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Diffeomorphisms with weak shadowing
by

Kazuhiro Sakai (Yokohama)

Abstract. The weak shadowing property is really weaker than the shadowing prop-
erty. It is proved that every element of the C L interior of the set of all diffeomorphisms
on a C* closed surface having the weak shadowing property satisfies Axiom A and the
no-cycle condition (this result does not generalize to higher dimensions), and that the
non-wandering set of a diffeomorphism f belonging to the C'! interior is finite if and only
if f is Morse-Smale.

The notion of pseudo-orbits very often appears in several branches of
the modern theory of dynamical systems; especially, the shadowing prop-
erty usually plays an important role in stability theory. The weak shad-
owing property (which is really weaker than the shadowing property) was
introduced in [6]. Corless and Pilyugin (see [6, p. 30]) proved that the weak
shadowing property is generic in the set of all homeomorphisms on a C'*°
closed manifold endowed with C° topology (see [7] for further results). Ev-
ery diffeomorphism having the shadowing property has the weak shadowing
property but the converse is not true. Indeed, an irrational rotation on the
unit circle has the weak shadowing property but does not have the shadow-
ing property.

The purpose of this paper is to investigate the dynamics of a diffeomor-
phism belonging to the C! interior of the set of all diffeomorphisms on a
C*° closed surface with the weak shadowing property. The motivation is the
following remarkable example on the 2-torus constructed by Plamenevskaya
[8] (see also [7]). We describe it briefly before stating our results.

EXAMPLE ([8]). There exists a diffeomorphism g on the 2-torus T? sat-
isfying Axiom A and the no-cycle condition such that g has the weak shad-
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owing property but does not have the shadowing property. More precisely,
represent T? as the square [—2,2] x [—2,2] with opposite sides identified.
Consider the metric d generated by the usual metric on R2. Let g : T? — T2
be a diffeomorphism with the following properties:

(1) the non-wandering set £2(g) consists of 4 hyperbolic fixed points; that
is, 2(g) = {p1,p2,ps3,ps}, where p; is a sink, p, is a source and po, p3 are
saddles,

(2) in the coordinates (v,w) € [—2,2] x [—2,2], the following conditions
hold:

(2.1) p1 = (1,2), p2 = (=1,0), ps = (1,0), pa = (—1,2),
(2. ) *(p2) U {pg} W(ps) U{p2} = [-2,2] x {0},
Wh(p2) = {1} x (=2,2),  W?3(ps) = {1} x (=2,2),
where W*(p;) and W"(p;) are the stable and unstable manifolds respectively
for i = 2,3,
(2.3) there exist neighborhoods Uy, Us of pa, ps such that

g(x) =pi+ Dp,g(x —p;) ifxeU, fori=23,

(2.4) there exists a neighborhood U of z = (0,0) such that g(U) C
Us, g~ Y(U) C Uz and g~ ! is affine on g(U),

(2.5) the eigenvalues of D,,g are —p, v with > 1, 0 < v < 1, and the
eigenvalues of D, g are —\, K with 0 <A <1, Kk > 1.

It is proved in [8] that g has the weak shadowing property if and only if
the number log A/log p is irrational. Note that g does not have the shadowing
property since g does not satisfy the C? transversality condition (see [7] and
11]).

Let M be a C* closed manifold and let Diff(M) be the space of C!
diffeomorphisms on M endowed with the C* topology. Denote by WS(M)
the set of all f € Diff(M) having the weak shadowing property. In this
paper, the following is proved.

THEOREM 1. Let M be a C* closed surface. Then every element of the
Cl interior of WS(M), int WS(M), satisfies Aziom A and the no-cycle
condition.

The theorem does not generalize to higher dimensions. Actually, it is
proved in [5] that there is a C! (non-empty) open set 7 C Diff(T?) such
that every g € 7 is topologically transitive but not Anosov (see also [1] for
a generalization). It is easy to see that every g € 7 has the weak shadowing
property but does not satisfy Axiom A (and the no-cycle condition).

Recall that f € Diff (M) is called Morse-Smale if (a) the non-wandering
set of f is a finite union of hyperbolic periodic points, (b) the stable and
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unstable manifolds of the periodic points are all transversal. Every Morse—
Smale diffeomorphism f has the weak shadowing property since f has the
shadowing property (cf. [9]). Hence, the structural stability of f implies that
f € int WS(M). In this paper, the following is also proved.

THEOREM 2. Let M be a C* closed surface. Then the non-wandering
set of f € int WS(M) is finite if and only if f is Morse—Smale.

By Theorem 2, Plamenevskaya’s map (in the case of log A/log p irra-
tional) belongs to the boundary of WS(T?).

Let M be as before and denote by S(M) the set of all f € Diff(M)
having the shadowing property. Then S(M) C WS(M). The C* interior of
S(M), int S(M), was characterized as the set of all diffeomorphisms satis-
fying Axiom A and the strong transversality condition; that is, int S(M)
coincides with the set of all structurally stable diffeomorphisms (see [7], [9]
and [10]). Therefore, once Theorem 2 is established, we have the following

COROLLARY. Let M be a C* closed surface, and let f € Diff(M). If
Q2(f) is finite, then the following conditions are equivalent:

(i) f € int WS(M),

(ii) f € int S(M).

Let M be as before, and let P(f) be the set of all periodic points of
f € Diff(M). Then P(f) is a subset of the non-wandering set 2(f). We
denote by F(M) the set of all f having a C'! neighborhood U(f) C Diff (M)
such that every p € P(g) (¢ € U(f)) is hyperbolic. Then F(M) can be
characterized as the set of all diffeomorphisms satisfying Axiom A and the
no-cycle condition (see [3]). We denote by AN (M) the set of all f satisfying
Axiom A and the no-cycle condition.

Hereafter, let M be a C'*° closed surface. Our theorems follow from the
next two propositions.

PROPOSITION A. int WS(M) C F(M).

PROPOSITION B. Suppose f € AN (M), and Q(f) is finite. If [ €
int WS(M), then the stable and unstable manifolds are all transversal.

In the proof of Proposition B, on the assumption that f € int WS(M)
does not satisfy the strong transversality condition, we construct a new dif-
feomorphism g (C'-near f) with the same geometric structure as Plamenev-
skaya’s map linearizing f at suitable points with a small perturbation. By
construction, we can show that g does not have the weak shadowing prop-
erty. But this is a contradiction since the perturbed map ¢ is C''-near f.

REMARK. (i) By Theorem 1, int WS(M) C AN (M), but the converse
inclusion does not hold. Indeed, let g : T? — T2 be Plamenevskaya’s map.
Then it can be easily checked that g2 € AN (T?), but ¢ does not have the
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weak shadowing property (since all eigenvalues of the saddles are positive
with respect to g2).

(ii) If f € Diff(M) has the shadowing property, then so does f™ for
all n € Z. However, this is not true for the weak shadowing property. In-
deed, Plamenevskaya’s map g : T? — T2 has the weak shadowing property
(for log A\/log i irrational), but as stated above, g? does not have the weak
shadowing property.

1. Preliminaries and proof of Proposition A. Let d be the distance
on M induced by a Riemannian metric on TM, and let f € Diff (M). Denote
by O¢(x) the f-orbit { f*(z)}icz of x € M. A sequence {x;};cz C M is called
a 0-pseudo-orbit of f if d(f(x;),x;41) < 0 for i € Z. Given € > 0, {z;}iez is
said to be e-shadowed by y € M if d(fi(y),z;) < ¢ for i € Z. We say that f
has the shadowing property if for every € > 0, there exists § > 0 such that
every J-pseudo-orbit of f can be e-shadowed by some point.

Given ¢ > 0, {z;}icz is said to be weakly e-shadowed by y € M if
{zi}icz C U:(Oy(y)). Here U.(A) = {y € M : there is z € A such that
d(z,y) < e} is the e-neighborhood of a subset A of M. We say that f has
the weak shadowing property if for every € > 0, there exists § > 0 such
that every J-pseudo-orbit of f can be weakly e-shadowed by some point. As
stated before, it is easy to see that if f has the shadowing property (or if f
is topologically transitive), then f has the weak shadowing property.

Since M is compact, there are a family {(U;, ;) }._; of local charts and a
constant & > 0 such that for all z € M, there exists (UZ, wi) with Uy (z) C U;.
Take 0 < f < « small enough so that for all z € M, there are (U, ;)
and (Uj, ¢;) satistying Ug(z) C U; and f(Ug(z)) C Ua(f(x)) C Uj. For
convenience, denote ¢; by ¢, and ¢; by ¢¢(,) respectively (sometimes ¢,
will be denoted by ¢ if no confusion can arise).

Let Bo(x) = {y € M : d(z,y) < €} for z € M and € > 0, and let
|| =] |g2 be the usual metric on R2. Put

Fp=pimofops’ tou(Us(x) = R?  (z€M).
Then the following is established by mimicking the proof of [2, Lemma 1.1].

LEMMA 1.1. Let U(f) be a C' neighborhood of f, and let f*(p) = p
(n > 1) be given. Then there are 0 < ¢9 < (/4 and 6y > 0 such that for
every linear isomorphism O : R? — R? with |O — I|| < dy, there emists
g € U(f) satisfying
Bueo (f'(p)) N Baeo (f7(p)) =0 for 0<i#j<n-— L
(@) = f(z) if 2 € {p, f(p)- -, [P ()} U{M N\ Uy Buso (f(P)}
)

(@) = ¢~ (P(fP) + Do(sieon Frin (p(@) — o(f(p))) if = €
(p)) for0<i<n-—2,
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(iv) g(x) = 971 ((f"(P) + O 0 Dy(gnsp) Fpni ) (9 (@) = (/"7 ()
if v € B, (f"1(p))-

Here I : R? — R? is the identity map and || - || is the norm induced by
R

Define

@(f (D) + Dy(sip)) Fi (p)(V— ( “(p)))
if v.e p(Be, (f'(p))) for 0

@(f™(p)) + O 0 Dy(pr-1(py) Fpn- 1(p)( —o(f"1(p)))
if v.€ o(Be, (" 1(p)))-

)
If we take 0 < g1 < g¢ so small that ¢*(Bc, (p)) C B, (g%(p)) for 1 <i < n,
then L™ : (B, (p)) — R? is well defined.

REMARK. The map L"|,(5,, (p)) is conjugate to g”‘le(p) by . In the
proof of Proposition A, we mainly consider L instead of g for simplicity,
because the argument is almost local.

Proof of Proposition A. Let f € int WS(M). It is enough to show that
every f"(p) =p € P(f) (n > 1) is hyperbolic since int WS(M) is an open
set. Assuming that there is a non-hyperbolic periodic point f™(p) = p, we
shall derive a contradiction. To simplify notation, we consider the case n = 1
(although the other case is treated similarly, a rough outline of the proof

will be given later on).
Fix a C'! neighborhood U(f) C WS(M) and let

Fp=ppofop,’:op(Usp)) — R%
We may suppose that ¢(p) coincides with the origin O of R?. Clearly, Do F),
is not hyperbolic.
The proof is divided into two cases.

<i1<n-—2

f— [ )

(1) L(v) =

CASE 1: The eigenvalues of DoF),, are real. Applying Lemma 1.1 to
f(p) = p we have the following

CLAM 1.1. Let gg,dp > 0 be given by Lemma 1.1 for the above U(f) and
p. Then there exists a linear isomorphism O : R? — R? with ||O — I| < &g
such that for the diffeomorphism g € U(f) (g(p) = p) given by Lemma 1.1
for the O, we have the following;

(i) there exists 0 < &1 < gq such that Be,(p) C g(Be,(p)) N g~ (Be,(p))
and 9B, (p) (resp. gﬁ; (p)) s conjugate to
e1

L=0o0DopF, (resp. L™t = (O 0 Do F))

lo(Bey (p)) Iw(le(p)))

(i) if we extend L to a linear isomorphism on R?, then there are constants
A\ €R (N =1, |u| # 1) and an L-invariant splitting E* ® E? (dim E* = 1
fori=1,2) such that L(v) = Av for v € E' and L(v) = uv for v € E?,
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Proof. See the proof of [12, Lemma 2]. m

Let E' and E? be as in Claim 1.1(ii). For € > 0, put E! = {v € E' :
|v| <e} (i=1,2) and
B.(0) = E! x E2.
Then B.(0) is a closed neighborhood of the origin. Take 0 < 2 < &1 so
small that Be,(0) C ¢(Be,(p)). If a point v € R? has coordinates (v, w)
with respect to E' x E?, then

(2) L(v,w) = (Av, pw),  (v,w) € B, (0).
Note that
(3) pogop '(v)=L(v) and pog lop l(v)=L"}(v)

while v € B.,(0) by Claim 1.1(i).
Since g has the weak shadowing property, we have the following

CLAIM 1.2. For every 0 < € < 2/2, there is 0 < § = 6(¢) < € such that
for any 6-pseudo-orbit {xX }rez C Bz, /2(0) of L (that is, |L(xx) —Xp41]| <6
for k € Z), we can find z € B.(xo) such that {Xy}rez is contained in the
g-neighborhood of

p(04(¢™ 1 (2)) N~ (B:,(0))).
Take vq € EZ, with |vq| = &3/2, and put
FT=E2 +vi/2 and F~ =FEZ —v;/2.
Let dy = inf{|lw|:w e FtTUF},dy =inf{|vi —w|:we€ FTUF } and
d3 = inf{|lvi +w|:w e FrtUF~}. Fix 0 < ¢ < min{ey/5,d;,ds,d3} and
let 0 < 0 =4(¢) < & be given by Claim 1.2.

Let ZT = {tvy : t € [-1,1]} C EEI2/2 be an arc, and take a finite sequence
{wi}E , C T (for some K > 0) such that wo = O, wg = v; (or —v;) and

|L(Wk)—Wk+1|<5 for0<k<K-—-1,

where the wy are chosen so that if wy = txvy, then |tg| < |tgy1] for 0 <
k<K —1.Put

X = Wy for k£ <0,

Xp = Wp for0<kE<K-1,

xp = LFK(wg) for k> K.

Then {x;}rez is a 6-pseudo-orbit of L in B, /2 (0).
By Claim 1.2, there exists z € B.(O) such that {xj}xrecz is contained
in the e-neighborhood of ¢(Oy(¢~1(z)) N~ (B, (0))). We have z ¢ EZ .
Indeed, if z € E , then z € E!, and thus
[poghop™(z) — x| = |L*(z) — x| > ¢
for all k € Z by formulae (2), (13) and the choice of . This is a contradiction.
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If || > 1, then, by (2) we can find &’ > 0 such that L¥(z) € B.,(O) for
0<k<k —1and LF (z) & B.,(O) (because z ¢ El). Thus g"(¢~1(z)) €
w‘l(BEQ(O)) for 0 < k <k —1 and ¢ (¢ (2)) € ¢ 1(B.,(0)). Let us
prove g*(p71(z)) & <,0 L 52(0)) for all k£ > k’. Assume that there exists
k" > k' such that g*(¢~1(z)) & ¢ 1( 82(O)) for ¥ <k < k” -1 and
0¥ (571(2)) € ¢ (B, (0)). Since L™ o p(g" (9~ (2))) € B, (0) for all
k >0 by (2) and (3), we conclude that

LY o (" (07 (2))) = w0 g" T (¢ (7 (2)))
= ¢(g" (¢ (2))) € B, (0).

Thus gk/ (¢~ X(z)) € o1 (B.,(0)). This is a contradiction. Hence, g*(p~1(z))
Z ¢ Y(B.,(0)) for all k > k' and so

P({g" (97 (@) hkzw N ™! (B2, (0)) = 0.
Therefore {xp}rez must be contained in the e-neighborhood of
{L¥(z)}r<r—1 in Be,(0) by (3). But |L*(z) —xk| >efor 0 <k <k —1
by the choice of e. Moreover, |[L~%(z) — xx| > ¢ for all k > 0 by (2). This is
a contradiction.
If |u| < 1, then we arrive at a contradiction in the same way. Thus p is
hyperbolic.

CASE 2: The eigenvalues of Do F), are complex. Recall(f) C WS(M).
In this case, by Lemma 1.1 we construct g (C'-near f) with a periodic
point ¢ = g'(q) (for some [ > 0) near p such that the restriction of g’ to a
neighborhood of ¢ is conjugate to the (locally defined) identity map.

CrAmm 2.1. Let €g,d9 > 0 be as in Lemma 1.1 for the above U(f) and
p. Then there exists a linear isomorphism O : R? — R? with ||O — I|| < o
such that for the diffeomorphism g € U(f) (g9(p) = p) given by Lemma 1.1
for the O, we have the following:

(i) there exists 0 < 1 < &g such that Be,(p) C g(Be,(p)) N g~ (B, (p))

and g\, (p) (resp. g‘}lel(p)) is conjugate to

L=00DoFy . oy (resp- L7 = (00 DoFy) i )

(ii) if we extend L to a linear isomorphism on R?, then there exists a
(minimal) | > 0 such that L'(v) = v for all v € R2.

Proof. See the proof of [12, Lemma 2]. m

Let B.(v) ={w e R?:|v—w| <e} fore >0and v € R? and fix 0 <
g9 < g1 such that B.,(p) C g7*(Be, (p)) Ng*(Be, (p)) for 1 <i < 1—1. Thus,
by Claim 2.1, if we choose 0 < €3 < €2 so small that B, (0) C ¢(B.,(p)),
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then

4 poglop l(v)=L(v) and goglop (v)=LT"(v)
for 1 <{ <] and
(5) LNv)=v
for v € B.,(0).
Since g has the weak shadowing property, we have the following
CLAIM 2.2. For every 0 < € < €3/2, there exists 0 < 0 = d(¢) < € such

that for any 0-pseudo-orbit {Xy }rez C Bz, /2(0) of L, we can find z € B:(xo)
such that {xx }rez is contained in the e-neighborhood of

¢(04(p™(2)) N~ (B, (0))).
Take vo € B, (0) with |vo| = e3/4 (¢71(vo) is the periodic point “q”
appearing in the first paragraph of this case). Since [ is the minimum period
of vo (see (5)), there is 0 < g4 < £3/4 such that

(6)  (L'(Be,(vo)) UL (B, (vo)) N B, (vo) =0 for1<i<I-—1.

Let J = {tvo : t € [1,1 +¢e4/2]} C B, /2(vo). Put € = €4/5, and let
0 <6 =9(e) < € be given by Claim 2.2. Then we can find a finite sequence
{vi}f, € J (for some K > 0) with v = (1+¢e4/2)vo and |vi —vii1]| < &
for 0 < k < K — 1. Here the v are chosen so that if vy = t;vg, then
ty < tgp41 for 0 <k < K — 1. Define

xp = LF(vo) for k <0,
xXp =X =L/ (v;) for0<i<K—-land0<j<Il-1,
xp = LF 18 (vg) for k > IK.

Then {xy}rez C Uﬁ;é Li(J) is a d-pseudo-orbit of L in Be,/2(0) by (5).
Hence there exists z € B.(xo) such that the pseudo-orbit is contained in the
e-neighborhood of p(O4(¢~1(z)) N1 (B, (0))) by Claim 2.2. It is easy to
see that

0(04(p~(2)) N0~ (B, (0))) = {L"(2) }rez
by (4) and (5). However, it follows from (5) and (6) that L*(z)NB.(x;x) = 0
for all k € Z. This is a contradiction and thus p is hyperbolic.

As stated before, the case n > 1 is similar. For completeness, we give a
rough outline of the proof. Suppose that f(p) = p (n > 1) is not hyperbolic.
By Lemma 1.1, we can prove an analog of Claim 1.1 (resp. Claim 2.1) for
the periodic orbit O(p) = {p, f(p),..., " (p)}. Let €1, g € U(f) and L
etc. be given by the analog. We may assume

(9'(Bey(p)) Ug™(Be,(p))) N Bey(p) =0 for1<i<n-—1

by reducing €7 if necessary. Since g has the weak shadowing property, the
same property as stated in Claim 1.2 (resp. Claim 2.2) also holds for L on a
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small neighborhood B of ¢(O4(p)). Fix 0 < e < e1,andlet 0 < § =6(e) < ¢
be given by the above property. Let {xj}xrez be a d-pseudo-orbit of L con-
structed in B (mimic the procedure used in the simple case). Then there ex-
ists z € B.(x() such that the pseudo-orbit is contained in the e-neighborhood
of (O4(p1(z))Ne~1(B)). But it will be checked that the pseudo-orbit can-
not be contained in the e-neighborhood. This is a contradiction. The proof
of int WS(M) C F(M) is complete. m

2. Proof of Proposition B. Suppose that f € AN (M) and 2(f) is
finite. There is a subset {p1,...,pn} C 2(f) such that 2(f) = vazl O¢(pi)
and Of(p;) NOs(pj) =0 if 1 < i # j < N. Clearly, Of(p;) is a periodic
orbit. Since §2(f) is hyperbolic, for all p € 2(f) and € > 0, there exist the
local stable manifold W (p) and the local unstable manifold W (p). The
stable manifold W*(p) and the unstable manifold W"(p) of p are defined as
usual. It is well known that

N
M = U W?(Oy(p;)) foro=s,u
i=1
and W*(O¢(p;))NW™(Of(pi)) = Of(pi) for 1 <i < N.Here W7 (O¢(p;)) =
U{W(p) :p € Of(pi)} (0 =s,u).

Under the no-cycle condition, one can choose a simple ordering “<” on

the p; such that py < ... <pn, and p; < p; implies that

W?(Oy(p;)) N WOy (pi)) = 0.

Thus there exists a sequence of compact sets ) = My C My C ... C My =
M (which is called a filtration for f; cf. [13]) such that for 1 <i < N,

FOM;) Cint M; and (1) f™(M; \ Mi—1) = O (p;).

meZ

Suppose further that f € int WS(M). Our aim is to show that f sat-
isfies the strong transversality condition; that is, for every x € M, there
are 1 < i # j < N such that T,M = T,W3(O¢(p;)) + T,W"(O¢(p;))
(x € W3(O¢(p;)) NW™(Os(p;))). Assuming that there is x € W*(O¢(p;)) N
W™ (Oy(p;)) (1 <i<j<N) with

T, M # T, W3Oy (pi) + T W"(Of(ps)),
we shall get a contradiction. Without loss of generality, we may suppose
x € W3(p;) N W"(p;). Clearly, both p; and p; (p; # p;) are saddles.

Let n; and n; be their (minimum) periods; that is, f™(p;) = pi, f™ (p;)
= p;. For the sake of simplicity, assume n; = n; = 1 (although the other
case is treated similarly, a rough outline of the proof will be given later on).
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STEP 1. In this step, linearizing f at suitable points with a small per-
turbation, we make a new diffeomorphism g € WS(M) (Cl-near f). Then
we induce a locally defined linear system (from ¢) with the same geometric
structure as Plamenevskaya’s map. First, applying Lemma 1.1 to

Fy=¢q0fops’0q(Us(a)) = R* (g€ {pi,p;})
we linearize f at p; and p; simultaneously. To simplify notation, suppose
that ¢p, # ¢p, and @4(q) = Oy € R? (¢ € {pi,p;}), where O, are the
origins (the other case is treated similarly).

LEMMA 2.1. For any C* neighborhood U(f) C WS(M) and q € {pi,p;},
let €9, 00 > 0 be given by Lemma 1.1 (Byg,(pi) N Bae, (p;) = 0). Then there
are linear isomorphisms Oy : R? — R? with |0, — I|| < 6o (¢ € {pi,pj})
and g € U(f) satisfying

(1) 9(y) = f(y) if y € {pi,pj} UM \ (Bae, (pi) U Bae, (p5)),

(ii) there exists 0 < €1 < €9/4 such that for ¢ € {pi,p;}, Bae, (q) C

9(Beo(0) N9~ (Bey () and gyp,., (q) (resp- 9|, () is conjugate to

o 1
Ly =040 Do, Fyyp,. (g (resp- Ly = (Og 0 Do, Fo) s, (g)):

(iii) if we extend L, (q € {pi,pj}) to linear isomorphisms on R?, and if
we denote the eigenvalues of L, by A\, x (0 < |A| < 1, |&| > 1) and the
eigenvalues of Ly, by p, v (Jpu] > 1,0 < |v| < 1), then both log|\| and log ||
are rational.

In the above lemma, since ¢¢ is small enough, we may assume

(Beo (%) U £2(f)) N (Baeo (pi) U Baey (pj)) = {pis s }-

Thus £2(g) = 2(f) since f is £2-stable.

For q € {pi,p;}, let E, ® E; be the hyperbolic splitting for L, (where
Ej, and Ej are the stable and unstable eigenspaces respectively), and set

Ej.={wek]:|w|<e} and Ej_(v)=E].+v (0=s,u)
for € > 0, v € R?. For convenience, put
(7) Wf(q,g):gofl(E(‘;e) (0 =s,uand 0 < e < 2¢).
For ¢ € {pi,p;}, denote by W(q,g) (¢ = s,u) the stable and unstable
manifolds for g. In general, = & W5(p;, g) N W"(p;, g). However, since U(f)
is arbitrary, perturbing g (at x) if necessary, we may suppose that =z €
W2(pi, g) N W' (pj, g) and
T M # T, W*(pi, 9) + ToW"(pj, 9)

(see [10, Lemma 3]).

Fix [ > 0 such that z € g*l(le/Q(pi,g)) N gl(W;l/Q(pj,g)). To simplify
notation, we consider the case [ = 1 (the other case is treated similarly).
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Thus, the non-transversality at x implies

(8) Dg—l(x)QQ(Tg—l(z)W 1/2(p]7 )) g(x)Wl/Q(pza )
Pick 0 < €5 < €71 such that

Be, (97 (%)) € Be, () Ng ™" (Us(2)) N g~2(Be, (p2))-

Let us perturb g at ¢g~!(z) and  mimicking the proof of [2, Lemma 1.1].
Put
Gg_l(a:) :QOmOgO(P;] @pj (1‘))) HRQv
Gy =pp, 0909, sox(g( (g H(2)))) — R
LEMMA 2.2. Fiz a C' neighborhood U(g U(f), and let e2 > 0 be as
above. Then there are 0 < €3 < €3/4 and ¢; E Z/{( ) such that
() Baey (971 (%)) N Buey (2) = 0 and £2(g) N (Baey (971 (2))UBuey (2)) = 0,
(i) 91(y) = 9(y) if y € {g~ (), 2} U {M\ (Bies (97" (2)) U Buaey (2))
(ifi) ¢ o g1 = Lg-1(s) © @p, on Bey(97 () and @p, 0 g1 = Ly 0 @ on
B.,(z), where
Ly-1(2)(v) = () + Dy, (4-1(2))Gg=1(2) (V= ¢, (97 (2)))
(9) if v € @p,(Bey (971 (),
Ly(v) = ¢p:(9(2)) + Dy(a)Ga(v — () if v € pu(B: (2)).

In the above lemma, since €3 is small enough, we may assume

Biey (97 () N g1 (Baea (971 (2))) = 0.
Hence, if we denote the set W2 (pj,g) N Be,(g~*(2)) by C* 9—1(z)> then
-nem ,1(35)) e -1 ( )) for all n > 0.
Take 0 < 4 < e3 such that g;(Be.,(g; " (z))) C Be,(z). Then L, o
Ly-1(z) : ¢p, (Be, (97 (2))) — R? is well defined and
©pi 091 = Ly o Ly-1(gy 0 0y, on Bey(gy ().

Note that by Lemma 2.2(i), £2(g1) = {2(g) since g is also {2-stable.

Hereafter, we denote g; and W?(x,g1) by g and W9(z) (0 = s,u) etc.
for simplicity. Obviously, ¢(g(x)) € E5, and ¢(g~'(x)) € Ey. Fixe >0
=s

such that Egjys(cp(g_l(m))) C ¢(B- 4(g_1(:1:))) (o ,u). Then, by (8) and
(9), we conclude that

Ly o Ly-so) (B}, (olg ™ () € B,
Ly 0 Ly (B, (olg ™ (2))) # E,

(see the figure).
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Eu' on I—g'J(x)

B el Ep « ©(@7()
0 ¢(g7)
4}/ —f—ESVS ®@7)
A J

S
;. Es. > <

1 v g $(9() " o @

Lol (Ep « @(07090)

LyeLgi (E?i = ©@7x) E’g; 1

We sometimes denote a point v € R? by coordinates (v, w) with respect
to By x Ey if v € p(B:,(q)) (¢ € {pi,p;})- Let

go(g(x)) = (vg(ﬂﬂ)’o) € E]S% x EZ?N
90(9_1(55)) = (0, wg-1(z)) € E;j X Ezl;j'

Then there are constants a, b and ¢ such that

v a b v Vg(z) — bWy-1(4 s u
(11) LmOLg_l(w) <w> = <c O) <w>+< g(z) 0 g~ )> EEijEpj

if (v,w) € p(Be, (g7 (x))). Obviously, ¢ # 0.
Finally, we define a system consisting of L., Lg-1(y), L, and Ly, by

Ly, (v) if v € (B, p]) \ Be, (97 (2))),

(10)

L= L) v e elBalo 1)
g L.(v) if veop(g ( (UU))))7
LW ifve ot
and
L, (v) if v € p(Be, (py)),
Lol(v) = Lgc‘l(V)1 if v € p(g*(Be, (971 (2)))),
9 Ly-r(py " (v) ifvep(g(Be, (g~ (if))))
L, (v) if v € o(Be, (pi) \ 9°(Be, (97 (2))))-

Notice that if v belongs to the domain of £, (resp. £;'), then

(12)  pogog ' (v)=Ly(v) (resp. pog™lopT (v) =L (V).

REMARK. We can see that the system L, closely resembles Plamenev-
skaya’s map, and that the dynamics of g on the neighborhood of {p;,p;,
g Y(x),xz} coincides with the dynamics of £, on the neighborhood of
{o(pi), p(pj), p(g~(x)), ¢(x)}. Unfortunately, in the proof of Proposition B
we cannot restrict ourselves to £, because we must control the global be-
havior of a weakly shadowing orbit for g. But we consider £, (instead of g)
when the orbit visits the above neighborhood.



Diffeomorphisms with weak shadowing 69

STEP 2. Let g be the map constructed in Step 1. In this step, we prepare
two lemmas to control the behavior of a weakly shadowing orbit for g. For
any v € Ej x E and € > 0, put

Be(v) = Eg (V) x Ej(v) (g €{pipj});

and furthermore, define

(13) Bl(v) = ¢~ (B:(0(v)))
if p(v) (v € M) is contained in the interior of the domain of £, and if ¢ is
small enough. Clearly, B.(v) is a closed neighborhood of v in M. We may

assume that B;_ (¢) C Be,(q) (¢ € {ps,p;}) by reducing &, if necessary (see
Lemma 2.1(ii)).

Recall that £2(g) = £2(f) by construction. It is not hard to show that
the sequence ) = My C My C ... C My = M is a filtration for g (since g is
Cl-near f). Thus g(M}) C int My, for 1 < k < N, and for any neighborhood
U of O4(pr) (1 < k < N), there exists a positive integer my, satisfying
Oy(pr) C g™ (M) \ g~ (My—1) C U. Since ¢; is small enough, we may
suppose

(14) B, (pr) C int My \ My_y  for k =1,j.
For g € {pi,p;}, put

D(q) = We (9) \ g(Wz (q)) and  D"(q) = W& (q) \ g~ (W (q))-
Then D®%(q) (resp. D"(q)) is a fundamental domain for the stable (resp.

unstable) manifold of g. Clearly, ¢ ¢ D*(q) U D"(q) for ¢ € {p;,p;}. Thus,
by the filtration, there exists m > 0 such that for k =1, j,

(15) g™ (D"(px)) Cint My_y and g~ "(D*(px)) C int My \ M.
LEMMA 2.3. There exists 0 < €5 < €4 such that for all k > 2,

(1) d(g"(BL (D"(p:)), BL, (W2 (pi) > €5,
(ii) d(g~"(BL, (D(p;))), BL, (W, (p;))) > e5.

Proof. Let m > 0 be as in (15). We prove assertion (i) ((ii) follows
similarly). Suppose that for every n > 0, there are z,, € B] /n(D“(pi)) and
k. > 2 such that ¢g*~(z,) € 2/n(W“( p:)). If k,, < m for all n, then there
exists 2 < m’ < m such that g™ ( ) € W2 (p;). Here x = limy, oo 7y, €
D"(p;). Thus x € g_m/(I/VE“1 (pi)) N D"(p;) # (. This is a contradiction since
m’ > 2. Thus k,, — oo as n — oo. By (15), if we take n large enough, then
9" (xy) € M;_1 (since z,, — = € D"(p;) as n — o0). On the other hand,
if n is so large that k,, > m, then g*~(z,,) = g =™ (g™ (z,)) € M;_; since
g(M;_1) C M;_. This is also a contradiction, because lim,, .o, g**(z,) €
W2 (pi) € M; \ M;_q by (14). =
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The next lemma is almost clear since the map ¢ is conjugate to the
(locally defined) linear isomorphism L, on the neighborhood of q.

LEMMA 2.4 (cf. [4]). For q € {p;,p;} and 0 < e < &1, put

Via) = Wi, (q (Ug (BL(D*(0))) N B, (0)),

V2(a) = W, (q (Ug (BL(D"(@))) N B, (0))-

Then VZ(q) is a neighborhood of W (q) UWZE (q) for o =s,u.
Proof. For q € {p;,p;} and 0 < € < &1, by formulae (7), (12) and (13),

P(V2(0) = Eja, (Uﬁk (D% (@))) N1 B2z, (0,)) )

and clearly, this is a neighborhood of ¢(W¢ (¢) UW (q) = E; ., UE, ..
The assertion on V" (q) follows similarly. m

Proof of Proposition B. Let g € WS(M) and L, be as in Step 1. Under
the above preliminaries, by Plamenevskaya’s technique we shall obtain a
contradiction.

Recall that z € g_l(Wsl/Q( i))Ng(W,, 5(p;)), and let €5 > 0 be given by
Lemma 2.3. Take 0 < g6 < €5 such that B, (g(x)) C V2 (p;) and B, (z) C
B.,(z), and fix 0 < e7 < ¢ satisfying

(16) Bl (97 (x)) C g H(BL(x)) Ng~*(BL,(9(x))) NV, (py)-
Let A and p be as in Lemma 2.1(iii). For simplicity, we deal with the case

when both A and p are positive (the other case is treated similarly). Since
both log A and log p are rational,

logh 7

logp s
for some integers r,s > 0. Put 0 < v = e~ (1°8#)/s < 1. Then A\ = 4" and
p=c
Let ¢ be asin (11), and assume ¢ > 0 (the other case is treated similarly).
The proof is divided into two cases.

Case 1: ¢ > 1. Take (0,w,) € E}

e, and (v:,0) € Ep
1/2

Ppj,€1

such that
wy =€1y/* and v, = e1c L. Set

(17) y=¢ 10,w,) € W (p;) and z=¢ (v:,0) € WE (p;),
and fix 0 < & < min{er, e1(2¢)"'4/2(1 — 41/2)} such that

(18) BL(y) N W3, (pi) =0 and  BL(z) n Wy, (p;) = 0.
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Pick 0 < ¢’ < € so small that B./(v) C B.(v) for all v € {g7(z),,y, 2z}
Let 0 < § = 0(¢') < &’ be as in the weak shadowing property of g, and
choose an integer k > 0 such that

max{d(g~*(y), ¢"*(x)),d(¢g~"(x), " (2))} < &.

Denote by POs the following §-pseudo-orbit of g consisting of three
pieces of g-orbits:

{0 97%(2),071(2),2,9(2), . 6" 1 (2), 97 (@), g7 F (@), g7 (),
2,9(x), - 0" @), 07 W) 0T W)s g (W) 0, 9(y), 8P (W), -}
Since g has the weak shadowing property, there exists w € BL(g™'(x))

weakly &’-shadowing POs (recall (13) and the choice of ¢’). It is easy to see
that

(19)  g(w) & BL(2)UBL(y), Of(¢°(w))NBL(z) =0, Oy (w)NBL(y) =0,
where

07 (9*(w)) = {g"(9*(w) }xz0 and Oy (w) = {g~"(w)}rx0.

For, since g(w) € BL (x), we have g(w) ¢ BL(z) U BL(y) (see the para-
graph following Lemma 2.1). Since g™ (g?(w)) € M; for all m > 0 and
Bl(z) C Bh, (p;) € M;\ M; (see (14) and (15)), we have Of (¢*(w)) N
BL(z) = 0. Similarly, O, (w) N B.(y) = () is obtained since w € By, (p;j) C
M; \ M; and B(y) C B, (pi) C M;.

Moreover, we have the following

CLAM. Under the above notation,

(i) there is k > 0 such that g~ "(w) € VZ(p;) for 0 < n < k and
9" (w) € BL(2),

(ii) there is m > 0 such that g"(g*(w)) € V2 (ps) for 0 < n < m and
9™ (g*(w)) € BL(y).

Proof. Let us prove assertion (i). First of all, we show w ¢ W3 (p;). If
w € Wit (pj), then O, (w) C W3L (p;). Thus O, (w) N BL(z) = 0 by (18).
Since (O (¢*(w)) U {g( )} NBL(z) =0 (see (19)) we have Oy(w) N BL(2)
= (). This is a contradiction.

Since w € BL(g™*(z)) C V& (p;) (by (16)) and w & W3 (p;), there exists
K > 0 such that g=%(w) € VZ (p;) for 0 < k < K and g~ 5~ (w) & VE (p;).
Clearly, g~ (w) € B._(D*(p;)) by Lemma 2.4. Furthermore, g~ *~*(w) ¢
BL_(W¢ (p;)). Indeed, since L, is linear on the neighborhood of p;, it is
easily checked that

p 51 U Ek 55 Ds(pj)))) N 8251 (Opj)'
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Thus
BL,(W2,(p (Uck (D () N B, (0y,)).
Since
VE ;) = Wik, () U™ (Uzk (D (9))) N B2, (0y,)),

we obtain ¢~ % ~1(w) & BL (WE (p;)) (recall g=*~*(w) & VE (p;)). Hence,
by Lemma 2.3(ii), we have g~ % ~*(w) ¢ B.(z) for all k > 0.

If g% (w) & B.(z) for all 0 < k < K, then O, (w)NBL(z) = (. Therefore,
O, (w) N BL(z) = 0 since (O} (¢°*(w)) U{g( ) ﬂBg(z) = () by (19). This is
a contradiction.

The other assertion follows from Lemma 2.3(i) and (19) in the same
way. m

By Claim (i) and Lemma 2.1(ii), we see that
—k

L5 (p(w)) € [v: —€,v, +¢€] X [~¢,¢]
with respect to £} x Ep. (recall (12), (13) and (17)). Thus
p(w) = [,’g“(ﬁg_k(cp(w))) € [N, — Mg, Ney, 4+ \Fe] x [Wy—1 () — € Wg—1(g) +€]
(see (10)) and so
p(g*(w)) = L(p(w))

€ [Vg(z) — €6, Vg(z) + €6 X [c(slcflz\k — EAk), 0(51071)\’g + 8)\k)]
= [Vg(2) — €6, Vg(x) + 6] X [E17" — cev™* 17" + cey™]

with respect to Ej x Ej by (11) and (16). On the other hand, by Claim
(i) and Lemma 2.1(ii), we have L' (¢(g*(w))) € [—&,¢] x [wy — &, wy + €].
Thus

90(92(711)) € [vg(w) — €6, vg(a:) +€6] X [51’71/2/1’77” - g:uimv 8171/2M7m +EILI/

_ [,Ug(w) — €6, Vg(a) + 56] % [gl,ysm+1/2 o 675m7€175m+1/2 + Eﬁysm].

-

If rk > sm, then it is easy to see that ey T2 —enys™ < g 4"k 4 cenyh
Hence
a1 (P =) See(7E 40 < (7 ) gay P (L= 41P).
Thus
yIALZ k< Lk g2 (1 — 412

and so 1 —~"F=sm=1/2 < 1 _~1/2 This is a contradiction since 7k — sm — 1/2
>1/2.
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If rk < sm, then e17"% — ceny™ < ey +1/2 4 g4 From this, 1 —
STk EL/2 <« A1/2(1 — 41/2) This is also a contradiction.

CASE 2: 0 < ¢ < 1. Take (0,wy) € EY

Pi €1

and (v,,0) € ES _ such that

Pj€1
_ 1/2 _
Wy = €1CY /2 and v, = €&1. Set

y=¢ '(0,wy) € W2(p;) and z=¢ '(v.,0) € WZ (p;),

and fix 0 < £ < min{er, (ce1/2)7"/2(1—~/2)} such that BL(y)nWs, (pi) =0
and B.(z) N W3 (p;) = 0.

Let 0 < ¢’ < e be asin Case 1, and let 0 < § = 6(¢’) < &’ be as in the
weak shadowing property of g. If we construct a d-pseudo-orbit POy of g in
the same way, then there exists a point w € B.(g~!(z)) weakly &’-shadowing
POs. By an analog of the claim in Case 1 (the proof is similar), there are
k,m > 0 such that

0(9%(w)) € [Vg(a) — €65 Vg(a) + €6) X [c(e1 A" — eNF), (1A% + eAF)]
= [Ug(a) — €6, Vg(a) + €6 X [cE17™* — cey™, ce1y™ + cey™]

and

@(g*(w)) € [Vg(x) =65 Vg(x) FE6] X [cery 2™ —ep ™™, cery P e ™™

= [Vg(a) — €6, Vg(a) + 6] X [ce1y /2 — ey ™, cery R et

with respect to Ej x Ej.. If rk > sm, then cey M2 — eyt < ceytR 4
cey"™®. Since

1 e
g1 ("M — 4Ry < 5<7Tk + 278m> <=("F ),

we derive a contradiction. If rk < sm, then we can also derive a contradiction
in the same way.

Suppose that n; > 1 or n; > 1 (recall f™(p;) = p; and f™ (p;) = p;)-
This case is similar. Indeed, applying Lemma 1.1 (see (1)) to the periodic
orbits O¢(p;) and O¢(p;), we can construct a diffeomorphism g (C'-near
f) and a system L, = {LZZ,LZ;,LQ—I(z), L.} on the assumption that = €
g_l(Wslm(pi)) N g(WZ 2(p;)) is a non-transversal intersection of W*(p;)
and W"(p;) (mimic the procedure used in Step 1). Note that g has the
weak shadowing property.

We can prove analogs of Lemmas 2.3 and 2.4 of Step 2 with respect to
O, (pr) (k=1,7). Since €, is sufficiently small, we may assume

(9" (Bae, (pr)) U g~ " (Bae, (pr))) N Bac, (pr) = 0

for 1 <n < np—1and k = i,j. Choose y € W2 (p;), 2 € WZ (p;) and
0 < &’ < e < &1 as in the proof of the simple case, and let 0 < § = §(e’) < &’
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be as in the weak shadowing property of g. Pick [ > 0 so large that

max{d(g~""(y), g™ (x)), d(g" (2), 9" (2))} < 0.
Denote by POs the following d-pseudo-orbit of g consisting of three pieces
of real g-orbits:

{0 97%(2), 97" (2),2,9(2),. ... g™ N(2), 97 @), g7 (@), .. g (),
z,9(x), ... g™ (@), g7 (W), g7 W) T W)y 9(0) 9P (W), )

Since g has the weak shadowing property, there exists w € BL(g™'(x))
weakly ¢’-shadowing POj. Clearly,

0y (w) = O (¢*(w)) U {g(w)} U OF (w)

:(”[_jlgwo;ni(g?( ) U{g(w)} (nUlg” (0,1, ),

where

O, (9*(w)) = {g"*(¢*(w)}izo and O u; (w) = {g~"" (w)}rxo.

It is easy to see that

07 (¢*(w)) U fg(w U L) N B =0,

ho(
[{g(w)}u0g (w)u ( Q ?w))] N BLw) =0

Moreover, assertion (i) (resp. (ii)) of the claim in Step 2 is satisfied by g~
(resp. g"*). Thus, applying Plamenevskaya’s technique to Lp* (k =1, j), we
get a contradiction. m
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