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Abstract

We consider the motion of incompressible mhd in a domain bounded a free surface. In the external
domain there exists an electromagnetic field generated by some currents which keeps the mhd
flow in the bounded domain. On the free surface transmission conditions for the electromagnetic
fields are imposed. For sufficiently small initial velocity and vanishing external force the global
existence is proved. The L2-approach is used. This helps us to treat the transmission conditions.
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1. Introduction

In this paper we show global in time existence of solutions to a free boundary problem for

incompressible magnetohydrodynamics. In a domain
1

Ωt ⊂ R3 bounded by a free surface

St we consider the motion of incompressible magnetohydrodymamics. A domain
2

Ωt, which

is bounded by a fixed boundary B, is external to
1

Ωt. In
2

Ωt we have an electromagnetic

field generated by some currents on B. Hence the electromagnetic field in
2

Ωt acts on the

motion of magnetohydrodynamics in
1

Ωt through the free boundary St. Moreover, the

motion in
1

Ωt is generated by the initial velocity and the initial magnetic field and also
by the initial shape of the free surface St. Our aim is to prove global existence assuming
that the initial data are sufficiently small. Our considerations base on [4], where local
existence of solutions of this problem is proved.

In
1

Ωt the motion is described by

(1.1)
vt + v · ∇v − divT(v, p)− div(µT(

1

H)) = f in Ω̃T1 ,

div v = 0 in Ω̃T1 ,

(1.2)
µ(

1

Ht + v · ∇
1

H −
1

H · ∇v) +
1

σ1
rot rot

1

H = 0 in Ω̃T1 ,

div
1

H = 0 in Ω̃T1 ,

where Ω̃T1 =
⋃

0≤t≤T
1

Ωt × {t}, v = (v1(x, t), v2(x, t), v3(x, t)) ∈ R3 is the velocity of the
fluid, p = p(x, t) ∈ R is the pressure, x = (x1, x2, x3) the global cartesian coordinates.
i

H =
i

H(x, t) = (
i

H1(x, t),
i

H2(x, t),
i

H3(x, t)) ∈ R3, i = 1, 2, is the magnetic field, f =

f(x, t) = (f1(x, t), f2(x, t), f3(x, t)) ∈ R3 is the external force field, µ is the constant

magnetic permeability and σi is the constant electric conductivity in
i

Ωt, i = 1, 2. We
denote by T(v, p) the stress tensor of the form

T(v, p) = νD(v)− pI,

where ν is the constant viscosity coefficient, I is the unit matrix and

(1.3) D(v) = {vixj + vjxi}i,j=1,2,3

is the dilatation tensor.
Moreover, we denote by T(

1

H) the stress tensor of the magnetic field described by

(1.4) T(
1

H) =

{
1

Hi

1

Hj −
1

H2

2
δij

}
i,j=1,2,3

.

[5]
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In
2

Ωt there is no fluid motion but there is a fluid under a constant pressure p0, where the
electromagnetic field is described by the problem

(1.5)

µ
2

H ′t +
1

σ2
rot rot

2

H ′ = 0 in Ω̃T2 ,

div
2

H ′ = 0 in Ω̃T2 ,
2

H ′ = H∗ on B,

where Ω̃T2 =
⋃

0≤t≤T
2

Ωt×{t}. As the initial conditions we assume
i

Ωt|t=0 =
i

Ω, St|t=0 = S,

i = 1, 2, v|t=0 = v0,
1

H|t=0 =
1

H0 in
1

Ω,
2

H|t=0 =
2

H0 in
2

Ω.
It is difficult to examine problem (1.5) because the nonhomogeneous Dirichlet bound-

ary condition on B implies that integration by parts will not give any estimate. Therefore,
we construct an extension H̃∗ of H∗ satisfying

(1.6) H̃∗|B = H∗,

which is divergence free and vanishes in a neighborhood of St. The divergence free ex-
tension is possible if

(1.7) 0 =
�
2
Ωt

div H̃∗ dx =
�

B

H∗ · n̄ dB,

where n̄ is the unit normal external vector to B. Using the extension H̃∗ we can introduce
the new function

(1.8)
2

H =
2

H ′ − H̃∗

which is a solution to the problem

(1.9)

µ
2

Ht +
1

σ2
rot rot

2

H = −µH̃∗t +
1

σ2
rot rot H̃∗ ≡ G in Ω̃T2 ,

div
2

H = 0 in Ω̃T2 ,
2

H = 0 on B,
2

H|t=0 =
2

H ′(0)− H̃∗|t=0 ≡
2

H(0) in
2

Ω.

To transform problem (1.9) to lagrangian coordinates we extend v on
2

Ωt. The extension
is denoted by v′ and it is divergence free (see [11]). In this case we can express problem
(1.9) in the form

(1.10)

µ(
2

Ht + v′ · ∇
2

H)− 1

σ2
rot rot

2

H = G+ µv′ · ∇
2

H in Ω̃T2 ,

div
2

H = 0 in Ω̃T2 ,
2

H = 0 on B,
2

H|t=0 =
2

H(0) in
2

Ω.
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Examining problem (1.10) we can introduce in
2

Ωt the lagrangian coordinates ξ as the
initial data to the problem

(1.11)
dx

dt
= v′(x, t), x|t=0 = ξ ∈

2

Ω, x ∈
2

Ωt.

Similarly, lagrangian coordinates in
1

Ωt are defined by the problem

(1.12)
dx

dt
= v(x, t), x|t=0 = ξ ∈

1

Ω, x ∈
1

Ωt.

To simplify the presentation of the results we introduce the notation

(1.13) (v, v′) = (
1
v,

2
v).

Finally, we introduce the following boundary and transmission conditions on St:

(1.14)
n̄ · T(v, p) + µn̄ · T(

1

H) = −p0n̄ on St,

v · n̄ = − ϕt
|∇ϕ|

and

(1.15) [H] = 0,

(
1

σ1
rot

1

H − µv ×
1

H

)
τ

=
1

σ2
(rot

2

H)τ on St,

where the subscript τ means the tangent coordinates to St, ϕ(x, t) = 0 describes at

least locally St and [A] =
1

A −
2

A, where
i

A is the quantity defined in
i

Ωt, i = 1, 2. The

transmission conditions (1.15) couple the magnetic fields
1

H and
2

H.
To prove global existence we need the following local result (see [4]).

Theorem 1. Assume that v0 ∈ H2(
1

Ω),
i

H0 ∈ H2(
i

Ω), i = 1, 2, ∂kt v|t=0 ∈ L2(
1

Ω),

∂kt

i

H̄|t=0 ∈ L2(
i

Ω), i = 1, 2, k ≤ 2, ∂it f̄ ∈ L2(
1

ΩT ), i ≤ 2, Ḡ, Ḡt ∈ L2(
2

ΩT ) and S ∈ H5/2,

where
i

ΩT =
i

Ω × [0, T ], i = 1, 2. Assume the transmission conditions (1.15) hold on St.
Then for T sufficiently small there exists a solution to problem (1.1), (1.2), (1.10), (1.15)
such that

(1.16)

∂it v̄ ∈ L∞(0, T ;H2−i(
1

Ω)) ∩ L2(0, T ;H3−i(
1

Ω)), i ≤ 2,

∂kt

i

H̄ ∈ L∞(0, T ;H2−k(
i

Ω)) ∩ L2(0, T ;H3−k(
i

Ω)) ≡ X(
i

Ω× [0, T ]),

k ≤ 2, i = 1, 2,

and

(1.17) ‖v̄‖
X(

1
ΩT )

+ ‖p̄′‖2
Γ2
0(

1
ΩT )

+

2∑
i=1

‖
i

H̄‖
X(

i
ΩT )

≤ c
[ 2∑
k=0

(
‖∂kt v|t=0‖

H2−k(
1
Ω)

+

2∑
i=1

‖∂kt
i

H|t=0‖
H2−k(

i
Ω)

)
+ ‖f̄‖

L2(0,T ;H1(
1
Ω))

+ ‖f̄t‖
L2(

1
ΩT )

+ ‖f̄tt‖
L2(

1
ΩT )

+ ‖Ḡ‖
L2(0,T ;

1
H(

2
Ω))

+ ‖Ḡt‖
L2(

2
ΩT )

+ ‖Ḡtt‖
L2(

2
ΩT )

]
≡ D̄,

where Ḡ is given by (1.9), p̄′ = p̄− p0 and ū = ū(ξ, t) = u(x(ξ, t), t) (see (1.11), (1.12)).
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Main Theorem. Let the assumptions of Theorem 1 hold. Assume that f = 0,
	
Ω
v0 dx =	

Ω
v0 · ϕi dx = 0, i = 1, 2, 3, where ϕi, i = 1, 2, 3 are defined in (6.4). Assume that D

from (1.17) is sufficiently small. Then there exists a global solution to the problem (1.1),

(1.2), (1.10), (1.15) in X(
i

Ω× R+), i = 1, 2, where X(
i

Ω× R+) is defined in (1.16).

Remark 1.1. For D̄ small Theorem 1 holds with suitably large T . Moreover, if D̄ goes
to zero then the existence time T converges to infinity.

2. Notation and auxiliary results

First we introduce the notation employed in this paper. We do not distinguish between
norms of scalar and vector-valued functions. Let ω be a vector, ω = (ω1, . . . , ωn). Then

|ω| =
( n∑
i=1

|ωi|2
)1/2

.

Let Lp(Ω) = {u :
	
Ω
|u|p dx <∞}, p ∈ [1,∞]. The space of functions with the norm

‖u‖V 0
2 (ΩT ) = ‖u‖L∞(0,T ;L2(Ω)) + ‖u‖L2(0,T ;H1(Ω))

is denoted by V 0
2 (ΩT ). We shall use the notation

‖u‖Γlk(Ω) =
∑
i≤l−k

‖∂itu‖Hl−i(Ω), l, k ∈ N,

where H l(Ω) =
{
u :
∑
|α|≤l ‖Dα

xu‖L2(Ω) <∞
}
, and

‖u‖Γlk,r(ΩT ) = ‖u‖Lr(0,T ;Γlk(Ω)).

Let
‖u‖Lkp(Ω) =

∑
|α|=k

‖Dα
xu‖Lp(Ω), ‖u‖L1

2(Ωt) = ‖ux‖L2(Ωt) + ‖ut‖L2(Ωt),

where α = (α1, α2, α3) is a multiindex, |α| = α1 +α2 +α3, αi ∈ N0 ≡ N∪{0}, i = 1, 2, 3,
Dα
x = ∂α1

x1
∂α2
x2
∂α3
x3

.
By c we denote a generic constant which changes its value from formula to formula.

Similarly we denote by ϕ a generic function which is always positive and increasing.
To examine free boundary problems in hydrodynamics we use lagrangian coordinates

which are the initial data to the following Cauchy problem:

(2.1)
dx

dt
= v(x, t), x|t=0 = ξ ∈

1

Ω.

Therefore,

(2.2) xv(ξ, t) = ξ +

t�

0

v̄(ξ, s) ds,

where v̄(ξ, t) = v(xv(ξ, t), t).

To define lagrangian coordinates in
2

Ωt we need
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Lemma 2.1 ([11]). Let X(
1

Ωt) be some Sobolev space. Let v ∈ X(
1

Ωt) be divergence free.

Then there exists an extension v′ of v on
1

Ωt∪
2

Ωt such that v′ is divergence free, v′| 1
Ωt

= v

and there exists a constant c such that

(2.3) ‖v′‖
X(

1
Ωt∪

2
Ωt)
≤ c‖v‖

X(
1
Ωt)
.

In view of the definition of lagrangian coordinates we have
1

Ωt = {x ∈ R3 : x = xv(ξ, t), ξ ∈
1

Ω}, St = {x ∈ R3 : x = xv(ξ, t), ξ ∈ S},
1

Ωt ∪
1

Ωt = {x ∈ R3 : x = xv′(ξ, t), ξ ∈
1

Ω ∪
2

Ω}.
To formulate our problem in lagrangian coordinates we need the notation

(2.4)
∇v̄ =

∂ξk
∂x

∂

∂ξk
, Dv̄ū = ∇v̄ū+ (∇v̄ū)T ,

Tv̄(ū, p̄) = Dv̄(ū)− p̄I, divv̄ v̄ = ∂xiξk∂ξk v̄i = ∇v̄ · v̄,
where summation over repeated indices is assumed, ξ = ξ(x, t) is the inverse transforma-
tion to x = xv̄(ξ, t). From [13, 12] we have

Lemma 2.2. Let Ω ⊂ R3 be a given bounded domain. Let v ∈ L2(Ω) be such that

(2.5) EΩ(v) =
�

Ω

(vjxi + vixj )
2 dx.

Then there exists a constant c such that
(2.6) ‖v‖2H1(Ω) ≤ c(EΩ(v) + ‖v‖2L2(Ω)).

Lemma 2.3. Let (2.2) describe the relation between the eulerian x and lagrangian ξ co-
ordinates. Then

|xξ − I| ≤
∣∣∣ t�

0

v̄ξ(ξ, s) ds
∣∣∣,(2.7)

|ξx| ≤ exp

t�

0

|v̄ξ(ξ, s)| ds.(2.8)

Proof. Expressing (2.2) in the form

(2.9) x = ξ +

t�

0

v̄(ξ, s) ds,

we see that (2.7) is obvious. To show (2.8) we obtain from (2.9) the relation

ξx = I +

t�

0

v̄ξ(ξ, s)ξx ds,

so

(2.10)
d

dt
ξx = v̄ξξx.

From (2.10) it follows that

(2.11)
1

2

d

dt
ln |ξx|2 ≤ |v̄ξ|,

so (2.8) follows.
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3. Differential inequality for velocity

To prove the differential inequality we need a sufficiently regular local solution.

Lemma 3.1. Assume that X1 = ‖v‖2
Γ2
0(

1
Ωt)

+ ‖
1

H‖2
Γ2
0(

1
Ωt)

< ∞, f ∈ Γ1
0(

1

Ωt) v(0) ∈ L2(
1

Ω),∣∣ 	t
0

	
1
Ωt′

f dx dt′
∣∣ <∞. Then

(3.1)
d

dt
‖v‖2

Γ2
0(

1
Ωt)

+ ‖v‖2
Γ3
1(

1
Ωt)

+ ‖p′‖2
Γ2
1(

1
Ωt)

≤ c
[
X2

1 (1 +X1 +X2
1 ) +X1(1 +X1)‖vtt‖2

H1(
1
Ωt)

+X2
1‖vt‖2

H2(
1
Ωt)

+X2
1‖f‖2

L2(
1
Ωt)

+ ‖f‖2
Γ2
0(

1
Ωt)

+
∣∣∣ t�

0

�
1
Ωt′

f(x, t′) dx dt′
∣∣∣2 +

∣∣∣ �
1
Ω

v(0) dx
∣∣∣2],

where p′ = p− p0.

Proof. Multiplying (1.1)1 by v, integrating over
1

Ωt and using boundary conditions (1.14)
yields

(3.2)
1

2

d

dt
‖v‖2

L2(
1
Ωt)

+ E 1
Ωt

(v) =
�
1
Ωt

f · v dx.

In view of the Korn inequality (6.18) we have

(3.3)
d

dt
‖v‖2

L2(
1
Ωt)

+ ‖v‖2
H1(

1
Ωt)
≤ c‖f‖2

L2(
1
Ωt)

+ c
∣∣∣ t�

0

�
1
Ωt′

f(x, t′) dx dt′
∣∣∣2 + c

∣∣∣ �
1
Ω

v(0) dx
∣∣∣2.

Differentiating (1.1)1 with respect to t, multiplying the result by vt and integrating over
Ωt gives

(3.4)
1

2

d

dt
‖vt‖2

L2(
1
Ωt)
−

�
1
Ωt

div[T(v, p)+µT(
1

H)]t ·vt dx = −
�
1
Ωt

vt ·∇v ·vt dx+
�
1
Ωt

ft ·vt dx.

Integrating by parts, the second term on the l.h.s. equals

−
�

St

n̄ · [T(v, p′) + T(
1

H)]t · vtdSt + E 1
Ωt

(vt) + µ
�
1
Ωt

T(
1

H)t · ∇vt dx ≡ I1 + E 1
Ωt

(vt) + I2,

where in view of the boundary conditions

I1 =
�

St

n̄t(T(v, p′) + µT(
1

H)) · vt dSt,

so
|I1| ≤ c

�

St

|v|(|∇v|+ |p′|+ |
1

H|2)|vt| dSt

≤ ε‖vt‖2
H1(

1
Ωt)

+ c(1/ε)‖v‖2
H1(

1
Ωt)

(‖v‖2
H2(

1
Ωt)

+ ‖vt‖2
H1(

1
Ωt)

+ ‖
1

H‖4
H1(

1
Ωt)

)

+ ε‖p′‖2
H1(

1
Ωt)
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and
|I2| ≤ ε‖vt‖2

H1(
1
Ωt)

+ c(1/ε)‖
1

H‖2
H1(

1
Ωt)
‖

1

Ht‖2
H1(

1
Ωt)
.

Finally, the r.h.s. of (3.4) is bounded by

ε‖vt‖2
H1(

1
Ωt)

+ c(1/ε)(‖vt‖2
L2(

1
Ωt)
‖∇v‖2

H1(
1
Ωt)

+ ‖ft‖2
L2(

1
Ωt)

).

Employing the estimates in (3.4) yields

(3.5)
1

2

d

dt
‖vt‖2

L2(
1
Ωt)

+ E 1
Ωt

(vt) ≤ ε(‖vt‖2
H1(

1
Ωt)

+ ‖p′‖2
H1(

1
Ωt)

)

+ c(1/ε)(‖v‖2
H2(

1
Ωt)
‖v‖2

Γ2
1(

1
Ωt)

+ ‖v‖2
H1(

1
Ωt)
‖

1

H‖4
H1(

1
Ωt)

+ ‖
1

H‖2
H1(

1
Ωt)
‖

1

Ht‖2
H1(

1
Ωt)

+ ‖ft‖2
L2(

1
Ωt)

).

In view of the Korn inequality (6.30) and ε sufficiently small we derive

(3.6)
d

dt
‖vt‖2

L2(
1
Ωt)

+ ‖vt‖2
H1(

1
Ωt)

≤ ε‖p′‖2
H1(

1
Ωt)

+ c(1/ε)
(
‖v‖2

H2(
1
Ωt)
‖v‖2

Γ2
1(

1
Ωt)

+ ‖v‖2
H1(

1
Ωt)
‖

1

H‖4
H1(

1
Ωt)

+ ‖
1

H‖2
H1(

1
Ωt)
‖

1

Ht‖2
H1(

1
Ωt)

+ ‖ft‖2
L2(

1
Ωt)

+ ‖f‖2
L2(

1
Ωt)

)
.

Differentiating (1.1)1 twice with respect to t, multiplying the result by vtt and integrating
over Ωt yields

(3.7)
1

2

d

dt

�
1
Ωt

v2
tt dx+

�
1
Ωt

(2vt · ∇vt · vtt + vtt · ∇v · vtt) dx

−
�
1
Ωt

div(T(v, p) + µT(
1

H))tt · vtt dx =
�
1
Ωt

ftt · vtt dx.

We bound the second term on the l.h.s. by

ε‖vtt‖2
H1(

1
Ωt)

+ c(1/ε)(‖vtt‖2
L2(

1
Ωt)
‖v‖2

H2(
1
Ωt)

+ ‖vt‖4
H1(

1
Ωt)

).

Integration by parts in the last term on the l.h.s. of (3.7) implies

−
�
1
Ωt

div(T(v, p′) + T(
1

H))tt · vtt dx = −
�

St

n̄ · (T(v, p′) + T(
1

H))tt · vtt dSt

+
�
1
Ωt

T(v, p)tt · ∇vtt dx+ µ
�
1
Ωt

T(
1

H)tt · ∇vtt dx ≡ I1 + I2 + I3.

Now we estimate the integrals Ii, i = 1, 2, 3. To employ the boundary conditions we have

I1 = −
�

St

(n̄ · (T(v, p′) + T(
1

H)))tt · vtt dSt +
�

St

n̄tt · (T(v, p′) + µT(
1

H)) · vtt dSt

+ 2
�

St

n̄t · (T(v, p′) + µT(
1

H))t · vtt dSt ≡ J1 + J2 + J3.



12 P. Kacprzyk

In view of the boundary conditions (1.14), J1 vanishes. Next,

|J2| ≤ c
�

St

(|vt|+ |v|2)(|∇v|+ |p′|+ |
1

H|2)|vtt| dSt

≤ ε‖vtt‖2
H1(

1
Ωt)

+ c(1/ε)(‖vt‖2
H1(

1
Ωt)

+ ‖v‖4
H1(

1
Ωt)

)(‖v‖2
H2(

1
Ωt)

+ ‖
1

H‖2
H1(

1
Ωt)
‖

1

H‖2
H2(

1
Ωt)

)

+ ε‖p′‖2
H1(

1
Ωt)

+ c(1/ε)(‖vt‖2
H1(

1
Ωt)

+ ‖v‖4
H1(

1
Ωt)

)‖vtt‖2
H1(

1
Ωt)
.

Finally

|J3| ≤ c
�

St

|vt|(|∇vt|+ |pt|+ |
1

H| |
1

Ht|)|vtt| dSt

≤ ε‖vtt‖2
H1(

1
Ωt)

+ c(1/ε)(‖vt‖2
H1(

1
Ωt)
‖vt‖2

H2(
1
Ωt)

+ ‖vt‖2
H1(

1
Ωt)
‖

1

H‖2
H1(

1
Ωt)
‖

1

Ht‖2
H1(

1
Ωt)

)

+ ε‖pt‖2
H1(

1
Ωt)

+ c(1/ε)‖vt‖2
H1(

1
Ωt)
‖vtt‖2

H1(
1
Ωt)
.

The term I2 equals I2 = EΩt(vtt) and

|I3| ≤ c
�
1
Ωt

(|
1

Htt| |
1

H|+ |
1

Ht|2)|∇vtt| dx

≤ ε‖∇vtt‖2
L2(

1
Ωt)

+ c(1/ε)(‖
1

H‖2
H2(

1
Ωt)
‖

1

Htt‖2
L2(

1
Ωt)

+ ‖
1

Ht‖4
H1(

1
Ωt)

).

Using the above considerations and estimates in (3.7) yields

(3.8)
1

2

d

dt
‖vtt‖2

L2(
1
Ωt)

+ E 1
Ωt

(vtt) ≤ ε(‖vtt‖2
H1(

1
Ωt)

+ ‖p′‖2
H1(

1
Ωt)

+ ‖pt‖2
H1(

1
Ωt)

) + c(1/ε)
[
‖vtt‖2

L2(
1
Ωt)
‖v‖2

H2(
1
Ωt)

+ ‖vt‖4
H1(

1
Ωt)

+ (‖vt‖2
H1(

1
Ωt)

+ ‖v‖4
H1(

1
Ωt)

)(‖v‖2
H2(

1
Ωt)

+ ‖
1

H‖2
H1(

1
Ωt)
‖

1

H‖2
H2(

1
Ωt)

)

+ (‖vt‖2
H1(

1
Ωt)

+ ‖v‖4
H1(

1
Ωt)

)‖vtt‖2
H1(

1
Ωt)

+ ‖vt‖2
H1(

1
Ωt)
‖vt‖2

H2(
1
Ωt)

+ ‖vt‖2
H1(

1
Ωt)
‖

1

H‖2
H1(

1
Ωt)
‖

1

Ht‖2
H1(

1
Ωt)

+ ‖vt‖2
H1(

1
Ωt)
‖vtt‖2

H1(
1
Ωt)

+ ‖
1

H‖2
H2(

1
Ωt)
‖

1

Htt‖2
L2(

1
Ωt)

+ ‖
1

Ht‖4
H1(

1
Ωt)

+ ‖ftt‖2
L2(

1
Ωt)

]
.

Simplifying, (3.8) takes the form

(3.9)
1

2

d

dt
‖vtt‖2

L2(
1
Ωt)

+ E 1
Ωt

(vtt) ≤ ε(‖vtt‖2
H1(

1
Ωt)

+ ‖p′‖2
H1(

1
Ωt)

+ ‖pt‖2
H1(

1
Ωt)

) + c(1/ε)[‖v‖4
Γ2
0(

1
Ωt)

(1 + ‖v‖2
Γ2
0(

1
Ωt)

)

+ ‖v‖2
Γ2
0(

1
Ωt)

(1 + ‖v‖2
Γ2
0(

1
Ωt)

)‖
1

H‖4
Γ2
0(

1
Ωt)

+ ‖
1

H‖4
Γ2
0(

1
Ωt)

+ ‖v‖2
Γ2
0(

1
Ωt)

(1 + ‖v‖2
Γ2
0(

1
Ωt)

)‖vtt‖2
H1(

1
Ωt)

+ ‖v‖2
Γ2
0(

1
Ωt)
‖vt‖2

H2(
1
Ωt)

+ ‖ftt‖2
L2(

1
Ωt)

].
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We recall the Korn inequality (6.44):

(3.10) ‖vtt‖2
H1(

1
Ωt)
≤ cE 1

Ωt
(vtt) + c(‖v‖2

H1(
1
Ωt)
‖vt‖2

H1(
1
Ωt)

+ ‖
1

H‖4
Γ2
0(

1
Ωt)

+ ‖ft‖2
L2(

1
Ωt)

).

Using (3.10) in (3.9) we obtain, for sufficiently small ε,

(3.11)
d

dt
‖vtt‖2

L2(
1
Ωt)

+ ‖vtt‖2
H1(

1
Ωt)
≤ ε(‖p′‖2

H1(
1
Ωt)

+ ‖pt‖2
H1(

1
Ωt)

)

+ c(1/ε)
[
‖v‖4

Γ2
0(

1
Ωt)

(1 + ‖v‖2
Γ2
0(

1
Ωt)

)

+ ‖v‖2
Γ2
0(

1
Ωt)

(1 + ‖v‖2
Γ2
0(

1
Ωt)

)‖
1

H‖4
Γ2
0(

1
Ωt)

+ ‖
1

H‖4
Γ2
0(

1
Ωt)

+ ‖v‖2
Γ2
0(

1
Ωt)

(1 + ‖v‖2
Γ2
0(

1
Ωt)

)‖vtt‖2
H1(

1
Ωt)

+ ‖v‖
Γ2
0(

1
Ωt)
‖vt‖2

H2(
1
Ωt)

+ ‖ft‖2
L2(

1
Ωt)

+ ‖ftt‖2
L2(

1
Ωt)

]
.

To simplify the above expressions we introduce the notation

(3.12) X1 = ‖v‖2
Γ2
0(

1
Ωt)

+ ‖
1

H‖2
Γ2
0(

1
Ωt)
.

Then (3.6) takes the form

(3.13)
d

dt
‖vt‖2

L2(
1
Ωt)

+ ‖vt‖2
H1(

1
Ωt)

≤ ε‖p′‖2
H1(

1
Ωt)

+ c(1/ε)(X2
1 +X3

1 + ‖ft‖2
L2(

1
Ωt)

+ ‖f‖2
L2(

1
Ωt)

)

and (3.11) can be expressed as

(3.14)
d

dt
‖vtt‖2

L2(
1
Ωt)

+ ‖vtt‖2
H1(

1
Ωt)
≤ ε(‖p′‖2

H1(
1
Ωt)

+ ‖pt‖2
H1(

1
Ωt)

)

+ c(1/ε)
[
X2

1 (1 +X1 +X2
1 ) +X1(1 +X1)‖vtt‖2

H1(
1
Ωt)

+X2
1‖vt‖2

H2(
1
Ωt)

+ ‖ft‖2
L2(

1
Ωt)

+ ‖ftt‖2
L2(

1
Ωt)

]
.

Consider the following stationary Stokes problem:

(3.15)

−divT(v, p′) = −vt − v · ∇v + µdivT(
1

H) + f in
1

Ωt,

div v = 0 in
1

Ωt,

n̄ · T(v, p′) = −µn̄ · T(
1

H) on St,

where t is fixed. For solutions to problem (3.15) we have

(3.16) ‖v‖
H2(

1
Ωt)

+ ‖p′‖
H1(

1
Ωt)

≤ c(‖vt‖
L2(

1
Ωt)

+ ‖v‖
H1(

1
Ωt)
‖v‖

H2(
1
Ωt)

+ ‖
1

H‖
H1(

1
Ωt)
‖

1

H‖
H2(

1
Ωt)

+ ‖f‖
L2(

1
Ωt)

)

≤ c‖vt‖
L2(

1
Ωt)

+ c(X1 + ‖f‖
L2(

1
Ωt)

),

where we have used that

‖
1

H
1

H‖H1/2(St) ≤ c‖
1

H
1

H‖
H1(

1
Ωt)
≤ c‖

1

H‖
H1(

1
Ωt)
‖

1

H‖
H2(

1
Ωt)
.
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Using (3.16) in (3.13) and assuming that ε is sufficiently small we get

(3.17)
d

dt
‖vt‖2

L2(
1
Ωt)

+ ‖vt‖2
H1(

1
Ωt)
≤ c(X2

1 +X3
1 + ‖f‖2

L2(
1
Ωt)

+ ‖ft‖2
L2(

1
Ωt)

).

Adding (3.16) and (3.17) yields

(3.18)
d

dt
‖vt‖2

L2(
1
Ωt)

+ ‖v‖2
H2(

1
Ωt)

+ ‖vt‖2
H1(

1
Ωt)

+ ‖p′‖2
H1(

1
Ωt)

≤ c(X2
1 +X3

1 + ‖f‖2
L2(

1
Ωt)

+ ‖ft‖2
L2(

1
Ωt)

).

Using the formula

(3.19)
d

dt

�
1
Ωt

v2
x dx =

�
1
Ωt

∂tv
2
x dx+

�
1
Ωt

v · ∇v2
x dx

≤ ε(‖vxt‖2
L2(

1
Ωt)

+ ‖vxx‖2
L2(

1
Ωt)

) + c(1/ε)(‖vx‖2
L2(

1
Ωt)

+ ‖v‖2
H1(

1
Ωt)
‖v‖2

H2(
1
Ωt)

),

in (3.18) implies

(3.20)
d

dt
(‖vx‖2

L2(
1
Ωt)

+ ‖vt‖2
L2(

1
Ωt)

) + ‖v‖2
H2(

1
Ωt)

+ ‖vt‖2
H1(

1
Ωt)

+ ‖p′‖2
H1(

1
Ωt)

≤ c‖vx‖2
L2(

1
Ωt)

+ c(X2
1 +X3

2 + ‖f‖2
L2(

1
Ωt)

+ ‖ft‖2
L2(

1
Ωt)

).

Adding (3.3) and (3.20) gives

(3.21)
d

dt
(‖v‖2

L2(
1
Ωt)

+ ‖vx‖2
L2(

1
Ωt)

+ ‖vt‖2
L2(

1
Ωt)

) + ‖v‖2
H2(

1
Ωt)

+ ‖vt‖2
H1(

1
Ωt)

+ ‖p′‖2
H1(

1
Ωt)

≤ c
(
X2

1 +X3
1 + ‖f‖2

L2(
1
Ωt)

+ ‖ft‖2
L2(

1
Ωt)

+
∣∣∣ t�

0

�
1
Ωt′

f dx dt′
∣∣∣2 +

∣∣∣ �
1
Ω

v(0) dx
∣∣∣2).

Using (3.16) in (3.14) yields

(3.22)
d

dt
‖vtt‖2

L2(
1
Ωt)

+ ‖vtt‖2
H1(

1
Ωt)
≤ ε(‖p′‖2

H1(
1
Ωt)

+ ‖pt‖2
H1(

1
Ωt)

)

+ c(1/ε)
[
X2

1 (1 +X1 +X2
1 ) +X1(1 +X1)‖vtt‖2

H1(
1
Ωt)

+X2
1‖vt‖2

H2(
1
Ωt)

+X2
1‖f‖2

L2(
1
Ωt)

+ ‖ft‖2
L2(

1
Ωt)

+ ‖ftt‖2
L2(

1
Ωt)

]
.

Differentiating (3.15) with respect to time gives

(3.23)

− divT(vt, pt) = −vtt − vt · ∇v − v · ∇vt + µdivT(
1

H)t + ft,

div vt = 0,

n̄ · T(vt, pt) = −n̄t · T(v, p′)− n̄tT(
1

H)− µn̄ · T(
1

H)t.

For solutions to problem (3.23) the following estimate is valid:

(3.24) ‖vt‖
H2(

1
Ωt)

+ ‖pt‖
H1(

1
Ωt)
≤ c[‖vtt‖

L2(
1
Ωt)

+ ‖vt‖
H1(

1
Ωt)
‖v‖

H2(
1
Ωt)

+ ‖
1

Ht‖
H1(

1
Ωt)
‖

1

H‖
H2(

1
Ωt)

+ ‖ft‖
L2(

1
Ωt)

+ ‖v · ∇v‖H1/2(St)

+ ‖vp′‖H1/2(St) + ‖v
1

H
1

H‖H1/2(St) + ‖
1

H
1

Ht‖H1/2(St)].
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Continuing,

(3.25) ‖vt‖
H2(

1
Ωt)

+ ‖pt‖
H1(

1
Ωt)

≤ c[‖vtt‖
L2(

1
Ωt)

+ ‖vt‖
H1(

1
Ωt)
‖v‖

H2(
1
Ωt)

+ ‖
1

Ht‖
H1(

1
Ωt)
‖

1

H‖
H2(

1
Ωt)

+ ‖ft‖
L2(

1
Ωt)

+ ‖v‖2
H2(

1
Ωt)

+ ‖v‖
H2(

1
Ωt)
‖p′‖

H1(
1
Ωt)

+ ‖v‖
H2(

1
Ωt)
‖

1

H‖2
H2(

1
Ωt)

+ ‖
1

H‖
H2(

1
Ωt)
‖

1

Ht‖
H1(

1
Ωt)

]

≤ c[‖vtt‖
L2(

1
Ωt)

+X1 +X
3/2
1 + ‖v‖

H2(
1
Ωt)
‖p′‖

H1(
1
Ωt)

+ ‖ft‖
L2(

1
Ωt)

].

Using (3.16) in (3.25) yields

(3.26) ‖vt‖
H2(

1
Ωt)

+ ‖pt‖
H1(

1
Ωt)

≤ c[‖vtt‖
L2(

1
Ωt)

+X1 +X
3/2
1 + ‖v‖

H2(
1
Ωt)
‖f‖

L2(
1
Ωt)

+ ‖ft‖
L2(

1
Ωt)

].

Adding (3.16), (3.22) and (3.26) yields

(3.27)
d

dt
‖vtt‖2

L2(
1
Ωt)

+ ‖vtt‖2
H1(

1
Ωt)

+ ‖vt‖2
H2(

1
Ωt)

+ ‖v‖2
H2(

1
Ωt)

+ ‖pt‖2
H1(

1
Ωt)

≤ c[‖vt‖2
L2(

1
Ωt)

+X2
1 (1 +X1 +X2

1 ) +X1(1 +X1)‖vtt‖2
H1(

1
Ωt)

+X2
1‖vt‖2

H2(
1
Ωt)

+X1‖f‖2
L2(

1
Ωt)

+ ‖f‖2
L2(

1
Ωt)

+ ‖ft‖2
L2(

1
Ωt)

].

Hence, (3.21) and (3.27) yield

(3.28)
d

dt
(‖v‖2

L2(
1
Ωt)

+ ‖vx‖2
L2(

1
Ωt)

+ ‖vt‖2
L2(

1
Ωt)

+ ‖vtt‖2
L2(

1
Ωt)

)

+ ‖v‖2
H2(

1
Ωt)

+ ‖vt‖2
H2(

1
Ωt)

+ ‖vtt‖2
H1(

1
Ωt)

+ ‖p′‖2
H1(

1
Ωt)

+ ‖pt‖2
H1(

1
Ωt)

≤ c
[
X2

1 (1 +X1 +X2
1 ) +X1(1 +X1)‖vtt‖2

H1(
1
Ωt)

+X2
1‖vt‖2

H2(
1
Ωt)

+X2
1‖f‖2

L2(
1
Ωt)

+ ‖f‖2
L2(

1
Ωt)

+ ‖ft‖2
L2(

1
Ωt)

+
∣∣∣ t�

0

�
1
Ωt′

f dx dt′
∣∣∣2 +

∣∣∣ �
1
Ω

v(0) dx
∣∣∣].

Next, we need

(3.29)
d

dt

�
1
Ωt

v2
xt dx =

�
1
Ωt

[(v2
xt)t + v · ∇(v2

xt)] dx = 2
�
1
Ωt

(vxtvxtt + vvxxtvxt) dx

≤ ε(‖vxtt‖2
L2(

1
Ωt)

+ ‖vxxt‖2
L2(

1
Ωt)

) + c(1/ε)(‖vxt‖2
L2(

1
Ωt)

+ ‖v‖2
H2(

1
Ωt)
‖vxt‖2

L2(
1
Ωt)

).

Adding (3.17) and (3.29) yields

(3.30)
d

dt
‖vt‖2

H1(
1
Ωt)

+ ‖vt‖2
H1(

1
Ωt)
≤ ε(‖vxtt‖2

L2(
1
Ωt)

+ ‖vxxt‖2
L2(

1
Ωt)

)

+ c(1/ε)(X2
1 +X3

1 + ‖f‖2
L2(

1
Ωt)

+ ‖ft‖2
L2(

1
Ωt)

).
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Next, we examine

(3.31)
d

dt

�
1
Ωt

v2
xx dx =

�
1
Ωt

[(v2
xx)t + v · ∇(v2

xx)] dx = 2
�
1
Ωt

[vxxvxxt + vvxxxvxx] dx

≤ ε(‖vxxt‖2
L2(

1
Ωt)

+ ‖vxxx‖2
L2(

1
Ωt)

) + c(1/ε)(‖vxx‖2
L2(

1
Ωt)

+ ‖v‖2
H2(

1
Ωt)
‖vxx‖2

L2(
1
Ωt)

).

Adding (3.18) and (3.31) gives

(3.32)
d

dt
(‖vt‖2

L2(
1
Ωt)

+ ‖vxx‖2
L2(

1
Ωt)

) + ‖v‖2
H2(

1
Ωt)

+ ‖vt‖2
H1(

1
Ωt)

+ ‖p′‖2
H1(

1
Ωt)

≤ ε(‖vxxt‖2
L2(

1
Ωt)

+ ‖vxxx‖2
L2(

1
Ωt)

) + c(1/ε)(X2
1 +X3

1 + ‖f‖2
L2(

1
Ωt)

+ ‖ft‖2
L2(

1
Ωt)

).

For solutions to (3.15) we have

(3.33) ‖v‖2
H3(

1
Ωt)

+ ‖p′‖2
H2(

1
Ωt)

≤ c[‖vt‖2
H1(

1
Ωt)

+ ‖v‖4
H2(

1
Ωt)

+ ‖
1

H‖4
H2(

1
Ωt)

+ ‖f‖2
H1(

1
Ωt)

+ ‖n̄ · T(
1

H)‖2
H3/2(

1
Ωt)

]

≤ c[‖vt‖2
H1(

1
Ωt)

+X2
1 + ‖f‖2

H1(
1
Ωt)

].

Adding (3.17) and (3.33) yields

(3.34)
d

dt
‖vt‖2

L2(
1
Ωt)

+ ‖vt‖2
H1(

1
Ωt)

+ ‖v‖2
H3(

1
Ωt)

+ ‖p′‖2
H2(

1
Ωt)

≤ c[X2
1 +X3

1 + ‖f‖2
H1(

1
Ωt)

+ ‖ft‖2
L2(

1
Ωt)

].

From (3.28), (3.30), (3.32) and (3.34), for sufficiently small ε we derive

(3.35)
d

dt
‖v‖2

Γ2
0(

1
Ωt)

+ ‖v‖2
Γ3
1(

1
Ωt)

+ ‖p′‖2
Γ2
1(

1
Ωt)

≤ c
[
X2

1 (1 +X1 +X2
1 ) +X1(1 +X1)‖vtt‖2

H1(
1
Ωt)

+X2
1‖vt‖2

H2(
1
Ωt)

+X2
1‖f‖2

L2(
1
Ωt)

+ ‖f‖2
H1(

1
Ωt)

+ ‖ft‖2
L2(

1
Ωt)

+ ‖ftt‖2
L2(

1
Ωt)

+
∣∣∣ t�

0

�
1
Ωt′

f dx dt′
∣∣∣2 +

∣∣∣ �
1
Ω

v(0) dx
∣∣∣2].

This implies (3.1) and concludes the proof.

4. Differential inequality for the magnetic field

In this section we derive a differential inequality for magnetic fields which is similar to
the inequality (3.1) from Section 3.

Theorem 4.1. Assume that the magnetic fields
1

H,
2

H satisfy equations (1.2), (1.9) and
the transmission conditions (1.15). Assume that the assumptions of Lemmas 4.2–4.8 are
satisfied. Then
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(4.1)
d

dt

[ 2∑
i=1

‖
i

H‖2
Γ2
0(

1
Ωt)

+

3∑
j=1

X2j

]
+

2∑
i=1

‖
i

H‖2
Γ3
1(
i
Ωt)

≤ c‖v‖2
Γ2
1(

1
Ωt)

(1 + ‖v‖2
Γ2
1(

1
Ωt)

)

2∑
i=1

‖
i

H‖2
Γ2
1(
i
Ωt)

+ c‖v‖2
Γ2
0(

1
Ωt)

2∑
i=1

‖
i

H‖2
Γ3
1(
i
Ωt)

+ c(‖G‖2
Γ1
0(

2
Ωt)

+ ‖Gtt‖2
L6/5(

2
Ωt)

),

where

(4.2) X21 +X22 +X23 =

2∑
i=1

[
‖
i

Hx‖2
L2(

i
Ωt)

+ ‖
i

Hxx‖2
L2(

i
Ωt)

+ ‖
i

Hxt‖2
L2(

i
Ωt)

+
∑
k∈M

(‖
i,k

H̃x‖2
L2(

i
Ωk)

+ ‖
i,k

H̃xx‖2
L2(

i
Ωk)

+ ‖
i,k

H̃xt‖2
L2(

i
Ωk)

)

+
∑
k∈N

(‖
i,k

H̃τ‖2
L2(

i

Ω̂k)
+ ‖

i,k

H̃ττ‖2
L2(

i

Ω̂k)
+ ‖

i,k

H̃ tτ‖2
L2(

i

Ω̂k)
)
]
.

To describe X2j , j = 1, 2, 3, we need a partition of unity
i

ζk ∈ C∞, 0 ≤
i

ζk(x) ≤ 1,

supp
i

ζk =
i

Ωk ⊂
i

Ωt, i = 1, 2, such that
i

Ωt =
⋃
k∈M∪N

i

Ωk, i = 1, 2. By
i

Ωk, k ∈ M, we

denote an interior subdomain of
i

Ωt and by
i

Ω̂k, k ∈ N , a boundary subdomain. In some
neighborhoods of St and B we introduce a system of curvilinear coordinates (τ1, τ2, n),
where τ1, τ2 are tangent coordinates and n is the normal.

Moreover, τ replaces either τ1 or τ2. Finally
i,k

H̃ =
i

H
i

ζk.

Lemma 4.2. Assume that ‖v‖
H1(

1
Ωt)

+
∑2
i=1 ‖

i

H‖
H1(

i
Ωt)

<∞, G ∈ L6/5(
2

Ωt) and assume
the transmission conditions hold on St. Then

(4.3)
d

dt

( 2∑
i=1

‖
i

H‖2
L2(

i
Ωt)

)
+

2∑
i=1

‖
i

H‖2
H1(

i
Ωt)
≤ c‖v‖2

H1(
1
Ωt)

2∑
i=1

‖
i

H‖2
H1(

i
Ωt)

+c‖G‖2
L6/5(

2
Ωt)
,

where we have used that v′ is an extension of v into
2

Ωt such that
(4.4) ‖v′‖

L3(
2
Ωt)
≤ c‖v′‖

H1(
2
Ωt)
≤ c‖v‖

H1(
1
Ωt)
.

Proof. We multiply (1.2) by
1

H and integrate the result over
1

Ωt. Next we multiply (1.9)1

by
2

H and integrate the result over
2

Ωt. Adding, we get

(4.5) µ
�
1
Ωt

[(
1

H2)t + v · ∇
1

H2] dx+ µ
�
2
Ωt

[(
2

H2)t + v′ · ∇
2

H2] dx

+
1

σ1

�
1
Ωt

rot rot
1

H ·
1

H dx+
1

σ2

�
2
Ωt

rot rot
2

H ·
2

H dx

=
�
2
Ωt

G ·
2

H dx+ µ
�
1
Ωt

1

H · ∇v ·
1

H dx+ µ
�
2
Ωt

v′ · ∇
2

H ·
2

H dx.
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In view of (4.75) and the transmission conditions we get

(4.6) µ
d

dt

�
1
Ωt

1

H2 dx+ µ
d

dt

�
2
Ωt

2

H2 dx+
1

σ1

�
1
Ωt

|rot
1

H|2 dx+
1

σ2

�
2
Ωt

|rot
2

H|2 dx

≤ ε1‖
1

H‖2
L6(

1
Ωt)

+ c(1/ε1)‖
1

H‖2
L3(

1
Ωt)
‖∇v‖2

L2(
1
Ωt)

+ ε2‖
2

H‖2
L6(

2
Ωt)

+ c(1/ε2)
(
‖G‖2

L6/5(
2
Ωt)

+ ‖v′‖2
L3(

2
Ωt)
‖∇

2

H‖2
L2(

2
Ωt)

+
∣∣∣ �
St

v ×
1

H · n̄×
1

H dSt

∣∣∣).
The last term is bounded by

(4.7) ε3‖
1

H‖2
H1(

1
Ωt)

+ c(1/ε3)‖v‖2
H1(

1
Ωt)
‖

1

H‖2
H1(

1
Ωt)
.

Employing (4.7) in (4.6) and assuming that ε1, ε2, ε3 are sufficiently small implies

(4.8)
d

dt

�
1
Ωt

1

H2 dx+
d

dt

�
2
Ωt

2

H2 dx+ ‖
1

H‖2
H1(

1
Ωt)

+ ‖
2

H‖2
H1(

2
Ωt)

≤ c(‖
1

H‖2
H1(

1
Ωt)
‖v‖2

H1(
1
Ωt)

+ ‖v′‖2
H1(

2
Ωt)
‖

2

H‖2
H1(

2
Ωt)

+ ‖G‖2
L6/5(

2
Ωt)

).

Hence (4.8) yields (4.3).

Lemma 4.3. Assume that ‖v‖
Γ2
1(

1
Ωt)

+
∑2
i=1 ‖

i

H‖
Γ2
1(
i
Ωt)

<∞, Gt ∈ L6/5(
2

Ωt) and assume
the transmission conditions hold on St. Then

(4.9)
d

dt

2∑
i=1

‖
i

Ht‖2
L2(

i
Ωt)

+

2∑
i=1

‖
i

Ht‖2
H1(

i
Ωt)
≤ c
[ 2∑
i=1

‖ iv‖2
Γ2
1(
i
Ωt)
‖
i

H‖2
Γ2
1(
i
Ωt)

+ ‖Gt‖2
L6/5(

2
Ωt)

]
,

where v′ = v2.

Proof. Differentiating (1.2)1 with respect to time, multiplying the result by
1

Ht and in-

tegrating over
1

Ωt we get

(4.10) µ
�
1
Ωt

[∂t(
1

H2
t ) + v · ∇(

1

H2
t )] dx+

1

σ1

�
1
Ωt

rot rot
1

Ht ·
1

Ht dx

= − µ
�
1
Ωt

vt · ∇
1

H ·
1

Ht dx+ µ
�
1
Ωt

(
1

Ht · ∇v +
1

H · ∇vt) ·
1

Ht dx.

Using formula (4.75) implies

(4.11) µ
d

dt

�
1
Ωt

1

H2
t dx+

1

σ1

�
1
Ωt

rot rot
1

Ht ·
1

Ht dx ≤ ε1‖
1

Ht‖2
L6(

1
Ωt)

+ c(1/ε1)[‖vt‖2
L3(

1
Ωt)
‖∇

1

H‖2
L2(

1
Ωt)

+ ‖
1

Ht‖2
L3(

1
Ωt)
‖∇v‖2

L2(
1
Ωt)

+ ‖
1

H‖2
L3(

1
Ωt)
‖∇vt‖2

L2(
1
Ωt)

].
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Differentiating (1.9)1 with respect to time, multiplying the result by
2

Ht and integrating

over
2

Ωt gives

(4.12) µ
�
2
Ωt

[∂t
2

H2
t + v′ · ∇(

2

H2
t )] dx+

1

σ2

�
2
Ωt

rot rot
2

Ht ·
2

Ht dx

= µ
�
2
Ωt

v′ · ∇
2

Ht ·
2

Ht dx+
�
2
Ωt

Gt ·
2

Ht dx.

In view of formula (4.75) we obtain

(4.13) µ
d

dt

�
2
Ωt

2

Ht dx+
1

σ2

�
2
Ωt

rot rot
2

Ht ·
2

Ht dx ≤ ε2‖∇
2

Ht‖2
L2(

2
Ωt)

+ c(1/ε2)‖v′‖2
L4(

2
Ωt)
‖

2

Ht‖2
L4(

2
Ωt)

+ ε3‖
2

Ht‖2
L6(

2
Ωt)

+ c(1/ε3)‖Gt‖2
L6/5(

2
Ωt)
.

Adding (4.11) and (4.13) and employing the transmission conditions, we obtain for suffi-
ciently small ε1–ε3 the inequality

(4.14) µ
d

dt

�
1
Ωt

1

H2
t dx+ µ

d

dt

�
2
Ωt

2

H2
t dx+ ‖

1

Ht‖2
H1(

1
Ωt)

+ ‖
2

Ht‖2
H1(

2
Ωt)

≤
∣∣∣ �
St

(v ×
1

H)t · n̄×
1

Ht dSt

∣∣∣
+ c[‖vt‖2

L3(
1
Ωt)
‖∇

1

H‖2
L2(

1
Ωt)

+ ‖
1

Ht‖2
L3(

1
Ωt)
‖∇v‖2

L2(
1
Ωt)

+ ‖
1

H‖2
L3(

1
Ωt)
‖∇vt‖2

L2(
1
Ωt)

+ ‖v′‖2
L4(

2
Ωt)
‖

2

Ht‖2
L4(

2
Ωt)

+ ‖Gt‖2
L6/5(

2
Ωt)

].

The first term on the r.h.s. of (4.14) is estimated by

(4.15) ε‖
1

Ht‖2L3(St)
+ c(1/ε)(‖vt‖2L3(St)

‖
1

H‖2L3(St)
+ ‖v‖2L3(St)

‖
1

Ht‖2L3(St)
).

Then, for a sufficiently small ε, we derive from (4.14) the inequality

(4.16)
d

dt
‖

1

Ht‖2
L2(

1
Ωt)

+
d

dt
‖

2

Ht‖2
L2(

2
Ωt)

+ ‖
1

Ht‖2
H1(

1
Ωt)

+ ‖
2

Ht‖2
H1(

2
Ωt)

≤ c[‖v′‖2
H1(

2
Ωt)
‖

2

Ht‖2
H1(

2
Ωt)

+ ‖vt‖2
H1(

1
Ωt)
‖

1

H‖2
H1(

1
Ωt)

+ ‖v‖2
H1(

1
Ωt)
‖

1

Ht‖2
H1(

1
Ωt)

+ ‖Gt‖2
L6/5(

2
Ωt)

]

≤ c(‖v‖2
Γ2
1(

1
Ωt)
‖

1

H‖2
Γ2
1(

1
Ωt)

+ ‖v′‖2
H1(

2
Ωt)
‖

2

H‖2
Γ2
1(

2
Ωt)

+ ‖Gt‖2
L6/5(

2
Ωt)

).

Now (4.16) yields (4.9).

Next we obtain an estimate for second time derivatives.

Lemma 4.4. Assume that

‖v‖
Γ2
1(

1
Ωt)

+

2∑
i=1

(‖
i

H‖
H2(

i
Ωt)

+ ‖
i

Ht‖2
H2(

i
Ωt)

+ ‖
i

Htt‖
H1(

i
Ωt)

) <∞,
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Gtt ∈ L6/5(
2

Ωt) and assume the transmission conditions hold on St. Then

(4.17)
d

dt

( 2∑
i=1

‖
i

Htt‖2
L2(

i
Ωt)

)
+

2∑
i=1

‖
i

Htt‖2
H1(

2
Ωt)

≤ c‖v‖2
Γ2
1(

1
Ωt)

2∑
i=1

(‖
i

H‖2
H2(

i
Ωt)

+ ‖
i

Ht‖2
H2(

2
Ωt)

+ ‖
i

Htt‖2
H1(

2
Ωt)

) + c‖Gtt‖2
L6/5(

2
Ωt)
,

where in the above inequalities we have used the extension

(4.18) ‖v′‖
Γ2
1(

2
Ωt)
≤ c‖v‖

Γ2
1(

1
Ωt)
.

Proof. Differentiating (1.2)1 twice with respect to t, multiplying by
1

Htt and integrating

over
1

Ωt we obtain

(4.19) µ
�
1
Ωt

[∂t(
1

H2
tt) + v · ∇(

1

H2
tt)] dx+

1

σ1

�
1
Ωt

rot rot
1

Htt ·
1

Htt dx

= −µ
�
1
Ωt

(vtt · ∇
1

H + 2vt · ∇
1

Ht −
1

Htt · ∇v − 2
1

Ht · ∇vt) ·
1

Htt dx.

In view of formula (4.75) we have

(4.20) µ
d

dt

�
1
Ωt

1

H2
tt dx+

1

σ1

�
1
Ωt

rot rot
1

Htt ·
1

Htt dx

≤ ε‖
1

Htt‖2
L6(

1
Ωt)

+ c(1/ε)[‖vtt‖2
L2(

1
Ωt)
‖∇

1

H‖2
L3(

1
Ωt)

+ ‖vt‖2
L3(

1
Ωt)
‖∇

1

Ht‖2
L2(

1
Ωt)

+ ‖
1

Htt‖2
L2(

1
Ωt)
‖∇v‖2

L3(
1
Ωt)

+ ‖
1

Ht‖2
L3(

1
Ωt)
‖∇vt‖2

L2(
1
Ωt)

]

≤ ε‖
1

Htt‖2
L6(

1
Ωt)

+ c(1/ε)‖v‖2
Γ2
0(

1
Ωt)
‖

1

H‖2
Γ2
0(

1
Ωt)
.

Differentiating (1.9)1 twice with respect to t, multiplying the result by
2

Htt and integrating

over
2

Ωt yields

(4.21) µ
�
2
Ωt

[∂t(
2

H2
t ) + v′ · ∇(

2

H2
tt)] dx+

1

σ2

�
2
Ωt

rot rot
2

Htt ·
2

Htt dx

=
�
2
Ωt

(µv′ · ∇
2

Htt ·
2

Htt +Gtt ·
2

Htt) dx.

In view of (4.75) we get

(4.22) µ
d

dt

�
2
Ωt

2

H2
tt dx+

1

σ2

�
2
Ωt

rot rot
2

Htt ·
2

Htt dx

≤ ε‖
2

Hxtt‖2
L2(

2
Ωt)

+ c(1/ε)(‖v′‖2
H2(

2
Ωt)
‖

2

Htt‖2
L2(

2
Ωt)

+ ‖Gtt‖2
L6/5(

2
Ωt)

).
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Adding (4.20) and (4.22), and integrating by parts, we derive the inequality

(4.23)
d

dt

�
1
Ωt

1

H2
tt dx+

d

dt

�
2
Ωt

2

H2
tt dx+ ‖

1

Htt‖2
H1(

1
Ωt)

+ ‖
2

Htt‖2
H1(

2
Ωt)

−
2∑
i=1

1

σi

�

St

rot
i

Htt ·
i
n̄×

i

Htt dSt

≤ c[‖v‖2
Γ2
0(

1
Ωt)
‖

1

H‖2
Γ2
0(

1
Ωt)

+ ‖v′‖2
H2(

2
Ωt)
‖

2

Htt‖2
L2(

2
Ωt)

+ ‖Gtt‖2
L6/5(

2
Ωt)

],

where we have used that ε is sufficiently small.
Now we examine the last two terms on the l.h.s. of (4.23). In view of the transmission

conditions they are equal to

I ≡
2∑
i=1

1

σi

�

St

rot
i

Htt ×
i
n̄ ·

i

Htt dSt

=
�

St

[
1

σ1
rot

1

Htt ×
1
n̄ ·

1

Htt −
1

σ2
rot

2

Htt ×
2
n̄ ·

2

Htt

]
dSt

=
�

St

[
1

σ1
(rot

1

H ×
1
n̄)tt −

1

σ2
(rot

2

H ×
2
n̄)tt

]
·

1

Htt dSt

+
�

St

[
1

σ1
rot

1

H ×
1
n̄tt +

2

σ1
rot

1

Ht ×
1
n̄t −

1

σ2
rot

2

H ×
2
n̄tt −

2

σ2
rot

2

Ht ×
2
n̄t

]
·

1

Htt dSt

≡ I1 + I2.

Employing the transmission conditions we have

I1 =
�

St

µ(v ×
1

H)tt ·
1

Htt dSt = µ
�

St

(vtt ×
1

H + 2vt ×
1

Ht) ·
1

Htt dSt.

Hence

|I1| ≤ ε‖
1

Htt‖2
H1(

1
Ωt)

+ c(1/ε)(‖vtt‖2
H1(

1
Ωt)
‖

1

H‖2
H1(

1
Ωt)

+ ‖vt‖2
H1(

1
Ωt)
‖

1

Ht‖2
H1(

1
Ωt)

)

and
|I2| ≤ ε‖

1

Htt‖2
H1(

1
Ωt)

+ c(1/ε)[‖vt‖2
H1(

1
Ωt)

(‖
1

H‖2
H2(

1
Ωt)

+ ‖
2

H‖2
H2(

2
Ωt)

)

+ ‖v‖2
H1(

1
Ωt)

(‖
1

Ht‖2
H2(

1
Ωt)

+ ‖
2

Ht‖2
H2(

2
Ωt)

)].

Choosing ε sufficiently small inequality (4.23) takes the form

(4.24)
d

dt
‖

1

Htt‖2
L2(

1
Ωt)

+
d

dt
‖

2

Htt‖2
L2(

2
Ωt)

+ ‖
1

Htt‖2
H1(

1
Ωt)

+ ‖
2

Htt‖2
H1(

2
Ωt)

≤ c(‖v‖2
Γ2
0(

1
Ωt)
‖

1

H‖2
Γ2
0(

1
Ωt)

+ ‖vtt‖2
H1(

1
Ωt)
‖

1

H‖2
H1(

1
Ωt)

+ ‖v‖2
H1(

1
Ωt)
‖

1

Ht‖2
H2(

1
Ωt)

+ ‖v′‖2
H2(

2
Ωt)
‖

2

Htt‖2
H1(

2
Ωt)

+ ‖Gtt‖2
L6/5(

2
Ωt)

).

From (4.24) we deduce (4.17).
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Now we obtain estimates for the space derivatives. First we make

Remark 4.5. Let us introduce a partition of unity
i

ζk(x), i = 1, 2, k ∈ M ∪ N , where

supp
i

ζk, k ∈ M, is an interior subdomain of
i

Ωt and supp
i

ζk, k ∈ N , is a boundary

subdomain. Then
i

ζk, k ∈ N , are equal to 1 in some neighborhood of St. Moreover
1

ζk(x) =
2

ζk(x), x ∈ St, k ∈ N . Let ξk ∈ St, k ∈ N , be in supp
i

ζk ∩ St, i = 1, 2.

In the subdomain supp
i

ζk, k ∈ N , we introduce curvilinear coordinates τ1(x), τ2(x),
n(x) such that for x ∈ St, τ1(x), τ2(x) are tangent coordinates to St and n(x) the normal
coordinate. With these coordinates there is connected a system of orthonormal vectors
such that τ̄1(x), τ̄2(x), x ∈ St, are vectors tangent to St and n̄(x), x ∈ St is a normal
vector to St. Moreover, we assume that ∇τα = τ̄α, ∇n = n̄, |τ̄α| = 1, |n̄| = 1, α = 1, 2,
and τ̄1, τ̄2, n̄ are orthogonal.

Finally, we introduce the notation
i,k

H̃ =
i

H
i

ζk, i = 1, 2, k ∈M∪N .
Using the above notation we express problems (1.2)1 and (1.9)1 in the forms

(4.25)

µ(
1,k

H̃ t + v · ∇
1,k

H̃ −
1,k

H̃ · ∇v) +
1

σ1
rot rot

1,k

H̃

= µ
1

H
1

ζkt + µ
1

Hv · ∇
1

ζk +
1

σ1
rot(∇

1

ζk ×
1

H) +
1

σ1
∇

1

ζk × rot
1

H,

1,k

H̃ |t=0 =
1,k

H̃ (0)

and

(4.26)

µ(
2,k

H̃ t + v′ · ∇
2,k

H̃ ) +
1

σ2
rot rot

2,k

H̃ = µ
2

H
2

ζkt + µv′ · ∇
2

ζk
2

H

+
1

σ2
rot(∇

2

ζk ×
2

H) +
1

σ2
∇

2

ζk × rot
2

H + µv′ · ∇
2

H
2

ζk +
2,k

G̃ ,

2,k

H̃ |B = 0,
2,k

H̃ |t=0 =
2,k

H̃ (0),

where k ∈M∪N .

Lemma 4.6. Assume that
2∑
i=1

(‖
i

Hxt‖
L2(

i
Ωt)

+ ‖
i

H‖
Γ1
0(
i
Ωt)

+ ‖
i

Ht‖
L2(

i
Ωt)

) + ‖v‖
H2(

1
Ωt)

<∞,

G ∈ L2(
2

Ωt) and assume the transmission conditions hold on St. Then

(4.27)
d

dt
X21 +

2∑
i=1

‖
i

H‖2
H2(

i
Ωt)
≤ c

2∑
i=1

‖
i

H‖2
Γ1
0(
i
Ωt)

+ ε

2∑
i=1

‖
i

Hxt‖2
L2(

i
Ωt)

+ c‖v‖2
H2(

1
Ωt)

2∑
i=1

‖
i

H‖2
H1(

i
Ωt)

+ c‖G‖2
L2(

2
Ωt)
,
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where

X21 =

2∑
i=1

(
‖
i

Hx‖2
L2(

i
Ωt)

+
∑
k∈M

‖
i,k

H̃x‖2
L2(

i
Ωk)

+
∑
k∈N

‖
i,k

H̃τ‖2
L2(

i

Ω̂k)

)
.

Proof. To prove the lemma we shall restrict ourselves to neighborhoods located near St
because calculations in neighborhoods at a positive distance from St are similar but much
simpler. Hence we consider problems (4.25) and (4.26) for k ∈ N . Differentiating (4.25)

with respect to ∂τ = τ̄ · ∇, where τ̄ |St is a vector tangent to St, next multiplying by
1,k

H̃ τ

and integrating the result over
1

Ω̂k =
i

Ωt ∩ supp
i

ζk, i = 1, 2, yields

(4.28) µ
�
1

Ω̂k

(
1,k

H̃ τt + v · ∇
1,k

H̃ τ ) ·
1,k

H̃ τ dx+
1

σ1

�
1

Ω̂k

rot rot
1,k

H̃ τ ·
1,k

H̃ τ dx

= µ
�
1

Ω̂k

(τ̄t · ∇
1,k

H̃ − τ̄ · ∇(v) · ∇
1,k

H̃ + v · ∇(τ̄ · ∇)
1,k

H̃ ) ·
1,k

H̃ τ dx

+ µ
�
1

Ω̂k

∂τ (
1

H
1

ζkt +
1

Hv · ∇
1

ζk +
1

H · ∇v
1

ζk) ·
1,k

H̃ τ dx

+
1

σ1

�
1

Ω̂k

∂τ (rot(∇
1

ζk ×
1

H) +∇
1

ζk × rot
1

H) ·
1,k

H̃ τ dx

− 1

σ1

�
1

Ω̂t

[∂τ (rot rot
1,k

H̃ )− rot rot ∂τ

1,k

H̃ ] ·
1,k

H̃ τ dx.

Similarly we obtain

(4.29) µ
�
2

Ω̂k

(
2,k

H̃ τ + v′ · ∇
2,k

H̃ τ ) ·
2,k

H̃ τ dx+
1

σ2

�
2

Ω̂k

rot rot
2,k

H̃ τ ·
2,k

H̃ τ dx

= µ
�
2

Ω̂k

(τ̄t · ∇
2,k

H̃ − τ̄ · ∇(v′) · ∇
2,k

H̃ + v′ · ∇(τ̄ · ∇)
2,k

H̃ τ ) ·
2,k

H̃ τ dx

+ µ
�
2

Ω̂k

∂τ (
2

H
2

ζkt + v′ · ∇
2

ζk
2

H + v′ · ∇
2

H
2

ζk) ·
2,k

H̃ τ dx

+
1

σ2

�
2

Ω̂k

∂τ (rot(∇
2

ζk ×
2

H) +∇
2

ζk × rot
2

H) ·
2,k

H̃ dx+
�
2

Ω̂k

k

G̃τ ·
2,k

H̃ τ dx

+
1

σ2

�
2

Ω̂k

[rot rot
2,k

H̃ τ − ∂τ (rot rot
2,k

H̃ )] ·
2,k

H̃ τ dx.

We estimate the terms from the r.h.s. of (4.28). The first term is estimated by

ε1‖
1,k

H̃ τ‖2
H1(

1

Ω̂k)
+ c(1/ε1)‖v‖2

H2(
1

Ω̂k)
‖

1,k

H̃ ‖2
H1(

1

Ω̂k)
,
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and the second by

ε2‖
1,k

H̃ τ‖2
H1(

1

Ω̂k)
+ c(1/ε2)‖vτ‖2

H1(
1

Ω̂k)
‖

1

Hτ‖2
H1(

1

Ω̂k)
.

Integrating by parts in the third term we can estimate it by

ε3‖
1,k

H̃ ττ‖2
L2(

1

Ω̂k)
+ c(1/ε3)‖

1

H‖2
H1(

1

Ω̂k)
.

Finally, the last term is bounded by

ε4‖
1,k

H̃ τ‖2
H1(

1

Ω̂k)
+ c(1/ε4)‖v‖2

H2(
1

Ω̂k)
‖

1,k

H̃ ‖2
H2(

1

Ω̂k)
.

All terms in (4.29) can be estimated in a similar way.
Adding (4.28), (4.29) and using the above estimates we obtain

(4.30)
2∑
i=1

(
µ
d

dt
‖
i,k

H̃τ‖2
L2(

i

Ω̂k)
+

1

σi

�
i

Ω̂k

rot rot
i,k

H̃τ ·
i,k

H̃τ dx

)

≤
2∑
i=1

ε‖
i,k

H̃τ‖2
H1(

i

Ω̂k)
+ c(1/ε)‖ iv‖2

H2(
i

Ω̂k)
(‖
i,k

H̃‖2
H1(

i

Ω̂k)
+ ‖

i

Hτ‖2
H1(

i

Ω̂k)
)

+ c(1/ε)
(
‖
k

G̃τ‖2
L2(

2

Ω̂k)
+

2∑
i=1

‖
i

H‖2
H1(

i

Ω̂k)

)
,

where v =
1
v, v′ =

2
v.

Next we examine the last two terms on the l.h.s. of (4.30). Integrating by parts they
are equal to

1

σ1

�
1

Ω̂k

|rot
1,k

H̃ τ |2 dx+
1

σ2

�
2

Ω̂k

|rot
2,k

H̃ τ |2 dx−
2∑
i=1

1

σi

�

Sk

rot
i,k

H̃τ · n̄×
i,k

Hτ dSt ≡ I,

where
i
n̄ is the exterior normal to St and Sk = supp ζ1

k ∩ St.
Employing the transmission conditions we obtain

(4.31)
∣∣∣∣ 2∑
i=1

1

σi

�

Sk

rot
i,k

H̃τ ·
i
n̄×

i,k

H̃τ dSk

∣∣∣∣ ≤ �

Sk

|(v ×
1,k

H̃ )τ ·
1
n̄×

1,k

H̃ τ | dSk

+ ε1‖
1,k

H̃ τ‖2
H1(

1

Ω̂k)
+ c(1/ε1)

t�

0

‖v‖2
H2(

1

Ω̂k)
dt′ ‖

1,k

H̃ ‖2
H2(

1

Ω̂k)

≤ ε‖
1,k

H̃ τ‖2
H1(

1

Ω̂k)
+ c(1/ε)

(
‖

1,k

H̃ τ‖2
H1(

1

Ω̂k)
‖v‖2

H1(
1

Ω̂k)

+ ‖
1,k

H̃ ‖2
H1(

1

Ω̂k)
‖vτ‖2

H1(
1

Ω̂k)
+

t�

0

‖v‖2
H2(

1

Ω̂k)
dt′ ‖

1,k

H̃ ‖2
H2(

1

Ω̂k)

)
.

From the form of the last two terms on the l.h.s. of (4.31) we see that we need to find an

estimate for ‖
i,k

H̃n‖
H1(

i

Ω̂k)
, i = 1, 2. For this purpose we express the Laplace operator in

the curvilinear coordinates τ1, τ2, n such that ∂τα
∂xi
· ∂τβ∂xi

= δαβ , α, β = 1, 2, ∂τα∂xi
· ∂n∂xi = 0,

∂n
∂xi
· ∂n∂xi = 1, where summation over i is assumed. Then we have
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∆u = uτατα + unn + ∆ταuτα + ∆nun,

where summation over α = 1, 2 is assumed.
Using the above formula in (4.25) and (4.26) yields

(4.32)
1,k

H̃ nn = −
1,k

H̃ τατα −∆τα

1,k

H̃ τα −∆n
1,k

H̃ n + µσ1(
1,k

H̃ t + v · ∇
1,k

H̃ )

− σ1

1

H
1

ζkt − σ1v · ∇
1

ζk
1

H − µ
1,k

H̃ · ∇v + 2∇
1

H∇
1

ζk +
1

H∆
1

ζk

and

(4.33)
2,k

H̃ nn = −
2,k

H̃ τατα −∆τα

2,k

H̃ τα −∆n
2,k

H̃ n − σ2

2

H
2

ζkt

+ µσ2

2,k

H̃ t + 2∇
2

ζk∇
2

H + ∆
2

ζk
2

H −
k

G̃.

Taking the L2-norm of (4.32) we have

(4.34) ‖
1,k

H̃ nn‖2
L2(

1

Ω̂k)

≤ c(‖
1,k

H̃ ττ‖2
L2(

1

Ω̂k)
+ ‖

1,k

H̃ t‖2
L2(

1

Ω̂k)
+ ‖

1

H‖2
H1(

1

Ω̂k)
+ ‖v‖2

H2(
1

Ω̂k)
‖

1

H‖2
H1(

1

Ω̂k)
).

Similarly, the L2-norm of (4.33) yields

(4.35) ‖
2,k

H̃ nn‖2
L2(

2

Ω̂k)
≤ c(‖

2,k

H̃ ττ‖2
L2(

2

Ω̂k)
+ ‖

2,k

H̃ t‖2
L2(

2

Ω̂k)

+ ‖
2

H‖2
H1(

2

Ω̂k)
+ ‖

k

G̃‖2
L2(

2

Ω̂k)
+ ‖v′‖2

H1(
2

Ω̂k)
‖

2

H‖2
H1(

2

Ω̂k)
).

Adding (4.30), (4.31), (4.34) and (4.35) gives

(4.36)
d

dt
‖

1,k

H̃ τ‖2
L2(

1

Ω̂k)
+
d

dt
‖

2,k

H̃ τ‖2
L2(

2

Ω̂k)
+ ‖

1,k

H̃ ‖2
H2(

1

Ω̂k)
+ ‖

2,k

H̃ ‖2
H2(

2

Ω̂k)

≤ c
2∑
i=1

[‖ iv‖2
H2(

i

Ω̂k)
(‖
i,k

H̃‖2
H2(

i

Ω̂k)
+ ‖

i

Hτ‖2
H1(

i

Ω̂k)
)

+ ‖
i,k

H̃ t‖2
L2(

i

Ω̂k)
‖
i,k

H̃ττ‖2
L2(

i

Ω̂k)
] + c

(
‖
k

G̃‖2
H1(

2

Ω̂k)
+

2∑
i=1

‖
i

H‖2
H1(

i

Ω̂k)

)
.

In interior subdomains similar estimates can be calculated separately in
1

Ωt and
2

Ωt. There-
fore the transmission conditions are not needed. Moreover, under the time derivative
norms, all first derivatives appear.

However, in neighborhoods near St, the normal derivative to St does not appear under
the time derivative (see (4.36)). To add such derivatives we consider the expression

(4.37) J =
d

dt

2∑
i=1

‖
i

Hx‖2
L2(

i
Ωt)

=

2∑
i=1

d

dt

�
i
Ωt

i

H2
x dx

=

2∑
i=1

d

dt

�
i
Ω

(
i

H2
x)(x(ξ, t), t) dξ =

2∑
i=1

�
i
Ω

[(
i

H2
x)x

i
v + (

i

H2
x)t] dξ
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=

2∑
i=1

�
i
Ωt

[(
i

H2
x)x

i
v + (

i

H2
x)t] dx = 2

2∑
i=1

�
i
Ωt

(
i

Hx

i

Hxx
i
v +

i

Hx

i

Hxt) dx

≤ ε
2∑
i=1

(‖
i

Hxx‖2
L2(

i
Ωt)

+ ‖
i

Hxt‖2
L2(

i
Ωt)

)

+ c(1/ε)

2∑
i=1

(‖ iv‖2
H1(

i
Ωt)
‖
i

Hx‖2
H1(

i
Ωt)

+ ‖
i

Hx‖2
L2(

i
Ωt)

),

where
1
v = v,

2
v = v′.

Summing the above estimates over all subdomains of the partition of unity (4.37) and
assuming that ε is sufficiently small we obtain

(4.38)
d

dt
X21(t) +

2∑
i=1

‖
i

H‖2
H2(

i
Ωt)

≤ ε
2∑
i=1

‖
i

Hxt‖2
L2(

i
Ωt)

+ c[‖1
v‖2
H2(

1
Ωt)
‖

1

H‖2
H2(

1
Ωt)

+ ‖G‖2
L2(

2
Ωt)

]

+ c(1/ε)

2∑
i=1

‖ iv‖2
H2(

i
Ωt)
‖
i

H‖2
H2(

i
Ωt)

+ c(1/ε)

2∑
i=1

(‖
i

H‖2
H1(

i
Ωt)

+ ‖
i

Ht‖2
L2(

i
Ωt)

),

where

(4.39) X21(t) =

2∑
i=1

(
‖
i

Hx‖2
L2(

i
Ωk)

+
∑
k∈M

‖
i,k

H̃x‖2
L2(

i
Ωk)

+
∑
k∈N

‖
i,k

H̃τ‖2
L2(

i

Ω̂k)

)
.

Then inequality (4.38) yields (4.27).

Lemma 4.7. Assume that
2∑
i=1

(‖
i

Hxxt‖
L2(

i
Ωt)

+ ‖
i

H‖
Γ2
1(
i
Ωt)

+ ‖
i

H‖
H2(

i
Ωt)

) + ‖v‖
H2(

1
Ωt)

<∞,

G ∈ H1(
2

Ωt) and assume the transmission conditions hold on St. Then

(4.40)
d

dt
X22 +

2∑
i=1

‖
i

H‖2
H3(

i
Ωt)
≤ ε

2∑
i=1

‖
i

Hxxt‖2
L2(

i
Ωt)

+ c(1/ε)

2∑
i=1

‖
i

H‖2
Γ2
1(
i
Ωt)

+ c(1/ε)‖v‖2
H2(

1
Ωt)

2∑
i=1

‖
i

H‖2
H2(

i
Ωt)

+ c‖G‖2
H1(

2
Ωt)
,

where

X22 =

2∑
i=1

(
‖
i

Hxx‖2
L2(

i
Ωt)

+
∑
k∈M

‖
ik

H̃xx‖2
L2(

i
Ωk)

+
∑
k∈N

‖
i,k

H̃ττ‖2
L2(

i

Ω̂k)

)
.

Proof. Similarly to the proof of Lemma 4.6 we shall restrict ourselves to neighborhoods
of St. First we differentiate (4.25) twice with respect to τ . To obtain an equation appro-
priate for derivation of an energy estimate we need
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(4.41)

τ̄ · ∇(τ̄ · ∇
l,k

H t) =
l,k

Hττt − τ̄t · ∇(τ̄) · ∇
l,k

H − τ̄ · ∇(τ̄t · ∇
l,k

H) + τ̄ · ∇(τ̄t) · ∇
l,k

H,

τ̄ · ∇(τ̄ · ∇(v ·
l,k

H)) = τ̄ · ∇(τ̄ · ∇(v) · ∇
l,k

H) + τ̄ · ∇(vj τ̄ · ∇∇j
l,k

H)

= ∂τ (vjτ · ∇j
l,k

H) + τ̄ · ∇(vj)τ̄ · ∇∇j
l,k

H + vj τ̄ · ∇(τ̄ · ∇∇j
l,k

H)

= v · ∇
l,k

Hττ + ∂τ (vjτ · ∇j
l,k

H) + τ̄ · ∇(vj)τ̄∇∇j
l,k

H − vj∇j(τlτi)∇l∇i
l,k

H,

τ̄ · ∇(τ̄ · ∇)∆
l,k

H = ∇i(τ̄ · ∇(τ̄ · ∇)∇i
l,k

H)−∇i(τ̄ · ∇(τ̄ · ∇))∇i
l,k

H

= ∆(τ̄ · ∇(τ̄ · ∇)
l,k

H)−∇i(∇i(τ̄ · ∇(τ̄ · ∇))
l,k

H)−∇i(τ̄ · ∇(τ̄ · ∇))∇i
l,k

H

= ∆
l,k

Hττ +
l,k

A,

τ̄ · ∇(τ̄ · ∇)∇ div
l,k

H = ∇i(τ̄ · ∇(τ̄ · ∇)∇
l,k

H i)−∇i(τ̄ · ∇(τ̄ · ∇))∇
l,k

H i

= ∇ div
l,k

Hττ −∇(∇iτ̄ · ∇(τ̄ · ∇))
l,k

H i −∇i(τ̄ · ∇(τ̄ · ∇))∇
l,k

H i

≡ ∇div
l,k

Hττ +
l,k

B, l = 1, 2.

In view of (4.41) we obtain from (4.25) the equations

(4.42) µ(
1,k

H̃ ττt + v · ∇
1,k

H̃ ττ ) +
1

σ1
rot rot

1,k

H̃ ττ

= µ(τ̄t · ∇(τ̄) · ∇
1,k

H̃ + τ̄ · ∇(τ̄t · ∇
1,k

H̃ )

− τ̄ · ∇(τ̄t) ·
1,k

H̃ − ∂τ (vjτ · ∇j
1,k

H̃ )− τ̄ · ∇(vj)τ̄ · ∇∇j
1,k

H̃

+ vj∇j(τlτj)∇l∇i
1,k

H̃ )− 1

σ1
(
1,k

A +
1,k

B ) + µ∂2
τ (

1

H
1

ζkt + v · ∇
1

ζk
1

H +
1,k

H̃ · ∇v)

+
1

σ1
rot(∇

1

ζk ×
1

H) +
1

σ1
∇

1

ζk × rot
1

H.

Multiplying (4.42) by
1,k

H̃ ττ and integrating over
1

Ω̂k we get

(4.43) µ
d

dt

�
1

Ω̂k

|
1,k

H̃ ττ |2 dx+
1

σ1

�
1

Ω̂k

rot rot
1,k

H̃ ττ ·
1,k

H̃ ττ dx

=
�
1

Ω̂k

[τ̄t · ∇(τ̄) · ∇
1,k

H̃ − τ̄ · ∇(τ̄t) · ∇
1,k

H̃

− τ̄ · ∇(vj)τ̄ · ∇∇j
1,k

H̃ + vj∇j(τlτi)∇l∇i
1,k

H̃ ] ·
1,k

H̃ ττ dx

+
�
1

Ω̂k

∂τ (τ̄t · ∇
1,k

H̃ − vjτ∇j
1,k

H̃ ) ·
1,k

H̃ ττ dx−
�
1

Ω̂k

1

σ1
(
1,k

A +
1,k

B ) ·
1,k

H̃ ττ dx

+
�
1

Ω̂k

∂2
τ (

1

H
1

ζkt + v · ∇
1

ζk
1

H +
1,k

H̃ · ∇v

+
1

σ1
(rot(∇

1

ζk ×
1

H) +∇
1

ζk × rot
1

H)) ·
1,k

H̃ ττ dx.
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Now we estimate the terms from the r.h.s. of (4.43). The first term is estimated by

ε1‖
1,k

H̃ ττ‖2
H1(

1

Ω̂k)
+ c(1/ε)‖v‖2

H2(
1

Ω̂k)
‖

1,k

H̃ ‖2
H2(

1

Ω̂k)
.

Integrating by parts in the second term we can bound it by

ε2‖
1,k

H̃ τττ‖2
L2(

1

Ω̂k)
+ c(1/ε2)‖v‖2

H2(
1

Ω̂k)
‖

1,k

H̃ ‖2
H2(

1

Ω̂k)
.

We estimate the third term by

ε3‖
1,k

H̃ ‖2
L2(

1

Ω̂k)
+ c(1/ε3)‖

1,k

H̃ ‖2
H2(

1

Ω̂k)
.

Integrating by parts in the last term we can bound it by

ε4‖
1,k

H̃ τττ‖2
L2(

1

Ω̂k)
+ c(1/ε4)

(
‖v‖2

H2(
1

Ω̂k)
(‖

1

H‖2
H1(

1

Ω̂k)
+ ‖

1,k

H̃ ‖2
H1(

1

Ω̂k)
) + ‖

1

H‖2
H2(

1

Ω̂k)

)
.

Using (4.41), from (4.26) we obtain

(4.44) µ(
2,k

H̃ ττt + v′ · ∇
2,k

H̃ ττ ) +
1

σ2
rot rot

2,k

H̃ ττ = µ[τ̄t · ∇(τ̄) · ∇
2,k

H̃

+ τ̄ · ∇(τ̄t · ∇
2,k

H̃ )− τ̄ · ∇(τ̄t) · ∇
2,k

H̃ − ∂τ (v′jτ · ∇j
2,k

H̃ )

− τ̄ · ∇(v′j)τ̄ · ∇∇j
2,k

H̃ + v′j∇j(τlτi)∇l∇i
2,k

H̃ ]− 1

σ2
(
2,k

A +
2,k

B )

+ µ∂2
τ (

k

G̃+
2

H
2

ζkt + v′ · ∇
2

ζk
2

H + v′ · ∇
2

H
2

ζk)

+
1

σ2
rot(∇

2

ζk ×
2

H) +
1

σ2
∇

2

ζk × rot
2

H.

Multiplying (4.44) by
2,k

H̃ ττ and integrating over
2

Ω̂k we obtain

(4.45) µ
d

dt

�
2

Ω̂k

|
2,k

H̃ ττ |2 dx+
1

σ2

�
2

Ω̂k

rot rot
2,k

H̃ ττ ·
2,k

H̃ ττ dx

=
�
2

Ω̂k

[τ̄t · ∇(τ̄) · ∇
2,k

H̃ − τ̄ · ∇(τ̄t) · ∇
2,k

H̃ − τ̄(v′j)τ̄ · ∇∇j
2,k

H̃

+ v′j · ∇j(τlτi)∇l∇i
2,k

H̃ ] ·
2,k

H̃ ττ dx

+
�
2

Ω̂k

∂τ (τ̄t · ∇
2,k

H̃ − v′jτ∇j
2,k

H̃ ) ·
2,k

H̃ ττ dx

−
�
2

Ω̂k

1

σ1
(
2,k

A +
2,k

B ) ·
2,k

H̃ ττ dx+
�
2

Ω̂k

∂2
τ

( k
G̃+

2

H
2

ζkt + v′ · ∇
2

ζk
2

H

+ v′ · ∇
2

H
2

ζk + v′ · ∇
2

H
2

ζk +
1

σ2
(rot(∇

2

ζk ×
2

H) +∇
2

ζk × rot
2

H)
)
·

2,k

H̃ ττ dx.

All terms of the r.h.s. in (4.45) can be estimated in a similar way to (4.43).



Global free boundary problem for incompressible magnetohydrodynamics 29

Summing the above inequalities we obtain

(4.46)
2∑
i=1

(
µ
d

dt
‖
i,k

H̃ττ‖2
L2(

i

Ω̂k)
+

1

σi

�
i

Ω̂k

rot rot
i,k

H̃ττ ·
i,k

H̃ττ dx

)

≤
2∑
i=1

[ε‖
i,k

H̃‖2
H3(

i

Ω̂k)
+ c(1/ε)(‖ iv‖2

H2(
i

Ω̂k)
(‖
i,k

H̃‖2
H2(

i

Ω̂k)
+ ‖

i

H‖2
H2(

i

Ω̂k)
)

+ ‖
i

H‖2
H2(

i

Ω̂k)
)] + ‖

k

G̃ττ‖2
L2(

2

Ω̂k)
.

Next we examine the last two terms on the l.h.s. of (4.46). Integrating by parts they are
equal to

2∑
i=1

1

σi

( �
i

Ω̂k

|rot
i,k

Hττ |2 dx−
�

Sk

rot
i,k

H̃ττ ·
i
n̄×

i,k

H̃ dSt

)
.

Employing the transmission conditions we get

(4.47)
∣∣∣∣ 2∑
i=1

1

σi

�

Sk

(rot
i,k

H̃ · τ̄µτ̄µ + rot
i,k

H̃ ·
i
n̄
i
n̄)ττ ·

i
n̄×

i,k

H̃ττ dSt

∣∣∣∣
=

∣∣∣∣ 2∑
i=1

1

σi

�

Sk

(rot
i,k

H̃ · τ̄µ)ττ τ̄µ ·
i
n̄×

i,k

H̃ττ dSt

∣∣∣∣ ≤ ∣∣∣∣ �
Sk

(v ×
1,k

H̃ )ττ τ̄µ ·
1
n̄×

1,k

H̃ ττ dSt

∣∣∣∣
+

∣∣∣∣ 2∑
i=1

1

σi

�

Sk

[(rot
i,k

H̃ · τ̄µ)τ τ̄µτ + (rot
i,k

H̃ ·
i
n̄)τ

i
n̄τ + rot

i,k

H̃ ·
i
n̄
i
n̄ττ ] ·

i
n̄×

i,k

H̃ττ dSt

∣∣∣∣
≤

2∑
i=1

[ε‖
i,k

H̃ττ‖2
H1(

i

Ω̂k)
+ ε‖

i,k

H̃τ‖2
H2(

i

Ω̂k)
]

+ c(1/ε)‖
i,k

H̃‖2
L2(

i

Ω̂k)
+ c(1/ε)(‖vττ‖2

H1(
1

Ω̂k)
‖

1,k

H̃ ‖
H1(

1

Ω̂k)

+ ‖vτ‖2
H1(

1

Ω̂k)
‖

1,k

H̃ τ‖2
H1(

1

Ω̂k)
+ ‖v‖2

H1(
1

Ω̂k)
‖

1,k

H̃ ττ‖2
H1(

1

Ω̂k)
).

From (4.32) and (4.33) we have

(4.48)
2∑
i=1

‖
i,k

H̃nn‖2
H1(

i

Ω̂k)
≤ c

2∑
i=1

(‖
i,k

H̃ττ‖2
H1(

i

Ω̂k)
+ ‖

i,k

H̃ t‖2
H1(

i

Ω̂k)

+ ‖
i

H‖2
H2(

i

Ω̂k)
+ ‖ iv‖2

H2(
i

Ω̂k)
‖
i

H‖2
H2(

i

Ω̂k)
) + c‖

k

G̃‖2
H1(

2

Ω̂k)
.

To have all second derivatives under the time derivative we have to repeat the consider-
ations from (4.37).
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Therefore, we examine the expression

J ′ =
d

dt

2∑
i=1

‖
i

Hxx‖2
L2(

i
Ωt)

=

2∑
i=1

d

dt

�
i
Ωt

i

H2
xx dx =

2∑
i=1

d

dt

�
i
Ω

(
i

H2
xx)(x(ξ, t), t) dξ(4.49)

=

2∑
i=1

�
i
Ω

[(
i

H2
xx)x(x(ξ, t), t)

i
v + (

i

H2
xx)t] dξ

=

2∑
i=1

�
i
Ωt

(
i

Hxx

i

Hxxx
i
v +

i

Hxx

i

Hxxt) dx ≤ ε
2∑
i=1

(‖
i

Hxxx‖2
L2(

i
Ωt)

+ ‖
i

Hxxt‖2
L2(

i
Ωt)

)

+ c(1/ε)

2∑
i=1

(‖ iv‖2
L∞(

i
Ωt)
‖
i

Hxx‖2
L2(

i
Ωt)

+ ‖
i

Hxx‖2
L2(

i
Ωt)

).

Repeating the considerations for interior subdomains we obtain

(4.50)
2∑
i=1

(
d

dt
‖
i,k

H̃xx‖2
L2(

i
Ωk)

+ ‖
i,k

H̃‖2
H3(

i
Ωk)

)

≤ c
2∑
i=1

[‖
i,k

H̃ t‖2
H1(

i
Ωk)

+ ‖ ivτ‖2
H2(

i
Ωk)

(‖
i

H‖2
H2(

i
Ωk)

+ ‖
i,k

H̃‖2
H2(

i
Ωk)

)

+ ‖
i

H‖2
H2(

i
Ωk)

+ ‖
i,k

H̃‖
H2(

1
Ωk)

+ ‖ iv‖2
H2(

i
Ωk)

(‖
i

Hτ‖2
H2(

i
Ωk)

+ ‖
i

Hτ‖2
H2(

i
Ωk)

)] + c‖
k

G̃‖2
H2(

2
Ωk)

,

where k ∈M.
Summing (4.46)–(4.50) over all subdomains of the partition of unity and using (4.49)

we obtain

(4.51)
d

dt
X22(t) +

2∑
i=1

‖
i

H‖2
H3(

i
Ωt)

≤ ε
2∑
i=1

‖
i

Hxxt‖2
L2(

i
Ωt)

+ c(1/ε)

2∑
i=1

(‖ iv‖2
H2(

i
Ωt)
‖
i

H‖2
H3(

i
Ωt)

+ ‖ iv‖2
H3(

i
Ωt)
‖
i

H‖2
H2(

i
Ωt)

+ ‖
i

H‖2
Γ2
1(
i
Ωt)

) + c‖G‖2
H2(

2
Ωt)
,

where

(4.52) X22(t) =

2∑
i=1

( ∑
k∈M

‖
i,k

H̃xx‖2
L2(

i
Ωk)

+
∑
k∈N

‖
i,k

H̃ττ‖2
L2(

i

Ω̂k)
+ ‖

i

Hxx‖2
L2(

i
Ωt)

)
.

Then inequality (4.51) implies (4.40).

Adding (4.3), (4.9) and (4.27) we derive the inequality

(4.53)
d

dt

[ 2∑
i=1

(‖
i

H‖2
L2(

i
Ωt)

+ ‖
i

Ht‖2
L2(

i
Ωt)

) +X21

]
+

2∑
i=1

‖
i

H‖2
Γ2
1(
i
Ωt)

≤ c‖v‖2
Γ2
1(

1
Ωt)

2∑
i=1

‖
i

H‖2
Γ2
1(
i
Ωt)

+ c(‖G‖2
L2(

2
Ωt)

+ ‖Gt‖2
L6/5(

2
Ωt)

).
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Adding (4.40) and (4.53) gives

(4.54)
d

dt

[ 2∑
i=1

σi(‖
i

H‖2
L2(

i
Ωt)

+ ‖
i

Ht‖2
L2(

i
Ωt)

) +X21 +X22

]
+

2∑
i=1

(‖
i

H‖2
Γ2
1(
i
Ωt)

+ ‖
i

H‖2
H3(

i
Ωt)

) ≤ ε
2∑
i=1

‖
i

Hxxt‖2
L2(

i
Ωt)

+ c(1/ε)‖v‖2
Γ2
1(

1
Ωt)

2∑
i=1

‖
i

H‖2
Γ2
1(
i
Ωt)

+ c(‖G‖2
L2(

2
Ωt)

+ ‖Gt‖2
L6/5(

2
Ωt)

).

Lemma 4.8. Assume that
2∑
i=1

(‖
i

Hxtt‖
L2(

i
Ωt)

+ ‖
i

H‖
Γ2
1(
i
Ωt)

+ ‖
i

H‖
H3(

i
Ωt)

) + ‖v‖
Γ2
1(

1
Ωt)

+ ‖v‖
H2(

1
Ωt)

<∞,

Gt ∈ L2(
2

Ωt) and assume the transmission conditions hold on St. Then

(4.55)
d

dt
X23 +

2∑
i=1

‖
i

Hxxt‖2
L2(

i
Ωt)
≤ ε

2∑
i=1

‖
i

Hxtt‖2
L2(

i
Ωt)

+ c

2∑
i=1

‖
i

H‖2
Γ2
1(
i
Ωt)

+ c(1/ε)‖v‖2
Γ2
1(

1
Ωt)

(1 + ‖v‖2
Γ2
1(

1
Ωt)

)

2∑
i=1

‖
i

H‖2
Γ2
1(
i
Ωt)

+ c‖v‖2
H2(

1
Ωt)

2∑
i=1

‖
i

H‖2
H3(

i
Ωt)

+ c‖Gt‖2
L2(

2
Ωt)
,

where

X23 =

2∑
i=1

(
‖
i

Hxt‖2
L2(

i
Ωk)

+
∑
k∈M

‖
i,k

H̃xt‖2
L2(

i
Ωt)

+
∑
k∈N

‖
i,k

H̃τt‖2
L2(

i

Ω̂k)

)
.

Proof. Differentiating (4.25) with respect to τ and t, multiplying by
1,k

H̃ τt, next integrating

the result over
1

Ω̂k yields

(4.56) µ
�
1

Ω̂k

(
1,k

H̃ τtt + v · ∇
1,k

H̃ τt) ·
1,k

H̃ τt dx+
1

σ1

�
1

Ω̂k

rot rot
1,k

H̃ τt ·
1,k

H̃ τt dx

= µ
�
1

Ω̂k

vt · ∇
1,k

H̃ τ ·
1,k

H̃ τt dx+
�
1

Ω̂k

∂t
(
τ̄t · ∇

1,k

H̃ − τ̄ · ∇(v) · ∇
1,k

H̃

+ v · ∇(τ̄ · ∇)
1,k

H̃
)
·

1,k

H̃ τt dx+ µ
�
1

Ω̂k

∂t∂τ (
1

H
1

ζkt +
1

H · ∇v
1

ζk +
1

Hv · ∇
1

ζk) ·
1,k

H̃ τt dx

+
1

σ1

�
1

Ω̂k

∂t∂τ (rot(∇
1

ζk ×
1

H) +∇
1

ζk × rot
1

H) ·
1,k

H̃ τt dx.
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Now we estimate the terms from the r.h.s. of (4.56). The first term is estimated by

ε1‖
1,k

H̃ τt‖2
H1(

1

Ω̂k)
+ c(1/ε1)‖v‖2

H2(
1

Ω̂k)
‖

1,k

H̃ τ‖2
H2(

1

Ω̂k)
.

We estimate the second term by

ε2‖
1,k

H̃ τt‖2
H1(

1

Ω̂k)
+ c(1/ε2)(‖v‖2

Γ2
1(

1

Ω̂k)
‖

1,k

H̃ ‖2
Γ2
1(

1

Ω̂k)
+ ‖

1,k

H̃ ‖2
H2(

1

Ω̂k)
),

the third by

ε3‖
1,k

H̃ τt‖2
H1(

1

Ω̂k)
+ c(1/ε3)(‖v‖2

Γ3
1(

1

Ω̂k)
‖

1

H‖2
Γ2
1(

1

Ω̂k)
+ ‖v‖2

Γ2
1(

1

Ω̂k)
‖

1

H‖2
Γ3
1(

1

Ω̂k)
),

and the last one by

ε4‖
1,k

H̃ τt‖2
H1(

1

Ω̂k)
+ c(1/ε4)‖

1

H‖2
Γ1
1(

1

Ω̂k)
.

Employing the above estimates in (4.56) yields

µ
d

dt
‖

1,k

H̃ τt‖2
L2(

1

Ω̂k)
+

1

σ1

�
1

Ω̂k

rot rot
1,k

H̃ τt ·
1,k

H̃ τt dx

≤ ε‖
1,k

H̃ τt‖2
H1(

1

Ω̂k)
+ c(1/ε)[‖v‖2

Γ3
1(

1

Ω̂k)
‖

1

H‖2
Γ2
1(

1

Ω̂t)
+ ‖v‖2

Γ2
1(

1

Ω̂k)
(‖

1

H‖2
Γ3
1(

1

Ω̂k)
+ ‖

1,k

H̃ ‖2
Γ2
1(

1

Ω̂k)
)

+ ‖
1

H‖2
Γ2
1(

1

Ω̂k)
+ ‖

1,k

H̃ ‖2
H2(

1

Ω̂k)
].

After similar considerations in
2

Ωt we derive

(4.57) µ
d

dt
‖

2,k

H̃ τt‖2
L2(

2

Ω̂k)
+

1

σ2

�
2

Ω̂k

rot rot
2,k

H̃ τt ·
2,k

H̃ τt dx

≤ ε‖
2,k

H̃ τt‖2
H1(

2

Ω̂k)
+ c(1/ε)[‖v′‖2

Γ3
1(

2

Ω̂k)
‖

2

H‖2
Γ2
1(

2

Ω̂k)
+ ‖v‖2

Γ2
1(

2

Ω̂k)
(‖

2

H‖2
Γ3
1(

2

Ω̂k)
+ ‖

2,k

H̃ ‖2
Γ2
1(

2

Ω̂k)
)

+ ‖
2

H‖2
Γ2
1(

2

Ω̂k)
+ ‖

2,k

H̃ ‖2
H2(

2

Ω̂k)
+ ‖

k

G̃‖2
Γ1
0(

2

Ω̂k)
].

Next adding (4.56), (4.57) we examine the term

(4.58)
2∑
i=1

1

σi

�
2

Ω̂k

rot rot
i,k

H̃τt ·
i,k

H̃τt dx

=

2∑
i=1

1

σi

�
i

Ω̂k

|rot
i,k

H̃τt|2 dx+

2∑
i=1

1

σi

�

Sk

rot
i,k

H̃τt · n̄×
i,k

H̃τt dSk.

We estimate the last term on the r.h.s. of (4.58). Using the transmission conditions, we
obtain



Global free boundary problem for incompressible magnetohydrodynamics 33

(4.59)
∣∣∣∣ 2∑
i=1

1

σi

�

Sk

(rot
i,k

H̃ · τ̄µτ̄µ + rot
i,k

H̃ ·
i
n̄
i
n̄)τt ·

i
n̄×

i,k

H̃τt dSk

∣∣∣∣
=

∣∣∣∣ 2∑
i=1

1

σi

�

Sk

(rot
i,k

H̃ · τ̄µ)τtτ̄µ ·
i
n̄×

i,k

H̃τtdSk

∣∣∣∣ ≤ ∣∣∣ �
Sk

(v ×
1,k

H̃ )τtτ̄µ ·
1
n̄×

1,k

H̃ τt dSk

∣∣∣
+

∣∣∣∣ 2∑
i=1

1

σi

�

Sk

[(rot
i,k

H̃ · τ̄µ)tτ̄µτ + (rot
i,k

H̃ · τ̄µ)τ τ̄µt + (rot
i,k

H̃ ·
i
n̄)τ

i
n̄t

+ (rot
i,k

H̃ ·
i
n̄)t ·

i
n̄τ ] ·

i
n̄×

i,k

H̃τt dSk

∣∣∣∣
≤

2∑
i=1

[ε‖
i,k

H̃τt‖2
H1(

i

Ω̂k)
+ c(1/ε)(‖ ivt‖2

H2(
i

Ω̂k)
‖
i,k

H̃‖2
H2(

i

Ω̂k)
+ ‖ iv‖2

H2(
i

Ω̂k)
‖
i,k

H̃ t‖2
H2(

i

Ω̂k)

+ ‖
i,k

H̃ t‖2
L2(

i

Ω̂k)
)].

In virtue of (4.56)–(4.59) we obtain the inequality

(4.60)
2∑
i=1

(
d

dt
‖
i,k

H̃τt‖2
L2(

i

Ω̂k)
+ ‖

i,k

H̃τt‖2
H1(

i

Ω̂k)

)

≤ c
2∑
i=1

[(‖ iv‖2
Γ3
1(
i

Ω̂k)
(‖

i

H‖2
Γ2
1(
i

Ω̂k)
+ ‖

i,k

H̃‖2
Γ2
1(
i

Ω̂k)
) + ‖ iv‖2

Γ2
1(
i

Ω̂k)
(‖

i

H‖2
Γ3
1(
i

Ω̂k)
+ ‖

i,k

H̃‖2
Γ2
1(
i

Ω̂k)
)

+ ‖
i

H‖2
Γ2
1(
i

Ω̂k)
+ ‖

i,k

H̃‖2
H2(

i

Ω̂k)
)] + ‖

k

G̃‖2
Γ1
0(

2

Ω̂k)
= A2

k(t).

From (4.32) and (4.33) we have

(4.61)
2∑
i=1

‖
i,k

H̃nnt‖2
L2(

i

Ω̂k)
≤ c

2∑
i=1

(
‖
i,k

H̃ττt‖2
L2(

i

Ω̂k)

+ ‖1
vt

1

H +
1
v

1

Ht +
1

Ht
1
vx +

1

Ht
1
vxt‖2

L2(
1

Ω̂k)

+ ‖ ivxx
i,k

H̃x +
i,k

H̃xt +
i,k

H̃ tt +
i
vt

i,k

H̃x +
i
vx

i,k

H̃ t +
i
vxt

i,k

H̃‖2
L2(

i

Ω̂k)

+

2∑
i=1

‖
i

Ht +
i

Hxt‖2
L2(

i

Ω̂k)
+ ‖

k

G̃t‖2
L2(

2

Ω̂k)

)
≤ c

2∑
i=1

(
‖
i,k

H̃ττt‖2
L2(

i

Ω̂k)
+ ‖

i,k

H̃‖2
Γ2
0(
i

Ω̂k)
+ ‖ iv‖2

H2(
i

Ω̂k)
‖
i,k

H̃‖2
H3(

i

Ω̂k)

+ ‖ iv‖2
Γ2
1(
i

Ω̂k)
‖
i,k

H̃‖2
Γ2
1(
i

Ω̂k)
+

2∑
i=1

‖
i

Ht‖2
H1(

i

Ω̂k)
+ ‖1

v‖2
Γ2
1(

1

Ω̂k)
‖

1

H‖2
Γ2
1(

1

Ω̂k)

)
+ c‖

k

G̃t‖2
H1(

2

Ω̂k)
.
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From (4.60), (4.61) we get

(4.62)
d

dt

2∑
i=1

‖
i,k

H̃τt‖2
L2(

i

Ω̂k)
+

2∑
i=1

‖
i,k

H̃ t‖2
H2(

i

Ω̂k)
≤ A2

k(t).

To have all space derivatives under the time derivative we consider the expression

(4.63) J =
d

dt

2∑
i=1

σi
2
‖
i

Hxt‖2
L2(

i
Ωt)

=

2∑
i=1

σi
d

dt

�
i
Ωt

i

H2
xt dx =

2∑
i=1

σi
2

d

dt

�
i
Ω

i

H2
xt(x(ξ, t), t) dξ

= 2

2∑
i=1

σi
2

�
i
Ω

(
i

Hxxt

i

Hxt
i
v +

i

Hxtt

i

Hxt)(x(ξ, t), t) dξ

= 2

2∑
i=1

σi
2

�
i
Ωt

(
i

Hxxt

i

Hxt
i
v +

i

Hxtt

i

Hxt) dx

≤ ε
2∑
i=1

(‖
i

Hxxt‖2
L2(

i
Ωt)

+ ‖
i

Hxtt‖2
L2(

i
Ωt)

)

+ c(1/ε)

2∑
i=1

(‖ iv‖2
H2(

i
Ωt)
‖
i

Hxt‖2
L2(

i
Ωt)

+ ‖
i

Hxt‖2
L2(

i
Ωt)

).

For interior subdomains, so for k ∈M, we obtain instead of (4.62) the inequality

(4.64)
d

dt

2∑
i=1

σi
2
‖
i,k

H̃xt‖2
L2(

i
Ωk)

+

2∑
i=1

‖
i,k

H̃ t‖2
H2(

i
Ωk)
≤ cA2

k(t).

To show (4.64) we do not need the transmission conditions because
i

Ωk, k ∈ M, are
separated from St.

Summing (4.62), (4.64) over all subdomains of the partition of unity, using (4.63) and
assuming that ε is sufficiently small we obtain

(4.65)
d

dt
X23(t) +

2∑
i=1

‖
i

Hxxt‖2
L2(

i
Ωt)

≤
2∑
i=1

(ε‖
i

Ht‖2
H2(

i
Ωt)

+ ‖ iv‖2
Γ3
1(
i
Ωt)
‖
i

H‖2
Γ2
1(
i
Ωt)

+ ‖ iv‖2
Γ2
1(
i
Ωt)
‖
i

H‖2
Γ3
1(
i
Ωt)

+ ‖
i

H‖2
Γ2
1(
i
Ωt)

+ ‖
i

H‖2
H2(

i
Ωt)

) + ‖G‖2
Γ1
0(

2
Ωt)
,

where

(4.66) X23(t) =

2∑
i=1

(
‖
i

Hxt‖2
L2(

i
Ωt)

+
∑
k∈M

‖
i

Hxt‖2
L2(

i
Ωk)

+
∑
k∈N

‖
i

Hτt‖2
L2(

i

Ω̂k)

)
.

Then inequality (4.65) implies (4.55).
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Proof of Theorem 4.1. Adding (4.54) and (4.55) implies

(4.67)
d

dt

( 2∑
i=1

‖
i

H‖2
Γ2
1(
i
Ωt)

+

3∑
j=1

X2j

)
+

2∑
i=1

‖
i

H‖2
Γ3
2(
i
Ωt)

≤ ε
2∑
i=1

‖
i

Hxtt‖2
L2(

i
Ωt)

+ c(1/ε)‖v‖2
Γ2
1(

1
Ωt)

(1 + ‖v‖2
Γ2
1(

1
Ωt)

)

2∑
i=1

‖
i

H‖2
Γ2
1(
i
Ωt)

+ c(1/ε)‖v‖2
H2(

1
Ωt)

2∑
i=1

‖
i

H‖2
H3(

i
Ωt)

+ c‖G‖2
Γ1
0(

2
Ωt)
.

Finally, adding (4.9) and (4.17), assuming that ε is sufficiently small we obtain

(4.68)
d

dt

( 2∑
i=1

‖
i

H‖2
Γ2
0(
i
Ωt)

+

3∑
j=1

X2j

)
+

2∑
i=1

‖
i

H‖2
Γ3
1(
i
Ωt)

≤ c‖v‖2
Γ2
1(

1
Ωt)

(1 + ‖v‖2
Γ2
1(

1
Ωt)

)

2∑
i=1

‖
i

H‖2
Γ2
1(
i
Ωt)

+ c‖v‖2
Γ2
0(

1
Ωt)

2∑
i=1

‖
i

H‖2
Γ3
1(
i
Ωt)

+ c(‖G‖2
Γ1
0(

2
Ωt)

+ ‖Gtt‖2
L6/5(

2
Ωt)

).

The above inequality implies (4.1).

Remark 4.9. Let ξ be the lagrangian coordinate and x the eulerian one. They are
connected by the problem

(4.69)
dx

dt
= v(x, t), x|t=0 = ξ.

Solving (4.69) we get

(4.70) x = ξ +

t�

0

v(x, t′) dt′ = ξ +

t�

0

v̄(ξ, t′) dt′ ≡ x1(ξ, t), ξ ∈
1

Ω.

Hence, we have

(4.71)
1

Ωt = {x = x1(ξ, t) : ξ ∈
1

Ω}, St = {x = x1(ξ, t) = x2(ξ, t) : ξ ∈ S},

because v = v′ on St,

(4.72)
2

Ωt = {x = x2(ξ, t) : ξ ∈
2

Ω}.

In the case (4.72) instead of (4.70) we have

(4.73) x = ξ +

t�

0

v̄′(ξ, t′) dt′ ≡ x2(ξ, t), ξ ∈
2

Ω.

By {xξ} we denote the Jacobi matrix of transformations (4.70) and (4.73). Let J =

det{xξ} be the Jacobian of the transformations. Then

(4.74)
dJ

dt
= J div v.

For the divergence free vector v we have J(t) = 1.
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Let Ωt replace either
1

Ωt or
2

Ωt. Then

(4.75)
d

dt

�

Ωt

f(x, t) dx =
d

dt

�

Ω

f(x(ξ, t), t)J dξ

=
�

Ω

(
∂f

∂t
+ v · ∇f + f div v

)
J dξ =

�

Ωt

(ft(x, t) + v · ∇f + f div v) dx.

5. Global existence

From Lemma 3.1 and Theorem 4.1 we get

Lemma 5.1. For a sufficiently smooth solution (v, p,
1

H,
2

H) of (1.1)–(1.10) we have

(5.1)
d

dt
ϕ+ φ ≤ c

(
ϕ(1 + ϕ+ ϕ2)φ+ ‖f‖4

L2(
1
Ωt)

+ ‖f‖2
Γ2
0(

1
Ωt)

+
∣∣∣ t�

0

�
1
Ωt′

f(x, t′) dx dt′
∣∣∣2 +

∣∣∣ �
1
Ω

v(0) dx
∣∣∣2 + ‖G‖2

Γ1
0(

2
Ωt)

+ ‖Gtt‖2
L6/5(

2
Ωt)

)
,

where

(5.2)

ϕ(t) = ‖v‖2
Γ2
0(

1
Ωt)

+

2∑
i=1

‖
i

H‖2
Γ2
0(
i
Ωt)

+X, X =

3∑
i=1

X2i,

φ(t) = ‖v‖2
Γ3
1(

1
Ωt)

+

2∑
i=1

‖
i

H‖2
Γ3
1(

2
Ωt)

+ ‖p′‖2
Γ2
1(

1
Ωt)
.

To prove global existence we introduce the spaces

N (t) = {(v, p,
1

H,
2

H) : ϕ(t) <∞}, M(t) =
{

(v, p,
1

H,
2

H) : ϕ(t) +

t�

0

φ(τ) dτ <∞
}
.

From Theorem 1 we get

Lemma 5.2. Assume that (v(0), p(0),
1

H(0),
2

H(0)) ∈ N (0) and ϕ(0) < ε1. Then we have

(v(t), p(t),
1

H(t),
2

H(t)) ∈M(t), t ≤ T , where T is the time of local existence and

(5.3) ϕ(t) +

t�

0

φ(τ) dτ ≤ D ≡ c(ε1 + β(t)),

where D is given by (1.17).

Lemma 5.3. Assume that there exists a local solution to (1.1), (1.2), (1.10), (1.15) in
M(t), t ≤ T , with initial data in N (0) sufficiently small and

(5.4) α(t) = ‖G‖2
Γ1
0(

2
Ωt)

+ ‖Gtt‖2
L6/5(

2
Ωt)
≤ e−µt,

t ≤ T and µ > 1/2. Then

(5.5) ϕ(t) ≤ ce−t/2
(
ϕ(0) +

1

µ− 1
2

)
.
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Proof. From (5.1) and (5.4) we get

(5.6)
d

dt
ϕ+ φ ≤ cϕ(1 + ϕ+ ϕ2)φ+ ce−µt.

From Lemma 5.2 we have cϕ(1 + ϕ+ ϕ2)φ ≤ 1
2φ if α and ε1 are sufficiently small. Then

from (5.4) we get

(5.7)
d

dt
ϕ+

1

2
φ ≤ ce−µt.

We have ϕ < φ. Then from (5.7),

(5.8)
d

dt
ϕ+

1

2
ϕ ≤ ce−µt.

Inequality (5.8) implies (5.5).

Lemma 5.4. Let the assumptions of Lemma 5.3 be satisfied and ϕ(0) ≤ ε1. Then ϕ(kT )

≤ ε1, where T is the time of local existence and k ∈ N.

Proof. If T and µ > 1/2 are sufficiently large, then from (5.5) we obtain

ϕ(T ) ≤ ce−T/2
(
ϕ(0) +

1

µ− 1/2

)
≤ ϕ(0).

Now we consider problem (1.1)–(1.10) for t ∈ [kT, (k + 1)T ]. Then (5.1) implies

(5.9)
d

dt
ϕ+ φ ≤ c(ϕ(1 + ϕ+ ϕ2)φ+ ‖G‖2

Γ1
0(

2
Ωt)

+ ‖Gtt‖2
L6/5(

2
Ωt)

), t ∈ [kT, (k + 1)T ].

Let ϕ(kT ) ≤ ϕ(0). Then from (5.9) similarly to (5.5) we get, for t ∈ [kT, (k + 1)T ]

(5.10) ϕ(t) ≤ c

µ− 1/2
ekT( 1

2−µ)− 1
2 t + cϕ(kT )e

1
2 (kT−t)

and then

ϕ((k+1)T ) ≤ c

µ− 1/2
e−T ( 1

2 +µk) +cϕ(kT )e−
1
2T ≤ e− 1

2T
( c

µ− 1/2
e−Tµk+cϕ(0)

)
≤ ϕ(0)

if T , µ are sufficiently large.
From (5.10) we also obtain

(5.11) ϕ(kT ) ≤ e− 1
2kT

(
c

µ− 1/2
· eT (µ−1/2)

eT (µ−1/2) − 1
+ ϕ(0)

)
, k ∈ N.

From (5.11) we have

(5.12)

∞∑
i=0

ϕ(iT ) ≤ e−
1
2T

1− e− 1
2T

( c

µ− 1/2
· e(µ−1/2)

eT (µ−1/2) − 1
+ ϕ(0)

)
+ ϕ(0) ≡ A.

From (5.9) we get

ϕ(t) +

t�

kT

φdt′ ≤ c

µ
e−µkT + cϕ(kT )

and then

(5.13)

(k+1)T�

kT

φdt ≤ c

µ
e−µkT + cϕ(kT ).
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Finally (5.13) and (5.12) imply

(5.14)
k−1∑
i=0

‖v‖2L2(iT,(i+1)T ;H3(Ωt))
≤
k−1∑
i=0

(i+1)T�

iT

φ(t) dt

≤
∞∑
i=0

(
c

µ
e−µiT + ϕ(iT )

)
≤ c

µ(1− e−µT )
+A ≡ I.

Proof of Main Theorem. The theorem is proved step by step using local existence in a
fixed time interval. Under the assumption that

(5.15) (v(0), p(0), H(0)) ∈ N (0),

Theorem 1 and Lemma 5.1 yield local existence of solutions of (1.1), (1.2), (1.10), (1.15).
By (5.15) and Lemma 5.1 the local solution belongs toM(t), t ≤ T . For small ε1 and

β(t) the existence time T is suitably large, so we can assume it is a fixed positive large
number. To prove the Main Theorem we need the Korn inequalities (see Section 6) and
imbedding theorems over the domain Ωt. The constants in those theorems depend on Ωt,
the shape of St and

	t
0
‖v‖2H3(Ωτ ) dτ , so generally they are functions of t.

But in view of (5.3) with sufficiently small ε1, β we obtain

(5.16)
∣∣∣ t�

0

v dτ
∣∣∣ ≤ c(ε1 + β(t)), t ∈ [0, T ].

Hence from the relation

(5.17) x = ξ +

t�

0

v(x(ξ, τ), τ) dτ, ξ ∈ S, t ≤ T,

for sufficiently small ε1, β and fixed T , the shape of St, t ≤ T , does not change too much,
so the constants from the imbedding theorems can be chosen independent of time. Now
we wish to extend the solution to the interval [T, 2T ]. Using Lemma 5.4 and (5.9)–(5.13)
we can prove the existence of a local solution inM(t), T ≤ t ≤ 2T . To prove

(5.18) ϕ(2T ) ≤ ε1

we need inequality (5.11), where the constants depend on the constants from the imbed-
ding theorems and Korn inequalities for t ∈ [T, 2T ]. Therefore we show that the shape
of St and

	t
0
‖v‖2H3(Ωτ ) dτ , t ≤ 2T , do not change more than for t ≤ T . Then for k = 2,

ε1 sufficiently small and µ sufficiently large we see that
	t
0
v(x(ξ, t), t)dt is small for any

t ∈ [0, 2T ], so (5.14) imply that the constants of the imbedding theorems do not change
more than in [0, T ], and then the differential inequality (5.1) can also be shown for this
interval with the same constants. Hence in view of Lemma 5.1 the solution of (1.1), (1.2),
(1.10), (1.15) belongs toM(t), t ∈ [T, 2T ]. Continuing, we find that there exists a local
solution in the interval [0, kT ].

Showing that
	t
0
v(x, τ) dτ is sufficiently small for all t we have dist{St, S0} ≤ |

	t
0
v dτ |

≤ I, where I defined in (5.14) is small. Hence the domains Ωt and Ω are close to each
other and all the imbedding theorems can be applied and results for elliptic problems
(3.15), (3.23) are valid for all Ωt, t > 0.
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Repeating the above discussion for the intervals [kT, (k + 1)T ], k ≥ 2, we prove the
existence for all t ∈ R+.

6. Korn inequality

Lemma 6.1. Let Ωt be a bounded domain. Let (v, p) be a solution of (1.1) and

(6.1) EΩt =
�

Ωt

(∂xivj + ∂xjvi)
2 dx <∞.

Then there exists a constant c such that

(6.2) ‖v‖2H1(Ωt)
≤ c(EΩt(v) + ‖v‖2L2(Ωt)

).

Proof. Set

(6.3) u =

3∑
i=1

biϕi(x) + v,

where

(6.4)

ϕi = (x− x̄)× ei, ei = (δi1, δi2, δi3), i = 1, 2, 3,

x̄ =
1

|Ωt|

( �

Ωt

x1 dx,
�

Ωt

x2 dx,
�

Ωt

x3 dx
)
.

Define b = (b1, b2, b3) by

(6.5) b =
1

2|Ωt|

�

Ωt

rot v dx.

Since rotϕi = −2ei, i = 1, 2, 3, equations (6.3), (6.4) imply

(6.6)
�

Ωt

rotu dx = 0.

From (6.4) we have
	
Ωt
ϕi dx = 0 for i = 1, 2, 3 so

(6.7)
�

Ωt

u dx =
�

Ωt

v dx and also EΩt(ϕi) = 0, i = 1, 2, 3,

so

(6.8) EΩt(u) = EΩt(v).

By Theorem 1 of [10] we have

(6.9) ∂xjwi = εikt∂xkSjk, i = 1, 2, 3, w = rotu, Sij = ∂xiuj + ∂xjui,

so (6.6) implies that

(6.10) ‖rotu‖2L2(Ωt)
≤ c

3∑
i,j=1

‖Sij‖2L2(Ωt)
= cEΩt(u) = EΩt(v).

Employing the identity

(6.11) ∂xjui = 1
2 (∂xjui + ∂xiuj) + 1

2 (∂xjui − ∂xiuj)
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and (6.10) we have

(6.12) ‖∇u‖2L2(Ωt)
≤ c(EΩt(u) + ‖rotu‖2L2(Ωt)

) ≤ cEΩt(v).

Using (6.3) we obtain

(6.13) ‖∇v‖2L2(Ωt)
≤ c(EΩt(v) + |b|2).

Using (6.3) we get

(6.14)

3∑
i=1

bi

�

Ωt

ϕi · ϕj dx =
�

Ωt

(u− v) · ϕi dx.

Since det Γ 6= 0, where Γ = {Γij}, Γij =
	
Ωt
ϕi · ϕj dx we can calculate b from (6.14), so

(6.15) |b|2 ≤ c(‖u‖2L2(Ωt)
+ ‖v‖2L2(Ωt)

).

Now by the Poincaré inequality and (6.7), (6.8), we obtain

(6.16) ‖u‖2L2(Ωt)
≤ 2

∥∥∥∥u− 1

|Ωt|

�

Ωt

u dx

∥∥∥∥2

L2(Ωt)

+ 2

∥∥∥∥ 1

|Ωt|

�

Ωt

u dx

∥∥∥∥2

L2(Ωt)

≤ c
(
‖∇u‖2L2(Ωt)

+

∥∥∥∥ 1

|Ωt|

�

Ωt

v dx

∥∥∥∥2

L2(Ωt)

)
≤ c(EΩt(v) + ‖v‖2L2(Ωt)

),

where (6.12) is used. From (6.13), (6.15) and (6.16) we get (6.2).

Lemma 6.2. Let Ωt ⊂ R3 be bounded, v ∈ H1(Ωt) satisfy (1.1) and

(6.17) EΩt(v) =
�

Ωt

(vixj + vjxi)
2 dx <∞.

Then there exists a constant c such that

(6.18) ‖v‖2H1(Ωt)
≤ c
[
EΩt(v) +

∣∣∣ t�
0

�

Ω

f(x, t′) dx dt′
∣∣∣2 +

∣∣∣ �
Ω

v(0) dx
∣∣∣2].

Proof. From (1.1)1 we have
�

Ωt

v dx =

t�

0

�

Ωt′

f dx dt′ +
�

Ω

v0 dx,(6.19)

�

Ωt

v · ϕi dx =

t�

0

�

Ωt′

fϕi dx dt
′ +

�

Ω

v0 · ϕi dx, i = 1, 2, 3.(6.20)

From (6.14) we have

(6.21)

3∑
k=1

bk

�

Ωt

ϕk · ϕi dx =
�

Ωt

u · ϕi dx+

t�

0

�

Ωt′

fϕi dx dt
′ +

�

Ω

v0 · ϕi dx.

Hence

(6.22) |b| ≤ c
(
‖u‖L2(Ωt) +

∣∣∣ t�
0

�

Ωt′

f dx dt′
∣∣∣+
∣∣∣ �

Ω

v(0) dx
∣∣∣).
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Hence, by (6.13) we have

(6.23) ‖∇v‖2L2(Ωt)
≤ c
(
EΩt(v) + ‖u‖2L2(Ωt)

+
∣∣∣ t�

0

�

Ω

f dx dt′
∣∣∣2 +

∣∣∣ �
Ω

v(0) dx
∣∣∣2).

From (6.3) and (6.22) we have

(6.24) ‖v‖2L2(Ωt)
≤ c
(
‖u‖2L2(Ωt)

+
∣∣∣ t�

0

�

Ωt′

f dx dt′
∣∣∣2 +

∣∣∣ �
Ω

v(0) dx
∣∣∣2).

Employing (6.7) in (6.19) yields

(6.25)
∣∣∣ �

Ωt

u dx
∣∣∣2 ≤ ∣∣∣ t�

0

�

Ωt′

f dx dt′
∣∣∣2 +

∣∣∣ �
Ω

v(0) dx
∣∣∣2.

Hence

(6.26) ‖u‖2L2(Ωt)
≤ c
∥∥∥u− �

Ωt

u dx
∥∥∥2

L2(Ωt)
+ c
∣∣∣ �

Ωt

u dx
∣∣∣2

≤ c
(
‖∇u‖2L2(Ωt)

+
∣∣∣ t�

0

�

Ωt′

f dx dt′
∣∣∣2 +

∣∣∣ �
Ω

v(0) dx
∣∣∣2)

≤ c
(
EΩt(v) +

∣∣∣ t�
0

�

Ωt′

f dx dt′
∣∣∣2 +

∣∣∣ �
Ω

v(0) dx
∣∣∣2).

From (6.23), (6.24) and (6.26) we obtain (6.18).

From (1.1)1 we have
�

Ωt

vt dx = −
�

Ωt

v · ∇v dx+
�

Ωt

f dx,(6.27)

�

Ωt

vt · ϕi dx =
�

Ωt

v · ∇v · ϕi dx+
�

Ωt

f · ϕi dx.(6.28)

Lemma 6.3. Let Ωt ⊂ R3 be a bounded domain. Let (6.27) and (6.28) hold. Let

(6.29) EΩt(vt) =
�

Ωt

(vjxit + vixjt)
2 dx <∞.

Then there exists a constant c such that

(6.30) ‖vt‖2H1(Ωt)
≤ c(EΩt(vt) + ‖v‖4H1(Ωt)

+ ‖f‖2L2(Ωt)
).

Proof. Set

(6.31) u =

3∑
i=1

biϕi(x) + vt,

where ϕi, i = 1, 2, 3, are introduced in Lemma 6.1.
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Define b = (b1, b2, b3) by

(6.32) b =
1

2|Ωt|

�

Ωt

rot vt dx.

Since rotϕi = −2ei, i = 1, 2, 3, (6.31) implies

(6.33)
�

Ωt

rotu dx = 0.

From the form of ϕi we have
	
Ωt
ϕi dx = 0. Hence

(6.34)
�

Ωt

u dx =
�

Ωt

vt dx and EΩt(ϕi) = 0, i = 1, 2, 3.

Then

(6.35) EΩt(u) = EΩt(vt).

As in Lemma 6.1, we have

(6.36) ‖∇u‖2L2(Ωt)
≤ cEΩt(vt).

From (6.31) we have

(6.37)

3∑
i=1

bi

�

Ωt

ϕi · ϕj dx =
�

Ωt

u · ϕj dx−
�

Ωt

vt · ϕj dx.

Using (6.28) yields

(6.38) |b|2 ≤ c(‖u‖2L2(Ωt)
+ ‖v‖4H1(Ωt)

+ ‖f‖2L2(Ωt)
).

By the Poincaré inequality we have

(6.39) ‖u‖2L2(Ωt)
≤ 2
∥∥∥u− �

Ωt

u dx
∥∥∥2

L2(Ωt)
+ 2
∥∥∥ �

Ωt

u dx
∥∥∥2

L2(Ωt)

≤ c
(
‖∇u‖2L2(Ωt)

+
∥∥∥ �

Ωt

vt dx
∥∥∥2

L2(Ωt)

)
≤ c(EΩt(vt) + ‖v‖4H1(Ωt)

+ ‖f‖2L2(Ωt)
).

Using

(6.40) ‖vt‖2L2(Ωt)
≤ c(‖u‖2L2(Ωt)

+ |b|2),

we obtain from (6.36), (6.38) and (6.39) inequality (6.30).

From (1.1)1 we have

(6.41)
�

Ωt

vtt dx = −
�

Ωt

(vt · ∇v + v · ∇vt) dx+
�

Ωt

(Ht · ∇H +H · ∇Ht) dx

−
�

Ωt

(Hit∇Hi +Hi∇Hit) dx+
�

Ωt

ft dx
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and

(6.42)
�

Ωt

vtt · ϕi dx = −
�

Ωt

(vt · ∇v + v · ∇vt) · ϕi dx

+
�

Ωt

(Ht · ∇H +H · ∇Ht)ϕi dx

−
�

Ωt

(Hjt · ∇Hj +Hj · ∇Hjt) · ϕi dx+
�

Ωt

ft · ϕi dx.

Lemma 6.4. Let Ωt ⊂ R3 be bounded. Let (6.41) and (6.42) hold. Let

(6.43) EΩt(vtt) =
�

Ωt

(vittxj + vjttxi)
2 dx <∞.

Then

(6.44) ‖vtt‖2H1(Ωt)
≤ c(EΩt(vtt) + ‖vt‖2H1(Ωt)

‖v‖2H1(Ωt)

+ ‖Ht‖2H1(Ωt)
‖H‖2H1(Ωt)

+ ‖ft‖2L2(Ωt)
).

Proof. In this case we set

(6.45) u =

3∑
i=1

biϕi(x) + vtt.

Repeating the considerations from Lemma 6.3 we conclude the proof.
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