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On the notions of absolute continuity for
functions of several variables
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Abstract. Absolutely continuous functions of n variables were recently introduced
by J. Maly [5]. We introduce a more general definition, suggested by L. Zajicek. This
new absolute continuity also implies continuity, weak differentiability with gradient in L",
differentiability almost everywhere and the area formula. It is shown that our definition
does not depend on the shape of balls in the definition.

1. Introduction. Absolutely continuous functions of one variable are
admissible transformations for the change of variables in the Lebesgue in-
tegral. Recently J. Maly [5] introduced a class of n-absolutely continuous
functions giving an n-dimensional analog of the notion of absolute continu-
ity from this point of view.

Here we consider a more general definition of absolutely continuous func-
tions suggested by L. Zajicek. Suppose that {2 C R" is an open set and
0 < A < 1. We say that a function f : 2 — R™ is n, A-absolutely continuous
if for each € > 0 there is § > 0 such that for each disjoint finite family
{B(zi,r;)} of balls in {2 we have

Zﬁ (zi,r)) <6 = Z (08B, ) f)" <

Absolute continuity from [5] coincides with n, 1-absolute continuity. In Sec-
tion 3 we show that n, A-absolute continuity implies continuity, weak dif-
ferentiability with gradient in L™, differentiability almost everywhere and
the formula of change of variables. We also prove that the n, A;-absolutely
continuous functions coincide with the n, As-absolutely continuous functions
for 0 < A <Ao< 1.

In Section 4 we recall the result of M. Csérnyei from [1]. She proved that
2, 1-absolutely continuous functions with respect to balls are not the same
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as 2, 1-absolutely continuous functions with respect to cubes. We prove that
n, A-absolute continuity is the same for balls and cubes for 0 < A < 1.

Section 5 concerns a condition equivalent to n, A-absolute continuity. We
call it the Rado-Reichelderfer condition (RR}).

In Section 6 we give an example of a function which is not n, 1-absolutely
continuous but which is n, A-absolutely continuous for any 0 < A < 1.

It is easy to see that n, 1-absolute continuity implies n, A-absolute conti-
nuity for 0 < A < 1. Therefore all the subspaces of n, 1-absolutely continuous
functions are also subspaces of n, A-absolutely continuous functions. It was
shown in [5] that W1 mappings with finite dilatation and continuous W "
pseudomonotone mappings are n, 1-absolutely continuous. Another interest-
ing result concerning embedding into absolutely continuous functions can be
found in J. Kauhanen, P. Koskela and J. Maly [4]. It is shown there that
Vf € L™! guarantees that f has an n, 1-absolutely continuous representa-
tive. The symbol L™! denotes the Lorentz space.

2. Preliminaries. We denote by L£,, the n-dimensional Lebesgue mea-
sure and by H" the n-dimensional Hausdorff measure. Recall that the con-
struction of the n-dimensional Hausdorff measure employs a scale of outer
measures usually denoted by H[.

We use the letter A for a real number 0 < A < 1. Throughout the paper
we consider an open set 2 C R™, n > 1.

We denote by B(z,r) the n-dimensional open ball with center z and

diameter r and by B(z,r) the corresponding closed ball. We write Q(z, )
for the open cube with sides parallel to coordinate axes and with center x
and side length 2r. Throughout the paper we reserve the letter B for balls
and @ for cubes. Given B = B(x,r) we write AB = B(x, Ar).

The characteristic function of a set A C R™ is denoted by x4. We use
the notation [z1, 7o) for a point x € R2.

We write osca f for the oscillation of f : {2 — R™ over the set A C (2,
which is the diameter of f(A).

Let C.(£2) be the set of all continuous functions f : 2 — R with compact
support. We denote by ||.. .|| the supremum norm on this space.

Let f : 2 — R™ be a mapping. We denote by f’(z) the Jacobi matrix of
all partial derivatives of f at x. We use the notation V f for the weak (dis-
tributional) derivative. If m > n, we denote by J(x) the (”')-dimensional
vector of all n x n minors of the Jacobi matrix f/(x).

We use the convention that C' denotes a generic positive constant which
may change from expression to expression.

Now for the convenience of the reader we state the covering theorem we
will use.
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THEOREM 2.1 (Vitali). Let B be an arbitrary family of balls in R™ with
sup{diam B : B € B} < oc.
Then there exists a disjoint (at most countable) subsystem {B(x;, 1)} C B

such that
U B C UB(IEZ,5T‘Z)
BeB

3. Properties of n, \-absolutely continuous functions. Given a
function f : 2 — R™ and a measurable set A C 2, we define the n, \-
variation of f on A by

Vi'(f, A) = sup{z OSC%(xi,)\ri) I
{B(x;,r:)} is a disjoint family of balls in A}.

We denote by BV*(£2) the class of all functions f such that V*(f, £2) < oco.
We define ACY(£2) as the family of all n, A-absolutely continuous functions
in BV*(£2).

REMARK 3.1. It is easy to see that for n =1 and 0 < A < 1 a function
is m, A-absolutely continuous if and only if it is absolutely continuous in the
classical sense.

The following theorem states that in fact there are only two classes of
n, A-absolutely continuous functions for n > 2, namely those corresponding
to the cases A =1 and 0 < A < 1. Clearly ACT C ACY and in Section 6 we
prove that ACT # ACY for 0 < A <1 and n > 2.

THEOREM 3.2. Let 0 < A1 < A9 <1 and f: 2 — R™. Then

(i) f is n, A\p-absolutely continuous if and only if f is n, Aa-absolutely
continuous,
(i) BV} (©2) = BVLL(9),
(iii) ACY (£2) = ACY,(£2).

Proof. (i) It is clear that n, As-absolute continuity implies n, A;-absolute
continuity. Now, suppose that f is n, A;-absolutely continuous. Fix d € N
such that d > A2/((1 — A2)A1). Choose € > 0 and find 6 > 0 such that for
each disjoint finite family {B(z;,7;)} of balls in {2 we have

€
(3.1) Z»C 3717Tz <5 = ZOSCB(ml,Alﬂ)f< (d+1)n‘

i

Let {B(z, 7“@)} be a disjoint finite family of balls in {2 such that

ZE (z4,7;)) < 9.
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There exist a;,b; € B(w;, Aar;) such that oscp(y, xor) [ = [f(ai) — f(bi)].
Clearly
d
0SCR(w ar) | = 1£(ai) = FO)] <) 08Cn(b,4.(j/d) (as—bi)horifd) -
j=0
Hence there exists j; € {0, ...,d} such that for

-~ i 1 dory
B(xi,m):B<bi+%(ai—bi),)\—1- j’lr>

we have

(3.2) OSCB(z; Aor;) [ < (d+ 1) 0SCRz, 27 f-

Since d > A2/((1 — A2)\1) we obtain B(Z;,7;) C B(wx;,r;) and hence the
balls B(z;,r;) are pairwise disjoint. Clearly

D La(B(@:,7)) <Y La(B(wi,ri)) < 6.
Thus (3.2) and (3.1) give
n n n n €
ZOSCB(%/\%) f<(d+1) ZOSCB@MIE_) f<(d+1) ENE =c.

(ii) Clearly V' (f,$2) < Vi (f, £2). Let {B(z;,7;)} be a disjoint family of
balls in {2. Analogously to (i) we can find B(z;,7;) C B(z;,r;) such that
Z OSC%(IZ'M\QT'L) f S (d —+ 1)” Z OSC%(fiy/\lFi) f

It follows that VY (f, £2) < (d+ 1)"V{: (f, £2).
(iii) This is a consequence of (i) and (ii). m

Theorems 3.3-3.5 summarize nice properties of n, A-absolutely continu-
ous functions. These theorems were proved for A =1 in [5].

The proofs of Theorems 3.3 and 3.4 are analogous to those in [5] and so
we omit them.

THEOREM 3.3. If n > 2, then BV} (2) C W (£2).

loc
THEOREM 3.4. Let f € BV (§2). Then f is differentiable almost every-
where and f' € L™(2,R™).
THEOREM 3.5. Let f be an n, A-absolutely continuous function on {2

with values in R™, m > n. Let E be a measurable subset of {2 and u be a
measurable function on E such that u|J¢| € L'(E). Then

(3.3) Vu@|Jp@)de=\ > u(z)dH"(y).
E J(E) {zeB:f(z)=y}

Proof. The proof of this theorem in the case A = 1 is in [5]. Now, let
0 < A < 1. By Theorem 3.2 we can assume that A = 1/2. By Theorem 3.4
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each n,1/2-absolutely continuous function is a.e. differentiable. Hence [2,
Th. 3.1.8] shows that there is a sequence {f;} of Lipschitz functions from
R™ to R™ such that

Lo(2\ Ul € 2: (@) = f(2) and fi(@) = f'(@)}) = 0.

Since (3.3) holds for Lipschitz mappings ([2, Th. 3.2.3]), we can assume that
L,(E)=0.
Set

FEi = {ac SO hmlnfw < 4}
r—0  OSCB(zr/2) |

Ey = {x e b hmlnfM > 4}.
r—0 0SCR(g, T/Q)f

Choose € > 0 and take § with 0 < § < ¢ from the definition of n, A-absolute
continuity of f. Let G C {2 be an open set containing E with £, (G) < 9.
For each x € E there is r(x) > 0 such that

(3.4) B(z,r(z)) C G, r(x)<e/30,

' 0SCB(zr(z)/2) | <E/30,  0SCB(r(a)) f < DOSCB(zr(2)/2) f-
For every = € Ej there is w(z) such that for all r € (0,w(x)) we have

0SCB(z,r) | o o O5CB@r/2) /
r r/2

Thus
iy 2B f
r—0 r

=0.

Hence for each 2 € Es we can choose r(x) > 0 such that
B(z,r(z)) C G,
(3.5)
0SCR(zr(z)/2) | < T(x) <&/30,  0SCB(zr(z)) f < 7T(T).
Put

o(z) = 508¢p ()2 [ +7(T).

We use Theorem 2.1 in R™ to find a disjoint system
{B(f(zi), 0(x:))} C{B(f(z),0(x)) : x € E}

such that

C UB 59 $1))

Thanks to (3.4) and (3.5), f(B(x;,7(xi))) C B(f(zi), o(x;)). It follows that
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B(z;,r(x;)) are pairwise disjoint and using (3.4) and (3.5) we obtain
DY ol
< CZ(OSC%(%J(%)/Q) fH+r(x)") <Ce+Co < Ce.

Letting ¢ — 0 we obtain H"(f(E)) =0. =

4. Different properties of ACT and ACY, 0 < A < 1. We denote
by Q the set of all cubes in R™ with sides parallel to coordinate axes. We
say that a function f : 2 — R™ is Q, n, A-absolutely continuous if for each
e > 0 there is 6 > 0 such that for each disjoint finite family {Q(z;,r;)} of
cubes in {2 we have

ZE (i) <6 = ZOSCQ(ml)\T)f<€

%

Analogously to Sectlon 2 we define Q-BV*(2) and Q-ACY(12).
The next theorem from [1] states that 2, 1-absolutely continuous func-
tions are not the same as Q, 2, 1-absolutely continuous functions.

THEOREM 4.1. There exists a function f : R> — R such that f €
ACE(R?) but f ¢ Q-ACF(R?).

In contrast to Theorem 4.1 there is no difference between AC/T\L and
Q-ACY for 0 < A < 1.

THEOREM 4.2. Let 0 < A < 1. Then ACY(§2) = Q-ACY(12).

Proof. Let {B(z;,r;)} be a disjoint family of balls in 2. Put 7; = r;/n.
Clearly

B(zi, Ari/n) C Q(x;, Ar;) and  Q(zi,7r;) C B(xg, 7).

Hence Q(z;,7;) are pairwise disjoint and oscpa, ari/n) f < 08CQ; M) f-
Thus Q-ACY C ACY, (§2). Therefore Theorem 3.2 shows that

Afn
Q-AC} C ACY().

It is easy to see that an analog of Theorem 3.2 holds also for Q-ACY.
That is, Q—AC’”1 = Q—AC’Q2 for 0 < A1 < A9 < 1. Together with

Q(x, Ar/n) C B(x, Ar) C B(z,r) C Q(z,7),
this implies that ACY(£2) C Q-ACY(£2). =

REMARK 4.3. An analogous proof works not only for cubes but also for
the family K = {a + 0Ky : a € R", b € RT} where Kj is a fixed bounded
open convex set of non-empty interior. Hence the definition of ACY does not
depend on the shape of the “balls” for 0 < A < 1.
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The next theorem shows that ACY functions are stable under bilipschitz
mappings for 0 < A < 1. This is also not true for n, 1-absolutely continuous
functions (see [3] for details).

THEOREM 4.4. Let f : £2 — R™ be a function and let 0 < A < 1. Let
F: 22— R" be a bilipschitz mapping. Then

feACHN) & foF'e ACY(F(2)).

Proof. 1t is enough to prove one implication. Let f € ACY(§2). Let L be
the bilipschitz constant for F, i.e.

[z —yl/L < |F(x) = F(y)| < Lz —y|.

Choose € and take J as in the definition of absolute continuity of f. Put
d = dy/L". Let {B(x;,7;)} be a disjoint family of balls in F'({2) such that
> En(B(a:i,ri)) < 6. Set r; = r;/ L. Clearly

(B(xi, Ari/L?)) C B(F~"(2), AF),
B(F~Y(x;),7) € F7Y(B(xi,14)).
It follows that the B(F~!(z;) n) are pairwise disjoint and

> Lu(B(F (@), 7 L”ZE (zi,74)) < L™ = &5.

Hence

D0 nnynay £ O F TN =Y 05 (pa a2y |
S ZOSC%(Ffl(Ii)A;i) f S E.

This proves f o F~! € AC? (QLQ)(F(Q)). By Theorem 3.2, f o F~! ¢

A
ACY(F(92)) as well. =

5. Relation between ACY and RR)-conditions. We say that a func-
tion f on (2 satisfies the RR-condition (f € RRx(§2)) if there is a function
g € L(02), called a weight, such that

osc%(x’/v) < X g(y)dy  for every ball B(z,r) C (2.
B(z,r)
We say that a function f on {2 satisfies the RR}-condition (f € RR}({2))

if there is a finite (not necessarily absolutely continuous) Borel measure
such that

08Cp ar [ < u(B(x,7))  for every ball B(z,r) C £2.

A condition similar to RR; was used by Rado and Reichelderfer [7]
as a sufficient condition for the area formula and for differentiability a.e.
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Theorems 5.1 and 5.2 show the connection between the RR-conditions and
absolutely continuous functions of several variables.

THEOREM 5.1. Let 2 C R™ be an open set and 0 < A < 1. Then
RR)\($2) = ACY(2).

THEOREM 5.2. Let 2 C R™ be an open set and 0 < A < 1. Then
RR}($2) = BV (12).

Given fy € BV{;Q(Q) we define
k

(1) V) = {Za,osclB forkeN, ZQ,XB <f,
= a; € Q, aiZO}

for every non-negative function f € C.(f2). It is easy to see that for every
A > 0 and non-negative f, f1, fo € Cc(§2) we have

VEAS) = AVZ(f) and V*(f1 + f2) = V*(f1) + V*(f2)-
For every measurable set A C {2 we have f > x4 = V*(f) > 1/2(f[), A).

We will need the following consequence of the Besicovitch Covering The-
orem from [1].

LEMMA 5.3. There exists a constant ¢ such that for every r € N, each
family By of balls satisfying ZBGBQ xB <7 (i.e. each point of R™ is covered
by at most r elements of By) can be partitioned into cr classes of pairwise
disjoint elements of By.

LEMMA 5.4. Let fo € BV, (£2 ). Define V* by (5.1). Then there ezists
a constant ¢ > 0 such that for every non-negative f € C.({2) we have

V() < cllfIIVY] 1/2 (fo, £2).
Proof. It is enough to prove that

k k
Y aixsry < Il xe = Y aiosch, . m fo < el fIIVi)a(fo, 2)
i=1 i=1
for every k € N and for every sequence of non-negative rational numbers «;.
We can replace a; by No; and f by Nf for every N € N. Hence we can
assume that all the numbers «; are integers. By replacing k by k = Zle Q;
we can suppose that o; = 1 for every 1. Thus it is enough to prove that

ZXB @) S IfIl X2 = ZOSCB(:EZ rij2) Jo < el FIIVija(fo, £2).

=1

Applying Lemma 5.3 we can d1v1de {B(zi,ri)}e_; into c||f| classes of

pairwise disjoint elements and for pairwise disjoint balls the sum of the nth

powers of the oscillations over their % multiples is at most V] /2( fo,02). m
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Proof of Theorem 5.2. The proof of RR}(2) C BV{*(§2) is not difficult
and analogous to the proof of RRi(f2) C ACT(S2) from [5]. Thus we omit
it.

The proof of
(5.2) BV{*(£2) C RRy(02)

was given in [1] in the case A = 1 and £ = R™. Our proof is analogous
to [1] so we skip some details. We give the proof of (5.2) only in the case
0 < A < 1. The case A = 1 is analogous so we omit it. By Theorem 3.2 we
can suppose that A = 1/2.
Fix fo € BV[),(£2) and define V* by (5.1). Thanks to Lemma 5.4 the

sets

Fr={feC(2): f20,V*(f) > 1},

Fy ={f € Ce(2) : | f T V{)o(fo, ©2) < 1}

are disjoint convex subsets of C({2) and F5 has non-empty interior. By the
Hahn—Banach theorem there is a bounded linear functional F such that
F(f) > 1forevery f € Fy and F(f) <1 for every f € Fy. There is a Radon
measure p such that F(f) = {, fdu by the Riesz representation theorem.
This measure is finite since F(f) < 1 for every f € Fy. Hence

V=1 = | fdu>1
9]

for every non-negative f € C.(£2). Due to linearity of F, for every non-
negative f € Cc(£2) with V*(f) > 0 we have {, fdu > V*(f).

Suppose that V*(f) = 0 for a non-negative f € C.(£2). If fy is locally
constant then the statement of Theorem 5.2 is obvious. Otherwise there
exists f such that V*(f1) > 0. Hence V*(f+ef1) > 0and {,(f+ef1)dp >0
for all € > 0. This gives {, fdu > 0. So p is a non-negative measure and

\ Fdu=Vv*(f)
(9}

for every non-negative f € C.(12).
Therefore f > xp = V*(f) > Vl’}Q(fO,B) shows that u(B) > Vl%(fo,B)
for every ball B C (2. Hence

IU’(B) Z Vl?Q(vaB) Z OSC%B fD

and therefore fy € RRT/Q(Q). .

We will need the following consequence of the Besicovitch Covering The-
orem from [1].

LEMMA 5.5. Let By be a family of balls in R™. Assume that for every
B(z,r) € By there exists a point Op € B(x,r/2) which is covered by at
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most v elements of By. Then there exists a constant ¢ such that By can be
partitioned into cr classes of pairwise disjoint elements of By.

Proof of Theorem 5.1. The proof of RR)\(2) C ACY(f2) was given in
the case A\ = 1 in [5]. The general case is analogous and not difficult and
therefore we omit it.

The proof of
(5.3) ACY(£2) C RRA(02)
was given in [1] in the case A = 1 and {2 = R"™. Our proof is analogous so
we skip some details. We give the proof of (5.3) only in the case 0 < A < 1.
The case A = 1 is analogous. By Theorem 3.2 we can suppose that A = 1/2.

Fix fo € ACY5(£2) and define V* by (5.1).

For every € > 0 there exists § > 0 such that for every measurable set
A C 2 we have L,(A) < 0 = 1/2(]‘}), A) < e. That is, for every § € [0, 0]
there is £(0) such that £,(A) <0 = V)),(fo,A) < £(0) and lims_o£(d) =
£(0) = 0. We can also assume that the function €(4) is increasing, concave
and bounded by 2 1/2(f0, 0).

For every f € C.(£2) we define

k k
(54)  V**(f) = inf { Y qie(La(A)) Y aixa, = 1
i=1 i=1
keN,aieQ,aiZO}.
It is clear that for all A\ > 0 and f, f1, fo € C.(£2) we have

VL) = AV(f) and V(fi 4+ f2) S V() + V7 (f2).

Clearly for every measurable set A C {2 we obtain 0 < f < x4 = V**(f) <
e(L,(A)). By Lemma 5.6 below, there exists a constant ¢’ > 0 such that for
every non-negative f € C.({2) we have

VE(f) < V().
Hence the sets
Fi={feC.(2):f>0,V*(f)>1}, Fo={feC2): V*™(f) <1}

are disjoint convex subsets of C.({2). In addition, F5 has non-empty interior,
because V**(f) < 2V1’}2( fo, 2)|| f||- Therefore there exists a bounded linear
functional F such that F(f) > 1 for every f € F; and F(f) < 1 for every
f € F5. Hence there exists a non-negative Radon measure u such that for

every non-negative f € C.({2) we obtain

V() < | fdp < & VE(F).

n
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We know that f > x4 = V*(f) > Vl%( fo, A) for every measurable set
A C (2. Hence for every ball B C (2,

(5.5) 05l fo < ().

For every measurable set A C (2 it is true that 0 < f < x4 = V**(f) <
e(Ln(A)). Hence {, f du<V**(f) gives u(A) <c'e(Ln(A)) SQC’Vl%(fO, 2)
for every measurable set A C (2. Thus u is a finite absolutely continuous
measure. Together with (5.5), this implies that fo € RR;/5(2). =

LEMMA 5.6. Let fo € ACY(£2). Define V* and V** by (5.1) and (5.4).
Then there exists a constant ¢ > 0 such that for every non-negative f €
C.(£2) we have

VA < V().

Proof. It is enough to show that

k l k l
D aixs <) Bixa, = > oscip fo<¢ Y Bie(LalAy))
i=1 J=1 i=1 j=1

for every measurable sets Aq,...,A; and non-negative rational numbers
a;, Bj. As before, we can assume that all the oy, 3; are integers, and even
that a; = 3; = 1. Hence it is enough to prove that

k l k l
IRTIED DEVHESD DL ) DR VAT
i=1 J=1 i=1 j=1

For every ¢ < j we can replace A;, A; by A; = AU Aj and Kj =A;NA;
This does not change Zé‘:l X4; and decreases Zé‘:l e(A(4;)), thanks to
concavity of £(d). After finitely many steps we obtain A; D ... D A;. Then
clearly

k ! k
ZXBi < ZXAJ- = A; D {x : ZXBZ- Zj}-
=1 =1 i=1

So due to monotonicity of £(d) it is enough to prove that for every set
Ky ={Bi,..., B} of balls and for

0; =£n({ﬂc ER™: ) xa Zj})
BEKO
and €; = ¢(d;) we have

n /
osci, fo < ¢ £5.
E: EBf E:J

BeKy j=1
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Let f denote ) p. K, XB- For every j € N we define
Kj={BeKo:minfe (2 2)}
ip

2

Then for every B € K there exists a point Op € %B which is covered by
at most 27 — 1 balls from {B}pek, and hence at most 27 — 1 balls from
{B}Bek;. Hence Lemma 5.5 gives us a constant ¢ such that each Kj; can be

divided into (27 — 1)c classes K}, e ,K](?Ll)c such that
B1,By € K}, By # By = BN By =1.
For every fixed K; we have
1 1
A COREIGVE )
BEK] BEK! BeK}
and by the definition of K; it is evident that
1 A
U §B c{z: f(x)>2771}.
BeK!
Therefore, since the balls in KJZ are pairwise disjoint,
Z OSCEB f() S €(2n52j—1) S 2n€(52j—1) = 2n€2j—1.
BeK! ’

Together with €1 > g9 > ... > 0 this implies that

(27 -1)c
Z osc%lB fo < Z Z 2951 = 2”02(29 — 1)egi
BeKy Jj=1 =1 Jj=1
<2"e) 20ey <27 e m
Jj=0 Jj=1

6. Examples of ACY and BV]' functions. The following theorem
from [6] states that functions with bounded n, 1-variation have a continuous
representative.

THEOREM 6.1. Suppose that n > 2. Let f € BV{"({2). Then f has a
continuous representative f and

Z}l_rg fy) = f(x) for each z € 2.

THEOREM 6.2. Let 0 < A < 1 and n = 2. Then there exists a function
f € BVZ(B(0,1/8)) which does not have any continuous extension from
B(0,1/8) \ {0} to 0.
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Proof. By Theorem 3.2 we can suppose that A = 1/2. Set

1
)= —,
9(t) t2log? t
We claim that the function

F(z) = {sin(log(log(l/m))), x#0,z € B(0,1/8),

t € (0,1/8).

0, z =0,

satisfies the RRY ,-condition with p = 200 + Cg(|x|) L2, where 0y denotes
the Dirac measure at 0. Clearly p is a finite measure.
Let B = B(e,r) C B(0,1/8). If 0 € B then

osciBf <2 =2)(B) < u(B).
2

Let 0 ¢ B. Then r < |c|. Clearly for all z € 3B we have

() > O
x _—
T P log? e
Hence
(6.1) w(B) > Sg(|x|)dw>0 S ;d:p— L
=) =) Pogld T TP og
2
On the other hand
1 1
(6.2) osClp f(x)gosc%B log (log m) = 0SCte(c—r/2,c4+r/2) 108 (log ;)
etr/2 dt Cr
<\ o< T
cfr/Qt 083 |C| Ogm

Hence (6.1) and (6.2) give us
0se? , f(x) < p(B).
2

Thus we have verified the RR} /2—condition for f with u. Hence Theorem 5.2
shows that f € BVl%(B (0,1/8)). Clearly there is no continuous extension
of f from B(0,1/8)\ {0} to 0. =

Thanks to Theorems 3.2 and 6.2 it is easy to obtain the following corol-
lary.

COROLLARY 6.3. The function f from Theorem 6.2 belongs to
BV, (B(0,1/8)) \ BV (B(0,1/8)).

THEOREM 6.4. Let 0 < A <1 and n = 2. There exists a function f, €
AC3(B(0,1/8)) \ AC}(B(0,1/8)).
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Proof. By Theorem 3.2 we can suppose that A = 1/2. We use the func-
tions f and g from the proof of Theorem 6.2. Set

00 =1 (o y: -1 |
t \log (log %) t21og(2t) log? (log %)
We claim that the function

B sin (log (log ﬁ))

f@)
fal@) = { \flogllog ) /log (log /)
0,

satisfies the RR; /o-condition with weight
0 = Ch(|z|) + Cg(|x).
Clearly 0 € L*(B(0,1/8)).
Choose B = B(c,r) C B(0,1/8) C R2.
Let 0 ¢ B. The function (sint)/+/t is Lipschitz for ¢ > log(log 8). Hence
(6.2) gives

t€(0,1/8).

x#0, z € B(0,1/8),

xz =0,

fa < {—Smt log1 _ b <t <logl _ }
OSC1 OSsC . 10g 10 og lo
aB 7 Vit 508 e +7/2 508 le| —r/2

1 Cr

By the above and (6.1) we obtain

Cr?
0sch fa < T2 1 <C S g9(|z]) dx < S 0.
e[*log™ i B

Let 0 € B. Then |c| < r. Without loss of generality ¢ = [c1,0]. Clearly
A= B(0,7)N{[x1,z2] : |x2| < 21} C B. In polar coordinates we have

w/4 r
Vo>cln(a)dz=C | dp\nt)tdt
B A —r/4 0
c 1 ' 1
:C<—————>ﬁ:0————<
(S] log (log %) log(log 2—17“)
By the above and
2

oscp fa < 08Cp(0,2r) fa < ﬁ
log ( log 5,

we have osc% f, < { g 0. Thus we have verified the RR; ;-condition for f,
with weight 6. Hence Theorem 5.1 shows that f, € AC’l2 /2
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Set
7/242kw

ap = e ¢ and b, = e for k € N.

b 1 b —
Bk:Bq“’“; ’“,0], ’“2“’“>, keN,

are pairwise disjoint balls. Thus

Vl fm 0 1/8 > ZOSCB fa > Z‘fa ak fa(bk)‘Q

keN keN

N Z \/77/2+2k7r

keN
It follows that f, & BV and f, & AC?. =
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