FUNDAMENTA
MATHEMATICAE
167 (2001)

Strong compactness, measurability,
and the class of supercompact cardinals

by

Arthur W. Apter (New York, NY)

Abstract. We prove two theorems concerning strong compactness, measurability,
and the class of supercompact cardinals. We begin by showing, relative to the appropriate
hypotheses, that it is consistent non-trivially for every supercompact cardinal to be the
limit of (non-supercompact) strongly compact cardinals. We then show, relative to the
existence of a non-trivial (proper or improper) class of supercompact cardinals, that it is
possible to have a model with the same class of supercompact cardinals in which every
measurable cardinal § is 2° strongly compact.

1. Introduction and preliminaries. It is well known that the struc-
ture of the class of supercompact cardinals can vary quite a bit. The work
of Magidor [16] shows that it is consistent, relative to a supercompact car-
dinal, for the least supercompact cardinal to be the least strongly compact
cardinal. The work of Kimchi and Magidor [13] shows that it is consistent,
relative to a proper class of supercompact cardinals, for the classes of su-
percompact and strongly compact cardinals to coincide precisely, except at
measurable limit points, where a result of Menas [18] shows that this is im-
possible. The work of [4] shows that, relative to the existence of a cardinal
{2 which is an inaccessible limit of measurable limits of supercompact cardi-
nals, it is consistent for the classes of supercompact and non-supercompact
strongly compact cardinals to have, roughly speaking, any conceivable struc-
ture dictated by a ground model function f : 2 — 2.
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The purpose of this paper is to explore additional possibilities for how
strong compactness and measurability can interact with the class of super-
compact cardinals. Specifically, we prove the following two theorems.

THEOREM 1. Suppose V E ZFC and & CV is so that & # 0 is the (pos-
sibly proper) class of supercompact limits of supercompact cardinals. Assume
further that if R is a set, V E “ No cardinal A > sup(R) is supercompact”.
There is then a partial ordering P C V with VF E “ZFC + The only super-
compact cardinals are the elements of R+ Every supercompact cardinal is a
limit of (non-supercompact) strongly compact cardinals”.

THEOREM 2. Suppose V E ZFC and 8 C V is so that & # 0 is the
(possibly proper) class of supercompact cardinals. There is then a partial
ordering P C V with V¥ E “ZFC + The only supercompact cardinals are the
elements of R + For every cardinal §, § is measurable iff & is 2° strongly
compact”.

To a large extent, the proofs of the above two theorems will rely on
Hamkins” work of [10]-[12]. Theorem 1 extends and generalizes Corollary 4
of [4]. Theorem 2 provides instances of models with supercompact cardi-
nals in which every measurable cardinal has a non-trivial degree of strong
compactness. Theorem 2 should be contrasted with the models constructed
in [7]. In these models, which contain supercompact cardinals, for regular
cardinals kK < A, K is A strongly compact iff x is A supercompact, except
possibly if k is a measurable limit of cardinals § which are A supercompact.
Note that Theorem 1.1 of [2] provides an example of a universe in which
every measurable cardinal has a non-trivial degree of strong compactness,
but in which no supercompact cardinals are present.

We take the opportunity now to mention some preliminary material. If
a < f3 are ordinals, then [a, 3], [, 8), (o, (], and (e, 3) are as in standard
interval notation.

When forcing, ¢ > p will mean that q is stronger than p. If P is our partial
ordering, V¥ and V[G] will be used interchangeably to denote the generic
extension when forcing with P. We may, from time to time, confuse terms
with the sets they denote and write x when we actually mean x, especially
when « is in the ground model V.

The partial ordering P is k-directed closed if for every cardinal § < k
and every directed set (p, : o < §) of elements of P (where (p, : @ < )
is directed if for any two distinct elements p,,p, € (po : @ < 0), p, and
p, have a common upper bound of the form p,) there is an upper bound
p € P. Furthermore, P is k-strategically closed if in the two-person game
in which the players construct an increasing sequence (p,, : a < k), where
player I plays odd stages and player II plays even and limit stages (choosing
the trivial condition at stage 0), player II has a strategy which ensures the
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game can always be continued. Note that if P is k-strategically closed and
f:k — Vis a function in VP, then f € V. Moreover, P is <k-strategically
closed if P is d-strategically closed for all cardinals § < k; and P is <k-
strategically closed if in the two-person game in which the players construct
an increasing sequence (p, : o < k), where player I plays odd stages and
player II plays even and limit stages, player II has a strategy which ensures
the game can always be continued.

Suppose that A is a limit ordinal of uncountable cofinality. A subset S C
A will be called a non-reflecting stationary set of ordinals if S is stationary in
A, yet for no limit ordinal § < A of uncountable cofinality is S Nd stationary
in 4.

In the proofs of Theorems 1 and 2 we will use two different versions of
a partial ordering originally due to Jensen for adding a non-reflecting sta-
tionary set of ordinals to a regular cardinal. The proofs of the basic proper-
ties of each of these partial orderings can essentially be found in [8], pages
435-437. For completeness and comprehensibility, we will include below in
Lemmas 1.1-1.3 proofs of the basic properties for the partial ordering used
in the proof of Theorem 2. Readers should then be able to transfer these
proofs to the partial ordering used in the proof of Theorem 1.

Suppose now that K < A are regular cardinals. The partial ordering
P(k,A) used in the proof of Theorem 1 is the partial ordering for adding
a non-reflecting stationary set of ordinals of cofinality x to A. Specifically,
P(k,\) = {p : for some o < A\, p: @« — {0,1} is a characteristic function
of Sy, a subset of a not stationary at its supremum nor having any initial
segment which is stationary at its supremum, so that 3 € S, implies 3 > k
and cof(8) = k}, ordered by ¢ > p iff ¢ O p and S, = S, Nsup(S,), i.e., Sy
is an end extension of S). It is well known that for G V-generic over P(x, \)
(see [8] or [13]), in V[G], a non-reflecting stationary set S = S[G] = [J{5} :
p € G} C X of ordinals of cofinality x has been introduced, and the bounded
subsets of A are the same as those in V. It is also virtually immediate that
P(k, \) is k-directed closed, and it can be shown (see [8] or [13]) that P(x, \)
is <A-strategically closed.

Suppose now that  is a Mahlo cardinal. The partial ordering P(x) used
in the proof of Theorem 2 is the partial ordering for adding a non-reflecting
stationary set of ordinals of a certain type to k. Specifically, P(k) = {p :
for some a < K, p: @« — {0,1} is a characteristic function of S, a subset
of o not stationary at its supremum nor having any initial segment which
is stationary at its supremum, so that if 3 < sup(S)) is inaccessible, then
Sp — Sp1 B is composed of ordinals of cofinality at least 3}, ordered by ¢ > p
iff ¢ D p and S, = S, Nsup(S,), i.e., S, is an end extension of 5.

LEMMA 1.1. For any cardinal 6 < k, P(k) is d-strategically closed.
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Proof. Let § < K be given. Since k is a Mahlo cardinal, let v > 4,
v < k be inaccessible. Consider the two-person game in which at any even
(successor) stage o+ 2, player II's response to the condition p,41 chosen by
player I at stage o + 1 is to choose a condition p,42 so that sup(S,..,) &
Spaso and so that sup(S,,,,) > max(y,sup(Sp,.,)). At limit stages X < 4,
player II plays | J, ., Pa- Readers can easily verify that this yields a winning
strategy for II, since for any limit ordinal A < ¢ < - of uncountable cofinality,
the limit points of C\ = {sup(S,,) : @ < A}, having cofinality < J, form a
club disjoint from S, . =

LEMMA 1.2. For any inaccessible cardinal 6 < k, there is a partial or-
dering P(k/6) dense in P(k) so that P(k/6) is d-directed closed.

Proof. If 6 < k is inaccessible, let P(k/d) = {p : p € P(k) is either the
characteristic function of the empty set or p € P(x) is so that S, contains
an ordinal > d}, ordered in the same way as P(x) is. We claim that P(x/J)
is as desired.

Let p € P be given. Choose v > max(sup(S,),d), v < k an inaccessible
cardinal. Let ¢ > p be so that v € §,. Clearly, ¢ € P(x/d), so P(k/d) is
dense in P(k).

To see that P(x/0) is d-directed closed, assume without loss of generality
that A < 0 is an uncountable regular cardinal and {r, : @ < A} is a set
of distinct mutually compatible elements of P(x/d). It is clear that r =
Ua<x Ta is the characteristic function for a subset of some ¢ < . Further,
for v < sup(S,), if v is inaccessible, then S, — S, |7 is composed of ordinals
of cofinality at least . Thus, it suffices to show that there are sets C,. and
C,. [0 for 8 < A a limit ordinal of uncountable cofinality so that C. is club in
sup(S,), C,-NS,. =0, C,.[Bis club in sup(SUu<ﬁ v ), and Cy. [BNSY, _,ra = 0.
Such a set C,. can be defined by looking at the sequence (sup(S,,) : a < A),
taking C). as the limit points of this sequence, and taking C..[§ for § < A
a limit ordinal of uncountable cofinality as the limit points of (sup(S,,) :
a < (3). This works since each element of C,. must be an ordinal > ¢ having
cofinality < A, yet by the definition of P(k), each element of S, — S,.[4 or of
SUKQ ro — SUKQ ro, [0 must have cofinality at least . m

LEMMA 1.3. Let G be V-generic over P(k). Then S = S[G] = U{S, :
p € G} C k is stationary in k.

Proof. Let p € P(k) be so that p I~ “C'is club in k7. We show that for
some g > p, qlF “C NS #(0”. To do this, we define a sequence (g, : a < k)
satisfying the following properties:

1. qo = p.
2.If0 < a < B <k, then gz > q,.
3. For each o < k, there is an ordinal g, < & so that g, IF “00 € C”.
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4. The sequence (g, : o < k) is strictly increasing.

5. The sequences (sup(S,,) : @ < k) and (0o : @ < k) are “inter-
weaved” in the sense that gy < sup(Sg,) < 01 < sup(Sy,) < ... < 941 <
sup(Sgs.,) < ... < ox =sup(Sy,) < oap1 < sup(Sy,,,) < ..., with equality
between gy and sup(S,, ) at limit ordinals A.

Using ideas from Lemma 1.1, it is easy to construct the sequences
(sup(Sy, ) : a < k) and (04 : @ < k). Whenever player I chooses a condition
Po 80 that po IF “0n € C” and o, > sup((os : B < «)), player II responds
by choosing a condition g, > p, so that sup(S,, ) > max(sup(S,, ), 0a) and
sup(Sp, ) & Sq.- At limit stages A, player II simply chooses gx as |J, . 9a
and o) as sup({gn : @ < A)). Readers can verify for themselves that this
construction yields sequences with the desired properties.

By construction, C’ = {o, : @« < k} is a club in k. Since & is a Mahlo car-
dinal, there is some ordinal A\ < & so that g, is inaccessible and ¢, € C’'. We
then deduce that ¢ = gxU{{ox, 1)} is so that ¢ > p and ¢ IF “ONS40". m

We remark that the construction given in Lemma 1.3 for the sequences
(sup(Sg,.) @ @ < k) and (0o : @ < k) essentially shows that either P(k)
or P(k/d) for § < k inaccessible is <k-strategically closed. Also, we note
that for the rest of the paper, if P is either a product, iteration, or some
combination of the two which, for some cardinal x, adds a non-reflecting
stationary set of ordinals to x, then we will say that x is in the support of P.

2. The proof of Theorem 1. Let V and £ be as in the hypotheses
of Theorem 1. Let P C V be a (possibly proper class) partial ordering,
defined as in [1], so that VF E “ZFC + Every V-supercompact cardinal x
is supercompact + Every V-supercompact cardinal is Laver indestructible
[14] + The supercompact and strongly compact cardinals coincide precisely,
except at measurable limit points”. Since we may assume without loss of
generality that P is defined as a reverse Easton iteration which begins by
adding a Cohen subset to w, P can be written as Q % R, where |Q| = w
and kg “R s N;-strategically closed”. Thus, in Hamkins’ terminology of
[10]-[12], P “admits a gap at R,”, so by the results of [10]-[12], V¥’ £ “The
onléf supercompact cardinals are those that were supercompact in V7, i.e.,
VP E “Every supercompact cardinal is Laver indestructible”.

Work now in Vy = V. Let ® = (0q : a0 < £2), where (2 is the appropri-
ate ordinal if K is a set but is the class of ordinals otherwise, enumerate in
increasing order {4 : 0 is either a measurable limit of supercompact cardinals
or the cardinal successor of a non-measurable limit point of the measurable
limits of supercompact cardinals} U {w}. For each o« < (2, let P, be the
Easton support iteration of the partial orderings which add, for each super-
compact cardinal in the interval (J4,da+1), a non-reflecting stationary set
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of ordinals of cofinality d, (which by definition is a regular cardinal). Let
P! be the Easton support product [[ocoPa, and in V, let P = PO % P!,
Standard arguments concerning class forcing combined with the definition
of P! yield that VF = VF' & ZFC.

LeEMMA 2.1. VP = VOIP1 E “If k € R, then Kk is supercompact”.

Proof. The proof of Lemma 2.1 uses ideas found in the proof of Lemma 9
of [4]. Fix k € R. Working in Vp, write P! = Q,, x Q%, where Q" = [, Ps,
and Q, is the rest of P!. By the definition of QF, Vi F “QF is k-directed
closed”. Thus, by the construction of Vg, Vi = Vb@n F “k is supercompact”.
It therefore suffices to show that VIQ*”" F “k is supercompact”.

To do this, let A > k be arbitrary, and let v = |2[)‘]<N|. Let j: Vi — M
be an elementary embedding witnessing the v supercompactness of x so that
M E “k is not supercompact”. We observe that any 0 € (k,~y] must be so
that M E “§ is not supercompact”, for if this were not the case, then the
fact MY C M allows us to infer that M E “k is <d-supercompact and ¢
is supercompact”. Hence, a theorem of Magidor found in [17] tells us that
M E “k is supercompact”, a contradiction. Writing j(Q,) = Q. x Q*, the
preceding says that in M, the least cardinal 7, in the support of Q* must
be so that vo > v.

Let G be Vj-generic over Q, and H be Vj[G]-generic over Q*. In
V1[G x H], j : Vi — M extends to j : Vi[G] — M[G x H] via the defi-
nition j(ig(7)) = igxu(j(7)). Since M E “Q* is <7o-strategically closed”
and v < g, the fact M7 C M implies V5 F “Q* is v-strategically closed”
yields that for any cardinal 0 < ~, V1[G] and V1[G x H] = V1[H x G] con-
tain the same subsets of 4. This means the supercompact ultrafilter ¢ over
(PK(A))Vl[G} in V1[G x H] given by x € U iff (j(a) : @ < A\) € j(x) is so that
uew [G] [ |

LEMMA 2.2. VP = VO]P1 E “The only supercompact cardinals are the ele-
ments of R”.

Proof. In analogy to what was done in the first paragraph of the proof
of Theorem 1, write P = Q* R, where |Q| = w and IFg “R is R;-strategically
closed”. Thus, as before, P “admits a gap at 8;”, so by the results of [10]-
[12], any supercompact cardinal in V¥ had to have been supercompact in V.
Hence, the proof of Lemma 2.2 will be complete once we have shown that
any V-supercompact cardinal not in £ is no longer supercompact in V',

Fix k, a V-supercompact cardinal not an element of 8. Work in Vj. By
the definition of ®, this means we can find o < 2 so that k € (da, da+1)-
Writing P, = Qg xQ1, where the least cardinal in the support of Q is above
Kk, we know by the definition of P, that VE)QO E “k contains a non-reflecting
stationary set of ordinals of cofinality d,, and therefore is not weakly compact
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and Qy is <d-strategically closed for ¢ the least V-supercompact cardinal

above x”. Hence, VOQO*Ql = VOP‘* E “k contains a non-reflecting stationary
set of ordinals of cofinality §, and therefore is not weakly compact”.

Write P! = P, x P, x P, where P~ is the Easton support product
Hﬁe(a,ﬂ) Pg and P, is the Easton support product Hﬁ<a Ps. By definition,

in Vo, P>, is dnt1-strategically closed and |P.,| < k. Thus, VOP”XP“ E
“k contains a non-reflecting stationary set of ordinals of cofinality d, and
therefore is not weakly compact”, and by the Lévy—Solovay results [15],
VOIP>> aXPaxPea Vopl = VP E “k is not weakly compact (and hence is not

supercompact)”. m

LEMMA 2.3. VF = V0]Pl E “If k € R, then k is a limit of (non-super-
compact) strongly compact cardinals”.

Proof. Fix k € K. Since k is a supercompact limit of supercompact
cardinals in V; (as well as in V'), by Theorem 1 of [3], for any v < &, we
can find a non-supercompact measurable limit of supercompact cardinals
0 € (v,k). For such a 4, let a be so that § = §,. By Menas’ theorem of [18],
which essentially says that for any «, the least measurable limit of either
supercompact or strongly compact cardinals above - is a non-supercompact
strongly compact cardinal, we know that d,+1 is not supercompact, i.e.,
0a+1 € (0a, k). The proof of Lemma 2.3 will thus be complete once we have
shown that VOP1 F “0q41 is strongly compact”.

As in Lemma, 2.2, in Vj, write P! = P, x P, X P—,,. Since Vj F “Ps, is
Sa-1-directed closed and 4, ; is a measurable limit of indestructible super-
compact cardinals”, 0P> “ E “0q11 is a measurable limit of supercompact
cardinals”. And, by Lemma 2 of [4], for any cardinal 4 > .41, there is a
strongly compact ultrafilter U over Ps_1(7) so that for jy : V0P>°‘ — M the
associated v strongly compact embedding and ¢ the function representing
dav1 in M, {p € Ps,41(7) : f'(9(p)) > Ip[} € U, where f": daq1 — daqu,
fe VOP>" is the function defined by f’(3) = the least strongly com-
pact cardinal above (3. Therefore, if v > J,41 is an arbitrary cardinal
and \ = |2M<5a+1 |, we can use the arguments given in Lemma 4 of [4]
to show that for jy (P,) = Pg * S, if Gy is %P>“—generic over P, and G
is V, >*[Gol-generic over S, then ji : V> — M extends in V, >*[Go][G1]
to j : Vy >*[Go] — MI[Gy][G1]. Consequently, there is a strongly compact

P «@
ultrafilter p over (P5a+1(fy))vo> [ present in Va7 [Go][G4], and by the

choice of A and arguments found in Lemma 4 of [4], u € VOP>°‘ [Go]. Since

v was arbitrary, we thus know that VOP”‘X]P‘* F “0qt+1 is strongly com-
pact”. Hence, since Vy F “|P.,| < 04417, the results of [15] imply that

1 .
VOP”XP“XP“’ =Vy =VFE “5,y1 is strongly compact”. =



72 A. W. Apter

Lemmas 2.1-2.3 complete the proof of Theorem 1. m

We conclude Section 2 by observing it is not true in the model V¥ con-
structed above that every measurable cardinal is strongly compact. To see
this, by the last paragraph of the proof of Lemma 2.2, if 6 € (04, da+1) is
measurable, then VOP>“XP“ E “There is a V-supercompact cardinal x > ¢
containing a non-reflecting stationary set of ordinals of cofinality d,”. By
Theorem 4.8 of [19] and the succeeding remarks, V0P> oxFo =45 is not
strongly compact”, so the results of [15] imply that V0P>“XP“XP<“ = VOHD1 =
VP E “§ is not strongly compact”. Indeed, the construction of a model
from any hypotheses in which the first w measurables are strongly compact
is the main question left open in [13]. However, in Section 3, the model
constructed will be so that every measurable cardinal has some non-trivial

degree of strong compactness.

3. The proof of Theorem 2. Let VV and R be as in the hypotheses for
Theorem 2. Without loss of generality, by first doing a preliminary forcing
if necessary, we may assume that V F GCH as well.

Let ® = (0o : @ < £2) enumerate in increasing order {0 : J is a mea-
surable cardinal which is not 2° supercompact }, where (2 is the appropriate
ordinal if the collection of all measurable cardinals forms a set or is the
class of all ordinals otherwise. The partial ordering P used in the proof of
Theorem 2 is the Easton support iteration which first adds a Cohen sub-
set to w and then adds, to every § € D, a non-reflecting stationary set of
ordinals using the partial ordering P(d) described in Section 1. Note that
no k € R will be an element of the support of P. Also, as before, standard
arguments concerning class forcing combined with the definition of P yield
that V¥ ZFC.

LEmMA 3.1. VF E “The only supercompact cardinals are the elements
of R”.

Proof. As in the first paragraphs of the proofs of Theorem 1 and Lem-
ma 2.2, write P = P’ « P, where |P’| = w and IFp: “P” is N;-strategically
closed”. Hence, again as earlier, P “admits a gap at N;”, so by the results of
[10]-[12], any supercompact cardinal in V¥ had to have been supercompact
in V. This means the proof of Lemma 3.1 will be complete once we have
shown that VF E “If k € &, then & is supercompact”.

To do this, fix Kk € R, and let A > k be an arbitrary successor cardinal.
Let v = \2m<n|, and fix an elementary embedding j : V — M witnessing
the « supercompactness of k.

Write P = P? x P! « P2, where P° is the portion of P defined through
stage k, P! is a term for the portion of P defined between stages k and A,
and P2 is a term for the rest of P. By the definition of P, it will be the case
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that IFpo,p1 “P2? is ~v-strategically closed”. Thus, it will suffice to show that
VPP s A supercompact”.

If this is not the case, then let p = (pg,p1) € PV P! be so that p I “x is
not A supercompact”. By using Lemma 1.2 if necessary to find the necessary
terms to extend coordinatewise, we assume without loss of generality that
each non-trivial coordinate of p; is a term for a condition in the appropriate
P(0/k).

Let G be V-generic over P° so that py € Go. Working in V[Gy] and
once again using Lemma 1.2, let P? be the Easton support iteration of
partial orderings which, for every measurable § € (k,\) which is not 2°
supercompact (in either V or V[Gy]), add non-reflecting stationary sets of
ordinals using P(d/k).

Note now that if Gy is V[Go]-generic over P? and p; € Gy, then G
must also generate a V[Go]-generic filter G¥ over PL. To see this, it clearly
suffices to show that G meets all dense open subsets of P! above p;. If
D is such a set, then let D; = {q € P? : ¢ extends some element of D}.
D, is clearly open. If ¢ € P3, then ¢ € P!, so by density, there is ¢’ > g,
¢ € D. By using Lemma 1.2 if necessary to find a term which is forced to
extend each term denoting a non-trivial coordinate of ¢’ to a term for an
element of the appropriate P(0/k), we obtain ¢” > ¢’ > ¢q, ¢ € D;. Thus,
G1 meets D; and hence meets D, so G generates a V[Go|-generic filter G}
over P!,

By the definition of P and the closure properties of M, j(P? %« P!) = PO %
P! *Q*]R, where @ is a term for the portion ofj(IPO*]fDl) defined in M between
stages X and j(k), and R is a term for j(PP!), i.e., the portion of j(PY*P') de-
fined in M between stages j(x) and j()\). If Gy is V[G]-generic over P? and
p1 € G, then by the preceding paragraph, G generates a V[Gg]-generic fil-
ter G over P*. We can therefore take G as a V[Gy][G%]-generic object over
Q and use the usual Easton arguments to infer that M [G][G7][G2] remains
closed with respect to V[Go][G7][G2] and that j extends in V[Gy][G5][G2] to
j : V[Go] = M[Go][G7][G2]). Further, since G1 C G5 and G is V[Gp]-generic
over a partial ordering (P3) that is k-directed closed in V[Go], j”G1 gener-
ates in V[Gy][G7][G2] a compatible set of conditions of cardinality smaller
than v < j(k) in a partial ordering (j(P?)) that is j(k)-directed closed in
M[Gy][G7]|G2]. Therefore, since M[Go][G7][G2] is v closed with respect to
V[Go][G7][G2], we can let r be a master condition for j”G and take G5 to
be a V[Go][G3][Ga]-generic object over j(P?) containing r. By elementar-
ity, it will be the case that G3 generates a V[Gy][G7][G2]-generic object G
over R = j(P). As usual, we will then have that in V[Go][G}][G2][G%], j
extends to j : V[Go][G}] — M[Go][G7][G2][G5], so k is A supercompact in
V[Go][G7][G2][G3]. Since Q R is y-directed closed in V[Go][G7], it will be
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the case that s is A supercompact in V[G][G7]. This, however, contradicts
the facts that p = (po,p1) € Go * G} and p Ik “k is not \ supercompact”. m

LEmMA 3.2. VF E “For every cardinal 8, § is measurable iff § is 2°
strongly compact”.

Proof. Suppose VE E “§ is measurable”. By Hamkins’ work of [10]-
[12], it must be true that V F “§ is measurable”. If V E “§ is not 2°
supercompact”, write P = P? x Pl, where VE' E “§ contains a non-reflecting
stationary set of ordinals and hence is not weakly compact”. Since lFpo “P! is
<~-strategically closed for v the least V- or VP _measurable cardinal above
67, VPP = VP £ 4§ contains a non-reflecting stationary set of ordinals
and hence is not measurable or weakly compact”.

We therefore know that V E “§ is 2° supercompact”. We can then write
P = PO « P!, where the support of P° consists of all measurable cardinals
v < § which are not 27 supercompact. Since as in the preceding paragraph,
Fpo “P! is <~y-strategically closed for v the least V- or VF ’_measurable
cardinal above §”, VEP! — P | «g i 29 strongly compact” iff VP E 4§ s
29 strongly compact”.

To show VE’ E “§ is 29 strongly compact”, we use an unpublished ar-
gument of Magidor. Although the essentials of this argument can be found
in [5] and [6], for completeness and for the benefit of the readers, we give
the argument here as well. Let A = 2° = §+, and let k; : V — M be an
embedding witnessing the A supercompactness of § so that M F “§ is not
A supercompact”. Since M FE “) is measurable”, we may choose a normal
ultrafilter of Mitchell order 0 over ¢ so that ko : M — N is an embedding
witnessing the measurability of § definable in M with N E “J is not mea-
surable”. It is the case that if £ : V — N is an elementary embedding with
critical point ¢ and for any x C N with || < A, there is some y € N so that
x Cyand N F “ly| < k(9)”, then k witnesses the A strong compactness of
0. Using this fact, it is easily verifiable that j = k3 0k is an elementary em-
bedding Witnessing the A\ strong compactness of §. We show that j extends
to j: V" — NI®) Since this extended embedding witnesses the A\ strong
compactness of § in VPO, this proves Lemma 3.2.

To do this, write j(P°) as P° % Q° * R°, where Q° is a term for the
portion of j(P°) between § and ky(d) and RO is a term for the rest of
§(PY), i.e., the part above k2(d). Note that since N & “§ is not measurable”,
6 ¢ support(Q°). Thus, the support of Q is composed of all N-measurable
cardinals « in the interval (d,k2(d)] which are not 27 supercompact (so
k2(8) € support(Q°) since M E “§ is measurable but § is not 2° supercom-
pact”), and the support of RO is composed of all N-measurable cardinals y
in the interval (k2(0), k2(k1(d))) which are not 27 supercompact.
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Let Gy be V-generic over P°. We construct in V|G| an N[Go]-generic
object G over Q° and an N[Go][G1]-generic object G over RY. Since PV is
an Easton support iteration of length §, a direct limit is taken at stage §, and
no forcing is done at stage §, the construction of G; and G automatically
guarantees that 7”Go C Go * G1 * G5. This means that 5 : V — N extends
tOj . V[Go] — N[Go][Gl][GQ]

To build G1, note that since ko can be assumed to be generated by
an ultrafilter U over ¢ and since 2° = §1 in both V and M, we have
|ko(0F)| = |ka(2)] = [{f : f : 6 — 6T is a function}| = ][(5+]6\ = 4§t
Thus, as N[Go] F “|p(Q%)| = k2(2°)”, we can let (D, : a < §+) enumerate
in V[Gp] the dense open subsets of QY found in N[Gg]. For the purpose of
the construction of G1 to be given below, we further assume that for every
dense open subset D C QU present in N[Gg], for some odd ordinal v + 1,
D = D, . Since the § closure of N with respect to either M or V implies the
least element of the support of Q¥ is > §7, the definition of Q° as the Eas-
ton support iteration which adds a non-reflecting stationary set of ordinals
to each N|[Go]-measurable cardinal « in the interval (d, k2(d)] which is not
27 supercompact implies that N[Go] F “QY is <dT-strategically closed”.
The standard arguments show that forcing with the d-c.c. partial order-
ing PY preserves that N |G| remains d-closed with respect to either M[Gy]
or V[Go]; consequently, Q¥ is <4 T-strategically closed in both M[Gg] and
V[Go).

We can now construct G in either M[Gy] or V[Gy] as follows. Players
I and II play a game of length §*. The initial pair of moves is generated
by player II choosing the trivial condition ¢y and player I responding by
choosing ¢; € D;. Then, at an even stage o+ 2, player II picks ¢q+2 > qa+1
by using some fixed strategy S, where ¢q,4+1 was chosen by player I to be so
that go41 € Do+t1 and ga+1 > go- If v is a limit ordinal, player IT uses S to
pick g, extending each ¢ for 3 < a. By the <§T-strategic closure of Q° in
both M[Gy] and V[Gy], the sequence (g, : @ < 6T) as just described exists.
By construction, G; = {p € Q° : Ja < §¥[gs > p]} is our N[Go]-generic
object over Q.

It remains to construct in V[Gy] the desired N[Gy|[G1]-generic object G
over R?. To do this, we first note that as M E “§ is measurable but § is not 2°
supercompact”, we can write ki (P°) as PO % SO « T, where IFpo “S° = P(6)”,
and TP is a term for the rest of k; (PY).

Note now that M E “No cardinal v € (4, A] is measurable”. Thus, the
support of TO is composed of all M-measurable cardinals v in the interval
(A, k1(6)) which are not 27 supercompact, which implies that in M, IFpo, &0

“T0 jg <\ T-strategically closed”. Further, since V = GCH and \ is regular,
|[)\]<5] = X and 2* = A\*. Therefore, as k; can be assumed to be generated
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by an ultrafilter U over Ps()\), [k1(A)] = |k1(61)| = [k1(29)] = |20 =
1{f: f:Ps(\) — 6+ is a function}| = [[§+]*] = |\ = A+

Work until otherwise specified in M. Consider the “term forcing” partial
ordering T* (see [9], Section 1.2.5, page 8) associated with T, i.e., 7 € T*
iff 7 is a term in the forcing language with respect to PY S° and IFpo g0
“r e ’]1‘0”, ordered by 7 > o iff IFpo g0 “7 > o”. Although T* as defined
is technically a proper class, it is possible to restrict the terms appearing
in it to a sufficiently large set-sized collection, with the additional crucial
property that any term 7 forced to be in T is also forced to be equal to an
element of T*. As we will show below, this can be done in such a way that
M E “|T*| = kq1(0)”.

Clearly, T* € M. Also, since IFpo, 0 “TO is <At-strategically closed”, it
can easily be verified that T* itself is <\T-strategically closed in M and,
since M* C M, in V as well.

Observe that M £ “ki(6) is measurable and [P?«S°| < k,(6)” and I po g0
“TY is an Easton support iteration of length k1(8) and |T°| = k1(8)”. We
can thus let f be a term so that IFpo g0 “f k1(6) — T is a bijection”. Since
M E “[PY % S0 < k1 (8)”, for each o < k1 () let So = {rg : 8 <n® <ki(9)}
be a maximal incompatible set of elements of P° x S° so that for some term
78, 75 I 7§ = f()”. Define T, = {75 : 8 < 1°} and T = U, 4, () T
Clearly, |T| = k1(d), so we can let (7, : @ < k1(0)) enumerate the members
of T. Now (1, : a < ki(5)) has the property that if lFpo,6 “7 € TO,
then for some o < k1(6), IFpo,g0 “7 = 7o”. Therefore, we can restrict the
set of terms we choose so that we can assume that in M, |T*| = kq(9).
Since M E “2100) = (k1(8))" = k1 (67) = k1(\)”, this means we can let
(D : @ < A1) enumerate in V' the dense open subsets of T* found in M, so
that as before, every dense open subset D C T* present in M is D4 for
some odd ordinal v + 1, and argue as we did earlier to construct in V' an
M-generic object Hy over T*.

Note now that since NV can be assumed to be given by an ultrapower
of M via a normal ultrafilter Y € M over 0§, Fact 2 of Section 1.2.2 of
[9] tells us that k4 Hy generates an N-generic object G5 over ko(T*). By
elementariness, ko(T*) is the term forcing in N defined with respect to
ko(k1(Ps)ss1) = PO+ QP. Therefore, since j(P°) = ko(k1(P?)) = P° Q0 % RO,
and G3 is N-generic over ko(T*), and G * Gy is ko (P? % S°)-generic over N,
Fact 1 of Section 1.2.5 of [9] tells us that for Go = {ig,«q, (7) : T € G5},
G2 is N[Go][G1]-generic over R°. Thus, in V[Gogl], j : V — N extends to
i V[Go] — N[Go][G4][Ga]. As VE’ I %6 is 2° strongly compact”, this
completes the proof of Lemma 3.2. =

Lemmas 3.1 and 3.2 complete the proof of Theorem 2. m
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We conclude Section 3 and this paper with two remarks. First, we observe
we can guarantee that in Theorem 2, there are measurable cardinals § which
are not strongly compact. If we force over models such as those given in
[1], [7], or [13] in which the classes of strongly compact and supercompact
cardinals coincide precisely except at measurable limit points, then there will
be many measurable cardinals, such as those below the least supercompact
cardinal, which will not be strongly compact. If we force using the partial
ordering IP as just described, then by the work of [10]-[12], no new strongly
compact cardinals are created. Thus, any cardinal which was not strongly
compact in V is not strongly compact in V.

Second, we note that in Theorem 2, it is possible to have each measur-
able cardinal § exhibit a greater degree of strong compactness than just 2°
strong compactness. The proof given in Lemma 3.2 will work for any regu-
lar value of A below the least V-measurable cardinal above §. Further, the
nature of the partial ordering P used in the proof of Theorem 2 ensures that
the cardinal structure between any V-measurable cardinal § and the least
V-measurable cardinal 6’ above it remains the same in V', regardless of
whether the measurability of either ¢ or ¢’ is destroyed by P. Thus, e.g., it
is possible to construct a model in which the ground model and the generic
extension have the same class K of supercompact cardinals and § is measur-
able iff 0 is A strongly compact for A\ assuming values such as 225, Ot17 the
least inaccessible cardinal above ¢, the least weakly compact cardinal above
d, etc. In certain of these models, it may be necessary to assume additional
large cardinal hypotheses, e.g., if there is only one supercompact cardinal s
in the universe and we wish every measurable cardinal § to be A\ strongly
compact for A the least inaccessible cardinal above ¢, it will be necessary to
assume the existence of an inaccessible cardinal above k.
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