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Categoricity of theories in L+, when

k* is a measurable cardinal. Part 2

by

Saharon Shelah (Jerusalem and New Brunswick, NJ)

Abstract. We continue the work of [2] and prove that for A successor, a A-categorical

theory T in Lx+ ., is p-categorical for every p < A which is above the (QLS(T))Jr-beth
cardinal.

0. Introduction. We deal here with the categoricity spectrum of the-
ories T in the logic L+, with x* measurable and more generally, continue
the attempts to develop a classification theory of non-elementary classes,
in particular non-forking. Makkai and Shelah [3] dealt with the case of k*
a compact cardinal. So k* measurable is too high compared with the hope
of dealing with T C L, , (or any L,,) but seems quite small compared
to the compact cardinal in [3]. Model-theoretically a compact cardinal en-
sures many cases of amalgamation, whereas a measurable cardinal ensures
no maximal model. We continue [13], Makkai and Shelah [3], Kolman and
Shelah [2]; try to imitate [3]; a parallel line of research is [16]. Earlier works
are [8], [10], [11]; for later works on the upward Lo$ conjecture, look at [5]
and [4].

On the situation generally see more in [5].

This paper continues the tasks begun in Kolman and Shelah [2]. We use
the results obtained therein to advance our knowledge of the categoricity
spectrum of theories in L.+, when ™ is a measurable cardinal.

The main theorems are proved in Section 3; Section 1 treats types and
Section 2 describes some constructions.

Note that we may expect to be able to develop a better, more infor-
mative classification theory, in particular stability theory, for T C L=,
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166 S. Shelah

with £* measurable than without the measurablility assumption, and less
informative than in the case of k* compact.

The notation follows [2], except in two important details: we reserve x*
for a fixed measurable cardinal and T for a fixed A-categorical theory in
L~ in a given vocabulary L; k is any infinite cardinal and 7" is usually
some kind of tree. To recap briefly: T is a A-categorical theory in L, .,
LS(T) := k* + |T|, K = (K, <F) is the class of models of T, where F is a
fragment of L, satisfying T C F and |F| < k* +|T|, and for M,N € K,
M <z N means that M is an F-elementary submodel of N. We take the
minimal such F so T determines F.

The principal relevant results from [2] are: K. has the amalgamation
property (5.5 there), and every member of K. is nice (5.4 there). But this
assumption (T categorical in \) or its consequences mentioned above will
be mentioned in theorems when used.

Let (Ml,M()) =r (Mg,MQ) mean M, <r M3 and My < Ms.

(I1, 1) is a Dedekind cut of a linear order I if

I=hLUIL, §LnNnIh=0, (zel)Vyell)(z<y).

The two-sided cofinality of the Dedekind cut (13, I) of I, cf(11, I5), is (cf(11),
cf(13)), where I3 is the order I inverted. The two-sided cofinality of I,
cf(I,I) = dcf(I), is (cf(I*), cf(1)).

Writing proofs we also consider their possible role in the hopeful classi-
fication theory. But we have always been trying to be careful in stating the
assumptions.

Note that [2] improves some of the results of [3]; but they do not fully
recapture the results on the compact case to the measurable case. E.g. there
categoricity in successor A implies that categoricity starts at the relevant
Hanf number of omitting types so in general we deduce categoricity in larger
cardinals. For a good understanding of this work, the reader is expected to
know well [2]. Now it will be helpful for the reader to beware of some “black
boxes” [6] (or [13] for less good source) and to have some knowledge of [5]
or [3] but usually proofs are repeated.

We thank Oren Kolman for writing and ordering notes from lectures on
the subject from Spring 1990 on which the paper is based (you can see his
style in the parts with good language) and Andres Villaveces for corrections.

1. Knowing the right types. The classical notion of type relates to
the satisfaction of sets of formulas in a model. We shall define a post-classical
type (following [13], [7] which was followed by Makkai and Shelah [3], or see
[5, §0], but here niceness is involved) and use this to define notions of freeness
and non-forking appropriate in the context of a A-categorical theory in L+ .
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The definitions try to locate a notion which under the circumstances behaves
as in [14] and, if you accept some inevitable limitations, succeed.

CONTEXT 1.1. T C L+, in the vocabulary L, K = {M : M a model
of T}, <r as in the introduction.

K, = {M e K : |M|| =}, Kep = Uy K K = (K, <), and we
stipulate K<« = 0, hence, e.g., K<, = J{K, : p < k but g > x*}. (Why?
Models of cardinality < x* are the parallel of finite ones for first order logic:
such models may have no <y,_, = proper extensions, and using our main tool,
ultrapowers, we can say little on them. So instead of excluding them many
times, we ignore them always.) We let LS(K) = |F| + *.

We assume that if A C N € K, |[N|| > A, and u = |A| € [x*+ |T], ),
then for some nice N € K, A C M <z N. This is reasonable as by [2, 5.4,
p. 238] every M € K_) is nice. The reader may simplify assuming every
M € K., is nice.

Remember “M € K is nice” is defined in [2], Definitions 3.2, 1.8; nice
implies being an amalgamation base in K.y (see [2, 3.5]). Here for sim-
plicity we mean “amalgamation” to include the JEP (the joint embedding
property).

DEFINITION 1.2. Suppose that M € K_) is a nice model of T. Define a
binary relation, By = E37, as follows: (@1, N1)Ep (@2, N2) if and only if for
l=1,2, N; € K.) is nice and M <r N;, @, € N; (i.e., G; a finite sequence
of members of N;), and there exist a model N and embeddings h; such that

M=z N, h: Nl?N, idyy = hi[M = he[M,
and hl(al) = hg(ag).

REMARK. This definition, in fact a generalization for amalgamation
bases and more general, are important in [13], [5], [4], but here we restrict
ourselves to nice models.

Fact 1.3. (1) Ep is an equivalence relation.

(2) Let M € K.y be nice, M <z N,a € N, and forl =1,2, MUa C
N; =g N, N; nice and ”NZH < X. Then (ﬁ, Nl)EM(E, Ng).

(3) Ejr is preserved by isomorphism.

Proof. (1) Let us look at transitivity. Suppose (a;, N;)En (@1, Niv1),
[ = 1,2. Now M, being nice, is an amalgamation base in K ), thus there
are models N! and embeddings h}, hl1 of Nj, Ni41 over M into N, with
hh(@) = hi(@.1), [ = 1,2. Without loss of generality, N' € K_, (by the
Downward Loewenheim—Skolem Theorem). By assumption Ns is nice, hence
by [2, 3.5] it is an amalgamation base for K.y, i.e., there is an amalgam
N* € K.y and embeddings g; : N! N N*, amalgamating N', N? over N?
with respect to h%, h%. In other words, the following diagram commutes:
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N*
Nt N2
h{ hi h3 h3
a1 € V1 as € Ny a3 € N3
id idT /
M

Now just notice that N*, glhé, goh? witness that (@, N1)Ey(as, N3),
since

giho(@r) = g1(h1(a2)) = g2hi(@2) = g2h7 (as).
(2), (3) Left to the reader. =

DEFINITION 1.4. Suppose that M, N € K. are nice,a€ N and M <z N.

(1) p:=tp(a, M, N), the type of a over M in N, is the Ej;-equivalence
class of (a, N),

(a,N)/Ear = {(b,N1) : (a, N)Epr (b, NY)}.

We also say “a € N realizes p”. If ||[N|| > A define tp(a, M, N) by 1.3(2)
(using the hypothesis).

(2) U M' < M € K_) and p € S(M) (see below) is (a—, N)/E);, then
pIM' = (a=,N)/Eyp; clearly the representation (a, N) does not matter.

(3) FLS(T) < k < pu < A, we call M € K, k-saturated if for every nice
N <7 M with ||[N|]| < k and p € S(N), some @ € M realizes p (in M so
necessarily M is nice) or at least for some nice N’ with N <z N’ <z M,
some a’ € N’ realizes p in N'.

(4) S™(N) = {p : p = tp(a, N, N1) for any nice N; and @ satisfying
N <z Ny and ||N1|| < ||N|| +LS(K) and @ € ™(N1)} and

S(N) = S<“(N) = | J ™).
m<w

(5) T is p-stable if N € K<, = |S(N)| < p.

(6) We say N is p-universal over M when M < N, N € K, and if
M <7 N’ € K<, then there is a <r-embedding of N’ into N over M.

(7) We say N is (u, k)-saturated over M if there is a <z-increasing
continuous sequence (M; : i < k) such that My = M, N = J,,, M;,
M; € K,, and M; 1 is p-universal over M;. We say N is saturated over M if
for some p € [LS(T), \) and some k < p, N is (u, k)-saturated over M. So
(u, k)-saturated over M implies universal over M.
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(8) We say K (or T) is stable in p if for every M € K,,, M is nice and
[S(M)| < p.

DEFINITION 1.5. We shall write
Ms
My \J My
My
to mean
Mo =5 My g M3, Moy =g Mz =5 Mj3

and there exist a suitable operation (I, D,G) and an embedding
h: M -2 Op(My,I,D,G)

such that h[M; = idy;, and Rang(h[Mz) C Op(My,I,D,G) (remember
that Op(M, I, D, G) is the limit ultrapower of M with respect to (I, D, G);
see [2, 1.7.4]). We say that M;, My do not fork in M3 over My if

If

does not hold, we write

and say that My, My forks in M3 over M.
THEOREM 1.6. (i) Suppose that

M; M;
M, \J Mo and M> H—J M,
M, Mo

(failure of \J-symmetry) and My <nice M3. Let p = k*+|T|+ || Ma||+ || M1 ]|

Then for every linear order (I,<) there exists an Ehrenfeucht—Mostowski
model N = EM(I,®) with p (individual) constants {10 : i < p} and unary
function symbols {t}(x;) : i < u}, {T?(z;) : i < p} such that, for M =
(NTL){7? i < p} (i.e., M is a submodel of N with the same vocabulary
as T and universe {TZ-D 21 < u}, i.e., the set of interpretations of these
individual constants) and for everyt € 1,1 =1,2,

M} = (NTL) {7 () i < p},

N
one has M <z N, M} <z N and for s #t € I, t < s iff M} ||) M2.
M
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(2) Assume:

(a) p>LS(T) and M € K,, is nice,

(b) forl=1,2, Op, is defined by (I;, D}, G}), fia € TM for a < o
with eq(f1.a) € Gi, i.e., such that eq(fi )/ D € ME|G,

(a) forl=1,2 we have M} = M, M} = Op,(M}), M = Op,_;(M}),
as' = fia/D1 € (MY)B|G) = ML and o} = f3_10/D> €

Is_
(M) 5 |Gy = M3,
Then there are &, 7! (1 =10, < p orl € {1,2}, i < oy) such that:

(o) @ is a blueprint for E.M. models, |Lg| < u where Lg is the
vocabulary of @ so L C Lg,

(B) for any linear order I, EM(I,®) = EM(I,®) is the L-reduct of
EMp,(I,®) (an Lg-model) which is a model of T of cardinality
w+ I and

ICJ = EM(I,®) <z EM(J,d),

(v) 7! are unary function symbols in Lg,
(6) EM(0,®) is M,
(€) for any linear order I and s < t in I we have: the type which
(i) (th(zs) : a < oz1>/\<7'§(a:t) : B < ag) realizes over M in
EM(I, ®) is the same as the type that (ad" : o0 < a1)al?
a < ag) realizes over M in M3,
(i) (tl(zy) : a < al)/\<7'§($s) : B < ag) realizes over M in
EM(I, ) is the same as the type that (a2” : o < a1) a3 :

B
B < aw) realizes over M in M22

REMARK. Note My =pice M3 is automatic in the interesting case since
My € K. and every element of K is nice by [2, 5.4]. On the operations
see [2].

Proof of Theorem 1.6. (1) Without loss of generality ||Ms|| = p. Let
M;" be an expansion of My by < LS(T) functions such that M has Skolem
functions for the formulas in F. We know that My <pice M3. So there is

Ms
Op! such that My <z M; <7 Opl(Mo) and as M ||J Ma there is Op? such
My
that My <z Mz <7 Op?(M;) and My <5 Op?(Mp). Let Op = Op? o Op'.
For each t € I, let Op, = Op. Let N be the iterated ultrapower of My with
respect to (Op, : t € I). For each t € I, there is a canonical F-elementary
embedding F, : Op,(My) =+ N. Let M = My and M} = F,(M)) for | = 1,2,
tel.
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For each t < s, we can let Mt = (Op, : v < s)(My), so My =<x
M;" <5 M} <7 Op' (M) and we can extend F;[M; to an embedding of
Op? (M) into Op2(Opl(M7)), so (Fi[Mi) U (Fs[Ms) can be extended to a
< r-embedding of M3 into N. From the definition of the iterated ultrapower

N
and non-forking it follows that for s # ¢t € I, t < s implies M}! || M2. On
My
the other hand, similarly, if s,¢ € I and s < ¢ then (Fs[M;) U (F;[Ms3) can
be extended to a <r-embedding of M3 into N, and hence by assumption

N
M W M.
Mo
(2) A similar proof. m

COROLLARY 1.7. Assume T is categorical in \ or just I(\,T) < 2.
Then U+ <) Ky obeys \[J-symmetry, i.e., for Mo, My, M2, M3 € U+ ., Ky,

Ms Ms
if M1 LU M2 then MQ UJ Ml.
My My
M3 M3
Proof. If u* < X\, My ||J M3 and M, ) Ma, then Theorem 1.6 gives the
My My

assumptions of the results at the end of Section 3 of [13, III] (or better [6,
I11, §3]). These yield a contradiction to the A-categoricity of T and even 2*
pairwise non-isomorphic models.

But we give a self-contained proof of the version of 1.7 needed here,
i.e. for T categorical in A, allowing ourselves to use the rest of this section
(which does not rely on 1.7 except 1.24), really use just 1.16, 1.18, 1.20 here.
Let @ be as in 1.6(2); we can assume it is as used in 1.18, 1.19. Choose an
increasing continuous sequence (I, : @ < p* + 1) of linear orders each of
cardinality pt, [Ior1 \ In| = pt, t* € L0 \ Iw, 88, s € Tay1 \ Io for
o < i such that

a<f = sy <sg<t'<sp<sy,
and s}, s; realize the same Dedekind cut of I,,. Let M, = EM(I,,®) for

(a6
a < ptyso (M @ a < pt 4 1) is <z-increasing continuous, M, € K+,
M1 is (p, p)-saturated over My, @ = (ti(xy) @ i), by = (r2(wy) : i) for

t € I+4q. Clearly tp(@,-, Mo, M+ 41) = tp(@,+, Mo, M+ 1) for a < p but
(%) tp(by "=, Mo, My 1) # (b "Ts, M, Myt 1)

We now choose enough sequences of models; first we define a linear order J
with set of elements

{tivi <k JU{sy:y<p® x(p"+1)}
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such that

<<k &B<y<pTx(pt+1) = t;<t;<sz<s,.
Fora < pt+1let Jo ={t; : i < k*}U{ty : v < pt x(1+a)} and
J* = Ju41 \ Ju Let Ny = EM(Jo,®). Again (N, @ a < pt +1) is
= F-increasing continuous in K+ and Nei1 is (ut, pt)-saturated over Ny.
Hence there is an isomorphism f* from M+, onto N,+,; mapping each
M, onto N,. Now, b* = f(by) = (f(7?(24)) : i) is a sequence of < 1 mem-

bers of EM(J,+ 1, ®), hence for some v < " we have b* C EM(J’, #) where
J
J' = {ti i < K"} UJ*UJ,. However by [2, 2.6] we have J,+ (J J'. Hence
Ja
2, 2.5]
EM(J, &)
(%) EM(J,4, @) ] EM(J,®).
EM(J,, $)
Now clearly there is an automorphism f of EM(J,+,®) over EM(Jy,®)

which maps @ to @ . The Op which witnesses (*) extends f to an auto-
morphism of Op(EM(J,+,®)) which is the identity over EM(J’, ®), contra-
dicting (), so we are done. =

It may be helpful, though somewhat vague, to add the remark that |-

asymmetry enables one to define order and to build many complicated mod-
els; so 1.7 removes a potential obstacle to a categoricity theorem. Note that
we could have put 3.11(2) here.

DEFINITION 1.8. Let A be a set. We write

M3
M, | A
My
(where A C M3, My <z My <7 Mj3) to mean that there exist My, M} such
M
that A C |My|, M3 <7 Mj and M; ||J Ms. In this situation we say that
My
A/M; = tp(A, My, M3) does not fork over My in Ms.
Ms M3
We write M; ) a to mean M; ||J {a}; we then say tp(a, My, M3) does
My My
not fork over Mj.
Ms
We write Ay |J Ag if for some Ms, M3 <r M} € K., and for some
Moy

Mj
M{, A2 g M{ j]: Mé, and M{ UJ AQ.
My
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REMARK 1.9. (1) Of particular importance is the case where A is finite.
Let us explain the reason. We wish to prove a result of the form:

() if (M; : i <46+1)is a continuous <z-chain and a € Mg, then
M 1
there is ¢ < 0 such that Ms | a.
M,

i
This says roughly that the type tp(a, Ms, Ms.1) is definable over a finite
set (or at least in some sense has finite character). In general the former
relation is not obtained. However its properties are correct. Hence it will be
possible to define the rank of a over My, rk(a, My), as an ordinal, so that
Ms3
for large enough Ms, if My |4 a, then rk(a, M;) < rk(a, Mp).
Mo
(2) If A is an infinite set, then we cannot prove () in general. For
example, suppose that (M; : i < w) is (strictly) increasing continuous, a; €

M,
M;p1\ M; and A = {a; : i < w}. Then for every i < w, (U;,M;) 4 A
M;

as the operation Op we use in the definition increases M; and increases
Uj<w Mj, but Op(M;) NU;,, Mj = M;. Still we can restrict ourselves to 6
of cofinality > |A|.
N3
(3) Notice that quite generally, N7 ||J No implies that N1 N No = Ny (see
No
above).
DEFINITION 1.10. We define
ku(T) =ku(K) ={r : cf(k) = K <p and there exist a continuous < r-chain
(M;:i<k+1) C K<, and a € M,41 such that
for all i < K, a/M, forks over M; in My41}.

That is, for k € k,(T) there are (M; € K<, :i < k+1) and a € M4 such
MnJrl
thati <k =M, 1 a.
M;
ExAMPLE 1.11. Fix pand o < p. Let (Pw, E)g<q be the structure with
universe
Hw ={n:nis a function from p to w},

and nEgv iff n[f = v[f. Let T = Th(*w, E3)g<q- Then
ku(T) ={k:cf(k) =k < a}.

Why? If cf(k) = k < a, then there are M; (i < k+ 1), a € M,41 and
a; € Mit1\ M; for i < k such that a;/F;11 ¢ M; (that is to say, no element
of M; is E;11-equivalent to a;) and aEj;1a;.
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DEFINITION 1.12. The class K = (K, <) is x-based if for every pair of
continuous <z-chains (N; € K<, : i < x7), (M; € K<, : i < xt) with
M; <7 N;, there is a club C of x™ such that

. Nit1
(VZ S C) <Mi+1 UJ Nz) .
M;
Replacing x* by regular y we write (<x)-based. We say synonymously that
T is x-based.

DEFINITION 1.13. The class K = (K, =) has continuous non-forking in
(w, k) if

(o) whenever (M; € K<, : i < 6) is a continuous <z-chain, |§| < p,
cf(d) = &,

N*
My =7 Ny j]:N*, My j]:N* and (VZ<5)<MZ LU NQ),
Mo
N*
then My ||J No;
Mo
(B) whenever (M; € K<, : 1 < 0+1), (N; € Kgyy 10 < 64 1) are
continuous < r-chains, M; <z N, || < p, cf(0) = k and

, Nsi1
(VZ < 5) <M5+1 U_J Nz),
M;
N1
then Msi1 U Ns.
M
Again we will mean the same thing by saying that T has continuous
non-forking in (u, k).
Our next goal is to show that if T fails to possess these features for some
p < A such that p > k + LS(K), then T has many models in A.
Let us recall in this context a further important result from [13, II, 3.10]:

THEOREM 1.14. Assume T is a A-categorical theory, or just K.y has
amalgamation and every N € K_) 1is nice.

(1) Let LS(T) < p < X and M € K,,. Then the following are equivalent:
(A) M is universal-homogeneous: if N <z M, |N|| < p and N <fr
N’ € K., then there is an F-elementary embedding g : N’ 7z,
M such that g|N =idy.
(B) If N < M, |[N|| < p and p € S(N), then p is realized in M,
i.e., N is saturated.

(2) M asin (A) or (B) is unique for fivzed T, p.
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(3) Let LS(T) < < X and k < p. Any two (p, k)-saturated models are
isomorphic (see 1.4(7)).

(4) Let LS(T) < p < X and k < p. If N1, Na are (p, k)-saturated over
M then Ni, Ny are isomorphic over M.

Proof. (1), (2) See [13, II 3.10], or better presented [5, 0.19].

(3) Easy and proofs exist but we shall prove. Assume Ny, Ny are (j, k)-
saturated, hence for [ = 1,2 there is a <z-increasing continuous sequence
(M : o < k) in K, such that M;,, = N; and M o4 is universal over M .
We now choose by induction on o < x a triple (f;, My ,, M; ,) such that:

(a) for 1 € {1,2}, M] , € K}, is Zr-increasing continuous with a <,

(b) fa is an isomorphism from M{,a onto Mﬁ,a increasing with «,

(c) if av is even then MLO( = M o and Mé,oz =5 M3 ot1,

(d) if v is odd then Mé’a = M, and M{’a =5 Miat1,

(e) if a is a limit ordinal then My , = Mj o and M , = M3 4.

Using the universality assumptions there is no problem to carry out the
induction and f is an isomorphism from Ny = M; ,, onto Ny = N».
(4) Similar to (3) (just let M = Ml’() = MQ’O, fo= ldM) u

PROPOSITION 1.15. Assume T is A-categorical or just K.\ has amalga-
mation.

(1) If LS(T) < p < X and Nog =7 N1 are in K, then the following are
equivalent:
(A) Ny is (u, p)-saturated over Ny,
(B) there is a <g-increasing continuous (M; : i < p X u) such that
Myx, = N1, Mo = N and every p € S(M;) is realized in M.
(2) Also the following are equivalent for k = cf(k) < p*:
(Ay) Ny is (u, k)-saturated over Ny,
(Ay) there is a <g-increasing continuous (M; : i < p X K) with
M,xw = Ni, My = N and every p € S(M;) is realized in
Miiq.
(3) If K is stable in p, A > p > LS(K), k = cf(k) < ut then there is a
(i, k)-saturated model (in fact, over any given model in K,,).

Proof. (1) Follows from the proof of 1.14(1).
(2), (3) Straightforward. =

PROPOSITION 1.16. [T categorical in ]

(1) Any M € K is saturated.
(2) Every N € K. is nice.
(3) K<x has <z-amalgamation.
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(4) If p € [LS(T),\) and M € K, then there is N € M, which is
p-universal over M (see Definition 1.4).

(5) K is stable in p for p € [LS(T), N).

(6) If p € [LS(T),N), k < p and M € K,,, then there is N € K,, which
is (u, k)-saturated over M.

Proof. (1) By the proof of [2, 5.4] (for A regular easier).

(2) See [2, 5.4].

(3) See [2, 5.5].

(4) See [2, 3.7].

(5) Follows by the two previous parts.
(6) Follows by (3)+(5) and 1.15. =

INTERMEDIATE COROLLARY 1.17. (1) Suppose that T is \-categorical.
If p < X\, > LS(T) and T is not p-categorical, then there is an unsaturated
model M € K,,.

(2) It now follows that if we show that the existence of an unsaturated
model in K, implies that of an unsaturated model in Ky, then \-categoricity
of T implies u-categoricity of T.

CONCLUSION 1.18. [T categorical in A If I is a linear order, I = I+ I3,
lI| <X and J =11 +w + I then every p € S(EM(I)) is realized in EM(J).

Proof. Clearly EM(I1 + A+ I2) is in K, and hence is saturated, and so
every p € S(EM(I)) is realized in it, say by ap; for some finite w, C A we
have a, € EM(J; + wp + I2); now we use indiscernibility. m

REMARK 1.19. By changing ¢ we can replace “w” by “1”.
CONCLUSION 1.20. [T categorical in A

(1) If J = Upeslas 6 divisible by p, with |J| = p € [LS(T),\) or
|J| =p=X&LS(T) < x = |Ia] <A, Iy increasing continuous, and if for
each o some Dedekind cut of I, is realized by infinitely many members of
Ioi1 )\ Iy then EM(J) is (x, cf(6))-saturated over EM(Ip).

(2) If @ is “corrected” as in 1.19, Iy C J, [J\ Io] = |J| = p, p €
[LS(T), ), or |J| = p = X & LS(T) < |lo| & |Io|T = A, then EM(J) is
(cf(p), |Lo])-saturated over EM(Iy); moreover, for any k = cf(k) < p it is
(|1o], k)-saturated.

(3) If (M; : i < k) is 2F-increasing continuous, k < p, M; € K,, and
M1 is universal over M; then M, is (u,0)-saturated over My for every
0 <, even < ut, so N € K, which is saturated over M € M, is unique
up to isomorphism over M. So if u > LS(T) then My is saturated (also for
k=pu").

Proof. (1), (2) by 1.20+1.15(1).

(3) Follows. =
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PropoOSITION 1.21. (1) Suppose (Nf 11 < @) 18 Znice-increasing contin-
uous forl=1,2, NZ-1 =F Ni2 € K.y and

A
N7 U Ny foreachi <.
N}

)

Then
NG
N2 | N
Ng
M;
(2) (Monotonicity properties of \)) If My \|J My and for some operation
My
Op and models M{, M;, M4 we have M3 <z Mj; < Op(Ms) and My <r
M
M| <F My and My <z M} <z Mo, then M ||J MJ.
My
Ms
(3) If M1 UJ A and M() j]: Mé j]: M{ j]: M1 j]: Mé j]: Mé’ and
My
M
Ms <7 M3 < Op(Ms) for some operation Op and A" C A, then M7 | A'.
M
N3
(4) Note that by definition if Ay \J A2 and Ny C Nj C Ay, and Nj <r
No
N3
N3, then Ay ||J Aa (the same operation witnesses this).
Ng

Proof. Use [2, 1.11], e.g.:

(1) For each i < a there is Op; such that N} ; <7 Op;(N}) and N2, | <7
Op;(N?). We can find Op resulting from the iterated (Op; : i < «). Let
Ny = Op(Ng) and Nj = Op(Ng), so we can choose by induction on i a
=< r-embedding f; of NZZ into Nj mapping N;! into N}, increasing continuous
with 4, such that f;(N?) is included in (Op; : i < a)(NZ). =

PROPOSITION 1.22. [T is A-categorical] If My =<pnice M1, My are in Ky
then we can find My € K.y, My <F My and <z-embeddings f1, fo of M,
My respectively into My such that

My
(@) fi(My) U f2(Ma),
Moy

My
(B) fa(M2) U f1(Mn).
My
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REMARK 1.23. Note 1.7 deals only with models in (J{K, : p* < A},
hence (/3) is not totally redundant.

Proof of Proposition 1.2.2. If we want to get («) only, use an operation
Op such that Op(Mp) has cardinality > A, and choose N <z Op(Mp)
with [[N]| = A. Hence N is saturated and we can find a <z-embedding
fa: My — N. Let Ny = Op(M;), so N <z Op(Mp) =<z Op(M1) = Ny, and
choose My < Ny with My € K, p < A, such that M; URang fo € N. So we
have clause () and if u* < A we are done by 1.7; but as we need the case
uT = X we have to restart the proof.

Since every N € K, is saturated, there are an operation Op and N € K
such that My <x N <x Op(Mpy). Hence there are M0+, M1+, ]\42Jr in Koy
such that:

(*)o (M, My") =7 Op(My, My), (M, My) <7 Op(Ma, Mp) and M
has the form EM(Ip), [y a linear order with |Ip| Dedekind cuts with
cofinality (k*, k*). [Note that by 1.20(2) if |Io| = A then EM(lp) is
saturated and N is saturated; clearly there is an Iy as required.]

Clearly we can assume that the cardinality of Iy is < A. Hence we can
find 11,12,13 such that IO =1 g Il Q 13, I() g IQ Q 13, Il ﬂIQ = I, no
t1 € I1\Io, to € I3\ Iy realize the same Dedekind cut of I, and every t € I3\ I
realizes a cut of I with cofinality (k*, x*) and |11\ Io| = |I2\ Io| = |1o|. Hence

I I
Iy Chice I (1 < 3), moreover Iy |[J I and I ||) I1. Hence
Io Io
EM(I3) EM(I3)
(*)1 EM(;) U EM(l2), EM(l) U EM(L).
EM(I()) EM(IO)

Also by 1.20(2), without loss of generality M," < EM(I;) (I = 1,2). So by
1.21(2),

EM(13) EM(I3)
(*)2 MU M, MU MY
My My

By (*)o + (*)2 and 1.21(1) (for o = 2) we get the conclusions. m
PROPOSITION 1.24. [T is A-categorical]
ML

(1) 1If Mt UJ3M£ forl = 1,2, ML € Koy, |Mi|* < X and fi. is an
¥

isomorphism from M,i onto M,? for k =0,1,2 such that fo C f1, fo C fo

then there is M with M3 <z M € K.y, |M| = ||M3| + |M2|| and a

<F-embedding f of M3 into M3 extending f1 and fa.
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Ml
(2) Assume M! LU3 AL for1=1,2 and AL, C MY < ML, and M € K
i
with | M||* < A, and fy is an isomorphism from M} onto M}? for k =0,1,2
such that fo C f1 and fo C fo and fo maps AL onto A3. Then there is M
with M3 <7 M € K.y such that | M|| = | M3||+||MZ|| and a <x-embedding
f of M3 into M3 extending f1 and fa]AL.
(3) If for 1l = 1,2, p; € S(N) does not fork over M (see Definition 1.8),
M <y NeK,, pm <X and pi|M = ps[M then pi = ps.

REMARK 1.25. (1) This is uniqueness of non-forking amalgamation.
(2) The requirement is || M|t < X rather than ||ML|| < A only because
of the use of symmetry, i.e., 1.7.

Proof of Proposition 1.2.4. (1) We can assume fo = id, M} = M2 (call
it Mo) and fi = idyu, M} = M} (call it M;). By assumption for some
operation Op; we have (M:l,,,Mé) <rF Opl(M{,M(l)). Let Op = Op; o Opy,
so without loss of generality M} <7 Op(M;) and M} <z Op(Mp). We can
assume ||Op(Mp)|| > X and ||Op(My)| > A, so there is Ny with J7_, M4 C
Ny <7 Op(Mp) such that ||Ng|| = A. Hence Ny is saturated and so there
is an automorphism go of Ny such that go[MJ = fo (thus go[ Mo = iday,)-
So there is Ny such that UlQ:1 M, C Ny =5 Ny, [N2||t < A, and Ny is
closed under gy, go_l. Now there is N3 such that NoUM; C N3 <z Op(My),

N N
N3 € K, hence N3 is saturated. So M; LU3 N5 and hence Ny LU3 M; (by
Mo My
symmetry, i.e., 1.7). Hence for some N5 we have Ny <7 N3 € K., and
some automorphism g1 of N} extends (go[N2) Uidps,. [Why? for some Op’,
we have (N3, M7) <z Op’(N1, Mp) and Op’(Ny), Op/(go[N2) are as required
except having too large cardinality, but this can be rectified.]
Clearly we are done.
(2), (3) Follow from part (1). m

2. Various constructions. In this section we will attempt to describe
some constructions of models of T relating to the situations in 1.12 and
1.13, i.e., we want to prove there are “many complicated” models of T when
T is “on the unstable side” of Definition 1.12 or Definition 1.13; they will
be used in the proofs in 3.2-3.5. May we suggest that on a first reading
the reader be content with the perusal of 2.1 and 2.2, leaving the heavier
work of 2.2.1 until after Section 3 which contains the model-theoretic fruits
of the paper. The construction should be meaningful for the classification
problem.

What we actually need are 2.2.1, 2.2.2, 2.2.3.
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CONSTRUCTION 2.1. First try

Data 2.1.1. Suppose that (M; € Key:i1 <K+ 1) is a continuous =yjce-
chain of models of T with y < A; T is a non-empty subset of (**1=0rd) and

(i) T is closed under initial segments, i.e., if n € T and v<n, then v € T,
(ii) if n € T and lg(n) = x then n™(0) € T and for all i, n(1+1i) £ T.

Let limy(T) = {n : 1g(n) = k and A,_.(nli € T)}. Let {n; : i < i*} be
an enumeration of T" such that if ; <n; (1; is an initial segment of 7);), then
i < j,and if n; = v"«@), nj = v"(B), a < B, then i < j. For simplicity ¢* is
a limit ordinal.

First Try 2.1.2. From the data of 2.1.1 we shall build a model N* with

into

Skolem functions, N*[L € K, and for n € T, My C N*, f, : Mg 2 MyTL

such that if n; <7, then f, C fy;, and My =<pac M., where Fok o Tk g

a fragment of (L*K),+,, (see below).
Let M} = Sk(M;) be a Skolemization of M; for F, increasing (C) with
i, i.e., for every formula (3y)(¢(y, Z) € F) we choose a function F*

so(;f
M; to M; with 1g(Z)-places such that
M; = (3y)(ely,a) — o(Fo (@), @)

) from

and u
J<i = F g 1My = F .
Note: we do not require even M < M}, ;.

To achieve this, let us define N/, My and f,, by induction on i < i*.
Without loss of generality ng = ( ) and ¢ limit implies 1g(n;) limit. Let
Ng =My = Sk(Mp), the Skolemization of Mo, and f y = idpy,. If i is a limit
ordinal, let N = (J,;_; Nj. If i is a successor ordinal and lg(n;) = a+1, then
letting 7; = n;[a, note that n; <n; so j < i and so M;j and f, are defined.
We are assuming My =pice Ma+1, hence there is an operator Op = Op,,
such that Mot1 =nice Op(Ma). Let NI = Op(N;_ ), Op(N;_ |, Ma, fy;) =
(N, Op(Ma), Op(fy;))s fn; = Op(fy;)[Mig(y,) and My be the Skolem hull
of Rang(fy,). (We can replace N | by any N’ such that N UM, C N' <z
Sk(N/, ;) so preserving |N;*| < p + |i|.) Finally, let N* = [J,_;. N;". We are
left with the case of ¢ a successor ordinal, lg(n;) a limit ordinal; we then let
N =Ny, My, = Uy, My and fo, = U, fo-

Ezxplanation. In order to use this construction to prove non-structure re-
sults, we intend to use the property: for n € lim, T, it is possible to extend
fn = Ua<s fo1a to an F-elementary embedding f* of M, 1 into N*iffn € T.

Let us remark that if for example y is a strong limit cardinal of cofinality
k* and x<* C T C x=* N {n™0) : Ba < k)(Ig(n) = a + 1)}, then over
Un€x<" M for x parameters there are 2X independent decisions. This is not
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only a reasonable result: it has been shown ([9, VIII, §1] for x as above, [6,
I1I, §5] more generally) that this result is sufficient to prove the existence of
many models in every cardinality A > p + LS(T).

But to use this construction we have to have some continuity of non-
forking, which we have not proved. Hence we shall use another variant of
the construction.

CONSTRUCTION 2.2. We modify the construction of 2.1 to suit our pur-
poses.

Modified Data 2.2.1. Let (M; € K<, : i < k+ 1) be a continuous =pjce-
chain of models of T with ||M,1]| = p < A. Let T be a subset of *71=(Ord)
and <jex be the lexicographic order on 7', which is a linear order of T}
suppose that T is <-closed, i.e. (v<n €T =v eT),and if n € *(Ord)NT,
then 1" (0) is the unique <je-successor of n in T. For S C T let S =
{n € S :1g(n) successor}. Let Op;, | witness M; <nice Miy1.

We choose Op,, = Oplg(n) for n € T°°. We can iterate the operation Op,,
with respect to (7°°, <jex). Also, for each S C T, we can iterate Op, with
respect to (5%, <jex). Let us denote the result of this iteration with respect
to (S, <1ex) by Op® (see [2, 1.11]). Note that for any M € K, if S; C Sy C T,
then M <z Op”* (M) <z Op®2(M) <z Op? (M) (by natural embeddings).
More formally:

CLAIM 2.2.2. There exist operations Op® for S C T such that:

(1) for every S C T which is <-closed Mg = Op®(My) is defined, and
whenever S; C So C T, then Mg, =x Mg,; let My = My 1a:a<1g(n)};

(2) forn € T, hy is a surjective <r-elementary embedding from Mg
onto M <7 My, and (hy, :n € T) is a <-increasing sequence, i.e., hy C hy,

M,
whenever n<Av; moreover n<Av € T = M, | M, ;
M,

(3) for every x € My, there exists a <-closed S C T with |S| < k such
that x € Mg; in fact S is the union of finitely many branches, hence (S, <jex)
is well ordered;

(4) form € T, letting Tln) = {v € T : =(n<v)}, T<[n] = {v € T[] :
v <iex 0}, T[] = {v € Tn] : 0 Siex v} (so Tly] = T=[n] UT=[n]) and
M

1) and

T
a <lg(n) we have Mp<y, MUJ M, (so we can replace My by Mp<,

nla
Mr
My U Mpzipp) for o <k
nlo
(5) if n € limg(T) and n € T, then M1 = U, Mrpia);

(6) Mgl < 18]+ [|Me1 | + suppes [ Migi :
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(7) forn € TULmg(T), (Mrppya) + @ < 1g(n)) is 2F-increasing contin-
uous. Note: (Tiy1q) + @ < 1g(n)) is increasing but generally not continuous,
however <T[Sner04 s <lg(n)) is

Fact 2.2.3. (1) By clause (4), if we have the conclusion of 1.7 for models
of cardinality < p (and 1.21(1)) then

() if [[Myall < p Myja <7 M" <7 My, [|M']] < p, Myjo <7 M" <7

Mr My
Mrp1a) and | M"[| <, then M, LU Mr(y10) and hence M LU M
Myja Myta
M,
and (recall My UJ_ M)
Mnra
(%) Z‘an_[a <r M <r Mn_ and Mn_m <rM" <fx MT[ma] and ||M"| <
My
w then M' | M".
M?I_Fa
(2) Then in fact one can replace clause (4) above by the weaker condition

(4)” u > K and for every S C T closed under initial segments, if |S| < p
and (Vv e S)nl(a+1)<v=(v<Invn<Lv) and{nli:i<a} CSCT,

My
then M, | Ms.
Myja

Short proof of 2.2.2. As (M; : i < k + 1) is =pjce-increasing continuous,

by renaming there is (M : i < k 4+ 1) =pjce-increasing continuous such that
My,

Mg = My, M}, = Op; (M), M; < M; and M; ||J My (fori < k).
M;

We can assume || M;|| < || M;]|*". Let Op,, = (I, Dy, Gy) be a copy of Opyy(y,

for n € T°¢ with I,;’s pairwise disjoint. Define I = H{L7 :n e T}, D,G

as in the proof of [2, 1.11], so every equivalence relation e € G has a finite

subset wle] = {n) <jex - -+ <lex 7 nl 1} € T% and ¢le] € G, as there. We

let Oppse = (I, D, G), Mpse = Oste(Mo) and for S C T°¢ we let
Mg = {x € My : wleq(z)] C S}.
This defines Op® implicitly. Naturally there are canonical maps [y from

Mf;(n) onto My,.,q) and let M, = f//n(Ml*g(n)) and hy = fy[Mg(y). =

Improvement in cardinality 2.2.1. We can replace || M1~ by HM»{HH
+LS(T) in part (6) of claim 2.2.2. After choosing (M} : i< /<c—|—1) let M be
a Skolemization of My = Mg, M, = Op(M;"), My = J,_s M;". Of course

1<d
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MT (S C T is <closed) are well defined similarly. Let N; be the Skolem hull
of M; in M. Forn € T let Ny = fy(Nig(,))- Now for any <-closed S C T let

Ns = Skolem hull in M of | J{N, :n € 5}.

* * *

There are two different ways to carry on the construction (under Data
2.2.1). We will consider each in its turn.

CONSTRUCTION 2.3. Recall that it is possible to iterate the operation
Op with respect to the linear order (T, <jex) and this iteration can be defined
as the direct limit of finite approximations. We shall use different approxi-
mations and take the direct limit to obtain the required operation.

Suppose that w C T is closed with respect to < (i.e., initial segment)
and is <jex-well-ordered. For each approximation w of this kind, the iterated
ultrapower Op" (M) of My with respect to w is defined as a limit ultrapower
and there are natural elementary embeddings into this limit. The principal
difference is that this limit is a little larger than a limit obtained using
only finite approximations. For example, if (1, : n < w) is a <jex-increasing
sequence, then in Op™ (...Op™(...(Op™(My)))), the last operation Op™
adds elements which are dispersed all over Op”*(...Op"(My)). (This is of
more interest when the sequence has length x*.) Now it is easy to check
the symmetry (for n € *\, a < k) between the <jex-successors and <jex-
predecessors of 7.

We define the embeddings h, for n € T as follows. For n = ( ), h, =
id|Mo. If n = v"(i), then Op” acts on M, = h,[M,)] and we use the
commuting diagram:

Opn(Mlg(u)) Opn(M,,)

- o
canonical

canonical

M,

&(n) canonical

Mlg(V)

o M,

This completes the construction.

CONSTRUCTION 2.4. In this approach, we employ the generalized Ehren-
feucht—-Mostowski models EM(Z, @) from Chapter VII in [9] or [14]. For this
we need to specify the generators of the model and what the types are.
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Let MJ be the model obtained from My by adding Skolem functions
and individual constants for each element of M. We know that there is an
operation Op such that M; <z M;+1 <z Op(M;) for i < k. Asin [2, 1.7.4]
this means that there are I, D and G such that Op(M) = Op(M,I,D,G)
where [ is a non-empty set, D is an ultrafilter on I, and G is a suitable set
of equivalence relations on I, i.e.,

(i) if e € G and €’ is an equivalence relation on I coarser than e, then
e e @G,

(ii) G is closed under finite intersections;

(iii) if e € G, then

D/e:{ACI/e: Ua:ED}

z€A
is a k*-complete ultrafilter on I/e.

For each b € M; 1\M;, let (x% : t € I)/D be the image of bin Op(M;). We
also write (2 : t € I)/D for the canonical image d(b) of b € M; in Op(M;).

Mit15b (20 :t € 1)/D € Op(M;)

M;

We define a model M+ with MJ <L M™ as follows. M is generated
by the set {:r:f] :b e M1\ M;, n €T, 1g(n) =i+ 1}. Note that this set
does generate a model since Mgr is closed under Skolem functions. Since
functions have finite arity, it is enough to specify, for each finite set of the
x%, what quantifier-free type it realizes. Since there is monotonicity, we shall
obtain indiscernibility as in [9]. The type of a finite set (z% : 1 =1,...,n)
depends on the set (by,...,b,) and the atomic (i.e., quantifier-free) type
of (11,...,mn) in the model (T, <, <jex, “nli = v[i”). Now we can allow a
finite sequence b instead of b for b € M;;1 \ M; and thus without loss of
generality 71, ...,n, is repetition-free, so we can assume 77 <jex ... <lex
7. Necessarily, the lexicographic order <jex on {mfa : o <lg(n) and | =
1,...,n} is a well-order and the sequence (v¢ : ( < ((x)) is <jex-increasing.
We define No = My, Ny = Op(Ne), Ne = Ugo¢ Ne (for limit ¢). Next,
we define hy. : Mig(,.) =7 Nes, hup © o I lg(v) is a limit ordinal, then
a < lg(v) = hyja is defined and we let hy, = U, c15() Pwta- If v¢ = ve™ (),
i = (ug), then M¢1 <7 Op(M¢, I, D,G), identifying elements of M, with
their images in the ultrapower. Now define

o () = d(Hy, (b)) if b € M;,
veRt (hl,g(a:ff’):tef)/D if be M1\ M,
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where d(h,, (b)) is the canonical image of H,(b) in the ultrapower. The
type of <mgll :l=1,...,n) is defined to be the type of (h,, (b)) : 1 =1,...,n)
in Nf.

REMARK 2.4.1. It is possible to split the construction into two steps. For
i < j < k+1, there is an operation Op*/ with M; < M; = Op“I (M;), moving
bto (Wab:t el),be M, “a? € M;, with the obvious commutativity
and continuity properties. Now the construction is done on a finite tree
(m:l=1,....n), (m NNy :l,m < w). We omit the details of monotonicity.

Notation 2.4.2. Let M7y = M be the Skolem closure. If S C T is closed
with respect to initial segments, let Mg = SkMT(a:f] :meS, be Mlg(n))
and M;; = M{n[a:aglg(n)}' Define hTI : Mlg(n) — M; by hﬁ(b) = xf]
Ny = hy [Mn]

) and

Im(T

REMARK 2.4.3. The construction can be used to get many fairly satu-
rated models. We list the principal properties below.

Fact 2.4.4.  Suppose that S; C T is closed with respect to initial seg-
ments, So = S1 NSy and

77651&1/652\51 = 1 <lex V-
Then

Proof. We can assume S is closed, Mg,y = Msg,. Let S\ So = {v¢ :
¢ < ((x)} be alist such that v, < (¢ = ¢ <& let SS = SoU{re - ¢ < ((¥)}.
Then:

(1) (Mg = & < &(*)) is continuous increasing;

2
(2) <MS§mS1 1€ < &(x)) is continuous increasing.

Hence one has
M

S5tus,
(3) Mge g, W Mo
SE
2

This is immediate from the definitions, because M SEH1Ls, is the Skolem
2

closure of M S2US) U Ny, and so elements of N, can be represented as
averages. m

3. Categoricity in x4 when LS(T) < u < A

HypoTHESIS 3.1. Every M € K_) is nice hence has a <r-extension of
cardinality A which is saturated and K., has amalgamation.
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This section contains the principal theorems of the paper: if T is A-
categorical and LS(T) < p < A, then (by [2, 5.4, 5.5], 3.1 holds and):

(i) £u(T) = 0 when p € [LS(T), \) (see Def. 1.10),

(ii) when LS(T) < x = cf(x) < A, T is x-based (and K does not have
(i, k)-continuous non-forking when p € [LS(T),\), k < u) (see Defs. 1.12,
1.13),

(iii) there is a saturated model in IC, = (K, <7),

(iv) T is categorical in every large enough p < .

We first deal with some preliminary results, quoting [6] for “black boxes”
which do for us much of the combinatorial work for “there are many non-
isomorphic models” extensively.

THEOREM 3.2. Assume the conclusion of 1.7 for k<, (e.g., u™ < X) and
k < ut. Suppose that the tree T is as in Claim 2.2.2 and suppose further
(M; € Ke) i< k+ 1) is a Zpice-increasing continuous sequence of members
of K<, such that ||Myi1|| = ||Mx|| and

(¥)  there is no =F-increasing continuous sequence (N; € K<, i < K)
such that:

(ll) MN+1 j]: Nm
N;j
(ili) if i < j < k and |Nj|| < p*, then N; \[J M;.
i
Assume that T, My, M,, M, , h, (forv € T) are as in Section 2. Then the
following are equivalent forn € lim,(T):={n € *(Ord) : \,..(nl(i+1)eT)}:
(a) There is an F-elementary embedding h from M1 into Mr such
that
U hnri+1 C h.
1<K
(8) n™(0) € T (equivalently, n € T, see 2.2.1).

Proof. For (8)=-(«), assume n € T" and consider the F-elementary em-
bedding A, gy Check that hyn gy is as required in («). The other direction
follows by 2.2.3(1) and (x). That is, we assume that h exemplifies clause («)
but n”(0) & T, equivalently n ¢ T and we shall get a contradiction. We let
Ne = Nfa for a < k, and let T, = T[na] so T, = T. Hence (Mr, : o < k)
is <z- increasing continuous (see 2.2.2(7)). By induction on a < k, we can
choose a model No =7 My, such that |[No|| < [[Ma| +LS(T) < p, M, C

«

N, and N =

a<k

J
N, includes h(M,41). By 2.2.3 we get N; |J M if
M,
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i < j <#kas|[M| < u, hence by 1.21 we may allow j = k, so we have
contradicted (). m

PROPOSITION 3.3. Suppose the conclusion of 1.7 for p, and r < put and
an =F-increasing sequence M = (M; : i < k + 1) is given with M; € K<,
when i < Kk, Mj € K< 1 if j < k+ 1. Then M satisfies (x) of 3.2 if one
of the following holds:

Mn+l
() there is a € M1 such thati <k = M, ¥ a, or
Mt

(B) k =cf(k) =pu>LS(T) and k < A and i < k = || M;|| < Kk, and

there is a continuous <g-chain (N; : i < k) such that M1 = Uign N;,
Ny

Nic(Ni € Koi), and E = {i < k: M1 | Ny} is a stationary subset of k.
i

Proof. Straightforward from 3.2, and the monotonicity of (), that is,
1.21(3). =

REMARK 3.4. Clause () can also be proved using niceness as in the

proof of 3.8. This works for any x < A. Also we can imitate 2.2.2 but no
need arises.

COROLLARY 3.5. If T is a A-categorical theory (1), then

(1) T i4s x-based if x* < X and x > LS(T); also it is (<p)-based if
p=cf(p), LS(T) < p, p < X

(2) ku(T) =0 for every p such that p™ < X\ and p > LS(T).

Proof. (1), (2) We use 3.2, 3.3 to contradict A-categoricity. In the first
phrase of (1) let u = x, k = x™, in the second let us repeat the proofs (i.e.,
prove the appropriate variants of 3.2, 3.3); in the proof of part (2) let k < p
be regular, x € k,(T); so k = cf(k) and KT < \.

CasE 1: M = \. By [13, 111, 5.1] = [6, IV, 2.1], using 3.2.

CASE 2: X is regular. We can find a stationary W* € I[\] with W* C
{6 < A :cf(0) = &} (by [15, §1]). Hence, possibly replacing W* by its
intersection with some club of A, there is W* with W* C W+ and (a, :
a € W) such that an € o, @ € ag (so § € WT) implies o € W,

ao = agNaq and otp(ae) < K and
a=supa, < cf(a)=r & acW".

Now let 7, enumerate a, in increasing order (for a € W), and for any
W C W* let

Tw={na:acWtbuta g W\ WU {n,(0):a € W}.

(*) Or just has < 2* non-isomorphic models in \.
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Now if Wi, Wy C W and W; \ Wy is stationary, then MTWl cannot be
=r-embedded into My, (again by [13, III, §5] = [6, IV, §2]).

CASE 3: A singular. Choose X with A > X = cf(\) > ut and act as in
case 2 using )\ instead of A\ except that we add to Ty the set {(i) : i < A} (to
get 2* we need more, see in [6, IV, VI] on pairwise non-isomorphic models). m

HyYPOTHESIS 3.6. The conclusion of 3.5 (in addition to 3.1 of course).
CONCLUSION 3.7. Suppose p > LS(T), ut < A, and M € K,,.
(1) If p e S(M) then p is determined by
{pIN : N <z M and |N| = LS(T)}.
(2) Assume further
(*)%Vt:tel} (a) I is a directed partial order,
(b) Ny <7 M,
(¢) I =t <s implies Ny C Ns (hence Ny < N by (b)),
(d) Uper Ne = M.
Then:

(o) every p € S(M) is determined by {p|Ny : t € I}, which means just
that if ¢ € S(M) and for every t € I we have p]| Ny = q[ Ny then p = q,
(B) for some t € I, p does not fork over Ny.

Proof. (1) Follows from part (2): We can find N = (N, : t € I) such that
(*)%\a:tel} holds, || V|| < LS(T) and on it use part (2). Why does N exist?
E.g., as in the proof of part (2) with I = {0}, Ny = M and use (N, : u € I*)
for I* = ([M]<®0, C). Now apply part (2).

(2) Clearly (and as in [12, §1]),

(®) by induction on n < w for every u € [M]™ we can choose tu] € I
and N;; such that u C Njj, Ni <7 Ny, || Vy || < LS(T) and

wCwel[[M< implies N} < N and t[u] < t[v].
For U C |M| let N := U{N; : u C U is finite} (the definitions are
compatible). Clearly Uy C Uy C |M| = N{, 2F Ni, 27 M. Now we prove
by induction on 6 < ||M]|| that:

(xx) if U C ||M||, |U| =6 and p € S(N};) then for some u € [U]<N, p
does not fork over N.

This is enough for clause (), as by monotonicity p also does not fork over
Nypy)- For 0 finite this is trivial, and for ¢ infinite cf(u) € kg r5(T)(T) (by
3.5(2)) so (*x*) holds. So we have proved clause (3) and clause («) follows
by 1.24(3), and we are done. =
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THEOREM 3.8. Suppose that cf(k) = k < < X and LS(T) < p. Then:

(1) The (p, k)-saturated model M is saturated (i.e., N <z M, |N| <
M|, p € S(N) = p realized in M, and hence unique). Hence there is a
saturated model in K, .

(2) The union of a continuous =<g-chain of length k of saturated models
from K, is saturated.

(3) In part (1) we can replace saturated by (w, p)-saturated if p = LS(T).
In part (2) we can replace saturated by p-saturated if p > LS(T).

Proof. (1), (2) Suppose that M = M, and (M; : i < k) is a continuous
= 7-chain of members of K, such that for the proof of (1), M;; is a universal
extension of M;, and for the proof of (2), M;; is saturated. Let i < j < k.
Then M; =<nice M; (by [2, 5.4], or more exactly by Hypothesis 3.1). So there
is an operation Op, ; such that M; <Xz M; =<7 Op, ;j(M;). It follows that
there is an expansion MZ'Z of M; by at most LS(T) Skolem functions such
that if N is a submodel of M., then

l7j’
M;
(N N Mj er)

[Why? as we use operations coming from equivalence relations with < x*
classes and LS(T) > «* by its definition. More fully, letting Op, ;(N) =
NL/G, every element b € M; being in Op; ;(M;) has a representation as
the equivalence class of (zf : ¢t € I)/D under Op; ;, with r € M; and
{2l : t € I}| < k*. The functions of MZJFJ are the Skolem functions of M;
and M; and functions F; (¢ < x*) such that {Fp(b) : ( < k*} D {2} :t € I}]

If k = p, the theorem is immediate as & is regular and p > LS(T). So we
will suppose that k < u. Suppose N < M = M,, ||[N| < p and p € S(N).
Let x := | N||+x+LS(T) so x < p hence xT < A. Without loss of generality
there is no N1 with N <z Ny < M,, ||N1|| < x and p; with p C p; € S(Ny)
such that p; forks over N (by 3.3 but not used). If there is ¢ < k such that
N C M;, then p is realized in M;11. By the choice of the models M{S, it is
easy to find N’ such that N < N’ < M,, [|[N'| = x := || N| + & + LS(T)
and, for every i < k,

M,
M, I N.
M; NN’

Now let N; = N’ N M; and note that N, = N’. The sequence (N; : i < k) is
continuous increasing and there is an extension p’ of p in S(N,) = S(N').
Hence there exists ¢ <  such that (i < j < k) = (p’ does not fork over Nj).
If we are proving part (2), then M;y; is saturated but ||[M;]| = p > k =
|INix1|| and hence there is a € My realizing p'[N;y1. But by the non-
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forking relation above, tp(a, N', M) does not fork over N;;1, hence is p’ as
X < A, by 1.24(3), so a is as required. If we are proving part (1), M;y is
universal over M; hence we can find a saturated model N* <z M; 1 which
contains M; N N'. Hence we can find (N : ¢ < x) which is <z-increasing
continuous such that N; <z NI < M;;1, N} "1 is a x-universal extension
of N and Ny = M; N\ N’, and let a. € N}, be such that tp(a-, N, NX, ;)
does not fork over M; N N’ and extends p'[(M; N N'). By 3.5(1), for some
N/
e < x* there is N/ such that N'UN* C N! and N} LUE N’ 50 a. realizes
N' N M;

p'. (Recall symmetry and uniqueness of extensions.)

(3) Similar proof for the second sentence. For the first sentence, note that
by 3.7 we can find a template @ such that if I C J are linear orders of cardi-
nality < A, then EM(I, ®) <x EM(J,®) € K., and every p € S(EM(I,®))
is realized in EM(J, ®). Now, if (M, : i < k) is as above, then we can prove
that M, is isomorphic to EM(/,;,®) when (I; : i < k) is an increasing con-
tinuous sequence of linear orders each of cardinality p with |I;41 \ I;| = p.
Hence the isomorphism type of EM(/,,®) does not depend on I,; as long as
|Ix| = p, so it does not depend on k. Note that we can even do it over M)
(i.e., expand by adding individual constants for each member of Mj). =

REMARK. Using categoricity we can prove 3.8 also by 1.20(2) (and
uniqueness).

CONCLUSION 3.9. Assume LS(T) < k < p < X and M € K, is not
k't -saturated; let (N : u € [|M|]<®0) and Nj; (for U C |M|) be as in the
proof of 3.7(2) (for I = {0}, Ny = M). Then there is U C |M|, |U| < k
and p € S(N},), i.e., there are Nt with N} < Nt € K,; and at € Nt
satisfying (a*, NT)/Eny = p, such that for no a € M do we have

ue [UN = tp(a, NS, M) =tp(a®, N}, NT).
Equivalently: without loss of generality NTNM = N{; and we can define N;&
foru € [[NF]]<®0 such that (N;F : u € [|[N*|]<R0) is as in the proof of 3.7(2),
and u € [U]<N0 = N = N and for no ug € [|[M|]<N0, vy € [[NT|]<No,
at € N}, and a € N;; do we have

Vo
/\ tp<a7ij’NJUuo) :tp(a+7NJ7NJUvo)'
ue[U]<Ro

Proof. By 3.7. =

COROLLARY 3.10. (1) If T is A-categorical and LS(T) < p < A, LS(T)
< x, 0(x) = (2Bt and Js () < p then every M € K, is x " -saturated.
In fact for some 6 < §(x) we can replace 6(x) by 0.

(2) If pp=2x)+xs, 0 a limit ordinal then T is p-categorical.
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Proof. By 3.9 (and 1.17(2), that is, 1.17(1)+ 1.14(1)) this problem is
translated to an omitting type argument + cardinality of a predicate which
holds (see [14, VIII, §4], [14, VII, §5] for a parallel result for first order logic,
pseudo elementary classes, done independently in 1968 by G. Chudnovskii,
J. Keisler and S. Shelah). See more on this in [12] and better [16]. The
translated problem is: for (k, A1, A2) consider the statement:

Q(k, A1, A2) For a vocabulary L* of cardinality < x and set I" of 1-types
(or < w-types, it does not matter), and a unary predicate
P, the existence of an L-model M; omitting every p € I’
satisfying [[Mi]| = A1 > [PM] > & implies the existence of
an L-model My omitting every p € I" and satisfying || Ms|| =
Ay > ‘sz\/[ | > K.

So by 3.9 we see that Q(LS(T), A1, A2), T categorical in A = A\; > LS(T)
and Ay < Aj implies T is categorical in Ao (the need for Ao < A1 is as only
over models in K_) do we somewhat understand types). m

PROPOSITION 3.11. [T categorical in A]

(1) If (M; :i <6) is 2g-increasing continuous, M; € K.y, p € S(My)
then for some i < &, p does not fork over M;.

(2) If N € K. and p,q € S(N) does not fork over M, M <z N € K_)
then p = q & pIM = q|M. Moreover, if M < N < NT and a € N+
then

N+ N+
N a<&al N
M M

() If M < N € K.y and p € S(M) then there is g € S(N) extending
p not forking over M.

(4) If Mo ¢ My <r My € K_y, p € S(M3), and p[Mi4+1 does not fork
over My for 1 =0,1 then p does not fork over My.

(5) If u,6 <\, M; € K<, for i < § is <F-increasing continuous, p; €
S(M;), [7 <i=pj C pil, then there isp € S(Mjs) such thati < § = p; C ps.

Proof. (1) Otherwise we can find N with Ms <z N <z Op(M;), N €
K such that N <z N*:=J,.sOp(M;). As N € K, e.g. by 1.16(1), N is
saturated so let a € N realize p; so for some 4, a € Op(M;) and let N/ <r

N* N*
Op(M;) be such that M; U{a} C N/; clearly Ms | N;. Hence M; ) a, and
M,; M;

(2
hence, by part (2), tp(a, Ms, N*) does not fork over M;, so it is # p.
(2) The first sentence follows from the second as in the proof of 1.16(3).
If the second fails then we can contradict stability in || V|| (holds by 1.16(5)),
by a proof just as in 1.6(2).
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(3) We can find an operation Op with ||Op(M)|| > A, so by 1.16(2) in
Op(M) some @ realizes p so ¢ = tp(a, N,Op(N)) is as required (actually
done e.g. in 1.22).

(4) By part (3) there is ¢ € S(My) such that ¢[My = p[My and g
does not fork over Mjy. Now by 1.21(3) usually and part (2) of the present
proposition in general the type ¢ M; does not fork over My; hence by 1.24(3),
qI My = p[My, and hence by the same argument g = p.

(5) CASE 1: cf(6) > Rg. For every limit o < § for some i < o, p, does
not fork over M;. By Fodor’s lemma, for some ¢ < ¢ and stationary S C ¢
we have

Jj €S = pj does not fork over M;.

So the stationarization of p; in S(Ms) (which exists by 1.22 or use part (3))
is as required.

CASE 2: cf(0) = Ng. So we can assume 0 = w. Here chasing arrows
(using amalgamation) suffices. =

LEMMA 3.12. In K_) we can define rk(tp(a, M, N')) with the right prop-
erties. That is:

( )IfM%].‘NEK</\,(ICN MEUH+<)\ p:tp(a>M7N) then

tk(p) >« iff  for every B < « there are p', M' such that M <z M' €
Uit <x Ky o' € S(M'), p'IM = p, 1k(p) > 8 and p’ forks
over M.

(B) For all M, N, a, p as above, rk(p) is an ordinal.

(C) If My <F My € U“+<)\KM and p2 € S(MQ), then rk(prMl) >
rk(p2) and equality holds iff pa does not fork over My and then pa|M; (and
M) determines po.

]?q) (M; @i < 0) is ZF-increasing continuous, M; € U+, Ky and

(
ps € S(My) then for some i < § we have

Jj € i, 0] = rk(ps) = rk(ps|M;).

Proof. Straightforward; in fact by 3.11 we can use K_) instead of
UN+</\ K'u. |

LEMMA 3.13. Assume p > LS(T) and p™ < A. If M € K, is saturated
(for w = LS(T) means (u, u)-saturated) and p € S(M) then there are N
and a such that N € K, is saturated, a € N, tp(a, M,N) = p and N is
isolated over M U {a} (where we say that N is isolated over M U {a} when
M<rN,ace Ne€ K.y and: if N<g NT € K.y and M <y M* <z NT,

+
and tp(a, M, NT) does not fork over M then M* ]\U[j N).
M
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REMARK. As in [7, Ch. V] (or Makkai and Shelah [3, 4.22]) because we
have 3.5(1) (by 3.6).

Proof of Lemma 3.13. We can find (M] : n < w) such that M), 6 K
is saturated, M, 1 is saturated over M, hence by definition (J,., M
(i, Rg)-saturated over M, and so is saturated therefore by 3.8 we can assume
it is M, so by 3.11(1), p does not fork over M{1 for some n, by renaming p
does not fork over M]; note also that by 3.8, M is saturated over M. We
try to choose, by induction on o < ™, (M, N,) such that

(a

M, € K, is 2z-increasing continuous,

c) M,, N, are saturated, M, <F N,

d) My =M, a € Ny, tp(a, My, Ny) is p,

) if @ = B+1 with [ successor, then Mg, is (A, Xg)-saturated over Mg,
) if

)
b) N, € K, is <z-increasing continuous,
)

e

(
(
(
(
(
(

f) if & = f+1 with 8 successor, then Ng, 1 is (A, Xg)-saturated over Ng,
g) tp(a, My, Ng) does not fork over My,
Na+1
(h) May1 I N, if ais a limit ordinal.
M,

For a = 0 just choose (My, Ny) to satisfy (¢) for « = 0 and (d); and let, e.g.,
(My,N1) = (Moy, Ny). For a = 3 + 2 just satisfy (e)+(f) (and M, <z N,
in K,,), possible by 1.22 4+ 1.16(6). For « limit take unions (the results are
saturated by definition, and (g) holds by 3.5(2)). Lastly for a = 4 1 with
B limit, if there are no such M, N, then N is isolated over Mg U {a}.

Now both Mg and M = My = U,,., M), are saturated over M, and
hence there is an isomorphism f from Mg onto M which is the identity over
M. By uniqueness of non-forking extensions, f maps tp(a, Mg, Ng) to p.
Renaming we find that f is the identity and letting N = Ng we get the
desired conclusion. But if we succeed in carrying out the induction we get a
contradiction to 3.6; so we are done.

Note that for a limit ordinal 3, the model Mg is (y, cf(y))-saturated over
M, for any v < 3 and Ng is (u, cf(p))-saturated over N, for any v < 5. m

PROPOSITION 3.14. If M <z N are in K,,, p > LS(T), u™ < X, and
a € N\ M, then we can find saturated M',N' € K,, such that M <z M’
=F N', N <z N’ tp(a, M',N") does not fork over M'; and N’ is isolated
over M'U{a}, M’ is saturated over M, and N' is saturated over N.

Proof. Contained in the proof of 3.13. u

ProposITION 3.15. If pn € [LS(T),\), M € K, is saturated and p €
S(M) then for some saturated N € K,, M <z N, and a € N, we have
tp(a, M,N)) = p and N is locally isolated over M U {a}, which means:
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(@) ij:NEK</\,aENandifNjy:N""EK/\,Mij*jf
Nt M* e K. and tp(a, M*, NT) does not fork over M (=z M*)
Nt
and A C M* is finite, then A ||J N.
M
Proof. Usually we can use 3.14. A problem arises only if 4+ = X\. We can
find (M] : ¢ < p) which is <z-increasing continuous, ||M/|| = |i| + LS(T),
M,;, = M, M is saturated, M, is universal over M and p does not fork
over My (recall 3.11(1)).
Now choose, by induction on i < p, (M;, N;, a) such that:

(a) Mo = My,
(b) M| = [ Ni]) = Jil + LS(T),
(¢) for i non-limit, (M;, N;,a) is as in 3.13 (with |i| + LS(T) instead
of p), that is, IV; is isolated over M; U {a},
( ) tp(a7 My, NO) = PTM&
(e) (M; : 1 < p) is 2 z-increasing continuous,
(f) (N; 1 i < p) is <z-increasing continuous,
(g) tp(a, M;y1, Nit1) does not fork over M; (hence is the stationarization
of tp(a, Moy, No) = p| M|, that is, does not fork over M{j = M),
(h) M, is saturated over M; and Nj;4q is saturated over NN,
(i) M; <r N;.
There is no problem, so as M, is saturated and in K,,, My = M/, has cardi-
nality < p and uniqueness of non-forking extensions (3.11), we can assume
M,, = M and let N, = N. For any candidates N, A, M*, as in the defini-
tion of “N is locally isolated over M U{a}” assume toward contradiction that
Nt
N |§ A; as A is finite, by 3.11(1), for some i < pu, the type tp(A, M, N™T)
M

@

does not fork over M;, and for some j < p the type tp(A, N, NT) does not
fork over Nj. We can assume i = j is a successor ordinal and tp(AU{a}, M)

Nt
does not fork over M;_1. So as N | A, necessarily tp(A, N;, NT) forks over
M
Nt
M;, hence (by clause (c) above), a | A. But by construction M and M;
M;

are saturated over M;_1, and hence there is an isomorphism f from M; onto
M which is the identity over M;_1. So by using uniqueness of non-forking
extensions, it maps tp(A U {a}, M;, N*) to tp(AU {a}, M, NT) and hence

Nt M*
alH A (by 1.21(4)). Thus we get a ) M*, contradiction to the choice of
M M

N*, A, M*.
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Alternatively repeat the proof of 3.13 using 3.11(2)’s second sentence. m

THEOREM 3.16. Assume X is a successor cardinal, i.e., A = /\ar_ Then
T is categorical in every p € [:(2LS(T))+, A) (really for some py < :(2LS(T))+,
W€ (1o, ) suffices).

Proof. As in [3]. By 3.10, for some py < D(QLS(T))+ every M € K, y is
LS(T)"-saturated. Let p € [u1,A), and assume M € K, is not saturated, so
for some x € (LS(T), ) the model M is k-saturated but not x*-saturated.
Let p, (N} :u € [[M||<M), U, N*, (N} : u € [[NT|]™) be as in 3.9. Let
Uy = U. We can assume N,jo is saturated, p does not fork over N;. with
u* € [U]<N finite, and rk(p) is minimal under the circumstances. Now let
b€ M\ Ng,, so there are M satisfying M <7 M € K, and Ny <z M™*
which is p-isolated over Nf; U {b}. By defining more N; we can assume
N1 = Ny, So tp(b, N, M) and p are orthogonal (see [7, Ch. V]). Now
we deal with orthogonal types and we continue as in [3]: define a < z-chain

M7 (i < A) of saturated models of cardinality Ao all omitting some fixed
pESM). m

D1ScUSSION 3.17. (1) Below Jyus(r))+: The problem is what occurs in
[LS(T),3(2LS(T))+). As T is not necessarily complete, for any ¢ and T we
can consider T := {¢) — ¢ : p € T} if =) has a model in p iff u < p*, we
get such examples where categoricity can start “late”. So we may consider
T complete in L« ,,. Hart and Shelah [1] bound our possible improvement
but we may want larger gaps, a worthwhile direction.

If |T| < k* we may look at what occurs in large enough p < k*.

(2) Below A: If A is a limit cardinal we get only 3.11; this is a more serious
issue. The problem is that we can get a u-saturated but not saturated model
in K+, so we get, for M € K, saturated, two orthogonal types p, ¢ € S(M)
(not realized in M). We want to build a prime model over M U (a large
indiscernible set for p). Clearly P~ (n)-diagrams are called for.

(3) Above A: In some sense we know every model is saturated: if
M € Ksx, N =5 M, ||N|| <A pE S(N) then dlm(p7NaM) = ||M||7
ie, if N g Nt <z M and |[NT| < ||[M]| when X\ is successor, or
Jusery+ ([INT]]) when A is a limit cardinal.

Another way to say it: the stationarization of p over N7T is realized.
But is every ¢ € S(N™T) a stationarization of some p € S(N'), N’ <z
N+ |IN'|| < LS(T)? We can find Ny <z Nt with ||[No|| C |T| such that
[No <z N1 < Nt & ||[Ny|| < LS(T) = ¢|N; does not fork over Ny], we
can get it for || N1|| < u, but does it hold for Ny = N*? A central point is

() Does K satisfy amalgamation?

Again it seems that P~ (n)-systems are called for. See more in [5], [4].
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(4) If |T| < k* we can do better, as Op(EM(I,®)) = EM(Op(I), ); will

be discussed elsewhere.
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