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cg⊥(n, h) ≥ bn/2c − h+ b(h− 1)/4c 	 h ≥ 2
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xL

| �B9
xR

| -82Ê%(�
P2

!�),;B2��
P1

%37m|�~}+��B+.),+��B2�~}+�DB�H)g|J%3��?@%x),;Ë�Y| 782Ê2�9BA�2
d
�

	a��),;B2q%(�B9BD<'d),%(+���;��"46+.),;B2�78%(7�!
P2

'J| ���k2q'*+���2*-82*9Ê��� b2(n− 7)/5c ?o|J),'b;B2�9ÊA�DY| -89B7��<Ìt7
P 1

5| �B9
P 2

5

| -82�~m+��B+.),+.�<2@~m+�DB��)g| %(�B7j?@%x),;m�6|J782t2�9BA�2*7 {v1, v5}
| �B9 {v5, v9}

!�-82*78462�'d),%x��2*1(��!.),;B2d�
'�| ���62}A.D6|J-89<2*9
���5)�?�+ÊA.D6|J-89<7

g1
| �B9

g2
4<1u| '*2*9�|J)�78+�~m2�46+�%(��)q+�= {v1, v5}

| �B9 {v5, v9}
!

-82*784k2*'d),%(��2�1x���*Ìt7
g1

| �B9
g2

782*2$2J|J'g;q+.),;B2�-�!J| �B9q'�+���2�-w),;B2$),-8%u| �BA�1(2
(v1, v5, v9)

!*),;B2�?@;<+.132$+�=
P1%(7�'*+���2*-82�90�H�})�?�+l?o|J),'b;B2�9�A.D6|J-89<7���{N;�DB7@|J131Y+�=

P
%(7a'*+���2*-82�9���� b2(n− 7)/5c+ 2 ≤ b2n/5c?o|J),'b;B2�9ÊA.D6|J-89<7P�n�B+.),2&),;Y|J)o),;B2�782�A�DY| -89B7@~0|*���62�46+�%(�H)@A.D6|J-89<7g�g�

��=t�k+ ),;
xL

| �B9
xR

| -82Ê%(�
P1

!�),;B2��
P2

%37m|�~}+��B+.),+��B2�~}+�DB�H)g|J%3��?@%x),;Ë�Y| 782Ê2�9BA�2
d
�

�a+���2*-&),;<2�462*�H)g|JA�+��
P 1

5

���])�?�+�?o|J),'b;B2�9�A�DY| -89B7�?@%x),;�+��B2�A�DY| -89�|J)
v5

!�| �B9
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P 2

5

���
)�?�+q?o|�),'g;B2*9mA�DY| -89B7j?@%x),;}+��B2�A.D6|J-89�|J)

v5
!.),;�DB7jA�2d)8),%3�BAP|�'*+���2*-b| A�2@+�=

P1
����),;<-82*2o?o|�),'g;B2*9

A�DY| -89B7��>),;B2�),-8%u| �BA�1(2
(v1, v5, v9)

%(7P'*+���2*-82*9�����),;B2mA�DY| -89
4<1u| '*2*9�|J)
v5

�g�v H%(�<'*2�),;B2}~m+��B+ �),+��B2}~}+�DB��)g| %(�
P2

;Y| 7
n − 7

��2�-E),%('*2�7�!k%x)q'J|J���62}'*+���2*-82*9���� b(n− 7)/3c ?o|J),'b;<2*9
A�DY| -89B7
���Ë{N;<2*+�-82*~ �"� ¡��B�${N;B%(7��"%(2*139B7m|�'*+���2*-b| A�2�+�=

P
�H��|J)}~m+�7E) b2n/5c ?o|J),'g;B2*9�A�DY| -89B7�!j| 7
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�

��%(�6|J131x��!�?�2q'J|J�]| 7878DB~m2�),;Y|J)
xR

%(7@%(�
P1

|J�<9
xL

%(7@%(�
P2

�<�L)@%(7o+����"%(+�DB7o),;Y|J)@2*%(),;B2*-
P 1

5+�-
P 2

5

%(7P|0~}+��B+.),+��B2p~}+�DB��)g| %(��!678+�%x)�'�| ���k2pA�DY| -89B2�9����]+��B2�A�DY| -89
g
4B1u| '�2*9
|J)�%x),7&�Y| 782

2*9<A.2
eb
�w�aD")8),%(�BA�+.�
),;B%(7t462���)g| A.+��]-82�78DB1x),7t%(��|m~}+��B+.),+��B2l4k+.1(��A�+��

P̂
?@%x),;

n − 3
��2�-E),%('*2�7

),;Y|J)�'J|J�5�62P'*+���2*-82*95��� b2(n− 3)/5c ?o|J),'b;B2�9ÊA�DY| -89B7�����),;B2q%(�B9BD<'d),%(+��Ê;��"46+.),;B2*78%37��BÌt7
eb%(7t+��B2p+.=�),;<2l2*9<A.2�7t+�=

P̂
!62�| 'b;�+.=$%x),7t46+�%(��),7�%37t'*+���2*-82*9����a+��B782�C�D<2*��),1x�H!<),;B2*-82p%(7&|mA�DY| -89�%(�

P̂
),;Y|J)@782*2�7

g
�/Et2*�B'�2

P
'J|J�Ê�62�'�+���2�-82*9���� b2(n− 3)/5c+ 1 ≤ b2n/5c ?o|J),'g;B2*9ÊA�DY| -89B7��

HtD6|J-89<70=u+�-m~m+.�<+ ),+��B2Ê46+�1x�"A�+��B7�| -82Ê46+�%(�H)mA�DY| -89B7�!j78+�%x)0%(7m�Y|J),DB-b| 1o),+�| 78�Ë%(=�?�2Ê'J|J�
-82*7E),-8%3'd)�A�DY| -89B7�),+0�k2P1(+�'�|J),2*9�|J)@��2�-E),%('*2�7@+��B1(���<Ì 781(%3A.;H)�'g;Y| �BA�2l+.=�),;<2P'*+��B7E),-8DB'*),%(+��5%(�5),;B2
'�| 782]+�=&7E)g| - � 78;Y| 462*9�46+�1x�"A�+��B7m4B-82�782*��),2�9:%(�� H2�'d),%(+�� �"� G�78;B+�?@7m),;6|�) b(3n− 1)/7c ��2*-E),2*É
A�DY| -89B7m| -82�78+�~m2d),%(~m2*7l�<2*2*9<2*9�=>+�-p~m+.�<+ ),+��B2�46+�1x�"A�+��B7�KÄ),;B2�46+�1x�"A�+.�

P (i) ?�2Ê| 9B9�;Y| 7p),+
�62�~}+��B+.),+��B20?@%x),;�-82*78462�'d)p),+]),;B2�13%(�B2

L
!Ä),+�+B�vÈt+.),20),;Y|J)p),;B2�7E)g| - � 78;Y| 462*9Ë46+�1x�"A.+���?@%x),;

�"��2���2*-E),%('�2*7o78;B+�?@�5%(����%(A<�Y�"� ¡��}%(7�|�~}+��B+.),+��B2�4k+.1(��A�+���?@%x),;�-82*784k2*'d)@),+�),;B2
y � |JÉ"%(7�!Y| �B9Ê%x)

-82�CHDB%3-82*7�)�?�+}��2*-E),2dÉ�?o|�),'g;B2*9ÊA�DY| -89B7��
� � E>����� ��E����"� ¡ G��8F ����I>�G!�� �NW XYT Z,[ \�T Z,^&Z,^g\ginZgfhediL^b[}iLO Gb^�_xO�ebT.iL^b[}T.i$iny"^&r.^gZdinfheb^g\qO �&TtsBO._´V�WHO U
O UY_`V 	jiny"^dU �dO Zp^,T�edy

n ≥ 5
	

ggvertex
monotone(n, 1) = b(3n− 1)/7c #

��' ��' ��' ��@,5�02/>< @ =�<���;(=�7�3B' �<+�-}2d��2�-E�
k ≥ 1

!v),;B2*-82�%(7m|]784B%(-b| 1�4k+.1(��A�+���?@%x),;
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��2*-E),%3'*2*7
-82�CHDB%3-8%(�BA
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?o|�),'g;B2*9�A�DY| -89B7@�n782*2N�v%3AB���"�(�����g�.{N;B2N'�| 782N+�=

n ≡ 1, 2, 3, 4
�n~}+�9

5)
%37v%3�B9B%('J|�),2�9

?@%x),;59Y| 78;B2�9513%(�B2*7��6{N;HDB7 b2n/5c %(7&|m1(+�?�2*-��6+�DB�B9]=u+�-�?o|�),'g;B2*9]A�DY| -89B7t%(�5784B%3-b|J1Ä4k+.1(��A�+��B7��
Å�2$?@%(1(1�78;B+�?�),;B%(7Ä�6+�DB�B9q),+@�k2�| 1(78+t| �PDB4B462�-Ä�6+�DB�B9w����%(-87E)�!*?�2j-82�'�| 1(1H| �P%3~}46+�-E)g| ��)Ä4B-8+�462*-E)��
+�=�| ����784B%(-b| 1w46+�1x�"A.+��w�
���%F F����"� ¡��5�8F ¡JI>�G!���y"^dZ,^P^�� f>\bin\qT}inZgfhT UHW.X"_(T.inf O U�O ��T}\hsYf>Z,T._�s<O._`V�WHO UÊQ�y"O \*^l[ X<T._BW.Z,TgsYy0fu\qT
sBT.iny #
I�Z,O�O �G#&Ã�2*)

P
�k2�| �

n � ��2*-E),2*É}784<%(-b| 1k46+�1x�"A�+��w!"| �B9�132d)
(x, r1, . . . , rk, y)

| �B9
(y, c1, . . . , ct, x)�62�),;B2�-82�¢B2dÉm'b;6|J%3��| �B90),;B2�'�+.�H��2*Ém'b;Y| %(�0+�=

P
!�-82�78462*'*),%x��2*1x�H!.),-b|*��2*-878%(�<Aq),;<2��6+�DB�B96|J-E�m+�=

P%(�}'*+�DB�H),2*-8'*13+H'g�H?@%(782�~0| �B�<2*-��n782*2t�a;Y| 4"),2�-j¡"!H H2�'d),%(+��m¡"�`¡"� ���g��{N;B2���),;B2o782*A�~}2���)
r1ct

1(%32*7�2*� �),%(-82�1x��?@%x),;<%(�
P
��{N;HDB7Ä�H� KE+�%(�B%(�BA

r1
| �B9

ct
|J�<9q9B2�1(2d),%3�BA

x
�h|J�<9q%x),7Ä| 7878+�'*%u|J),2*9q2�9BA�2*7g�k=>-8+.~

P
!

?�2�A�2*)t|l784<%(-b| 1w46+�1x�"A�+.�
P ′

?@%x),;
n− 1

��2�-E),%('*2�7��B{N;B%(7o46+�1x�"A�+���2�%x),;B2*-o;Y| 7
(c1, r1, . . . , rk, y)
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5k
�J»bºL¶¸¤��b»b¾Pº�»b¼.½�¤¦º�¤´µ�¥

2k � ¹*¶ �8·�»b¿
¥J½H¹�º�¿�¾bÀv·�»bº�»
k = 3 Á ¹�µ�¿
¶¸·�»

°�±J²`³�¥�±�µ�º�»b¼ ½�¤¦º�»b¾
6 � ¹*¶ �8·�»b¿�¥�½H¹�º�¿�¾g§

| 7o%x),7o-82*¢<2dÉ�'g;Y| %(�5| �B9
(c1, . . . , ct, y)

|J7@%x),7o'*+�����2dÉ�'b;6|J%3��+�-o;Y| 7
(r1, . . . , rk, y)

| 7o%x),7o-82�¢B2dÉ
'b;6|J%3��| �B9

(r1, c1, . . . , ct, y)
| 7t%(),7t'*+�����2dÉ]'b;Y| %(�Ë�n782*2p��%(A<���"�x�����g�Y�����6+.),;�'�| 782�7�!Y),;B%(7t),-8%u| � �A�DB1u|J),%(+��04B-8+�'*2*787�'�| �0�k2�'*+���),%3�HDB2*9�DB�H),%(1<),;<2�-82*78D<1x),%(�BAP4k+.1(��A�+��0%(7N|q),-8%u| �BA�1(2���Ìt�B9�%x)a%37a2�| 7E�

),+}782*2�),;Y|J)t|J131�9B%u| A�+.�6|J137N?@%(1(1k=>+�-8~ |l),-8%u| �BA�DB1u|J),%(+���?@;B+�782q9BDY| 1wA�-b| 4B;Ê%(7�|p4Y|J),;w�
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C�D �%� E���F��"�`¡��
�8F ����In�G!���O Z}^gr.^gZgV
n ≥ 5

	
ggspiral(n, 1) = b2n/5c 	ainy"T.iaf>\ 	 b2n/5c QaT.iLedy"^,[

W.X<T Z,[ \qT._`QaT V \t\bX*c�eb^qiLO0ebO r ^dZPT�\LsYfuZ,T._HsBO._´V�WHO U5Q�f>iny
n ≥ 5

r.^dZdinf eb^d\ 	�T Uk[}iny"^�W XYT Z,[ \�ebT U'Gb^
r.^gZdiL^���W XYT Z,[ \G#
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n = 5, 6, 7, 8, 9
!Ä78+�| 7878DB~}20),;Y|J)

n ≥ 10
!v| �B9
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n
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n−2
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d
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P
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),;B2P-82*~�|J%3�B9B2*-�+.=

P
?@%x),;

n− 5
��2*-E),%('�2*7@'�| �5�62P'�+���2�-82*95��� b2(n− 5)/5c ?o|�),'g;B2*95A�DY| -89B7�!
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P
�
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78DB�}'*%32*��)o),+�'�+���2�-@| �
n � ��2*-E),2*É�7E)g| - � 78;Y| 462*9Ê46+�1x�"A.+��w�"ÌtAH| %(�w!"782*)

f(n) = b(3n− 1)/7c !<| �B9-82*'J| 1(1v),;Y|J)&?�2}+.�<1x�];6|d��2p),+�),-82�|J)�),;B2�'J| 782*7
n ≡ 1, 3, 5 (

~m+�9
7)

!w| 7&),;<2*7820| -82p),;B2�'�-8%x),%('�| 1
��| 1(D<2*7l+�=

n
=>+�-l?@;B%('g;

f(n) > f(n − 1)
��?�2�'�| ��|J1(?o|d�"7}| 9B9�+��B2�+�-l)�?�+���2�-E),%('*2�7P),+�+�DB-

46+�1x�"A�+��B7N),+}9B2�| 1�?@%x),;
n ≡ 0, 2, 4, 6 (

~}+�9
7)

�
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n = 5, 8, 10
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|�46+�1x�"A�+��
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n
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���]|J9 K¸+�%(�B%3�BA0|�78462*'�%u| 1
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P
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C�D �%� E���F �"� ¡����8F ����In�G!���O Z}^dr.^gZgV
n ≥ 5

	Niny"^dZ,^m^�� fu\gin\�T�\giLT Z
�
\by"TgsB^b[lsBO._`V�W�O U�iny"T.iNZ,^ �gX"fuZb^g\
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2 � 46+�1x�"~0|J),-8+�%(9B7�F`��Ih!$| �B9Ë%x)p?@%(1(1��62�4B-82�782*��),2�9�%(�: HDB�<782*'d),%3+.� �"�(�.�(��!v?@;B2*-82
46+�1x�"~0|J),-8+�%(9B7@| �B9�),;<2�~}%3�B%(~lD<~ 784Y| �B�B%(�<A�782*)@4<-8+.�<1(2*~ | -82�%(�H),-8+H9<DB'*2�9w�

Ìt7j),;<2@%3��),2*-8782�'d),%(+��m;��"462�-8A.-b| 4B;�'�| �0�62�'*+��B7E),-8D<'d),2*9�%(�
O(n2)

),%3~}2@���mDB78%(�BAP),;B2tA.-82�2*9"�
),2*'g;B�B%3CHDB2m�n����'�+.�<78%(9B2*-8%3�BAm| 1(1w4Y| %(-87o+�=Ä782�A.~m2*��),7g�g!"?�2qA�2d)o),;B2�=>+�1(1(+�?@%(�BAp),;B2*+�-82�~Ê�
C�D �%� E���F �"� ���8F ���JI>�G!���y"^}Rpf>U<fuR�X�R ebO�OgsB^dZ,T.infur.^lW XYT Z,[ \tsYZ,O�G*_x^dR f>U�TÊiny�Z,^b^

�
[ f>Rm^dU<\,fhO UkT._

W.Zgf [0ebT U'Gb^�\*O._`r.^b[�f>U
O(kn2.5)

inf>Rm^lT Uk[
O(kn)

\LsBT�eb^ 	�Q�y"^dZ,^
n

f>\&iny"^&U<X"R Gb^dZPO �t\d^LW.Rm^dUYin\
T Uk[

k
fu\qiny"^qU<X�R Gb^gZpO �PedZ,O \b\bfuU�W.\G#

��'*&('*&(' � =�<���� /�820?=�5�143 />7�1 A ��@ ��0?;>02/%@,A 3�� @40?=�=���=���� � � � /���' ��' ��%(-87E)�!.?�2@78;B+�?:),;Y|J)
),;B2@~m%(�B%(~pDB~ 784Y| �B�B%(�BAl78DB�B;��"462�-8A.-b| 4B;�4B-8+��B1(2*~�%(�

3 � -82�7E),-8%('d),2�9};��"462�-8A.-b| 4B;<7a'�| �m�k2@2J| 78%(1x�
-82*9<DB'*2�9�),+�),;B2�~m%(�B%(~pDB~S7846|J�<�B%(�BAm78DB�B782d)�4B-8+��B1(2�~ %(�

2 � 46+�1x�"~0|J),-8+�%(9B7��
��'*&('*&('�&('�� ^b[ X<e*infhO U>#lÌ sBO._´V R0T.inZ,O fh[

(H, d)
'*+��B78%(7E),7�+�=P|��B�B%(),25782*)

H
| �B9�| [ fuR0^gU<\bfhO U

�bX�UkedinfhO U
d
�N{N;B2�9B%(~m2*�B78%(+���=>DB�B'*),%(+���~0| 4B7�2J| 'b; 78DB�B782d)�+�=

H
),+Ë| ��%(�H),2*A�2*-��a�L)�%(7��B+�� ��B2�A�|J),%x��2�!"%(�B'*-82J| 78%(�BA<!<| �B9Ê78DB�B~}+�9BD<1u| -�!"%h� 2��(!

∀X,Y ⊂ H : d(X ∩ Y ) + d(X ∪ Y ) ≤ d(X) + d(Y ).
��=
d({h}) ≤ k

=u+�-q| 1(1
h ∈ H !6),;B2*�

H
%(7&'�| 1(1(2�9�|

k � sBO._`V.RmT.inZbO f [.�6Ì 782d)
X ⊆ H

%(7&'�| 1(1(2�9�|
\LsBT U<U<fuU�W0\d^*i�%(=

d(X) = d(H)
�"),;<2q~}%(�B%3~lDB~ 'J| -89B%(�Y| 1(%x)���+�=�|p784Y| �B�B%(�<Am782d)�+.=Ä),;B2q46+�1x�"~�| �
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),-8+�%(9
(H, d)

%(7�9B2��B+.),2*90���
ρ(H, d)

��Ì�782d)
X ⊆ H %(7a'�| 1(132*9�|}R0T.iLegy�f>U�W}%(=

d(X) = k|X| �H),;B278% O�2�+�=�),;<2&~�|JÉ�%3~lDB~ ~�|J),'b;B%(�<A�+�=�),;B2q46+�1x�"~0|J),-8+�%(9
(H, d)

%37o9B2*�B+.),2�9����
ν(H, d)

�
�a+��B78%39B2*-w�<+�?�|

3 � -82�7E),-8%('d),2�9�;��"462*-8A�-b| 4B;
HG = ([n], H)

?@%x),;&��2�-E),2dÉ&782d)
[n] = {1, . . . , n}| �B9p?@%x),;p2�9BA�2N782d)

H
� ÃÄ2d)

G = ([n], E)
�62�),;B2N'*+�~}4<1(2d),2�A�-b|J4<;�+��p),;B2N7b| ~}2���2*-E),2dÉl782d)�!J?@%(),;

E =
(

[n]
2

) �H-82*'J| 1(1<),;Y|J)�=u+�-N|q782d)
S
! (S

2

) 9B2*�<+ ),2�7j),;<2�782d)�+�=Ä| 1(1
2 � 2�1(2*~m2*��)a78DB�B782*),7�+�=

S
� �&2��B�B2

�B+�?�),;B2
1 � 46+�1x�"~�|�),-8+�%(9

(E, r)
!�?@;B2�-82q=u+�-@2�| 'b;

E′ ⊂ E
!
r(E′)

%37N),;B2q�HDB~p�62*-@+�=v2�9BA�2*7@%(�]|
784Y| �B�B%3�BA�),-82*2�=>+.-

E′
�
(E, r)

%37&'�| 1(1(2�9]),;B2mW.Z,TgsYy�f e}RmT.inZ,O fh[5+�=
G
�g��{N;B2*��!�=u+�-q|�;��"462*-82�9BA�2

h ∈ H !�-82�AH|J-89<2*9�|J7�),;B2}2*9BA�2}78DB�B782*) (h
2

) +.=
E
!k?�2�;6|d��2

r(
(
h
2

)
) = |h| − 1

!k),;B2��HDB~p�62*-q+�=
2*9<A.2�7o%3�Ê|�784Y| �B�B%(�BA�),-82�2�=>+.-

h
�<{N;B2*-82�=u+�-82&?�2q+��")g| %(�5|

2 � 4k+.1(��~�|J),-8+.%39
(H, d)

%(=Ä?�2�4BDB)

d(X) := r

( ⋃

h∈X

(
h

2

)) =u+�-
X ⊆ H.

	a�q),;B2�9B2��B�B%x),%3+.�p+�=
d
! %(=

([n], H)
%(7�'*+��B�B2�'d),2�9w!�),;B2��

d(H) = n−1
!.| �B9�%x)�%(7�'*1(2J|J-v),;Y|J)v),;<2*-82

%(7�|�+��B2 � ),+ � +��B2]'*+�-8-82�7846+��B9B2*�<'*2]�62d)�?�2�2*�:~}%(�<%(~lDB~ 784Y| �B�B%(�BA�782*),70+�=t),;B2
2 � 46+�1x�"~0|J),-8+�%(9

(H, d)
| �B9�),;B+�782�+�=

HG([n], H)
�

H�_ W�O Zgfniny�R #qÃÄ2d)�DB7q-82*'J|J131v),;B2�=>+�1(1(+�?@%(�BA�=n| '*)�!Y?@;<%('b;�A�2*�<2*-b| 1(% O�2*7,H�| 1(1u| %h� 7&%(9B2*�H),%x)���F �"�dILK ��O Z
T U<V

2 �
sBO._`V.RmT.inZ,O fh[

(H, d)
	oQa^�y"T r ^

ν(H, d) + ρ(H, d) = d(H)
F ���JIL���a+��B782�CHDB2���),1x��!6?�2�A�2d)

),;B2q=u+�1(1(+�?@%(�<Ap1(2�~}~�|��
���%F F�� �"�`�Ê�8F ��In�G!6H«R�fuU<f>RpX"RS\LsBT U<U<fuU�W�\bX Gdy�VgsB^dZhW.Z,TgsYy�O �&T

3 �
Z,^g\ginZgfhediL^b[mebO U<Uk^,e*iL^b[py�VdsB^dZ

�W.Z,TgsYy
HG = ([n], H)

y"T \
n− ν(H, d)− 1

^b[�W�^d\G#
!t=�'*+�DB-8782�!�?�2@?�+�DB1(9m1(%3�.2o),+P���B+�?��<+ )�+��B1x��),;B2��HDB~l�k2*-j+�=�2�9BA�2*7�!��BD")o| 1(78+q),+P9B2d),2�-8~}%(�B2

),;B2q~}%(�B%3~lDB~ 784Y| �B�B%(�<A}78DB�B;H��4k2*-8A�-b| 4B;w�Y{N;B%(7o'J|J�Ê�62�9B+��B2q�H�0),;<2�=>+.131(+�?@%(�BAm|J13A.+�-8%x),;<~ÊK
���
S := M

!J?@;B2*-82
M

%37�|@~�|JÉ�%3~lDB~ ~0|J),'g;B%(�BAt%(�P),;B2�%(�B4<D")v;H��4k2*-8A�-b| 4B;
HG = ([n], H)

�
¡"�NÅ ;B%31(2

d(S) < n− 1
9<+

'*+��B78%(9<2*-�| 1(1�2*9<A.2�7
/∈M %(��),DB-8��K

%(=�),;B2q�HDB~l�k2*-o+�=Ä'�+��B�B2*'*),2*9�'�+�~}46+��B2���),7o%(�
HG[S ∪ {e}]%(7NA�-82J|�),2�-N),;Y| ��%(�

HG[S]
!�),;<2*�

S := S ∪ {e} �� #@2d),DB-8�
S
�

Ìt131H?�2N�<2*2*9�%(7�),+&78;B+�?Ë),;Y|J)�),;B2N+�D"),4BDB)�+�=<),;B%(7j|J13A.+�-8%x),;<~�%(7$|t782d)$+�=Y2*9BA�2*7�+�=k|�~m%(�B%(~pDB~
784Y| �B�B%3�BA�78DB�B;��"462�-8A.-b| 4B;�+.=

HG
�Y�L)t%37�'*132�| -@),;Y|J)�),;B2P7846|J�<�B%(�BA�4B-8+�462�-E)��Ê=u+�1(13+�?@7�=>-8+�~ ),;<2

ÆL?@;B%(132 Ç '�+��B9B%x),%(+��
d(S) < n − 1

�n-82*'�| 1(1�),;6|�)
HG

%(7P'*+��B�<2*'d),2�9w!Ä|J�<9
),;HDB7
d(H) = n− 1

�g�
{N;B2t~m%(�B%(~�|J13%x)��p%(7�2*7E)g| �B13%(78;B2*90?@%x),;m),;B2t=>+�1(1(+�?@%(�BAP+��B782�-E��|J),%(+��B7��H��%(-87E)�!H�B+.),2�),;Y|J)a),;B2t%(�<%x),%u| 1
%(�B9<DB'*2�9�78DB�B;��"462�-8A�-b|J4<;

HG[S]
�
S

%(7�|
~0|JÉ"%(~lDB~ ~0|J),'b;B%3�BA��P;6|J702dÉ<| 'd),1(�
n − 2ν(H, d)'*+��B�<2*'d),2�90'*+�~m46+��B2*��),7����m),;B2t9B2*�<�B%x),%(+��0+.=w),;B2t~0|J),'b;<%(�BAP%(��|P46+�1x�"~0|J),-8+�%(9w�� �2*'*+��B9<1x��!"| ���

2*9<A.2q| 9B9B2�9�%(��),;B2@ÆL?@;B%(1(2 Ç 7E),2*4�9B2�'*-82�| 782�7a),;<2t�HD<~l�62�-�+�=�'*+�~m46+��B2*��),7N2dÉ<| 'd),1x�0���0+��B2�!�),;HDB7
2dÉ<| 'd),1(�

n − 2ν(H, d) − 1
2*9<A.2�7�| -82�| 9B9B2*9�),+�),;B25%(�B%x),%>|J1o782*)

S
�*Et2*�B'�2�),;B25+�D"),4BDB)0%(7�|

784Y| �B�B%3�BA}782*)t|J�<9�%()o;Y| 7
ν(H, d) + n− 2ν(H, d)− 1 = n− ν(H, d)− 1

2*132*~}2���),7��
� � E>����� ��E�� �"�`�]�8F ���JI>�G! ��y"^dU]iny"^lT�GbO r ^lT._ WHO Zgf>iny�R y"T._´in\�	$iny"^lO X"i¦sYXBi�fu\&iny"^�\*^*iaO ��^b[�W�^d\qO �
T}R�f>UBf>R�X�R \LsBT U<U<fuU�W0\,X<Ggy�VdsB^dZhW.Z,TgsYyÊO ��iny"^qf>U�sYX"i

3 �
Z,^g\ginZgfhediL^b[

(
ebO U<U6^be*iL^b[

)
y�VdsB^gZLW Z,TgsYy #

ÌtAH| %(�l'*+��B78%39B2*-�| �p2dÉ"2*~m4B1u| -E�&),;B-82�2 � 9B%(~m2*�B78%3+.�6|J1
n � 782*A�~m2*��)�A�-8%(9

P
| �B9l),;B2a'*+�-8-82�7846+��B9 �%(�BA5%(��),2�-8782*'d),%3+.��A�-b| 4B;

HG = (P,H)
!w78;B+�?@��%(����%(A<���"� G<���L)l%(7P2J| 7E��),+5782*2m),;Y|J)

HG
;Y| 7
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=>+.D<-j9B%(�k2*-82*�H)a~0|JÉ"%(~�|J1<~�|�),'g;B%(�BA�7���78DB4<46+�782�),;Y|J)a%(�m),;B2��B-87E)�7E),2*40+�=k),;<2t| 1(A�+�-8%x),;B~ ?�2�;6|d��2
M = {{1, 2, 3}, {1, 5, 8}, {2, 4, 6}} �.{N;B2*�p%(�l),;<2$ÆL?@;B%(1(2 Ç 7E),2�4w!J2�%x),;B2�-Ä),;B2�2�9BA�2*7 {7, 8}, {8, 9} !+�- {7, 8}, {4, 5, 9} !�+�- {8, 9}, {4, 5, 9} | -82t| 9B9B2*9}),+�),;B2@%(�B%x),%u| 1"782*)

S
!.),;HDB7$�"%(2*139B%(�BAt),;<-82*2@9B%(= �=>2*-82*�H)@784Y| �B�<%(�BA078DB�BA�-b| 4B;B7�!6| �B95'�+��B782�CHDB2���),1x��!B),;B-82*2q9B%3�62*-82���)@'�+�+.4k2*-b|J),%x��2�A.D6|J-895782d),7��B),;B2

),;B%(-89�+��B2�!<'*+�-8-82*7846+��B9<%(�BA�),+�),;B2�784Y| �B�<%(�BA}782d)

S = {{1, 2, 3}, {1, 5, 8}, {2, 4, 6}, {4, 5, 9}, {8, 9}}
%(7m78;B+�?@��%3����%(A<� ��� GY�h|��g��Èt+ ),2�),;Y|J)0%(=�?�2ÊA�+.)}),;B25782d) {{1, 2, 3}, {1, 5, 8}, {2, 4, 6}, {7, 8},
{8, 9}} !�),;B2���),;B2�-82�78DB1x),%(�BA57846|J�<�B%(�BA�78DB�B;H��4k2*-8A�-b| 4B;�?�+�DB1(9��62�| 'd�"'*1(%3'���{N;HD<7p%(��A�2��B2*-b| 1h!
),;B2�-82�%(7��B+�A�DY| -b| ��),2*2�),;Y|J)&),;<2m| 1(A�+�-8%x),;B~ -82*),DB-8�B7l|J��| '*��'�1(%('p784Y| �B�<%(�BA�78DB�<;��"462*-8A�-b| 4B;
+�=
),;B2q%(��),2*-8782�'d),%(+���A�-b| 4B;w!B2*��2*��%(=Ä78D<'b;]|p78DB�<A.-b| 4B;52dÉ"%(7E),7��

{N;<2�| 1(A�+�-8%x),;B~ 78462*�B9<7P~m+�7E)l+�=a),;<2}),%(~m2}+����B�B9<%(�BAÊ),;B20~0|JÉ"%(~lD<~ ~0|J),'g;B%(�BA
M

%(��|
2 � 46+�1x�"~0|J),-8+�%(9

(H, d)
�<Ìt7t=n| -&| 7�?�2P���B+�?P!<),;B2l�62�7E)t�H�<+�?@��| 1(A�+�-8%x),;B~ 78+�1x��2*7�),;B%(7�4B-8+��B1(2�~

%(�
O(|H|d(H)2.5)

),%(~m2Ê| �B9
O(|H|d(H))

784Y| '*2�F ��¡�IL!�78%(�B'�2�����),;<2�=u+�1(13+�?@%3�BA�1(2�~}~�|�!�+�DB-
2 � 46+�1x�"~0|J),-8+�%(9

(H, d)
%37o1(%(�B2J|J-��

���%F F�� �"� ���8F ���JIn�G! ��r ^dZgV
2 �
sBO._´V R0T.inZ,O fh[

(H, d)
fu\q_`fuUk^bT Z #

I�Z,O�O �G# #@2*'J| 1(1<),;Y|J)o|q46+�1x�"~0|J),-8+�%(9
(H, d)

%(7t_`f>U6^bT Zq%(=k),;B2�-82�%(7N|���2�'d),+�-a784Y| '*2
V

�n+���2*-N|q�B2�1(9
F
�o| �B9�|�~�| 4B4B%(�BA

φ
+�=
H

%(�H),+
V

),;Y|J)t4B-82�782*-E��2*7@),;B2P-b| �B�k�<Å�2�?@%31(1w'*+��B7E),-8DB'*)�|�~�|J4<4B%(�BA
φ
),;6|�)@~�| 4B7

(H, d)
%(��),+

V = Rn
�

ÃÄ2d)
ei = (0, . . . , 0, 1, 0, . . . , 0)

9B2*�<+ ),2P),;B2
i
),;5DB�B%x)���2*'*),+.-�=u-8+�~

V = Rn
�Y{N;B2P~�| 4B4B%(�BA

φ
%37j9B2��B�B2*9�| 7a=>+.131(+�?@7����<+�-a2�| 'b;

h = {i, j} ∈ H !
i < j

!H1(2d)
φ(h) := {ej − ei}

�B|J�<9w!�=>+�-a2�| 'b;
h = {i, j, k} ∈ H !

i < j < k
!<1(2d)

φ(h) := {ej − ei, ek − ei}
�BÈt2*É�)�!"=>+�-o2�| 'b;

X ⊆ H ?�2q4BD")
φ(X) :=

⋃
h∈X φ(h)

�
� � ����FP� �Ä^*i

X ⊆ H
# �Äy"^gU�iny"^p\bX<GhW.Z,TgsYy

T
O �
G = ([n], E)

f>Uk[ X<eb^b[%GdVÊiny"^�\d^*i ⋃
h∈X

(
h
2

)
f>\PT �*O Z,^d\bijf �lT Uk[�O UY_`V0f �

φ(X)
f>\�_`f>U6^bT Zd_`V0f>U6[�^¸sB^dUk[�^gUYi #

� ⇒ �]{N;B2l4B-8+�+�=�%(7����5%(�B9BDB'*),%(+��Ê+��
m
!<),;B2P��DB~l�62�-�+�=�2�9BA�2*7t%(�Ê),;B2P=>+�-82*7E)

T
�6{N;B2l'�| 782

m = 1
%(7�),-8%x�"%u| 1h�k H+�| 7878DB~m2P),;Y|J)t),;B2l'*1>|J%3~ ;B+�1(9B7t=>+�-�|J131Ä=>+�-82*7E),7�?@%x),;

1 ≤ m′ ≤ m
2*9<A.2�7��

Ìt7
T

%(7�|]=>+�-82*7E)}?@%x),;:|J)m1(2�| 7E)})�?�+
2�9BA�2*7�!�%x)};6|J7�|�1(2J|J=
v
��Å�2]|J7878D<~}2�),;Y|J)

v = 1
| �B9

h = {1, 2} %(7Ê|J��2*9BA�2�+�=
T
�N{N;B2*�

v1 = φ(h) = e2 − e1
%(7Ê| � 2*1(2�~}2���)�+.=

φ(X)
�aÃÄ2d)

v2 = ej2 − ei2 , . . . , vm = ejm − eim
�62&| 1(1B��2*'*),+�-87j+�=

φ(X) \ {v1}
�n�B+.),%('*2o),;Y|J) |φ(X)| = m

�g�
�a+��B78%(9B2�-o�B+�?�),;<2�2�CHDY|J),%(+��

α1v1 + α2v2 + · · ·+ αmvm = 0,
?@;B%('g;w!Y|J7

v1 = e2 − e1, v2 = ej2 − ei2 , . . . , vm = ejm − eim
!B�k2*'*+�~m2*7

� �"�x�J�
α1(e2 − e1) + α2(ej2 − ei2) + · · ·+ αm(ejm − eim) = 0.

Ìt7
v
%37�|@1(2�| =¸!*?�2a;Y|*��2

eit 6= e1
�h| �B9

ejt 6= e1
! | 7

jt > it
��=>+�-�| 1(1

t = 2, . . . ,m
�.�a+��B782�CHDB2���),1x��!

),;B%(7o=>+�-8'*2�7
α1 = 0

%3��� �"�x�J�g�BÌt7
X \ {h} %(7�|p=>+�-82*7E)o?@%x),;

m− 1
2*9<A.2�7�!<| �B9

φ(X \ {h}) = {v2, . . . , vm}
���
),;<209B2*�<�B%x),%(+��w!�),;B2m��2*'*),+.-87

v2, . . . , vm
| -82�1(%(�B2J| -81x��%(�B9B2�462*�B9<2*��)����
),;B20%3�B9BDB'*),%(+���;�� �46+.),;B2�78%(7��B{N;<2*-82*=>+�-82

α1v1 + α2v2 + · · ·+ αmvm = 0
%(=�| �B9Ê+��B1x��%(=

αi = 0
!
i = 1, . . . ,m

�
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� ⇐ � !���),;B2�'*+���),-b| -E��!�78DB4B46+�782�),;Y|J) ⋃
h∈X

(
h
2

) ;6|J70|�'d�"'*132
C
��Å�2�'J| �:|J7878D<~}2�),;Y|J)

C = (1, 2, 3, . . . , j)
!
3 ≤ j ≤ n �6�a+.�<78%(9B2*-N),;<2&��2*'*),+.-o78DB�B782*)

{v1 = e2 − e1, v2 = e3 − e2, . . . , vm−1 = ej − ej−1, vm = ej − e1} ⊆ φ(X).

Ìt7
(e2−e1)+(e3−e2)+ · · ·+(ej−ej−1) = ej−e1

!.),;B2N��2*'*),+�-87
v1, . . . , vm

|J-82o�<+ )a1(%(�B2J|J-81(�
%(�B9<2*462��B9B2*�H)�!�?@;B%3'b;�'�+.~m4B1(2*),2*7�),;B2�4<-8+H+�=v+�=�),;B2q'*1u| %(~5�

�a+��B78%39B2*-��<+�?
X ⊂ H !<| �B9Ê| 7878DB~}2t),;6|�)

d(X) = c
!H),;B2&�HDB~p�62*-N+�=�2*9BA�2�7�%3��|l784Y| �B�B%(�BA

=>+.-82�7E)a+.=6),;B2�78DB�BA�-b| 4B;m%3�B9BDB'�2*9m��� ⋃
h∈X

(
h
2

) %(�}),;B2@'*+�~m4B1(2d),2oA�-b| 4B;
G = ([n], E)

�.Å�2@;Y|*��2
),+t78;B+�?�),;6|�)�),;B2a-b| �B�q+�=

φ(X)
%(7v2�CHDY| 1�),+

c
�J-82*'J| 1(1�),;Y|J)�=>+�-�|@78D<�B782d)

S
+�=6|@��2�'d),+�-v784Y| '�2�!�),;<2

Z,T U 0+�=
S
!B9<2*�B+.),2*9Ê���

rank(S)
!B%(7o),;B2q~0|JÉ"%(~pDB~ �HDB~p�62*-�+.=�1(%(�B2J|J-81(�0%(�<9B2*462��B9B2���)o��2*'d),+�-87

%(�
S
�
��=�),;B2078DB�BA�-b| 4B;

([n], EX)
%(�B9BD<'*2*9���� ⋃

h∈X
(
h
2

) %(7p|Ê=u+�-82*7E)P),;B2��
rank(φ(X)) = c

���
),;B2l|J�k+���2q'*1u| %(~5�/!�),;B2*-E?@%3782�!B-82*~}+���2&),;B2&��2�'d),+�-

v = ej − ei
=>-8+�~

φ(X)
!�?@;B2�-82 {i, j} %(7o+��

|m'd�"'*132P%3�
([n], EX)

� 	a�578%(~}%31u| -t| -8A.D<~}2*�H),7�),+m),;<2l4B-8+�+�=�+�=�),;B2�| �6+���2l'�1u| %(~Ê!
v
%(7�|m1(%(�B2J| -

'*+�~p�B%(�Y|J),%(+���+�=v| 1(1k+.),;B2*-N'd�"'�1(2t2*9BA�2�7�!<|J�<9�),;HD<7N%x),7�-82�~}+���| 1k9B+�2*7N�B+.)o'b;6|J�<A.2&),;B2�-b|J�<�6!"%h� 2��(!
rank(φ(X)) = rank(φ(X)\{v}) �JÅ�2o%(),2*-b|J),2�),;B%(7$4B-8+�'*2*9<DB-82oD<��),%(1"),;B2�-82�| -82o�B+q~m+�-82N'd�"'�1(2*7��
 H%(�<'*2

d(X) = c
!Y),;B2lA�-b| 4B;

([n], EX)
;Y| 7

n − c '�+��B�B2*'*),2*9]'�+�~}46+��B2���),7�!k| �B9]),;HD<7&2dÉ<| 'd),1x�
n − (n − c) = c

��2*'*),+�-87q| -82�1(2*=u)�%(�
φ(X)

�kÌt7&),;B2*782���2�'d),+�-87&'�+.-8-82�7846+��B9�),+�),;B2p2�9BA�2*7�+�=�|
=>+.-82�7E)�!�),;<2d�Ê| -82�1(%(�<2�| -81x�0%(�B9<2*462��B9B2*�H)@����),;B2P| �6+���2�'�1u| %(~Ê!<|J�<9�),;�DB7

rank(φ(X)) = c
�

� � E>����� ��E�� ���(� �}�8F ����In�G! �Ä^*i
HG = (P,H)

G,^oiny"^af>UYiL^gZg\*^bedinfhO U}y�VdsB^dZhW.Z,TgsYylO ��T U
n �

\*^LW.Rm^dUYi
W.Zgf [

P
#,H Rpf>U<fuR�X�R \LsBT U<U<fuU�W�\bX Gdy�VgsB^dZhW.Z,TgsYy�O �

HG
ebT U Gb^ �*O X�Uk[�f>U

O(kn2.5)
inf>Rm^0T Uk[

O(kn)
\LsBT�eb^�	$Q�y"^gZb^

k
fu\�iny"^PU<X�R Gb^gZpO �PedZ,O \b\bfuU�W.\&fuU�iny"^tW.Zgf [ #

�a+��B782�CHDB2*��),1(��!"?�2�A�2d)o),;B2q=u+�1(13+�?@%3�BAl),;B2*+�-82�~Ê�
C�D �%� E���F ���(���p�8F ���JI>�G! H�R�f>UBf>R�X�R�ebO r ^dZ�O �oT U

n �
\*^LW R0^gUYi

3
�
�
W.Zgf [�y"T \

n− ν − 1
ebO�OgsB^dZ,T

�inf>r ^jW.X<T Z,[ \�	kQ�y"^gZ,^
ν
fu\�iny"^�\bf���^@O �ainy"^NRmT?� f>R�X�R«R0T.iLegy�f>U�W&f>U0iny"^

2 �
sBO._`V.RmT.inZbO f [qebO U<\ginZgX<e*iL^,[

�bZ,O R iny"^PfuUYiL^dZg\*^,e*infhO U�y�VdsB^gZLW Z,TgsYyÊO ��iny"^tW.Zgf [ #
Å�2p2*~}4<;Y| 78% O*2P),;Y|J)q{N;B2*+�-82*~ �"�x���lA�2��B2*-b| 1(% O�2*7�),;B2l-82�78DB1x)&+�=j{N;B2�+.-82�~ �"�`¡�Kk%(=�),;<2*-82�| -82

�B+m;��"462*-82�9BA�2*7�!"),;B2*�
ν = 0

�

�N� ����� +�. �IA � 	F&(&*) +D-/.10 2B35+ 6 89.:- ;>=

#@2�'�| 1(1�),;Y|J)p|�782*)
S

+.=�A�DY| -89B7P%(7q'J| 1(1(2*9ËQa^bT��_´V�e,OJOgsB^gZbT.infur.^m%(=j),;<2��"%(78%(�B%31(%x)��5A�-b| 4B;
VG(S);Y| 7��B+Ë%378+.1>|�),2�9:��2�-E),%('*2�7��aÌt�

n � 782*A�~m2*��)Ê'*+�~l� � A.-8%39 -82�CHDB%(-82*7Ê| 7�~�| ����|J7
n − 1

?�2�| ��1x�
'*+�+�462�-b|�),%(��2tA�DY| -89B7P�n782*2&��%(A<� ���`¡��g!��BDB)N%3��A.2��B2*-b| 1h!H),;B%37�%37�= | -�),+H+p~�| �����"����),;B%37�782�'d),%(+��w!H?�2
78;B+�? ),;Y|J)q|0~m%(�B%(~pDB~ '�+���2�-b|JA�2�=u+�-q|0A�-8%(9�+.=

n
782*A�~}2���),7&;Y| 7

n − p3
?�2�| ��1x�]'*+�+�462*-b|J),%x��2

A�DY| -89B7�!�?@;B2�-82
p3

%(7$),;B2o78% O*2@+.=6),;B2@~0|JÉ"%(~pDB~
P3 � ~0|J),'b;<%(�BA�%3��),;B2@%(��),2�-8782*'d),%3+.�}A.-b| 4B;m+�=k),;B2

A�-8%(9w�Ä�a+.�<782�CHDB2*�H),1x��!�%x)�~0| ��2*7&),;B2}~m%(�B%(~pDB~ ?�2J|J��1x�]'�+�+.4k2*-b|J),%x��2pA�DY| -89B7q4B-8+��B1(2�~ %(��A�-8%(9<7
È>M � ;Y| -89w!�| 7m?�2]4B-8+���2Ê),;6|�)0),;B2]~0|JÉ"%(~lD<~

P3 � ~0|J),'g;B%(�BA�4B-8+��B1(2*~ %3��78D<�6'*DB�<%('5�<%(4Y| -E),%x),2
4B1u| �Y| -oA�-b| 4B;B7@%(7oÈ>M � ;Y| -89w�
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��'�)�'*&('
P3
� � /�8 �BA45*7�; 5*7 3?- � �"- �45 � �45*@�/(0?825 8 � @4<�/(7�/(0 ;>0?/(@,A�3B' Ìt7j),;B2�~}%3�B%(~lD<~ ?�2�| ��1x�

'*+�+�462�-b|�),%(��2]A�DY| -89B7�4B-8+��B1(2*~ %(� A�-8%(9B7�%(7�78+�1x��2�9 DB78%(�BA�),;B2�~�|�),'g;B%(�BA�),2*'b;<�B%3CHDB2*7�!a%3��),;B%(7
782*'*),%(+��0?�2t?@%(1(161(+�+��}~}+�-82&'*1(+�782�1x��|�)N),;B2

P3 � ~0|J),'g;B%(�BAp4B-8+��B1(2*~S%3���B%(46|J-E),%(),2�4B1u| �Y| -�A�-b| 4B;B7��
Ht2��B2*-b| 1(% O*2*9�~0|J),'b;<%(�BA54B-8+��B1(2�~}7l;Y|*��2��62*2���7E),DB9<%(2*9�%(��|Ê?@%(9B2m��|J-8%32d)���+�=o'�+.�H),2dÉ�),7�F �"!

����!<���"!BG �"!Y��¡�!Y���JIh� !t�B2�+�=Ä),;B2�A�2��B2*-b| 1(% OJ|J),%(+��B7N%(7N),+}�B�B9�),;B2�~�|JÉ�%3~lDB~ ��DB~l�62�-o+�=Ä��2*-E),2dÉ �9B%(7 KE+�%(��)$'�+.4<%(2*7�+�=678+�~}2o�BÉ�2�9�A�-b| 4B;
H

%3�m|&A�%x��2*��A�-b| 4B;
G

�¸RmT?�.fuR�X�R
H �

RmT.iLedy�f>UHW<�g�����5F ���JI
/�%3-8�H46|�),-8%3'b��|J�<9 Et2�1(1�78;B+�?�2*9Ê),;Y|J)t| ����sB^dZ �*^,e*i�~�|�),'g;B%(�BA}4B-8+��B1(2*~ %(7oÈ>M � '�+.~m4B1(2*),2&=u+�-t| ���
'*+��B�<2*'d),2�9

H
?@%x),;]|�)t1(2�| 7E)@),;B-82�2���2�-E),%('*2�7P�>),;B2q7b| ~m2P;B+�1(9B7@=>+�-o),;B2P~�|JÉ�%3~lDB~

H � ~0|J),'b;B%3�BA
4B-8+��B1(2�~��g������Fx���gI�),;<2m| D"),;<+.-87q78;<+�?�2�9�),;Y|J)�),;<2�~�|JÉ�%3~lDB~

H � ~0|J),'b;<%(�BA�4B-8+��B132*~ -82�~0| %(�B7
È>M � '*+�~}4<1(2d),2&2*��2*��%(=�?�2q-82*7E),-8%('*)N),+}4B1u| �Y| -oA�-b| 4B;B7��

{N;<204k2*-8=>2*'d)
H � ~�|�),'g;B%(�BA�4B-8+��B1(2*~ %(7}|J1378+]���B+�?@��| 7P),;<2 {H} � �dT�e*iLO ZlsYZ,O�G*_x^gR}�ÄÌ �6|�) �DB-b| 1�A�2*�B2�-b|J13% O�|J),%(+�� %(7�),;<2 H � �*T�ediLO Z�sYZbO�Gd_x^dR}!a?@;<2*-82 H = {H1, . . . , Hh}

%(75|�=n| ~m%(1x�:+�=
'*+��B�<2*'d),2�9�A.-b| 4B;<7��w����),;B2 H � = | 'd),+�-q4<-8+.�<1(2*~5!�=>+�-l|�A�%x��2*��A.-b| 4B;

G
?�2�| 78��?@;B2*),;B2*-q),;B2�-82

2dÉ"%(7E),70|]784Y| �B�<%(�BA
78DB�<A.-b| 4B;
F

+�=
G

78DB'g;�),;6|�)m2d��2*-E��'�+.~m46+��B2*�H)}+�=
F

%(7}%(78+�~}+�-84B;B%3'�),+
78+�~}2

Hi
!
i = 1, . . . , h

�kÌ�78462�'*%u| 1�'�| 782�%(7�%(= H '*+��B78%(7E),7�+��B1x�]+�=N|J131�4Y|J),;B7q+.=a+�-89B2*-P|J)q1(2�| 7E)
3

�n78+Ê'�| 1(132*9 {Pn≥3} � = | 'd),+�-g�g� !��B782�-E��2�),;Y|J)l|�A.-b| 4B;�;Y| 7l| {Pn≥3} � = | 'd),+�-�%(=N| �B9
+��B1x��%3=j%x)
;Y| 70| {P3, P4, P5} � = | 'd),+�-�!$| �B9�),;B2Ê'*-8%x),2�-8%(+���=>+�-0|]A�-b| 4B;�),+
;Y|*��2Ê78DB'g;:|�= |J'*),+�-p?o| 7}+�� �)g| %(�B2�9
�H�
/P| �B2*��+�F G ��I&�n=>+�-q�B%34Y| -E),%x),2}A.-b| 4B;<7�!�78DB'g;�|�'*-8%x),2�-8%(+���?o| 7PA�%x��2*������Å�| �BA�F ����In�g�
�5+�-82*+���2*-�!v/P| �B2���+]4<-8+���2�9�),;Y|J)p2*��2�-E�

r � -82*A�DB1>|J-pA�-b|J4<;�?@%(),;
r ≥ 3

;6|J7m| {Pn≥3} � = | 'd),+�-���<+�-
2 � '*+��B�<2*'d),2�9]'*D<�B%('PA�-b| 4B;B7�!6/l|*?o|J-b| �Y|*��| 78;B%@^di�T._$#�F ��¡JIv78;<+�?�2�9]),;Y|J)�| ���578DB'b;�A�-b| 4B;]+�=

|J)q1(2�| 7E)��"��2���2*-E),%('�2*7&;6|J7l| {P3, P4} � = | 'd),+�-��FEt+�?�2d��2�-�!6),;B2�=>+�1(1(+�?@%(�BA�'*+��LKE2*'*),DB-82�!�46+�782*9
���
Ìt��%x��| ~0|
|J�<9:/P| �B+ F �JIL!$%(707E),%(1(1o+�462��wK ��r ^dZgV

3 �
e,O U<Uk^bediL^b[ËegX<Ggfhe�W ZbTgsYy�O �]O Z,[�^dZ][ f>r�fu\bf Gd_x^

GdV�iny�Z,^b^py"T \�T {P3} �
�*T�ediLO Zd�6��%(�6|J131x��!Y-82�'�| 1(1Ä),;Y|J)&/P| �B2*��+�^*i�T._´��F GH��I�2*7E)g| �B1(%(78;<2*95),;Y|J)�2d��2*-E�

'*1>|d? � =>-82*20A�-b| 4B;�+��
n

��2�-E),%('*2�7P;Y| 7P),;B20~0|JÉ"%(~pDB~
P3 � ~�|J),'b;B%(�<A5+.=o'�| -89B%(�6|J13%x)�� bn/3c ���Y+�-~}+�-82�9B2*)g|J%31(7N'�+.�<'*2*-8�<%(�BA�= | 'd),+�-o4B-8+��B1(2�~}7�?�2q-82�=u2�-�),;B2q-82�| 9B2�-N),+ÊF �"!BG���Ih�

���Ê),;B%(7@782*'*),%(+��w!"?�2P78;B+�?�),;6|�)@),;B2q~�|�É"%(~pDB~
P3 � ~�|J),'b;B%(�<A}4B-8+��B1(2�~ %(�578DB�6'�DB�B%('q�B%34Y| - �),%x),2p4B1u| �Y| -&A�-b| 4B;B7�%(7&È>M � ;6|J-89��k-82*'J| 1(1Ä),;Y|J)P|0A.-b| 4B;

G
%(7p\bX GbegX<Ggfhep%3=$%x),7&~0|JÉ"%(~lDB~ 9B2�A�-82*2

∆(G) ≤ 3
�6{N;<2P4<-8+H+�=�4B-8+�'�2*2*9<7����5-82*9<DB'd),%(+��5=>-8+�~ ),;<2q),;<-82*2 � 9<%(~}2��B78%(+��Y| 1�~0|J),'b;B%3�BAm4<-8+.� �1(2�~ �h� � � =>+�-j78;B+�-E)d�@F ���JIL!�?@;B%('g;m'J| �0�62�=u+�-8~pDB1u|J),2*9m%(�m),;B2@?o|*�m9B2*78'�-8%(�62*90�62�1(+�?P� �t��2*-N| �B9

�<-8%32PO*2�F ¡ G.Ik4<-8+���2�9�),;Y|J)�),;B2
3
� � 4<-8+.�<1(2*~S-82�~0| %(�B7�È>M � '*+�~}4B132d),2�2*��2*��=>+�-��B%(46|J-E),%(),2@4<1u| �Y| -

A�-b| 4B;B7��/Et2��B'*2q=u-8+�~ F ¡ G<!Y���JIh!"),;B2q=u+�1(1(+�?@%(�<Ap-82�7E),-8%('d),2�9Ê� � � 4<-8+.�<1(2*~ %(7oÈ>M � '*+�~m4B1(2d),2��

�,U<\giLT Ukeb^�KoÌS78D<�6'*DB�<%('}�B%34Y| -E),%x),2�4B1u| �Y| -qA�-b| 4B;
G = (V ∪M,E)

!k?@;B2�-82
V = X ∪ Y ∪ Z !

|X| = |Y | = |Z| = q
���<+�-m2d��2*-E����2*-E),2*É

m ∈ M
?�2�;6|d��2

deg(m) = 3
| �B9

m
%37

| 9LK,|J'�2*��)o),+}2*ÉB| '*),1x�0+��B2���2*-E),2dÉ�=u-8+�~ 2J| 'b;�+�=Ä),;B2�782*),7
X

!
Y

| �B9
Z
�

� XY^g\ginfhO UvKo��7N),;B2�-82P|p78DB�B782*)
M ′ ⊆M +�=v'�| -89B%(�6|J13%x)��

q
'�+���2�-8%(�BA0| 1(1k��2*-E),%('�2*7o%(�

V
�

C�D �%� E���F �"�(��¡ �8F ���JIn�G! ��y"^
3
� � sYZbO�Gd_x^dR f>U�\bX GbegX<Ggfhe Gdf`sBT ZdinfniL^�s6_xT UkT ZÊW.Z,TgsYy�\]fu\
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G∗ = (V ∗, E∗)
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'*+���2*-82�9l=u-8+�~�Æ�+�D"),78%39B2 Ç +�= Gi �g�J{N;<2*�P),;B2*-82a9B+�2*7v�B+.)v2*É"%(7E)�|@462*-8=>2*'*)
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