y��-:1�b�[S4�+�-LI�b�<Y��-LI�Z=23<

‖W3m+1,n,p‖ =
∣∣∣

t(3m+1,p)∑

g=t(3m+1,p−1)+1

x∗π′(3m+1,n,g)(x)
∣∣∣ ‖v3m+1,n‖
2P3m+1Q0,3m+1

< 2

(
Q0,3m+1

2Q3m+1
+

7a3m+1

2P3m+1Q0,3m+1

)
<

15a3m+1

2P3m+1Q0,3m+1
<

a3m+1

4P3m+12Q0,3m+1
.
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(π(3m+ 1, g))
G3m+1,0

g=1 = (((π′(3m+ 1, n, g))
t(3m+1,p)
g=t(3m+1,p−1)+1)

P3m+1

n=1 )
T3m+1

p=1 ,

;\4�Of<?Z=ZA<C]&2�4�+JIK4
(‖∑G

g=1 x
∗
π(3m+1,g)(x)(x′′π(3m+1,g) + x′′′π(3m+1,g)) + E3m+1,0‖)G3m+1

G=1

I�>�e

(‖∑G
g=1 x

∗
π(3m+1,g)(x)x′′′π(3m+1,g)‖)

G3m+1

G=1

IK13-
(0, a3m+1/2

Q0,3m+1)
��QN<?>�<P4�<?>�- i!23;=>.W:-?coO�<?1

1 ≤ n ≤ P3m+1
I�>�e

1 ≤ p ≤ T3m+1
c

(∣∣∣∣
G∑

g=t(3m+1,p−1)+1

x∗π′(3m+1,n,g)(x)

2P3m+1Q0,3m+1

∣∣∣∣
)t(3m+1,p)

G=t(3m+1,p−1)+1

;=2
(6, 0)

��QN<?>�<P4�<?>�-
,

+�-C>�W:-7IKZA23<
(0, 6a3m+1/2

P3m+1Q0,3m+1)
��Q0<P>.<�4�<?>�-�'��q<?13-C<C��-C1

∥∥∥
n∑

k=1

W3m+1,k,p

∥∥∥ ≤
n∑

k=1

‖W3m+1,k,p‖ < n
a3m+1

4P3m+12Q0,3m+1
<

a3m+1

4 · 2Q0,3m+1
,

4�+�-C13-:O�<P13-
(‖∑N

k=1W3m+1,k,p‖)nN=1

;=2
(0, a3m+1

4.2Q0,3m+1
)
��QN<?>�<P4�<?>�-?c�]&+�;=Z=-

(∥∥∥
P∑

p=1

W3m+1,p

∥∥∥
)T3m+1

P=1
= (‖W̃3m+1,p‖)T3m+1

P=1

;=2
(0, a3m+1/4 · P3m+12Q0,3m+1)

��QN<?>�<P4�<?>�-M23;A>�W:-�b�[z4�+�-LI�b�<Y��-
∥∥∥∥W̃3m+1,p −

p

T3m+1
W3m+1

∥∥∥∥ <
a3m+1

4 · P3m+12Q0,3m+1

O�<P1
1 ≤ p ≤ T3m+1

IK>.e
(‖ p
T3m+1

W3m+1‖)D3m+1

P=1

;=2
(0, 0)

��QN<?>�<P4�<?>�-?�z/�>JI�Z=Z\[
(2, 0, 0)

�
QN<?>�<P4�<?>�;=WC;\4a[*W:<?Q0-:2�O�13<PQ 4�+�-�;=>�-Y6�8�IKZA;\4a[

‖y + e‖ ≥ max(‖y‖, ‖e‖/2)

O�<P10-YI�WU+
y ∈ span(y3m+1,n)

Q(3m+1)
n=1

I�>�e
e ∈ span(ê3m+1,n)

S′3m+1+M ′3m+1,0

n=1

<?O]/�4�-:g vj<?O
/ ¢ V3V3Vr' x�n '

� 4�4�+.;=2,g�<?;=>94�]^-MWYI�>o254rIK4�-X4�+�-MO�<?Z=Z=<Y]&;=>�y
����� � x ' ��":�

(xπ(0,3m+1,g))
G0,3m+1

g=1

aU"L�! �"tU�"(�r�$%��bZP��P��dO@� n

(x3m+1,g)
G3m+1

g=1 ∪ (ω′3m+1,n,0 ∪ x3m+1,n,0 ∪ (x3m+1,n,k,0)2M3m+1

k=1 )
P3m+1

n=1

� n��&Z�[:�
1
VU%�[( N�! IZP�h�! �" U."r�r�$%��bZP��P��dO�PAO�W�%�[U"	W��dO

(x3m+1,g)
G3m+1

g=1

PAV #r% Vr�
(xπ(3m+1,g))

G3m+1

g=1 $
�  �"RO
(∥∥∥

G∑

g=1

x∗π(0,3m+1,g)(x)(x′π(0,3m+1,g) + xπ(0,3m+1,brd,g))

+ span(u′3m+2,s)
n′(3m+2)
s=A3m+2−A′3m+2+1 + E3m+1,0

∥∥∥
)G3m+1

G=1PAV
(6, 0) "

�*�dO��P�G�dO�"+ZdO�W

(∥∥∥
G∑

g=1

x∗π(0,3m+1,g)(x)xπ(0,3m+1,g) + span(u′3m+2,s)
n′(3m+2)
s=A3m+2−A′3m+2+1 + E3m+1,0

∥∥∥
)G3m+1

Q=1

PAV
(2, 6, a3m+1/2

Q0,3m+1) "
�0�dO��P�G�dO�"

$
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),+.;=2^O�<PZAZ=<Y]&2�23;=>�W:-�I�Z=ZJ4�+�-�g.13<Pg�-:154�;=-C2�<?O���IKW:4Mv�W:<?>�4�;A>98�-�4�<7+�<?Z=et' ��<Y] i � n O�<?Z=Z=<Y]&2�O�13<?Q
��I�W:4LvLI�>�ejO�13<?Q ]&+JIK4�]^-M254rIK4�-Ce+��8.254�IKb�<C��-�'
� h �&i �$f�� � i � 'XF�-7>�<Y]�4�8�13>q4�<*WC<P>.23;=e�-:13;A>�y04�+�-�b�Z=<
WUu

(x∗n(x)xn)
q(3m+1)
n=q(3m)+1

'&F�-$I�Z=13-YI�e�[
u
>�<Y]LcEb�[ /�4�-:g�v�<?O / ¢ V3V3Vr'\v?c�4�+JIK4

(e′′′3m,n + E3m,0)S3m
n=1

;=2
1
��-C698�;\��I�Z=-:>�4z4�<�4�+.-�>JIK4�8�1UI�Z

bJI�23;=2�<?O
lS3m∞

i
2
��-Y6�8.;\�?I�Z=-C>�4M;=O

E3m,0
;=2�13-:g�Z�IKWC-:e@b�[

E3m,0 + span(y3m,n)
Q(3m)
n=1 + U3m

O�<?1

U3m = X ∩ ⋂Q(3m)
n=1 y∗(3m,n)⊥ ∩

⋂S′3m+M ′3m,0
n=1 ê∗(3m,n)⊥)

' � >JI�Z=<?y?<?8�23Z\[�c�;AO
X ′

I�>�e
U3m,armI�13-�4�+�-$238.b�23gJI�W:-C2�<POt/�4�-:g w <?O�/ ¢ V3V3Vr'\v?c�4�+�-C>

((e3m,arm,n,j + E3m,arm,0)
J3m,arm

i=1 )P3m
n=1

;=2
1
�

-C698�;=�?I�Z=-:>94�4�<�4�+�-j>JIK4�8�1UI�Z�bJI�23;=20<?O
l
P3mJ3m,arm
∞

i
2
��-C698�;=�?I�Z=-:>94$;=O

E3m,arm,0
;=2N13-Cg�ZfI�W:-Ce b�[

E3m,arm,0 + X ′ + U3m,arm

n '���<P13-C<Y�?-C1Cc�;AO&]^-o23-(4
E = E3m,0 + E3m,arm,0

c�4�+.-:>�;=O
u ∈

span(e′′′3m,n)
S′3m
n=1 + E

I�>�e
v ∈ span((e3m,arm,n,j)

J3m,arm

i=1 )P3m
n=1 + E

c�]^-M+JI:��-

‖u+ v‖ ≥ max(‖u‖, ‖v‖/2)).
�&]&;A>�y�4�<�4�+�-S/�13254NgJI�154N<?O7i!;=; n <PO ¢ � IK>.e ;=> <?13e�-:1�4�<�e�-CW:13-YI�23-z4�+�-SO�<?13Q*I�Z=;=23Qqcd;=>�]&+JIK4
O�<PZAZ=<Y]&2^]^-MWKI�>j/.13254&238�g�g�<?23-zi!23-:-X4�+.-M>�<P4rIK4�;=<?>�2,b�-:O�<P13- ¢ � n 4�+JIK4

(xbrd,n)
q(3m+1)
n=q(3m)+1 = ((e3m,brd,n,k + ω′3m,n)2M3m

k=1 )P3m
n=1 = (x3m,brd,a,g)

N3m,brd,a

g=1 ,
4�+JIK4d;=2Cc

n′(3m+1) = A3m+1
��4�+�-C>L]^-�]&;=ZAZ?4�8�13>74�<E4�+�-�y?-:>�-C1UI�Z
WYI�23-�' ��<C]LcPO�<P1

1 ≤ n ≤ P3m
c

b�[�4�+.-$g.13<9WC-:e�8.13-$<?O�4�+�-N23-:W:<?>�e�gJI�154�;\4M;A2Mg�<?2323;=b�ZA-�4�<jWU+.-:WUu i!23-:-�/�4�-:g.2�3.c } I�>�e 5S<POt/ ¢
V3V3Vr'=vPc,;=>�gJI�154�;=W:8�Z�IK1N4�+.-qe�-:/�>.;\4�;=<?>�<?O

(e′3m,arm,g)
G3m
g=1 = (x0,0,0,3m,g)

G0,0,0,3m

g=G0,0,0,3m−G3m+1 =

(u′3m+1,s)
G0,0,0,3m

s=G0,0,0,3m−G3m+1)
4�+JIK4

∥∥∥
G0,3m,0∑

g=1

x∗0,3m,n,g(x)(x0,3m,n,g − x̃0,3m,n,g) + E3m,0

+ span(u′3m+1,s)
G0,0,0,3m

s=G0,0,0,3m−G3m+1 + span(u′3m+1,s)
A3m+1

s=A3m+1−A′3m+1+1

∥∥∥

=
∥∥∥ω∗3m,n,0(x)ω3m,n,0 +

2M3m∑

k=1

ω∗3m,n,k,0(x)ω3m,n,k,0

+ x∗3m,n,0(x)x3m,n,0 +

2M3m∑

k=1

2M3m∑

l=0

x∗3m,n,k,0,l(x)x3m,n,k,0,l

+

G3m,0∑

g=1

x∗3m,n,g(x)x′3m,n,g + E3m,0

∥∥∥

=

∥∥∥∥ω∗3m,n,0(x)
2M3m∑

f=1

e3m,n,f,2M3m +
2M3m∑

k=1

ω∗3m,n,k,0(x)
2M3m−1∑

g=1

e3m,n,k,g

+ x∗3m,n,0(x)
( 2M3m∑

f=1

e3m,n,f

)

+

2M3m∑

k=1

(
x∗3m,n,k,0,0(x)

2M3m∑

g=1

e3m,n,k,0,g +

2M3m∑

l=1

x∗3m,n,k,0,l(x)
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·
(
e3m,n,k,0,l +

1

2M3m

2M3m∑

g=1

e3m,n,k,g + (1− 1/2M3m)ω3m,n,k + ω3m,n/2
M3m

))

+

2M3m∑

k=1

( 2M3m−1∑

l=1

x∗3m,n,k,l(x)(e3m,n,k,l + ω3m,n,k + e3m,n,k/2
M3m)

+ x∗3m,n,k,2M3m (x)(e3m,n,k,2M3m + ω3m,n + e3m,n,k/2
M3m)

)
+ E3m,0

∥∥∥∥

=

∥∥∥∥
2M3m∑

k=1

(
x∗3m,n,0(x) +

1

2M3m

2M3m∑

l=1

x∗3m,n,k,l(x)

)
e3m,n,k

+

2M3m∑

k=1

2M3m−1∑

l=1

(
ω∗3m,n,k,0(x) +

1

2M3m

2M3m∑

g=1

x∗3m,n,k,0,g(x) + x∗3m,n,k,l(x)

)
e3m,n,k,l

+
2M3m∑

k=1

(
ω∗3m,n,0(x) +

1

2M3m

2M3m∑

g=1

x∗3m,n,k,0,g(x) + x∗3m,n,k,2M3m (x)

)
e3m,n,k,2M3m

+

2M3m∑

k=1

2M3m∑

l=1

(x∗3m,n,k,0,0(x) + x∗3m,n,k,0,l(x))e3m,n,k,0,l

+

2M3m∑

k=1

( 2M3m∑

l=1

(1− 1/2M3m)x∗3m,n,k,0,l(x) +

2M3m−1∑

l=1

x∗3m,n,k,l(x)
)
ω3m,n,k

+
2M3m∑

k=1

( 2M3m∑

l=1

x∗3m,n,k,0,l(x)/2M3m + x∗3m,n,k,2M3m (x)
))
ω3m,n + E3m,0

∥∥∥∥

=
∥∥∥

2M3m∑

k=1

e∗3m,n,k(x)e3m,n,k +

2M3m∑

k=1

2M3m∑

l=1

e∗3m,n,k,l(x)e3m,n,k,l

+

2M3m∑

k=1

2M3m∑

l=1

e∗3m,n,k,0,l(x)e3m,n,k,0,l

+
2M3m∑

k=1

ω∗3m,n,k(x)ω3m,n,k + ω∗3m,n(x)ω3m,n + E3m,0

∥∥∥.

),+�-C13-:O�<P13-X]^-�+JI:��-

∥∥∥
G0,3m,0∑

g=1

x∗0,3m,n,g(x)(x0,3m,n,g − x̃0,3m,n,g) + E3m,0

+ span(u′3m+1,s)
G0,0,0,3m

s=G0,0,0,3m−G3m+1 + span(u′3m+1,s)
A3m+1

s=A3m+1−A′3m+1+1

∥∥∥

= max(Di,3m,n, 1 ≤ i ≤ 7),
]&+�-C13-
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D1,3m,n = max
(∣∣∣x∗3m,n,0(x) +

1

2M3m

2M3m∑

l=1

x∗3m,n,k,l(x) = e∗3m,n,k(x)
∣∣∣ : 1 ≤ k ≤ 2M3m

)
;

D2,3m,n = max

(∣∣∣∣ω∗3m,n,k,0(x) +
1

2M3m

2M3m∑

g=1

x∗3m,n,k,0,l(x) + x∗3m,n,k,l(x)

= e∗3m,n,k,l(x)

∣∣∣∣ : 1 ≤ k ≤ 2M3m , 1 ≤ l ≤ 2M3m − 1

)
;

D3,3m,n = max

(∣∣∣∣ω∗3m,n,0(x) +
1

2M3m

2M3m∑

g=1

x∗3m,n,k,0,l(x) + x∗3m,n,k,2M3m (x)

= e∗3m,n,k,2M3m (x)

∣∣∣∣ : 1 ≤ k ≤ 2M3m

)
;

D4,3m,n = max(|x∗3m,n,k,0,0(x) + x∗3m,n,k,0,l(x)

= e∗3m,n,k,0,l(x)| : 1 ≤ l ≤ 2M3m , 1 ≤ k ≤ 2M3m);

D5,3m,n = max
(∣∣∣

2M3m∑

l=1

(1− 1/2M3m)x∗3m,n,k,0,l(x) +

2M3m−1∑

l=1

x∗3m,n,k,l(x)

= ω∗3m,n,k(x)
∣∣∣ : 1 ≤ k ≤ 2M3m

)
;

D6,3m,n =
∣∣∣

2M3m∑

k=1

( 2M3m∑

l=1

x∗3m,n,k,0,l(x)/2M3m + x∗3m,n,k,2M3m (x)
)

= ω∗3m,n(x)
∣∣∣.

� 4,4�+.;=2,g�<?;=>�4,]^-X4�8�13>z4�<$4�+�-Xy?-:>�-C1UI�Z_WYI�23-LIK>.eS]^-M>�-:-CeoI�Z=23<$WC<?>�23;=e�-C1�4�+.-�4�-C13QN2&I�>JI�Z=<?y?<P8.2
4�<
D5,3m+1

I�>�e
D6,3m+1

<?O�4�+�-�/�13254EgJI�154Y�.I$W:<?>�23-C698�-C>�W:-M]&;=Z=Z_b�-X4�+JIK4�I�Z=23<

(∣∣∣
G∑

k=1

x∗3m,n,k,2M3m (x)
∣∣∣
)2M3m

G=1

]&;=Z=Z�+JI:��-L4�<*b�-7Q0<P>.<�4�<?>�-7O�<?1�23<PQ0-7g�-:13Q�8�4rIK4�;=<?>t'�Va>�<P13e.-:1&4�<zWC<P>.254�138�W(4�4�+�-7g�-:13Q�8�4rIK4�;=<?>
(π(0, 3m,n, g))

G0,3m,0

g=1

<?O�4�+�-*I�2323-C154�;=<?>�]^-0+JI:�?-N4�<ogJI:[@IK434�-C>�4�;=<?>�<?>�Z\[�4�<
Di,3m,n

O�<?1
i ∈

(5, 6)
' �J<P1

D5,3m,n
c�O�<P1�-KI�WU+

l
]&;\4�+

1 ≤ l ≤ 2M3m
c�]^-�+JI:��-

2M3m∑

l=1

(1− 1/2M3m)x∗3m,n,k,0,l = (2M3m − 1)x∗3m,n,k,0,

2M3m−1∑

l=1

x∗3m,n,k,l = ω∗3m,n,k − (2M3m − 1)x∗3m,n,k,0;

I�>JI�Z=<?y?<P8.23Z\[zO�<P1
D6,3m,n

]^-�+JI:�?-

2M3m∑

l=1

x∗3m,n,k,0,l/2
M3m = x∗3m,n,k,0, x∗3m,n,k,2M3m = e′′∗3m,n,k,2M3m − x∗3m,n,k,0

]&+�-C13-
2M3m∑

k=1

e′′∗3m,n,k,2M3m = ω∗3m,n.
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Va>L4�+�-�>�-:�94hg�IK154h]^-�]&;=Z=Z�>.-:-:eL4�+JIK4
(|∑G

g=1 x
∗
3m,n,g(x)|)G3m,0

G=1

b�-
(2, 0)

��QN<?>�<P4�<?>�-��K4�+�-:13-COf<?13-?c
;=OdI�y9I�;=>jb�[ ��`���c

(π(k))2M3m

k=1

;=2EI�g�-C13Q78�4rIK4�;=<?>j<PO
(k)2M3m

k=1

238�Wr+j4�+JIK4

(∣∣∣
K∑

k=1

( 2M3m−1∑

l=1

x∗3m,n,π(k),l(x)
)∣∣∣
)2M3m

K=1
,
(∣∣∣

K∑

k=1

e′′∗3m,n,π(k),2M3m (x)
∣∣∣
)2M3m

K=1

I�>�e
(|∑K

k=1 x
∗
3m,n,π(k),2M3m

(x)|)2M3m

K=1

I�13-
(3, 0)

��QN<?>�<P4�<?>�-@I�>�eH;=O�c&Of<?1
1 ≤ k ≤ 2M3m

c

(π(k, l))2M3m

l=1

;A2,I�g�-C13Q78�4rIK4�;=<?>*<PO
(l)2M3m

l=1

238�Wr+04�+�IY4
(|∑G

l=1 x
∗
3m,n,π(k),π(k,l)(x)|)2M3m−1

G=1

;A2
(1, 0)

��QN<?>�<P4�<?>�-?c
]^-�WYI�>o254rIK4�-�4�+.-MO�<PZAZ=<Y]&;=>�y

����� � w '�'�"(�
π(k, 2M3m) = 2M3m

n:���
1 ≤ k ≤ 2M3m

ZdO�W

(xπ(0,3m,n,g))
G0,3m,0

g=1 = (ω3m,n,0, x3m,n,0)

∪((ω3m,n,π(k),0, x3m,n,π(k),0,0) ∪ (x3m,n,π(k),0,l, x3m,n,π(k),π(k,l))
2M3m

l=1 )2M3m

k=1 .

�  �"ROdc&n(���o"�Z�[( :U�"(�r�$%��bZP��P��dO
(xπ(0,3m,g))

G0,3m

g=1

� n
(x0,3m,g)

G0,3m

g=1

V�%�[r ��! IZP�rc&n:���
1 ≤ n ≤

P3m
c��! �" U�"(�r��%��bZP��P �dO P8O�W�%�[U"	Wz�dO

(x0,3m,n,g)
G0,3m,0

g=1

P8V #r% Vr�
(xπ(0,3m,n,g))

G0,3m,0

g=1

Z�a��dYP"�c

(∥∥∥
G∑

g=1

x∗π(0,3m,g)(x)(xπ(0,3m,g) − x̃π(0,3m,g)) + E3m,0

+ span(u′3m+1,s)
G0,0,0,3m

s=G0,0,0,3m−G3m+1 + span(u′3m+1,s)
A3m+1

s=A3m+1−A′3m+1+1

∥∥∥
)G3m,0

G=1
PAV

(3, 0) "
�0�dO��P�G�dO�"Mi�^� �"(��"

3
[U���*"�V�ZMQTV:��nU�����

D2,3m,n
ZdO�W

D3,3m,n

n c_ �"�O�[U"\ZMQTV:�
(0, 3a3m) "�*�dO��P�G�dO�"

$

� � � ��f � � i � ��p�[z4�+�-LI�b�<Y��-M;\4&Of<?Z=ZA<C]&2,4�+JIK4Yc�O�<?1
1 ≤ n ≤ P3m

c�23;A>�W:-

(∣∣∣
G∑

g=1

x∗π(3m,n,g))(x)
∣∣∣
)G3m,0

G=1

;=2
(2, 0)

��QN<?>�<P4�<?>�-�c�;\4*Of<?Z=ZA<C]&2N4�+�IY4
(‖∑Q

g=1 x
∗
π(3m,n,g)(x)x̃π(3m,n,g)‖)G3m,0

Q=1

;=2zI�Z=23<
(2, 0)

�
QN<?>�<P4�<?>�-�c�+�-:>�WC-

(0, 2a3m/2
Q3m)

��QN<?>�<P4�<?>�-?'��q<?13-:<Y��-:1

(∥∥∥
G∑

g=1

x∗π(0,3m,n,g)(x)xπ(0,3m,n,g) + E3m,0 + span(u′3m+1,s)
G0,0,0,3m

s=G0,0,0,3m−G3m+1

+ span(u′3m+1,s)
n′(3m+1)
s=A3m+1−A′3m+1+1

∥∥∥
)G3m,0

G=1

;=2
(2, 3, 2a3m/2

Q3m)
��Q0<P>.<�4�<?>�-Si!b�[ ‖y + e‖ ≥ max(‖y‖, ‖e‖/2)

<?O /�4�-Cg�v7<PO / ¢ V3V3Vr'=v n '�Va>
<?13e�-:1$4�<�gJI�232Cc�Of13<?Q¤4�+�-S23;A>�y?Z=-Sg�-:13Q78�4rIY4�;A<P>

(π(0, 3m,n, g))
G0,3m,0

g=1

O�<?1$-YI�Wr+
n
]&;\4�+

1 ≤
n ≤ P3m

c.4�<04�+�-Ly?Z=<?bJI�Z�g�-C13Q78�4rIK4�;=<?>
(π(0, 3m, g))

G0,3m

g=1

c.]^-�]&;AZ=Z�8�23-�4�+�-Lg.13<9WC-:e�8.13-L<?Oh4�+�-
4�+�;=13e�g�IK154L<?O�4�+�-Ng�13<
<?Oa'��d;\�

n
]&;=4�+

1 ≤ n ≤ P3m
' �&-CWYI�Z=Z�Of13<?Q /�4�-Cg } <POt/ ¢ V3V3Vr'=v74�+JIK4

∑2M3m

k=1

∑2M3m

l=1 x∗3m,n,k,l = 2M3mw∗3m,n
�JQN<?13-:<Y��-:1&]^-L23-(4

T3m = 2M3m
',),+�-C>o4�+�-:13-L-(��;=254�2

I0g�IK154�;=4�;=<?>
((π(3m,n, g))

t(3m,p)
g=t(3m,p−1)+1)T3m

p=1

<?O
(π(3m,n, g))

G3m,0

g=1

i�]&;=4�+
t(3m, 0) = 0

I�>�e



��� � �������	�
����	�

t(3m, p) = p2M3m
O�<P1

1 ≤ p ≤ T3m

n 238�WU+j4�+JIK4Yc�Of<?1
1 ≤ p ≤ T3m

c

∣∣∣∣
t(3m,p)∑

g=t(3m,p−1)+1

x∗π(3m,n,g)(x)−
2M3mw∗3m,n(x)

T3m

∣∣∣∣

=
∣∣∣

t(3m,p)∑

g=t(3m,p−1)+1

x∗π(3m,n,g)(x)− w∗3m,n(x)
∣∣∣ < a3m,

∣∣∣
t(3m,p)∑

g=t(3m,p−1)+1

x∗π(3m,n,g)(x)
∣∣∣ ≤ |w∗3m,n(x)|+ a3m < Q0,3m + a3m,

∣∣∣∣
t(3m,p)∑

g=t(3m,p−1)+1

x∗π(3m,n,g)(x)

2M3m
− w∗3m,n(x)

2M3m

∣∣∣∣ <
a3m

2M3m
,

∣∣∣∣
t(3m,p)∑

g=1

x∗π(3m,n,g)(x)

2M3m
− pw

∗
3m,n(x)

2M3m

∣∣∣∣ <
a3m

2M3m
,

W3m,p =

P3m∑

n=1

W3m,n,p, W̃3m,p =

p∑

g=1

W3m,g,

W3m,n,p =

t(3m,p)∑

g=t(3m,p−1)+1

x∗π(3m,n,g)(x)
w3m,n

2M3m

O�<P1
1 ≤ n ≤ P3m

'���-:>�WC-?c�b�[ /�4�-:g 3N<?O>/ ¢ V3V3Vr'\v?c

W3m = W̃3m,D3m
=

P3m∑

n=1

w∗3m,n(x)w3m,n =

P3m∑

n=1

u∗3m,n(x)u3m,n.

),+�-C>tc�O�<P1
1 ≤ p ≤ T3m

c�]^-�+JI:��-

∥∥∥∥W3m,p −
W3m

T3m

∥∥∥∥ =

∥∥∥∥
P3m∑

n=1

( t(3m,p)∑

g=t(3m,p−1)+1

x∗π(3m,n,g)(x)− w∗3m,n(x)

)
w3m,n

2M3m

∥∥∥∥

<

P3m∑

n=1

∥∥∥
t(3m,p)∑

g=t(3m,p−1)+1

x∗π(3m,n,g)(x)− w∗3m,n(x)
∥∥∥ 2

2M3m

<
P3m2a3m

2M3m
<

a3m

2M3m/2
,

∥∥∥∥W̃3m,p −
p

T3m
W3m

∥∥∥∥ < P3m
2a3m

2M3m
<

a3m

2M3m/2
;

‖W3m,n,p‖ =

∣∣∣∣
t(3m,p)∑

g=t(3m,p−1)+1

x∗π(3m,n,g)(x)

∣∣∣∣
‖w3m,n‖

2M3m
<

2

2M3m

∣∣∣∣
t(3m,p)∑

g=t(3m,p−1)+1

x∗π(3m,n,g)(x)

∣∣∣∣

<
2

2M3m
(Q0,3m + a3m)<

4Q0,3m

2M3m
<

a3m

2M3m/2
.



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � ��� �

p�[ ��I�W:4 w I�>�eob�[z4�+�-Mg.13<9WC-:e�8.13-M<?O�4�+.-Mg�13<
<?O�<?O���I�W(4 x c�;AO�]^-M23-(4
(π(3m, g))

G3m,0

g=1 = (((π(3m,n, g))
t(3m,p)
g=t(3m,p−1)+1)P3m

n=1)T3m
p=1 ,

4�+�-C>
(‖∑G

g=1 x
∗
π(3m,g)(x)x̃π(3m,g)+E3m,0‖)G3m

G=1

I�>�e
(‖∑G

g=1 x
∗
π(3m,g)(x)x̃π(3m,g)‖)G3m

G=1

I�13-

(2, a3m/2
M3m/2)

��QN<?>�<P4�<?>�-?' � 4�4�+�;=2�g�<?;=>94,]^-�WYI�>j254rIK4�-M4�+�-MO�<?Z=Z=<Y]&;=>�y
����� � 3�'�m8n

(xπ(0,3m,g))
G0,3m

g=1

PAV]ZdO�S�U�"(�r��%��bZP��P �dO@� n
(x0,3m,g)

G0,3m

g=1

� nE�&Z�[(�
3
V�%�[r S�! IZP���! �"

U�"(�r��%��bZP��P �dO P8O�W�%�[U"	Wz�dO
(x3m,n,g)

G3m
g=1

P8V
(xπ(3m,g))

G3m,0

g=1

Z�aU�dYP"?ch�! �"RO

(∥∥∥
G∑

g=1

x∗π(0,3m,g)(x)xπ(0,3m,g) + E3m,0 + span(u′3m+1,s)
G0,0,0,3m

s=G0,0,0,3m−G3m+1

+ span(u′3m+1,s)
n′(3m+1)
s=A3m+1−A′3m+1+1

∥∥∥
)G0,3m

G=1
PAV

(2, 3, a3m/2
M3m/2) "

�*�dO��P�G�dO�"
$

� ��� ��f � � i � ��F�-L>�<Y] 4�8.13>o4�<0WC<P>.23;=e�-:13;A>�yN4�+�-Lb�ZA<9Wru
(x∗n(x)xn)

q(3m+3)
n=q(3m+2)+1

'^F�-�I�Z=13-YI�e�[
u
>�<Y]Lc�b9[�/�4�-:g�v&<?O&/ ¢ V3V3Vr' w c?4�+�IY4

(e′′′3m+2,n+E3m+2,0)
S3m+2

n=1

;=2
1
��-Y6�8.;\�?I�Z=-C>�4�4�<�4�+�-E>JIK4�8�1UI�Z

bJI�23;=2&<?O
l
S3m+2∞

i
2
��-C698�;\��IKZA-:>�4�;=O

E3m+2,0
;=2�13-:g�Z�IKWC-:ejb�[

E3m+2,0 + span(y3m+2,n)
Q(3m+2)
n=1 + U3m+2

O�<P1
U3m+2 = X ∩⋂Q(3m+2)

n=1 y∗(3m+2,n)⊥ ∩
⋂S′3m+2+M ′3m+2,0

n=1 ê∗(3m+2,n)⊥.
),+�-C>tcJO�<P1

1 ≤ n ≤
P3m+2

c�]^-�+JI:��-0i!13-:WKI�Z=Z�4�+JIK4Yc�b9[ /�4�-Cg x <PO /
p�V3V3Vr' w c ‖x3m+2,n,0‖ = 1
n

∥∥∥x∗3m+2,n,0(x)x3m+2,n,0 +
2M3m+2∑

k=1

x∗3m+2,n,k(x)x′3m+2,n,k + E3m+2,0

∥∥∥

=
∥∥∥x∗3m+2,n,0(x)

( 2M3m+2∑

f=1

e3m+2,n,f

)
+

2M3m+2∑

k=1

x∗3m+2,n,k(x)e3m+2,n,k + E3m+2,0

∥∥∥

=
∥∥∥

2M3m+2∑

k=1

(x∗3m+2,n,0(x) + x∗3m+2,n,k(x))e3m+2,n,k + E3m+2,0

∥∥∥

=
∥∥∥

2M3m+2∑

k=1

e∗3m+2,n,k(x)e3m+2,n,k + E3m+2,0

∥∥∥

= max(|x∗3m+2,n,0(x) + x∗3m+2,n,k(x) = e∗3m+2,n,k(x)| : 1 ≤ k ≤ 2M3m+2).
),+JIK4&;=2Cc�Of<?1EI�>�[jg�-:13Q�8�4rIK4�;=<?>

(π(3m+ 2, g))
G3m+2

g=1

<?O
((3m+ 2, g))

G3m+2

g=1 ,

(‖∑G
g=1 x

∗
π(3m+2,g)(x)x′π(3m+2,g) + E3m+2,0‖)G3m+2

G=1

;=2
(1, 0)

��QN<?>�<P4�<?>�-�'¤��> 4�+�-�<P4�+�-:1
+JI�>�etc�b9[�4�+�-�g�13<
W:-Ce�8�13-�<?O�4�+�-�g�13<
<?OL<?O ��I�W(4 3.c&4�+�-C13-�-(��;=254�2qI�g�-C13Q78�4rIK4�;=<?>

(π(3m +

2, g))
G3m+2

g=1

<?O
((3m+ 2, g))

G3m+2

g=1

i�]^-MWKIK>o8�23-�Of<?1�;=>.254rIK>.W:-
T3m+2 = 2M3m+2/2

n 238�WU+o4�+JIK4

(∥∥∥
G∑

g=1

x∗π(3m+2,g)(x)(x′′π(3m+2,g) + x′′′π(3m+2,g)) + E3m+2,0

∥∥∥
)G3m+2

G=1



��� � �������	�
����	�

I�>�e
(∥∥∥

G∑

g=1

x∗π(3m+2,g)(x)(x′′π(3m+2,g) + x′′′π(3m+2,g))
∥∥∥
)G3m

G=1

I�13-
(2, 1, a3m+2/2

Q0,3m+2)
��QN<?>�<P4�<?>�-?�
4�+�-C13-:O�<?13-

(∥∥∥
G∑

g=1

x∗π(3m+2,g)(x)xπ(3m+2,g) + E3m+2,0

∥∥∥
)G3m+2

G=1

;=2
(2, 1, a3m+2/2

Q0,3m+2)
��QN<?>�<P4�<?>�-�'

� g��?g � �$f � � i � i!g.13<9<?Ot<?O�i � n O�<?1 ¢ V � n '9p�[N4�+.-�b�-:y?;=>�>.;=>�y$I�>�e /�4�-Cg�v�<PO./ ¢ V �$' x c�I�>�eSb�[
/�4�-Cg w <PO / ¢ V3V3Vr' x c�;\4�O�<?Z=Z=<Y]&2Cc�O�<P1

1 ≤ d ≤ L3m
c�4�+JIK4�4�+�-Me�-:/.>�;\4�;=<?>j<PO

(xd,0,3m+1,g, x
∗
d,0,3m+1,g)

Gd,0,3m+1

g=1

;=2�23;=QNg�ZA-:1L4�+JI�>�4�+�-ze�-C/�>�;\4�;=<?>�<?O
(x0,3m+1,g, x

∗
0,3m+1,g)

G0,3m+1

g=1

;=> / ¢ V3V3Vr' x cd+�-C>�W:-oIKZA23<�I
QN<?13-�23;=QNg�ZA;=/�-:eSg�13<
W:-Ce�8�13-M<?Oh13-:y?8�ZfI�13;=�KIK4�;=<?>z]^<P13u
2Cc�;A>SgJI�154�;=WC8�ZfI�1
i�I n O�<?1X]&+JIK4MWC<?>�W:-C13>�2X4�+�-$/�13254LgJI�154M<?O�4�+�-$g.13<9<?O�<PO �&� ]^-$+�I(��-�4�<jW:<?>�23;Ae�-:1CctgJI�2323;=>�yS4�<

/ ¢ V �$' x c�<?>�Z\[
D1,3m+1

I�>�e
D2,3m+1

c�23;=>�WC-�4�+.-Mb�13;=e.yP-�23-C698�-C>�W:-�e�<
-:2�>�<P4XIKg.g�-YI�1C�
i!b n O�<?1,4�+�-M2UI�Q0-M13-YI�23<?>o<?O^i�I n ;\4&;=2�>�<P4&>�-:WC-:232UI�15[z4�<N8�23- ��`����
i!W n i�3<5�'=v n I�>�e�i�3<5�' x�n +�<?Z=ejO�<P1

(Si)
3
i=1

13-Cg�ZfI�W:-Cejb�[
(S)

�
i!e n ��I�W(47vXWC<?>�4�;=>98�-C2,4�<N+�<?Z=etc�<P>.Z\[z]&;\4�+

(3, 0)
��Q0<P>.<�4�<?>�-M;=>.254�-YI�eS<?O

(6, 0)
��Q0<?>�<P4�<P>.-?'

��<Y] Z=-(4&8�2&/��
1 ≤ d ≤ L3m

'dF�-�]&;AZ=Z_g�13<
W:-C-:eS4�+�13<?8�y?+S4a]^<0254�-:g�2C'
� ��g � vSi!13-Cy?8�ZfI�13;=�YIK4�;=<?>q<?O�4�+�-�238.g�g�<?154X23-Y698�-:>�WC- n 'Mp�[o4�+�-NI�b�<Y��-�;\4XO�<PZAZ=<Y]&2E4�+JIK4�4�+�-C13-

-(��;=254�2&I�g�-C13Q78�4rIK4�;=<?>
(π(d, 0, 3m+ 1, n, g))

Gd,0,3m+1,0

g=1

<?O
((d, 0, 3m+ 1, n, g))

Gd,0,3m+1,0

g=1

O�<?1

1 ≤ n ≤ Pd,3m+1
238�WU+74�+JIK4�;=O

(π(d, 0, 3m+1, g))
Gd,0,3m+1

g=1

;=2dI�>�[�g�-:13Q�8�4rIK4�;=<?>�<PO
((d, 0, 3m+

1, g))
Gd,0,3m+1

g=1

]&;\4�+*4�+�-�g.13<Pg�-:154a[N4�+�IY4Yc
O�<?1^-YI�WU+
n
]&;=4�+

1 ≤ n ≤ Pd,3m+1
c94�+.-�g�-:13Q�8�4rIK4�;=<?>

;=>�e.8�W:-Ce�<P>
((d, 0, 3m + 1, n, g))

Gd,0,3m+1,0

g=1

;A2t�58�254
(π(d, 0, 3m + 1, n, g))

Gd,0,3m+1,0

g=1

I�b�<Y��-?c
4�+�-C>

(∥∥∥
G∑

g=1

x∗π(d,0,3m+1,g)(x)(xπ(d,0,3m+1,g) − x̃π(d,0,3m+1,g)) + Ed,3m+1,0

∥∥∥
)Gd,0,3m+1

G=1

;=2
(3, 0)

��QN<?>�<P4�<?>�-zi�]^-L13-CWYI�Z=Zt4�+JIK4
xπ(d,0,3m+1,g) − x̃π(d,0,3m+1,g) = x′π(d,0,3m+1,g)

O�<P1
1 ≤

g ≤ Gd,0,3m+1

n '
� ��g � x i!13-:y?8�ZfI�13;=�KIK4�;=<?>z<?O�4�+.-MW:<?>�>.-:W(4�;A<P>j23-C698�-C>�W:-C2 n '�F�-M4�8�13>j4�<$WC<?>�23;=e�-C13;=>�y

(xd,0,3m+1,g)
Gd,0,3m+1

G=1
I�>�e@]^-N]&;AZ=Z�Of<?Z=ZA<C] 4�+�-N]&+�<?Z=-0g�13<
W:-:e.8�13-0<?O�4�+�-N4�+.;=13e@gJI�154L4�;=Z=Z ��I�W:4 x c�b�8�47O�<P1M4�+.-N]&+�<?Z=-
23-C698�-C>�W:-

(x0,3m+1,g)
G0,3m+1

G=1

I�>�ej>�<P4�<?>�Z=[*O�<?1^-KI�WU+j23-C698�-:>.W:-
(xd,0,3m+1,g)

Gd,0,3m+1

G=1

<?>�-Mb�[
<?>�-?'

�J<?1
1 ≤ n ≤ Pd,3m+1

]^-$254rIK154MO�13<PQ�4�+�-�g�-C13Q78�4rIK4�;=<?>
(π(d, 0, 3m + 1, n, g))

Gd,0,3m+1,0

g=1<?OE/94�-:g�vXI�>�ezZ=-:4
(π(d, 3m+ 1, n, g))

Gd,3m+1,0

g=1

b�-&4�+.-�g�-:13Q�8�4rIK4�;=<?>0;=>.e�8�W:-Ce*<?>
((d, 3m+ 1,

n, g))
Gd,3m+1,0

g=1

'�F�-0I�Z=23<j23-:4*i�]^-$O�<?Z=Z=<Y] 4�+�-$>�<P4rIK4�;=<?>�2M<?O�4�+�-$4�+�;=13e�gJI�154Yct23-C-*IKZA23<z4�+�-NZfI�254
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gJI�154&<?O>/94�-:g w <PO / ¢ V �$' w�n
Td,3m+1 = 2Md,3m+1+2Qd,3m+1

I�>�etc�O�<?1
1 ≤ p ≤ Td,3m+1

c

t(d, 3m+ 1, p) = p22Qd,3m+1
c

Wd,3m+1,n,p =

t(d,3m+1,p)∑

g=t(d,3m+1,p−1)+1

x∗π(d,3m+1,n,g)(x)x̃π(d,3m+1,n,g)
c

Wd,3m+1,p =

Pd,3m+1∑

n=1

Wd,3m+1,n,p
c

Wd,3m+1 =

Td,3m+1∑

p=1

Wd,3m+1,p
�

>�<Y]�]^-7+JI:��-L4�<zg�8�4�4�<?y?-(4�+.-:1E;A>�I0238�;\4rI�b�Z=-�]�I:[�IKZAZ�4�+�-:23-
Wd,3m+1,p

O�<P1
1 ≤ p ≤ Td,3m+1I�>�e

1 ≤ d ≤ L3m
'

),+.-:>S]^-�23-:4Yc�O�<?1
1 ≤ p ≤ TL3m,3m+1

c

UL3m,3m+1,p = WL3m,3m+1,p
c

QN<?13-C<C��-C1,]^-M23-(4Yc�O�<P1
1 ≤ p ≤ TL3m−1,3m+1

c

UL3m−1,3m+1,p = WL3m−1,3m+1,p +

pTL3m,3m+1/TL3m−1,3m+1∑

p′=(p−1)TL3m,3m+1/TL3m−1,3m+1+1

UL3m,3m+1,p′

I�>�eo;=>jyP-C>�-:1UI�Z�c�O�<P1�-KI�WU+
d
]&;=4�+

1 ≤ d ≤ L3m − 1
I�>�eoO�<?1

1 ≤ p ≤ Td,3m+1
c

Ud,3m+1,p = Wd,3m+1,p +

pTd+1,3m+1/Td,3m+1∑

p′=(p−1)Td+1,3m+1/Td,3m+1+1

Ud+1,3m+1,p′
'

Va>jgJI�154�;=WC8�ZfI�1^]^-�y?-(4Yc�Of<?1
1 ≤ p ≤ T1,3m+1

c

U1,3m+1,p = W1,3m+1,p +

pT2,3m+1/T1,3m+1∑

p′=(p−1)T2,3m+1/T1,3m+1+1

U2,3m+1,p′
'

�d;=>JI�Z=Z\[9c
]^-�WYI�>oe�-:/.>�-M4�+.-�g�-:13Q�8�4rIK4�;=<?>
(π(3m+ 1, g))

G3m+1

g=1

<?O
((3m+ 1, g))

G3m+1

g=1

]&+�;=WU+
]^-MWKI�>j13-CW:<?y?>�;=�C-Xb�[z4�+.-M<?13e�-:1�<?O�4�+�-M238.QNQ*I�>�e.2�;=>j4�+�-MOf<?Z=Z=<Y]&;=>.y�238�QqB

U3m+1 =

T1,3m+1∑

p=1

U1,3m+1,p =

G3m+1∑

g=1

x∗π(3m+1,g)(x)x̃π(3m+1,g)
'

Va>�e�-C-:etc�]^-$I�Z=13-YI�e�[ou
>�<Y]Lc�b�[o4�+�-7ZfI�254�g�IK154X<?Od4�+�-7g�13<
WC-:e�8�13-�<?O ��I�W(4 x c�4�+JIK4Yc�Of<?1
1 ≤ p ≤

TL3m,3m+1
c

‖UL3m,3m+1,p −WL3m,3m+1/TL3m,3m+1‖ < a3m+1(1/2QL3m,0,3m+1)
'

),+�-C>jb�[z4�+.-LI�b�<Y��-M;\4&Of<?Z=Z=<Y]&2,4�+JIK4�IKZA23<�c�O�<P1
1 ≤ p ≤ TL3m−1,3m+1

c
∥∥∥∥UL3m−1,3m+1,p −

WL3m−1,3m+1 +WL3m,3m+1

TL3m−1,3m+1

∥∥∥∥ < a3m+1

L3m∑

c=L3m−1

1

2Qc,0,3m+1

'



���G� �������	�
����	�

Va>oy?-:>�-C1UIKZGc�Of<?1
1 ≤ d ≤ L3m

I�>�e
1 ≤ p ≤ Td,3m+1

c
]^-�+JI:��-
∥∥∥∥Ud,3m+1,p −

( L3m∑

c=d

Wc,3m+1

)
1

Td,3m+1

∥∥∥∥ < a3m+1

L3m∑

c=d

1

2Qc,0,3m+1

'

),+�-C13-:O�<P13-�c�23;=>�W:-�b�[o4�+.-�b�-:y?;=>�>.;=>�y*<?O /�4�-Cg x <?O / ¢ V �$' x I�>�e�b�[q4�+�-�e�-:/.>�;\4�;=<?>�2�<PO �Xpt/�)
]^-MWKI�>j23-C-X4�+JIK4

Qd,0,3m+1 > dQ1,0,3m+1
O�<?1

1 ≤ d ≤ L3m
c�+�-C>�W:-

L3m∑

d=1

1

2Qd,0,3m+1
<

L3m∑

d=1

(
1

2Q1,0,3m+1

)d
<

2

2Q1,0,3m+1

c

]^-L+JI:�?-7e�-:/�>.-:e�I$g�-C13Q78�4rIK4�;=<?>
(π(3m+ 1, g))

G3m+1

g=1

<?O
((3m+ 1, g))

G3m+1

g=1

238�WU+o4�+�IY4Yc.O�<?1
-YI�Wr+jg�-:13Q�8�4rIK4�;=<?>

(π(0, 3m+ 1, g))
G0,3m+1

g=1

<?O
((0, 3m+ 1, g))

G0,3m+1

g=1

]&;\4�+z4�+.-Xg.13<Pg�-:154a[z<?O
/�4�-Cg@v?c�]&+�;=Wr+j;=>�e�8.W:-:2

(π(3m+ 1, g))
G3m+1

g=1

<?>
((3m+ 1, g))

G3m+1

g=1

c�4�+�-M23-Y6�8.-:>�WC-

(∥∥∥
G∑

g=1

x∗π(0,3m+1,g)(x)xπ(0,3m+1,g) + E3m+1,0

∥∥∥
)G0,3m+1

G=1

;=2
(2, 3, 2a3m+1/2

Q1,0,3m+1)
��QN<?>�<P4�<?>�-?�9;=>Ng�IK154�;AW:8�ZfI�1Cc�23;=>�W:-&b�[�/94�-:g�2 x IK>.e 3L<?O&/ ¢ V �$' x ]^-

/�>�e�4�+JIK4
span(ẽ3m+1,n + E3m+1,0)

L̃3m+1

n=1

;=2
2
��W:<?QNg.Z=-:Q0-:>�4�-Ceq;=>

X/E3m+1,0
c�b�[o4�+�-�2UIKQ0-

g�13<
<?O�<?O,i!;=; n <?O ¢ ��;\4�O�<?Z=Z=<Y]&2^4�+�IY4

∥∥∥
G∑

g=1

x∗π(0,3m+1,g)(x)(xπ(0,3m+1,g) − x′′′π(0,3m+1,g)) + E3m+1,0

∥∥∥ < ηm → 0;

4�+�;=2�WC<?QNg�Z=-:4�-:2^4�+�-�g�13<
<POh<?O^i � n Of<?1 ¢ V �$'
),+.;=2�W:<?QNg.Z=-(4�-C2^4�+�-Mg�13<
<?O�<?Oh��-CQNQ*ISv � '
Va> /�4�-Cg�vE<?O�4�+.-�g�13<
<POt<?O�i!; n <PO_4�+�-�>�-(�
4,Z=-:Q0Q*IX]^-E]&;=Z=ZJy?;\��-&4�+�-�13-YI�23<?>zOf<?1�4�+�-E13-CZfIK4�;=<?>

A3m+1 = 2q(3m+1)(A′3m+1+M3m,arm,0+A′′3m+1)

O�13<PQ 4�+�-�b�-:y?;=>.>�;=>�y$<?O / ¢ V3V3Vr' x ��QN<?13-C<C��-C1
(v′3m,n, v

′∗
3m,n)

Q′′3m
n=1

;=2^4�+.-M23-C698�-C>�W:-

(v′m+2,n, v
′∗
m+2,n)

Q′′m+2

n=1

<?O^i�3 x ' 3 n <?O ¢ V3Vrc�O�<?1
m+ 2

13-:g�Z�IKWC-:ejb�[
3m

'
� g�k k �@v l i��d;=13254 ¢ <PQ0g�Z=-:4�-:>�-C232 �&-:y?8�Z�IK13;A�YIK4�;=<?>M��-:Q0Q*I�c � ¢ �&� n ����"(�

x ∈ X ^>P!�! ‖x‖ = 1 $
�  �"RO��! �"(��"�"	qdP8Vr��V\Z V:"�X(%."RO�[U"

(ηm)
� n U��dV	P���PAYP"]O�%�� aU"(��V?c&^>P!�! 

ηm → 0
c&VU%�[( S�! IZP�(c<n(���7"	Z�[r 

m
c
i!; n n:���7"	Z�[( 

e0,m
P8O

span(((x3m,n,k,l − x̃3m,n,k,l)
2M3m−1
l=1 )2M3m

k=1 )P3m

k=1

^>P��! 

‖e0,m‖ ≤ 10.7q(3m+ 1),
% O�W�"(���! �"�� ��U�"r�	ZP��P8O r [r IZdPAO [��dO�WdP!��P �dO��j�! �"r��"�"�qMP8Vr��V

u0,m =
∑Rm

i=1 x
∗
r(m)i

(x)xr(m)i

c�^>P!�! 

(r(m)i)
Rm
i=1

Z�VU%�aRV:"�X(%."RO�[U"�� n
(n)

q(3m+2)
n=q(3m+1)+1

c�VU%�[( *�! IZP� ‖e0,m +u0,m‖ < ‖e0,m +E3m,0‖+

1/(q(3m+ 1)22P3m+1)
�



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � ��� !

i!;A; n % O�W�"r���! �" � ��U�"r�	ZP��P8O r [r IZdPAOF[��dO�WdP!��P �dO��z�! �"r�U"@"�qMP8Vr��V Z VU%�aRV("	X(%."RO�[�"
(q(m)i)

Qm
i=1

� n
(n)

q(3m+2)
n=q(3m)+1

V�%�[r j�! IZP�

∥∥∥x−
( q(3m)∑

n=1

x∗n(x)xn + um

)∥∥∥ < ηm,
^>P!�! 

um =

Qm∑

i=1

x∗q(m)i
(x)xq(m)i ,

^� �P�Q\"�%IO�W�"r�L�! �" �LWdP8V_[U�dO�O�"�[:�G"	W�[( IZdP8O [U�dO�WdP���P��dO��t^�"� IZdYP" WdPf��"	[:�LQTS

∥∥∥x−
q(3m)∑

n=1

x∗n(x)xn

∥∥∥ < ηm = η′m + η̃m +
2

22q(3m)A3m
+ 4a3m,

^� �"(��"
η′m

PAVM�! �"\O�%�� aU"(�
ηm

� n�i!; n � n ¢ � ZdO�W
η̃m → 0

^>P��! 
m
�

i!;A;=; n % O�W�"(�o�! �" � ��U�"r�	ZP��P8O r [r IZdPAO [U�dO�WdP���P��dO �5c`P n
(ũs)

q(3m)
s=1 ⊂ span(u3m,k)

n(3m)−1
k=1

^>P!�! 

‖ũs‖ < 30q(3m)
n(���

1 ≤ s ≤ q(3m)
c��! �"RO��! �"r��"$"	qdP8Vr��V

(us)
q(3m)
s=1

^>P!�! 

∥∥∥
S∑

s=1

(us − ũs)
∥∥∥ < ηm − η′m, us =

G(3m,s)∑

g=G(3m,s−1)+1

(x∗π(3m,g)(x)xπ(3m,g) + us,g),

us,g =

G(3m+1,g)∑

g′=G(3m+1,g−1)+1

x∗π(3m+1,g′)(x)xπ(3m+1,g′),

n:���
1 ≤ s, S ≤ q(3m)

ZdO�W
G(3m, s−1)+1 ≤ g ≤ G(3m, s)

cI^� �"(��"
(π(3m, g))

G(3m,s)
g=G(3m,s−1)+1ZdO�W

(π(3m+1, g′))G(3m+1,g)
g′=G(3m+1,g−1)+1

Z���" U�"(�r�$%��bZP��P��dOcV�� n&�! �" %GPAO$WdV�� n�i p n ZdO�W�i � n � n �&�
��"RVbU�"	[(��PAY�"_QTS����0���U"��dYP"(��ZMQTV:�*�! �"]^� ��MQ\" U�"(�r��%��bZP��P �dO�V

(xπ(3m,g) − x̃π(3m,g))
G(3m,q(3m))
g=1 , (xπ(3m+1,g′) − x̃π(3m+1,g′))

G(3m+1,G(3m,q(3m)))
g′=1 IZdYP"&�! �"�V_Z��0">UJ����U�"(�(��P "RV&� n^�! �"`ZdO�ZMQ\��r9��% V?U�"(�r��%��bZP��P �dO�V&� n,i p n ZdO�WLi � n � n �&����"RVbU�"	[(��PAYP"RQTS

$
�^���Y� n�� n �LP � '\/9;=>.W:-q4�+�-q-CZ=-:Q0-:>�4�20<?O (e3m,brd,n)P3m

n=1

e�<�>�<P4jI�g�g�-KIK1z;=>�4�+�-�-(��g�13-C2323;=<?>�<?O

e0,m
c�]^-@I�Z=23<�+�I(��-

e0,m = e′0,m + earm,0,m
]&;\4�+

e′0,m ∈ span(x′n + x′′n)
q(3m+1)
n=q(3m)+1

I�>�e

earm,0,m ∈ span(xarm,n)
q(3m+1)
n=q(3m)+1

' /9;=>.W:-*4�+.-z<?g�-:1UIK4�;=>.yqWr+JI�;=>�W:<?>�e.;\4�;=<?>�+.<PZAe�2Cc�b�[�� ¢ �
4�+�-C13-q-(��;=254�2

n′(3m + 1)
]&;\4�+

A3m+1 − A′3m+1 + 1 ≤ n′(3m + 1) ≤ A3m+1
238�WU+�4�+JIK4

|u′∗3m+1,n′(3m+1)(x)| ≥ ε′3m+1

]&+�;=ZA- |u′∗3m+1,n(x)| < ε′3m+1

Of<?1
n′(3m+1)+1 ≤ n ≤ A3m+1

'
��-:>.W:-�i!23-:-*4�+�-zg�13<
<?O�<?OLi!;=; n <?O�� ¢ � n 4�+�-C13-z-(��;=254�2

n(3m + 1)
]&;\4�+

P3m+1 − A′3m+1(1 +

22B3m+1) + 1 ≤ n(3m + 1) + 1 ≤ P3m+1
23<@4�+JIK4 |u∗3m+1n(3m+1)+1(x)| ≥ ε3m+1

]&+�;=Z=-

|u∗3m+1,n(x)| < ε3m+1
O�<P1

n(3m + 1) + 2 ≤ n ≤ A3m+1
' /9<.c�;=O

(g(3m + 1, n))
n(3m+1)+1
n=1;=2N4�+�-o238�b.23-C698�-:>.W:-q<?O

(n)
P3m+1

n=1

WC<?1313-:23g�<?>�e�;A>�y@4�<
(g(n))n+1

n=1

<?O �Xp /
)Mc�]^-j]&;AZ=Z�g�13<
W:-C-:e
4�+�13<?8�y?+S4�+�-�Of<?Z=ZA<C]&;A>�y�23;=�z254�-Cg�2CB
� ��g � v?'Mp�[�/�4�-:g+5,<?O�/ ¢ V3V3Vr'\v�I�>�e�b9[X4�+�-�b�-:y?;=>.>�;=>�y�<?O�/ ¢ V3V3Vr' x i!;=>�gJI�154�;=WC8�ZfI�1tb�[M4�+�-�e.-:/�>�;=�
4�;=<?>7<?O

A3m+1

n c�QN<?13-:<Y��-:1db�[�4�+�-�e�-C/�>�;\4�;=<?>L<?O
n(3m+1)+1

I�b�<Y��-?c
(g(3m+1, n))

n(3m+1)+1
n=1+JI�2�I7238.b�23-C698�-C>�W:-�<?O�4�+�-Mu
;=>�e

(2n′ − 1, 2n′)
A′′3m+1(1+22B3m+1)+1

n=1

'
� ��g � x ' � Z\]�I:[�2L;=>@4�+�-023g�;=13;\4L<?O�4�+.-zIKg.g�13<Y�
;AQ*IK4�;=<?>�2�<?O /98�b�23-CW(4�;=<?>�v?' } c�]^-0WYI�>�238�g.g�<?23-
4�+JIK4�Of<?1�-YI�WU+

e ∈ span(x′n + x′′n)
q(3m+1)
n=q(3m)+1

4�+.-:13-7-(��;=254�2
u ∈ E0,3m ⊂ span(u′3m+1,s)

A′′3m+1

s=1238�Wr+�4�+JIK4 ‖e + u‖ = ‖e + E0,3m‖
'q�q<?13-:<Y��-:1L]^-zu
>�<Y] 4�+JIK4

((e′′3m,arm,n,j)
J3m,arm

j=1 )P3m
n=1 =



��� � �������	�
����	�

(u′3m+1,s)
G0,0,0,3m

s=G0,0,0,3m−G3m+1

'���-C>�W:-74�+�-C13-�;A2
ũ0,m ∈ span(u′3m+1,s)

A′′3m+1

s=1

23<z4�+JIK4 ‖e0,m +

ũ0,m‖ = ‖e′0,m+E3m,0‖
cK]&+�-C13-

e0,m = e′0,m+e0,m,arm
]&;=4�+

e′0,m ∈ span(x′n+x′′n)
q(3m+1)
n=q(3m)+1I�>�e

e0,m,arm ∈ span(xarm,n)
q(3m+1)
n=q(3m)+1

'
� ��g � w '�F�-�13-:WKI�Z=Z&4�+JIK4Yc&b�[ �Xp /
)£]&+�-C13-�]^-�WYI�>�238�g�g�<?23-�4�+JIK4

M > q(3m + 1)
Of<?1

4�+�-
(3m + 1)

4�+�b�Z=<
WUu�c�23;=>�WC- ‖ũ0,m‖ < 2‖e0,m‖ < 140q(3m + 1)
c,4�+�-:13-�I�13-�23-C698�-C>�W:-C2

(f(n))
A′′3m+1(1+22B3m+1)

n=1 ⊂ (g(3m+ 1, n))
n(3m+1)+1
n=1

I�>�e
(â(3m+ 1, n))

A′′3m+1(1+22B3m+1 )

n=1

<?O
>98�Q�b�-:132&238�Wr+S4�+�IY4&;AO�]^-�23-(4

û0,m =

A′′3m+1(1+22B3m+1 )∑

n=1

â(3m+ 1, n)w3m+1,f(n),

4�+�-C>

‖û0,m − ũ0,m‖ < ‖ũ0,m‖/2MP3m+1 < 140q(3m+ 1)/2MP3m+1 < 1/(2q(3m+ 1)22P3m+1),

0 < â(3m+ 1, n)/w∗3m+1,f(n)(x) < ‖ũ0,m‖/2MP3m+1 < 1/(2q(3m+ 1)22P3m+1)

O�<P1
1 ≤ n ≤ A′′3m+1(1 + 22B3m+1)

��13-CWYI�Z=Z�4�+JIK4
(w∗3m+1,f(n)(x))

A′′3m+1(1+22B3m+1 )

n=1

+JI�2MI�Z\4�-:15�
>JIK4�-�23;=y?>�2C'd��>M4�+�-�<P4�+�-C1t+JI�>�etcKb�[�4�+.-�-C>�e�<?O�4�+.-�254rIK4�-:Q0-:>�4�<?O �Xpt/�)Mc(]^-�WYI�>�+JI:��-�4�+�-�2UIKQ0-
O IKW:4dI�Z=23<E;=O
]^-�8�23-,I�>�<P4�+�-C1�238�b�23-C698�-C>�W:-

(h′(n))
A′′3m+1(1+22B3m+1 )

n=1

<?O
(g(3m+1, n))

n(3m+1)+1
n=1238�Wr+S4�+�IY4�4�+.-X4a]^<N23-Y698�-:>�WC-:2

(
w∗3m+1,h′(n)(x)

|w∗3m+1,h′(n)(x)|

)A′′3m+1(1+22B3m+1 )

n=1I�>�e
(
w∗3m+1,f(n)(x)

|w∗3m+1,f(n)(x)|

)A′′3m+1(1+22B3m+1 )

n=1

I�13-�-Y698JI�Z�'�),+�-�<?>�Z\[�e.;=��-:13-C>�W:-�;A2_4�+JIK4_]^-�]&;=Z=ZP8�23-�I�>�<P4�+�-C1t23-C698�-C>�W:-
(â′(n))

A′′3m+1(1+22B3m+1 )

n=1<?O�>
8�Q7b�-C132EI�>�eo;=O�]^-�23-(4
û′0,m =

∑A′′3m+1(1+22B3m+1)

n=1 â′(n)w3m+1,h′(n)
c�4�+�-C>qI�y�I�;=>

‖û′0,m − ũ0,m‖ <
1

2q(3m+ 1)22P3m+1
, 0 <

â′(n)

w∗3m+1,f(n)(x)
<

1

2q(3m+ 1)22P3m+1

O�<P1
1 ≤ n ≤ A′′3m+1(1 + 22B3m+1)

'
� ��g � 3.'�),+�-:13-COf<?13-Mb�[ /94�-:g@vX]^-M>.<C] +JI:��-7IK4&<P8.1�e�;A23g�<?2UIKZ

(v∗3m+1,2n′−1(x)v3m+1,2n′−1, v
∗
3m+1,2n′(x)v3m+1,2n′)

A′′3m+1(1+22B3m+1)+1

n=1 ,
]&+�-C13-?c�Of<?1�-YI�Wr+

n
]&;=4�+

1 ≤ n ≤ A′′3m+1(1 + 22B3m+1) + 1
c�23;A>�W:-

(2n′ − 1, 2n′)
A′′3m+1(1+22B3m+1 )+1

n=1

;=2EI�238�b�23-Y698�-:>�WC-�<?O
(g(3m+ 1, n))

n(3m+1)+1
n=1

c�b�[@i!;=; n <?O,i5v w�n I�>�e�i5v_3 n <?O �Xp /
)�]^-�+�I(��-

v3m+1,2n′−1 = w3m+1,2n′ +
w3m+1,2n′−1

2M3m+1+Q3m+1
,

v3m+1,2n′ = w3m+1,2n′ −
w3m+1,2n′−1

2M3m+1+Q3m+1
,
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v∗3m+1,2n′−1 = (w∗3m+1,2n′ + 2M3m+1+Q3m+1w∗3m+1,2n′−1)/2,

v∗3m+1,2n′ = (w∗3m+1,2n′ − 2M3m+1+Q3m+1w∗3m+1,2n′−1)/2,

‖v3m+1,2n′−1 − w3m+1,2n′‖ = ‖v3m+1,2n′ − w3m+1,2n′‖ < 2/2M3m+1+Q3m+1 ,

|w∗3m+1,2n′−1(x)| > |w∗3m+1,2n′(x)|,
+�-C>�W:-

v∗3m+1,2n′−1(x)
+JI�2M4�+�-$23;=y?>�<?O

w∗3m+1,2n′−1(x)
]&+�;=Z=-

v∗3m+1,2n′(x)
+JI�2X4�+�-$23;=y?>�<?O

−w∗3m+1,2n′−1(x)
'q),+�-:13-COf<?13-0]^-*WKI�>�WU+�<
<?23-

h(n′) ∈ (2n′ − 1, 2n′)
238�Wr+�4�+JIK4L4�+�-*]&+�<?Z=-

23-C698�-C>�W:-
(v∗3m+1,h(n′)(x))

A′′3m+1(1+22B3m+1 )+1

n=1

+JI�2EI�Z\4�-C13>JIK4�-X23;=y?>�2C'
� ��g � } '�p�[�4�+�-,g.13-(��;=<?8�2�254�-:g�2�]^-�WC<?>�W:Z=8.e�-^4�+JIK4Yc�Of<?1d4�+�-EI�g�g�13<Y��;=QzIY4�;A<P>$<?O

ũ0,m
<?Oj/�4�-:g x c

(w∗3m+1,f(n)(x)w3m+1,f(n))
A′′3m+1(1+22B3m+1 )

n=1

<?O /�4�-Cg w +JI�2,4�+.-M2UI�QN-�g�13<?g�-:154�;=-C2&I�2&-:;\4�+�-C1

(
v∗3m+1,h(n′)(x)

|v∗3m+1,h(n′)(x)| |w
∗
3m+1,2n′(x)|w3m+1,2n′

)A′′3m+1(1+22B3m+1 )

n=1

<?1d4�+.-�2UIKQ0-�23-C698�-C>�W:-�b�8�4�O�<?1
2 ≤ n ≤ A′′3m+1(1+22B3m+1)+1

�P]^-&WYI�>N238�g�g�<?23-�4�+�-�Of<?13Q0-:1
4�<Mb�-,4�+�-�WYI�23-?'h��-C>�W:-�>�<Y]Lc?b�[�4�+�-,g.13<9WC-:e�8.13-�<POJ4�+�-�g�13<
<?O�<PO �Xpt/�)Mc�]^-�WYI�>$y?-(4�IX23-C698�-C>�W:-

(b(3m+ 1, n))
A′′3m+1(1+22B3m+1 )

n=1

<?Oh>98�Q7b�-:132&23<$4�+JIK4&;=O�]^-�23-(4

u′0,m =

A′′3m+1(1+22B3m+1 )∑

n=1

b(3m+ 1, n)w3m+1,2n′ ,

4�+�-C>

‖u′0,m − ũ0,m‖ <
1

2q(3m+ 1)22P3m+1
, 0 <

b(3m+ 1, n)

w∗3m+1,2n′(x)
<

1

2q(3m+ 1)22P3m+1

O�<P1
1 ≤ n ≤ A′′3m+1(1 + 22B3m+1)

'�p�8�4�]^-Me�<N>�<P4E+JI:�?-�e�;=13-CW(4�Z\[jIK4&<P8.1�e�;=23g�<?2UI�Z
(
v∗3m+1,h(n′)(x)

|v∗3m+1,h(n′)(x)| |w
∗
3m+1,2n′(x)|w3m+1,2n′

)A′′3m+1(1+22B3m+1 )+1

n=1

.

��<Y]^-(��-:1Cc�Z=-:4X8�2Xg�<?;=>�4M<P8�4�4�+JIK4Yc�b9[ /�4�-:g w <?O / ¢ V3V3Vr' x c�Of<?1
1 ≤ n ≤ A′′3m+1(1 + 22B3m+1)I�>�e

1 ≤ k ≤ 2M3m+1
]^-�W:<?8�Z=ej+�I(��-7IK4&<?8�1�e�;=23g�<P2UI�Z�c�b�[jQN-YI�>�2�<?O

24Q3m+1∑

l=1

(x∗3m+1,h(n′),k,l(x)− x∗0,3m+1,h(n′),k,l(x))x′′′3m+1,h(n′),k,l,

(v∗3m+1,h(n′)(x)/2M3m+1)v3m+1,h(n′)
e�;=254�13;=b�8�4�-:ej;=>z4�+.-

24Q3m+1
238�QNQzIK>.e�2

(x∗3m+1,h(n′),k,l(x)−x∗0,3m+1,h(n′),k,l(x))v3m+1,h(n′)/2
P3m+1Q0,3m+1

Of<?1
1 ≤ l ≤ 24Q3m+1 ,

]&;\4�+
24Q3m+1∑

l=1

(x∗3m+1,h(n′),k,l(x)− x∗0,3m+1,h(n′),k,l(x)) = 2P3m+1Q0,3m+1
v∗3m+1,h(n′)(x)

2M3m+1

I�>�ej]&+�-:13-�c�23-:434�;=>�y
v3m+1,h(n′) − w3m+1,2n′ = a

I�>�e

v∗3m+1,h(n′)(x)/2M3m+1 − 2Q3m+1w∗3m+1,2n′−1(x)/2 = b



��� � �������	�
����	�

i!;=O
h(n′) = 2n′ − 1

c�]&+.;=Z=-X;=O
h(n′) = 2n′

]^-�13-:g�Z�IKWC- − b�[
+
n c
]^-�+�I(��-

‖a‖ < 2

2M3m+1+Q3m+1

I�>�e |b| =
|w∗3m+1,2n′(x)|

2 · 2M3m+1
<

Q0,3m+1

2 · 2M3m+1
.

��-:>.W:-LI�Z=23<
∥∥∥∥
v∗3m+1,h(n′)(x)

2M3m+1
v3m+1,h(n′) −

1

2
2Q3m+1w∗3m+1,2n′−1(x)w3m+1,2n′

∥∥∥∥

=

∥∥∥∥
(

1

2
· 2Q3m+1w∗3m+1,2n′−1(x) + b

)
(w3m+1,2n′ + a)

− 1

2
· 2Q3m+1w∗3m+1,2n′−1(x)w3m+1,2n′

∥∥∥∥

≤
∣∣∣∣
1

2
· 2Q3m+1w∗3m+1,2n′−1(x)

∣∣∣∣ · ‖a‖+ |b| · ‖w3m+1,2n′‖+ |b| · ‖a‖

<
1

2M3m+1+Q3m+1
|2Q3m+1w∗3m+1,2n′−1(x)|+ Q0,3m+1

2 · 2M3m+1
‖w3m+1,2n′‖

+
2

2M3m+1+Q3m+1

Q0,3m+1

2 · 2M3m+1

<
2Q3m+1Q0,3m+1

2M3m+1+Q3m+1
+
Q0,3m+1

2M3m+1
+

Q0,3m+1

22M3m+1+Q3m+1
< 3

Q0,3m+1

2M3m+1
.

/9<

∥∥∥∥
24Q3m+1∑

l=1

(x∗3m+1,h(n′),k,l(x)− x∗0,3m+1,h(n′),k,l(x))x′′′3m+1,h(n′),k,l

− 1

2
· 2Q3m+1w∗3m+1,2n′−1(x)w3m+1,2n′

∥∥∥∥ < 3
Q0,3m+1

2M3m+1
;

]&+�-C13-Mb�[S4�+�-LI�b�<Y��-X]^-�>�-:-Cej<?>�Z=[
b(3m+ 1, n)w3m+1,2n′

]&;=4�+

|b(3m+ 1, n)| <
|w∗3m+1,2n′(x)|

2q(3m+ 1)22P3m+1
<
|w∗3m+1,2n′−1(x)|

2q(3m+ 1)22P3m+1
.

p^8�4^I�y9I�;=>$]^-&+JI:��-�IK4�<?8�1�e�;=23g�<?2UI�Z.<P>.Z\[ ∑24Q3m+1

l=1 x∗3m+1,h(n′),k,l(x)x3m+1,h(n′),k,l
IK>.e0>�<P4

24Q3m+1∑

l=1

(x∗3m+1,h(n′),k,l(x)− x∗0,3m+1,h(n′),k,l(x))x′′′3m+1,h(n′),k,l;

23<NZA-(4�8.2�23-:434�Z=-�4�+�;=2�;A>S4�+�-M>.-(�
4�254�-Cgt'

� ��g � 5�' �.13<?Q�i�� n <?O �Ep^� IK>.ejOf13<?Q /�4�-:g } 4�+�-C13-M-(��;=254
k(n) ∈ (k)2M3m+1

k=1

I�>�e
L(n)

]&;\4�+
1 ≤ L(n) < Q0,3m+123Q3m+1

c�O�<?1
1 ≤ n ≤ A′′3m+1(1 + 22B3m+1)

c�23<$4�+JIK4

∥∥∥
L(n)∑

l=1

x∗3m+1,h(n′),k(n),l(x)x3m+1,h(n′),k(n),l − b(3m+ 1, n)w3m+1,2n′

∥∥∥ < 1/2Q0m2P3m+1 .
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��-:>.W:-?c�23-:434�;=>�y

u0,m =

A′′3m+1(1+22B3m+1 )∑

n=1

L(n)∑

l=1

x∗3m+1,h(n′),k(n),l(x)x3m+1,h(n′),k(n),l =

Rm∑

i=1

x∗r(m)i
(x)xr(m)i ,

]^-M+�I(��-

‖e0,m + u0,m‖ ≤ ‖u0,m − u′0,m‖+ ‖u′0,m − ũ0,m‖+ ‖e0,m + ũ0,m‖
< A′′3m+1(1 + 22B3m+1)/2Q0m2P3m+1

i!b�[z4�+�-7IKb�<C��-�;=>S4�+�;=2�254�-CgtcJIK>.ejb9[ /94�-:g�2 } IK>.e x�n

+1/(2q(3m+ 1)22P3m+1) + ‖e0,m + ũ0,m‖<1/(q(3m+ 1)22P3m+1)+‖e0,m+ũ0,m‖
=1/(q(3m+ 1)22P3m+1)+‖e′0,m+E0,3m‖.

),+�;=2�WC<?QNg�Z=-:4�-:2^4�+�-�g�13<
<POh<?O^i!; n '

�^���Y� no� n �sP8P � 'Mp�[ i!; n <?O ¢ ��c�]^-qu
>�<Y]£4�+�IY404�+.-:13-o-:��;=254�2zI�238�b�23-C698�-C>�W:-
(u′3m,nk)K+1

k=1

<?O

(u′3m,s)
A′′3m
s=1

I�>�e
0 < a < 1

c�]&;\4�+

∥∥∥x−
( q(3m)∑

n=1

x∗n(x)xn+u′m
)∥∥∥ < η′m, u′m =

K∑

k=1

u′∗3m,nk(x)u′3m,nk+au′∗3m,nK+1
(x)u′3m,nK+1

.

/9<.c�8�>.e�-:1,4�+�-�Dae�;=23WC<P>.>�-:W:4�-:ejWr+JI�;=>jW:<?>�e.;\4�;=<?>
TUc�b�[�i!; n <POh� ¢ ��c
]^-�u
>�<Y] 4�+JIK4

|u′∗3m,n(x)| < ε′3m =
1

A3m22q(3m)A3m

O�<P1
1 ≤ n ≤ A3m.

),+�-C13-:O�<P13-MO�13<?Q 4�+�-7IKb�<C��-�;\4EI�Z=23<NO�<PZAZ=<Y]&2^4�+JIK4

∥∥∥x−
q(3m)∑

n=1

x∗n(x)xn

∥∥∥

=
∥∥∥x−

( q(3m)∑

n=1

x∗n(x)xn + u′m
)

+ u′m

∥∥∥ ≤
∥∥∥x−

( q(3m)∑

n=1

x∗n(x)xn + u′m
)∥∥∥+ ‖u′m‖

< η′m + ‖u′m‖ = η′m +
∥∥∥

K∑

k=1

u′∗3m,nk(x)u′3m,nk + au′∗3m,nK+1
(x)u′3m,nK+1

∥∥∥

≤ η′m +

K+1∑

k=1

|u′∗3m,nk(x)| < η′m +
K + 1

A3m22q(3m)A3m
≤ η′m +

1

22q(3m)A3m
.

��-:>.W:-?c�O�<?1
ηm = η′m + 1/22q(3m)A3m

c7i!;=; n ;=2ze.;=13-:W:4�Z\[ g�13<Y��-:e�'�),+�-C13-:O�<?13-�238.g�g�<?23-�4�+JIK4
4�+�-oDa<?g�-:1UIK4�;=>.y�Wr+JI�;=>�WC<?>�e�;\4�;=<?>
Tq+�<?Z=e�2C' ),+�-:>tc&b�[�i!; n I�>�e i!;=;=; n <?O ¢ �¡I�>�e�b�[�4�+.-�e.-:Of�
;=>�;=4�;=<?>�2o<PO

n′(3m)
I�>�e

n(3m)
;=> � ¢ ��c&23-:434�;=>�y

(nk)K+1
k=1 = (nk′)

K′
k=1 ∪ (nk′′)

K′′
k=1

]&;\4�+

(nk′)
K′
k=1 ⊆ (n)

n′(3m)
n=1

I�>�e
(nk′′)

K′′
k=1 ⊆ (n)A3m

n=n′(3m)+1

c9]^-E/�>�e*4�+JIK4�4�+�-:13-�-(��;=254
(ũnk′ )

K′
k=1 ⊂

span(u3m,k)
n(3m)−1
k=1

]&;\4�+
ũnk′ = u′∗3m,nk′ (x)u′3m,nk′

;AO
(nk′)

K′
k=1 ⊆ (n)

n′(3m)−1
n=1

c�]&+�;=ZA-j;AO
4�+�-C13-�;=2

k
]&;\4�+

1 ≤ k ≤ K ′
238�WU+o4�+�IY4

nk′ = nK+1 = n′(3m)
c.b�[�i!;A;=; n <?O ¢ ��]^-L<P>.Z\[S+JI:��-



��� � �������	�
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‖ũn
k′
− au′∗3m,nK+1

(x)u′3m,nK+1
‖ < η′′m

Of<?1�23<?QN-
η′′m → 0

' �d;=>JI�Z=Z\[9c

K′′∑

k=1

‖u′3m,nk′′ ‖ <
K ′′

A3m22q(3m)A3m
<

1

22q(3m)A3m
,

4�+�-C13-:O�<P13-�cd23-:434�;=>�y
ũ′m =

∑K′

k=1 u
′
3m,nk′

,
]^-S+JI:�?- ‖ũ′m − u′m‖ < η′′m + 1/22q(3m)A3m

' � 4
4�+�;=2Mg�<?;=>94Yc_23;=>.W:-

ũ′m ∈ span(u3m,k)
n(3m)−1
k=1

I�>�e@23;=>�WC-$<?b���;=<?8�23Z\[ ‖u′m‖ < 2.3.5q(3m)
IK>.e

+�-C>�W:- ‖ũ′m‖ < 30q(3m) + η′′m + 1/22q(3m)A3m < 31q(3m)
c�23;=>.W:-SQN<?13-C<C��-C1�]^-SWKI�> 238�g��

g�<?23-
M > q(3m)

O�<?1&4�+�-7;=>�4�-:y?-C1
M

<?O �Xp /
) O�<?1&4�+�-
(3m)

4�+qb�Z=<
WUu�cJ;=O
(g(3m,n))

n(3m)+1
n=1;=2*4�+�-�238�b�23-Y6�8.-:>�WC-�<?O

(n)P3m
n=1

WC<P1313-C23g�<?>�e�;=>.y�4�<
(g(n))n+1

n=1

<?O �Xp /
) +�-C>�W:-�;=>�<?8�1zWYI�23-
n(3m) = n(3m)−1

c:4�+.-:>Mb9[�4�+�-�254rIK4�-:Q0-:>�4�<?O �Xp /
)�4�+�-:13-�-:�
;A254t23-Y6�8.-:>�WC-:2
(f(n))

n(3m)−1
n=1 ⊂

(g(3m,n))
n(3m)
n=1

I�>�e
(a(3m,n))

n(3m)−1
n=1

<?Oh>98�Q�b�-:132&238�WU+j4�+JIK4Yc�23-(434�;=>.y

w0,m =

n(3m)−1∑

n=1

a(3m,n)w3m,f(n),

]^-M+�I(��-

‖w0,m − ũ′m‖ <
1

2q(3m)22P3m
,

a(3m,n)/w∗3m,f(n)(x) < 1/(2q(3m)22P3m)
Of<?1

1 ≤ n ≤ n(3m)− 1.

� 4d4�+�;=2dg�<?;=>�4YcP;=O�]^-^8�23-^4�+�-,g�-:13Q�8�4rIK4�;=<?>
(xπ(0,3m,g))

G0,3m

g=1

<?O
(x0,3m,g)

G0,3m

g=1

<PO ��I�W(4>3X<?O.4�+�-
/�Of4�+NgJI�154�<?O�4�+�-�g.13<9<?O�<?O �&��c?]&+�-:13-�c?O�<P1�-KIKWr+

n
]&;=4�+

1 ≤ n ≤ P3m
c
(xπ(3m,n,g))

G3m,0

g=1

;=2�4�+�-
g�-C13Q78�4rIK4�;=<?>0;=>�e.8�W:-Ce*<?>

(x3m,n,g)
G3m,0

g=1

c�4�+�-C>04�+�-E23-Y698�-:>�WC-
(|∑G

g=1 x
∗
π(3m,n,g)(x)|)G3m,0

G=1

;=2
(1, 0)

��QN<?>�<P4�<?>�-LI�>�eo+�-:>�WC-
(0, a3m)

��QN<?>�<P4�<?>�-�' /9<N]^-M23-(4Yc�O�<P1
1 ≤ n ≤ n(3m)− 1

c

w̃u,m,f(n) =

G(3m,f(n))∑

g=1

x∗π(3m,f(n),g)(x)x̃π(3m,f(n),g) =

G(3m,f(n))∑

g=1

x∗π(3m,f(n),g)(x)

2M3m
w3m,f(n)

]&;\4�+
G(3m, f(n)) ≤ 2M3ma(3m,n) < G(3m, f(n)) + 1

I�>�e
w̃u,m =

∑n(3m)−1
n=1 w̃u,m,f(n),+�-C>�W:-

‖w̃u,m − w0,m‖ ≤
n(3m)−1∑

n=1

∥∥∥∥
(G(3m,f(n))∑

g=1

x∗π(3m,f(n),g)(x)

2M3m
− a(3m,n)

)
w3m,f(n)

∥∥∥∥

<

n(3m)−1∑

n=1

a3m

2M3m
‖w3m,f(n)‖ <

2(n(3m)− 1)

2M3m
a3m,

‖w̃u,m − ũ′m‖ ≤ ‖w̃u,m − w0,m‖+ ‖w0,m − ũ′m‖ <
P3ma3m

2M3m
+

1

2q(3m)22P3m
.

��-:13-X]^-�13-CWYI�Z=Z�4�+JIK4
G3m,0 = 22M3m

IK>.ejb9[*4�+.-LI�b�<Y��-

|a(3m,n)| <
|w∗3m,f(n)(x)|
2q(3m)22P3m

<
Q0,3m

2q(3m)22P3m
<

2M3m

2q(3m)22P3m
,

4�+�-C13-:O�<P13-�c�O�<P1
1 ≤ n ≤ n(3m)− 1

c�]^-�]&;=Z=Zt>�<P4E8�23-�I�Z=Zt4�+�-�-:Z=-CQN-C>�4�2�<?O
(x3m,n,g)

G3m,0

g=1

'�F�-



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � ��� �

WYI�>qI�Z=23<$]&13;\4�-

w̃0,m = w̃u,m + w̃e,m =

n(3m)−1∑

n=1

G(3m,f(n))∑

g=1

x∗π(3m,f(n),g)(x)xπ(3m,f(n),g),

+�-C>�W:-

w̃e,m =

n(3m)−1∑

n=1

G(3m,f(n))∑

g=1

x∗π(3m,f(n),g)(x)(xπ(3m,f(n),g) − x̃π(3m,f(n),g)).

F�-�13-:WYI�Z=ZGc
b�[ /�4�-:g 5�<?O / ¢ V3V3V�vLIK>.ejb9[z4�+�-�>�<P4rIY4�;A<P>.2,b�-COf<?13- ¢ ��c�4�+�IY4

(u′3m+1,s)
M3m,0+G0,0,0,3m

s=M3m,0+1 = (x0,0,3m,g)
G0,0,3m

g=1 ∪ (e′3m,arm,g)
G3m
g=1 ,

(x0,0,3m,g)
G0,0,3m

g=1 = ((x0,0,3m,n,g)
G0,0,3m,0

g=1 )P3m
n=1,

(x0,0,3m,n,g)
G0,0,3m,0

g=1 = (ω3m,n,0 ∪ x3m,n,0 ∪ (ω3m,n,k,0 ∪ (x3m,n,k,0,l)
2M3m

l=0 )2M3m

k=1 )P3m
n=1.

�q<?13-:<Y��-:1Cc�23-:434�;=>�y
Ẽ3m,0 = E3m,0 + span(u′3m+1,s)

M3m,0+G0,0,0,3m

s=M3m,0+1

c�;AO_]^-M8�23-�I�>�[zg�-:13Q�8�4rIK�
4�;=<?>

(xπ(0,3m,g))
G0,3m

g=1

<?O
(x0,3m,g)

G0,3m

g=1

<PO���I�W:4 w <?O�4�+�-EO�<?8�154�+*gJI�154�<?O_4�+�-Eg�13<
<?O_<PO �&��c?]^-
/�>�ej4�+JIK4
(∥∥∥

G∑

g=1

x∗π(0,3m,g)(x)(xπ(0,3m,g) − x̃π(0,3m,g)) + E3m,0

+ span(u′3m+1,s)
G0,0,0,3m

s=G0,0,0,3m−G3m+1 + span(u′3m+1,s)
n′(3m+1)
s=A3m+1−A′3m+1+1

∥∥∥
)G0,3m

G=1

=
(∥∥∥

G∑

g=1

x∗π(0,3m,g)(x)(xπ(0,3m,g) − x̃π(0,3m,g)) + Ẽ3m,0

+ span(u′3m+1,s)
n′(3m+1)
s=A3m+1−A′3m+1+1

∥∥∥
)G0,3m

G=1;=2
(3, 0)

��QN<?>�<P4�<?>�-�c�+�-:>.W:-$I�Z=23<
(0, 3a3m)

��Q0<?>�<P4�<P>.-?'��E>�4�+�-�<P4�+�-:1�+JI�>�e�c�;=O
(xπ(3m,g))

G3m
g=1;=2�4�+�-EW:<?1313-:23g�<?>�e.;=>�yLg�-C13Q78�4rIK4�;=<?>0;=>�e�8�WC-:e*<?>

(x3m,g)
G3m
g=1

c�]^-XI�Z=23<Lu
>�<Y]�4�+JIK4Yc�O�<P1�-YI�WU+
G0]&;\4�+

1 ≤ G0 ≤ G0,3m
cJ;=O

(xπ(3m,g))
G
g=1

;=2�4�+.-Lg�-:13Q�8�4rIK4�;=<?>o;=>.e�8�W:-Ceqb�[
(xπ(0,3m,g))

G0
g=1

<P>
(xπ(3m,g))

G3m
g=1

c�4�+�-C>

∥∥∥
G∑

g=1

x∗π(3m,g)(x)x′π(3m,g) + Ẽ3m,0

∥∥∥ ≤
∥∥∥
G0∑

g=1

x∗π(0,3m,g)(x)(xπ(0,3m,g) − x̃π(0,3m,g)) + E3m,0

+ span(u′3m+1,s)
G0,0,0,3m

s=G0,0,0,3m−G3m+1

+ span(u′3m+1,s)
n′(3m+1)
s=A3m+1−A′3m+1+1

∥∥∥

=
∥∥∥
G0∑

g=1

x∗π(0,3m,g)(x)x′π(0,3m,g) + E3m,0

∥∥∥.

),+�-C13-:O�<P13-
(‖∑G

g=1 x
∗
π(3m,g)(x)x′π(3m,g) + Ẽ3m,0‖)G3m

G=1

;A2LI�Z=23<
(0, 3a3m)

��QN<?>�<P4�<?>�-?ct+.-:>�WC-?c
b�[@i!;=; n <?O ¢ ��cJIKZA23<

∥∥∥
G∑

g=1

x∗π(3m,g)(x)x′π(3m,g) + Ẽ3m,0

∥∥∥ < η′′′m + 3a3m
Of<?1

1 ≤ G ≤ G3m



��� � �������	�
����	�

O�<P1�23<?Q0-
η′′′m → 0

I�2
m → ∞ '�),+.-:13-:O�<?13-7Z=-(4�8�2�254rIK4�-L4�+�-7O�<?Z=Z=<Y]&;=>�y0+9[
g�<�4�+.-:23;=2CcJ]&+.;=WU+q]^-]&;=Z=Z_g.13<C��-�ZfIK4�-:1,;A> ¢ V �$c�b�-:O�<P13-X4�+�-�g�13<
<?O�<?O,i!;=;=; n '

��� ��h��$fEg � � �
(∗) ' �J<?1�-KIKWr+j238�b�238.Q u

<?O ∑G3m

g=1 x
∗
3m,g(x)x3m,brd,g

4�+.-:13-M;=2EI7238�b.238�Q
u0
<?O

∑G3m+1

g=1 x∗3m+1,g(x)x3m+1,g
238�Wr+S4�+�IY4 ‖u− u0‖ < ηm → 0

'
VaO�]^-M;A>�W:Z=8.e�-

ηm
;=>
η′′′m

IK>.e
u0
;=>
Ẽ3m,0

c�;=4�O�<PZAZ=<Y]&2^4�+JIK4

‖w̃e,m + Ẽ3m,0‖ =
∥∥∥
n(3m)−1∑

n=1

G(3m,f(n))∑

g=1

x∗π(3m,n,g)(x)(xπ(3m,n,g) − x̃π(3m,n,g)) + Ẽ3m,0

∥∥∥

< η′′′m + 3a3m.�E>�4�+�-�<P4�+�-:1S+JI�>�e�c�]^-�I�W:4�8JI�Z=Z\[�+JI:�?-�IK4j<?8�1Se�;A23g�<?2UIKZLIKZAZE4�+�-�-:Z=-CQN-C>�4�2z<?O
Ẽ3m,0

4�+JIK4
]^-0>�-C-:et�h4�+�-C13-:O�<P13-0b9[�4�+�-0g�13<
WC-:e�8�13-0<?O�4�+.-0g�13<
<PO,<PO�i!; n 4�+�-:13-0-(��;=254�2

u0,m
IK27;=>�i!; n 238�Wr+

4�+JIK4

‖w̃e,m + u0,m‖ <
∥∥∥
n(3m)−1∑

n=1

G(3m,f(n))∑

g=1

x∗π(3m,n,g)(x)x′π(3m,n,g) + Ẽ3m,0

∥∥∥

+ 1/(q(3m+ 1)22P3m+1)

< η′′′m + 3a3m + 1/(q(3m+ 1)22P3m+1).
VG4&;=2�>�<Y] 238��NW:;=-C>�4�4�<N23-(4

um = w̃0,m + u0,m, ηm = η′m + η̃m +
3

22q(3m)A3m
+ 4a3m,

]&+�-C13-
η̃m = η′′m + η′′′m,

23;=>�WC-
2

22q(3m)A3m
+
P3ma3m

2M3m
+

1

2q(3m)22P3m
+3a3m+

1

2q(3m+ 1)22P3m+1
<

3

22q(3m)A3m
+4a3m.

�^���Y� n$� n�� SRU��P�! �"�V	PAV
(∗) n:��� � m��

$
�d;\�

1 ≤ n ≤ P3m
�_<?8�1LIK;AQ ;A2E4�<SyP-:4

aw∗3m,n(x)w3m,nO�<P1�23<?Q0-M>98�Q�b�-:1
a
]&;\4�+ |a| ≤ 1

'dF�-X]&;=ZAZ_g�13<
W:-:-Cez4�+.13<P8.yP+o23;\�S254�-:g�2C'
� ��g � v0i�4�+�-Mg.13<Pb.Z=-:Q n '�F�-M13-:WKI�Z=Z�4�+JIK4Yc�b9[ /94�-:g�2 } IK>.e 5�<?O / ¢ V3V3Vr'=v?c

G3m,0∑

g=1

x∗3m,n,g(x)x̃3m,n,g =

2M3m∑

k=1

2M3m∑

l=1

x∗3m,n,k,l(x)x̃3m,n,k,l = w∗3m,n(x)w3m,n
�

QN<?13-C<C��-C1Cc�23;=>.W:-
E3m,0 ⊃ (x3m,arm,n,g)

G3m,0

g=1

cJI�Z=23<

∥∥∥
G3m,0∑

g=1

x∗3m,n,g(x)(x3m,n,g − x̃3m,n,g − x3m,brd,n,g) + E3m,0

∥∥∥

=
∥∥∥
G3m,0∑

g=1

x∗3m,n,g(x)x′3m,n,g + E3m,0

∥∥∥ ≤ 8 max(|x∗3m,n,g(x)| : 1 ≤ g ≤ G3m,0) ≤ 8a3m
�

b�8�4�]^-�+�I(��-M4�<$g�<P;A>�4&<?8�4�4�+JIK4Yc�23-:434�;=>�y

An =

G3m,0∑

g=1

x∗3m,n,g(x)x3m,brd,n,g =
2M3m∑

k=1

x∗3m,n,k,2M3m (x)x3m,brd,n,k

=

2M3m∑

k=1

x∗3m,n,k,2M3m (x)(e3m,brd,n,k + ω′3m,n)
c



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � ��� �

;\4&Of<?Z=Z=<Y]&2,4�+JIK4

‖An + E3m,0‖ =
∥∥∥

2M3m∑

k=1

x∗3m,n,k,2M3m (x)(e3m,brd,n,k + ω′3m,n) + E3m,0

∥∥∥

= max
(

3|x∗3m,n,k,2M3m (x)| : 1 ≤ k ≤ 2M3m ,
∣∣∣

2M3m∑

k=1

x∗3m,n,k,2M3m (x)
∣∣∣
)

]&+�-C13- |∑2M3m

k=1 x∗
3m,n,k,2M3m

(x)| WKI�>�b�-7ZfI�13y?-�I�>�e�4�+�;=2E+�IKg.g�-:>�2�O�<?1�-YI�WU+ n ]&;\4�+ 1 ≤ n ≤
P3m

'���<Y]^-(��-:1Cc�;=> <P13e.-:174�<�13-:Q0-:e�[@4�+.;=2Ccd;\4$;=2�>�<P4$>�-CW:-:232UI�15[�4�<�13-:Q0<C��-*4�+�-z]&+�<?Z=-
A =∑P3m

n=1 An
b�[$QN-KIK>.2�<PO�238�b�238.QN2�<PO ∑G0,3m+1,0

g=1 x∗0,3m+1,g(x)x0,3m+1,n,g
c?23;=>�WC-,;\4�;=2�238.�$WC;=-:>94

b�[SQN-KI�>�2�<?O�4�+�-:23-�238�b�238�Q02�4�<$y?-(4&<?>�Z=[

B =

L′3m∑

i=1

b′∗3m,i(x)b′3m,i =

P3m∑

n=1

(
ω′∗3m,n,0(x)

2M3m∑

f=1

e3m,brd,n,f

+
2M3m∑

k=1

(e′′∗3m,brd,n,k(x)− x∗3m,n,k,2M3m (x))(e3m,brd,n,k + ω′3m,n)
) �

;=>�e.-:-:e�c�;\4�]&;=Z=Z_Of<?Z=Z=<Y] 4�+JIK4

A+B =

P3m∑

n=1

(
ω′∗3m,n(x)ω′3m,n +

2M3m∑

k=1

e∗3m,brd,n,k(x)e3m,brd,n,k

)

I�>�ej]^-LI�13-Me.<P>.-�23;=>�W:- ‖A+B + E3m,0‖ ≤ 2a3m
'

� ��g � x i!/�13254�I�g�g�13<Y��;=Q*IK4�;=<?> n '�),+�-C13-M-:�
;A254�2
i(m)

238�WU+j4�+JIK4

|b′∗3m,i(m)(x)| ≥ 1/(L′3m22L′3m)
c |b′∗3m,i(x)| < 1/(L′3m22L′3m)

O�<?1
i(m) + 1 ≤ i ≤ L′3m

�

23;=>�WC- ‖∑L′3m
i=i(m)+1 b

′∗
3m,i(x)b′3m,i‖ < 1/22L′3m

]^-�WKI�>�e.;=2313-:y9I�13e�4�+�-:23-�ZfI�254X-CZ=-:Q0-:>�4�2C��QN<?13-:�
<Y��-:1Cc�;=>j<?13e�-:1�4�<$e�-CW:13-KIK23-M4�+.-MO�<P13QzI�Z=;=23Qoc9]^-�WYI�>o238�g�g�<?23-7I�Z=23<

|b′∗3m,i(x)| ≥ 1/(L′3m22L′3m)
O�<?1

1 ≤ i ≤ i(m)− 1
'

��<Y] ]^-M/��
i
]&;\4�+

1 ≤ i ≤ i(m)
I�>�eS]^-�gJI�232�4�<$4�+�-MWC<P1313-C23g�<?>�e�;=>.y$25[�254�-CQ

(b3m,i,j , b
∗
3m,i,j)

22B3m+1

j=0 = (b3m,d, b
∗
3m,d)

d(0,i)+22B3m+1+1
d=d(0,i)+1

]&+�-C13-
d(0, i) = (22B3m+1 + 1)(i− 1)

��23;=>�WC-X]^-�u9>.<C] 4�+JIK4

|b′∗3m,i(x)| ≥ 1/(L′3m22L′3m)
c

d(0,i)+22B3m+1+1∑

d=d(0,i)+2

b∗3m,d(x) =

22B3m+1∑

j=1

b∗3m,i,j(x) = 2B3m+1b′∗3m,i(x)
c

4�+�-C13-�-(��;=254�2Mi!23-:-�IKZA23<ji!;=;=; n <?O ¢ � n
d(m, i)

]&;\4�+
d(0, i) + 2 < d(m, i) ≤ d(0, i) + 22B3m+1 + 1238�Wr+S4�+�IY4

|b∗3m,d(m,i)(x)| ≥ 1/(L3m22L3m)
c |b∗3m,d(x)| < 1/(L3m22L3m)



���(� �������	�
����	�

O�<P1
d(m, i) + 1 ≤ d ≤ d(0, i) + 22B3m+1 + 1

'd��-(4&8�2&g�13<Y��-M4�+JIK4

∥∥∥
d(m,i)−1∑

d=d(0,i)+2

b∗3m,d(x)b3m,d − b′∗3m,i(x)b′3m,i + E1,3m+1,0

∥∥∥ < 3a3m+1 +
1

L3m2B3m+1+L3m

'

Va>�e�-C-:etc.Of13<?Q 4�+�-Me.-:/�>�;=4�;=<?>�2,<?O,i!; n <?O /�4�-:g w <?O / ¢ V �$' x ;\4�O�<?Z=Z=<Y]&2^4�+�IY4
d(m,i)−1∑

d=d(0,i)+2

b∗3m,d(x)b3m,d − b′∗3m,i(x)b′3m,i =

d(m,i)−d(0,i)∑

j=1

b∗3m,i,j(x)b3m,i,j − b′∗3m,i(x)b′3m,i

=

d(m,i)−d(0,i)∑

j=1

b∗3m,i,j(x)

(
e3m+1,aux,i,j +

b′3m,i
2B3m+1

)
−
( 22B3m+1∑

j=1

b∗3m,i,j(x)

2B3m+1

)
b′3m,i

=

d(m,i)−d(0,i)∑

j=1

b∗3m,i,j(x)e3m+1,aux,i,j −
( 22B3m+1∑

j=d(m,i)−d(0,i)+1

b∗3m,i,j(x)

2B3m+1

)
b′3m,i

]&+�-C13-?c�b�[z4�+�-�e�-:/.>�;\4�;=<?>S<?O
a3m+1

c

∥∥∥
d(m,i)−d(0,i)∑

j=1

b∗3m,i,j(x)e3m+1,aux,i,j + E1,3m+1,0

∥∥∥

≤ 2 max(|b∗3m,i,j(x)| : 1 ≤ j ≤ d(m, i)− d(0, i)) ≤ 2a3m+1)
c

∥∥∥∥
( 22B3m+1∑

j=d(m,i)−d(0,i)+1

b∗3m,i,j(x)

2B3m+1

)
b′3m,i

∥∥∥∥ ≤ 3
22B3m+1∑

j=d(m,i)−d(0,i)+1

|b∗3m,i,j(x)|
2B3m+1

< 3
|b∗3m,i,d(m,i)−d(0,i)+1(x)|

2B3m+1
+

22B3m+1∑

j=d(m,i)−d(0,i)+2

1

2B3m+1L3m22L3m

< 3a3m+1 +
1

2B3m+1L3m2L3m

�

4�+�-C13-:O�<P13-X]^-�WKIK>�IKg.g�13<Y�
;AQ*IK4�-
b′∗3m,i(x)b′3m,i

b�[ ∑d(m,i)−1
d=d(0,i)+2 b

∗
3m,d(x)b3m,d

'
� ��g � w i!23-CW:<?>�e�I�g�g.13<C��;=QzIK4�;=<?> n ' �E8�1�>.-(�
4�I�;=Q ;A2q4�<�I�g�g�13<Y��;=QzIY4�-�238.�$WC;=-:>94�Z\[H4�+�-:23-
b∗3m,d(x)b3m,d

b9[�238�b�238.QN2�<?O ∑Gd,0,3m+1,0

g=1 x∗d,0,3m+1,g(x)x̃d,0,3m+1,g
c?O�<?1�-KIKWr+

d
]&;\4�+

d(0, i)

+ 1 ≤ d ≤ d(m, i)− 1
' �J<?1,4�+�-:23-

d
]^-�13-:WYI�Z=ZGc
b�[S4�+�-M-:>�eo<?O>/94�-:g w <?O / ¢ V �$' x c
4�+JIK4

(x̃d,0,3m+1,g)
G(d,0,3m+1)
g=1 = (vd,0,3m+1,n/2

Pd,3m+1Q0,d,3m+1)
Pd,3m+1

n=1

]&+�-C13-
(vd,0,3m+1,n)

Pd,3m+1

n=1

WC<PQ0-:2�b�[SQ0-YI�>�2�<?O�4�+�-Mg�13<
W:-Ce�8�13-�<POd� �Xp /zOf13<?Q

(ud,0,3m+1,n)
Pd,3m+1

n=1

]&+�-C13-
(ud,0,3m+1,n)

Pd,3m+1

n=Pd,3m+1−2B0,3m+1

W:<?QN-C2�Of13<?Q

(ed,3m+1,aux,Ad,3m+1,t, e
∗
d,3m+1,aux,Ad,3m+1,t

)22B0,3m+1

t=1 ∪ (b3m,d, b
∗
3m,d)

�
;=>j<?13e�-C1,4�<Ne�-:WC13-YI�23-X4�+�-�Of<?13QzIKZA;=23Q ]^-M]&;AZ=Z�238�g.g�<?23-7I�Z=23<

|b∗3m,d(x)| ≥ 1/(L3m22L3m)
O�<?1EI�Z=Z

1 ≤ d ≤ d(m, i)− 1



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � ��� !

i!23;=>�WC-�;\4�]^<P8.Z=eNb�-&8�>�>.-:W:-C232UI�15[�4�<�y?-(4
b∗3m,d(x)b3m,d

;=O |b∗3m,d(x)| < 1/(L3m22L3m)
n 'h��-:>�WC-

4�+�-C13-N-(��;=254�2
n(d)

]&;\4�+
Pd,3m+1 − 2B0,3m+1 < n(d) ≤ Pd,3m+1

c�23<o4�+JIK4zi�]^-0+JI:�?-0<?>�Z=[�4�<
13-:g.ZfI�W:-

L3m
b9[

22B0,3m+1
n

|u∗d,0,3m+1,n(d)(x)| ≥ 1

22B0,3m+122·22B0,3m+1
>

1

22Pd,3m+1

c

|u∗d,0,3m+1,n(x)| < 1

22B0,3m+122·22B0,3m+1

O�<P1
n(d) + 1 ≤ n ≤ Pd,3m+1

�94�+.-:13-:O�<?13-?c
b�[*4�+�-X2UIKQ0-�g.13<9<?OdIKb�<C��-XOf<?1^4�+�-�I�g�g�13<Y��;=Q*IK4�;=<?>*<?O
b′∗3m,i(x)b′3m,i

c�]^-�WYI�>jy?-:4

∥∥∥
n(d)−1∑

n=Pd,3m+1−2B0,3m+1+1

u∗d,0,3m+1,n(x)ud,0,3m+1,n − b∗3m,d(x)b3m,d + Ed,3m+1,0

∥∥∥

< 3a3m+1 + 1/(22B0,3m+12B0,3m+1+22B0,3m+1
)
'

� ��g � 3�i�4�+�;=13e�IKg.g�13<Y�
;AQ*IK4�;=<?> n ' � 4L4�+�;=2�g�<P;A>�4Yc�23;=>.W:-
1/(L3m22L3m) > 1/22Pd,3m+1

c�O�13<?Q
4�+�-*g.13<9WC-:e�8.13-:27<?O�� �Xp /�I�>�e �Xpt/�) i�]&+.-:13-*>�<Y]

n + 1
<?OLi {Pn <PO �Xp /
)¡;=2713-:g�ZfI�WC-:e�b9[

n(d)
n ;\4�O�<?Z=Z=<Y]&2^4�+�IY4�]^-�WYI�>qI�g�g�13<Y��;=QzIY4�-

b∗3m,d(x)b3m,d
b�[oI�238�b.238�Q£<?O

Gd,0,3m+1∑

g=1

x∗d,0,3m+1,g(x)x̃d,0,3m+1,g .

),+�-C13-:O�<P13-�c�O�<P1
1 ≤ i ≤ i(m)

I�>�e
d(0, i) + 1 ≤ d ≤ d(m, i)− 1

c�4�+�-:13-�-:��;=254�2EI�238�b.23-C698�-:>.W:-
(s(d, g))

G(d,0,3m+1)
g=1

<?O
(g)

Gd,0,3m+1

g=1

238�WU+o4�+JIK4Yc�23-:434�;=>�y

u0,d,3m+1 =

G(d,0,3m+1)∑

g=1

x∗d,0,3m+1,s(d,g)(x)x̃d,0,3m+1,s(d,g)
c

]^-M+�I(��-

‖u0,d,3m+1 − b∗3m,d(x)b3m,d‖ < 2/22Pd,3m+1
'

� ��g � } i!gJI�>�<?1UI�Q*I <PO74�+.-�/�13254q4�+�13-C-�IKg.g�13<Y�
;AQ*IK4�;=<?>�2 n '£��-:>.W:-�b�[H4�+�-�I�b�<Y�?-�cM23-(434�;=>�y
D(m) = d(m, i(m))

c�;\40O�<?Z=Z=<Y]&2$4�+�IY4�i�]^-�I�Z=23<�8�23-o4�+�-qZfI�2540b�8�4*<?>�-qg�13<?g�-:154a[ <?O]/94�-:g x
<?O>/ ¢ V �$' x�n

∥∥∥
i(m)∑

i=1

( d(m,i)−1∑

d=d(0,i)+2

G(d,0,3m+1)∑

g=1

x∗d,0,3m+1,s(d,g)(x)x̃d,0,3m+1,s(d,g) − b′∗3m,i(x)b′3m,i
)

+ ED(m),3m+1,0

∥∥∥ < 3a3m+1 +
1

2L3m

23;=>�WC-0i�]^-�g�<?;=>�4�<?8�4�4�+�IY4
Bd,3m+1

��+�-C>�W:-
Pd,3m+1

��;=2�Q78.WU+jZfI�13y?-:1,4�+�IK>
B0,3m+1

n

i(m)∑

i=1

(
1

L3m2B3m+1+L3m
+

d(m,i)−1∑

d=d(0,i)+2

(
2

22Pd,3m+1
+

1

2B0,3m+1+22B0,3m+1

))

<
L′3m

L3m2B3m+1+L3m
+
L′3m22B0,3m+1

22Pd,3m+1
+

L′3m22B0,3m+1

2B0,3m+1+22B0,3m+1
<

1

2L3m

'



��� � �������	�
����	�

� ��g � 5zi!O�<?8�154�+jI�g�g.13<C��;=QzIK4�;=<?> n '��E>z4�+.-�<P4�+�-C1^+�IK>.eSb�[*4�+�-�I�b�<Y�?-M;\4&I�Z=23<$Of<?Z=Z=<Y]&2�4�+JIK4Yc
O�<?1
i = i(m)

c�23;=>�WC-
D(m) = d(m, i(m))

c |b∗3m,D(m)(x)| ≥ 1/(L3m22L3m)
c�+�-:>.W:-LI�Z=23<

|u∗D(m),0,3m+1,n(D(m))(x)| ≥ 1/(L3m22.22B0,3m+1
) > 1/22PD(m),3m+1

'
),+�-C13-:O�<P13-zOf<?1

(xD(m),0,3m+1,g)
GD(m),0,3m+1

g=1

]^-jIK13-z;=>�4�+.-*23;\4�8JIK4�;=<?>�<?OLi!; n <?O � � ¢ �¡i!;\47;=2
g�<?2323;=b�ZA-�b�[q4�+�-$e�-:/�>.;\4�;=<?>�2X<PO

B0,3m+1
IK>.e

Bd,3m+1
O�<?1

1 ≤ d ≤ L3m

n �tQN<?13-:<Y��-:1Xb�[�4�+�-
I�b�<Y��-X4�+�-C13-M-(��;=254�2

((ue,0,D(m),d,3m+1,s(d,g))
G(d,0,3m+1)
g=1 )

d(m,i)−1
d=d(0,i)+2)

L′3m
i=1 ⊂ ED(m),3m+1,0238�Wr+S4�+�IY4

∥∥∥
i(m)∑

i=1

d(m,i)−1∑

d=d(0,i)+2

G(d,0,3m+1)∑

g=1

(x∗d,0,3m+1,s(d,g)(x)x′d,0,3m+1,s(d,g) + ue,0,D(m),d,3m+1,s(d,g))
∥∥∥

=
∥∥∥
i(m)∑

i=1

d(m,i)−1∑

d=d(0,i)+2

G(d,0,3m+1)∑

g=1

x∗d,0,3m+1,s(d,g)(x)x′d,0,3m+1,s(d,g) + ED(m),3m+1,0

∥∥∥ �

4�+�-C13-:O�<P13-Mb�[�i!; n <?O�� � ¢ � I�>�eob�[S4�+�-LI�b�<Y��-M;\4&Of<?Z=ZA<C]&2,4�+JIK4
∥∥∥
i(m)∑

i=1

( d(m,i)−1∑

d=d(0,i)+2

G(d,0,3m+1)∑

g=1

(x∗d,0,3m+1,s(d,g)(x)xd,0,3m+1,s(d,g) + uu,0,D(m),d,3m+1,s(d,g))

− b′∗3m,i(x)b′3m,i
)

+ ED(m),3m+1,0

∥∥∥ < 3a3m+1 +
1

2L3m
+

1

22PD(m),3m+1
,

uu,0,D(m),d,3m+1,s(d,g)

=

G(D(m),0,3m+1,g)∑

g′=G(D(m),0,3m+1,g−1)+1

x∗D(m),0,3m+1,s′(d,g′)(x)xD(m),0,3m+1,s′(d,g′)

O�<P1
1 ≤ g ≤ G(d, 0, 3m+ 1)

c
d(0, i) + 2 ≤ d ≤ d(m, i)− 1

I�>�e
1 ≤ i ≤ i(m)

c�]&+�-C13-

((((xD(m),0,3m+1,s′(d,g′))
G(D(m),0,3m+1,g)
g′=G(D(m),0,3m+1,g−1)+1)

G(d,0,3m+1)
g=1 )

d(m,i)−1
d=d(0,i)+2)

i(m)
i=1

;=2�I$238.;\4rI�b�Z=-�238�b�23-Y698�-:>�WC-�<?O
(xD(m),0,3m+1,g)

GD(m),0,3m+1

g=1

�.4�+�;=2&W:<?QNg�ZA-(4�-:2�4�+�-�g�13<
<?Od<?O
(∗)O�<P1 ¢ V �$'

),+.;=2�W:<?QNg.Z=-(4�-C2^4�+�-Mg�13<
<?O�<?O,i!;=; n '
�^���Y� n�� n �sP8PAP � 'MVG4X;=2�238��NW:;=-C>�4X4�<*O�<?Z=Z=<Y] 4�+�-7g.13<9WC-:e�8.13-7<?OEi!; n I�>�e i!;=; n '�),+�;=2�WC<?QNg�Z=-:4�-:2E4�+�-
g�13<
<?O�<?Oh��-CQNQ*ISv l '

�^����	�� � �t	���� ������
0� ��� � �E��� � ����� ���
	J�������a���

Va>�4�+�-zg�13<
<PO�<?O`/�4�-:g x <?O,4�+�-*>�-:�
47ZA-:QNQzIS4�+�-:13-z;=2$I�>�-(��g�ZfI�>JIK4�;=<?>�<?O,4�+�-z13-YI�23<?>�<?O,4�+�-
W:<?>�254�138.W(4�;=<?>*<PO_4�+�-�23-C698�-:>.W:-

(v′3m+3,n)
Q′′3m+3

n=1

;=>:/�4�-Cg x <PO?/ ¢ V3V3Vr' w ��4�+�-E2UI�Q0-&13-KI�23<P>z+�<?Z=e.2
I�Z=23<MOf<?1

(v′3m+1,n)
Q′′3m+1

n=1

;A>6/�4�-:g65E<?O�/ ¢ V3V3Vr'=v&I�>�e$O�<P1
(v′3m+2,n)

Q′′3m+2

n=1

;=>6/�4�-Cg 3M<POj/ ¢ V3V3Vr' x '
� g�k k � x )�ib/9-:WC<?>�e ¢ <?QNg�Z=-:4�-:>�-C2325� �&-:y?8�Z�IK13;A�YIK4�;=<?>0��-:Q0Q*I�c�/ ¢ �&� n � ���dO�[U"r��O�PAO r0�! �"��! �P���W
VU%�a

"
a_Q\�G[&%JcE^�"L IZdYP"L�! �" n(�MQ8Q=�d^>P8O r\UJ����U."r�(��P�"�V�B



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � ��� �

i � n �  �"(��"�P8V ZMQT^ ZdSMV+Z�U�"(�r��%��bZP��P �dO
(π(3m+ 2, g))

G3m+2

g=1

� n
((3m+ 2, g))

G3m+2

g=1

ZdO�W Z
V:"	Xr%J"�O�[U"

(u3m+3,g)
G3m+2

g=1

� nS�! �" %GP8O�W�� n
(us)

q(3m)
s=1

� nji!;=;=; n � n�� ¢ �&� ^>P!�! 
m

��"�U$Q Z�[U"�W aRS

m+ 1
c&VU%�[( j�! IZP�

(∥∥∥
G∑

g=1

(x∗π(3m+2,g)(x)xπ(3m+2,g) + u3m+3,g)
∥∥∥
)G3m+2

G=1

PAV
(2, 1, a3m+2/2

Q0,3m+2) "
�0�dO��P�G�dO�"�c.ZdO�W

∥∥∥
G∑

g=1

(x∗π(3m+2,g)(x)xπ(3m+2,g) + u3m+3,g)
∥∥∥ < η3m+2

n:���
1 ≤ G ≤ G3m+2

^� �"(��"
η3m+2 → 0

ZdV
m→∞ $m	O�UcZ��(��PL[(%IQ Z����! �PAV>nRZ�[:��[U�dOJ��P8O.%."RV��G�N ��MQ WpZMQoV(� P n�cEV(":� ��PAO<r

u3m+3,g =

G(3m+3,g)∑

g′=G(3m+3,g−1)+1

(x∗π(3m+3,g′)(x)xπ(3m+3,g′) + u3m+4,g′),

u3m+4,g′ =

G(3m+4,g′)∑

g′′=G(3m+4,g′−1)+1

x∗π(3m+4,g′′)(x)xπ(3m+4,g′′)

n:���
1 ≤ g ≤ G3m+2

ZdO�W
G(3m+ 3, g − 1) + 1 ≤ g′ ≤ G(3m+ 3, g)

cj^�"�[U�dO�V	PLW�"(�M�! �"]^� ��MQ\"
V:"	Xr%J"�O�[U"

( G̃∑

g=1

x∗π̃(g)(x)xπ̃(g)

)G̃3m+2

G̃=1

=
(G−1∑

g=1

(
x∗π(3m+2,g)(x)xπ(3m+2,g) +

G(3m+3,g)∑

g′=G(3m+3,g−1)+1

(
x∗π(3m+3,g′)(x)xπ(3m+3,g′)

+

G(3m+4,g′)∑

g′′=G(3m+4,g′−1)+1

x∗π(3m+4,g′′)(x)xπ(3m+4,g′′)

))

+
G′−1∑

g′=G(3m+3,G−1)+1

(
x∗π(3m+3,g′)(x)xπ(3m+3,g′)

+

G(3m+4,g′)∑

g′′=G(3m+4,g′−1)+1

x∗π(3m+4,g′′)(x)xπ(3m+4,g′′)

)

+
G′′∑

g′′=G(3m+4,G′−1)+1

x∗π(3m+4,g′′)(x)xπ(3m+4,g′′)

))G(3m+4,G′)

G′′=G(3m+4,G′−1)+1

)G(3m+3,G)

G′=G(3m+3,G−1)+1

)G3m+2

G=1
,

G̃3m+2 = G3m+2 +G(3m+ 3, G3m+2) +G(3m+ 4, G(3m+ 3, G3m+2));



��� � �������	�
����	�

�! IZP� PAV?c.Z r<ZdP8O
(‖∑G̃

g=1 x
∗
π̃(g)(x)xπ̃(g)‖)G̃3m+2

G̃=1

PAV
(0, η̃3m+2) "

�*�dO��P�G�dO�"+ZdO�W

∥∥∥
G̃∑

g=1

x∗π̃(g)(x)xπ̃(g)

∥∥∥ < η̃3m+2

n:���
1 ≤ G̃ ≤ G̃3m+2

^� �"(��"
η̃3m+2 → 0

ZdV
m→∞ $

i p n ������"	Z�[r 
(ũ3m+2,s)

q(3m+2)
s=1 ⊂ span(u′3m+2,s)

n′(3m+2)−1
s=1

^>P��! 

‖ũ3m+2,s‖ < 2.3.5q(3m+ 2)

n:���
1 ≤ s ≤ q(3m + 2)

ZdO�W\n:���*"	Z�[r V:"	Xr%J"�O�[U"
(as)

q(3m+2)
s=1

� n+O.%
�6aU"r��V ^>P��! |as| ≤ 1
n(���

1 ≤ s ≤ q(3m+ 2)
ch�! �"r�U"$"�qMP8Vr��V

(u3m+2,s)
q(3m+2)
s=1

^>P!�! _c n:���
1 ≤ s, S ≤ q(3m+ 2)

ZdO�W n:���
V:���0"

η3m+2 → 0
c

∥∥∥
S∑

s=1

(uu,3m+2,s − ũ3m+2,s) + aSu
′∗
3m+2,n′(3m+2)(x)u′3m+2,n′(3m+2)

∥∥∥ < η3m+2,

u3m+2,s =

G(3m+2,s)∑

g=G(3m+2,s−1)+1

(x∗π(3m+2,g)(x)xπ(3m+2,g) + u3m+3,3m+4,g)

= uu,3m+2,s + ue,3m+2,s,

uu,3m+2,s =

G(3m+2,s)∑

g=G(3m+2,s−1)+1

x∗π(3m+2,g)(x)x̃π(3m+2,g),

u3m+3,3m+4,g =

G(3m+3,3m+4,g)∑

n=G(3m+3,3m+4,g−1)+1

x∗π(3m+3,3m+4,n)(x)xπ(3m+3,3m+4,n),

^� �"(��"
(xπ(3m+3,3m+4,n))

G(3m+3,3m+4,q(3m+2))
n=1

P8V\Z]U�"(�r��%��bZP��P �dO�� n\Z VU%�a�V:"	Xr%J"�O�[U"$� n

(xn)
q(3m+5)
n=q(3m+3)+1

VU%�[( z�! IZP�(c�n(���M�! �"L"_Q\"r�*"RO.��V
xπ(3m+3,3m+4,n) − x̃π(3m+3,3m+4,n)

c��! �" U."r�
"

�$%��bZP��P��dOcV PAO�W�%�[U"	W �dO
(xn)

q(3m+4)
n=q(3m+3)+1

ZdO$W��dO
(xn)

q(3m+5)
n=q(3m+4)+1

Z��U"@� no�! �" V_Z��0" % PAO�W
� no�! �"6U�"r�r�$%��bZP��P��dO�V�� nqi p n ZdO�W�i � n � n �E� �U"�VbU�"	[:��P8YP"RQoS�c+ZdO�W V�%�[r ��! IZP�(c n:���

1 ≤ G ≤
G(3m+ 2, q(3m+ 2))

ZdO�W
1 ≤ G′ ≤ G(3m+ 3, 3m+ 4, G(3m+ 2, q(3m+ 2))),

∥∥∥
G∑

g=1

(
x∗π(3m+2,g)(x)(xπ(3m+2,g) − x̃π(3m+2,g)) + u3m+3,3m+4,g

)∥∥∥ < η3m+2,

∥∥∥
G′∑

g=1

x∗π(3m+3,3m+4,n)(x)xπ(3m+3,3m+4,n)

∥∥∥ < η3m+2.

i ¢ n ������"	Z�[( +V:"�X(%."RO�[U"
(ũ3m+1,s)

q(3m+1)
s=1 ⊂ span(u′3m+1,s)

n′(3m+1)−1
s=1

^>P��! ‖ũ3m+1,s‖ <
2.10.7q(3m+1)

n:���
1 ≤ s ≤ q(3m+1)

c�ZdO�W n:���E"	Z�[( +V("	X(%."RO�[�"
(as)

q(3m+1)
s=1

� n�O.%
�6aU"r��V�^>P!�! 
|as| ≤ 1

n:���
1 ≤ s ≤ q(3m+1)

c��! �"r�U"�"�qdPAVr��V
(u3m+1,s)

q(3m+1)
s=1

^>P!�! �c n:���
1 ≤ s, S ≤ q(3m+1)ZdO�W n:���]V:���0"

η3m+1 → 0
c

∥∥∥
S∑

s=1

(uu,3m+1,s − ũ3m+1,s) + aSu
′∗
3m+1,n′(3m+1)(x)u′3m+1,n′(3m+1)

∥∥∥ < η3m+1,



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � ��� �

u3m+1,s =

G(3m+1,s)∑

g=G(3m+1,s−1)+1

(x∗π(3m+1,g)(x)xπ(3m+1,g) + u3m+2,3m+3,3m+4,g)

= uu,3m+1,s + ue,3m+1,s,

uu,3m+1,s =

G(3m+1,s)∑

g=G(3m+1,s−1)+1

x∗π(3m+1,g)(x)x̃π(3m+1,g),

u3m+2,3m+3,3m+4,g

=

G(3m+2,3m+3,3m+4,g)∑

n=G(3m+2,3m+3,3m+4,g−1)+1

x∗π(3m+2,3m+3,3m+4,n)(x)xπ(3m+2,3m+3,3m+4,n),

^� �"(��"
(xπ(3m+2,3m+3,3m+4,n))

G(3m+2,3m+3,3m+4,G(3m+1,q(3m+1)))
n=1

P8V Z U�"(�r��%��bZP��P �dO � n Z
VU%�aRV:"�X(%."RO�[U"$� n

(xn)
q(3m+5)
n=q(3m+2)+1

VU%�[( j�! IZP�rc<n:����^� IZP��[U�dO�[U"r��O�VM�! �"$"RQ="r�*"�OJ��V

xπ(3m+2,3m+3,3m+4,n) − x̃π(3m+2,3m+3,3m+4,n),

�! �" U�"r�r�$%��bZP��P��dO�V PAO$W�%�[U"�WS�dO
(xn)

q(3m+3)
n=q(3m+2)+1

ZdO$WS�dO
(xn)

q(3m+4)
n=q(3m+3)+1

ZdO$WS�dO

(xn)
q(3m+5)
n=q(3m+4)+1

Z���"q� nz�! �"pVRZ��*" %GP8O�W�� nz�! �"+U."r�r�$%��bZP��P��dO�VS� nSi ¢ n c&i p n ZdO$W�i � n � n �&�
��"RVbU�"	[(��PAY�"_QTS�c>ZdO�W VU%�[r j�! IZP�(c n:���

1 ≤ G ≤ G(3m+ 1, q(3m+ 1))
ZdO�W

1 ≤ G′ ≤ G(3m+ 2,

3m+ 3, 3m+ 4, G(3m+ 1, q(3m+ 1))),

∥∥∥
G∑

g=1

(
x∗π(3m+1,g)(x)(xπ(3m+1,g) − x̃π(3m+1,g)) + u3m+2,3m+3,3m+4,g

)∥∥∥ < η3m+1,

∥∥∥
G′∑

g=1

x∗π(3m+2,3m+3,3m+4,n)(x)xπ(3m+2,3m+3,3m+4,n)

∥∥∥ < η3m+1.

�^���Y� n
$
� �8i�� � � � i � ' ���U�Y� nL� n �!# � $ /98�g.g�<?23-M4�+JIK4&4�+�-�<?g�-:1UIK4�;=>.y$WU+JI�;=>oWC<P>.e�;\4�;=<?>j+�<?Z=e.2�O�<?1∑q(3m+6)

n=q(3m+3)+1 x
∗
n(x)xn

'dF�-X]&;=Z=Z_g�13<
W:-C-:eS4�+�13<?8�y?+ w 254�-:g�2C'

� ��g � v?'���-(4
(π(3m+ 2, g))

G3m+2

g=1

b�-L4�+�-Lg�-C13Q78�4rIK4�;=<?>q<PO
((3m+ 2, g))

G3m+2

g=1

<?O ��I�W(4 30<?O
4�+�-�23;\�
4�+SgJI�154&<?O�4�+�-Mg�13<
<?Oh<PO��&� IK>.ejWC<?>�23;=e�-C1

G3m+2∑

g=1

x∗π(3m+2,g)(x)(xπ(3m+2,g) − x′′′π(3m+2,g))

=

G3m+2∑

g=1

x∗π(3m+2,g)(x)(x′π(3m+2,g) + x′′π(3m+2,g)).

VaO
E3m+2,0 ⊂ span(u3m+3,k)

n(3m+3)−1
k=1

i�4�+JIK4S;=2Cc&b�[ /�4�-Cg x <PO+/ ¢ V3V3Vr' w c&;=O
M3m+2,0 ≤

n′(3m + 3) − 1
n ]^-$+JI:��-?c�b�[ i!;=;A; n <?O � ¢ �&��]&;=4�+

m
13-:g.ZfI�W:-:e�b�[

m + 1
c_4�+�-$-:��;=254�-:>�WC-�<?O

(ue,3m+3,g)
G3m+2

g=1

I�>�e
(ue,3m+4,g)

G(e,3m+4,G(e,3m+3,G3m+2))
g=1

]&;\4�+qi�]^-&23-:4
G(e, 3m+3, 0) =

0 = G(e, 3m+ 4, 0)
n

ue,3m+3,g =

G(e,3m+3,g)∑

g′=G(e,3m+3,g−1)+1

(x∗π(3m+3,g′)(x)xπ(3m+3,g′) + ue,3m+4,g′),



��� � �������	�
����	�

ue,3m+4,g′ =

G(e,3m+4,g′)∑

g′′=G(e,3m+4,g′−1)+1

x∗π(3m+4,g′′)(x)xπ(3m+4,g′′)

O�<P1
1 ≤ g ≤ G3m+2

I�>�e
G(e, 3m + 3, g − 1) + 1 ≤ g′ ≤ G(e, 3m + 3, g)

c�238�Wr+@4�+JIK4Yc�O�<?1
1 ≤ G ≤ G3m+2

c

∥∥∥
G∑

g=1

(x∗π(3m+2,g)(x)(x′π(3m+2,g) + x′′π(3m+2,g)) + ue,3m+3,g)
∥∥∥

<
∥∥∥

G∑

g=1

x∗π(3m+2,g)(x)(x′π(3m+2,g) + x′′π(3m+2,g)) + E3m+2,0

∥∥∥+ η3m+2

O�<P1X23<?QN-
η3m+2 → 0

'�),+�-:13-COf<?13-�c�b�[q4�+�-�g�13<
W:-Ce�8�13-$<PO�i!;=;=; n <?O � ¢ �&� ]&;\4�+
m
13-Cg�ZfI�W:-Ce�b9[

m+ 1
c�]^-�e�-:e�8.W:-X4�+�IY4

(∥∥∥
G∑

g=1

(x∗π(3m+2,g)(x)(x′π(3m+2,g) + x′′π(3m+2,g)) + ue,3m+3,g)
∥∥∥
)G3m+2

G=1

;=2
(1, a3m+2/2

Q0,3m+2)
��Q0<?>�<P4�<P>.-?c�+�-C>�W:-

(0, a3m+2(1 + 1/2Q0,3m+2))
��QN<?>�<P4�<?>�-?c
]&;\4�+

∥∥∥
G∑

g=1

(x∗π(3m+2,g)(x)(x′π(3m+2,g) + x′′π(3m+2,g)) + ue,3m+3,g)
∥∥∥ < η3m+2

O�<P1
1 ≤ G ≤ G3m+2

O�<?1�23<PQ0-
η3m+2 → 0

'
FH+�;=ZA-?cd;=O

n′(3m + 3) ≤ M3m+2,0
c�b9[ /94�-:g�vz<?O`/ ¢ V3V3Vr' w I�>�e b�[�4�+�-z-Y698�;\�?I�Z=-C>�4YchO�<?1

/ ¢ V3V3Vr' w c�<?O�4�+�-�O!I�W(4�IK4�4�+�-M-:>�eo<?O>/94�-:g@vX<?O / ¢ V3V3Vr'=vPc�4�+�-C13-X-:��;=254�2
S̃
]&;=4�+

1 ≤ S̃ ≤ S3m+2238�Wr+S4�+�IY4Yc�O�<P1�23<?Q0-
ηm → 0

c

∣∣∣
∥∥∥
S̃−1∑

g=1

e′′′∗3m+2,g(x)e′′′3m+2,g + span(u′3m+3.s)
A3m+3

s=1

∥∥∥

−max(|e′′′∗3m+2,g(x)| : 1 ≤ g ≤ S̃ − 1)
∣∣∣ < ηm,

∣∣∣
∥∥∥
S3m+2∑

g=S̃+1

e′′′∗3m+2,g(x)e′′′3m+2,g + span(u′3m+3.s)
A3m+3

s=1

∥∥∥

−
S3m+2∑

g=S̃+1

|e′′′∗3m+2,g(x)|
∣∣∣ < ηm +

A3m+3∑

s=n′(3m+3)+1

|u′∗3m+3,s(x)|,

;=> gJI�154�;=WC8�ZfI�1 |e′′′∗
3m+2,S̃

(x)| ≤ a3m+2
I�>�etc�I�Z=23<�b9[�4�+.-j2UI�QN-og�13<
<?O�<PO$i!;=; n <?O ¢ � I�>�e�b�[

i�3 x ' w�n <?O ¢ V3Vrc ∑S3m+2

g=S̃+1
|e′′′∗3m+2,g(x)| < η′m

O�<?1S23<?QN-
η′m → 0

�M4�+�-:13-COf<?13-�]^-�+JI:��-�4�+.-
2UI�QN-�WC<P>.W:Z=8�23;A<P>@IK2LIKb�<C��-$Of<?1

M3m+2,0 ≤ n′(3m + 3) − 1
'��q<?13-:<Y��-:1�4�+�-�WC<?>�254�138�W(4�;A<P>�<PO

(ue,3m+3,g)
G3m+2

g=1

I�>�e
(ue,3m+4,g)

G(e,3m+3,G3m+2)
g=1

+JI�2�4�<�b�-&238�WU+N4�+JIK4�4�+�-�]&+�<?Z=-�23-C698�-C>�W:-C2

(x∗π(3m+3,g′)(x)(xπ(3m+3,g′) − x̃π(3m+3,g′))
G(e,3m+3,G3m+2)
g=1

I�>�e

(x∗π(3m+4,g′′)(x)(xπ(3m+4,g′′) − x̃π(3m+4,g′′))
G(e,3m+4,G(e,3m+3,G3m+2))
g=1



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � ��� �

+JI:��-�4�+�-Lg.13<Pg�-:154�;=-C2�<?Oh4�+.-�g�-C13Q78�4rIK4�;=<?>�2E<PO�i p n I�>�e�i � n <?O �&��13-C23g�-:W:4�;\��-:Z\[_�JI�>JI�Z=<?y?<?8�23Z\[9c
O�<P1^-YI�Wr+

g
I�>�e

g′
]&;\4�+

1 ≤ g ≤ G3m+2
I�>�e

G(e, 3m+ 3, g− 1) + 1 ≤ g′ ≤ G(e, 3m+ 3, g)
c

4�+�-�g�-:13Q�8�4rIK4�;=<?>�2,<?Oh-YI�WU+

(x∗π(3m+3,g′)(x)x̃π(3m+3,g′))
G(e,3m+3,g)
g′=G(e,3m+3,g−1)+1

I�>�e

(x∗π(3m+4,g′′)(x)x̃π(3m+4,g′′))
G(e,3m+4,g′)
g′′=G(e,3m+4,g′−1)+1+JI:��-,4�+.-�2UI�QN-�WC<?>�254�138�W(4�;A<P>.2�I�>�e0g�13<?g�-C154�;=-:2�<?OJ4�+�-&W:<?1313-:23g�<P>.e�;=>�y�g�-:13Q�8�4rIK4�;=<?>�2�<?OJ4�+.-�ZfI�254

gJI�154�2�<?O�i p n IK>.e�i � n <?O �&��13-:23g�-CW(4�;\��-:Z=[��?4�+�IY4^;A2�i!13-:WKI�Z=ZJOf<?1Xi � n <?O �E��c9Of13<?Q¡4�+�-E-:>�ez<?O�4�+�-
g�13<
<?O�<?O���I�W(4 x ;=>j4�+�-X4�+�;A13eSgJI�154E<?O�4�+�-�g�13<
<?O�<PO��&��c

∥∥∥∥W̃3m+1,p −
p

T3m+1
W3m+1

∥∥∥∥ <
a3m+1

4 · P3m+12Q0,3m+1
, T3m+1 = 2M3m+1+2Q3m+1

I�>�e�I�>JI�Z=<?yP<?8�23Z=[zOf<?1Li p n <?O��&� n g.1UIKW:4�;=WYI�Z=Z=[

( G∑

g′=G(e,3m+3,g−1)+1

x∗π(3m+3,g′)(x)x̃π(3m+3,g′)

)G(e,3m+3,g)

G=G(e,3m+3,g−1)+1

;=2EI�g�13<?y?13-:2323;\��-�-:>�ZfI�13y?-:Q0-:>�4&<?OdI
1/2M3m+3

��QN;=>.;fIK4�8�13-X<?O�4�+.-X]&+�<?Z=-

G(e,3m+3,g)∑

g′=G(e,3m+3,g−1)+1

x∗π(3m+3,g′)(x)x̃π(3m+3,g′)

I�>�e�I�>JI�Z=<?yP<?8�23Z=[

( G∑

g′′=G(e,3m+4,g′−1)+1

x∗π(3m+4,g′′)(x)x̃π(3m+4,g′′)

)G(e,3m+4,g′)

G=G(e,3m+4,g′−1)+1

;=2EI�g�13<?y?13-:2323;\��-�-:>�ZfI�13y?-:Q0-:>�4&<?OdI
1/2M3m+4+2Q3m+4

��Q0;=>�;fIK4�8�13-M<PO�4�+�-M]&+�<?Z=-

G(e,3m+4,g′)∑

g′′=G(e,3m+4,g′−1)+1

x∗π(3m+4,g′′)(x)x̃π(3m+4,g′′).

� ��g � x 'X��-:478.27>�<Y] 4�8.13>�4�< ∑G3m+2

g=1 x∗π(3m+2,g)(x)x′′′π(3m+2,g)

'jF�-z13-:WYI�Z=ZGc�b�[ /�4�-Cg x <?O
/ ¢ V3V3Vr' w IK>.ejb9[*4�+.-Mb�-CyP;A>�>�;=>�yN<PO / ¢ V3V3Vr'=v?c
4�+JIK4

(u′3m+3,s)
A3m+3

s=1 = (u′3m+3,s)
A′′3m+3

s=1 = (e3m+2,0,n)
M3m+2,0

n=1 ∪ (u′′3m+3,s)
P ′′3m+3

s=1 ,

]&+�-C13-
(u′′3m+3,s)

P ′′3m+3

s=1 ∪ (v′3m+4,n)
Q′′3m+4

n=1

W:<?QN-C2�O�13<?Q 4�+�-�g�13<
W:-Ce�8�13-�<?O ¢ V3V�I�>�ez<?Ot��-:Q0Q*I
v x IK>.e�;A>�gJI�154�;=W:8.ZfI�1

(u′′3m+3,s)
Q′′3m+3

s=1 = (v′3m+3,n)
Q′′3m+3

n=1

]�I�2MI�Z=13-KI�e�[oe�-C/�>�-:e�;=> /�4�-:g 50<?O
/ ¢ V3V3Vr' x '

),+.-:13-:O�<?13-L238�g�g�<P23-74�+JIK4
M3m+2,0 + Q′′3m+3 ≤ n′(3m+ 3) − 1

'&p�[�i�3 x ' 3 n <?O ¢ V3V^]&;\4�+

m+ 2
13-:g�ZfI�WC-:ejb�[

3m+ 4
c�;A>jgJI�154�;=W:8.ZfI�1,;=>S4�+�-�e.-:/�>�;=4�;=<?>S<?O

(v′3m+3,n)
Q′′3m+3

n=1

c�]^-�23-:-M4�+JIK4

(yn, y
∗
n)
Q(m)
n=1

;=2�13-Cg�ZfI�W:-Ce*b�[
B′4(3m+ 1)

<?O?/94�-:g63�<PO./ ¢ V3V3Vr' x c9+�-C>�W:-�Of<?1
(yn)

Q(m)
n=1

13-:g�ZfI�WC-:e
b�[

(xn)
q(3m+1)
n=1 ∪ (xn − xbrd,n)

q(3m+2)
n=q(3m+1)+1 ∪ (u′3m+2,s)

A′′3m+2

s=1

c�4�+�-C13-M-(��;=254�2

(ũu,3m+3,g)
G3m+2

g=1 ⊂ span(v′3m+3,n)
Q′′3m+3

n=1 ⊂ span(u′3m+3,s)
n′(3m+3)−1
s=1



��� � �������	�
����	�

238�Wr+S4�+�IY4Yc�O�<P1�-KI�WU+
G
]&;=4�+

1 ≤ G ≤ G3m+2
c

(◦)
∥∥∥

G∑

g=1

(x∗π(3m+2,g)(x)x′′′π(3m+2,g) + ũu,3m+3,g)
∥∥∥

< dist
( G∑

g=1

x∗π(3m+2,g)(x)x′′′π(3m+2,g), X ∩
q(3m+2)⋂

n=1

x∗n⊥ ∩
A′′3m+2⋂

s=1

u′∗(3m+2,s)⊥

)

+1/22(q(3m+1)+A′′3m+2)+2

i�4�+�;=2�13-:ZfIK4�;=<?>S;=2�g�<P2323;Ab�Z=-Mb�-:WYI�8�23-�c�b9[z4�+�-Mb�-CyP;A>�>�;=>�yN<PO /�4�-Cg@vM<?O / ¢ V3V3Vr' w c

span(x′′′π(3m+2,g))
G3m+2

g=1 = span(u′3m+2,s)
A′′3m+2

s=1 ,

(u′3m+2,s)
A3m+2

s=A′′3m+2+1 ⊂ span(x′3m+2,g, x
′′
3m+2,g)

G3m+2

g=1

⊂ span(e′′′3m+2,n)
S3m+2

n=1 ⊂ X ∩
q(3m+2)⋂

n=1

x∗n⊥ ∩
A′′3m+2⋂

s=1

u′∗(3m+2,s)⊥

∩
Q′′3m+3⋂

s=1

v′∗(3m+3,s)⊥

]&+�-C13-X]^-M13-CWYI�Z=Z_4�+JIK4Yc�23;=>�WC-
(x′′′π(3m+2,g))

G3m+2

g=1

;A2,4�+�-Mg�-C13Q78�4rIK4�;=<?>S<?O

(x′′π(3m+2,g) + x′′′π(3m+2,g))
G3m+2

g=1

<?O�4�+.-M23;\�
4�+jgJI�154&<PO�4�+�-�g�13<
<POh<?O �E��c

(∗)
( G∑

g=1

x∗π(3m+2,g)(x)x′′′π(3m+2,g)

)G3m+2

G=1

;=2EI�g�13<?y?13-:2323;\��-�-C>�ZfI�13y?-:QN-C>�4�<?OdI
1/2M3m+2/2

��Q0;=>�;fIK4�8�13-X<?O�4�+�-X]&+.<PZA-

G3m+2∑

g=1

x∗π(3m+2,g)(x)x′′′π(3m+2,g) =

A′′3m+2∑

s=1

u′∗3m+2,s(x)u′3m+2,s.

),+�-C13-:O�<P13-�cdb�[�4�+�-zg�13<
WC-:e�8�13-S<?O`/�4�-:g�v?cd]^-z+JI:��-z4�+�-z-(��;=254�-C>�W:-*<?O
(uu,3m+3,g)

G3m+2

g=1

I�>�e

(uu,3m+4,g)
G(u,3m+3,G3m+2)
g=1

]&;\4�+

uu,3m+3,g =

G(ue,3m+3,g)∑

g′=G(u,3m+3,g−1)+1

(x∗π(3m+3,g′)(x)xπ(3m+3,g′) + uu,3m+4,g′),

uu,3m+4,g′ =

G(u,3m+4,g′)∑

g′′=G(u,3m+4,g′−1)+1

x∗π(3m+4,g′′)(x)xπ(3m+4,g′′)

O�<P1
1 ≤ g ≤ G3m+2

I�>�e
G(u, 3m + 3, g − 1) + 1 ≤ g′ ≤ G(u, 3m + 3, g)

i�]&+�-C13-j>�<Y]
G(u, 3m+ 3, 0) = G(e, 3m+ 3, G3m+2)

IK>.e
G(u, 3m+ 4, 0) = G(e, 3m+ 4, G(e, 3m+ 3,



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � ��� �

G3m+2))
n c�238�WU+j4�+JIK4Yc�Of<?1

1 ≤ G ≤ G3m+2
c

∥∥∥
G∑

g=1

(
x∗π(3m+2,g)(x)x′′′π(3m+2,g) + uu,3m+3,g

)∥∥∥

<
∥∥∥

G∑

g=1

x∗π(3m+2,g)(x)x′′′π(3m+2,g) + ũu,3m+3,g

∥∥∥+ η3m+2

O�<P1,23<PQ0-
η3m+2 → 0

'��E>z4�+�-X<P4�+�-:1^+�IK>.etc�b�[�i ◦ n IKb�<C��-�I�>�eSb�[*4�+�-Xg�13<
<?O�<PO�i!;=; n <PO ¢ ��c9]^-+JI:��-
∥∥∥
G3m+2∑

g=1

(x∗π(3m+2,g)(x)x′′′π(3m+2,g) + ũu,3m+3,g)
∥∥∥ < η′3m+2

O�<P1�23<?Q0-
η′3m+2 → 0

'X),+�-:13-COf<?13-?c�b�[o4�+�-7g�13<
WC-:e�8�13-�<?Od4�+�-7g�13<
<?O�<PO&i!;A;=; n <?O � ¢ �E��]&;\4�+
m13-:g.ZfI�W:-:ejb�[

m+ 1
cJI�y9I�;=>

(∥∥∥
G∑

g=1

(x∗π(3m+2,g)(x)x′′′π(3m+2,g) + uu,3m+2,g)
∥∥∥
)G3m+2

G=1

;=2
(0, a3m+2/2

Q0,3m+2)
��QN<?>�<P4�<?>�-?c�]&;\4�+

∥∥∥
G∑

g=1

(x∗π(3m+2,g)(x)x′′′π(3m+2,g) + uu,3m+2,g)
∥∥∥ < η3m+2

O�<P1
1 ≤ G ≤ G3m+2

O�<?1�23<PQ0-
η3m+2 → 0

'
/
8�g�g�<?23-�>�<Y] 4�+JIK4

M3m+2,0 + 1 ≤ n′(3m+ 3) ≤M3m+2,0 +Q′′3m+3.

),+�-C>tc�23;A>�W:-
M3m+2,0+Q′′3m+3∑

s=n′(3m+3)+1

|u′∗3m+3,s(x)| < 1/22q(3m+3)A3m+3 ,

O�<P1,4�+.-M-:��-:W(4&<?O
span(v′3m+3,n)

n′(3m+3)−1−M3m+2,0

n=1

c�]&+�-:13-

(v′3m+3,n)
n′(3m+3)−1−M3m+2,0

n=1 = (u′3m+3,s)
n′(3m+3)−1
s=M3m+2,0+1,

]^-MWKI�>jg.13<9WC-:-CeoI�2�IKb�<C��-�c�b�8�4&>�<Y] ]^-M+JI:��-M4�<NW:<?>�23;=e.-:1EI�Z=23<$4�+�-M-C��-:W:4�<?O

u′∗3m+3,n′(3m+3)(x)u′3m+3,n′(3m+3).

),+�-C13-:O�<P13-Mb�[qI7�?I�13;fIK4�;=<?>S<?O^i ◦ n ]^-M+�I(��-7I�Z=23<

inf
(

dist
(G3m+2∑

g=1

x∗π(3m+2,g)(x)x′′′π(3m+2,g) + au′∗3m+3,n′(3m+3)(x)u′3m+3,n′(3m+3),

span(u′3m+3,s)
n′(3m+3)−1
s=M3m+2,0+1

)
: 0 ≤ |a| ≤ 1

)



��� � �������	�
����	�

< dist
(G3m+2∑

g=1

x∗π(3m+2,g)(x)x′′′π(3m+2,g), X ∩
q(3m+2)⋂

n=1

x∗n⊥ ∩
A′′3m+2⋂

s=1

u′∗(3m+2,s)⊥

)

+
1

22(q(3m+2)+A′′3m+2)+2
+

1

22q(3m+3)A3m+3
.

Va>�e�-C-:etc�b9[*4�+�-Xe�-C/�>�;\4�;A<P>S<?O
(x′′′3m+3,g)

G3m+3

g=1

;=> /94�-:g 57<?O./ ¢ V3V3Vr'=vMI�>�ejb�[*4�+�-M/�OA4�+Sg�IK154�<?O
4�+�-�g�13<
<POh<?O �E��i�]&+�-C13-X]^-M13-Cg�ZfI�W:-

(x̃π(3m+3,g))
G3m+3

g=1

b�[
(x′′′π(3m+3,g))

G3m+3

g=1

n c

(∗∗)
( G∑

g=1

x∗π(3m+3,g)(x)x′′′π(3m+3,g)

)G3m+3

G=1

;=2EI�g�13<?y?13-:2323;\��-�-C>�ZfI�13y?-:QN-C>�4�<?OdI
1/2M3m+2

��QN;=>.;fIK4�8�13-X<?O�4�+.-X]&+�<?Z=-

G3m+3∑

g=1

x∗π(3m+3,g)(x)x′′′π(3m+3,g) =

A3m+3∑

s=1

u′∗3m+3,s(x)u′3m+3,s,

4�+JIK4�;=2Cc
u′3m+3,n′(3m+3)

WYI�> IKW:4�8JI�Z=Z\[ IKW:4�<P> ∑G3m+2

g=1 x∗π(3m+2,g)(x)x′′′π(3m+2,g)

<?>�Z\[ b�[
QN-KI�>�2�<?OjI g�<?154�;=<?> <PO

u′∗3m+3,n′(3m+3)(x)u′3m+3,n′(3m+3)

'L),+�-:13-COf<?13-�I�y9I�;=> 4�+�-C13-�-:��;=254

(ũu,3m+3,g)
G3m+2

g=1 ⊂ span(u′3m+3,s)
n′(3m+3)−1
s=M3m+2,0+1

I�>�e$I�23-C698�-C>�W:-
(ag)

G3m+2

g=1

<?O�>98�Q�b�-:132�]&;\4�+
|ag| ≤ 1

O�<P1
1 ≤ g ≤ G3m+2

238�WU+o4�+JIK4Yc�O�<?1
1 ≤ G ≤ G3m+2

c

∥∥∥
G∑

g=1

(x∗π(3m+2,g)(x)x′′′π(3m+2,g) + ũu,3m+3,g) + aGu
′∗
3m+3,n′(3m+3)(x)u′3m+3,n′(3m+3)

∥∥∥

< dist
( G∑

g=1

x∗π(3m+2,g)(x)x′′′π(3m+2,g), X ∩
q(3m+2)⋂

n=1

x∗n⊥ ∩
A′′3m+2⋂

s=1

u′∗(3m+2,s)⊥

)

+ 1/22(q(3m+2)+A′′3m+2)+2 + 1/22q(3m+3)A3m+3

i!23;=>�WC-Mb�[z4�+�-7I�b�<Y�?- ∑A3m+3

s=n′(3m+3)+1 |u′∗3m+3,s(x)| < 1/22q(3m+3)A3m+3
n '

� 4*4�+�;=2*g�<?;=>�4Yc^]^-�WYI�>�8.23-o4�+�-qg.13<Pg�-:154a[ i!;A;=; n <?O ¢ � I�>�e�+.-:>�WC-?c,b�[ 4�+�-q-CZ=-:Q0-:>�4�20<?O
span(u3m+3,n)

n(3m+3)−1
n=1

c�]^-�WYI�>o13-YI�Z=Z\[jI�g�g�13<Y��;=Q*IK4�-

(ũu,3m+3,g)
G3m+2

g=1 ∪ (agu
′∗
3m+3,n′(3m+3)(x)u′3m+3,n′(3m+3))

G3m+2

g=1

i!g�13-CW:;=23-CZ\[�c�Of<?1�-YI�Wr+
g
]&;=4�+

1 ≤ g ≤ G3m+2
c�]^-M+JI:��-M4�<*IKg.g�13<Y�
;AQ*IK4�-�4�+�-�-:Z=-CQN-:>94

ũu,3m+3,g + (ag − ag−1)u′∗3m+3,n′(3m+3)(x)u′3m+3,n′(3m+3)

I�>�e�<?>�4�+�-*<�4�+.-:1L+JI�>�e
(∗) +�<?Z=e�2Cch+�-C>�W:-SI�W(4�8JI�Z=Z=[�-KI�WU+�>98�Q�b�-:17<PO (ag)

G3m+2

g=1

W:<?>�W:-C13>�2$I
g�13<?y?13-:2323;\��-�-:>�ZfI�13y?-:Q0-:>�4&<?OdI

1/2M3m+2/2
��Q0;=>�;fIK4�8�13-X<?O�4�+�-X]&+.<PZA-

G3m+2∑

g=1

x∗π(3m+2,g)(x)x′′′π(3m+2,g),



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � ��� !

4�+JIK4&;=2Cc�4�+�-:23-�>98�Q�b�-:132&+JI:��-X4�+�-�2UIKQ0-M23;=y?>qI�>�e
(|ag|)G3m+2

g=1

;A2�>�<P4&e�-:WC13-YI�23;=>�y$]&;\4�+

∣∣∣
G3m+2∑

g=1

(ag − ag−1)
∣∣∣ =

G3m+2∑

g=1

|ag − ag−1| = |aG3m+2
| ≤ 1),

4�+�-C13-:O�<P13-N4�+�-02UI�QN-0g�13<
WC-:e�8�13-0O�<?1
M3m+2,0 + Q′′3m+3 ≤ n′(3m + 3) − 1

]^<?13u
2Cc�]&;\4�+�4�+.-
2UI�QN-�W:<?>�W:ZA8�23;=<?>�2C'
� ��g � w 'XVa>q<P13e.-:1�4�<0+JI:�?-L4�+�-7I�2323-:154�;=<?>tc.;\4E;=2&>�<Y] 238��NW:;=-C>�4&4�<023-:4

u3m+3,g = ue,3m+3,g +

uu,3m+3,g
O�<?1

1 ≤ g ≤ G3m+2
'

� g � h���� � � i � ' /98�g.g�<?23-�>�<Y] 4�+JIK4YcKO�<?1�4�+�-�b�ZA<9Wru ∑q(3m+6)
n=q(3m+3)+1 x

∗
n(x)xn

c�4�+�-�e�;=23WC<P>.>�-:W:4�-:e
WU+�IK;A>*WC<?>�e�;\4�;=<?>z+�<?Z=e�2C��+�-:>.W:- ∑A3m+3

s=1 |u′∗3m+3,s(x)| < 1/22q(3m+3)A3m+3
'�p�[p/ ¢ V3V3Vr'\vE]&;\4�+

m
13-:g�ZfI�WC-:ejb�[

m+ 1
I�>�eo;=>jgJI�154�;=W:8.ZfI�1,b�[

(◦◦) max(‖y‖, ‖e‖/2), y ∈ span(y3m,n)
Q(3m)
n=1 , e ∈ span(ê3m,n)

S′3m+M ′3m,0
n=1 ,

<?O./�4�-Cg�v�I�>�ejb�[ /�4�-Cg�2
5
I�>�e

6
��b�[04�+.-Xe.-:/�>�;=4�;=<?>z<?O

(u′3m+3,s, u
′∗
3m+3,s)

A′′3m+3

s=1

;=> /94�-:g x <?O
/ ¢ V3V3Vr' w ��b�[ /�4�-:g.2

3
I�>�e

4
<?O / ¢ V3V3Vr' x I�>�eob�[@i�3 x ' x�n I�>�e�i�3 x ' w?n <?O ¢ V3Vrc
]^-�u
>�<Y] 4�+JIK4

dist
( q(3m+3)∑

n=1

x∗n(x)xn, span(xn − x′′′n )
q(3m+4)
n=q(3m+3)+1 + span(xn)n≥q(3m+4)+1

)

>
∥∥∥
q(3m+3)∑

n=1

x∗n(x)xn

∥∥∥− 1

22q(3m+3)+2
,

+�-C>�W:-

dist
( q(3m+3)∑

n=q(3m+2)+1

x∗n(x)xn, S + span((xn − x′′′n )
q(3m+4)
n=q(3m+3)+1 ∪ span(xn)n≥q(3m+4)+1)

)

>
∥∥∥
q(3m+3)∑

n=1

x∗n(x)xn

∥∥∥− (1/22q(3m+3)+2 + 1/22q(3m+3)A3m+3),

]&+�-C13-

S =
gJI�154�;fI�Z_238�Q02�<?O q(3m+4)∑

n=q(3m+3)+1

x∗π(n)(x)x′′′π(n)

i�I�Z\]�I:[�2�b�[
(∗∗) I�b�<Y�?-L;=> /�4�-Cg x <?O�4�+.-�/�13254EgJI�154E<POh4�+�-�g�13<
<?O n '�),+�-:13-COf<?13-�;\4�I�Z=23<0Of<?Z=ZA<C]&2Ccb�[@i ◦◦ n I�b�<Y��-LI�>�eob�[S4�+�-Mg.13<9<?O�<?O,i!;=; n <?O ¢ ��c
4�+JIK4

∥∥∥
q(3m+3)∑

n=q(3m+2)+1

x∗n(x)(xn − x′′′n )
∥∥∥+

∥∥∥
q(3m+3)∑

n=q(3m+2)+1

x∗n(x)x′′′n

∥∥∥→ 0
I�2
m→∞.

�E>j4�+�-�<P4�+�-:1�+JI�>�e�c�b9[z4�+�-�23;\�
4�+SgJI�154E<?O�4�+�-�g.13<9<?Oh<?O �&��c�23;=>�WC-Mb�[
(∗) I�b�<Y��-M;A> /�4�-:g x <?O4�+�-�/�13254&gJI�154&<?O�4�+�-Mg�13<
<?Oac

(
∑G
g=1 x

∗
π(3m+2,g)(x)x′′′π(3m+2,g))

G3m+2

G=1

I�>�e

( G∑

g=1

x∗π(3m+2,g)(x)x′′π(3m+2,g)

)G3m+2

G=1



��� � �������	�
����	�

I�13-Mg�13<?y?13-:2323;=�?-�-:>�Z�IK13y?-CQN-:>94�2,<?O�4�+.-
1/2M3m+2/2

��Q0;=>�;fIK4�8�13-C2,<?O�4�+.-X]&+�<?Z=-

G3m+2∑

g=1

x∗3m+2,g(x)x′′′3m+2,g

I�>�e ∑G3m+2

g=1 x∗3m+2,g(x)x′′3m+2,g

13-:23g�-CW(4�;\��-CZ\[�' /
;=>�W:-Mb�[ /�4�-:g
1
<?O / ¢ V3V3Vr' w c

∥∥∥
q(3m+3)∑

n=q(3m+2)+1

x∗n(x)(xn − x′′′n )
∥∥∥ =

∥∥∥
q(3m+3)∑

n=q(3m+2)+1

x∗n(x)x′n

∥∥∥+
∥∥∥

q(3m+3)∑

n=q(3m+2)+1

x∗n(x)x′′n

∥∥∥,

23;=>�WC-M/�>�IKZAZ\[*b9[z4�+�-�23;\�
4�+SgJI�154&<?O�4�+�-Mg�13<
<?Oh<PO��&� IK>.ejb9[ /�4�-Cg@vM<PO / ¢ V3V3Vr' w c

∥∥∥
q(3m+3)∑

n=q(3m+2)+1

x∗n(x)x′n

∥∥∥ =
∥∥∥x∗3m+2,n,0(x)x3m+2,n,0 +

2M3m+2∑

k=1

x∗3m+2,n,k(x)x′3m+2,n,k

∥∥∥

=

2M3m+2∑

k=1

|x∗3m+2,n,0(x) + x∗3m+2,n,k(x)| =
2M3m+2∑

k=1

|e∗3m+2,n,k(x)|

I�>�e�+�-:>.W:-$I�Z=23<
(‖∑G

g=1 x
∗
π(3m+2,g)(x)x′π(3m+2,g)‖)

G3m+2

G=1

;=2
(1, 0)

��QN<?>�<P4�<?>�-?cJ]^-7WC<P>.W:Z=8�e.-
4�+JIK4�4�+�-7IK2323-C154�;=<?>je�;=13-CW(4�Z\[*O�<?Z=Z=<Y]&2,b9[S23-(434�;A>�y

u3m+2,g = 0
Of<?1

1 ≤ g ≤ G3m+2
'

�^���Y� nM� n � � � ZdO�W � � � '�),+�-Xg�13<
W:-Ce�8�13-C2&I�>�ej;=e�-YI�2,<?Ot4�+�-Mg�13<
<?O�<?O^i � n ]^<?13u*Of<?1�i p n c9]&+�-:13->�<Y]�]^-Eg�<P;A>�4�<?8�4�4�+JIK4�4�+�-�W:<?>�254�138�W:4�;=<?>0<PO_4�+�-E23-C698�-C>�W:-
(u3m+3,3m+4,g)

G(3m+2,q(3m+2))
g=1

;=2
<?Ot4�+�-M2UIKQ0-Xu
;=>�eS<?Ot4�+.-XW:<?>�254�138�W:4�;=<?>z<?O�4�+�-X23-Y698�-:>�WC-

(u3m+3,g)
G3m+2

g=1

;=>z4�+�-Xg�13<
<?O�<?O^i � n �
I�>JI�Z=<?y?<P8.23Z\[zO�<P1Li ¢ n 4�+.-XWC<?>�254�138�W(4�;A<P>o<PO�4�+�-�23-C698�-:>.W:-

(u3m+2,3m+3,3m+4,g)
G(3m+2,3m+2,q(3m+2))
g=1

;=2L<?O�4�+�-02UI�QN-0u
;=>�e�<?O�4�+�-0WC<?>�254�138�W(4�;A<P>�<PO^4�+�-023-C698�-C>�W:-
(u3m+2,s)

G3m+2

g=1

;=>�4�+�-0g�13<
<?O^<?O
i p n '���<P13-C<Y�?-C1�]^-�g�<?;=>�4M<?8�4X4�+JIK4Yc�;A>�WC<?>�4�1UI�254�4�<z4�+�-�g�13<
<?O�<?OEi!; n <?O � ¢ �&��c�]^-�>�<Y] +�I(��-
4�<N8�23-L� �Xp /�'.),+�;=2�WC<PQ0g�Z=-:4�-:2^4�+.-Mg�13<
<?O�<?Oh��-CQNQ*I x )�'
e�f&g�hEijgck x v��$������"�YP"(��S V:"�UcZ���Z�a_Q\" �`ZdO�Z�[( VbUcZ�[U"�� ^� �"r�U"

l1
PAV6N>O�P!�G"RQTSH��"�UJ��"RV:"�OJ�G"	W�c

�! �"(��"�"	qdP8Vr��V Z aRP ���(�! ��	r��dO�ZMQ V	SdVr�G"(�
(xn, x

∗
n)∞n=1 = ((xn, x

∗
n)
q(3m+3)
n=q(3m)+1)∞m=1

i
q(0) = 0

n
^>P!�! ‖xn‖ < 10

ZdO�W ‖x∗n‖ < 7
n:���q"	Z�[r 

n
c`V�%�[r  �! IZP�(c?n(����"	Z�[r 

x ∈ X
^>P!�! ‖x‖ = 1

c
�! �"(��" "	qdPAVr��V("	X(%."RO�[�"RV

(q(m))∞m=1

� n PAO�[r��"	ZdV	PAO<r U��dV	P���PAY�" PAOJ�G"br�"(��V�i�^>P!�! 
q(0) = 0

n ZdO�W

(ηm)∞m=1

O��dO
"
P8O�[(��"	ZdV�PAO r ^>P��! 

ηm → 0
c ZdO$W:n:����"�Z�[( 

m
Z U�Z��(��P���P��dO

(xn)
q(3m+2)
n=q(3m)+1 =

(xn′)
q′(3m+2)
n=q′(3m)+1 ∪ (xn′′)

q′′(3m+2)
n=q′′(3m)+1

ZdO�WpZ�U."r�r�$%��bZP��P��dO
(xπ(n))

q(m)
n=q(m−1)+1

� n

(xn′′)
q′′(3m−1)
n=q′′(3m−3)+1 ∪ (xn)

q(3m)
n=q(3m−1)+1 ∪ (xn′)

q′(3m+2)
n=q′(3m)+1,

VU%�[( j�! IZP�

∥∥∥x−
q(m)∑

n=1

x∗π(n)(x)xπ(n)

∥∥∥ < ηm,
∥∥∥

q∑

n=q(m−1)+1

x∗π(n)(x)xπ(n)

∥∥∥ < ηm

n:���
q(m− 1) + 1 ≤ q ≤ q(m)

�� �"�O�[U"
x =

∑∞
n=1 x

∗
π(n)(x)xπ(n) $



����� � ��� ���
	���������G�����������G�����������o����� �	����� � � �����G� � ��� �

Va>.e�-:-Cetc�O�<P1
q(m− 1) + 1 ≤ q ≤ q(m)

c

∥∥∥x−
q∑

n=1

x∗π(n)(x)xπ(n)

∥∥∥ ≤
∥∥∥x−

q(m−1)∑

n=1

x∗π(n)(x)xπ(n)

∥∥∥

+
∥∥∥

q∑

n=q(m−1)+1

x∗π(n)(x)xπ(n)

∥∥∥ < ηm−1 + ηm.

F�-Lg�<P;A>�4E<?8�4E4�+JIK4YcJ;=>j4�+.-L13-:y?8�ZfI�13;=�KIK4�;=<?>jg.13<9WC-:e�8.13-?c.<?>�Z=[qINZ=;\434�Z=-�g�<?154�;=<?>o<?Oh4�+.-L-:Z=-CQN-C>�4�2
<?O�-YI�WU+�238�b���b�Z=<
WUuqWKIK>�b�-�WC<P>.238�QN-Ce�;=>�4�+�-$13-:y?8�Z�IK13;A�YIK4�;=<?>q<?O�4�+�-�g.13-(��;=<?8�2X238�b���b�Z=<
WUu
2Cctb�[
4�+�-�/�13254&13-:ZfIK4�;=<?>j<?O^i l�n <?O �Xp /
)M'

�^���Y� n
$
F�-�]&;=ZAZ�g.13<9WC-:-Ce0b�[N;=>�e.8�W(4�;=<?>tc?4�+�IY4�;=2Cc?]^-E238�g.g�<?23-&4�<L+JI:�?-EWC<P>.254�138�W(4�-Ce

(xπ(n))
q(m)
n=1I�>�e�]^-�I�13-oy?<?;=>�y@4�<�W:<?>�254�138.W(4

(xπ(n))
q(m+1)
n=q(m)+1

�&QN<?13-:<Y��-:10;A> 4�+�;=20W:<?>�254�138�W:4�;=<?> ]^-oWKIK>
I�Z=23<j238�g.g�<?23-N4�<jb�-N;=>�4�+�-NgJI�154�;=W:8.ZfI�1MWYI�23-0<PO

q(m) = q(3m)
c_4�+JIK4L;=2Cc

(xn′′)
q′′(3m+2)
n=q′′(3m)+1 =

(xn)
q(3m+2)
n=q(3m)+1

ct23;=>�WC-�4�+�-Ng�13<
W:-Ce�8�13-$<?O�4�+�-NWC<P>.254�138�W(4�;=<?>�;=>�4�+.-$y?-:>�-C1UIKZ�WKI�23-$;A2X4�+�-$2UI�Q0-?'
F�-M]&;=Z=Z�g.13<9WC-:-CeS4�+�13<?8�y?+oOf<?8�1�254�-Cg�2C'
� �8i���� � ��g � 'M��-(4�8�2^W:<?>�23;Ae�-:1�4�+�-E/�13254^238�b���b�ZA<9Wru ∑q(3m+1)

n=q(3m)+1 x
∗
n(x)xn

' /
8�g�g�<?23-&4�+�IY4Mi!23-:-
/�4�-Cg 5�<PO / ¢ V3V3Vr'\vLIK>.ej� ¢ � n

n′(3m+ 1) ≤ G0,0,0,3m −G3m = M3m,0 +G0,0,3m.
),+�-C>tc_b�[�4�+�-�e�-:/.>�;\4�;=<?>�<?O

(u′3m+1,s)
A3m+1/2+M3m,arm,0

s=A3m+1/2+1

I�>�e�b9[ /�4�-Cg w <?O�/ ¢ V3V3Vr'=vNI�>�e�;=>
gJI�154�;=WC8�ZfI�1,b�[z4�+�-�13-:ZfIK4�;=<?> ‖x+ e‖ ≥ ‖e‖/2 Of<?1�-YI�Wr+ x ∈ X ′ + U3m,arm

I�>�e

e ∈ span((e3m,arm,n,j)
J3m,arm

j=1 )P3m
n=1 ∪ (e3m,arm,0,n)

M ′3m,arm,0

n=1 ),
]^-M23-C-M4�+JIK4Yc�Of<?1&-YI�WU+og�<?23;\4�;\��-X;=>�4�-Cy?-:1

p
c

∥∥∥
q(3m+p)∑

n=1

x∗n(x)xn

∥∥∥ >
∥∥∥

q(3m+1)∑

n=q(3m)+1

x∗n(x)xarm,n

∥∥∥− 1

22q(3m+1)A3m+1

]&;\4�+
∥∥∥

q(3m+1)∑

n=q(3m)+1

x∗n(x)xarm,n

∥∥∥ =

q(3m+1)∑

n=q(3m)+1

|x∗n(x)| > 1

10

∥∥∥
q(3m+1)∑

n=q(3m)+1

x∗n(x)xn

∥∥∥.

��-:>.W:-N4�+�-*/�132547238�b���b�Z=<
WUu�;=2$IK8�4�<PQzIK4�;=WYI�Z=Z\[�13-:y?8�Z�IK13;A�:-:e@]&;\4�+tc�b�[�4�+�-*g�13<
<?O,<PO�i!;=; n <?O ¢ ��c
‖∑q

n=q(3m)+1 x
∗
n(x)xn‖ < ηm → 0

O�<?1
q(3m) + 1 ≤ q ≤ q(3m+ 1)

I�>�eSO�<?1,-YI�WU+Sg�-C13Q78�4rIK�
4�;=<?>

(π(3m, g))G3m
g=1

<?O
((3m, g))G3m

g=1

'
/
8�g�g�<?23-$>�<Y]�4�+�IY4

G0,0,0,3m < n′(3m + 1)
'MF�-74�8�13>�4�< ∑q(3m+1)

n=q(3m)+1 x
∗
n(x)(xn − x′′′n )I�>�ej]^-M13-CWYI�Z=Z�4�+JIK4

∥∥∥
q(3m+1)∑

n=q(3m)+1

x∗n(x)(xn − x′′′n ) + span(u′3m+1,s)
G0,0,0,3m

s=1

∥∥∥

=
∥∥∥

q(3m+1)∑

n=q(3m)+1

x∗n(x)(x′n + x′′n + xbrd,n) + span(u′3m+1,s)
G0,0,0,3m−G3m

s=1

∥∥∥



��� � �������	�
����	�

i�]&+�-C13-
G0,0,0,3m −G3m = M3m,0 + G0,0,3m

n '&�q<?13-:<Y��-:1CcJb�[o4�+�-L>�<P4rIK4�;=<?>�2&b�-COf<?13- ¢ ��c�]^-
I�Z=23<N+JI:��-

∥∥∥
q(3m+1)∑

n=q(3m)+1

x∗n(x)(x′n + x′′n + xbrd,n) + span(u′3m+1,s)
M3m,0+G0,0,3m

s=1

+ span(u′3m+1,s)
n′(3m+1)
s=A3m+1−A′3m+1+1

∥∥∥

=
∥∥∥

q(3m+1)∑

n=q(3m)+1

x∗n(x)(x′n + x′′n + xbrd,p,n) + span(u′3m+1,s)
M3m,0+G0,0,3m

s=1

∥∥∥

i!;=O
A3m+1 − A′3m+1 + 1 ≤ n′(3m + 1) ≤ A3m+1

��<�4�+.-:15]&;=23-�ch;AO
n′(3m + 1) ≤ A3m+1 −

A′3m+1

c
]^-Me�;=13-CW(4�Z\[*+JI:�?-
(xbrd,p,n)

q(3m+1)
s=q(3m)+1 = (xbrd,n)

q(3m+1)
s=q(3m)+1

n '�),+.-:13-:O�<?13-�4�+�-C13-X-(��;=254�2

(ũ3m+1,g)
G3m
g=1

]&;\4�+�c�Of<?1
1 ≤ g ≤ G3m

c

ũ3m+1,g = ũe,3m+1,g (∈ span(u′3m+1,s)
M3m,0+G0,0,3m

s=1 )

+ ũarm,3m+1,g (∈ span(u′3m+1,s)
G0,0,0,3m

s=M3m,0+G0,0,3m+1)

+ ũbrd,3m+1,g (∈ span(u′3m+1,s)
n′(3m+1)
s=A3m+1−A′3m+1+1),

238�Wr+S4�+�IY4Yc�O�<P1
q(3m) + 1 ≤ G ≤ q(3m+ 1)

I�>�eoO�<?1�23<PQ0-
η′m → 0

c

∥∥∥
q(3m+1)∑

n=q(3m)+1

(x∗n(x)(xn − x′′′n ) + ũarm,3m+1,g + ũbrd,3m+1,g)

+ span(u′3m+1,s)
G0,0,0,3m

s=1 + span(u′3m+1,s)
n′(3m+1)
s=A3m+1−A′3m+1+1

∥∥∥

=
∥∥∥

q(3m+1)∑

n=q(3m)+1

(x∗n(x)(x′n + x′′n + xbrd,p,n) + span(u′3m+1,s)
M3m,0+G0,0,3m

s=1

∥∥∥,

∥∥∥
G∑

n=q(3m)+1

(x∗n(x)(x′n + x′′n + xbrd,p,n) + ũe,3m+1,n)
∥∥∥

<
∥∥∥

G∑

n=q(3m)+1

x∗n(x)(x′n + x′′n + xbrd,p,n) + span(u′3m+1,s)
M3m,0+G0,0,3m

s=1

∥∥∥+ η′m.

�E>j4�+�-�<P4�+�-:1�+JI�>�e�i!23-C-\/94�-:g�vM<PO / ¢ V3V3Vr'=v n c

∥∥∥
q(3m+1)∑

n=q(3m)+1

x∗n(x)(x′n + x′′n + xbrd,p,n) + span(u′3m+1,s)
M3m,0+G0,0,3m

s=1

∥∥∥

≤
∥∥∥
G0,3m∑

g=1

x∗0,3m,g(x)(x′0,3m,g + x′′0,3m,g + x0,3m,brd,p,g) + E3m,0

∥∥∥.

),+�-C13-:O�<P13-�c
I�Z\]�I:[�2�b�[�i!;=; n <?O ¢ ��c9;=O�]^-�8�23-&4�+�-�g�-:13Q�8�4rIK4�;=<?>
(π(3m, g))G3m

g=1

<?O
((3m, g))G3m

g=1<?O���I�W:4 w <POt4�+�-E/�Of4�+zgJI�154^<?O_4�+.-�g�13<
<POt<?O �&��c�4�+�-:13-�-:��;=254�2,I�>�<P4�+�-:1^23-C698�-C>�W:-�<?O_4�+�-�u
;=>�e*<?O
(ũ3m+1,g)

G3m
g=1

<?O�IKb�<C��-�c
]&+�;AWU+S]^-�WKIKZAZ�IKy9I�;=>
(ũ3m+1,g)

G3m
g=1

c�238�Wr+j4�+JIK4
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∥∥∥
G∑

g=1

(x∗π(3m,g)(x)(x′π(3m,g) + x′′π(3m,g) + xπ(3m,brd,p,g)) + ũ3m+1,g)
∥∥∥ < η′m

O�<P1
1 ≤ G ≤ G3m

i!+.-:>�WC-X;A>jgJI�154�;=W:8.ZfI�1

(∥∥∥
G∑

g=1

(x∗π(3m,g)(x)(x′π(3m,g) + x′′π(3m,g) + xπ(3m,brd,p,g)) + ũ3m+1,g)
∥∥∥
)G3m

G=1

;=2
(0, 2η′m)

��QN<?>�<P4�<?>�- n '
p�[*4�+.-M>�<P4rIK4�;=<?>�2�b�-COf<?13- ¢ �@]^-�u
>�<Y] 4�+JIK4

(ũ3m+1,brd,g)
G3m
g=1

;=2�;=>

span(u′3m+1,s)
n′(3m+1)
s=A3m+1−A′3m+1+1,

I�>�e
xπ(3m,brd,g) = xπ(3m,brd,a,g) + xπ(3m,brd,p,g)

]&;=4�+
xπ(3m,brd,a,g)

;=>

(u′3m+1,s)
n′(3m+1)
s=A3m+1−A′3m+1+1

I�>�e
xπ(3m,brd,p,g)

;=>
(u′3m+1,s)

A3m+1

s=n′(3m+1)+1

O�<P1
1 ≤ g ≤ G3m

ct+.-:>�WC-qi!23-:-�/�4�-:g�2
5
IK>.e

6<?O / ¢ V3V3Vr'=v n 4�+�-C13-7;=2
g
]&;\4�+

1 ≤ g ≤ G3m
238�WU+q4�+�IY4

xπ(3m,brd,a,g) = u′3m+1,n′(3m+1)

'M�E>
4�+�-7<P4�+�-:1�+JI�>�etc�b�[o4�+�-72UI�QN-7g�13<
W:-Ce�8�13-�Of<?1&4�+.-7WYI�23-

n′(3m + 3) ≤ M3m+2,0
;A> /�4�-Cg�vL<?O

4�+�-&/.13254�gJI�154�<?O�4�+�-Eg�13<
<POE/ ¢ �&��c?4�+�-&W:<?>�4�13;Ab�8�4�;=<?>0<?O�4�+�;A2�4�-C13Q¡;=2
x∗π(3m,g)(x)xπ(3m,brd,a,g)]&+�-C13- |x∗π(3m,g)(x)| ≤ a3m → 0

'�),+�-:13-COf<?13-?cd;=>���;=-(] <?O�<P8.1NIK;AQoch]^-zWYI�>�e�;=2313-Cy9IK13e�4�+�;=2
4�-:13Q I�>�eo+�-C>�W:-M]^-MWYI�>o238�g�g�<P23-�;A>S]&+JIK4&Of<?Z=ZA<C]&2,4�+JIK4

(ũ3m+1,brd,g)
G3m
g=1

;=2�;A>

span(u′3m+1,s)
n′(3m+1)−1
s=A3m+1−A′3m+1+1,

4�+�-C13-:O�<P13-
(ũ3m+1,g)

G3m
g=1 ⊂ span(u′3m+1,s)

n′(3m+1)−1
s=A3m+1−A′3m+1+1.

� 4&4�+�;=2&g�<?;=>94�]^-LWYI�>o8.23-*i ¢ n <?O / ¢ �&��c.;=>j4�+�-�gJI�154�;=WC8�ZfI�1�WYI�23-L<?O�I�b�23-C>�W:-L<?Oh4�+�-�23-C698�-C>�W:-
(as)

q(3m+1)
s=1

<?O�>98�Q7b�-:132C'>/9<&]^-�y?-:4
(u′3m+1,g)

G3m
g=1

cK]&;\4�+M4�+.-�2UI�QN-�g�13<?g�-C154�;=-:2�<PO�W:<?>�254�138.W(4�;=<?>
<?O�4�+�-$23-C698�-C>�W:-

(u3m+1,s)
q(3m+1)
s=1

<?OXi ¢ n <?O / ¢ �&��c_238�WU+�4�+JIK4Yc_Of<?1
1 ≤ G ≤ G3m

I�>�e�O�<?1
23<?QN-

η′′m → 0
c

∥∥∥
G∑

g=1

(u′3m+1,g − ũ3m+1,g)
∥∥∥ < η′′m.

VaO
G0,0,0,3m−G3m + 1 ≤ n′(3m+ 1) ≤ G0,0,0,3m

c�4�+�-:13-�;=2,I�y9IK;A>023<?QN-
g
]&;=4�+

1 ≤ g ≤ G3m238�Wr+ 4�+JIK40O�<?1 ∑g−1
g=1 x

∗
π(3m,g)(x)(xπ(3m,g) − x′′′π(3m,g))

]^-�I�13-j;A> 4�+�-oWYI�23-o<PO
G0,0,0,3m <

n′(3m+ 1)
I�>�eqOf<?1 ∑G3m

g=g+1 x
∗
π(3m,g)(x)(xπ(3m,g) − x′′′π(3m,g))

;=>j4�+�-�WYI�23-�<?O
n′(3m+ 1) ≤

M3m,0 + G0,0,3m
c�]&+�;=Z=-�c�I�>JI�Z=<?y?<?8�23Z\[�4�<�4�+�-oI�b�<Y��-SO�<P1

x∗π(3m,g)(x)xπ(3m,brd,a,g)
cd]^-SWKIK>

e�;=2313-Cy9IK13ej4�+�-X4�-C13Q
x∗π(3m,g)(x)(xπ(3m,g) − x′′′π(3m,g))

23;A>�W:- |x∗π(3m,g)(x)| ≤ a3m → 0
'

� g � h���� ����g � ' ��<Y] ]^-X4�8�13>j4�<NW:<?>�23;Ae�-:13;=>.y
q(3m+1)∑

n=q(3m)+1

x∗n(x)x′′′n =

G3m∑

g=1

x∗3m,g(x)x′′′3m,g.

),+�-C> 4�+�-�g�13<
WC-:e�8�13-�<?O6/94�-:g x <?O�4�+�-�/�13254�g�IK154�<PO$4�+�-�g�13<
<?O$<?O6/ ¢ �&� ]^<?13u92CcL+�-C>�W:-
I�Z=23<�4�+�-jI�2323-C154�;=<?>�<?O7i ¢ n <?O`/ ¢ �E�H]^<P13u
2Cc�+�-:>.W:-*4�+.-:13-z-:��;=254�2

(u′′3m+1,g)
G3m
g=1

c�I�y9IK;A>�]&;\4�+



��� � �������	�
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4�+�-z2UI�QN-Sg�13<?g�-:154�;=-C27<PO�WC<?>�254�138�W(4�;A<P>�<?O,4�+�-z23-Y698�-:>�WC-
(u3m+1,s)

q(3m+1)
s=1

<?OLi ¢ n <?O`/ ¢ �E��c
238�Wr+ 4�+JIK4YcL23-(434�;=>.y

u3m+1,g = u′3m+1,g + u′′3m+1,g

Of<?1
1 ≤ g ≤ G3m

c�4�+�-C13-�-:�
;A254�2�I
238�b�23-Y698�-:>�WC-

(xn′)
q′(3m+5,1)
n=q′(3m+3)+1

<PO
(xn)

q(3m+5)
n=q(3m+3)+1

c�I�238�b�23-C698�-C>�W:-
(x̃′n)

q̃(3m+2)
n=q̃(3m+1)+1

<?O

(xn)
q(3m+2)
n=q(3m+1)+1

IK>.eSI�238�b�23-C698�-C>�W:-
(x̃′n)

q̃(3m+3)
n=q̃(3m+2)+1

<?O
(xn)

q(3m+3)
n=q(3m+2)+1

238.WU+04�+JIK4�4�+�-C13-
-(��;=254

ηm,1 → 0
I�>�eqI�g�-:13Q78�4rIY4�;A<P>

(xπ(n))
q(m+1,1)
n=q(m)+1

<?O

(xn)
q(3m+1)
n=q(3m)+1 ∪ (x̃′n)

q̃(3m+2)
n=q̃(3m+1)+1 ∪ (x̃′n)

q̃(3m+3)
n=q̃(3m+2)+1 ∪ (xn′)

q′(3m+5,1)
n=q′(3m+3)+1,

]&;\4�+
G3m∑

g=1

(x∗π(3m,g)(x)xπ(3m,g) + u3m+1,g) =

q(m+1,1)∑

n=q(m)+1

x∗π(n)(x)xπ(n),

∥∥∥
q∑

n=q(m)+1

x∗π(n)(x)xπ(n)

∥∥∥ < ηm,1
Of<?1

q(m) + 1 ≤ q ≤ q(m+ 1, 1).

e�f��8i � � ��g � ' ��<Y]�]^-,4�8�13>N4�<MWC<P>.23;=e�-:13;A>�yX4�+�-�238.b�238�Q¡<?O ∑q(3m+2)
n=q(3m+1)+1 x

∗
n(x)xn

WC<?QNg�Z=-:�
QN-C>�4rI�15[04�< ∑q̃(3m+2)

n=q̃(3m+1)+1 x̃
′∗
n (x)x̃′n

'�),+�-C>tc�23;=>�WC-E4�+�-Xg�13<
W:-Ce�8�13-X;=>*4�+.-Xy?-:>�-C1UIKZ�WKIK23-M;=2^4�+�-
2UI�QN-�c�]^-�WC<P>.23;=e�-:1M<P>.Z\[o4�+�-$gJI�154�;=WC8�ZfI�1�WKI�23-7]&+�-C>

(x̃′n)
q̃(3m+2)
n=q̃(3m+1)+1

IK>.e
(x̃′n)

q̃(3m+3)
n=q̃(3m+2)+1e�<S>�<P4�IKg.g�-YI�1C��4�+�IY4X;A2CcJ]^-�W:<?>�23;=e.-:1E4�+�-7]&+�<?Z=-7238�b���b�Z=<
Wru ∑q(3m+2)

n=q(3m+1)+1 x
∗
n(x)xn

I�>�e�]^-
238�g�g�<P23-*4�+JIK4�I�Z=23<o4�+�-0238.b���b�Z=<
WUu ∑q(3m+3)

n=q(3m+2)+1 x
∗
n(x)xn

;=2L254�;AZ=Z�;A>�4rI�W(4Y'S),+�-:>�4�+.-N]&+�<?Z=-
g�13<
W:-Ce�8�13-�<PO.4�+.-^g.13<9<?O�<?Ohi � n <?O�/ ¢ �&�o]^<P13u
2C'�F�-^<?>�Z=[7g�<?;=>�4�<P8�4�4�+�-,Of<?Z=Z=<Y]&;=>.y�O!I�W(4YcP]&+�;=WU+
;=2�;=Q0g�<?154rI�>�4�Of<?1^4�+.-M13-:y?8�Z�IK13;A�YIK4�;=<?>*]&+�-C>S]^-Me.<$>.<�4&+�I(��-7IY4&<?8�1�e.;=23g�<?2UI�Z�I�Z=Z�4�+�-�-:Z=-CQN-C>�4�2
<?O

(e3m+1,0,n)
M3m+1,0

n=1

c^4�+JIK4*;=2�i!23-:- /�4�-Cg 3�<?O\/ ¢ V3V3Vr' x�n c�]&+.-:>
n′(3m + 2) < M3m+1,0

'
`�13-:WC;=23-:Z\[9c�;A>j<?13e�-C1�4�<0e�-CW:13-YI�23-M4�+�-LO�<P13QzI�Z=;=23Qoc�238.g�g�<?23-�4�+JIK4

n′(3m+ 2) = 0
I�>�eqW:<?>�23;=e.-:1

∑q(3m+2)
n=q(3m+1)+1 x

∗
n(x)(xn − x̃n)

i�]^-7e�;=e�>�<P4XW:<?>�23;Ae�-:1E4�+�;=2EO I�W(4X;=>o4�+.-L/.13254X254�-:g�b�-CWYI�8�23-7;\4
]�I�2&>�<P4E>�-CW:-C232UIK15[9cM��8�254�<C]&;A>�y$4�<N4�+�-�g�13-:23-C>�W:-L<?O�4�+�-7I�13QN<?8�13;A>�yN23-Y6�8.-:>�WC- n '�),+�-:>�c�b9[S4�+�-
e�-C/�>�;\4�;=<?>�2�<?O>/�4�-Cg�2Lv�I�>�e x <?O>/ ¢ V3V3Vr' x c�O�<?1

1 ≤ n ≤ P3m+1
]^-�+JI:��-

∥∥∥
2M3m+1∑

k=1

24Q3m+1∑

l=1

x∗3m+1,n,k,l(x)(x3m+1,n,k,l − x̃3m+1,n,k,l)
∥∥∥

=
∥∥∥

2M3m+1∑

k=1

24Q3m+1∑

l=1

x∗3m+1,n,k,l(x)(x′3m+1,n,k,l + x3m+1,brd,n,k,l)
∥∥∥

=

∥∥∥∥
2M3m+1∑

k=1

( 24Q3m+1−1∑

l=1

x∗3m+1,n,k,l(x)

(
e3m+1,n,k,l +

e3m+1,n,k

2P3m+1Q0,3m+122Q3m+1

)

+ x∗
3m+1,n,k,24Q3m+1

(x)

(
e3m+1,n,k,24Q3m+1 + ω′3m+1,n

+
e3m+1,n,k

2P3m+1Q0,3m+122Q3m+1
+ e3m+1,brd,n,k + ω3m+1,n

))∥∥∥∥

=

∥∥∥∥
2M3m+1∑

k=1

( 24Q3m+1∑

l=1

x∗3m+1,n,k,l(x)

2P3m+1Q0,3m+122Q3m+1

)
e3m+1,n,k
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+
2M3m+1∑

k=1

24Q3m+1−1∑

l=1

x∗3m+1,n,k,l(x)e3m+1,n,k,l

+
2M3m+1∑

k=1

x∗
3m+1,n,k,24Q3m+1

(x)e3m+1,n,k,24Q3m+1

+
2M3m+1∑

k=1

x∗
3m+1,n,k,24Q3m+1

(x)e3m+1,brd,n,k

+
( 2M3m+1∑

k=1

x∗
3m+1,n,k,24Q3m+1 (x)

)
ω′3m+1,n

+
( 2M3m+1∑

k=1

x∗
3m+1,n,k,24Q3m+1 (x)

)
ω3m+1,n

∥∥∥∥.

��<Y]Lch;=>�<?13e�-C1�4�<�e�-C/�>�-SIoy?<9<
e�g�-C13Q78�4rIK4�;=<?>tc�]^-zW:<?8�Z=e�8�23-jIoW:<?Q7b.;=>JIK4�;=<?>�<PO���-CQNQ*I l
I�>�e�<?O ��`�����b�8�4Yc�;=>�<?13e�-:1E4�<oI(��<?;=e�O�8�154�+�-C1�g�IKy?-C2�<?O�g�13<
<?O�c�;=4�;=2XW:<?>���-:>.;=-:>�4�4�<z254�8�e�[o4�+�-
e�-C/�>�;\4�;=<?>�<?O�4�+�;=2$g�-:13Q�8�4rIK4�;=<?>�;A>�4�+.-zWYI�23-j<?O,4�+�-oI�Z\4�-C13>JIK4�;\��-*W:<?>�254�138.W(4�;=<?> <?O`/�4�-Cg

4′
<?O

/ ¢ V3V3Vr' x i!23;A>�W:-04�+.-*2UI�Q0-*g.13<9<?O�2L]^<?13u�I�Z=23<�O�<?1L4�+�;A2723-:WC<?>�e I�Z\4�-:13>�IY4�;=�?-�c�]&;=4�+�23<PQ0-zQN<?13-
O�<P13QzI�Z=;=23Q Of<?1,4�+�-�g�13<
<POh<?O^i � n <?O �&� n '�Va>.e�-:-Cetc�;=>S4�+.;=2,WKIK23-�c�23;=>�WC-

24Q3m+1−1∑

l=1

x∗3m+1,n,k,l(x)e3m+1,n,k,l = x∗3m+1,n,k,1(x)e′3m+1,n,k,1

+
24Q3m+1−1∑

l=2

x∗3m+1,n,k,l(x)(e′3m+1,n,k,l − e′3m+1,n,k,l−1)

=
24Q3m+1−2∑

l=1

(x∗3m+1,n,k,l(x)− x∗3m+1,n,k,l+1(x))e′3m+1,n,k,l

+ x∗
3m+1,n,k,24Q3m+1−1

(x)e′
3m+1,n,k,24Q3m+1−1

O�<P1
1 ≤ k ≤ 2M3m+1

c
]^-�+�I(��-

∥∥∥
2M3m+1∑

k=1

24Q3m+1∑

l=1

x∗3m+1,n,k,l(x)(x3m+1,n,k,l − x̃3m+1,n,k,l)
∥∥∥

=

2M3m+1∑

k=1

∣∣∣∣
24Q3m+1∑

l=1

x∗3m+1,n,k,l(x)

2P3m+1Q0,3m+122Q3m+1

∣∣∣∣

+

2M3m+1∑

k=1

( 24Q3m+1−2∑

l=1

|x∗3m+1,n,k,l(x)− x∗3m+1,n,k,l+1(x)|+ |x∗
3m+1,n,k,24Q3m+1−1

(x)|
)

+ 2

2M3m+1∑

k=1

|x∗
3m+1,n,k,24Q3m+1

(x)|+ 2
∣∣∣

2M3m+1∑

k=1

x∗
3m+1,n,k,24Q3m+1

(x)
∣∣∣.

),+�-C13-:O�<P13-�c�b�[ ��`���c�Z=-:4
(π(k))2M3m+1

k=1

b�-7I�g�-C13Q78�4rIK4�;=<?>j<?O
(k)2M3m+1

k=1

238.WU+j4�+�IY4&4�+�-M4�+�13-C-
23-C698�-C>�W:-C2
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( K∑

k=1

( 24Q3m+1∑

l=1

x∗3m+1,n,π(k),l(x)
))2M3m+1

K=1
,

( K∑

k=1

( 24Q3m+1−1∑

l=1

x∗3m+1,n,π(k),l(x)
))2M3m+1

K=1

I�>�e
(
∑K
k=1 x

∗
3m+1,n,π(k)k,24Q3m+1

(x))2M3m+1

K=1

I�13-NI�Z=Z
(3, 0)

��QN<?>�<P4�<?>�-�'M�q<?13-:<Y��-:1Cc_b�[���-CQ$�
Q*I l ctOf<?1

1 ≤ k ≤ 2M3m+1
Z=-(4

(π(k, l))24Q3m+1−1
l=1

b�-NIzg�-C13Q78�4rIK4�;=<?>�<?O
(l)24Q3m+1−1

l=1

238�Wr+
4�+JIK47i w?x '\v n I�>�e�i w?x ' x�n <?Oh��-:Q0Q*I l I�13-M2UIK4�;=23/.-:ejO�<?1,4�+�-M23-Y6�8.-:>�WC-

( L∑

l=1

x∗3m+1,n,π(k),π(k,l)(x)e3m+1,n,π(k),π(k,l)

)24Q3m+1−1

L=1
.

�d;=>JI�Z=Z\[9c
23-:4

(π(3m+ 1, n, g))
G3m+1,0

g=1 = (((3m+ 1, n, π(k), π(k, l)))24Q3m+1−1
l=1

∪ (3m+ 1, n, π(k), 24Q3m+1))2M3m+1

k=1 .

VG4$O�<PZAZ=<Y]&2L4�+JIK4
(|∑G

g=1 x
∗
π(3m+1,n,g)(x)|)G3m+1,0

G=1

;=2
(3, 0)

��Q0<P>.<�4�<?>�-jI�>�etc�O�<P1NI�>�[�g�-C13Q78��
4rIK4�;=<?>

(π(3m+ 1, g))
G3m+1

g=1

<?O
((3m+ 1, g))

G3m+1

g=1

238�WU+q4�+�IY4E4�+�-7g�-:13Q�8�4rIK4�;=<?>o;=>�e.8�W:-Ceq<P>

((3m+ 1, n, g))
G3m+1,0

g=1

;=2.��8.254
(π(3m+ 1, n, g))

G3m+1,0

g=1

O�<?1
1 ≤ n ≤ P3m+1

c

(∥∥∥
G∑

g=1

x∗π(3m+1,g)(x)(xπ(3m+1,g) − x̃π(3m+1,g)

∥∥∥
)G3m+1

G=1

;=2
(3, 0)

��Q0<P>.<�4�<?>�-�'�),+.-:13-:O�<?13-oI�y9I�;=> 4�+�-C13-S-:�
;A254�2
(u3m+2,g)

G3m+1

g=1

c^IKy9I�;=> ]&;\4�+�4�+�-o2UIKQ0-
g�13<?g�-C154�;=-:2L<?O^W:<?>�254�138�W:4�;=<?>�<PO^4�+�-*23-C698�-C>�W:-

(u3m+1,s)
q(3m+1)
s=1

<?O�i ¢ n <?O / ¢ �&��c�238�WU+�4�+JIK4
4�+�-C13-q-(��;=254�2SI@238�b�23-C698�-C>�W:-

(xn′)
q′(3m+5,2)
n=q′(3m+5,1)+1

<?O�4�+�-�238�b�23-C698�-C>�W:-�<?O
(xn)

q(3m+5)
n=q(3m+3)+1]&+�;=Wr+M;=2tW:<?Q0g�Z=-:Q0-:>�4rI�15[&4�<

(xn)
q′(3m+5,1)
n=q′(3m+3)+1

c�IK>.e7IKy9I�;=>LI^238�b�23-Y698�-:>�WC-
(x̃′n)

q̃(3m+3)
n=q̃(3m+2)+1

<?O

(xn)
q(3m+3)
n=q(3m+2)+1

c�238�Wr+j4�+JIK4�4�+�-:13-M-(��;=254
ηm,2 → 0

I�>�e�I�g�-:13Q�8�4rIK4�;=<?>
(xπ(n))

q(m+1,2)
n=q(m+1,1)+1<?O

(xn)
q(3m+2)
n=q(3m+1)+1 ∪ (x̃′n)

q̃(3m+3)
n=q̃(3m+2)+1 ∪ (xn′)

q′(3m+5,2)
n=q′(3m+5,1)+1,]&;\4�+

G3m+1∑

g=1

x∗π(3m+1,g)(x)(xπ(3m+1,g) + u3m+2,g) =

q(m+1,2)∑

n=q(m+1,1)+1

x∗π(n)(x)xπ(n),

∥∥∥
q∑

n=q(m+1,1)+1

x∗π(n)(x)xπ(n)

∥∥∥ < ηm,2
Of<?1

q(m+ 1, 1) + 1 ≤ q ≤ q(m+ 1, 2).

� h �&i �$f ����g � ' ��<Y] ]^-*4�8�13>�4�<q4�+�-*238�b�238.Q <?O ∑q(3m+3)
n=q(3m+2)+1 x

∗
n(x)xn

WC<?QNg�Z=-CQN-C>�4rI�15[
4�< ∑q̃(3m+3)

n=q̃(3m+2)+1 x̃
′∗
n (x)x̃′n

'�),+�-:> I�y9I�;=>tch23;A>�W:-04�+�-*g�13<
WC-:e�8�13-z;=>�4�+�-*yP-C>�-:1UI�Z�WYI�23-z;=2L4�+�-
2UI�QN-�c�]^-jWKIK> WC<?>�23;=e�-C1$<?>�Z=[�4�+�-jgJI�154�;=WC8�ZfI�1$WYI�23-S]&+.-:>

(x̃′n)
q̃(3m+3)
n=q̃(3m+2)+1

e�<@>�<P4zIKg.g�-YI�1C�
4�+JIK4�;=2Cc ∑q(3m+3)

n=q(3m+2)+1 x
∗
n(x)xn

c
]&+�;=Wr+S<P>S4�+�-X<P4�+�-C1,+JI�>�eS+�IK2EI�Z=13-YI�e�[*b�-C-:>SWC<P>.23;=e�-:13-CeS;=>
i � n <?O / ¢ �&��'h),+�-:13-COf<?13-SIKy9I�;=>�4�+�-:13-*-(��;=254�2

(u3m+3,g)
G3m+2

g=1

c�I�y9IK;A>@]&;\4�+�4�+�-*2UI�QN-*g�13<?g��
-:154�;A-:2E<?O�W:<?>�254�138�W:4�;=<?>q<POd4�+.-L23-Y698�-:>�WC-

(u3m+1,s)
q(3m+1)
s=1

<?O&i ¢ n <?O / ¢ �&��c�238�Wr+q4�+JIK4E4�+�-C13-
-(��;=254�2&IL238�b.23-C698�-:>.W:-

(xn′)
q′(3m+5,3)
n=q′(3m+5,2)+1

<PO�4�+�-X238�b�23-C698�-C>�W:-M<?O
(xn)

q(3m+5)
n=q(3m+3)+1

]&+�;AWU+S;=2
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W:<?Q0g�Z=-:Q0-:>�4rI�15[S4�<
(xn)

q′(3m+5,2)
n=q′(3m+3)+1

c�238�WU+�4�+JIK4�4�+�-:13-�-(��;=254
ηm,3 → 0

I�>�e@INg�-:13Q78�4rIY4�;A<P>

(xπ(n))
q(m+1,3)
n=q(m+1,2)+1

<PO
(xn)

q(3m+3)
n=q(3m+2)+1 ∪ (xn′)

q′(3m+5,3)
n=q′(3m+5,2)+1

c�]&;\4�+

G3m+2∑

g=1

x∗π(3m+2,g)(x)(xπ(3m+2,g) + u3m+3,g) =

q(m+1,3)∑

n=q(m+1,2)+1

x∗π(n)(x)xπ(n),

∥∥∥
q∑

n=q(m+2,1)+1

x∗π(n)(x)xπ(n)

∥∥∥ < ηm,3
Of<?1

q(m+ 1, 2) + 1 ≤ q ≤ q(m+ 1, 3).

�d;=>JI�Z=Z\[9c,b�[ i!;A; n <?O ��� ¢ � I�>�e�b�[�4�+.-�g�13-(��;=<?8�2zg�13<
W:-:e.8�13-:2Cc�4�+�-:13-�-(��;=254�2SI�238�b�23-Y6�8.-:>�WC-

(xn′)
q′(3m+5)
n=q′(3m+5,3)+1

<?O�4�+�-S238�b�23-Y698�-:>�WC-S<?O
(xn)

q(3m+5)
n=q(3m+3)+1

]&+�;=WU+ ;=2$W:<?Q0g�Z=-:Q0-:>�4rI�15[@4�<

(xn)
q′(3m+5,3)
n=q′(3m+3)+1

c9238�WU+*4�+JIK4�4�+�-:13-�-(��;=254
ηm,4 → 0

I�>�eSI�g�-:13Q�8�4rIK4�;=<?>
(xπ(n))

q(m+1)
n=q(m+1,3)+1<?O

(xn′)
q′(3m+5)
n=q′(3m+5,3)+1

]&;\4�+

∥∥∥x−
q(m+1∑

n=1

x∗π(n)(x)xπ(n)

∥∥∥ < ηm,4,
∥∥∥

q∑

n=q(m+3,1)+1

x∗π(n)(x)xπ(n)

∥∥∥ < ηm,4

O�<P1
q(m + 1, 2) + 1 ≤ q ≤ q(m + 1, 3)

'@VG4N;=2$>�<Y] 238.�$WC;=-:>94$4�<�23-(4
ηm =

∑4
i=1 ηm,i

4�<
W:<?Q0g�Z=-(4�-X4�+�-Mg�13<
<?Oh<POd),+�-C<P13-CQ x v?'

�,������� � � ���_� � �$� ����� ��
 � � ��� ������
0� � � �
> 1

�.<?1�4�+�-Mg.13<9<?O�<?O�4�+�-M-:�
;A254�-:>�WC-X<?O�I�bJI�23;=2,]&;=4�+Sg�-C13Q78�4rIK4�;=<?>�2�;=>S4�+�-:23-�23gJI�W:-:2�]^-�>�-C-:ej<?>�Z\[
i!; n <?O ¢ � I�>�e�I�23;=Q0g�Z=;=/�WKIK4�;=<?>*<?O ¢ /9��i!��-:Q0Q*Izv x <?O>/98.b�23-:W:4�;=<?> w '\v n '
e�f&g�hEijgck x?x ����"(�

X
aU"]Z+V:"�UcZ���Z�a_Q\" � ZdO$Z�[( VbUcZ�[U"�� nE��SRU�"

p > 1
c��! IZP�.P8V?c

l1
PAV O��P�cN>O�P!�G"RQTS

��"�UJ��"RV("ROJ�G"	WpP8O
X $

�  �"RO��! �"(��"*"	qdPAVr��V Z aRP����(�! ���r��dO�ZMQ?V	SdVr�G"(�
(xn, x

∗
n)
c ^>P!�! ‖xn‖ < 2

ZdO$W

‖x∗n‖ < 2K+1
n:����"	Z�[( 

n
c�ZdO�W`^>P!�! Z>NEq9"�W PAO$[(��"	ZdV	P8O r�V:"	Xr%J"�O�[U"

(q(m))
� n&U��dV	P!��P8YP" PAO.�G"br9"r��V�c

VU%�[( S�! IZP�$n:���7"	Z�[( 
x ∈ X ^>P��! ‖x‖ = 1

�! �"(��"$"�qMP8Vr�
i�I n Z]U�"(�r��%��bZP��P �dO

(π(n))
� n {n} ci!b n Z O��dO�PAO$[(��"	ZdV	P8O r6V:"�X(%."RO�[U"

(ηm)
� n U��dV	P���PAY�"]O.%�� aU"(��V ^>P!�! 

ηm → 0
c

i!W n Z V:"	Xr%J"�O�[U"
(q(m))

� n U��dV	P!��P8YP"]PAO.�G"br9"r��V�c&V:�0�! IZP�(c<n:���7"	Z�[r 
m
B

i�3 � '\v n
(π(n))

q(m)
n=1

PAV\Z�U�"(�r�$%��bZP��P��dO@� n
(n)

q(m)
n=1 ∪(m′n)

h′(m)
n=1

^� �"r��"
(n)

q(m+1)
n=q(m)+1 =(m′n)

h′(m)
n=1

∪ (m′′n)
h′′(m)
n=1

c� �"RO$[U"
(n)

q(m)
n=1 ⊆ (π(n))

q(m)
n=1 ⊆ (n)

q(m+1)
n=1 ;

i�3 � ' x�n ‖x−∑q
n=1 x

∗
π(n)(x)xπ(n)‖ < ηm

n:���7"	Z�[( 
q ≥ q(m)

�
i�3 � ' w�n

(‖∑q
n=1 x

∗
π(n)(x)xπ(n)‖)q(m+1)

q=q(m)+1

PAV
(K, 0, 1/2Pm) "

�*�dO��P�G�dO�"
$

�^���Y� n�i ���dO�Vr�!�r%�[:��P �dO@� n\Z�a	ZdV	P8V�^>P��! +U�"r�r�$%��bZP��P��dO�V n 'EF�-�g�13<
W:-C-:ejb�[S;=>�e�8�W:4�;=<?>oI�>�eS]^-LI�13-
>�<Y]�yP<?;=>.y@4�<�W:<?>�254�138�W:4Yc^254rI�154�;=>�y�O�13<PQ 4�+�-

m
4�+�254�-Cgtc�4�+�-

(m + 1)
4�+�254�-:g�4�+�13<?8�y?+�4�+�-

O�<PZAZ=<Y]&;=>�y$23;\�z238�b�254�-Cg�2C'
� � � � ��g ��� '7�E8�1�254rI�154�;=>�yNg�<?;=>94�;=2,4�+�-�b�;=<?154�+�<?y?<?>JI�Z_25[�254�-:Q

(xn, x
∗
n)
q(m)
n=1 ∪ (u′m,n, u

′∗
m,n)Amn=1, ‖u′m,n‖ = 1, ‖u′∗m,n‖ < K ′m
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O�<P1
1 ≤ n ≤ Am

'dF�-�23-(4
X = Xm + Vm

]&;\4�+

Xm = span((xn)
q(m)
n=1 ∪ (u′m,n)Amn=1), Vm = X ∩

q(m)⋂

n=1

x∗n⊥ ∩
Am⋂

n=1

u′∗(m,n)⊥.

� � � � ��g ��� '�F�-7I�13-Ly?<P;A>�y$4�<0g�13<Y�?-�4�+JIK4&4�+�-C13-�-(��;=254�2
K > 0

;A>�e�-:g�-:>�e�-C>�4E<PO
m
238.WU+o4�+JIK4

]^-MWKI�>jg�IK232�4�<$4�+�-Mb.;=<?154�+�<?yP<?>JI�Zt25[�254�-:Q

(xn, x
∗
n)
q(m)
n=1 ∪ (u′m,n, u

′∗
m,n)Amn=1 ∪ (em,n, e

∗
m,n)Qmn=1,

(em,n)Qmn=1 = ((em,n,k)16Bm
k=1 ∪ ((em,n,k,j)

16Mm
j=1 )16Bm

k=0 )Amn=1,

Qm = Am(16Bm + (1 + 16Bm)16Mm).

),+�-C>@;AO
Em = span(em,n)Qmn=1

c
Um = Vm ∩

⋂Qm
n=1 e

∗
(m,n)⊥

I�>�e
Pm = (1 + 16Bm)Am

ct]^-
+JI:��-

X = Xm + Em + Um
I�>�e

i�3 l '\v n
(em,n)Qmn=1

I�>�e
(em,n + Xm + Um)Qmn=1 = (em,n + X ∩ ⋂Qmk=1 e

∗
(m,k)⊥)Qmn=1

i!bJI�23;=2M<?O
X/(Xm+Um)

n I�13-�13-:23g�-CW(4�;\��-:Z=[
1
��-Y6�8.;\�?I�Z=-C>�4�I�>�e

K
��-C698�;=�?I�Z=-:>94h4�<X4�+�-,>JIK4�8�1UI�Z�bJI�23;=2

<?O
l
Qm

2 ;
i�3 l ' x�n

(e∗m,n)Qmn=1

;=2
K
��-C698�;=�?I�Z=-:>94^4�<$4�+�-�>JIK4�8�1UI�Z_b�IK23;A2�<?O

l
Qm

2 .

p�[�),+�-C<P13-CQ V ∗ <PO�4�+�-NVa>�4�13<
e�8�W:4�;=<?>�Of<?1 C = K/
√

2
4�+�-C13-N-(��;=254�2

(em,n)Dmn=1

;=>
Vm

]&+�;=WU+
;=2jv(��-C698�;\��IKZA-:>�4�4�<�4�+�-S>JIK4�8�1UI�Z,bJI�23;=2$<?O

lDm2

c^IK>.e�4�+.-:13-S-(��;=254�20Iqg.13<d��-CW(4�;=<?>
Rm : Vm →

span(em,n)Dmn=1

]&;\4�+ ‖Rm‖ < K/
√

2
'�),+�-:>

(em,n +Rm⊥ ∩Vm)Dmn=1

;A2
K/
√

2
��-Y698�;\�?I�Z=-C>�4�4�<

4�+�-&>�IY4�8.1UIKZJb�IK23;A2�<?O
lDm2

'�p^8�4
Dm

;=2�4�+�-&e.;=QN-C>�23;=<?>N<?O
span((em,n+Rm⊥∩Vm) +Xm)Dmn=1]&+�;=ZA-�b�[ /98�b.254�-:g@v�4�+�-Xe�;AQN-:>.23;=<?>z<?O

Xm
;A2
q(m) +Am

��+�-C>�W:-X;AO
Dm

;=2,238��NW:;=-C>�4�Z\[*ZfI�13y?-:1
4�+JI�>

q(m) +Am
4�+.-:13-�-(��;=254�2&IL238�b�23-C698�-C>�W:-M<PO

2Qm
-:ZA-:QN-C>�4�2^<PO

(em,n)Dmn=1

c9]&+.;=WU+z]^-�WKIK>
WYI�Z=Z

(em,n)2Qm
n=1

c�238�WU+�4�+JIK4*i�I�Z\]�I:[�2�Of<?Z=Z=<Y]&;=>.y /98.b�23-:W:4�;=<?> v?' } <?O�4�+.-$Va>94�13<9e.8�W(4�;=<?> n ]^-NWKIK>
238�g�g�<P23-*4�+JIK4Yc�O�<P17-YI�WU+�y?;\��-:>�23-C698�-C>�W:-

(an)Qmn=1

<PO,>98.Q7b�-C132�]&;\4�+ ∑Qm
n=1 a

2
n = 1

c�4�+�-C13-0;=2
x ∈ Xm

23<N4�+JIK4

∥∥∥
Qm∑

n=1

anem,n +Rm⊥ ∩ Vm +Xm

∥∥∥ =
∥∥∥
Qm∑

n=1

anem,n +Rm⊥ ∩ Vm + x
∥∥∥

=
∥∥∥

2Qm∑

n=Qm+1

an−Qmem,n +Rm⊥ ∩ Vm + x
∥∥∥

=
∥∥∥

2Qm∑

n=Qm+1

an−Qmem,n +Rm⊥ ∩ Vm +Xm

∥∥∥.

��-:>.W:-M;\4�O�<?Z=Z=<Y]&2^4�+�IY4

√
2

K
=

√
2

K

√√√√
Qm∑

n=1

a2
n ≤

∥∥∥
Qm∑

n=1

an
em,n − em,n+Qm√

2
+Rm⊥ ∩ Vm

∥∥∥

=
1√
2

∥∥∥
( Qm∑

n=1

anem,n +Rm⊥ ∩ Vm + x
)
−
( 2Qm∑

n=Qm+1

an−Qmem,n +Rm⊥ ∩ Vm + x
)∥∥∥
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≤ 1√
2

∥∥∥
Qm∑

n=1

anem,n + Rm⊥ ∩ Vm + x
∥∥∥+

1√
2

∥∥∥
2Qm∑

n=Qm+1

an−Qmem,n +Rm⊥ ∩ Vm + x
∥∥∥

=
√

2
∥∥∥
Qm∑

n=1

anem,n +Rm⊥ ∩ Vm +Xm

∥∥∥ ≤
√

2
∥∥∥
Qm∑

n=1

anem,n

∥∥∥ =
√

2

√√√√
Qm∑

n=1

a2
n =
√

2;

4�+JIK4&;=2Cc

1

K
≤
∥∥∥
Qm∑

n=1

anem,n +Rm⊥ ∩ Vm +Xm

∥∥∥ ≤ 1.

),+�-C13-:O�<P13-�c�O�<?1�-YI�WU+o23-C698�-:>.W:- {an}Qmn=1

<?Oh>98�Q7b�-:132Cc

1

K

√√√√
Qm∑

n=1

a2
n ≤

√√√√
Qm∑

n=1

a2
n

∥∥∥∥
Qm∑

n=1

(
an/

√√√√
Qm∑

k=1

a2
k

)
em,n +Rm⊥ ∩ Vm +Xm

∥∥∥∥

(
=
∥∥∥
Qm∑

n=1

anem,n +Rm⊥ ∩ Vm +Xm

∥∥∥
)
≤

√√√√
Qm∑

n=1

a2
n;

4�+JIK4�;=2Cc {em,n + Rm⊥ ∩ Vm + Xm}Qmn=1

i!bJI�23;=2M<?O
X/(Rm⊥ ∩ Vm + Xm)

n ;A2
K
��-C698�;\��I�Z=-:>�4

4�<j4�+.-0>JIK4�8�1UI�Z�bJI�23;=2L<?O
lQm2

'z��-:>�WC-?c�23-:434�;=>�y
Um = Rm⊥ ∩ Vm

c�4�+�-:13-0;=2
((e∗m,n,k)16Bm

k=1 ∪
((e∗m,n,k,j)

16Mm
j=1 )16Bm

k=0 )Amn=1

;=>
X∗

23<*4�+JIK4
Um = Vm ∩

⋂Qm
k=1 e

∗
(m,k)⊥

I�>�e i�3 l '=v n I�>�e i�3 l ' x�n
I�13-M2UIK4�;=23/�-Cet'
� � � � ��g ��� '�F�-&g�IK232^O�13<PQ

(u′m,n
c
u′∗m,n)

Am

n=1∪ ((em,n,k
c
e∗m,n,k)16Bm

k=1 )
Am

n=1

4�<
(um,n

c
u∗m,n)

Pm

n=1

= ((um,n,k
c
u∗m,n,k)16Bm

k=0 )Amn=1

b�;=<?154�+�<?y?<?>JI�ZJb9[NQ0-YI�>�2^<?O�4�+�-�g�13<
W:-Ce�8�13-E<?O?/98�b�WC<?>�254�138�W(4�;A<P>.2
V3V3Vr'=v�ib/�4�-Cg�3 n I�>�eMV3V3Vr' x ib/�4�-Cg x�n ]&;=4�+X23<?Q0-�23Z=;AyP+94te�;A��-:13-C>�W:-�c:]&;\4�+ ‖um,n‖ < 2

I�>�e ‖u∗m,n‖ <
2K + 1

O�<P1
1 ≤ n ≤ Pm

�.g�13-:WC;=23-:Z\[*]^-M23-:4Yc�O�<P1
1 ≤ n ≤ Am

c
1 ≤ k ≤ 16Bm

c

um,n,0 =
1

4Bm

16Bm∑

f=1

em,n,f , u∗m,n,0 =
1

4Bm

16Bm∑

f=1

e∗m,n,f −
u′∗m,n
2Bm

,

um,n,k = em,n,k + u′m,n/2
Bm ,

u∗m,n,k = e∗m,n,k − u∗m,n,0/4Bm = e∗m,n,k −
1

16Bm

16Bm∑

f=1

e∗m,n,f +
u′∗m,n
23Bm

.

� � � � ��g ��� 'XF�-My?<NOf13<?Q
(um,n

c
u∗m,n)Pmn=1

4�<N;\4�2,y?-C>�-:1UIK4�;=>�yNOf<?13Q

(wm,n, w
∗
m,n)Pmn=1 = ((wm,n,k, w

∗
m,n,k)16Bm

k=0 )Amn=1

b�[SQN-KI�>�2�<?O�4�+�- �Xp /
)M'
� � � � ��g ��� 'MVaO

Bm
c
Mm

I�>�e
Tm

I�13-�;=>�4�-:y?-C132,]&;\4�+

Bm ≥ 2Am+q(m)+K+Km , Tm ≥ 4Pm
Pm∑

n=1

‖w∗m,n‖, Mm ≥ 2Bm+Tm ,

]^-Mg�IK232EOf13<?Q
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(wm,n, w
∗
m,n)Pmn=1 ∪ (((em,n,k,j , e

∗
m,n,k,j)

16Mm
j=1 )16Bm

k=0 )Amn=1

= (((wm,n,k, w
∗
m,n,k) ∪ (em,n,k,j , e

∗
m,n,k,j)

16Mm
j=1 )16Bm

k=0 )Amn=1

4�<
(((xm,n,k,j

c
x∗m,n,k,j)

16Mm
j=0 )16Bm

k=0 )Amn=1

b�;=<?154�+�<?y?<?>JI�Z.]&;=4�+ ‖xm,n,k,j‖ < 2
I�>�e ‖x∗m,n,k,j‖ <

2K + 1
O�<?1

0 ≤ j ≤ 16Mm
c

0 ≤ k ≤ 16Bm
I�>�e

1 ≤ n ≤ Am
ctb�[�QN-YI�>�2M<PO�4�+�-NOf<?Z=Z=<Y]&;=>.y

g�13<
W:-Ce�8�13-�Bd]^-M23-(4Yc�O�<P1
1 ≤ n ≤ Am

c
0 ≤ k ≤ 16Bm

c
1 ≤ j ≤ 16Mm

c

xm,n,k,0 =
1

4Mm

16Mm∑

f=1

em,n,k,f , x∗m,n,k,0 =
1

4Mm

16Mm∑

f=1

e∗m,n,k,f − w∗m,n,k/2Mm ,

x′m,n,k,j = em,n,k,j , x′′m,n,k,j = x′′m,n,k = wm,n,k/2
Mm , xm,n,k,j = x′m,n,k,j + x′′m,n,k,j ,

x∗m,n,k,j = e∗m,n,k,j −
x∗m,n,k,0

4Mm
= e∗m,n,k,j −

1

16Mm

16Mm∑

f=1

e∗m,n,k,f +
w∗m,n,k
8Mm

.

� � � � ��g ��� 'XF�-M23-:4

(xn, x
∗
n)
q(m+1)
n=q(m)+1 = (((xm,n,k,j , x

∗
m,n,k,j)

16Mm
j=1 )16Bm

k=0 )Amn=1,

(u′m+1,n, u
′∗
m+1,n)

P ′m+1

n=1 = ((xm,n,k,0, x
∗
m,n,k,0)16Bm

k=0 )Amn=1.
��<Y]Lc7b�[ I�23;=QNg.Z=;=/�-Ce ��-:1323;=<?>�<?O ¢ <P>.254�138�W(4�;=<?> V3V�i!g�13-:WC;=23-:Z\[ ]&;=4�+�<?8�4�4�+�- W:<?>�254�138.W(4�;=<?>
<?O

(v′m+1,n

c
v′∗m+1,n)

Q′m+1

n=1

;=>�4a]^<�e.;=254�;=>�W:4z254rI�yP-C2Sb�[�Q0-YI�>�2z<?O
(v′m+1,n

c
v′∗m+1,n)

Q′′m+1

n=1

I�>�e

(v′m+1,n

c
v′∗m+1,n)

Q′m+1

n=Q′′m+1+1

�.]^-L>�<Y] 8�23-L<?>�Z=[z4�+�-L23-:WC<P>.eq254rIKy?-�c.4�+JIK4E;=2Cc�]^-Le�-C/�>�-Le�;A13-:W(4�Z=[

(v′m+1,n

c
v′∗m+1,n)

Q′m+1

n=1

n I�>�e�b�[���-:Q0Q*I v x c^]^-qe�-:/�>.-
(u′m+1,n

c
u′∗m+1,n)

Am+1

n=P ′m+1+1

i�]&+�;AWU+
W:<?1313-C23g�<?>�e�2&4�<

(u′′m+1,n

c
u′′∗m+1,n)

P ′′m+1

n=1

<PO�i�3 w '\v n <?Oh��-:Q0Q*ISv x?n c.23<0]^-7I�13-7I�y9I�;=>o;=>j4�+�-L23;\43�
8JIK4�;=<?>o<?O /
8�b�254�-:g�vLb�8�4E]&;\4�+

m+ 1
;=>�254�-KI�eo<?O

m
'���-C>�W:-Lb�[S4�+�-L2UI�QN-Lg�13<
W:-:e.8�13-M]^-LWYI�>

e�-C/�>�-
(xn, x

∗
n)
q(m+2)
n=q(m+1)+1 ∪ (u′m+2,n

c
u′∗m+2,n)

Am+2

n=1

I�>�eo23<0<P>�'�`�13<
W:-C-:e�;A>�yN;=>S4�+�;=2�]�I:[z]^-
e�-C/�>�- {xn, x∗n}

b�;=<?154�+�<?y?<?>JI�Z�238�Wr+S4�+JIK4Yc�b�[�i!; n <PO ¢ ��i!��-:QNQzI0vG5��
4�+.-Xg.13<9<?O�<PO���-:Q0Q*I*vG5
+�<?Z=e�2NI�Z=23<qO�<?1723gJI�WC-:27<?O,4a[�g�-

> 1
c�IKW:4�8JI�Z=Z\[@;=>�4�+�-*23;\4�8�IY4�;A<P>�<?O,4�+�;=2723-:W:4�;=<?>�4�+�-*g�13<
<?O�;=2

23;=Q0g�Z=-:1 n c
]^-M+JI:��-M4�+�-�Of<?Z=Z=<Y]&;=>.y�g�13<?g�-C154a[_B
i } ) n Of<?1�-YI�WU+

x′ ∈ X ]&;\4�+ ‖x′‖ = 1
4�+�-:13-,-(��;=254�2�IE>�<?>�;=>.W:13-YI�23;=>.y�23-Y6�8.-:>�WC- {η′m}

<?O.g�<?23;\4�;=�?-
>98�Q�b�-:132X]&;\4�+

η′m → 0
238�Wr+�4�+JIK4Yc�O�<P1X-YI�Wr+

m
c

dist(x′ − (
∑q(m)
n=1 x

∗
n(x′)xn,

23-(4M<?O^IKZAZ
∑K
k=1 u

′∗
m,nk

(x′)u′m,nk + au′∗m,nK+1
(x′)u′m,nK+1

O�<?1
0 < |a| < 1

I�>�ezO�<?1�IL238�b�23-Y698�-:>�WC-

(nk)K+1
k=1

<?O
(n)Amn=1) < η′m.

F�-�g�<?;=>94X<?8�4X4�+�IY4Yc_b�[ i�3 l '\v n IK>.e i�3 l ' x�n IK>.e�b�[�<?8�1Xe.-:/�>�;=4�;=<?>�<?OhD
(H,M, ε)

��QN<?>�<P4�<?>�-rTUc
;\4&Of<?Z=Z=<Y]&2,4�+JIK4
i } v n

(‖∑P
i=1 aix

′
m,1,i + span(x′m,2,j)

P (2)
j=1 + span(x′′n)

q(m+1)
n=q(m)+1 + span((xn)

q(m)
n=1 ∪

(xn)n≥q(m+1)+1)‖)P (1)
P=1

;=2
(K, 0, 0)

��QN<?>�<P4�<?>�-XO�<P1�-KI�WU+
m
c�Of<?1�-KIKWr+jgJI�154�;\4�;=<?>

(n)
q(m+1)
n=q(m)+1 = ((m, 1, i))

P (1)
i=1 ∪ ((m, 2, i))

P (2)
i=1

I�>�e*Of<?1�-YI�WU+023-Y6�8.-:>�WC-
(ai)

P (1)
i=1

<?O_>98�QN�
b�-:132C'

�^���Y� nLi �^����U."r�(��P�"�VN� n Z a	ZdV	P8V+^>P��! 6U."r�r�$%��bZP��P��dO�V n '\/98�g.g�<?23-�4�+�IY4
x ∈ X ]&;\4�+ ‖x‖ = 1

' F�-
g�13<
W:-C-:ejb9[z;A>�e�8�W:4�;=<?>t'
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F�-7/���I0g�<?23;\4�;\��-L;=>94�-:y?-:1
m
I�>�e�]^-7238.g�g�<?23-74�<z+JI:�?-�O�<?8�>�e

(q(k))mk=1

I�>�e
(π(n))

q(m)
n=1238�Wr+�4�+JIK4Yc_Of<?1X-KIKWr+

k
]&;\4�+

1 ≤ k ≤ m
c�i�3 � '=v n ;=2X2UIK4�;=23/�-Ce�]&+�-C>

m
;=2M13-:g�ZfI�WC-:e�b�[

k
c�I�>�e

238�Wr+74�+JIK4,i�3 � ' x�n ;A2�2UIK4�;=23/�-Ce7;=>74�+�-�O�<PZAZ=<Y]&;=>�yEOf<?13QqB_4�+�-:13-^-(��;=254hO�<?8�1d>�<?>�;=>�WC13-YI�23;=>�y�23-C698�-C>�W:-C2
(η̂k)mk=1

c
(ηk)mk=1

c
(εk)mk=1

I�>�e
(η′k)mk=1

<PO�>98�Q7b�-:132Cc�]&;=4�+
η̂m → 0

c
ηm → 0

c
εm → 0

IK>.e
η′m → 0

c�238.WU+j4�+�IY4YB
i }?x '\v n ‖x−∑q(m)

n=1 x
∗
π(n)(x)xπ(n)‖ < η̂m,

]&+�-C13-
η̂m = η′m + 1/22q(m) + εm−1 +Pm2(2K +

1)/2Mm +K(η′m−1 + η′m+1);
i }?x ' x�n ‖x −∑q

n=1 x
∗
π(n)(x)xπ(n)‖ < ηk

Of<?1
q(k) ≤ q ≤ q(m)

I�>�e�Of<?1
1 ≤ k ≤ m,

]&;\4�+

ηm = (1 +K)η̂m−1 +Kη̂m +K/2Pm−1 ;
i }?x ' w�n

(‖∑q
n=1 x

∗
π(n)(x)xπ(n)‖)q(m+1)

q=q(m)+1

;=2
(K, 0, 1/2Pm)

��QN<?>�<P4�<?>�-?'
� 4X4�+�;A2�g�<?;=>94M238�g�g�<?23-�4�+�IY4Yc_O�<?1�I*/���-:e

m
c�i�3 � '=v n I�>�e�i }?x '\v n�| i }?x ' w�n I�13-$2UIK4�;=23/�-:e��_]^-NI�13-

y?<?;=>�y$4�<���-:13;=Of[*4�+�-CQ IKZA23<$O�<?1
m+ 1

'dF�-M+�I(��-M4a]^<Ng�<?2323;=b�;AZ=;\4�;=-C2C'h),+�-�/.13254&<P>.-�;=2^4�+JIK4

(53) |u′∗m+1,n(x)| ≤ 1

Am+122q(m+1)+1

O�<P1
1 ≤ n ≤ Am+1.

� y9I�;=>tc9b�[�i }?x '\v n�| i }?x ' w�n ]&;\4�+
x′
I�>�e

m
13-Cg�ZfI�W:-Ce0b�[

x
I�>�e

m+ 1
13-:23g�-:W(4�;=�?-CZ\[0I�>�e*b�[�i }?w?n c

∥∥∥x−
( q(m)∑

n=1

x∗π(n)(x)xπ(n) +

h′′(m)∑

n=1

x∗m′′n(x)xm′′n

)∥∥∥ =
∥∥∥x−

q(m+1)∑

n=1

x∗n(x)xn

∥∥∥

< η̂m+1 = η′m+1 +
1

22q(m+1)+1
,

((m+ 1)′′n)
h′′(m+1)
n=1 = (n)

q(m+2)
n=q(m+1)+1.

F�-*WCZfI�;=Q 4�+�IY474�+�-:13-*-:��;=254�2�Iog�-:13Q�8�4rIK4�;=<?>
(π(n))

q(m+1)
n=q(m)+1

<?O
((m)′′n)

h′′(m)
n=1

i
q(m + 1) =

q(m+ 1)
n 23<N4�+JIK4

(54)
(∥∥∥

q∑

n=q(m)+1

x∗π(n)(x)x′′π(n)

∥∥∥
)q(m+1)

q=q(m)+1

;A2
(1, 1/2Pm)

��Q0<?>�<P4�<P>.-?'

Va>�e�-C-:etc.238�g.g�<?23-?c.;A>j<?13e�-:1�4�<0e�-:WC13-YI�23-M4�+�-�O�<?13Q*I�Z=;\4a[�i!;=>j4�+�-�y?-:>�-C1UI�ZtWYI�23-M4�+�-�g�13<
WC-:e�8�13-�;A2
4�+�-�2UIKQ0- n c
4�+JIK4

((m)′′n)
h′′(m)
n=1 = (n)

q(m+1)
n=q(m)+1

'�p�[ /98�b�254�-Cg�2 } I�>�e 5�c

q(m+1)∑

n=q(m)+1

x∗n(x)x′′n =

Am∑

n=1

24Bm∑

k=0

( 24Mm∑

j=1

x∗m,n,k,j(x)

2Mm

)
wm,n,k,

+�-C>�W:-�cJOf<?1
1 ≤ n ≤ Am

I�>�e
0 ≤ k ≤ 24Bm

c.4�+�-C13-L;=2XI$g�-:13Q78�4rIY4�;A<P>
(π(m,n, k, j))24Mm

j=1

<?O

(j)24Mm

j=1

238�Wr+S4�+JIK4
(|∑J

j=1 x
∗
π(m,n,k,j)(x)|)24Mm

J=1

;A2
(1, 0)

��Q0<P>.<�4�<?>�-�'�),+�-:>S4�+�-:13-M;=2&I7gJI�154�;\�
4�;=<?>

((π(m,n, k, j))
t(m,n,k,p)
j=t(m,n,k,p−1)+1)Tmp=1

<?O
(π(m,n, k, j))24Mm

j=1

i!+�-C>�W:-�]&;\4�+
t(m,n, k, 0)=0I�>�e

t(m,n, k, Tm) = 24Mm
n 238.WU+j4�+�IY4Yc�O�<?1

1 ≤ p ≤ Tm
c

∣∣∣∣
t(m,n,k,p)∑

j=t(m,n,k,p−1)+1

x∗π(m,n,k,j)(x)

2Mm
− 1

Tm

24Mm∑

j=1

x∗π(m,n,k,j)(x)

2Mm

∣∣∣∣ <
2K + 1

2Mm
,

∣∣∣∣
t(m,n,k,p)∑

j=1

x∗π(m,n,k,j)(x)

2Mm
− p

Tm

24Mm∑

j=1

x∗π(m,n,k,j)(x)

2Mm

∣∣∣∣ <
2K + 1

2Mm
,



� ! � �������	�
����	�

b�-CWYI�8�23-
∣∣∣∣

1

Tm

24Mm∑

j=1

x∗π(m,n,k,j)(x)

2Mm

∣∣∣∣ =

∣∣∣∣
w∗m,n,k(x)

Tm

∣∣∣∣ ≤
‖w∗m,n,k‖
Tm

≤
‖w∗m,n,k‖

4Pm
∑Pm

n=1 ‖w∗m,n‖
<

1

4Pm
.

��-:>.W:-?c�O�<P1
1 ≤ p ≤ Tm

c�23;=>�WC-

q(m+1)∑

n=q(m)+1

x∗n(x)x′′n =

Am∑

n=1

24Bm∑

k=0

16Mm∑

j=1

x∗m,n,k,j(x)
wm,n,k
2Mm

=

Am∑

n=1

24Bm∑

k=0

w∗m,n,k(x)wm,n,k =

Pm∑

n=1

w∗m,n(x)wm,n =

Pm∑

n=1

u∗m,n(x)um,n,

]^-M+�I(��-

∥∥∥∥
Am∑

n=1

24Bm∑

k=0

t(m,n,k,p)∑

j=t(m,n,k,p−1)+1

x∗π(m,n,k,j)(x)
wm,n,k
2Mm

−
∑Pm

n=1 u
∗
m,n(x)um,n

Tm

∥∥∥∥

=

∥∥∥∥
Am∑

n=1

24Bm∑

k=0

t(m,n,k,p)∑

j=t(m,n,k,p−1)+1

x∗π(m,n,k,j)(x)
wm,n,k
2Mm

−
∑q(m+1)
n=q(m)+1 x

∗
n(x)x′′n

Tm

∥∥∥∥

=

∥∥∥∥
Am∑

n=1

24Bm∑

k=0

wm,n,k
2Mm

( t(m,n,k,p)∑

j=t(m,n,k,p−1)+1

x∗π(m,n,k,j)(x)−
∑24Mm

j=1 x∗π(m,n,k,j)(x)

Tm

)∥∥∥∥

<

Am∑

n=1

24Bm∑

k=0

2K + 1

2Mm
‖wm,n,k‖ <

(4K + 2)Pm
2Mm

I�>�e

∥∥∥∥
Am∑

n=1

24Bm∑

k=0

t(m,n,k,p)∑

j=1

x∗π(m,n,k,j)(x)
wm,n,k
2Mm

− p

Tm

Pm∑

n=1

u∗m,n(x)um,n

∥∥∥∥ <
(4K + 2)Pm

2Mm
.

),+�-C13-:O�<P13-�c�23;A>�W:-
( p
Tm

∑Pm
n=1 u

∗
m,n(x)um,n)Tmp=1

;=2
(0, 0)

��Q0<P>.<�4�<?>�-�c

(∥∥∥
P∑

p=1

Am∑

n=1

24Bm∑

k=0

t(m,n,k,p)∑

j=t(m,n,k,p−1)+1

x∗π(m,n,k,j)(x)x′′π(m,n,k,j)

∥∥∥
)Tm
P=1

=
(∥∥∥

Am∑

n=1

24Bm∑

k=0

t(m,n,k,P )∑

j=1

x∗π(m,n,k,j)(x)x′′π(m,n,k,j)

∥∥∥
)Tm
P=1

;=2
(0, (4K + 2)Pm/2

Mm)
��QN<?>�<P4�<?>�-?'S��>�4�+�-0<P4�+�-C1�+JI�>�etc�O�<?1

1 ≤ p ≤ Tm
c

1 ≤ n ≤ AmI�>�e
0 ≤ k ≤ 24Bm

c�b�[SW:<?>�254�138.W(4�;=<?>qI�>�ejb9[z4�+�-7IKb�<C��-M]^-�+JI:�?-

∥∥∥
t(m,n,k,p)∑

j=t(m,n,k,p−1)+1

x∗π(m,n,k,j)(x)x′′π(m,n,k,j)

∥∥∥ ≤
∣∣∣

t(m,n,k,p)∑

j=t(m,n,k,p−1)+1

x∗π(m,n,k,j)(x)
∣∣∣ 2

2Mm
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≤ 2

∣∣∣∣
t(m,n,k,p)∑

j=t(m,n,k,p−1)+1

x∗π(m,n,k,j)(x)

2Mm
− 1

Tm

24Mm∑

j=1

x∗π(m,n,k,j)(x)

2Mm

∣∣∣∣

+ 2

∣∣∣∣
24Mm∑

j=1

x∗π(m,n,k,j)(x)

Tm2Mm

∣∣∣∣ <
4K + 2

2Mm
+

2

4Pm

I�>�e
Am∑

n=1

24Bm∑

k=0

∥∥∥
t(m,n,k,p)∑

j=t(m,n,k,p−1)+1

x∗π(m,n,k,j)(x)x′′π(m,n,k,j)

∥∥∥ ≤ Pm
4K + 2

2Mm
+

2Pm
4Pm

.

VG4&O�<PZAZ=<Y]&2^4�+JIK4

((((∥∥∥
Am∑

f=1

24Bm∑

g=0

t(m,f,g,P−1)∑

j=1

x∗π(m,f,g,j)(x)x′′π(m,f,g,j)

+

N−1∑

f=1

24Bm∑

g=0

t(m,f,g,P )∑

j=1

x∗π(m,f,g,j)(x)x′′π(m,f,g,j)

+
K−1∑

g=0

t(m,N,g,P )∑

j=1

x∗π(m,N,g,j)(x)x′′π(m,N,g,j)

+

T∑

j=1

x∗π(m,N,K,j)(x)x′′π(m,N,K,j)

∥∥∥
)t(m,N,K,P )

T=t(m,N,K,P−1)+1

)24Bm

K=0

)Am
N=1

)Tm
P=1

i�4�+�-L23-CW:<?>�e�238.Q I�g�g�-YI�132�<?>�Z\[o;=O
N ≥ 2

I�>�e�4�+�-L4�+�;=13eq238�Q <P>.Z\[j;AO
K ≥ 1

n ;=2
(0, 1/2Pm)

�
QN<?>�<P4�<?>�-M23;=>�WC-

(∥∥∥
T∑

j=t(m,N,K,p−1)+1

x∗π(m,N,K,j)(x)x′′π(m,N,K,j)

∥∥∥
)t(m,N,K,p)
T=t(m,N,K,p−1)+1

;=2
(1, 0)

��Q0<P>.<�4�<?>�-oI�>�e +�-:>.W:-
(0, 4K + 2/2Mm)

��Q0<P>.<�4�<?>�-jO�<P1N-YI�WU+
N
I�>�e

K
]&;\4�+

1 ≤
N ≤ Am

I�>�e
0 ≤ K ≤ 24Bm

cJI�>�eo23;=>�WC-?c�b�[ /98�b�254�-Cg } c

(4K + 2)Pm
2Mm

+ Pm
4K + 2

2Mm
+

2Pm
4Pm

+
4K + 2

2Mm
<

1

2Pm
.

),+�;=2�WC<?QNg�Z=-:4�-:2^4�+�-�g�13<
<POh<?O^i } 3 n ;=O�]^-�23-(4

(π(n))
q(m+1)
n=q(m)+1 = ((((π(m,n, k, j))

t(m,n,k,p)
j=t(m,n,k,p−1)+1)24Bm

k=0 )Amn=1)Tmp=1.��-:>.W:-X]^-�W:<?>�WCZ=8�e�-X4�+JIK4Yc�Of<?1
q(m) + 1 ≤ q ≤ q(m+ 1)

c

∥∥∥x−
q(m+1)∑

n=1

x∗π(n)(x)xπ(n)

∥∥∥ < η̂m+1 = η′m+1 + 1/22q(m+1)+1;(55.1)

(∥∥∥
q∑

n=1

x∗π(n)xπ(n)

∥∥∥
)q(m+1)

q=q(m)+1

;A2
(K, 0, 1/2Pm)

��Q0<P>.<�4�<?>�-��
(55.2)

∥∥∥
q∑

n=q(m)+1

x∗π(n)(x)x′π(n)

∥∥∥ < K2(η̂m + η̂m+1) +K/2Pm ;(55.3)
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����	�

∥∥∥x−
q∑

n=1

x∗π(n)(x)xπ(n)

∥∥∥ < ηm+1 = (1 +K)η̂m +Kη̂m+1 +K/2Pm .(55.4)

Va>�e�-C-:etc�i }?} '\v n O�<?Z=Z=<Y]&2�O�13<?Q i } ) n I�>�e�i }?w�n ��i }?} ' x�n O�<?Z=Z=<Y]&2�O�13<?Q i } v n I�>�e�i } 3 n �_O�<?10i }P} ' w�n c
b�[�i } v n IK>.e�i }?} ' x?n c�;\4&Of<?Z=Z=<Y]&2,4�+JIK4

∥∥∥
q∑

n=q(m)+1

x∗π(n)(x)x′π(n)

∥∥∥

≤ K
∥∥∥

q∑

n=q(m)+1

x∗π(n)(x)xπ(n)

∥∥∥ < K2
∥∥∥

q(m+1)∑

n=q(m)+1

x∗π(n)(x)xπ(n)‖+K/2Pm

= K2
∥∥∥
(
x−

q(m)∑

n=1

x∗π(n)(x)xπ(n)

)
−
(
x−

q(m+1)∑

n=1

x∗π(n)(x)xπ(n)

)∥∥∥+K/2Pm

≤ K2
∥∥∥x−

q(m)∑

n=1

x∗π(n)(x)xπ(n)

∥∥∥+K2
∥∥∥x−

q(m+1)∑

n=1

x∗π(n)(x)xπ(n)

∥∥∥+K/2Pm

< K2(η̂m + η̂m+1) +K/2Pm .
�.<?17i }?} ' 3 n c�b9[�i }?} ' x?n ]^-�+JI:��-

∥∥∥x−
q∑

n=1

x∗π(n)(x)xπ(n)

∥∥∥ ≤
∥∥∥x−

q(m)∑

n=1

x∗π(n)(x)xπ(n)

∥∥∥+
∥∥∥

q∑

n=q(m)+1

x∗π(n)(x)xπ(n)

∥∥∥

<
∥∥∥x−

q(m)∑

n=1

x∗π(n)(x)xπ(n)

∥∥∥+K
∥∥∥

q(m+1)∑

n=q(m)+1

x∗π(n)(x)xπ(n)

∥∥∥+K/2Pm

=
∥∥∥x−

q(m)∑

n=1

x∗π(n)(x)xπ(n)

∥∥∥+K
∥∥∥
(
x−

q(m)∑

n=1

x∗π(n)(x)xπ(n)

)

−
(
x−

q(m+1)∑

n=1

x∗π(n)(x)xπ(n)

)∥∥∥+K/2Pm

≤ (1 +K)
∥∥∥x−

q(m)∑

n=1

x∗π(n)(x)xπ(n)

∥∥∥+K
∥∥∥x−

q(m+1)∑

n=1

x∗π(n)(x)xπ(n)

∥∥∥+K/2Pm

= (1 +K)η̂m +Kη̂m+1 +K/2Pm .

),+.-M23-:WC<?>�eog�<?2323;=b�;=Z=;=4a[*;=2,4�+JIK47i }?w?n ;A2,>�<P4&4�138�-?c�+�-:>.W:-X4�+.-:13-M-(��;=254�2
ñ
23<N4�+JIK4

i } 5 n
1 ≤ ñ ≤ Am+1

I�>�e |u′∗m+1,ñ(x)| > 1/Am+122q(m+1)+1 ]&+�;=ZA-

|u′∗m+1,n(x)| ≤ 1/Am+122q(m+1)+1

Of<?1
ñ+ 1 ≤ n ≤ Am+1

��]^-�23-(4
n = (ñ− 1)(1 + 24Bm+1) + k̃

]&;\4�+
k̃ > 2Bm+1/2

23<L4�+JIK4
|u∗
m+1,ñ,k̃+1

(x)| > 1/22Pm+1
i!+.-:>�WC- |u∗m+1,n+1(x)| > 1/22Pm+1)

]&+�;=ZA- |u∗m+1,ñ,k(x)|
≤ 1/22Pm+1

O�<?1
k̃ + 2 ≤ k ≤ 24Bm+1 .

Va>�e�-C-:etc�]^-M+JI:��-
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1

Am+122q(m+1)+1
< |u′∗m+1,ñ(x)| =

|∑24Bm+1

k=1 u∗m+1,ñ,k(x)|
2Bm+1

≤
|∑k̃+1

k=1 u
∗
m+1,ñ,k(x)|

2Bm+1
+

∑24Bm+1

k=k̃+2 |u∗m+1,ñ,k(x)|
2Bm+1

<
(k̃ + 1)(2K + 1)

2Bm+1
+

24Bm+1 − k̃ − 1

2Bm+122Pm+1

<
(k̃ + 1)(2K + 1)

2Bm+1
+

24Bm+1

2Bm+122Pm+1
=

(k̃ + 1)(2K + 1)

2Bm+1
+

23Bm+1

22(1+16Bm+1 )Am+1

<
(k̃ + 1)(2K + 1)

2Bm+1
+

1

424Bm+1
,

4�+JIK4&;=2Cc

k̃ >

(
1

Am+122q(m+1)+1
− 1

424Bm+1

)
2Bm+1

2K + 1
− 1 > 2Bm+1/2.

/9<.cJI�W:WC<?13e�;=>�y�4�<qi } ) n ]&;\4�+
x′
c
m
13-:g.ZfI�W:-:ej13-:23g�-:W(4�;=�?-CZ\[*b�[

x
c
m+ 1

c�]^-M+JI:��-

u′m+1 =

Am+1∑

n=1

anu
′∗
m+1,n(x)u′m+1,n =

Am+1∑

n=1

u′∗m+1,n(u′m+1)u′m+1,n

=

Am+1∑

n=1

16Bm+1∑

k=0

u∗m+1,n,k(u′m+1)um+1,n,k, 0 ≤ |an| ≤ 1,

u′∗m+1,n(u′m+1) = anu
′∗
m+1,n(x), u∗m+1,n,0(u′m+1) = −anu′∗m+1,n(x)/2Bm+1 ,

u∗m+1,n,k(u′m+1) = anu
′∗
m+1,n(x)/2Bm+1

O�<P1
1 ≤ n ≤ Am+1

c
1 ≤ k ≤ 16Bm+1

i!23;A>�W:-Mb�[ /98�b�254�-Cg w c

span(um+1,n)
Pm+1

n=1 = span(u′m+1,n)
Am+1

n=1 + span((em+1,n,k)16Bm+1

k=1 )
Am+1

n=1 ,

+�-C>�W:-
e∗m+1,n,k(u′m+1) = 0

Of<?1
0 ≤ k ≤ 16Bm+1

I�>�e
1 ≤ n ≤ Am+1

n c�23<N4�+JIK4

(57)
∥∥∥x−

( q(m)∑

n=1

x∗π(n)(x)xπ(n) +

h′′(m)∑

n=1

x∗m′′n(x)xm′′n + u′m+1

)∥∥∥

=
∥∥∥x−

( q(m+1)∑

n=1

x∗n(x)xn + u′m+1

)∥∥∥ < η′m+1.

��-:>.W:-?c�23-:434�;=>�y

ũm+1 =
ñ−1∑

n=1

24Bm+1∑

k=0

u∗m+1,n,k(u′m+1)um+1,n,k +
k̃∑

k=0

u∗m+1,ñ,k(u′m+1)um+1,ñ,k

i�4�+�-C>
ũm+1 ∈ span(um+1,n)nn=1

n ]^-�+JI:�?-

(58) ‖u′m+1 − ũm+1‖ <
1

22q(m+1)
.

Va>�e�-C-:etc.b�[z4�+�-LI�b�<Y��-LI�>�eob�[ /98�b�254�-Cg w ;\4&Of<?Z=ZA<C]&2,4�+JIK4



� ! � �������	�
����	�

u′m+1 − ũm+1 =
24Bm+1∑

k=k̃+1

u∗m+1,ñ,k(u′m+1)um+1,ñ,k +

Am+1∑

n=ñ+1

24Bm+1∑

k=0

u∗m+1,n,k(u′m+1)um+1,n,k

= añ(u′∗m+1,ñ(x)/23Bm+1)um+1,ñ,k̃+1 +
24Bm+1∑

k=k̃+2

añ
u′∗m+1,ñ(x)

23Bm+1
um+1,ñ,k

+

Am+1∑

n=ñ+1

anu
′∗
m+1,n(x)u′m+1,n, ‖u′m+1 − ũm+1‖

<
Km+1

23Bm+1
2 +

24Bm+1∑

k=k̃+2

2

22Pm+123Bm+1
+

Am+1∑

n=ñ+1

1

Am+122q(m+1)+1

<
2Km+1

23Bm+1
+

2Bm+1

22Pm+1
+

1

22q(m+1)+1
<

1

22q(m+1)
.

��-C>�W:-�c�b9[ 4�+�-�IKb�<C��-�I�>�e�b�[ 4�+�- ��-C>�-:1UIK4�;=>�y�p^;=<?154�+�<?y?<?>JI�Z`/�[�254�-:Q ),+.-:<?13-:Qqc�4�+�-C13-
-(��;=254�2�IX23-C698�-C>�W:-

(f̂(n))nn=1

<?O�;A>�W:13-KIK23;A>�yM;=>�4�-:y?-C132d]&;\4�+
n ≤ f̂(n) ≤ Pm+1

I�>�e
n ≤ f̂(n) <

f̂(n + 1)
Of<?1

1 ≤ n ≤ n − 1
ctI�>�e@I*23-C698�-:>.W:-

(ε̂n)nn=1

<?O�>
8�Q7b�-C132Cc�23<z4�+JIK4Yc�O�<?1MI*238�;\4rI�b�Z=-
εm > 0

c�23-(434�;A>�y
f(ñ, k) = f̂((ñ− 1)(1 + 24Bm+1) + k)

I�>�e
εñ,k = ε̂(ñ−1)(1+24Bm+1 )+k

O�<?1

0 ≤ k ≤ k̃
c_I�>�e

f(n, k) = f̂((n− 1)(1 + 24Bm+1) + k)
I�>�e

εn,k = ε̂(n−1)(1+24Bm+1 )+k

O�<?1

1 ≤ n ≤ ñ− 1
I�>�e

0 ≤ k ≤ 24Bm+1
c�]^-M+JI:��-

(59) 0 <
ε̂n

w∗
m+1,f̂(n)

(x)
< εm

O�<P1
1 ≤ n ≤ n, ‖ûm+1 − ũm+1‖ < εm

O�<P1

ûm+1 =

n∑

n=1

ε̂nw
∗
m+1,f̂(n)

(x)wm+1,f̂(n)

=

ñ−1∑

n=1

24Bm+1∑

k=0

εn,kw
∗
m+1,f(n,k)

(x)wm+1,f(n,k) +

k̃∑

k=0

εñ,kw
∗
m+1,f(ñ,k)

(x)wm+1,f(ñ,k).

� 4^4�+�;=2^g�<?;=>�4Yc
g�13<
W:-C-:e�;=>.y�I�2^O�<?1�4�+.-�g�13<
<PO�<?O�i } 3 n c
Of<?1
1 ≤ n ≤ ñ− 1

I�>�e
0 ≤ k ≤ 24Bm+1

c
I�>�e�Of<?1

0 ≤ k ≤ k̃
;=O
n = ñ

ct4�+.-:13-N-(��;=254�27Izg�-:13Q78�4rIY4�;A<P>
(π(m + 1, f(n, k), j))24Mm+1

j=1

<?O

(j)24Mm+1

j=1

238.WU+�4�+JIK4
(|∑J

j=1 x
∗
π(m+1,f(n,k),j)

(x)|)24Mm+1

J=1

;A2
(1, 0)

��Q0<P>.<�4�<?>�-�c�I�>�e�IzgJI�154�;\�
4�;=<?>

((π(m+ 1, f(n, k), j))
t(m+1,f(n,k),p)

j=t(m+1,f(n,k),p−1)+1
)
Tm+1

p=1

<?O
(π(m + 1, f(n, k), j))

Mm+1,f(n,k)

j=1

c
Mm+1,f(n,k) < 24Mm+1

c
t(m + 1, f(n, k), 0) = 0

I�>�e

t(m+ 1, f(n, k), Tm+1) = Mm+1,f(n,k)

c�23<N4�+JIK4Yc�O�<?1
1 ≤ p ≤ Tm+1

c

∣∣∣∣
t(m+1,f(n,k),p)∑

j=t(m+1,f(n,k),p−1)+1

x∗
π(m+1,f(n,k),j)

(x)

2Mm+1
−
εn,kw

∗
m+1,f(n,k)

(x)

Tm+1

∣∣∣∣ <
2K + 1

2Mm+1
,

∣∣∣∣
t(m+1,f(n,k),p)∑

j=1

x∗
π(m+1,f(n,k),j)

(x)

2Mm+1
−
pεn,kw

∗
m+1,f(n,k)

(x)

Tm+1

∣∣∣∣ <
2K + 1

2Mm+1
.
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p�[ /98�b.254�-:g } I�>�eob�[@i }?l�n c�O�<?1
1 ≤ P ≤ Tm+1

c�23-:434�;=>�y

wm+1,p =
ñ−1∑

n=1

24Bm+1∑

k=0

t(m+1,f(n,k),p)∑

j=t(m+1,f(n,k),p−1)+1

x∗
π(m+1,f(n,k),j)

(x)x′′
π(m+1,f(n,k),j)

,

]^-M+�I(��-
∥∥∥∥wm+1,p − ûm+1/Tm+1

∥∥∥∥ <
Pm+12(2K + 1)

2Mm+1
,

∥∥∥∥
P∑

p=1

wm+1,p −
P

Tm+1
ûm+1

∥∥∥∥ <
Pm+12(2K + 1)

2Mm+1
.

��<Y]Lc�23-:434�;=>�y
wm+1 =

∑Tm+1

p=1 wm+1,p
c�;\4&Of<?Z=ZA<C]&2,4�+JIK4

(60) ‖wm+1 − ûm+1‖ <
Pm+12(2K + 1)

2Mm+1
.

�q<?13-:<Y��-:1Cc�IK>�IKZA<Py?<?8�23Z\[N4�<�4�+�-Eg.13<9<?Ot<?O�i }P} ' x�n c�4�+�-:13-E-:�
;A254�2^I�g�-:13Q�8�4rIK4�;=<?>
(π(m′′n))

h′′(m)
n=1

<?O

(m′′n)
h′′(m)
n=1

238�Wr+S4�+�IY4

(61)
(∥∥∥

q(m)∑

n=1

x∗π(n)(x)xπ(n) +

q∑

n=1

x∗π(m′′n)(x)xπ(m′′n)

∥∥∥
)h′′(m)

q=1

;=2
(K, 0, 1/2Pm)

��QN<?>�<P4�<?>�-�'

),+�-C13-:O�<P13-Mb�[S4�+�-LI�b�<Y��-?c�23-(434�;A>�y

(π(n))
q(m+1)
n=q(m)+1 = (π(m′′n))

h′′(m)
n=1

∪ ((((π(m+ 1, f(n, k), j))
t(m+1,f(n,k),p)

j=t(m+1,f(n,k),p−1)+1
)24Bm+1

k=0 )ñ−1
n=1

∪ (((π(m+ 1, f(ñ, k), j))
t(m+1,f(ñ,k),p)

j=t(m+1,f(ñ,k),p−1)+1
)k̃k=0)

Tm+1

p=1 ,

(n)
q(m+2)
n=q(m+1)+1 = ((m+ 1)′n)

h′(m+1)
n=1 ∪ ((m+ 1)′′n)

h′′(m+1)
n=1 ,

(π(m+ 1)′n)
h′(m+1)
n=1 = ((((π(m+ 1, f(n, k), j))

t(m+1,f(n,k),p)

j=t(m+1,f(n,k),p−1)+1
)24Bm+1

k=0 )ñ−1
n=1

∪ (((π(m+ 1, f(ñ, k), j))
t(m+1,f(ñ,k),p)

j=t(m+1,f(ñ,k),p−1)+1
)k̃k=0)

Tm+1

p=1

i!+�-C>�W:-
q(m+ 1) = q(m) + h′′(m) + h′(m+ 1)

n c
]^-�+JI:�?-

(62)
∥∥∥x−

( q(m)∑

n=1

x∗π(n)(x)xπ(n) +

h′′(m)∑

n=1

x∗π((m)′′n)(x)xπ((m)′′n)

+

h′(m+1)∑

n=1

x∗π(m+1)′n
(x)x′′π(m+1)′n

)∥∥∥

< η′m+1 +
1

22q(m+1)
+ εm +

Pm+12(2K + 1)

2Mm+1
,

23;=>�WC-
∥∥∥x−

( q(m)∑

n=1

x∗π(n)(x)xπ(n) +

h′′(m)∑

n=1

x∗(m)′′n
(x)x(m)′′n +

h′(m+1)∑

n=1

x∗(m+1)′n
(x)x′′(m+1)′n

)∥∥∥
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≤
∥∥∥x−

( q(m)∑

n=1

x∗π(n)(x)xπ(n) +

h′′(m)∑

n=1

x∗m′′n(x)xm′′n + u′m+1

)∥∥∥

+ ‖u′m+1 − ũm+1‖+ ‖ûm+1 − ũm+1‖+ ‖wm+1 − ûm+1‖

+
∥∥∥wm+1 −

h′(m+1)∑

n=1

x∗π(m+1)′n
(x)x′′π(m+1)′n

∥∥∥

< η′m+1

i!b�[@i }�{Pn3n
+

1

22q(m+1)

i!b�[@i } �?n3n
+ εm

i!b�[@i }?l�n3n

+
Pm+12(2K + 1)

2Mm+1

i!b9[�is5 ) n3n

+ 0
i!b�[z4�+�-�e�-:/�>.;\4�;=<?>S<?O

wm+1
I�>�eob�[z4�+�-LI�b�<Y��- n '

��<Y] ]^-�W:ZfI�;=Q 4�+JIK4

(63)
∥∥∥

q(m+1)∑

n=q(m)+1

x∗n(x)x′n

∥∥∥ < K(η′m−1 + η′m+1)
Of<?1�-YI�Wr+

m
'

Va>�e�-C-:etcJb�[�i }?{?n c.23-(434�;A>�y
Em =

∑q(m)
n=1 x

∗
n(x)xn + u′m

O�<P1E-YI�WU+
m
c�]^-L+JI:��- ‖x− Em−1‖ <

η′m−1

I�>�e ‖x− Em+1‖ < η′m+1

]&;\4�+

η′m−1 + η′m+1 ≥ ‖x− Em−1‖+ ‖x− Em+1‖ ≥ ‖(x− Em−1)− (x− Em+1)‖
= ‖Em+1 − Em−1‖

=
∥∥∥
( q(m+1)∑

n=1

x∗n(x)xn + u′m+1

)
−
( q(m−1)∑

n=1

x∗n(x)xn + u′m−1

)∥∥∥

>
1

K

∥∥∥
q(m+1)∑

n=q(m)+1

x∗n(x)x′n

∥∥∥,

b�[qi�3 l '=v n I�>�e�i�3 l ' x?n I�>�e*b�[�/98.b�254�-:g�2 } IK>.ep5M23;=>�WC-
u′m−1 ∈ span(xn)

q(m)
n=q(m−1)+1

c
u′m+1 ∈

span(xn)
q(m+2)
n=q(m+1)+1

'
/
;=>�W:-

((m+ 1)′n)
h′(m+1)
n=1 ⊂ (n)

q(m+2)
n=q(m+1)+1

c�b�[�i�3 l '=v n IK>.ejb�[ /
8�b�254�-:g } ]^-�+JI:��-

∥∥∥
h′(m+1)∑

n=1

x∗(m+1)′n
(x)x′(m+1)′n

∥∥∥ =

√√√√
h′(m+1)∑

n=1

(x∗(m+1)′n
(x))2

≤

√√√√√
q(m+2)∑

n=q(m+1)+1

(x∗n(x))2 =
∥∥∥

q(m+2)∑

n=q(m+1)+1

x∗n(x)x′n

∥∥∥.

��-:>.W:-X]^-�W:<?>�WCZ=8�e�-X4�+JIK4Yc�b�[@is5 x�n I�>�e�is5 w�n c

∥∥∥x−
q(m+1)∑

n=1

x∗π(n)(x)xπ(n)

∥∥∥ < η̂m+1

= η′m+1 +
1

22q(m+1)
+ εm + Pm+12(2K + 1)/2Mm+1 +K(η′m + η′m+2).
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��<Y]
(‖∑q

n=1 x
∗
π(n)xπ(n)‖)q(m+1)

q=q(m)+1

;A2
(K, 0, 1/2Pm)

��Q0<P>.<�4�<?>�-�23;=>�WC-

(∥∥∥
q(m)∑

n=1

x∗π(n)(x)xπ(n) +

q∑

n=1

x∗π(m′′n)(x)xπ(m′′n)

∥∥∥
)h′′(m)

q=1

;=2
(K, 0, 1/2Pm)

��QN<?>�<P4�<?>�-Mb�[@is5�v n c
]&+�;=ZA-

(∥∥∥
q(m)∑

n=1

x∗π(n)(x)xπ(n) +

h′′(m)∑

n=1

x∗(m)′′n
(x)x(m)′′n +

q∑

n=1

x∗(m+1)′n
(x)x′′(m+1)′n

∥∥∥
)h′(m+1)

q=1

;=2
(1, 0, 1/2Pm+1)

��Q0<P>.<�4�<?>�-7i!+�-C>�W:-�I�Z=23<
(K, 0, 1/2Pm)

��QN<?>�<P4�<?>�- n b�[N4�+�-�g.13<9WC-:e�8.13-&b�-:O�<?13-
is5 ) n I�>�eob�[oI�g�13<
<?O�IK>�IKZA<Py?<?8�2,4�<$4�+�-�g�13<
<POh<?O^i } 3 n '���<P13-C<Y�?-C1Cc�b�[@i } v n c

(∥∥∥
q(m)∑

n=1

x∗π(n)(x)xπ(n) +

h′′(m)∑

n=1

x∗(m)′′n
(x)x(m)′′n +

q∑

n=1

x∗(m+1)′n
(x)x′(m+1)′n

∥∥∥
)h′(m+1)

q=1

;=2
(K, 0, 0)

��QN<?>�<P4�<?>�-?�.I�>�e

‖x−
q∑

n=1

x∗π(n)(x)xπ(n)‖ < ηm+1 = (1 +K)η̂m +Kη̂m+1 + 1/2Pm

O�<P1
q(m) + 1 ≤ q ≤ q(m + 1)

i!23-C-z4�+�-jg�13<
<?OE<PO�i }?} ' 3 n3n '���-C>�W:-�c�b�[ i }?} '\v n cEi }?} ' x�n I�>�e
i }?} ' 3 n c�]^-�23-:-�4�+JIK4Eb�<P4�+�i�3 � '=v n I�>�e�i }?x�n IK13-�2UIK4�;=23/.-:etcJ+�-:>�WC-7I�Z=23<�i�3 � ' x�n I�>�e�i�3 � ' w�n '�),+�;A2
W:<?Q0g�Z=-(4�-C2^4�+�-Mg�13<
<?Oh<POd),+�-C<P13-CQ xPx '
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