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Abstract

Consider a Hidden Markov Model (HMM) such that both the state space and the observation
space are complete, separable, metric spaces and for which both the transition probability func-
tion (tr.pr.f.) determining the hidden Markov chain of the HMM and the tr.pr.f. determining
the observation sequence of the HMM have densities. Such HMMs are called fully dominated.
In this paper we consider a subclass of fully dominated HMMs which we call regular.

A fully dominated, regular HMM induces a tr.pr.f. on the set of probability density functions
on the state space which we call the filter kernel induced by the HMM and which can be
interpreted as the Markov kernel associated to the sequence of conditional state distributions.

We show that if the underlying hidden Markov chain of the fully dominated, regular HMM is
strongly ergodic and a certain coupling condition is fulfilled, then, in the limit, the distribution
of the conditional distribution becomes independent of the initial distribution of the hidden
Markov chain and, if also the hidden Markov chain is uniformly ergodic, then the distributions
tend towards a limit distribution.

In the last part of the paper, we present some more explicit conditions, implying that the
coupling condition mentioned above is satisfied.
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1. Introduction

1.1. The aim of the paper. Let S = {1,...,d} be a finite set and P a transition
probability matrix (tr.pr.m.) on S. Let A = {1,...,k} be another finite set and let R
be a tr.pr.m. from S to A. The set {S, P, A, R} is often called a Hidden Markov Model
(HMM); later we shall also refer to such a set as a “classical HMM”. We call S the
state space, P the state transition probability matrixz, A the observation space and R the
observation matriz.

Associated to a classical HMM and an initial distribution pg on S there are two
stochastic processes: the hidden Markov chain and the observation sequence. A simple
way to obtain these is as follows: First define a tr.pr.m. M on the product space S x A
simply by

(M)(i’a),(j’b) = (P)l}j(R)J}b’ i,j €5, a,be A.

REMARK 1.1. Here and throughout, if M is a matrix, we let (A); ; denote its 4, jth entry.
Similarly, if = is a vector, we let (x); denote the ith component.

Next, let gy denote an arbitrary probability vector on A, let py = py ® qo be the
product measure of py and qg, and let {(X,,Y,), n = 0,1,2,...} denote the bivariate
Markov chain generated by the initial distribution py and the tr.pr.m. M. It is easily
seen that the sequence {X,, n = 0,1,2,...} is a Markov chain itself with tr.pr.m. P
and initial distribution pg. It is usually called the hidden Markov chain. The sequence
{Y,, n=1,2,...} is usually called the observation sequence.

Associated to a classical HMM there is a third important stochastic process defined
as follows. For each i € S and every integer n > 1 define

Zn7i=PI‘[Xn:Z.|Y1,...7Yn], (11)
Zn = (Zns, 1 <i < d). (1.2)

Clearly Z,, is a random probability vector on the finite set S. The sequence {Z,, n =
1,2,...} is often called either the sequence of conditional state distributions or the filtering
process.

It is well-known that {Z,, n = 1,2,...} is also a Markov chain. Let P denote the
transition probability function (tr.pr.f.) for this chain. We shall call P the filter kernel
induced by the HMM {S, P, A, R}.

A natural question is under which conditions the Markov chain generated by P is
ergodic, in the sense that it is an aperiodic Markov chain such that its distributions tend
to a unique limit distribution, which is independent of the initial distribution py. One
might conjecture that if the tr.pr.f. P of the hidden Markov chain is both irreducible and

(6]



On fully dominated Hidden Markov Model 7

aperiodic, then the answer to the above question is affirmative, but this is not true; some
extra condition is needed.

Next we introduce some notation. For # € R?, let ||x|| denote the I;-norm, let K =
{x = (z1,...,2q) : 2; >0, ||z|| = 1}, for z,y € K define é(x,y) = ||z — y||, let O denote
the topology on K induced by d, let £ denote the o-algebra on K induced by 4, let C[K]
denote the set of continuous functions on K with respect to O, and let P(K,E) denote
the set of probability measures on (K, ).

To each a € A we now associate a d x d matrix M (a) by
(M(a))ij = (P)ij(R)ja- (1.3)
Following [30], we call M (a) the stepping matriz determined by a € A.

It is now easy to describe the tr.pr.f. P : K x & — [0, 1] associated to the sequence of
conditional state distributions. We have

P(z,E)= Y |zM(a)l, =z€K,E€E, (1.4)
a€A(z,E)
where
Az, E) ={a:||zM(a)|]| > 0, zM(a)/||zM (a)| € E}. (1.5)

Next, let IC be the set of matrices defined by
K={cM(ay) - M(ap):n=1,2,...,a1,a2,... € A, c€R, ¢>0}.

The following condition, which we shall call Condition KR or the rank one condition, was
introduced in [30]:

The closure of KC contains a rank one matriz. (1.6)
The following result from 2006 is due to F. Kochman and J. Reeds [30].

THEOREM 1.2. Let H = {S, P, A, R} be a classical HMM, let po be a probability on S,
let {Xn, n=0,1,2,...} and {Y,, n =1,2,...} denote the hidden Markov chain and the
observation sequence induced by H and po, let {Z,, n = 1,2,...} denote the sequence
of conditional state distributions and, for n = 1,2,..., let p, denote the probability
distribution of Z,. Then, if the state tr.pr.m. P is an irreducible, aperiodic tr.pr.m. and
Condition KR is satisfied, there exists a probability measure u € P(K,E), independent of
the initial distribution pg, such that
lim u(x) p (dz) = /u(x) p(dx), Yu e C[K].

n—roo K

In the paper [26] by Kaijser from 2011, Theorem was generalised to the case when
both the sets S and A are denumerable.

The main aim of this paper is to generalise the result of Kochman and Reeds one
step further, namely to the case when the HMM under consideration is such that both
the state space and the observation space are complete, separable, metric spaces and the
HMM is a so-called fully dominated HMM (see [T, Section 2.2]), which loosely speaking
means that the tr.pr.fs involved in the definition of the HMM have densities.
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1.2. Some earlier results. Let {X,,, n = 0,1,2,...} be a stationary, aperiodic, irre-
ducible Markov chain with finite state space S = {1,...,d}, tr.pr.m. P and stationary
distribution py. Let g : S — A be a surjective mapping from S to another space A, and
for n = 0,1,2,... define Y,, = ¢g(X,). (The function g is sometimes called a lumping
function.) Let || - ||, K, £ and P(K, &) be defined as above. If we define the tr.pr.m. R
from S to A by

(R)ia=1 if g(i) =a, (1.7)

(R)i,a =0 if g(l) 7é a, (18)
then H = {S, P, A, R} constitutes a HMM. We call a HMM {5, P, A, R} for which R is
defined by (L.7) and (1.8)) a HMM determined by the lumping function g, and say that
the observation matrix R is determined by the function g.

In the classical paper [5] from 1957, D. Blackwell showed that the entropy rate Hr(Y)
for the stationary sequence {Y,,, n =0,1,2,...} can be expressed as

-1
HeY) = 5 3 [ M@)o (@)]) o), (19)
K
acA
where M(a), a € A, denotes the stepping matrix determined by a, which in this case is
defined by

(M(a))ij = (P if g(j) =a and (M(a));; = 0 otherwise,

and where p is an invariant measure (a so-called Blackwell measure) for the tr.pr.f.
P: K x & —[0,1] defined by and (L.F).

In [5] Blackwell raised the question whether the tr.pr.f. P defined by and
has a unique invariant probability measure; he proved the uniqueness if the tr.pr.m. P
has “rows which are nearly identical and no element which is very small”. Blackwell also
made the conjecture that there is a unique invariant measure if P is indecomposable.

In the paper [2I] from 1975 the following condition was introduced for the special case
when the HMM is determined by a lumping function.

CONDITION A. There exists a finite sequence ay, ..., ay of elements in A such that if we
set
M =M(ay)---M(an),

where M(a;), i = 1,...,N, are defined by (L.3)), then M is a nonzero matrix, and if
(M)ihjl, (M)i27j2 > 0 then also (M)ihjzv (M>i2,j1 > 0.

In |21 Theorem A] it was proved that if Condition A is satisfied, then the tr.pr.f. P has
a unique invariant probability measure u (say), and furthermore if {Z, ,, n = 1,2,...}
denotes the Markov chain generated by the tr.pr.f. P and the initial distribution p, and
Unp, m = 1,2,..., denotes the distribution of Z, ,, then {u, ,, n = 1,2,...} converges
in distribution towards the unique invariant measure p for all initial distributions p.

In |2I] a simple counterexample to Blackwell’s conjecture was also presented.

Condition A was originally formulated for HMMs determined by a lumping function,
and Theorem A of [2I] was formulated for such a HMM. This may at first seem to be a
severe restriction but, as was pointed out in [2I], it is not so because of an observation



On fully dominated Hidden Markov Model 9

due to L. Baum and T. Petrie [3]. For, let H = {S, P, A, R} be an arbitrary (classical)
HMM. We can then define another enlarged HMM as follows. Set S’ = Sx A and A’ = A,
define the tr.pr.m. P’ on S’ by

(P")(i0),60) = (P)ij (R)jp,
define ¢’ : S’ — A’ by ¢'(i,a) = a, let R’ denote the observation matrix determined
by ¢’ and set H' = {S’', P/, A’, R’'}. Tt is then easy to see that if Condition A holds for
the HMM %, then it also holds for H'. Furthermore, if 4’ is a unique invariant measure
for the filter kernel P’ induced by the HMM {S’, P’, A’ R'}, and we let p denote the
marginal distribution of 4’ on S, then p is a unique invariant measure for the filter kernel
P induced by {S, P, A, R}.

In the paper [15] from 1996, A. Goldsmith and P. Varaiya used Theorem A of [2I] in
order to obtain limit formulas for the capacity and the mutual information for finite-state
Markov channels.

In the paper [30] from 2006, F. Kochman and J. Reeds showed that Condition A
of [2I] implies that their “rank one condition” holds and they gave a simplified proof
of the conclusions of Theorem A in [2I]. A few years later, in the paper [§] from 2010,
P. Chigansky and R. van Handel proved that the “rank one condition” of Kochman and
Reeds is also a necessary condition in order for a classical HMM to have a unique invariant
probability measure for its filter kernel.

2. The main theorem

In this chapter we formulate the main theorem of the present paper. We begin by intro-
ducing some further notation and concepts, most of them standard and well-known. We
then state the main theorem, and we end the chapter by giving an outline of the contents
of the rest of the paper (see Section .

2.1. Basic notation. If (X, X)) is a given measurable set and ¢ is a metric on X, then
we always assume implicitly that there is a topology on X which is determined by the
metric ¢, and that the o-algebra X’ is the Borel field induced by this topology. We call
such a space a metric space, and denote it (X, X, ¢) or simply (X, X).

Next, let (X,X) be a given measurable space. We let P(X,X) denote the set of
probabilities on (X, X), we let Q(X, X) denote the set of finite, nonnegative measures
on (X, X) and let Q*°(X,X) denote the set of o-finite, positive measures on (X, X). If
w,v € Q(X,X), we let d7v (i, ) denote the total variation between p and v defined by

Oy (p,v) = sup{p(F) —v(F): F € X} +sup{v(F) — u(F): F € X}.
We shall also often use the notation ||u — v|| instead of dry (u,v). If v € Q(X, X), we
write ||v|| = v(X). We always assume implicitly that the topology on Q(X,X) is the
topology generated by the total variation metric o7y .

We let B, [X] denote the set of real, X-measurable functions on X, and B[X] the set
of real, bounded, X-measurable functions on X. We may write B[X, X] instead of B[X].
If uw € B[X], we set ||u|| = sup{|u(z)| : x € X}, osc(u) = sup{u(z) — u(y) : =,y € X},
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and if u € B[X] and A C X, we set osca(u) = sup{u(x) —u(y) : z,y € A}. If u € B,[X]
and v € P(X, X) then, when convenient, we write [, u(z)v(dx) = (u,v) if the integral
exists. If A € Q% (X, X), v € Q(X, X) and there exists f € B,[X] such that

/f Adz), VFeX,

then we write v € Q) (X, X) and call f a representative of v. If also ||v|| = 1, we write
Ve 'P>\(X, X)

If u,v € O\(X,X), f is a representative of u, and ¢ is a representative of v, we
define p A v by p Av(F) = [ min{f(z),g(z)} \(dz), F € X, and we define p V v by
pVu(F) = [pmax{f(z),g(z)} \(dz), F € X.

If u,v € P(X,X) and u € B[X], it is well-known that

‘ / w(z) plda) — / w(z) v(dz)

Next, if @ : X x X — [0, 00) is such that Q(x,-) € Q(X,X) for all x € X and Q(-, F)
is X-measurable for all F € X', we call Q a transition kernel. If Q(x, X) =1forall z € K,
then clearly Q@ : X x X — [0,1] is a tr.pr.f. If @ : X x X — [0,1] is a tr.pr.f. on (X, X),
then we define Q" : X x X — [0,1] recursively by Q' = @ and

< osc(u) |1 — vl|/2. (2.1)

Q" (z,F) = / Q(z,dz")Q™ (2, F), n=23,....

We call the mapping 7' : B[X]| — B[X] defined by Tu(z) = [ u (z, dy) the transition
operator associated to the tr. prf Q The tr.pr.f. Q also 1nduces amap Q : PX,X) —
P(X,X) by Q(u = [ Q( dz). We usually write Q(1) = p@Q. As is well-known

(see |37, Sectlon 1 2])
(u, pQ) = (Tu, ). (2:2)
IfQ: X xX —[0,1]is a tr.pr.f. on (X,X), A € Q¥°(X,X) and ¢ : X x X — [0, 00)
is a measurable function such that

Qa, F) = /F a(@,y) \(dy), Vee X, VF e F,

then we call ¢ : X x X — [0,00) a probability density kernel on {(X, X), \}.
Next, let (X, X, ) be a metric space. We let C[X] denote the set of real, bounded,
continuous functions on X. If u € C[X], we define

v(u) = SHP{W twy # :vz},

Lip[X] = {u € C[X] : 9(u) < 00},  Lip;[X] = {u € Lip[X] : 7(u) < 1.
If T denotes the transition operator associated to the tr.pr.f. @Q and if

u € CX] = Tue CIK],
then @ is called Feller continuous; if there exists a constant C' such that

u € Lip[X] = v(Tw) < Cy(u),
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then we call Q Lipschitz continuous and call the constant C' a bounding constant; if
furthermore there exists a constant C' such that

y(T"u) < Cy(u), n=12,..., VueLip[K], (2.3)

then we call QQ Lipschitz equicontinuous and again call C' a bounding constant.
Let again (X, X) be a measurable set and let @ : X x X — [0,1] be a tr.pr.f. on
(X, X). If there exists a probability measure 7 € P(X, X) such that

lim 67y (Q"(z,-),7) =0, VzelX,
n—oo
then we call the tr.pr.f. Q strongly ergodic, and we call 7 the limit measure; if furthermore

lim sup éry (Q"(z,-),m) =0,

n—oo zeX

then we call the tr.pr.f. Q uniformly ergodic. If (X, X, ¢) is a metric space and
h_>m Sup{<u7 Qn<x7 )> - <’U/7 Qn(y7 )> RS Llpl [K] } =0, V&C7y € X, (24)

then we call the tr.pr.f. Q weakly contracting; if furthermore there exists a probability
measure m such that

Tim [ u(y) Q" (w.dy) = / u(y) 7(dy), Ve € X, Vu e O[X],
X X

then we call Q weakly ergodic.

If (X7, X1, ¢1) and (Xa, Xa, ¢2) are metric spaces, then (X7 x Xa, X1 ® X») is a metric
space with metric given by ¢5((z1,22), (y1,y2)) = ¢1(x1,y1) + P2(22, y2). Furthermore,
if iy € Q(X1,X1) and pe € Q(Xsa, As) then g ® po denotes the product measure on
(Xl X Xg,Xl X XQ)

If /i is a probability measure on the product space (X1 x Xa, X1 ®X3) of two measurable
spaces (X1, X1) and (X3, As), recall that the measure fi is determined if it is defined for
all sets in X7 ® Xy of the form E; x Ey, where E; € Xy and Es € Xy (the so-called
rectangular sets).

If (X,X) is a measurable space, @1 : X x X — [0,00) and @3 : X x X — [0,00)
are transition functions such that both sup{Qi(z, X) : z € X} < 0o and sup{Q2(z, X) :
x € X} < 0o, then we define Q1Q2 : X x X — [0,00) by

Q1Qs(x F) = /X Q1 (2, de Qe F),  F € X,

If (X,X) is a measurable space and (X,,,X,,) = (X, X), n = 2,3,..., we set X2 =
X xX,X? = X®X and define X" and X" recursively forn = 2,3,... by X"l = X" x X
and X" @ X. We denote a generic element in X™ by z™ or (21,...,2p).

If (X, X) is a measurable space and p € 9 (X, X), we let u™ € Q> (X™, X") denote
the nth product measure on (X", X™) defined recursively by u?> = u ® pu and p"tt =
ur Q.

Next, we shall recall the concept of coupling. Let p be a probability measure on the
measurable space (X1, X;) and let v be a probability measure on the measurable space
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(X2, Xy). If i is a probability measure on the product space (X7 x X, X1 ® X2) such that
a(F x Xo) =u(F), VF e Xy,
p(X1 x F)=v(F), VF € X,,

then we call fi a coupling of 1 and v. We denote the set of all couplings of  and v by

'ﬁ(,u, v, X1 X XQ)
We end this section with a simple and useful inequality for differences between nor-
malised vectors in a normed vector space. The lemma follows easily by first adding and

subtracting the term y/||z|| on the left hand side and then using the triangle inequality.

LEMMA 2.1. Let x and y belong to a normed vector space and suppose that ||z|, ||y|| > 0.
Then

2.2. Hidden Markov models on general state spaces. Let (S, F) and (4, .A) be
measurable spaces and let (S x A, F ® A) be the product space. Let £ € P(Sx A, F®A)
andlet A: Sx AXx F®A— [0,1] be a tr.pr.f. on (S x A, F ® A). The Markov chain
generated by the tr.pr.f. A and the initial distribution ¢ is called a bivariate Markov chain.
We denote a bivariate Markov chain {(X,, ¢,Y,¢), n=0,1,2,...}.

A Hidden Markov Model (HMM), as described in the classical paper [36], consists
of a finite state space S, a finite observation space A, a tr.pr.m. P on S, a tr.pr.m. R

xT

Y
o] [
(] IIyIIH

from S to A, and an initial distribution py. In the more modern literature (see e.g. [7])
one allows both the state space S and the observation space A to be measurable spaces,
(S, F) and (A, A) say, and then the tr.pr.ms P and R must be replaced by tr.pr.fs.

Our definition of a HMM is slightly more general than the one given in [7, Section 2.2],
and will be based on a tr.pr.f. from the state space to the product of the state space and
the observation space.

DEFINITION 2.2. Let (S, F) and (A, .A) be measurable spaces, M : S x (F® A) — [0,1]
be a tr.pr.f. from (S, F) to (S x A, F ® A), and define the tr.pr.f. P: S x F — [0,1] by
P(s,F) = M(s, F x A). Then we call
H={(S,F),P, (A A, M} (2.5)

a Hidden Markov Model (HMM). We call (S, F) the state space, (A,.A) the observation
space, M the Hidden Markov Model kernel of H (the HMM-kernel), and P the Markov
kernel of H.

In case the tr.prf. M : S x (F® .A) — [0,1] is determined by composing a tr.pr.f.
P:SxF—[0,1] on (S,F) with a tr.pr.f. R: S x A — [0,1] from (S, F) to (4,.A) in
such a way that

M(s,F x B) :/ P(s,dt)R(t, B),
F
then we call H an ordinary HMM and write {(S,F), P, (4, .A), R} instead of {(S,F), P,
(A, A), M}.

REMARK 2.3. Since the tr.pr.f. P is determined by M, we could have excluded P in the
expression of the right hand side of (2.5)). We have included it for the sake of clarity.
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Associated to a HMM there are two stochastic processes defined as follows.

DEFINITION 2.4. Let H = {(S,F), P,(4,A), M} be a HMM, and define A : S x A x
(F®A) = [0,1]) by

A(s,a,F x B)y=M(s,F x B), VseS Vae€ A VF e F,VBe A

Let x € P(S,F), a € P(A,A), { =2 R, and let {(X,¢,Yne), n=0,1,2,...} denote
the bivariate Markov chain generated by A and &.

We call {X,, ¢, n=0,1,2,...} the hidden Markov chain generated by H, and write
{Xnzn =0,1,2,...} instead of {X,, ¢, n = 0,1,2,...} since the first component is
independent of the initial distribution a € P(A, A); we call {Y, ¢, n = 1,2,...} the
observation sequence generated by H and write {Y,, ., n =1,2,...} instead of {Y,, ¢, n =
1,2,...} since also the second component is independent of the initial distribution o if
n > 1.

REMARK 2.5. Our way to define the hidden Markov chain and the observation sequence
of a HMM is similar to the way these sequences are defined in [7].

REMARK 2.6. It is for the sake of convenience that we start the observation sequence
with n =1 instead of n = 0.

2.3. Fully dominated hidden Markov models. Let H = {(5,F), P, (A, A), M} be
a HMM. Now suppose that

1) the state space (S, F) is a complete, separable, metric space (S, F, o},
2) there exists a positive o-finite measure A on (S, F),
) the observation space (A4, .A) is a complete, separable, metric space (4, A, o),
4) there is a o-finite positive measure 7 on (A4,.A), and
5 m:Sx8xA—][0,00)is an F®F @ A-measurable function such that

M(s,F x B) = / / m(s,t,a) A(dt) 7(da), Vse S, VF € F,VB e A.
rJB

Then, following [7], we call H a fully dominated HMM. We denote a fully dominated
HMM by

{(S’fv 50);(177 )‘)a(AnAa Q)a(ma’r>} (26)
where p: S x S — [0,00) is defined by

p(s,t):/Am(s,La)T(da).

We call A and 7 base measures, m the probability density kernel of ‘H, the tr.pr.f. P :
S x F — [0,1], defined by P(s,F) = [, p(s,t) A(dt), the Markov kernel determined by
(p,A), and M : S x (F® .A) — [0,1] the HMM-kernel determined by (m, A, 7).

In case there exists a measurable function r : S x A — [0, 00) such that the probability
density kernel m : S x S x A — [0,00) can be factorised as

m(s,t,a) = p(s,t)r(t,a),

we call H an ordinary, fully dominated HMM and write {(S, F,do), (p, A), (A, A, 0), (r,7)}
instead of {(S,F,do), (p, A), (4,4, 0), (m, 7)}.
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If S is denumerable, we always assume that the associated o-algebra F is the power set
of S, §g is the discrete metric and A is the counting measure. Similarly, if A is denumerable,
we always assume that the o-algebra A is the power set of A, o is the discrete metric and
7 is the counting measure. Therefore, if both the state space and the observation space
are denumerable, we will denote such a HMM by {S, P, A, M }.

Furthermore, if the Markov kernel P of H is strongly ergodic [uniformly ergodic] with
limit measure m we call H a strongly ergodic [uniformly ergodic], fully dominated HMM
with limit measure .

Next, set K = Py(S,F), let the metric § : K x K — [0, 2] be defined by

5(a,y) = rv (,y) / 1£(3) — g(s)| A(ds).

where, in the last expression, f and g are representatives of = and y respectively; further
let £ denote the o-algebra on K generated by the metric 6.

We shall now introduce a subset of the set of fully dominated HMMs as follows. Let
H = {(S,F,d),(p,\), (A A, p),(m,7))} be a fully dominated HMM and let P be the
tr.pr.f. determined by (p, A). For each a € A we define M, : Q5(S,F) — Qa(S,F) by

_ / / m(s, £, a) 2(ds) A(dt). (2.7)
seS JteF
We call M, : Q(S,F) — Qx(S,F) the stepping function determined by a € A. We shall

usually write M, instead of M, (x).
Further let M : Q5(S,F) x A — Qx(S, F) be defined by
M(x,a) = xM,. (2.8)
We call M : Q,(S,F) x A — Q,(S,F) the stepping kernel of H.

DEFINITION 2.7. If M : Q)(S,F) x A — Q,(S, F) defined by and (2.8) is continu-
ous, then we call H a fully dominated, reqular HMM.

A trivial, but yet important, example of a fully dominated, regular HMM is a HMM
H = {(S,F,d), (p,N), (4, A p),(m,7)} for which the observation space A is denumer-
able, the metric g is the discrete metric and the measure 7 is the counting measure, since
in this case, if we let f and g be representatives of x and y in Qx(S, F), then for all a € A
we have

M, — yM,|| <//|f s)|m(s, £, a) \(ds) A(dt)

< [ 15 = atets.0 s A0 < [ [ 176) = a(s)|7as) = =l

For a less trivial example see Example [0.6] in Chapter [9]

2.4. The filter kernel. Now consider a fully dominated, regular HMM {(S,F,dp),
(p,A), (A, A, 0), (m,7)}. Let My : OA(S,F) — QA(S,F) and M : Q\(S,F) x A —
O (S, F) be defined by (2.7) and (2.8) respectively. Further, for each € K and E € &,
set

AF = {a: 20, ) > 0}, (2.9)
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and let
Az, E) ={a: ||[xM,]| > 0, zM,/||xM,|| € E}. (2.10)
We now define P : K x £ — [0, 1] as follows:
P(z, E) :/ |z M, || 7(da). (2.11)
A(z,E)

That P : K x & — [0,1] is a tr.pr.f. is easily proved. First we note that if £ = [J;2, E;
where E; N E; =0, i # j, then

Az, E) = U Az, E;),

from which it easily follows that P(z,-) is a probability measure on (K, &) for each
x € K. That P(-, E) is an £-measurable function for each open set F follows easily from
Lemma and the continuity of M : Q(S,F) x A — Ox(S,F), and since it is easily
proved that G = {F € K : P(+, E) is measurable} is a o-algebra and therefore £ C G, it
follows that P(-, E) is a £ -measurable function for each E € £. Hence P : K x & — [0, 1],
defined by and ([2.10), is a tr.pr.f. on (K, ). We call P the filter kernel induced by
{(S, ]:a 50)7 (pa )‘)7 (A7 A7 Q)7 (ma T)}

REMARK 2.8. The main reason that we introduce the set of fully dominated and regular
HMDMs is that we need this extra property in order to be able to prove that P(:, F) :
K — K, where P is defined by and , is a measurable function for all
FE € £. Since it seems to us that in most concrete examples of fully dominated HMMs the
regularity condition is satisfied, we do not consider this extra assumption to be a severe
restriction. A nice and useful property is that the set of fully dominated and regular
HMMs is closed under an operation we call composition (see Section .

REMARK 2.9. Note that if S and A are finite sets, dg and p are the discrete measures,
and A and 7 are the counting measures, then the definition of P, as given by (2.11]) and

(2.10), agrees with the definition given by (|1.4) and (|L.5).
REMARK 2.10. Whenever we consider a fully dominated and regular HMM
H= {(57 F, 60)7 (pa /\)a (A7A7 9)7 (m77—)}

we always implicitly let K denote the set P»(S,F), £ the o-algebra on K generated by
the total variation metric on K, and P : K x & — [0, 1] the filter kernel defined by (2.11])

and (210).

We shall end this section by writing down the expression for the transition operator
T : B[K| — B[K] associated to the filter kernel P. We have

Tu(z) = /Mu(”i%:>||xMallv(da), (2.12)

where A} is defined by (2.9).

2.5. Condition E. In this section we shall formulate a condition which in Theorem [2.13]
below will replace the rank one condition (Condition KR) of Theorem [1.2
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We first recall the well-known concept of barycenter (for some basic facts about this
notion see e.g. the book [9] by G. Choquet).

Let (S,F,d0) be a metric space, let A € Q>°(S, F), set K = Py(S,F), let £ be the
o-algebra on K determined by the total Variation metric on K and let € P(K,E). The
barycenter of u, which we denote by b(y), is a probability measure in K defined by

// (ds)u(dz), FeF.

That b(p) : F — [0,1] is a probability in K is easily verified. Furthermore, if u € B[S]
and p € P(K, &) has barycenter 7, it follows easily from the definition that

/K (2 u(d) = (0, B()) = (). (2.13)

If z € K, we let P(K|z) denote the set of probability measures in P(K, E) with barycen-
ter .
We now introduce Condition E.

DEFINITION 2.11. Let H = {(S,F,d0), (p,A), (4, A, 0),(m,7)} be a strongly ergodic,
fully dominated, regular HMM with invariant measure 7, and let P be the induced
Markov kernel. We define Condition E as follows: For every p > 0, there exist an integer
N and a number « such that, for any measures p and v in P(K|r), there exists a coupling
fin of uPY and vPY such that if we set D, = {(z,y) € K x K : é7v(z,y) < p}, then

in(Dp) = .

REMARK 2.12. The important point of Condition E is that the number « does not depend
on the choice of p and v in P(K|x).

2.6. The main theorem. We are now ready to formulate the main theorem of this
paper.

THEOREM 2.13. Let H = {(S,F,d), (p,A), (4, A, 0),(m,7)} be a fully dominated, reg-
ular, strongly ergodic HMM with limit measure ® such that both (S,F) and (A, A) are

complete, separable, metric spaces, and let P be the induced filter kernel. Suppose also
that H fulfills Condition E. Then

(A) The filter kernel P is weakly contracting.
If furthermore, either

(B) there exists a measure p € P(K,E) which is invariant with respect to P, or

(C) there exists zo € K such that {P"(xo,-), n=1,2,...} is tight, or

(D) H is also uniformly ergodic,

then the filter kernel P is weakly ergodic.

REMARK 2.14. It was proved in [26] that if the state space of a strongly ergodic HMM
with limit measure 7 is denumerable, then {P"(7,:), n = 1,2,...} is a tight sequence.

We believe the same is true if the state space is a complete, separable, metric space.
Therefore, we believe that the second part of the theorem could be omitted, and the
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conclusion in the first part of the theorem ought to be that the filter kernel P is weakly
ergodic instead of just weakly contracting.

2.7. Some simple examples. To illustrate the consequences of Theorem we
present some simple examples.

EXAMPLE 2.15. We define a regular, fully dominated, ordinary HMM
Hl = {(S’ fv 50)7 (p7 >‘)v (Aa A7 Q)7 (’F, T)}

as follows. Let S = [—1,1], let &g be the Euclidean metric on S, let F be the o-algebra
induced by dg, let A be the Lebesgue-Borel measure on (S, F) and let p: S x .S — [0, 00)
be a probability density kernel on {(S,F), A} such that

inf{p(z,y) : (z,y) € S xS} > 0.

We further let the observation space consist of just two points a and b, thus A = {a, b},
we let o denote the discrete metric and let A be the power set of A. Finally, we let 7 be
the counting measure on (A, .A) and we define r : S x A simply by

(t.0) 1 if-1<t<0,
r(t,a) =
0 ifo<t<l1.

Since A = {a,b} we have r(t,a)+r(t,b) =1 for all t € S, and hence r(-,b) is determined
implicitly.

That the HMM 7H; defined in this way is a fully dominated, regular and ordinary
HMM is easily seen, and that the tr.pr.f. determined by (p, A) is uniformly ergodic is
easily proved and well-known. Furthermore, as we will prove in Chapter [9, the HMM #;
satisfies Condition E and therefore, by Theorem the filter kernel induced by #H; is
weakly ergodic.

A nice consequence of this result is the following. Let g : [-1,1] — A be defined by

~fa ifte[-1,0),
g(t){b if t € [0,1].

Let xo be a probability measure in Py(S,F), let P : S x F — [0,1] be the tr.pr.f.
determined by (p,\) and let {X,,, n = 0,1,2,...} be the Markov chain generated by
the initial distribution z¢ and the tr.pr.f. P. For n = 0,1,2,... define Y;, = g(X,,). Let
Hg(Y;,) denote the entropy rate of the sequence {Y,,, n =0,1,2,...} at time n. Then
i Hin(Y) = [ 1Mol gyl ) og2)

n—oo

- /K lyMy | log(lyMy ) p(dy) log(2), (2.14)

where M, and M, denote the stepping functions determined by a and b respectively,
and p is the unique invariant measure of the filter kernel induced by the HMM H; (see

Corollary .

EXAMPLE 2.16. Again we shall determine a fully dominated, regular and ordinary HMM.
Let (S, F,d0) and (p, \) be as in Example Let (A4, A,0) = (S,F,d) and 7 = \. It
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remains to define 7 : S x A — [0, 00):

5 if —9/10 <t <9/10 and |t — a| < 1/10,
1
= — if9/10 t| <1and |t — 1/10
’r(t7a) 1/10 + It _ CL| 1 / < | | —_ a1l | a’| < / )
0 elsewhere.

We set Hy = {(Sv }—a 50)7 (p7 )‘)a (AvAa Q)’ (7”, T)}

Clearly, Hs is fully dominated and Hs is regular. In Chapter[9]we verify that Condition
E is satisfied, and hence by Theorem [2.13]the filter kernel induced by Hs is weakly ergodic.

Our next two examples show that Condition E need not always hold.
ExampLE 2.17. The fully dominated, regular and ordinary HMM
H3 = {(S’ ‘F7 60)) (pv )‘)7 (A7 Aa Q)v (7‘, T)}

in this example has the state space (S, F, dy), the observation space (A4, A, o), the function
r: 8 x A — 00, the measure 7 and the measure A the same as in Example The only
difference is that we define the probability density kernel p : S x .S — [0,00) in a more
complicated way:

p(s,t) =11if (s,t) € So, p(s,t) =0 elsewhere,
where (s,t) € Sy if one of the conditions (a)—(d) below is satisfied:

(a) —1<s<—-1/2,and -1 <t<—-1/20r 0<¢t<1/2,
(b) —1/2<s<0,and —1/2<t<0or1/2<t<1,
(¢) 0<s<1/2,and —1<t<—-1/20r1/2<t<1,
(d) 1/2<s<1,and —1/2<t < 1/2.

That H3 defined in this way is a fully dominated HMM is obvious, and since the
observation space is finite, it follows that Hs is regular. That Hg is an ordinary HMM is
also obvious from the definition.

It is also easily proved that the tr.pr.f. P : S x F — [0,1] determined by (p,\) is
uniformly ergodic and has the uniform distribution on [—1, 1] as limit measure. It is also
not difficult to prove that the filter kernel induced by H3 does not have a unique invariant
measure. (Compare with the example in [2I], Section 10].)

EXAMPLE 2.18. In our last example, we define an ordinary HMM H, = {(S,F,d),
(p,A), (4, A, 0),(r,7)} in such a way that (S,F,d), (4, A4,0), X and (r,7) are as in
Example The probability density kernel p : S x S — [0,00) is defined in a slightly
more complicated way:

p(s,t) =21if (s,t) € S1, p(s,t) = 0 elsewhere,
where (s,t) € Sy if one of conditions (a)—(h) below is satisfied:
(a) - 1<s<—-3/4,and -1 <t<—-3/4or0<t¢<1/4,
(b) =3/4<s<—1/2;and -3/4<t<—-1/20r1/4<t<1/2,
() —1/2<s<—3/4,and —3/4<t<0or3/4<t<1,
(d) —3/4<s<0,and —1/2<t<—1/4or1/2<t<3/4,
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e) 0<s<1/4,and —1<t<-3/4or3/4<t<l,

f) 1/4<s<1/2,and =3/4<t<—-1/20r 1/2 <t <3/4,
) 1/2<s<3/4and —-1/4 <t <1/4,

)

(
(
(8
(h) 3/4<s<1l,and —1/2<t<—-1/4or1/4<t<1/2.

It is again easily proved that #4 is a fully dominated, regular HMM such that the
tr.pr.f. P : SxF — [0, 1] is uniformly ergodic with the limit measure equal to the uniform
distribution on [—1, 1]. This time the filter kernel induced by H,4 turns out to be periodic,

which is easily verified. (Compare with [26, Example 11].)

2.8. Related results. Theorem [2.13] can be regarded as a result of filtering theory for
filtering processes taking values in a nondenumerable state space.

In the classical paper [3I] from 1971, H. Kunita considered filtering processes on a
compact Hausdorff space, showed that the filtering process itself is a Markov process, and
stated a condition under which the filter kernel of the filtering process is weakly ergodic.
Kunita considered a continuous time process and assumed that the observation process
was generated by a Wiener process.

The topology which determines the Borel field on the set of probability measures on
the state space, which Kunita chose, was the weak topology.

In the paper [39] from 1989, L. Stettner generalised the work by Kunita to complete,
separable, metric spaces. Stettner considered filtering processes in both continuous and
discrete time.

Unfortunately there is a gap in one of the proofs in [3I] and this gap also affects the
results in [39] (see [] for a discussion regarding this gap).

The fact that in this paper, as topology on the set of probabilities on the state space,
we use the topology which is determined by the total variation metric implies that our
notion of weak ergodicity is somewhat stronger than when weak ergodicity is defined by
using the set of continuous functions determined by the weak topology.

Other papers considering the problem of finding conditions which guarantee weak
ergodicity for the Markov kernel of the filtering process are e.g. by G. B. Di Masi and
L. Stettner [II] and by R. van Handel [41]. In these papers and, as far as the author
knows, in all other papers dealing with the existence of the limit distribution of the
filtering process of a HMM—in contrast to our work—the o-algebra used when defining
the measurable space associated to the set of probabilities on the state space has been
the Borel field induced by the weak topology.

Another assumption which is often made in papers on general HMM is that the
probability density kernel r : S x A — [0,00) determining the observations shall have
r(s,a) > 0 for all s € S and all a € A, a property which is not necessary in our set-up.
Yet another assumption often made is that the tr.pr.f. that governs the hidden Markov
chain shall be Feller continuous. We do not need this either.

2.9. The plan of the rest of the paper. In the next chapter we define compositions
of HMMs, and we prove a universal inequality for fully dominated, regular HMMs. In
Chapter [ we show that for every fully dominated, regular HMM, there exists a random
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system with complete connections (RSCC) such that the filter kernel induced by the
HMM is equal to the Markov kernel associated to this RSCC. The connection between
RSCC and the conditional state distribution was already observed by D. Blackwell [5].

In Chapter [5] we prove some auxiliary theorems for Markov chains on bounded, com-
plete, separable, metric spaces, not necessarily locally compact. In Chapter [f] we present
some simple facts regarding the barycenters of the Markov chain generated by the filter
kernel. In Chapter [7] we first prove an inequality for the Kantorovich distance between
measures based on their barycenters, and then we finish the proof of the main theorem
by verifying the hypotheses of the auxiliary theorems presented in Chapter

The purpose of Chapter [§]is to find more explicit conditions that imply Condition E.
In order to do this we shall need an estimate for iterations of integral kernels, which we
prove using a classical result due to E. Hopf (see [I7]). We then introduce Condition P,
which can be regarded as a generalisation of Condition A mentioned in the introduction
(see Section [1.2)); then, by using (1) an estimate for iterations of integral kernels, (2)
the connection to RSCCs and (3) the Vasershtein coupling of RSCCs, we prove that
Condition P implies Condition E.

In Chapter [J] we present two examples satisfying Condition P. We also give an entropy
formula for the observation sequence when the observation space is finite. Finally in
Chapter [10] we raise a few questions and make a few comments.

3. On compositions of HMMs and a universal inequality

3.1. Compositions of HMMSs. Let H; = {(S,F), P1, (A1, A1), M'} and Hy = {(S, F),
Py, (Aa, Az), M?} be HMMs with the same state space (S, F). Define A2 = A; x Ay
and AV? = A; ® Ay, define M2 : § x F x AY? — [0,1] by

M(l’z)(s,F X By X By) = / Ml(s,dt,Bl)M2(t7F, By),
S

define P12 : § x F —[0,1] by
P(1>2) (S,F) = M(1’2)(S,F X Al X A2)7

and set
zHl,Q — {(57 .F),P(l’2), (A1’2,.A1’2),M(1’2)}.

Obviously, H'? is also a HMM; we call H!'2 the composition of H; and H,. For simplicity
we write

H1’2 = Hl *H2.

By Fubini’s theorem it follows that if H1, Ho and Hs are HMMs with the same state
space, then

(H1 *7‘[2)*7‘[3 :H1*(H2*H3).
If Hisa HMM and H, =H,n=1,..., N, where N > 2, we set
HN =Hy* - % Hy.
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We call HY the Nth iterate of H. Loosely speaking, the Nth iterate HV of a HMM # is
the HMM obtained from H when one collects the observations in groups of N instead of
collecting them one by one.

3.2. On compositions of fully dominated HMMs. Let Hy = {(S,F,d0), (p1, ),
(A1, A1, 01), (m1,m1)} and Ho = {(S, F,d0), (P2, A), (A2, Az, 02), (m2,72)} be fully domi-
nated HMMs with the same state space and with the same base measure A € Q> (S, F).
We define m(1?) : S x S x A; x Ay — [0,00) by

m(172)(svt7a17a2):/ml(sa s’ a1)ma(s',t, a2) A(ds').
s

Again by Fubini’s theorem, H1 * Hz is also a fully dominated HMM such that the HMM-
kernel M2 : § x F® A; ® Ay — [0,1] satisfies

M2 (5 F x By x Bs) :/ / mI2 (s,t, a1, az) Mdt) 71 (day) o (das).
FJB, /B,

Furthermore, if both H; and H, are regular, then it is elementary to prove that also
Hq * Ho is regular.

If a € Ay, ap € Ay and M}, M2, M (;1’22) are stepping functions determined by
a1 € A1, az € As and (aq,a9) € A2) (see for the definition of a stepping function),
then clearly

ML M2 = MY (3.1)

(a1,a2)"

Next, let a; € A; and as € Ay, and consider the stepping functions M | M2 M2

a1’ ~"az2’ " (ay,a2)”
The following scaling property holds by (3.1)): o
(172)
1201 ®D | @M, [, )M, GEALES |

(a1,a2)
Furthermore, if (1) 1 and Hs are fully dominated, regular HMMs, (2) Py and P5 denote
the filter kernels induced by H; and Hs, (3) T; and T2 denote the associated transition
operators, (4) P(12) denotes the filter kernel induced by H; * Hs, and (5) T(1?) denotes
the transition operator associated to the kernel P(1:?)| then, by using the scaling property
(3-2), it is not difficult to prove that

T, T, = TH?), (3.3)
P, P, = P12, (3.4)

Since these relations are of importance for our proof of the main theorem (Theorem ,
we now prove them.

First, (3.4) follows from (3.3) by using (2.2). To prove (3.3), let v € B[K], set
ug = Tou, for x € K set Ay(x) = {a : [[zM,} || > 0}, and for z € K and a1 € A;(x),

set x(ar) = aM_ /|lxM, || and Az(x,a1) = {az € Az : [|[x(a1)MZ,|| > 0}. From (2.12) we

find that
o M?
u2(x):/ u( az >||xM3 | 7(das).
A2($,a1) ||JjM§2|| 2
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Hence

T1T27.L CU

_ / ( )nx 171(day)
i "2\ L
[ ( (203 DV )\
A1 CE) A2 CE al ||($Ma1/||$ ||)M32H
le M2
M M? )
/Al " /A (||le M2, |>””C Moy | 72 (daz) i (da)

It is easily checked that the set
B(z) = {(a1,a2) € Ay x Ay : |[aM, M | > 0}

ch;1 M2
|zMg, |l

To(das) ||x

satisfies
B(z) = {(a1,a2)} € A1 X Ay : a1 € A1(z) and ay € Az(x,a1)}.

Hence

M, || 71(day)

]\41 M
T:Tou(@) = / (|x ) leM2 M2 || 72(day, das) = TO?u(a)

| Mg, M Al
and thus (3.3]) holds.

Next, let H = {(S,F,do), (p, A), (4, A, 0), (m,7)} be a fully dominated, regular HMM.

For n=1,2,... define p" : S x S — [0, 00) recursively by p!(s,t) = p(s,t) and

Pt = [ 5 (sa)plet) o).

define m™ : § x S x A™ — [0, 00) recursively by m!(s,t,a) = m(s,t,a) and

m" (s, t,a" ) = / m"(s,0,a™)m(o,t,any1) A(do),

5
define o™ : A™ x A™ — [0,00) by
o™ (@ ") = ol(a™)i, (0):),
i=1

and define 7" € Q*° (A", A™) by

T (Byx - x By)=[[7(Bi), BieAi=1,..n

It is easy to prove that for n = 1,2,... we have
H" = {(Sa -Fa 50)7 (pn7 )‘)7 (Anv Ana Q(n))v (mn’ Tn)}a
and so by induction H"™ is a fully dominated regular HMM.

Furthermore, if we let P(N) denote the filter kernel induced by H"™ and let T!V)
denote the transition operator associated to P("), then (3.4) and (3.3) imply that

PY =PW™) and TN =TW),

(3.5)
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The second of these equalities is used in order to prove that the filter kernel of a regular
HMM is Lipschitz equicontinuous and not only Lipschitz continuous, a fact which is
crucial to us when proving the main theorem.

From and it also follows that if P denotes the filter kernel induced by
the fully dominated, regular HMM H = {(S,F,d), (p, ), (A, A, 0), (m, )}, then for
n=23...,

P"(x,E) = / laMyg, -+ Mg, || 7" (da™), (3.6)
An(z,E)

where

A" (z, E) = {(al,...,an) € A" ||[xMy, -+ M,, || >0, ——2——""_ ¢ E}
' ||xMa1 e Man ||

3.3. A universal inequality

THEOREM 3.1. Let H = {(S, F,d0), (p, A), (4, A, 0),(m,7)} be a fully dominated, regular
HMM. Let P : K x & — [0,1] be the filter kernel induced by H. Then P is Lipschitz
equicontinuous with bounding constant 3.

We first prove the following lemma, which was first proved in [2I] under the assump-
tion that the HMM under consideration is a classical HMM determined by a lumping
function.

LEMMA 3.2. Let H = {(S,F,d0), (p,\), (A, A, 0),(m,7)} be a fully dominated, regular
HMM. Let P denote the filter kernel. Then P is Lipschitz continuous with bounding
constant 3.

Proof. Recall that the transition operator T : B[K]| — [B[K] is defined by

Tu(z) = /Aj u(ﬁ%j) |z M, || T(da),

where M, denotes the stepping function determined by a € A (see (2.7)).
We shall first show that for all 2,y € K and all u € Lip[K],

ITu(z) — Tu(y)| < (lull + 2v(w)llz -yl (3.7)

Recall that for # € K, the set A} is defined as A} = {a : ||xM,]|| > 0}. Next note that if
z,y € K and a € A, then

[(lzMal| = llyMal)] < oMo — yMal| = [[(z — y) Mal|. (3.8)

Furthermore, if z and y in K, and f and ¢ in B,[S] are representatives of z and y
respectively, we find that

/A (& — )Mo 7(da) < /A /S £(s) — () /S m(s, t,a) A(dt) A(ds) 7(da)
- /S 1£(s) — g()| A(ds) = [lz — ]| (3.9)

Next define B C A by B = {a € A : ||[xM,], |lyM.|| > 0}. Clearly B is an open
set, since we have assumed that H is regular. Define By = A} \ B and B, = A \ B.
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Obviously B, By, By are disjoint, measurable sets. For u € Lip[K| we now find that
|Tu(z) — Tu(y)|

xzM, yM,
= U xM,|| 7(da —/ u( )yMaTda
/Ml (nzMan)” I7(da) = | . "\ Tz, v Mallm(de)
M, yM, ) /
< u(r——— | —ul ———| |||z M,]|| 7(da)| + ||u M| — llyMal|| 7(da
[ () - (] eal e+ el [ [labtal = Lol (o)
+ / JeM, | ~(da) + |Jul / lyM, || ~(da)
Bl BZ
xzM, yM,

< v(u)/ -
Bl oMl lly M, ||
and by Lemma 2.1} (3.8) and (3.9),

ITu(z) — Tu(y)| < 29(u) /B M, — yM,|| ~(da) + [lu] /A =M, — yM,|| 7(da)

< (2y(w) + [lullllz = yll,

[ Mal| 7(da) + IIUH/A [zl = llyMal|| 7(da),

proving (3.7).
From (3.7) it immediately follows that v(Tu) < 2vy(u) + |Jul| for all u in Lip[K],
therefore

v(Tu) <3, Vu € Lip;[K], (3.10)
since sup{||z — y|| : x,y € K} = 2, and then from (3.10)) we get
v(Tu) < 3y(u), Vu € Lip[K]. (3.11)

That v(T"u) < 3y(u) also holds for n > 2 and all v € Lip[K] is an immediate
consequence of (3.5) and the fact that (3.10]) holds for all fully dominated, regular HMMs.
Hence the filter kernel P is Lipschitz equicontinuous with bounding constant 3. m

REMARK 3.3. It is easy to construct an example which shows that a number strictly less
than 2 cannot be a bounding constant (see [25]). We believe though that 2 is a bounding
constant for any filter kernel P.

4. On the relationship between HMMs and random systems
with complete connections

The purpose of this section is to show that the filter kernel induced by a fully dominated
regular HMM can be considered as the Markov kernel of the state sequence associated
to a random system with complete connections.

4.1. On random systems with complete connections. We begin with the formal
definition of the concept of random systems with complete connections as defined e.g. in
[18, Section 1.1].

DEFINITION 4.1. Let (K,&) and (A4, .A) be measurable sets. Let h : K x A — K be a
measurable function, and let @ : K x A — [0,1]) be a tr.pr.f. from (K, &) to (A,.A). We
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call the 4-tuple
R - {(K, g), (A, A)v ha Q}

a random system with complete connections (abbreviated RSCC'). We call h the response
function, @ the index probability function, (K,E) the state space, and (A,.A) the index
space.

Associated to a RSCC R = {(K,€&), (A, A),h,Q} and an initial distribution p €
P(K,E) there are two stochastic sequences, which we call the state sequence and the
index sequence. A simple way to define these stochastic sequences is to first define the
HMM associated to a RSCC.

DEFINITION 4.2. Let R = {(K,&),(A, A),h,Q} be a RSCC. For z € K and FE € &, we
define h=(z, E) € Aby {a € A: h(z,a) € E}. We call the tr.pr.f. M : KxE®A — [0,1]
defined by

M(z,E x B) = Q(xz,h~*(z, )N B) (4.1)

the HMM-kernel associated to the RSCC R, we call the tr.pr.f. P: K x & — [0, 1] defined
by
P(z,E) = Q(z,h™ (z, E)) (= M(z,E x A)) (4.2)

the Markov kernel associated to the RSCC R, and we call the Hidden Markov Model
Hr = {(K75)’P’ (A,A),M},

where P and M are defined by and respectively, the HMM associated to the
RSCC R.

Furthermore, if {X, ,,n = 0,1,2,...} and {Y, ., n = 1,2,...} denote the hidden
Markov chain and the observation sequence generated by the HMM Hz and the initial
distribution pu € P(K,E), we call {X, ,, n = 0,1,2,...} the state sequence and {Y,, ,,
n =1,2,...} the index sequence generated by the RSCC R and the initial distribution
uw € P(K,E). If p is the Dirac measure ¢, at * € K, we usually write X, (x) instead
of X, 5,, and Y, (z) instead of Y}, 5, .

REMARK 4.3. That both M : K x £ ® A — [0, 1] defined by (4.1) and P : K x & — [0,1]
defined by (4.2)) are tr.pr.fs is well-known and follows for example from [27, Lemma 1.41].

If a RSCC R = {(K,&),(A,A),h,Q} is such that @ has a density, that is, if there
exist a o-finite measure 7 on (4,.4) and a measurable function ¢ : K x A — [0, 00) such
that

Q. B) = [ gta,a)r(da)
B
we usually denote the RSCC by R = {(K, &), (4, .A),h, (¢,7)},and call g : KxA — [0, 00)
the index probability density function.

REMARK 4.4. The classical name for the 4-tuple {(K, &), (4,.A), h,Q} is random system
with complete connections (see e.g. the book [I9] by M. Iosifescu and R. Theodorescu, or
the book [I8] by M. Iosefescu and S. Grigorescu). Another classical name is learning model
(see e.g. the book [35] by F. Norman). A later terminology, introduced by M. Barnsley and
coworkers, is iterated function system with place-dependent probabilities (see e.g. [2]). In
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the much cited paper by P. Diaconis and D. Freedman [I0], the authors consider RSCCs
for which the index probability function is independent of the state, and they call such a
RSCC simply a random function. In learning model theory the index space is called the
event space and the index sequence {Y;, ,,, n =1,2,...} is called the event sequence (see
e.g. [39]).

The motivation for introducing the concept of RSCC in this paper is that there is
a strong connection between the theory of filtering processes and the theory of RSCCs,
which we shall describe in the next section.

The study of RSCCs has a long history (see e.g. [19], [35], [23], [18]); here we shall
just present a few basic facts. Thus let R = {(K, &), (A4, A), h,Q} be a given RSCC, let
P: K x & —[0,1] be the Markov kernel associated to R, and let T': B[K,&] — B[K, £]
be the transition operator associated to the Markov kernel P. Let us first note that

Tu(z) = /Su(y) P(z,dy) = /Au(h(x,a)) Q(z,da).

We shall next introduce a notion which we call the nth iterate of a RSCC. Thus,
let again {(K,&), (A, A),h,Q} be a given RSCC. For n = 1,2,..., we let 4, = A and
A, = A. We define h™ : K x A" — K, n =1,2,..., iteratively by first defining h' = h,
and then setting

R (2, a™ ) = h(h™(z,a™), any1), n=1,2,...,

and we define Q" : K x A" — [0, 1] iteratively by Q' = Q and
Q@B x B = [ [ Qe da) QU e dani), m=1,2,
B JBuia

where B’ € A™ and B,41 € A,y1. It is well-known (see [I8]) that h™ is measurable for
each positive integer n and that Q™ : K x A™ — [0, 1] is a tr.pr.f. for each n. This implies
that the set R" = {(K, &), (4", A™),h™, Q"} is also a RSCC for each n. For n =2,3,...
we call R™ the nth iterate of R, we call A" : K x A™ — K the nth iterate of h : Kx A — K
and we call Q" : K x A" — [0, 1] the nth iterate of Q : K x A — [0, 1].

Now, if P : K x & — [0,1] is the Markov kernel associated to the RSCC R =
{(K,€),(A, A),h,Q} and P™ denotes the Markov kernel associated to the nth iterate
R™ = {(K,F), (A™, A™),h"™,Q™} of R, then it is easily proved that

Pr=PM =23 ...
Furthermore, if u € B[K,&|, ¢ € K, {X,(z),n = 0,1,2,...} is the state sequence
generated by R and z, and {Y,(z), n = 1,2,...} is the index sequence generated by R
and x, then for n =1,2,...,

T u(x) = /K u(z) P*"(z,dz) = Elu(X,(z))] = Elu(h™(z,Y"(x))]

= / u(h™(z,a™)) Q" (x,da™) = / u(z) P (x, dz)
n K
where of course Y (z) = (Y1(2),...,Y,(x)). We also have, forn=1,2,...,
Xp(z) =h"(z,Y"(x)), =€k,

a fact which we have already used in the previous string of equalities.
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Next suppose that the index probability function @ : K x A — [0,1] has a density
q with respect to a o-finite measure 7 on (A, A). We then define ¢" : K x A" — [0, 00)
iteratively by ¢! = ¢ and

q”H(;ma”H) =q"(z,a")q(h"(z,a"),an+1), n=1,2,...,

where a"*! = (a™,a,41) = (a1, .., an11), and then we can express Q" : K x A" — [0, 1],
n=12,..., by
@"(@.B) = [ (o) (da").
B
We call ¢" : K x A™ — [0,00) the nth iterate of ¢ : K x A — [0,00) and denote the nth
iterate of R by {(K, &), (A™, A™),h", (¢",m™)}.

4.2. The RSCC induced by a fully dominated, regular HMM. Let H={(S5,F,dp),
(p, A), (A, A, 9), (m,7)} be a fully dominated, regular HMM. As above, let K = P (S, F)
and let £ denote the Borel field on K induced by the total variation distance. Furthermore,
let M, denote the stepping function determined by a € A (see (2.7)).

Now we define g : K x A — [0,00) by

9(x,a) = |[zMal|, (4.3)
G: K xA—[0,1] by
G(z,B) = /Bg(x,a) 7(da), (4.4)
and h: K x A — K by
h(z,a) = xMy/||lxM,|  if |zM,]| > 0, (4.5)
h(z,a) = if [|zM,]|| = 0. (4.6)

Since H is assumed to be fully dominated and regular, it follows immediately that g
is continuous. That G is a tr.pr.f. follows from the integral definition of G and the fact
that

/ M, || 7(da) =1, V€ K.
A

That h is continuous on {(z,a) : [[zM,| > 0} follows as a simple consequence of
Lemma Furthermore, since M (z,a) is a continuous function, it follows that the set
{(z,a) : |lxM,|| = 0} is closed, and it is then easily proved, by using Lemma again,
that {(x,a) : h(z,a) € B} € K ® A is a measurable set if B is an open set in &, from
which it follows that h : K x A — K is a measurable function. Therefore the 4-tuple
{(K,€),(A, A),h,(g,7)} constitutes a RSCC.

DEFINITION 4.5. Let H = {(S, F,do), (p, A), (4, A, 0), (m,7)} be a regular HMM, and let
g: KxA—[0,0),G: KxA—[0,1] and h: K x A — K be defined by (4.3)), (4.4)
and (4.5)—(4.6) respectively. We call the 4-tuple

Ry = {(K75)7 (A7A)a h, (ga T)}
the RSCC induced by H and call G the tr.pr.f. determined by (g, 7).
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Next let H = {(S,F, o), (p, ), (A4, A, 0), (m,7)} be a fully dominated, regular HMM,
let P: K x & — [0,1] denote the filter kernel induced by H, let Ry = {(K, &), (A, A),
h,(g,7)} be the RSCC induced by H, and let Q : K x & — [0,1] denote the Markov
kernel associated to the RSCC Ry.

OBSERVATION 4.6.
Q(z,FE) =P(x,E), VrxeK,VE€C&.
Proof. Let G : K x A — [0,1] be the tr.pr.f. determined by (g, 7). We have

Q(I,E)_G(z,hl(x,E))_/hl( ,, leMal ()

- / |eM, | ~(da) = / oM, 7(da) = P(x, E),
{a:h(z,a)EE} A(z,E)

where A(z, F) is defined by (2.10). =

As a trivial consequence of the preceding observation we have the following corollary.

COROLLARY 4.7. Let H = {(S,F,d), (p, A), (4, A, 0),(m,7)} be a fully dominated, regu-
lar, strongly ergodic HMM and let Ry = {(K, &), (A, A),h,(g,7)} be the induced RSCC.
Let Q: K x £ — [0,1] be the Markov kernel associated to Ryy.

In order to prove part (A) of Theorem it suffices to prove that Q is weakly
contracting, and to prove (B)—(D) it suffices to prove that Q is weakly ergodic.

4.3. Some previous results connecting RSCCs and HMMs. Already in 1957,
Blackwell proved the following theorem which he applied to the filtering process he was
considering.

THEOREM 4.8 (see |5, Theorem 2|). Let R = {(K, &), (A, A),h,(q,7)} be a RSCC such
that (K, E) is a bounded, metric space with metric ¢, A is a finite set, and T is the counting
measure on A. Further, let the index probability density function q : Kx A — [0, 00) satisfy

inf{g(z,a) :x € K,a€ A} >0 (4.7)

and
q(-,a) € Lip[K], Vae€ A, (4.8)

and finally, suppose that there exists a number p < 1 such that
d(h(z,a),h(y,a)) < po(z,y)), Vz,ye K, Vaec A (4.9)
Then there exists at most one invariant measure for the Markov kernel associated to R.

In Section 2.3.3.1 of the book [I9] from 1969 the connection between partially observed
Markov chains (HMMs) and random systems with complete connections is described, and
also in [I8] this connection is mentioned in several places.

In the paper [20] from 1973, a HMM with finite state space is considered, and it is
proved that if the tr.pr.m. of the hidden Markov chain has strictly positive elements, then
the induced RSCC is a so-called distance diminishing model as defined by Norman [35]
Chapter 2], and from this fact it follows that the filtering process converges in distribution
with geometric convergence rate. In the paper [I] from 2012 by C. Anton Popescu, the
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author considers a HMM with finite state space and general observation space, and gives
conditions which imply that the induced RSCC is a distance diminishing model, and
again it follows that the convergence to the limit measure has geometric rate.

The connection between filtering processes and random systems with complete con-
nections is also utilized in [21].

5. Two auxiliary theorems

In this rather long chapter we shall state and prove two auxiliary theorems for Markov
chains taking values in a bounded, complete, separable, metric space. We shall use the
first of these to prove part (D) of Theorem and the second to prove parts (A)—(C).

Let Q : Kx& — [0,1] be a tr.pr.f. on a measurable space (K, ), and T : B[K] — B[K]
denote the transition operator associated to . We define T%u(z) = u(z). Recall from
the general theory of Markov chains that

osc(T"u) < osc(T™u), n=0,1,2,..., u€ B[K], (5.1)

since T' is an “averaging” operator.
Before stating our theorems we shall first introduce two properties which we call the
shrinking property and the strong shrinking property.

DEFINITION 5.1. Let @ be a tr.pr.f. on a metric space (K,&,4), and let T be the asso-
ciated transition operator. If for every p > 0 there exists a number 0 < o < 1 and an
integer N such that if n > N then for all u € Lip[K],

osc(T™u) < apy(u) + (1 — a)osc(T" Nu), (5.2)
then we say that @ has the strong shrinking property.

DEFINITION 5.2. Let @ be a tr.pr.f. on a metric space (K, &, ), and let T be the associ-
ated transition operator. If for every p > 0 there exists a number 0 < o < 1, such that
for every nonempty, compact set £ C K and any 7, > 0, there exist an integer IV and
another nonempty, compact set F' C K such that if n > N then for all u € Lip[K] we
have

oscg(T™u) < ny(u) + wosc(u) + apy(u) + (1 — a)oscp (T Nu), (5.3)
then we say that @ has the shrinking property.

REMARK 5.3. We call the constant « occurring in (5.2) and (5.3) a shrinking number
associated to p.

5.1. A simple auxiliary theorem. Our first auxiliary theorem is based on the strong
shrinking property.

THEOREM 5.4. Let (K, &) be a bounded, complete, separable, metric space with metric ¢,
and let Q be a tr.pr.f. on (K, E). If Q has the strong shrinking property then Q is weakly
ergodic.
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Proof. We shall first prove that
lim sup{osc(T"u) : v € Lip;[K]} = 0. (5.4)

n—oQ

We define 0(K) = sup{d(x,y) : x,y € K}. Let € > 0. From the strong shrinking property,
we can find o > 0 and an integer N such that if v € Lip,[K] and n > N, then

osc(T™u) < ea+ (1 — a) osc(T™ Nu). (5.5)
Now define M = min{m : (1 — @)™ < ¢/6(K)}. Then, if n > NM, it follows from ({5.5),
(5.1) and osc(u) < 6(K) that if w € Lip,[K], then
osc(T™u) < ea + (1 — ) osc(T™ Nu)
<ea+ (1-a)(ea+ (1—a) osc(T™ N q))
1

< — 4Kl -a)M <2

< <6a1—(1—a)+( (1 —a)™ < 2,
and since ¢ is arbitrarily chosen, (5.4]) follows.

To complete the proof we shall use the Kantorovich distance on P(K, ) defined by

di(p,v) = inf{/KXK(S(:my) f(dzdy) : i € Plu,v, K x K)}, (5.6)

which is well-defined since K is bounded (see Section for the definition of P(u, v,
K x K)}).

It is well-known that the Kantorovich distance is a metric and that it is equal to, and
sometimes defined by, the following supremum:

o) =swp{ [ e utan) - [ wvtan suetnxl). )

Another well-known fact is that the topology induced by the Kantorovich distance is
equivalent to the weak topology (see e.g. [I2, Chapter 11]).

Next, let G denote the Borel field on P(K, &) generated by the Kantorovich distance.
To complete the proof, we shall also use the fact that the measurable space (P(K, &), G)
is a complete, separable, metric space, since (K, £) is assumed to be a complete, separable
space (see e.g. [12] Corollary 11.5.5 and Theorem 11.8.2]).

Next, let g € K. We shall now prove that for every ¢ > 0 we can find an integer N
such that, for every integer m > 1 and every integer n > N,

sup{‘ [ @) - [ U(y)Qner(l?o,dy)’ welipklb<e (58)

Thus, let € > 0 and the integer m > 1 be given. Set vy, = 0,,Q™. Then, if u € Lip, [K],
we find, for n = 1,2,..., that

/ u(y) Q" (o, dy) — / u(y) Q™ (o, dy)
K

; g/K\T”u(xo)—T"U(y)lvmo(dy)-

From the limit relation (5.4)) it follows that we can find an integer N, independent of m,
such that for any u € Lip,[K] and all y € K we have [T"u(xo) — T"u(y)| < € if n > N,
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which implies that (5.8 holds for all n > N. Now (55.8]) and (5.7)) yield
dK(Qn(x()? ')7 Qm(x()’ )) <€
if n,m > N. This shows that {Q"(z¢,), n = 1,2,...} is a Cauchy sequence.
Since (P(K, ), G, dk) is a complete, separable, metric space, there exists a probability
measure p, say, in P(K, E), such that
But since lim,, o sup{osc(T™u) : u € Lip; [K]} = 0 by (5.4), we also have
li_>m dg(Q"(z,-),n) =0, VzekK,

which implies that for all v € Lip,[K],

lim u(y) Q™ (z, dy) — /K u(y) p(dy) =0, VzeK. (5.9)

n—oQ K

But if holds for all u € Lip,[K], it also holds for all u € Lip[K]. Therefore by [6]
proof of Theorem 2.1|, we conclude that limsup,, ,., Q" (x, F') < u(F) for all closed sets
F € &, and then [6, Theorem 2.1] shows that holds for all uw € C[K] and all x € K.
Hence @ is weakly ergodic with limit measure p. Thus Theorem is proved. =

Next, we shall introduce a condition which together with Lipschitz equicontinuity
implies the strong shrinking property.

DEFINITION 5.5. Let (K, &) be a complete, separable, metric space with metric 4, and
let @ be a tr.pr.f. on (K, E&). If for every € > 0 there exists an integer N and a number
o > 0 such that for any two elements x and y in K there exists a coupling fin g, of
QN (x,-) and Q" (y,-) such that

AN,y (De) > o (5.10)
where
D, ={z1,20 € K : 6(z1,22) < €},
then we say that Condition C1 is satisfied.
REMARK 5.6. For an early version of Condition C1 see e.g. [22].

PROPOSITION 5.7. Let (K,E) be a complete, separable, metric space with metric §, and
Q be a tr.pr.f. on (K,&). Suppose Q is Lipschitz equicontinuous and Condition C1 is
satisfied. Then @) has the strong shrinking property.

Proof. Let p > 0. We want to determine an integer N and an number « such that
(5.2) holds. Let T' denote the transition operator associated to (). Since @ is Lipschitz
equicontinuous, there exists a constant C' > 1 such that for all u € Lip[K],

F¥(T"u) < Cy(u), n=1,2,.... (5.11)

Define p; = p/C. Since Condition C1 holds, we can find an integer N and a number
a such that for any pair (z,y) € K x K we can find a coupling fin ., of QY (z,-) and
QN (y,-) such that

ﬂN,x,y(Dpl) > o (5.12)
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From (5.12) it follows that if u € Lip[K] then

uwwm—wwww{/ (u(z1) — u(z0)) finomng (d21, d2)
KxK

< osc(u)(1 — a) + ay(u)p;. (5.13)
Now let n > N and set m = n — N. From and it follows that
IT"u(z) — T"u(y)| < osc(T™u)(1 — a) + ay(T™u)p1
< osc(T™u)(1 — a) + ay(u)p.
Hence
osc(T™u) < ose(T" Nu)(1 — @) + ay(u)p
which is what we wanted to prove. m

REMARK 5.8. A tr.pr.f. Q on a metric space which is Feller continuous and satisfies
Condition C1 need not be weakly ergodic. For two simple counterexamples see [23].

For the sake of completeness let us prove that if in Theorem we assume that
the state space of the RSCC is a bounded, complete, separable, metric space, then the
associated filter kernel is weakly ergodic.

THEOREM 5.9. Let R = {(K,€&), (A, A),h,(¢q,7)} be a RSCC having the same proper-
ties as the RSCC considered in Theorem . Assume also that (K, &) is complete and
separable. Let P : K x & — [0, 1] be the associated tr.pr.f. Then P is weakly ergodic.

Proof. That Condition C1 holds follows from and together with the fact that
the state space is bounded. That the tr.pr.f. P is Lipschitz equicontinuous with bounding
constant D + L/(1 — p), where L = sup{>__ |¢(z,a) — q(y,a)|/é(x,y) : x #y, x,y € K}
and D = sup{d(x,y) : z,y € K}, follows from and . The conclusion then follows
from Proposition [5.7] and Theorem [5.4] m

REMARK 5.10. If the state space of the RSCC considered in Theorems [£.§ and [5.9] is
compact, then it follows from the general theory on RSCCs that the convergence rate is
in fact geometric (see [35, Chapter 3]).

5.2. A second auxiliary theorem. In this section we prove a slightly more complicated
auxiliary theorem.

THEOREM 5.11. Let (K, &) be a complete, separable, bounded, metric space with metric ¢,
and let Q be a tr.pr.f. on (K,E). Suppose that Q has the shrinking property. Then Q is
weakly contracting.

Proof. Set D = sup{d(z,y) : =,y € K}. Since K is assumed to be bounded we have

D < oo. Since furthermore it is not difficult to prove that the shrinking property also

holds if we replace ¢ by 26/D, it is clearly no loss of generality to assume that D = 2.
In order to prove that @ is weakly contracting, we need to show that for all z,y € K,

Mwwﬂé%@@%dﬂjéwd@@@@

n—oo

:u € Lipy [K]} =0. (5.14)
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Let € > 0, 2,y € K and u € Lip,[K]. In order to prove (5.14)), we shall show that we
can find an integer N, which may depend on x and y, but which does not depend on u,
such that

’ /K u(z) Q" (x,dz) — / u(z) Q" (y,dz)| < 6e, Vn > N. (5.15)

K

This is not difficult to do if one uses the shrinking property. We first choose the
number p sufficiently small, more precisely we set p = e. Next, let a be a shrinking
number associated to p. Since {x,y} is a compact set, it follows from the shrinking
property that if we define 7 = ;1 = ¢/2 and kK = k1 = €/2, then we can find an integer
N7 and a compact set E; such that, if n > Ny, then

[{u, Q" (2,-)) — (u, Q"(y, )| = [T"u(x) — T u(y)|

<m+2k1+ac+ (1l —a) sup |T”_Nlu(zl) - T”_Nlu(zz)|,
z1,22€E1

where we have used the fact that y(u) < 1, osc(u) < 2 and p =e.
We now choose
M =min{m: (1 —a)™ < €}.

For i = 2,..., M, we define n; = ¢/2¢ and k; = €¢/2¢, and having defined the compact sets
E;;i=1,...,7— 1, and the integers N;, ¢ = 1,...,j — 1, it follows from the shrinking
property that we can find a compact set £; and an integer N;, such that

sup  |T"u(z1) — T"u(z2)]

z1,22€ ;1

<mi+2kj+ap+(1—a) sup [T Niu(z) — T Niu(z)|  (5.16)

z1,22€E;

if n > Nj. By using (5.16) repeatedly it follows that if n > Ny 4+ --- + N;, then

[T"u(x) = T u(y)|

<€/242¢/2+aec+ (1—a) sup [T Niu(z) — T Nu(z))
21,22€E;

< i€/2i+2i€/Qi+€04(1+(1—a)+(1—a)2+...+(1_a>j—1)

+(1—a) SugE |Tn7(N1+m+Nj)U(Z1) - Tnf(Nﬁ"*Nf)u(zg)L
21,22€E;

In particular, if j = M and n > Ny + -+ - + Ny, then
T"u(z) — T u(y)|
M M
< Ze/Qi+22€/2i+ea(1—|—(1—a)+(1—a)2+---+(1—a)M_1)
i=1 i=1
+ (1 =) sup (T Nu(z) = T Nu(zo)],

z1,22€ B0

where N = Ny + - -+ Ny, and by using osc(Tu) < osc(u), osc(u) < 2 and the fact that
cal+(l-a)+(1-a)P+ - +{1-a)) <
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we find that if n > N, then
T u(z) — T"u(y)| < e+ 2e+ € +2(1 — a)M < 4e +2(1 —a)M

and since (1 — a)M < ¢, it follows that

< be

() - T |—] | w0 @) - [ u)@ (w2

if n > N. Thus (b.15)) holds, so (5.14) is satisfied. Hence @ is weakly contracting. m

REMARK 5.12. The arguments used above are similar to arguments found in the paper
by A. Lasota and J. Yorke [32] (see in particular [32] proof of Theorem 4.1]).

A natural conjecture is that if a tr.pr.f. is weakly contracting, then it can have at most
one invariant measure. We shall prove this if also the tr.pr.f. is Lipschitz equicontinuous.
We first prove the following lemma.

LEMMA 5.13. Let (K,E) be a complete, separable, bounded, metric space with metric ¢,
let @Q be a tr.pr.f. on (K,E) and suppose that Q is weakly contracting. Suppose also that
Q is Lipschitz equicontinuous. Then for every nonempty, compact set E € £ and every
e >0, we can find an integer N such that for any u € Lip,[K],

sup <e (5.17)

z,yel

| u)@ @) = [ u2)Q(w.d2)

for alln > N.

Proof. Let E € £ and ¢ > 0, where F is a nonempty, compact set. Since we have
assumed that @ is Lipschitz equicontinuous, there exists a constant C' > 1 such that for all
n>1,

\ | u@@ @) - [ u)@"(w.2)| < 8w (5.18)

for all z,y € K and all u € Lip[K].

Next, set €; = €¢/(3C). Since E is compact, we can find a finite set M = {z;, i =
., M} such that for every x € E, we have inf{6(z,x;) : x; € M} < e;. From (5.14)) it
follows that we can find an integer N such that if n > N, then

’/ Q" (i, d2) — /Ku(z)Q"(a:j,dz) <

for all u € Lip, [K] and all pairs (z;,z;) € M x M.

Now let z,y € E, choose z; € M such that §(x,x;) < €1, and z; € M such that
0(y,xj) < e1. Let u € Lip, [K]. Using the triangle inequality, (5.18)) and ¢; = ¢/(3C), we
now find that if n > N, then

wl o
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’/ (x,dz) — [ u(z)Q"(y,dz)

K

\ / Q" ,d2) = [ () Q" (e, d2)
‘ | )@ ey = [ )@ )
)

< Cé(z,x;) +€/3+Co(z;,y) =Ce1 +¢/34+ Ce1 =€¢/3+¢/3+¢/3=¢.

+ ’/Ku(z) Q" (xi,dz) —/Ku(z) Q" (a;,d=)

Hence,

sup{| [ w0 i) - [ 2@ w.d2)

if n > N, and the lemma is proved. m

cx,y €E, ueLipl[K]} <e

The following proposition will be useful when proving part (B) of Theorem m

PROPOSITION 5.14. Let (K, &) be a complete, separable, bounded, metric space with met-
ric 0, let Q be a tr.pr.f. on (K, &) and suppose that Q is weakly contracting. Suppose also
that @ is Lipschitz equicontinuous and p is an invariant measure associated to Q. Then
Q is weakly ergodic with limit measure p.

Proof. Let T denote the transition operator associated to Q). We want to show that for
every x € K and every u € C[K],

lim T"u(x) = (u, p). (5.19)

n—oo

We first prove (5.19) when v € Lip,[K]. Thus, let z € K, u € Lip;[K] and € > 0.
Evidently, (5.19) holds trivially if « = 0. Hence we can assume that u Z 0.
Next, let E be a compact set so large that x € F and
w(K\ E) < €/osc(u).
From Lemma [5.13] we can find an integer N such that if y € K then
[T"u(z) = T"(y)| <€/2, n=N.

Hence, if n > N we find that
T () — (u, )| < /K T™u(z) — T u(y)| p(dy)
< ose(u) /K o /E T u(a) — T"u(y)| pldy) < /2 + /2 = c,

S0 holds for all u € Lip,[K] and all z € K.

That also holds for all v € Lip[K] and all z € K follows from the fact that
if v € Lip[K] and y(u) > 0 then v = w/v(u) € Lip;[K]. Then, by using the same
argument as used in [6] when proving that (ii)=-(iii) in [6, Theorem 2.1], it follows that
limsup,,_,., Q" (z, F) < v(F) for all closed sets F' € £. Now by [6, Theorem 2.1], we find
that holds for all u € C[K] and all x € K. Hence Q is weakly ergodic with limit

measure (. m
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COROLLARY 5.15. Let (K,E) be a complete, separable, bounded, metric space with met-
ric §, let Q be a tr.pr.f. on (K, &) and suppose that Q is weakly contracting. Suppose also
that Q) is Lipschitz equicontinuous. Then @ has at most one invariant measure.

Proof. Follows immediately from Proposition [5.14] =

Before concluding this section we prove the fairly obvious fact that tightness and
Lipschitz continuity imply the existence of an invariant measure.

PROPOSITION 5.16. Let (K, &) be a complete, separable, bounded, metric space with met-
ric 6, and let Q be a tr.pr.f. on (K,E). Suppose also that Q is Lipschitz continuous and
there exists x* € K such that {Q™(x*, ), n = 1,2,...} is a tight sequence. Then Q has
an invariant probability measure.

Proof. We shall use a classical argument due to Krylov and Bogolyubov (see e.g. [34]
Section 32.2]) together with the fact that @ is Lipschitz continuous.

Let T denote the transition operator associated to Q. For n = 1,2, ... we define T(") =
(1/n) > p_, T* and Q™ = (1/n) Y")_, Q*. Now, since {Q"(z*,-), n = 1,2,...} is a tight
sequence, so is {Q(z*,-), n = 1,2,...}. Therefore we can extract a subsequence n;,
j=1,2,..., such that {Q)(z*,-), j = 1,2,...} converges weakly towards a probability
measure v, say. Hence

lim T u(z*) = (u, v) (5.20)
Jj—o0
for all u € C[K].
Now assume that u € Lip[K]. By considering the sequence {7 Ty (2*), j =1,2,...}
it is easily proved that on the one hand,
lim 7MYy (2*) = lim TMu(z*) = (u, v),
and on the other hand,
lim T("j"'l)u(a:*) = lim T("j)Tu(x*) = (Tu,v) = (u,vQ),
j—o0 j—o0
where we have used the fact that Tw € Lip[K] if u € Lip[K].
Hence, if u € Lip[K], then

(u, Q) = (u,v), (5.21)

and since the set of Lipschitz continuous functions is measure determining, it follows that
(5-21)) also holds for v € C[K], which we wanted to prove. m

COROLLARY 5.17. Let (K,E) be a complete, separable, bounded, metric space with met-
ric §, let Q be a tr.pr.f. on (K,E) and suppose that Q is weakly contracting. Suppose
also that Q is Lipschitz equicontinuous and there exists x* € K such that {Q™(x*,-),
n=1,2,...} is a tight sequence. Then Q is weakly ergodic.

Proof. Follows immediately from Propositions and "

REMARK 5.18. We end this section by raising the following general question: Does Lip-
schitz continuity imply Feller continuity?
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5.3. Some further auxiliary results. The main purpose of this section is to introduce
another contact condition (Condition C2 below) and to show how this condition together
with Lipschitz equicontinuity implies the shrinking property.
We first define Condition E in a slightly more general setting.
DEFINITION 5.19. Let (K,E&,0) be a complete, separable, metric space and let @ be a
tr.pr.f. on (K, ). Suppose that the nonvoid subset Py of P(K,E) is such that for every
p > 0, there exist an integer N and a number « such that for any measures p and v
in Py, there exists a coupling jiy of pQ" and vQ" such that

fiv({(2,y) € K x K : 8(2,) < p}) > a

We then say that the pair (Pp, Q) satisfies Condition E, or simply that P, satisfies
Condition E.

We first prove the following lemma.

LEMMA 5.20. Let (K,&,6) be a complete, separable, bounded, metric space, let () be
a tr.pr.f. on (K, &) which is Lipschitz equicontinuous, let T be the associated transition
operator, and suppose that the nonempty subset Py C P(K, E) is such that (Py, Q) satisfies
Condition E. Then:

A. for every p > 0, there exists a > 0 and an integer N such that for any two probability
measures |1 and v in Py,

[(u, pQ™) = (u, Q™| < ay(u)p + (1 — @) osc(T" N u)
if u € Lip[K] and n > Nj;

B. for every p > 0, there exists a > 0 and an integer N such that for any probability
measures |t and v in Py and any k > 0, there exists a compact set F' such that

[, 1 Q") — {u,vQ™)| < ay(w)p + K ose(u) + (1 — a) oscr (T~ Vu)
if u € Lip[K] and n > N.
Proof. Since Q is Lipschitz equicontinuous there exists C' > 1 such that for u € Lip[K],
¥(T"u) < Cy(u), n=1,2,.... (5.22)

Next, let p > 0 and set p; = p/C. Since Py satisfies Condition E, there exist a@ > 0
and an integer N such that for any two probability measures p and v in Py, there exists
a coupling fiy of u@Q" and v@QV such that if D, = {(z,y) € K?: §(z,y) < p1}, then

/]N (Dm) > a.
Hence, if u € Lip[K], n > N and we set v = T" N, we find that

[, 5 Q) — (, v Q)] = /K T™u(z) p(dz) - / T"u(z) u(dz)

K

= /T"_Nu(z),uQN(dz)—/ T Nu(z)v QN (dz)
K K

- / (0(2) = v()) ine(dz,d2')]. (5.23)
KxK
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Next set
By ={(2,7)€K?:6(z,2) <p1} and By={(2,2)€ K?*:6(2,21) > p1}.
Using the fact that v(T™u) < Cy(u) for all m > 1 and that
bmin{e,0} + (1 —0)0O < ae+ (1 —a)© (5.24)
if
0<a<b<l, €e€>0 and O >0,

we obtain

/ (v(z) — v()) fin(dz, d2')
KxK

<

[ 06— oG vtz d)| +| [0 = o) Atz d)
B B
< min{osc(v), 7(v) (o/C)}in (By) + osc(v) (1 — fine(B))
<A(©)(p/C)a + (1 — a) 05e(v) < y(w)par + (1 — @) ose(T"Va),
which combined with implies that
[, 4 Q™) — (,vQ")| < ay(u)p + (1 — ) 05e(T™ V),

and hence part A is proved.

Next, let £ > 0. Since (K, &) is a complete, separable, metric space, there exists a
compact set F' € £ such that

A\ F) x (K \ F)) < & (5.25)
Further, define
B3 ={(2,2) e K x K :§(z,2') < p1, 2,2' € F},
By={(2,7)e K x K :0(z,2") > p1, 2,2 € F},
Bs = K x K\ (B3 U By).
Then

/ (v(2) — v(2)) fin(dz, =)
KxK

<

/ (v(z) — v(2) fin(dz, d2)
B3

+

/ (v(2) — v(2) fin(dz, d2")| + / (v(2) — v()) fin(dz, d2')
By Bs

< minfoser(v), p17(0) }il Bs) + osex (v) (1 — i(Bs)) + osc(v)i( Bs),
and by using (5.23)—(5.25), v(v) < C~v(u) and the fact that osc(T™u) < osc(u) for all
integers n > 1, we find that
JCORE R
KxK
which together with (5.23) and v = 7" N« implies that
|, Q™) — (u, vQ™)| < ary(u)p + (1 — @) oscp (T Nu) + K osc(u),

hence part B is proved and the proof of Lemma 5.20 is complete.

< ay(u)p + (1 — a)oscr(v) + K osc(u)
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Before we introduce two further “contact” conditions, recall that dx : P(K,E) x
P(K,E) — [0,2] denotes the Kantorovich distance on P (K, €) (see Section [5.1)).

DEFINITION 5.21. Let (K, &,6) be a complete, separable, metric space and let @ be a
tr.pr.f. on (K, ). We say that Condition C2 is satisfied if there exists a nonvoid subset
Po of P(K, &) satisfying Condition E and such that for every ¢ > 0 and every z € K
there exists an integer N such that if n > N then

inf{dx(Q"(x,-),v) : v € Py} <e. (5.26)
If also N is independent of x € K, we say that Condition C3 is satisfied.
PROPOSITION 5.22. Let (K,&,6) be a complete, separable, metric space, and let Q be a
tr.pr.f. on (K,E). If Q is Lipschitz equicontinuous and Condition C2 is satisfied, then

Q@ has the shrinking property. If also Condition C3 is satisfied, then @ has the strong
shrinking property.

Proof. We first prove that @ has the strong shrinking property if Condition C3 is satisfied.
Let p > 0 and T denote the transition operator associated to ). We want to prove
that we can find an integer N and a > 0 such that if n > N, then for all u € Lip[K],
osc(T™u) < apy(u) + (1 — a)osc(T™ Nu).

Since Condition C3 is satisfied, there exists a set Py C P(K, E) satistying Condition
E and such that for every ¢ > 0 we can find an integer N such that for all x € K, (5.26)
holds.

Since @ is Lipschitz equicontinuous there exists C' > 1 such that for u € Lip[K],
Y(T"u) < Cy(u), n=1,2,.... (5.27)
Now set p; = p/2C'. Since Py satisfies Condition E, Lemma yields « > 0 and an
integer N5 such that for any probability measures 1 and v in Py, we have
|, Q™) — (u, vQ™)| < ary(u)pr + (1 — @) osc(T™ N2qy) (5.28)

if u € Lip[K] and n > Na.
Next, let z,y € K. From Condition C3 it follows that we can find an integer N; and
probability measures v, and v, in Py such that if n > N; then

dr (Q"(x,),vz) <ap1/2 and dg(Q"(y,),vy) < api/2. (5.29)
Now set N = Ny 4+ Ny, let n > N and set m = n — N;. From f and the
definition of the Kantorovich distance, it follows that
T u(2) = T"u(y)| = (T, 6,Q™) — (T™u,6,Q™")]

< [T™u, vg) = (T, vy)| + (T u)aps
< [, Q™) = (u, vy Q™) + Cy(w)apy
< ay(T™u)py + (1 — @) osc(T™ N2u) + y(u)ap/2
< aCy(u)p/2C + (1 — @) osc(T" Nu) + y(u)ap/2
= ay(u)p + (1 — ) osc(T" Nu).
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Hence
osc(T"u) < ay(u)p + (1 — a) ose(T" Nu),

and thus the strong shrinking property holds.

We shall next prove that if only Condition C2 is satisfied, then @ has the shrinking
property.

Let p > 0. We want to prove that if Condition C2 is satisfied, then we can find
a > 0 such that for every nonempty, compact set £ € £ and any n,x > 0, we can find a
nonempty compact set F' and an integer N such that

oscg (T™u) < ny(u) + kosc(u) + apy(u) + (1 — a) oscp (T Nu) (5.30)

for all u € Lip[K].
So, let E € £ be a nonempty, compact set, and let n,x > 0. Set 11 = n/(4C) where

C' is the constant in ([5.27]).

Since FE is a nonempty, compact set in a metric space, we can find a finite set M =
{z;,i=1,...,M} C K such that

sup min{d(z, z;) : x; € M} <.
zEE
Since M is finite, it follows from Condition C2 that there exists an integer N7 such that

for every z; in M there exists a measure v; € Py such that for any u € Lip[K],
[, 82, Q) = (u, vi)| < my(w). (5.31)
Next set V = {v1,...,va}. From the fact that Py satisfies Condition E, it follows
from Lemma that we can choose o > 0 and an integer N» in such a way that if v;
and v; belong to V, then there exists a compact set F; ; € € such that
[(u, Q™) = (u,1;Q™)| < ary(u)p + wosc(u) + (1 — ) oscp, ; (T Vu)

if w € Lip[K] and m > Nj.
By defining F' = U1§i<j§M F; ;, it clearly follows that also

[(u, Q™) = (u,;Q™)|
= {(T™u,v;) — (T™u,v;)| < ay(u)p + wosc(u) + (1 — @) oscp(T™ N2w)  (5.32)
if w € Lip[K], m > Ny and v;,vj € V.
Now set N = Ny + Ny, let n > N, set m = n — Ny, and let x and y be probability
measures in E. Let x; € M satisfy 6(z,z;) < m, and x; € M satisfy 6(y,x;) < m1. By
the triangle inequality,

T (@) — Tu(y)] < [T u(ws) - Tmu(z)] + 20y (T"). (5.33)
From ([5.31)) and the triangle inequality it follows also that
|T"u(z;) — T u(x;)] < (T"u,vs) — (T u, v + 2my(T™u). (5.34)

By combining (5.32)—(5.34) we find that
[T"u(z) = T"u(y)]
< 2my(T™u) + 2my(T™u) + ay(u)p + kosc(u) + (1 — a) oscp(T™ N2y).
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Since x and y are arbitrarily chosen in F, and v(T™u) < Cvy(u) for all n > 1, it follows

that
oscp(T™u) < 40ny(u) + ay(u)p + kosc(u) + (1 — a) oscp(T™ N2u),

and since 71 = n/(4C) and m — Ny =n — N, we find that
oscp(T™u) < ny(u) + ay(u)p + kosc(u) + (1 — ) oscp (T Nu)
if u € Lip[K], which we wanted to prove. Thus Proposition is proved. m

6. On the barycenter and the filter kernel

From the results proved in Chapter |5 it follows that in order to prove parts (A)—(C) of
Theorem [2.13] it now suffices to prove that Condition C2 is satisfied, and to prove (D) it
remains to prove that Condition C3 is satisfied.

In order to accomplish this we shall need two results on barycenters. The first is

THEOREM 6.1. Let H = {(S,F,d0), (p, A), (4, A, 0),(m,7)} be a fully dominated, reqular
HMM and let P be the filter kernel. Let P be the Markov kernel of H. Then for allx € K,

b(P"(z,-)) =2P", n=12,....
REMARK 6.2. The theorem is essentially due to Kunita [31].

Proof. Let F € F, let Ir : S — {0,1} denote the indicator function of F, define Up :
K — R by Up(z) = (Ip,z), and let T denote the transition operator associated to P as
defined by (2.12). From the definition of the barycenter we find that

:/K/Fy(ds)ézP(dy)Z/KUF,y) 5, P(dy) = (Ur,5,P)

xM,
- (20r.8) = TUe(e) = [ Ur (57 Il i)

-/ (1. et tao) = | e, M) ()
/A+/xM (dt) T(da) /A+//msta ds) A(dt) 7(da)
_ /F /S p(s,8) 2(ds) A(dt) = /F («P)(dt) = 2P(F),

from which it follows that b(J,P) = xP. That b(6,P") = xP" for n > 2 follows from the
relation (3.4). m

The following lemma is not needed in the proof of the main theorem, but will be
needed later, when we want to verify that Condition E holds. We present it here, since
it gives some insight into sets of probability measures with equal barycenter.

LEMMA 6.3. Let (S,F,00) be a complete, separable metric space, let A be a positive
o-finite measure on (S, F), let K = Px(S,F), let £ denote the o-algebra generated by the
total variation metric, let P(K, &) be the set of probability measures on (K,E), let m € K
and let P(K|m) denote the subset of P(K,E) consisting of those probability measures that
have 7 as barycenter. For F € F define
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E(F)={zxe K :x(F)>n(F)/2}. (6.1)
Then for all p € P(K|r) and all F € F,
W(B(F)) > n(F)/2. (62)

Proof. The inequality (6.2)) holds trivially if 7w(F') = 0. Thus assume F' € F is such that
m(F) > 0. Clearly E(F) € £. Set E(F) = E. Since u € P(K|r) we have [, (I, x) p(dx) =
7w (F). Hence

n(F) = / (I ) () + /K ) )

// (ds) p(dz) + /K\E/ 2(ds) p(dz) < p(E) + (1 — u(E))m(F)/2.

Thus p(E)(1 — x(F)/2) > w(F)/2 and hence u(E(F)) > w(F)/2. Therefore ) holds
for all p € P(K|r) and all FF € F. n

We end this section with yet another simple observation, which we believe can be
utilized to prove the existence of an invariant measure associated to a filter kernel.

PROPOSITION 6.4. Let H = {(S, F,d), (p, \), (4, A, 0), (m,7)} be a fully dominated, reg-
ular HMM and let P be the filter kernel. Let P be the Markov kernel of H, and suppose
that 7 is an invariant probability measure for P. Then for all i € P(K|m),

b(uP) = .

Proof. Let F € F,let Ir : S — {0,1} denote the indicator function of F', define Up :
K — R by Up(z) = (IF,x), let T denote the transition operator associated to the filter
kernel P as defined by and T denote the transition operator associated to the
Markov kernel P. Let 1 € P(K|m). From the definition of the barycenter and we
find that

F) = /K /F y(ds) P (dy) = / (Ip.y) 1iP(dy) = (Up. 1iP)

- (e = [ TUr@ ) = [ [ v (o el () o
//A+< e MH>||1:M | ~(da) p(dz) // (I, 2M,) (da) p(dz)

:/K/A;/FxMa(dt)T(da)u(dac)

:/K/A;r/F/Sm(s,t,a)x(ds))\(dt)T(da)u(da:)

= [ [ [ szt anuas) = [ [ @pyan )

:/ (Ip,zP) u(dm):/ (TIp,z) p(dx)
K K
= TIp,7)=(Ip,7P) = (Ip,7m) = n(F).
Hence b(uP)(F) = 7(F) for all F € F, and thus b(uP) = 7. m
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7. Completing the proof of the main theorem

Let H = {(S,F,d0),(p,\), (A, A, 0),(m,7)} be a fully dominated, regular, strongly er-
godic HMM with limit measure © and let P be the filter kernel. Let P(K|n) be the
set of probability measures having 7 as barycenter and suppose that P(K|r) satisfies
Condition E. From Proposition [5.22 and the definitions of Conditions C2 and C3 we can
conclude that to prove parts (A)—(C) of Theorem [2.13] it remains to show that for every
€ > 0 and every = € K there exists an integer N such that

inf{dx(Q"(x,-),v) :ve P(K|r)} <e, n>N, (7.1)

and to prove part (D) it remains to show that if also the HMM H is uniformly ergodic
then for every e > 0 there exists an integer N such that for all € K the inequality
holds.

To do so, we shall show in this chapter that if 4 € P(K|q) and ||g — x| is small, then
we can find a measure v € P(K|m) such that dg(u,v) is also small. Then Theorem
implies immediately that Condition C2 holds if # is strongly ergodic, and that Condition
C3 holds if H is uniformly ergodic, and then the conclusions of Theorem follow from
the results of Chapter

7.1. On the Kantorovich distance between sets with different barycenters. Let
(S, F) be a complete, separable, measurable space with metric dy, let A denote a o-finite,
positive measure on (S, F) and set K = P»(S,F). As before, let o7 denote the metric
on K induced by the total variation and let £ denote the o-algebra generated by dpy .
Instead of writing 1y (z,y), in this section we shall usually write ||z — y||. Let P(K, &)
denote the set of probability measures on (K, &), let Q(K, &) denote the set of positive
and finite measures on (K, &), and for r > 0 let Q" (K, E) denote the set of positive, finite
measures on (K, £) with total mass equal to r.

Let di : P(K,E) x P(K,E) — [0,2] denote the Kantorovich distance on P(XK,E).
Recall that the Kantorovich distance on P(K, &) has two equivalent definitions,
and .

For the set Q"(K, ) we also define a metric, which we also denote by dg, simply by
dK(/LaV):rdK(:u‘/TaV/T)? MV € QT(Ka‘S)

Also in this case we call dig the Kantorovich distance.

As above, we let P(K|x) denote the set of probability measures on (K,&) with
barycenter . For u € Q" (K, &) we also define the barycenter b(y) simply by

b(p) = rb(p/7).

Thus, if u € Q"(K, E) then b(u) € Qx(S,F) and ||b(p)|| = r. For z € K and r > 0, we
let Q"(K|z) denote the set of measures in Q"(K, E) with barycenter rx.

The purpose of this section is to prove the following result:

THEOREM 7.1. Let r >0, let x,y € K and let u € Q" (K|z). Then
inf{dg (u,v) : v € Q" (Kly)} = rllz —yl|.
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Proof. First note that if z,y € K, then dg(d,,0,) = ||z — y||, where d, and J, denote
the Dirac measures at = and y respectively. This follows from and the fact that
P(0,, dy, K x K) = {S(x,y)}, where S(m’y) denotes the Dirac measure at (z,y) € K x K.

The following lemma gives a lower bound for the Kantorovich distance between two
measures in Q"(K, £) in terms of their barycenters.

LEMMA 7.2. Letr >0 and p,v € Q"(K,E). Then

drc (1 v) = [[b(p) = b(w)]-
Proof. The conclusion is trivially true if b(u) = b(v). So assume that b(u) # b(v). From
the definition of the Kantorovich distance in Q" (K, £) and the definition of the barycenter
of a measure in Q" (K, £), it follows that it suffices to prove the inequality if » = 1, that
is, when p,v € P(K,E).

Thus, let p, v € P(K,E) and set x = b(u) and y = b(v). Let Fy, F» € F be such that
F,=S8S\F and 2(FNF) >y(FNF)) forall F e F with F C Fy, and z(FNFy) <
y(F N Fy) for all F € F with FF C Fy (Fy and F; constitute a Hahn decomposition).
Define J : S — [—1,1] by

J(s) = Ik, (s) = Ir, (s), (7.2)
where I, and Ig, denote the respective indicator functions.

Next, define v € B[K] by v(z) = (J, z). Since osc(J) < 2, it follows from (2.1)) that

[v(z1) —v(22)] = [{J, 21) = (J, 22)| < 0sc(J)l|z1 — 22[|/2 < |21 — 22,

and hence v € Lip; [K]. The definition of the Kantorovich distance then yields

d(n.) > | [ @) utaz) = [ o) uta)|

and from the definition of the barycenter and ([7.2)),

‘/Kv(z)u(dz)—/Kv(z)u(dz) ’/ (J,2) p(d2) /K

= [{Ir,b(1)) = Is\ry> (1)) = (T, (V) + (Ts\py b(V))]
= [2(F1) —y(F1) + y(S\ F1) — 2(S\ F)| = [lz =yl = [[b(x) — ()],
which together with implies that dg (u,v) > ||b(p) — b(v)|. =

(7.3)

We now continue our proof of Theorem - 7.1| by proving that if p € Q(K,€) is a
weighted finite sum of Dirac measures, then for every y € K we can find v € Q(K, )
such that pu(K) = v(K), b(v) = yu(K) and dg (1, v) = |[b(p) — b(v)|. As usual, if £ € K,
we let ¢ denote the Dirac measure at §.

LEMMA 7.3. Let N be a positive integer and let &, k = 1,..., N, be elements in K.
Let B, > 0, k =1,...,N, let p € Q(K,E) be defined by ¢ = Z,]cvzl Brde,, and define
a € Ox\(S,F) by a = chvzl Biék- Let b € Qx(S,F) satisfy ||b]| = |la|l. Then there
erist elements (i, k = 1,..., N, in K such that b = Eszl BrCr and if we define ¥ =
lecvzl Brdc,,, then

dg (9, ¥) = |la —bl|.
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Proof. First observe that if ¢ € Q(K, &) is defined by ¢ = Z]kvzl Birdc,, where By, k =
1,..., N, is a positive number, and (x, k = 1,..., N, belongs to K, then the barycenter
of 1) satisfies

N
b(v) = Brl- (7.4)
k=1

This follows from the fact that if p € Q(K,E) is defined by u = d,, and F € F, then
Jie(Trs2) pld2) = (I, 20) = 20(F).

Next, let ¢1,...,{n € K and define 6 € Q(K,&) by 6 = Zivzl Brdc, . Clearly 6(K) =
Zivzl Br and hence 0(K) = ¢(K) = ||a||. We now define the measure ¢ on (K?2,£2) by
O({(&,Ck)}) = Bk, k=1,...,N. Then clearly ¢(A x K) = p(A) and ¢(K x A) = 0(A),
for all A € &, from which it follows that

N
<> Brllér — Gll, (7.5)
k=1
since
(o) < [ o=yl pldo.d) = Zﬁkngk — Gl

By combining (7.5) and (7.4) with Lemma [7.2] it follows that to prove Lemma it
suffices to find probability measures (i, kK =1,..., N, belonging to K such that

N
b= Zﬂka (7.6)
k=1
and also
N
> Bellér = Cell = lla —b]l. (7.7)

k=1

That we can do this when N = 1, that is, when ¢ = B1d¢,, is trivial: simply define

¢1 = b/B1; then B1]|& — 1| = |la — b]|, as desired. The case when b = a is also trivial:
just take (x = &, k= 1,..., N. In the remaining part of the proof we therefore assume
that a # b.

We now prove by induction that we can find probability measures (, € K, k =
, N, such that (7.6)) and ( . ) hold. Thus, let M > 2, and assume that if N = M —1,
then 1f a = Zk 1Bk§k where B > 0 and &, € K, k = 1,...,N, and if the measure b
belongs to O (S, F) and satisfies ||b|| = ||a||, then we can ﬁnd Ck, k=1,...,N,in K such

that (7.6) and (7.7)) hold.
Now, let N = M, let B, >0,k =1,.... M, let & € K, k =1,...,M, set a =
22/[:1 Br&r and suppose that b € Q5 (S, F) satisfies ||b|| = ||al|. Our aim is to find (g,

k=1,...,M, in K, such that (7.6)) and (7.7 hold.
Recall that we have assumed that a # b and hence ||a — b|| # 0. We define

—la—bll/2.
Define a; € Qx(S,F) by a1 = Zk 1 ' Bréy. Clearly [|a1]| = [lal| —
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Suppose that we can find a probability measure (s € K such that if we define

b1 =b— BumCur, (7.8)

then
b1 € Ox(S,F) (7.9)

and
la — bl = llar — b1|| + Barl|€nr — Car - (7.10)

From (7.9) and the definition of b; it follows that ||b1|| = ||b||—Bx = |la||—Ba = ||a1]| and
so, using the induction hypothesis, we can find probability measures (., k =1,...,M —1,
such that by = >0 * B¢, and

M-1
> Bellék — Cell = llax — bull; (7.11)
k=1

consequently, by (|7.10) and ,

M-1 M
la=bl = > Bullék — Gull + Barlléar = Carll =D Brllér — Gll,
k=1 k=1

and hence (7.6) and (7.7) hold with N = M.

To determine (s € K such that if we define by by (7.8]), then (7.9) and (7.10) hold,
we proceed as follows.

First, let Fy, F5 € F be such that F, = S\ F} and a(F N Fy) > b(F N Fy) for all
F € F satisfying F C F1, and o(F N Fy) < b(FNFy) for all F € F with F C Fy. We
write F1 ={F € F: F C Fi} and F, = {F € F : F C Fy}. Note that 2A = |ja — b|| =
sup{a(F) —b(F): F € F} +sup{b(F) —a(F): F € F} = a(Fy) — b(Fy) + b(Fy) — a(F}),
and since Fj U Fy =S, F1 N Fy, =0 and |a| = ||b|, it is clear that

A =a(F)) — b(F). (7.12)
Next, define a measure ¢ € Q5(5, F) by
c(F)=(a—a1)A(a—Db)(FNF), FELF, (7.13)
and set
Ay = c(Fy).

Since obviously ¢(F') < a(F)—b(F) if F' € Fy, it follows that ¢(F1) < a(F1) —b(Fy) = A
because of , and hence Ay < A. We now define (y; as follows:
CM(F):fM(F)fc(F)/ﬂM ifF€]'-1,
Cu(F) = &u(F) + (Ao/A)(B(F) —a(F)) /By if F € Fa.
We have to verify that (py € K. We first show that (yy € O (S, F). For F € F; we
find from the definition of ¢ (see (|7.13))) that
u(F) =&u(F) — c(F)/Bu = (a(F) — a1 (F) — c(F))/Bm = 0,

and if F € Fy, then obviously (a(F) > 0. Hence (3 € Q(S,F). Since a, b, ¢ and &y
belong to Q, (5, F), it follows that also (as € QA(S,F).
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To prove (jr € K, we need to show that (p/(S) = 1. Since
Cu(F1) = Eu(F1) — Ao/ Bu

and
Cu(F2) = Epr(F2) + (Ao /A)(b(F2) — a(F2)) /By = Em(F2) + Ao/ B,
we have (p(S) = & (F1) + & (F2) = 1, and hence (jy € K. We also find that
€0 — Carll = Enr (F1) — Car(F1) + Car (F) — € (F2)
= c(F1)/Bum + c(F1) /By = 280/ B (7.14)
Furthermore, if b; is defined by , we find that if F' € Fy, then
b1 (F) = b(F) = BuCu (F)
=b(F) = Buém (F) + ¢(F) = b(F) — a(F) + a1(F) 4 ¢(F)
=b0(F) + a1(F) + ((a — a1) A (a = b))(F) — a(F)
=b(F) + a1(F) — (a1 Vb)(F) > 0,
and if F' € Fa, then since Ay < A we obtain
bi(F) = b(F) — Baréar(F) — (b(F) — a(F))Ag/A
> b(F) — a(F) + a1(F) — (W(F) — a(F)) = a1 (F).
Hence is satisfied.
It thus remains to show that is satisfied. Since
b1(F) =b(F)+ ai1(F) — (a1 Vb)(F) < a1(F)
if I € F1, and as we just showed b1 (F') > a1 (F) if F' € F», we find that
lax — b1l = a1 (F1) — b1(F1) + b1 (F2) — ax(F2)
= a(F1) — Buén (Fr) — b(F1) + Bréar (Fr) — e(Fr)
+ b(F2) = Buén (F) — (Ao /A)(b(F2) — a(F2)) — a(F2) + Buém (Fo)
=a(F)) —b(F1) — Ag + b(Fy) — a(Fy) — Ag = 2A — 2/,

and since ||a — b|| = 2A and B||€nm — (]| = 2A0 because of ([7.14)), the equality (7.10)
holds and thus the proof of Lemma 7.3 is complete. m

Using Lemmas [7.3] and [7.2] it is now easy to conclude the proof of Theorem [7.1} Thus
let z,y € K and suppose u € Q"(K|x). We want to prove that for every ¢ > 0 we can
find a measure v € Q" (K|y) such that

di (p,v) <rlle =yl +e

Thus, let € > 0. From the general theory of measures we know, since (K,&) is a
complete, separable, metric space, that we can find a measure 1 € Q"(K, ) of the form
B = Z,ivzl Brde, such that dr (i, 1) < €/2, where &, k =1,..., N, belong to K, and
B >0for k=1,...,N (see e.g. [I2, Chapter 9]). From Lemma [7.2]it now follows that

/2> dic(p ) > llrz — By,
and from Lemma [7.3]it follows that we can find a measure v € Q"(K|y) such that

dc (p,v) = [[b(1) = ryl|-
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Then from the triangle inequality we have

i (p,v) < dic(p, ) + dre (p1,v) < €/2+ |[b(pa) = ry||
<€/2+ [b(ur) —ral +rlle —yll < €/2+€/2+ 7]z —y].
Hence, di (p, ) < r||z — y|| + € and thus Theorem [7.1]is proved. =

7.2. Completing the proof. By using Theorems and it is now easy to finish
the proof of the main theorem. We first prove the following corollary to Theorem

COROLLARY 7.4. Let H = {(S,F,d),(p,\), (A, A, 0),(m,7)} be a fully dominated, reg-
ular HMM and let P be the filter kernel.

(A) Suppose H is strongly ergodic with limit measure 7. Then for every n > 0 we can
find an integer N such that for every x € M there exists a probability v, € P(K|m)
such that for every u € Lip[K]| and every integer n > N,

[(u, 0. P™) = (u, va) | < 1y(w)- (7.15)

(B) If furthermore H is uniformly ergodic, then for every n > 0 we can find an integer
N such that for every x € K there exists a measure v, € P(K|r) such that (7.15))
holds for every u € Lip[K] and everyn > N.

Proof. Let x € K and 1 > 0. Let P denote the Markov kernel determined by (p, A). Since
‘H is strongly ergodic with limit measure 7, we can find an integer N such that if n > N,
then

oy (xP™, m) < n.
From Theorem [6.1] we deduce that
Sy (b(6,P™), ) <n if n> N, (7.16)
and Theorem then yields v € P(K|n) such that dx(6;P",v) < nif n > N, from
which we conclude that (7.15) holds if u € Lip[K|]. Thus part (A) is proved.
Next suppose that H is also uniformly ergodic with limit measure 7. Let n > 0. We
can then find an integer IV such that if n > N, then
(5Tv(l‘Pn, 7T) <n
for all x € K. Theorem shows that
Srv(b(6,P"),m)<n ifn>N (7.17)

for all z € K. From Theorem it then follows that for every x € K, we can find
v, € P(K|r) such that dgx(6,P",v,) < nif n > N, from which it follows that (7.15)
holds for all x € K if u € Lip[K]. Thus part (B) is also proved. =

COROLLARY 7.5. Let H = {(S,F,d), (p,N), (A, A, 0),(m,T)} be a fully dominated, reg-
ular, strongly ergodic HMM with limit measure w, let P be the filter kernel and suppose
that Condition E is satisfied. Then:

(A) The filter kernel P satisfies Condition C2.
(B) If furthermore H is uniformly ergodic, then P satisfies Condition C3.
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Proof. Let Py = P(K|r). By assumption, Py satisfies Condition E. Condition C2 then
follows from Corollary A). If furthermore #H is uniformly ergodic, it follows from
Corollary B) that also Condition C3 holds. m

Finally, the conclusions of Theorem now follow by combining Corollary
Proposition [5.22] Theorem Proposition Corollary Theorem [5.4] and The-

orem [3.1} Thus the proof of the main theorem is complete. m
REMARK 7.6. Consider the following condition introduced by T. Szarek [40].

DEFINITION 7.7. Let (K,&,d) be a complete, separable, metric space and let P be a
tr.pr.f. on (K, &, 0). If there exists xg € K such that for every open set O containing xg
there exists © € K such that

N
1
lim sup — P"(z,0) >0,

then we say that Condition £ holds.

Now from [40, proof of Proposition 2.1] and Theorem it follows that if a HMM
is a fully dominated, regular, strongly ergodic HMM and Condition £ holds, then there
exists zg € K such that {P"(zo,),n =1,2,...} is a tight sequence, and hence hypothesis
(B) of Theorem holds. Therefore, if we could show that the filter kernel P induced
by a fully dominated, regular HMM satisfying Condition E also satisfies Condition &, we
would be able to replace “weakly contracting” by “weakly ergodic” in part (A) of Theorem
[2:13] and we could omit the rest of the theorem.

8. On Condition E

Theorem has two evident weaknesses. The first is that the conclusion in part (A) is
only weak contraction and not weak ergodicity. This we have not been able to surmount.

The other weakness is that it is not easy to tell, by looking at the HMM under
consideration, whether Condition E is satisfied or not. We do believe that for most fully
dominated, regular HMMs Condition E does indeed hold, but as Examples and
show, there are exceptions.

The main purpose of this chapter is to introduce more easily verifiable conditions
that imply Condition E. To this end we shall use some estimates for iterations of integral
kernels.

8.1. Estimates of iterations of integral kernels. Let (5, F,d) be a complete, separa-
ble, metric space and let A be a positive, o-finite measure on (S, F). If k: S x S — [0, 00)
is a nonnegative, measurable function defined on S x S such that

sup{/sk(s,t) Adt) s s € s} < 0,

then we call k a density kernel with respect to \. We denote by D[S x S| the set of all
density kernels with respect .
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DEFINITION 8.1. Let k € D[S x S]. We say that k has rectangular support if there exist
F,G € F such that A(F),A\(G) > 0, and if (s,t) € F x G then k(s,t) > 0, while if
(s,t) € F x G then k(s,t) = 0. We call F x G the rectangular support of k.

REMARK 8.2. In case S is a finite set, the notion of rectangular support is equivalent to
the notion of subrectangular matrix introduced in [2I]] and used implicitly in the definition
of Condition A presented in the introduction (Section |1.2)).

The following theorem is a generalisation of [2I, Lemma 6.2].
THEOREM 8.3. Let (S, F,d) be a complete, separable, metric space and let X be a positive,
o-finite measure on (S, F). Let ky,, m =1,...,n, n > 1, be density kernels belonging to

D[S x S] having rectangular supports Fp, X Gy, m=1,...,n, where A(F,)A(Gy,) > 0,
m=1,...,n. Let K,,, : S x F — [0,00) be defined by

K, (s,E) = / km (s, t) A(dt),
E
and form =1,...,n, define K™" : 8 x F — [0,00) recursively by K™™ = K,, and

Km_l’n(S,E) _ / kmfl(s,t)Km’n(t,E) )\(dt)7 m=n,n—1,...,2. (81)
S

Set K" = K", and for x € P(S,F), let tK™ € Q(S,F) be defined by xtK"(E) =
Js K" (s, E) z(ds).
Now suppose that there exist k,, > 1 such that for 1 < m < n,

km(sl,tl)km(827t2) ,
81,82 € Fpy, t1,t2 € Gy ¢ < K. 892
o {k7'L(827t1)km(31,t2) 51, 82 1,02 K ( )
Suppose also that
I(n(s7 S) >0 (83)

for all s € Fy.
If v,y € Q(S, F) are such that x(Fy),y(F1) >0 and n > 1, then

’ zK" yK" -

[eK™(| [lyEK™|
Proof. We first state the following lemma.
LEMMA 8.4. Let n > 1, and let ky,, Ky, K™", m = 1,...,n, and K" be as in Theo-
rem B3l Then

su K”(SI,E) . Kn(SQ»E)
K"(Sl, Gn) Kn(SQ; Gn)

Km — 1

<2 o
m=1 Km+1

(8.4)

Km — 1

(8.5)

ZSl,SQGFl,EG.F}<H .
mzlﬁm"f'l

Proof. The lemma is a simple consequence of the following proposition, which is a special
version of a result due to E. Hopf from 1963 (see [I7, Theorem 1]).

PROPOSITION 8.5. Let (S, F, ) be a complete, separable, metric space, let X be a positive,
o-finite measure on (S, F) and let k € Dy[S x S] be a density kernel with rectangular
support F' x G. Suppose that there exists k > 1 such that

sup { k(Sl, tl)k(327t2)

51,59 € F, t1,ty € Gy < K2
k(SQ,tl)k(Sl,tg) 51,92 12 }_K
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Let v € B[S] be nonnegative, let u € B[S] be nonnegative such that u(t) > 0 if t € G, and
suppose that sup{v(t)/u(t) : t € G} < 0o. Define uq,v1 : S — [0,00) by

ul(s):/sk(s,t)u(t) A(dt) and vl(s):/sk(s,t)v(t) A(dt).

n)_molo (v
osCp w) S H+1OSCG ok
By Proposition for every E € F,
K,(E) Kp — 1
a < .
OSCF,, (Kn(7 Gn) = K + 15

using the integral representation (8.1)) and Proposition the inequality (8.5)) now fol-
lows easily by induction, proving Lemma [8:4] m

Then

To conclude the proof of Theorem [8.3| we argue as follows. (The argument is inspired
by an argument in [I3].)
Let x,y € Q(S,F) with z(F),y(F1) > 0. We write K™ = U. We want to prove that

if n > 1, then
Let £ € F. Then
2U(E) :/ U(s, E) (ds) :/ U(s, E)

—1
||$UH IIyUIH fﬂm+1

U] = ), 200G (s, G %)
where —
a(ds) = Mz(ds)

Evidently a € P(S,F).

In a similar manner we can write

WE) [ UsE)
WUl /F U(s, Gy P4
where 8 € P(S, F) is defined by
~U(s,Gn)
B(ds) = JU G y(ds)

Hence, by (2.1 ,

2U(E) ‘ ’ [ U, E) ‘

Ed ||yU|| /F s G o(ds) /F (s, G 1%

U(s1,E)  U(s2, E) 1
< _ : 1. .
_Sup{U(ShGn) U(SQ,Gn) $1,89 € Fy 2||04 ﬁH’ (8 6)

and since ||a — 8| < 2 and holds for all £ € F, Lemma implies (8.4). =

8.2. Couplings of RSCCs. As described in Chapter [ the filter kernel induced by
a fully dominated regular HMM is equal to the Markov kernel associated to the RSCC
induced by the HMM (see Observation [4.6)).
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In this section we shall define couplings of RSCCs, and in the next section we shall
define the Vasershtein coupling of a RSCC.
Let R = {(K,E), (A, A),h,Q} be a RSCC. If a RSCC
R ={(K* ), (4% A%), 1, Q}
has (K2,£%) as state space, has (A2, A?) as index space, the response function h :
K? x A2 — K? satisfies

R((2,y). (a,b)) = (h(z,a), h(y,b)), (8.7)

and the index probability function Q : K2 x A2 — [0,1] satisfies
Q((z,y),B x A) =Q(z,B), V(z,y) € K%, VB e A, (8.8)
Q((z,y),Ax B)=Q(y,B), V(x,y)e K> VBe A, (8.9)

then we call R a coupling of R.
If the index probability function Q : K2 x A% — [0, 1] satisfies

Q((.’L’,y),Bl X B2) = Q(x7B1)Q(yaBQ))7 V%y S K7 vB17BQ S A7

then we call R the trivial coupling of R.

Now let P : K x & — [0,1] be the Markov kernel (see ({.2))) associated to a RSCC
R ={(K,&),(A,A),h,Q} and let P: K2 x £2 — [0,1] be the Markov kernel associated
to any coupling R of R. Then clearly for any pair (1, v) in P(K,E) and any n > 1, if we
define i = p ® v, then iP" is a coupling of uP" and vP".

Since the filter kernel P induced by a fully dominated, regular HMM # is equal to
the Markov kernel associated to the RSCC induced by H, a natural approach to verify
Condition E is to find a useful coupling of the RSCC associated to the HMM under
consideration.

It turns out that the trivial coupling is a good candidate in many cases. However,
there is another coupling which is useful; we call it the Vasershtein coupling of a RSCC,
and define it in the next section. For simplicity we restrict ourselves to RSCCs for which
the index tr.pr.f. @ is determined by a continuous density function ¢ : K x A — [0, 00)
and a base measure 7 € Q% (A4, A).

8.3. The Vasershtein coupling of a RSCC. Let (K,&,0) and (A4, A, ¢) be complete,
separable, metric spaces, let R = {(K, &), (A,.A), h,(¢q,7)} be a RSCC with a continuous
index probability density function g : K x A — [0, c0) and base measure 7, let ) denote the
index tr.pr.f. determined by (¢, 7), and let P denote the associated Markov kernel defined
by [£2). Let D = {(a,b) € A% : a = b}. The set D is measurable, since (4,4, o) is a
complete, separable, metric space. For x,y € K, define C(z,y) = {a : q(z,a) > q(y,a)},
Cao(z,y) = A\ Ci(z,y) and C?(x,y) = {(a,b) € A% : a € Ci(z,y), b € Ca(x,y)}. For
B e A% weset II(B) = {a € A: (a,a) € B}. Then A;(z,y) and As(z,y) are measurable
since ¢ is continuous, and II(B) € A since D is measurable and so is the mapping
¥ : A — A? defined by ¥(a) = (a,a).

Next, define ¢ : K x K x A — [0,00) by ¢(z,y,a) = min{g(x,a),q(y,a)}, and for
z,y € K set A(z,y) = [,(q( — G(z,y,a)) 7(da). We define Qy : K2 x A% = [0,1] by
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Ov (). B) = /H R CRIRD

+ / / (a(z,a) — iz, 9, @) (q(z.b) — d(z,9,b)) 7(da) 7(db)/A(z,y),  (8.10)
BNC?(x,y)

where the last term is omitted if A(z,y) = 0.

It is easy to verify that Qv is a tr.pr.f. from (K2, £2) to (A2, A2), and Qv ((z,y),-) is
well-known to be a coupling of Q(z,-) and Q(y,-) for all z,y € K (see [33] Section 1.5]).
We call Qy : K2 x A% — [0,1] the Vasershtein coupling of (q,7) (or of Q), and call the
RSCC

7?’\/ = {(K27 52)7 (A2’ -A2>7 iL, QV}v
where h : K2 x A2 — K? is defined by and Qv is defined by , the Vasershtein
coupling of the RSCC R. We denote by Py the Markov kernel associated to Ry .

REMARK 8.6. The original paper using the Vasershtein coupling is [42]. For an early
application of the Vasershtein coupling to RSCCs see [23], where it is used in proving
convergence in distribution, the law of large numbers and the central limit theorem for
the state sequence of a RSCC. In [24], Section 7|, the Vasershtein coupling is used to prove
a classical result by Karlin (see [29]), and in [24] it is also applied to convergence rate
problems for continued fraction expansions. M. Sleczka [38] used the Vasershtein coupling
to prove that the rate of convergence of the distributions of the state sequence of a RSCC
to a unique limit distribution is geometric for RSCCs with a complete, separable, metric
state space and a finite index space, if moreover the index probability function is strictly
positive and an arithmetic mean contraction property holds.

An important property of the Vasershtein coupling QV is described in the next propo-
sition, which follows immediately from the definition.

PROPOSITION 8.7. Let (K,&,9) and (A, A, o) be complete, separable, metric spaces, let
{(K,E), (A, A),h,(q,T)} be a RSCC such that ¢ : K x A — [0,00) is continuous, and let

7~?'V = {(K27 52)7 (AQa A2)a B7 @V}
be the Vasershtein coupling of R.

Suppose that there exist a measurable set Ko C K, a measurable set B C A and
positive numbers n and B such that

(1) 7(B) =5,
(2) inf{q(z,a) : (z,a) € Ky x B} =n.

Then
QV((%?J)v{(fl’a)3a€B})Z775, Vm,yeKo-
Proof. Let z,y € K. From the definition li of Qv it follows that
Qv((@.w) (@) sa€ BY) = [ minfa(s,a).q(0. )} 7(da) = 5.
B

In order to find conditions implying Condition E of Theorem we will use Propo-
sition 8.9 below.
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We first prove the following lemma. Recall that in Section we gave a slightly
broader definition of Condition E (see Definition than in Section The definition
of the nth iterate of a RSCC was given in Section
LEMMA 8.8. Let (K,E,0) and (A, A, o) be complete, separable, metric spaces, let R =
{(K,&),(A,A),h,(q,7)} be a RSCC such that q : K x A — [0,00) is continuous, and
let P: K x& — [0,1] be the associated Markov kernel. For n = 2,3,..., let R" =
{(K,&), (A™, A™),h™, (¢™,7™)} be the nth iterate of R and assume that q" : K x A™ —
[0,00) is continuous for all n > 2.

Suppose that Py C P(K,E) is such that for every p > 0, there exist an integer N,
Ky €&, Be AN, and positive constants &, B and 1 such that

(1) pu(Ko) > € for all € Py,
(2) T™(B) > B,
(3) ifx € Ko and a” € B, then
¢~ (z,a™) > 1, (8.11)

(4) if 2,y € Ko and a™ € B, then

500 (2, ™), 1Y (g, a™)) < p. (8.12)
Then (Po, P) satisfies Condition E.
Proof. Let p > 0. Choose the integer N, Ky € £, B € AN and &, 3,7 > 0 such that
hypotheses (1)—(4) hold.

Let RN = {(K, &), (AN, AN), N (g™, 7V)} be the Nth iterate of R. From the hy-
potheses of the lemma we know that ¢V : K x AN — [0, 00) is continuous. Therefore we
can define the Vasershtein coupling R of RY.

Now let p1, v € Py, and let RY = {(K?2,E2), (A2, A2N) AN QN1 be the Vasershtein
coupling of RY. Set

B ={(aV,bV) e AN x AN . oV =b" oV € B}.

Since 7V (B) > 8 and ¢V (z,a") > n if x € Ko and a’¥ € B, Proposition shows that

QV((z,y), B) > np
if x,y € Ko. Now let

D, ={(z1,22) € K x K : 6(z1, 22) < p},
AN(D,) = {(a™,b") € AN x AN - (N (z,a™), N (y,bV)) € D, },
and let I:’v, ~ be the Markov kernel associated to the RSCC 7%{}’ . From the definition (4.2]
and the fact that B ¢ AV (D,), it follows that
Pyn((,9), D,) = Q¥ ((w,y), AN(Dy)) > Qv ((x,y), B) = fn.
Hence, if we define fi = u ® v and set a = £2/31, then
APy (D) > €0 = a,

since fi(Ko x Kp) > €2. Since PY) = PN where P®Y) denotes the Markov kernel asso-

ciated to RN, and jiPy y is a coupling of uP™) and vPN) it follows that Condition E
holds. =
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The following proposition now follows almost immediately from Lemma Recall
that the nth iterate of a fully dominated HMM was defined in Section [3.1

PROPOSITION 8.9. Suppose that H = {(S,F,d0), (p, \), (4, A, 0),(m,7)} is a fully dom-
inated, regular, strongly ergodic HMM with limit measure 7, and for n = 1,2,... let
H™ = {(S,F, ), (p"™ \), (A", A", o(™), (m™,7™)} be the nth iterate of H. Let Myn :
Or(S,F) = Qa(S,F) denote the stepping function (for H™) determined by a™ € A™.

Suppose that for every p > 0 there exist an integer N, Ko € £, B € AN and positive
constants €, B and n such that

(a) u(Ko) > & for all € P(K]r),

(b) 7(B) = B,

(c) if z € Ko and o™ € B, then
[ M| = n, (8.13)

(d) if 2,y € Ko and a™ € B, then

xM,~ xM,~

leMon || e Mgn ||

’ < p. (8.14)

Then Condition E is satisfied.

Proof. Forn =1,2,..., let Ry» = {(K, &), (A", A"), b, (¢, 7™)} denote the RSCC
induced by H"™. Let P : K x & — [0,1] be the filter kernel induced by #, and let Q be
the tr.pr.f. associated to Ry:1.

Since, for n > 2, ‘H" is a fully dominated, regular HMM if so is H, it follows that
g™ : K x A" — [0, 00) is continuous for all n > 2.

Furthermore since
o xMaN

[l M ||
if ||xMy~]| > 0, the hypotheses of Lemma [8.8| are satisfied with Py replaced by P(K|r).
Hence Lemma [8.8] implies that (P(K|r), Q) satisfies Condition E. Since the filter kernel
P is equal to Q, Condition E of Theorem [2.13] is satisfied. m

9™ (@,a") = |lzMux | and  hV(z,aN)

8.4. On HMMs with finite or denumerable state space. The purpose of this
section is to verify that both Theorem of Section and Theorem 1.1 of [26] are
special cases of Theorem [2.13

PROPOSITION 8.10. Let H = {S, P, A, R} be an ordinary HMM such that S and A are
finite sets and the tr.pr.m. P is aperiodic and irreducible. Suppose also that Condition
KR is satisfied. Then Condition E is satisfied.

Proof. As in Section for each a € A we define the stepping matrix M (a) induced by
a € A as
(M(a))i; = (P)ij(R)ia, Vi,j€S.
For a™ € A™ we write M(a™) = M (ay) --- M(ay).
Since the hidden Markov chain is an aperiodic, irreducible Markov chain on a finite
state space, it has a unique stationary probability vector, which we denote by 7. Using
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moreover Condition KR, it is not difficult to prove that for every p > 0 we can find an
integer N, elements by,...,by in A, an element ¢ € S and a number n; > 0 such that

e the (i,7)th entry of the matrix M (bY) satisfies
(M(bN))zz =M,

e if 2,y € K are such that (z); > (7);/2 and (y); > (7);/2, then
aMON)  yM(ON)
lzMON) - yM BN
(Note that (m); > 0 for all j € S since the hidden Markov chain is irreducible.)

< p.

Therefore, if {(K, &), (AN, AN),AN) (¢(N) 7N} denotes the RSCC associated to the
Nth iterate of H, and we define B C AN by B = {(b1,...,bn)}, then clearly 7V(B) = 1,
since we assume that 7 is the counting measure when the observation space is finite. If
we define

Ky = {.’L‘ e K: ({,C)z > (7T)Z/2}
and set (7);/2 = &, then u(Ky) > £ by Lemma Furthermore, if we set n = 1€, we
find that if z € Ky and o’ € B, then
9™ (@,a™) = &M (™) > ém =,
and if also y € Ky, then
Hence the hypotheses of Proposition are fulfilled, and thus Condition E is satisfied. m
In order to prove a similar result for the case when the state space is denumerable, we

need to replace Condition KR by a condition more suitable for denumerable state spaces.
One such condition is the following one, introduced in [26].

DEFINITION 8.11. Let H = {S, P, A, M} be a HMM such that S and A are denumerable
sets and the tr.pr.m. P is irreducible, strongly ergodic with limit distribution 7. We say
that H = {S, P, A, M } satisfies Condition B if the following holds:

For every p > 0, there exists ig € S such that for any compact set C C K satisfying

w(C Nz (2)iy = ()io/2}) 2 (7)iy /3, Vi € P(K]m), (8.15)
there exist an integer N and a sequence by, ...,by such that
o [[0;, M(Y)| >0,
e ifzeCn{z: (v), > (7)i/2} then
xM(bY) 8ig M (DY)
=MV |510M @M H

where as above M(bY) = M(by)--- M(by) and M (b = 1,..., N, denotes the
stepping matrix associated to b,,.

REMARK 8.12. Since (K, £) is a complete, separable metric space when S is denumerable,
and P(K|m) is a tight set if 7 is finite-dimensional, it follows easily from Theorem
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that P(K|m) is also tight when  is infinite-dimensional. Lemma [6.3| then shows that we
can always find a compact set C such that (8.15) holds.

PROPOSITION 8.13. Let H = {S, P, A, M} be a HMM such that S and A are denumerable
sets and the tr.pr.m. P is aperiodic, irreducible and strongly ergodic with limit distribu-
tion w. Suppose also that Condition B is satisfied. Then Condition E is satisfied.

Proof. Let p > 0. Set p; = p/2. Choose igp € S and a compact set C C K such that

holds. We can do this since Condition B is satisfied. Let Ky € £ be defined by

Ky =Cn{z: (x)i > (7)i/2}. Note that (m);, > 0 since the hidden Markov chain

is irreducible. From Condition B it follows that we can find an integer IV and elements

bi,...,by in A such that if we define M(b™) = M (by)--- M(by) then ||6;, M (b™)|| > 0,
oM (bV) 8io M (DY)

and if x € Ky then
‘ l=dM V)] ||510M M)l

Now let {(K,&), (AN, AN),hM) (gN) 7N)1 denote the RSCC associated to the Nth
iterate of H, and define B C AN by B = {(b1,...,bn)}. Then clearly 7V (B) = 1, since
we assume that 7 is the counting measure when the observation space is denumerable.
Moreover, if we define £ = ();,/3, then

N(KO) Z fa V,u € P(K|7T)v

i<

because of Condition B.
Therefore, if we define

n= ||610M(bN)H<7T)20/2ﬂ
we find that if ¢V € B and z € Ko, then ¢ (z,a™) = |zM (V)| > n and

1R (@, a) — B (g, )| = \

aM(bY) yM(bN)
lzM M) TlyM (V)] H

zM(N) 8ig M (DY) yM (™) 8ig M (DY)
lxM ()] |5ZOM (6N ||H lyM (™)l ||510M M

Hence all the hypotheses of Proposition [8.9] are fulfilled, and thus Condition E is satis-
fied. m

< 2p1 =p.

8.5. Condition P. Although the hypotheses of Proposition [8.9] are more explicit than
Condition E, in concrete situations it is not yet obvious how to verify them.

The purpose of this section is to introduce another set of conditions for fully domi-
nated, regular HMMs which imply Condition E and which in concrete situations might
be easier to check.

DEFINITION 8.14. Let H = {(S,F,d0}, (p, A), (A, A, 0),(m,T)} be a fully dominated,
regular HMM with stationary measure . If there exist Fy € F and By € A such that

(1) m(Fp) >0,

(2) 7(Bo) > 0,

(3) there exist positive numbers dy, Dy and By such that for every a € By there exists
Fy(a) € F such that
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then we say that H satisfies Condition P.

REMARK 8.15. The idea of Condition P comes from Kochman and Reeds [30] and their
proof of the fact that Condition A of [2I] (see Section implies that their “rank one
condition” holds.

REMARK 8.16. Condition P, as introduced above, is a rather straightforward generalisa-
tion of a similar condition introduced in [25, Section 9], for a HMM with denumerable
state space.

THEOREM 8.17. Let H = {(S,F,d0), (p,N), (A, A, 0),(m,7)} be a fully dominated, reg-
ular, strongly ergodic HMM with stationary measure w. For n = 1,2,..., let H" =
{(S, F,d0), (™, \), (A", A", o)), (m™, 7™)} be the nth iterate of H. Suppose there ex-
ists an integer No such that HNo satisfies Condition P. Then Condition E is satisfied.

Proof. Obviously we may assume that Nyg = 1. Let Fy, By, m : S x S x A — [0,00),
do, Do, no and Fi(a), a € By, be such that the hypotheses of Condition P are satisfied.
Forn=1,2,...,let Myn : Qx(S,F) = Ox(S5, F) denote the stepping function (for H™ )
determined by a™ € A™.

Now let p > 0. In view of Proposition 8.9 we want to prove that there exist an
integer N, a set Ky, a number £ > 0, a set B € AV, and numbers 3,7 > 0 such that

(i) uw(Ko) > € for all p € P(K|r),
(i) 7N(B) > B,
(iii) for all z € Ky and all a” € B we have ||[zM,~|| > 7,
(iv) for all z,y € Ky and a” € B,
l‘MaN yMaN

‘ leMan || [ly Mo~ |

The choice of Ky is simple: Ko = {zx € K : 2(Fy) > w(Fp)/2}, where Fy is determined
by Condition P. Since 7(Fp) > 0, Lemma shows that if we set £ = 7(Fp)/2, then
w(Ko) > € if p € P(K|r), and hence hypothesis (a) of Proposition is fulfilled.

Next, set kK = Dg/dg where dg and Dy occur in hypothesis (c) of Condition P, and let
Ip, : S — {0,1} denote the indicator function of Fy. From the hypotheses of Condition P
it follows that if a € By and we define m, : S x S — [0,00) by mq(s,t) =m(s,t,a)lr,(s),
then m, has rectangular support Fy x Fi(a) and

‘ <p. (8.16)

ma(517t1)ma(82,t2) )
: 81,82 € Fy, t1,t2 € F} < K2 8.17
o {ma(82,t1)ma(sl7t2) S1, 52 0, t1,102 1(a) K ( )
We now simply define
k—1\"
N = mi >1:2( — 8.18
mln{n_ (H+1) <p}, ( )

and define the set B in AN by B = By x --- x By, where B; = By,i=1,...,N.
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By setting 8 = 7(Bo)" we find that 7™ (B) = 8 > 0, and hence hypothesis (b) of
Proposition is fulfilled.

Next, let # € Ko and ¢ € B. Then |[zM,~|| = [y [¢m” (s, t,a’) 2(ds) M(dt). From
hypothesis (c) of Condition P it follows that if s € Fp, then

/mN(s,t,aN) (dt) >d{)VH>\ ai)) > dy BY.
S

i=1
Therefore, if we define

n = (n(F)/2)dg 5
and use the fact that «(F) > n(F)/2 if z € Ky, we find that

IxMaNH>//m (s,t,a™) x(ds) M(dt) > n

Hence hypothesis (c) of Proposition [8.9is fulfilled.

It remains to show that if 2,y € Ky and (ay,...,an) = a” € B, then (8.16) holds.
But this follows immediately from Theorem and the definition of N (see (8.18)).
Hence also hypothesis (d) of Proposition is satisfied, and hence Condition E holds by
Proposition [8.9] m

9. Examples

Our first example is obtained by making a denumerable partition of the state space.

ExXAaMPLE 9.1. Let Hy = {(S,F,d0), (p, ), (4, A, 0), (m,7)} be a fully dominated, regu-
lar, strongly ergodic HMM with limit measure 7 such that A is a denumerable set, g is
the discrete metric and 7 is the counting measure. Suppose also that

e for each a € A there exists a set S, € F such that A(S,) > 0,
e J,Sa=Sand S;NS,=0ifa#b,
e for each a € A,

m(s,t,a) = p(s,t)Ig,(s),

where Ig, : S — {0,1} denotes the indicator function of the set S,.

THEOREM 9.2. Let H1 = {(S,F,d), (p,A), (A, A, 0),(m,7)} be the HMM defined in
Ezxample let P denote the induced filter kernel, and for n = 2,3,..., let H} =
{(S, F,d0), (™, \), (A", A", o)), (m™, 7)} be the nth iterate of H;.

Suppose that there exist an integer N, ag € A, b = (by,...,by) € AN such that
by = ag, and positive numbers dy, Dy satisfying dg < Dq, such that w(Sa,) > 0 and

do <mN(s,t,b) < Dy,  V(s,t) € Say X Saq-
Then the filter kernel P is weakly ergodic.

Proof. We shall first verify that H fulfills the hypotheses of Condition P.
First, let Fy = S,,. By assumption 7(S,,) > 0, and therefore obviously 7(Fp) > 0.
Hence hypothesis (1) of Condition P is satisfied with this choice of Fp.
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Next, set B = {b™}. Since 7 is the counting measure, 7%V (B) = 1 > 0; hence hypoth-
esis (2) of Condition P holds.
Now define Fy(ag) = Fy. Evidently Fi(ag) C Fp. Since 7w(Fp) > 0 and

w(Fy) = /F p(s,t) w(ds) M(dt) < DoA(Fo)7w(Fp),

it follows that A(Fp) > 0. Hence (3a)—(3b) of Condition P are satisfied.

Further, since m(s,t,a0) = p(s,t) if (s,t) € Fy x Foy, and m(s,t,a9) = 0 if (s,t) €
Fy x (S\ F), it is clear that (3¢c)—(3d) hold. Hence Condition P is satisfied.

Theorem Proposition and Theorem [2.13|now imply that the filter kernel P is
weakly contracting. If furthermore the Markov chain is uniformly ergodic, then hypothesis
(D) of Theorem is fulfilled and hence P is weakly ergodic.

In order to prove that the filter kernel is weakly ergodic without this extra assumption,
we shall use a result of [40]. We shall show that the following condition is satisfied.

CONDITION E1. There exists xg € K such that for every € > 0,
liminf P"(x, B(xg,€)) >0, VzeK, (9.1)
n—oo

where B(xg,€) = {y € K : drv(xo,y) < €}.

Once we have verified Condition £1, it follows from [40, Proposition 2.1 and Theo-
rem that {P"(xq,-), n = 1,2,...} is a tight sequence, since obviously Condition £1
implies Condition & of [40]. (Condition € is also formulated at the end of Section [7.2])
Then the filter kernel is weakly ergodic by Theorem C).

To verify Condition £1 we argue as follows. Set Fy = S,,, define k : Fy x Fy — [0, 00)
by k(s,t) = m™(s,t,b"), define K : S x F — [0,00) by K(s,F) = [gk(s,t) A(dt)
and set K = Dg/dy. Since dy < m™(s,t,bV) < Dy if (s,t) € Fy x Fy, there exist a
function ¢ : Fy — (0,00) satisfying fFo q(t) AM(dt) = 1 and a number 8 > 0 such that
Jr, B(s:1)q(t) A(dt) = Bq(s) (see e.g. [1T]). Moreover, if we define z9 € K by

2o(F) = /F a(t) A(dt),

it follows from Theorem that for any = € K such that z(Fp) > 0,

‘ cK™ (Fc—l)"
<20 —— ) .
- k+1
Now let € > 0. Define

leK"
K 1 n—1
. - N,
Nozmln{n>2:2(li+1) <e}, a = dyNFp).

It follows that if 4 € P(K, E) satisfies
p({z € K : z(Fy) > 0}) > n(Fp)/3, (9.2)

Zo

then
pPNN(B(xg, €)) > an(Fy)/3. (9.3)
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Therefore, if for every x € K we could find an integer N7, which may depend on z, such
that

P"(x,{z: z(Fo) > 0}) > w(Fp)/3, Vn> Ny, (9.4)

then ((9.1) would follow and hence Condition £1 would be satisfied.
Thus let x € K. To find N; such that (9.4) holds, we shall use Theorems and
From Theorem [6.1] it follows that we can find an integer Ny such that

6(6,P™) — || < w(Fp)/6, V¥n> Ny,
and Theorem [7.1] shows that
inf{dg (6, P",v): v e P(K|r)} < w(Fp)/6, n > Ni. (9.5)

From Lemmal6.3[we also know that v{z : z(Fy) > w(Fp)/2} > w(Fp)/2 for allv € P(K|n),
which together with (9.5) implies that

P"(x,{z: z(Fo) > 7(Fu)/2}) > w(Fp)/2 — w(Fp)/6 = w(Fy)/3 (9.6)
for n > Nj. Thus (9.4) is proved and the proof of Theorem 9.2 is complete. m

REMARK 9.3. It is clear that the HMMs of Examples [2.15] 2.17] and [2.1§] all fulfill the
hypotheses of Example but only the HMM of Example also fulfills the hypotheses
of Theorem

COROLLARY 9.4. Suppose H1 = {(S,F, %), (p,\), (A, A, 0), (m,T)} satisfies the hypothe-
ses of Theorem . Suppose also that A is finite. Set H} = Hi, and for n = 2,3, ...,
let H} = {(S,F,6), (p",\), (A", A", (™), (m™,7™)} denote the nth iterate of H,, and
form=1,2/... and a™ € A™, let Myn : Qx(S,F) — Qr(S,F) be the stepping function
determined by a™ € A™.
Let h :[0,1] — [0,1/(e - In(2))] be defined by

h(t) = —tln(t)/In(2) if 0<t <1 and h(0)=0. (9.7)

For x € P\(S,F), let {Y,s, n=1,2,...} denote the observation sequence generated by

the HMM H1 and the initial distribution x, and for n = 1,2,... and x € K, define the
entropy of Yy » by

H'YVia)= 3 h(lleMon])),

aneAn
and forn =2,3,..., define the entropy rate HE(Y;z) of Yo 4 by
HYY;2) = H" W (Y;2) — H(Y; ).
Let K = Py(S,F), let £ be the Borel field induced by the total variation distance, and let

P: K x&—10,1] be the filter kernel induced by H;.
Then

(a)
Hy (Vo)=Y /K WM, ) P" (z, d2), (9.8)

acA
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(b) there exists a unique measure n € P(K,E) such that for x € K,
lim H3(Vi) = 3 [ w0l d2).
n (o] aeA K

Proof. (a) follows easily from the scaling property (3.2) and formula (3.6); and (b) fol-
lows by combining , Theorem and the fact that for each a € A the function
he : K — [0, 1] defined by h,(y) = h(|lyM,||) is continuous. m

REMARK 9.5. Since the HMM considered in Example fulfills the hypotheses of The-
orem it is clear that the entropy formula (2.14) holds.

Before we present our next example we recall the following notation. If A and B are
two sets we let A A B be the set consisting of those elements that belong either to A or
to B, but not to both.

EXAMPLE 9.6. Let Ho = {(5,F,d0), (p, ), (4, A, 0),(m,7)} be a fully dominated HMM
such that the probability density kernel m : S x S x A — [0,00) can be written as

m(sv t, a) = p(Sa t)T‘(t, a’)a

where 7 : S x A — [0,00) is a measurable function satisfying

/ r(t,a)T(da) =1, VteS.

(Hz is thus an ordinary HMM (see Section [2.3).)
We assume that

sup{p(s,t) : s,t € S} < oo, sup{r(t,a):te€ S, a€ A} <.

For each a € A, set Sy(a) = {t : r(t,a) > 0}. We assume that A(S4(a)) > 0 for all
a € A. We also assume that the probability density kernel r is such that for every € > 0
we can find an 1 > 0 such that if o(a,b) < n, then

A(S4(a) A Sy (b)) < e (9.9)

and
[r(t,a) —r(t,b)| <€, VteSi(a)NSi(b). (9.10)

PROPOSITION 9.7. Let Ho be as in Example[0.6] Then Hs is regular.

Proof. We need to prove that M : Q,(S,F) x A — Q,(S,F) is a continuous function
where

M (z,a)(F) = /S /F p(s,)r(t, @) M(dt) 2(ds).

That M is continuous in the first variable follows easily from the boundedness condi-
tion regarding the probability density kernel 7.

That it is also continuous in the second variable follows easily from and
together with the hypothesis that both r: S x A — [0,00) and p : S x S — [0,00) are
uniformly bounded. Since the proof is elementary we omit the details. m
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THEOREM 9.8. Let Ho = {(S,F,d0), (p,\), (A, A, 0),(m,7)} be the HMM defined in
E'a:ample set Ho = H3, forn=2,3,... let

H; = {(Sv 5, 60)? (pn, /\)’ (Anv A", Q(n))v (mn’ Tn)}
be the nth iterate of Ha, and let P denote the filter kernel induced by Ho. Suppose that

(a) the HMM Hs is strongly ergodic with stationary measure 7;
(b) there exists Fy € F, an integer N, By € AN, and numbers By, c > 0 such that

Then the filter kernel P is weakly contracting.
If furthermore Ho is uniformly ergodic, then P is weakly ergodic.

Proof. Let N be the integer mentioned in the theorem. It suffices to verify that the HMM
HY satisfies hypotheses (1)-(3) of Condition P.
We shall verify these hypotheses when Fy, By, 8y, dy are as in the hypotheses of The-

orem [9.8] Fi(a™) = S;((a")n), and
Dy = sup{(p(s,t)r(t,a))N : s,t € S, a € A}. (9.11)

Since 7(Fp), 7V (By) > 0, hypotheses (1) and (2) of Condition P are satisfied. Since
AFi(a™)) > By for all a¥ € By because of (iv), hypothesis (3b) of Condition P is
satisfied. From (iii) we also know that Fy(a") C Fp if a¥ € B, and hence (3a) of
Condition P is satisfied. Furthermore, from the definition of S*(a) we can also conclude
that if o’ € B and t ¢ Fy(a”), then m(s,t,a”™) = 0 for all s € S and in particular for all
s € Fy. Hence (3d) of Condition P is satisfied. Finally it is obvious that (3¢) of Condition
P holds when dj is as in (v) and Dy is defined by . Hence, also hypothesis (3) of
Condition P is satisfied. The conclusion of the theorem now follows from Theorems 817
and "

REMARK 9.9. It is easy to show that the HMM considered in Example of Section
fulfills the hypotheses of Theorem

10. Discussion

10.1. On entropy. Consider a fully dominated, regular, strongly ergodic HMM
H= {(57 ]:a 60)7 (pa )‘)a (A7A7 Q)) (m77—)}

with finite state space. Let z € Py(K, &) and let {Y,, ,, n = 1,2,...} denote the obser-
vation sequence generated by the HMM H and the initial distribution . Let P denote
the induced filter kernel, let h : [0,1] — [0,1/(e - In(2))] be defined by (9.7)), and for
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n=1,2,... define

Hp(Yia) = 3 [ h(lal) P, d2).

a€A

Is it always true that there exists a constant hg such that

lim HE(Y;x) = ho, Ve Pr(K,E)? (10.1)

n—oo
Recall that Blackwell’s conjecture was that if a HMM has a finite state space and is
determined by a lumping function and the tr.pr.m. determining the hidden Markov chain
is indecomposable, then the filter kernel has a unique invariant measure. As pointed out
in the introduction this is not in general true, but it seems likely that the exceptional
cases are so special that the relation still might be true.

10.2. Convergence rates. Consider again a fully dominated, regular, uniformly ergodic
HMM H = {(S, F,do), (p, A), (4, A, 0), (m, 7)} with limit measure 7, let P : SxF — [0, 1]
be the tr.pr.f. determined by (p, A), and let P denote the induced filter kernel. Let a > 0
and suppose that

nh_)rrolo sup{n®||P"(s,") — 7| : s €S} =0

and H satisfies Condition P. Let p be the unique invariant of the filter kernel P. Does it
then follow that
lim n’dg(P"(z,-),n) =0

n—oo

if 6 <« ?If also
1i_>m sup{e"*||P"(s,:) —w|: s € S} =0,

does it follow that there exists a 8 > 0 such that for all x € Py (S, F),
lim e dg (P (z,-), 1) = 0?
n— oo

M. Sleczka [38] and H. Mairer [I6] consider RSCCs and prove geometric convergence
of the distributions of the state sequence to the unique invariant limit distribution. The
former paper uses the Vasershtein coupling. In the latter a very interesting class of cou-
plings is introduced for RSCCs for which the index probability distribution is independent
of the state space. This class of couplings, generalised to ordinary RSCCs, might be quite
useful, both for verifying Condition E and for proving convergence rates for the distri-
butions of the Markov chain generated by the filter kernel of a fully dominated, regular
HMM.

10.3. On HMMs with finite state space and observation space. When the HMM
{S, A, P, M'} under consideration is uniformly ergodic and both the state space and the
observation space are finite, then Condition KR (see Section is both a sufficient and
necessary condition for weak ergodicity of the filter kernel. In practice though it seems
that Condition A is somewhat easier to verify.

An important related problem is to classify those ergodic, aperiodic transition prob-
ability matrices P for which there exists a partition of P such that Condition KR is not
satisfied. In [26] Section 11], some partial result on this problem was given, but a full
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classification is still lacking. Loosely speaking, it seems as if the class of uniformly ergodic
HMMs with finite state and observation space for which the filter kernel is not weakly
ergodic, is of the same size as the class of those HMMs which satisfy Condition KR but
do not satisfy Condition A.

10.4. On HMMs with denumerable state space and denumerable observation
space. To prove weak ergodicity for a given HMM, which has a denumerable and infi-
nite state space but for which the observation space is finite, seems in general a rather
complicated task, the reason being that the stepping matrices that occur have in general
infinitely many nonzero rows and columns, and therefore it seems difficult to verify Con-
dition E or B. What one would probably need is some kind of generalisation of Perron’s
theorem (see e.g. [14]) for positive, finite-dimensional matrices to nonnegative infinite-
dimensional matrices. (Perhaps some of the papers by D. Vere-Jones from the 1960s can
be useful for this problem—see e.g. [43]).

If instead the observation space is infinite, then it is more likely that a stepping
matrix has only finitely many nonzero columns, and then in concrete examples it is more
likely that for example Condition P is satisfied for some iteration of the HMM under
consideration.

10.5. More on exceptional cases. In Section 2.7 we gave two examples such that the
induced filter kernel of the given fully dominated and regular HMM is not weakly ergodic
in spite of the fact that the tr.pr.f. of the hidden Markov chain is uniformly ergodic. Is it
possible to classify all exceptional cases?
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