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On dimensionally restricted maps
by

H. Murat Tuncali and Vesko Valov (North Bay)

Abstract. Let f : X — Y be a closed n-dimensional surjective map of metrizable
spaces. It is shown that if Y is a C-space, then: (1) the set of all maps g : X — I"
with dim(f A ¢g) = 0 is uniformly dense in C(X,1"); (2) for every 0 < k < n — 1 there
exists an Fy-subset Ag of X such that dim Ay < k and the restriction f|(X \ Ag) is
(n — k — 1)-dimensional. These are extensions of theorems by Pasynkov and Toruticzyk,
respectively, obtained for finite-dimensional spaces. A generalization of a result due to
Dranishnikov and Uspenskij about extensional dimension is also established.

1. Introduction. All spaces are assumed to be completely regular and
all maps continuous. This paper is concerned with the following two results.
The first one was proved by Pasynkov [25] (see [24] for noncompact versions)
and the second one by Torunczyk [31]:

THEOREM 1.1 (Pasynkov). Let f : X — Y be an n-dimensional map
with X and Y being finite-dimensional compact metric spaces. Then there
exists g : X — 1" such that fAg: X — Y xI"™ is 0-dimensional. Moreover,
the set of all such g is dense and Gs in C(X,I") with respect to the uniform
convergence topology.

THEOREM 1.2 (Torunczyk). Let f: X — Y be a o-closed map of sep-
arable metric spaces with dim f = n and dimY < oo. Then for each
0 <k <n-—1 there exists an F,-subset Ay of X such that dim Ay < k and
the restriction f|(X \ Ag) is (n — k — 1)-dimensional.

The above two theorems are equivalent in the realm of compact spaces
(see [19] and [29]). However, the problem whether they hold without any
dimensional restrictions on Y is still open. Sternfeld and Levin made a sig-
nificant progress in solving this problem. In 1995, Sternfeld [29] proved that
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if f: X — Y is an n-dimensional map between compact metric spaces, then
dim(f A g) < 1 for almost all g € C(X,I"), where f A g denotes the di-
agonal product of the maps f and g; equivalently, there exists a o-compact
(n —1)-dimensional subset A of X such that dim(f|(X \ A)) < 1. Levin [19]
improved Sternfeld’s result showing that dim(f A g) < 0 for almost all
maps g € C(X,1"!), which is equivalent to the existence of a o-compact
n-dimensional set A C X with dim(f|(X \ 4)) <O0.

In the present paper we generalize Theorems 1.1 and 1.2 to arbitrary
metrizable spaces by replacing the finite dimensionality of Y with the less re-
strictive condition of being a C-space. Recall that a space X is a C-space [1]
if for any sequence {w, : n € N} of open covers of X there exists a se-
quence {7y, : n € N} of open disjoint families in X such that each ~,, refines
wp and U{yn : n € N} covers X. The C-space property was introduced
by Haver [15] for compact metric spaces, and Addis and Gresham [1] ex-
tended Haver’s definition to more general spaces. All countable-dimensional
metrizable spaces (spaces which are countable unions of finite-dimensional
subsets), in particular all finite-dimensional ones, form a proper subclass of
the class of C-spaces because there exists a metric C-compactum which is
not countable-dimensional [27].

Here is a generalized version of Theorem 1.1.

THEOREM 1.3. Let f: X — Y be a closed map of metric spaces with
dim f=n and Y a C-space. Then all maps g : X — 1" such that dim(fAg)
= 0 form a dense subset of C(X,I") with respect to the uniform conver-
gence topology. Moreover, if f is o-perfect, then this set is dense and Gg
in C(X,I™) with respect to the source limitation topology.

Theorem 1.3 answers affirmatively Pasynkov’s question in [25] whether
Theorem 1.1 is true for countable-dimensional spaces.

For any map f : X — Y, dimf = sup{dim f~'(y) : y € Y} is the
dimension of f. We say that a surjective map f : X — Y is o-closed (resp.,
o-perfect) if X is the union of countably many closed sets X; such that each
restriction f|X; : X; — f(X;) is a closed (resp., perfect) map and all f(X;)
are closed in Y.

Using Theorem 1.3 we prove the following generalization of Theorem 1.2:

THEOREM 1.4. Let f: X — Y be a o-closed map of metric spaces with
dimf =n and Y a C-space. Then for each 0 < k < n — 1 there exists an
Fy-subset Ay of X such that dim Ay < k and f|(X \ Ag) is (n — k —1)-
dimensional.

A few words about this note. In Section 2 we give a characterization
of finite-dimensional proper maps (see Theorem 2.2), which is the main
tool in the proof of Theorem 1.3. The proof of Theorem 2.2 is based on
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a selection theorem established by V. Gutev and the second author
[14, Theorem 1.1]. Sections 3 and 4 are devoted to the proof of Theorems 1.3
and 1.4, respectively. In the last Section 5 we provide applications of the
main results. One of them is a generalization of a result by Dranishnikov
and Uspenskij [10] concerning maps which lower extensional dimension, an-
other one is a parametric version of the Bogatyi representation theorem for
n-dimensional metrizable spaces [2]. Some results in the spirit of Pasynkov’s
recent paper [24] are also obtained.

We wish to thank the referee who recommended some improvements of
the paper.

2. Finite-dimensional maps. In this section we provide a charac-
terization of n-dimensional perfect maps onto paracompact C-spaces (see
Theorem 2.2 below).

For any spaces M and K, we denote by C(K, M) the set of all continu-
ous maps from K into M. If (M,d) is a metric space and K is any space,
then the source limitation topology on C(K, M) is defined in the following
way: a subset U C C(K, M) is open in C(K, M) with respect to the source
limitation topology provided for every g € U there exists a continuous func-
tion a : K — (0, 00) such that B(g,a) C U. Here, B(g,«) denotes the set
{he C(K,M) :d(g(z),h(x)) < a(z) for each x € K}.

The source limitation topology is also known as the fine topology and
C(K, M) with this topology has the Baire property provided (M, d) is a com-
plete metric space [23]. We also need the following fact: if K is paracompact
and F' C K closed, then the restriction map pr : C(K,M) — C(F,M),
pr(g) = g|F, is continuous when both C'(K, M) and C(F, M) are equipped
with the source limitation topology; moreover pr is open and surjective
provided M is a closed convex subset of a Banach space and d is the met-
ric on M generated by the norm. Finally, when K and M are metrizable,
the source limitation topology on C(K, M) does not depend on the metric
on M.

Let w be an open cover of the space M and m € NU{0}. A family v of
subsets of M is said to be (m,w)-discrete in M if ord(y) < m+1 (i.e., every
point of M belongs to at most m+ 1 elements of v) and ~ refines w; a subset
of M which can be represented as the union of an open (m, w)-discrete family
in M is called (m,w)-discrete; a map g : M — Z is (m,w)-discrete if every
z € g(M) has a neighborhood V; in Z such that g=1(V}) is (m,w)-discrete
in M.

We denote by cov(M) the family of all open covers of M. In case (M, d)
is a metric space, B:(z) (resp., B:(x)) stands for the open (resp., closed)
ball in (M, d) with center z and radius €.
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LEMMA 2.1. If w € cov(M) and K C M is compact, then every func-
tionally open (m,w)-discrete subset of K can be extended to an (m,w)-
discrete subset of M.

Proof. Let U C K be functionally open and (m,w)-discrete in K and
v ={Us : s € A} an open (m,w)-discrete family in K whose union is U.
Since U is paracompact (being functionally open in K), we can suppose
that ~ is locally finite and there exists a partition of unity {fs:s € A} in U
such that Us = f;1((0,1]) for each s € A. Denote by N the nerve of v with
the Whitehead topology and define f : U — N by f(x) = > o4 fs()s.
Observe that N is at most m-dimensional because ord(y) < m + 1. Let W
be a functionally open subset of BM with W N K = U. Then, by [11], there
exists an open set V' C W containing U and an extension g : V — N of f.
The map g generates maps g5 : V. — [0, 1] such that each g5 extends fs. We
finally choose G5 € w with Us C Gy, s € A, and define Vi = GsNg; ((0,1]).
Then the family {Vs : s € A} is (m,w)-discrete in M and J,c 4 Vs is the
required (m,w)-discrete extension of U. =

Throughout the paper I¥ denotes the k-dimensional cube equipped with
the Euclidean metric dj, and D} denotes the uniform convergence metric
on C(X,IF) generated by d. If f : X — Y, we denote by C(X,Y x I¥, f)
the set of all maps h : X — Y x I* such that my o h = f, where 7y :
Y x I¥ — Y is the projection. For any w € cov(X) and closed K C X,
Clmw) (XK, Y X I*, f) stands for the set of all h € C(X,Y xI¥, f) with h|K
being (m,w)-discrete (as a map from K into Y x I¥) and Clmw) (XK, I*)
consists of all g € C(X, 1) such that fAg € Clmw) (XK, Y x I*, f). In case
K = X we write simply C(,, ,)(X,Y X I*, f) (resp., Clm,w) (X, I*)) instead
Of Clinu) (X|X,Y X TF, f) (resp., Clm ) (X|X,TF)).

Now we can establish the following characterization of n-dimensional
perfect maps:

THEOREM 2.2. Let f: X — Y be a perfect surjection between paracom-
pact spaces with Y being a C-space. Then dim f < n if and only if for any
w € cov(X) and 0 < k < n the set Cl_p.) (X, %) is open and dense in
C(X,T*) with respect to the source limitation topology.

Sufficiency is a consequence of the following observation: if C(q (X, 1")
is not empty for all w € cov(X), then every open cover of f~!(y), y € Y,
admits an open refinement of order < n + 1, i.e. dim f~!(y) < n. In-
deed, let v be a family of open subsets of X covering f~!(y). Then w =
YyU{X\ fHy)} € cov(X), so there exists g € Cg,)(X,I"). Obviously,
glf~1(y) is (0,w)-discrete. Hence, every z € H = g(f~'(y)) has a neighbor-
hood G, in I" with ¢~ 1(G,) N f~!(y) being the union of a disjoint family
., of sets open in f~1(y) which refines w. Take finitely many z(i) € H,
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i=1,...,p,such that A= {G.; :i=1,...,p} covers H. Since dim H < n,
we can suppose that ord(A) <n + 1. Then p = U{p.s 17 =1,...,p} is an
open cover of f~1(y) refining v and ord(u) < n + 1.

To prove necessity we need a few lemmas; the proof will be completed
by Lemma 2.9. In all these lemmas we suppose that X and Y are given
paracompact spaces and f : X — Y a perfect surjective map with dim f < n,
where n € N. We also fix w € cov(X), an integer k such that 0 < k < n,
and an arbitrary m € NU {0}.

LEMMA 2.3. Let g € Cipy ) (X|f~Y(y),I%) for some y € Y. Then there
exists a neighborhood U of y in' Y such that g|f~*(U) is (m,w)-discrete.

Proof. Obviously, g € C(m,w)(X|f_1(y),Hk) implies that g|f~'(y) is an
(m, w)-discrete map. Hence, for every # € f~1(y) there exists an open neigh-
borhood Vy, of g(z) in I¥ such that 9 (Vy))Nf () is an (m, w)-discrete
set in f~1(y). Since Vi (z) s functionally open in I*, so is 971(%(@) Nf=y)
in f~!(y). Then, by Lemma 2.1, there is an (m,w)-discrete subset W, in
X extending g_l(Vg(m)) N f~Y(y). Therefore, for every z € f~'(y) we have
(f & g) M (f(x),9(x) = fH(y) Ng~(g(x)) C W, and, since f A g is a
closed map, there exists an open neighborhood H, = Uy x G of (y,g(x))
in Y x I* with S, = (f Ag)~'(H,) C W,. Next, choose finitely many points
x(i) € f~'(y), i =1,...,p, such that f~'(y) C U, Sy()- As f is a closed
map we can find a neighborhood Uy of y in Y such that U, C (), U;(i)
and f_l(Uy) cU, Sa(i)-

Let us show that g|f~%(U,) is (m,w)-discrete. Indeed, if z € f~4(U,),
then z € S,(;) for some j and g(z) € Gy;) because Sy(; = f_l(U;(])) N
g_l(Gx(j)). Consequently, f~1(U,) ﬁg_l(Gm(j)) C Sy(j) C Wy(j)- Therefore,
G(j) is a neighborhood of g(z) such that f~1(U,) N g~ (G is (m,w)-
discrete in f~(Uy) as a subset of the (m,w)-discrete set W(;) in X. m

COROLLARY 2.4. If g € C’(m7w)(X|f_1(y),]Ik) for every y € Y, then
g€ C(m,w)(Xa ]Ik)'

Proof. We need to show that f A g is (m,w)-discrete, i.e. for any x € X
there exist neighborhoods Uy of y = f(z) in Y and G, of g(x) in I* such
that f~1(U,)Ng~1(G) is (m,w)-discrete in X. Indeed, by Lemma 2.3, there
exists a neighborhood Uy, of y in Y such that g|f~1(U,) is (m,w)-discrete.
Therefore, we can find a neighborhood G, of g(z) in I¥ with f~1(U,) N
g7 1(G;) being (m,w)-discrete in f~1(U,). Consequently, f~1(U,)Ng~(Gz)
is (m,w)-discrete in X. m

LEMMA 2.5. The set Cip, ) (XK, %) is open in C(X,1¥) with respect
to the source limitation topology for any closed K C X.
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Proof. Let go € Cip ) (XK, I*). We are going to find o € C(X, (0, 00))
with B(go, ) C Clpe)(X|K,T¥). Since each restriction go|(f~'(y) N K),
y € H = f(K), is (m,w)-discrete, by Lemma 2.3, for every y € H there
exists a neighborhood Uy of y in Y such that go|(f~*(U,) N K) is (m,w)-
discrete. Then wy = {U, : y € H} U{Y \ H} is an open cover of Y. As Y
is paracompact, we can find a metric space (M, d), a surjection p: Y — M
and p € cov(M) such that p~!(u) refines wi. Hence, every z € p(H) has a
neighborhood W, in M such that go|(po f)~*(W,)NK is (m,w)-discrete. The
last condition implies that ho|K is (m,w)-discrete, where hg = (po f) A go.
Now we need the following:

CLAIM. There exists an open family v in M x I¥ covering ho(K) such
that every g € C(X,1¥) belongs to Clmw) (XK, %) provided h|K is ~y-close
to ho|K, where h = (po f) A g.

Proof of the claim. Since ho|K is (m,w)-discrete, every ¢t € ho(K) has an
open neighborhood V; in M x I¥ such that hy ' (Vi) N K is (m,w)-discrete in
K. Then v ={V; :t € ho(K)} forms an open cover of ho(K). Take v to be a
locally finite open cover of V' = |Jv such that {St(W,~) : W &€ ~} refines v.
Let h|K be a map 7y-close to ho| K, where h = (po f) A g with g € C(X,TF). If
W € 7, then ho(h"*(W)NK) C St(W,~). But St(W, ) is contained in V; for
some t € ho(K). Consequently, h~'(W)NK C hy*(V;)NK. The last inclusion
implies that A~ (W) N K is (m,w)-discrete in K because hy'(V;) N K is.
Therefore, h|K is (m,w)-discrete. To finish the proof of the claim observe
that h|K being (m,w)-discrete implies (f A g)| K is also (m,w)-discrete, i.e.
9 € Clmw)(X|K,IF).

We continue with the proof of Lemma, 2.5. Let o be the metric on M x I¥
defined by o(t1,t2) = d(z1, 22) + di (w1, wa), where t; = (z;,w;), i = 1,2. Let
a1 : K — (0,00) be the function a1 (z) = 271 sup{o(ho(x), V\W) : W € }.
Since ho(K) C V and ~ is a locally finite open cover of V', 1 is continuous.
Moreover, if h = (po f) A g with g € C(X,1¥) and o(ho(x), h(z)) < a1 (x) for
every x € K, then h|K is y-close to ho|K. According to the claim, the last
relation yields g € C(y, o) (XK, I*). We finally take a continuous extension
a: X — (0,00) of ag. Observe that di(go(x),g(x)) = o(ho(x),h(x)) for
every z € X. Therefore, B(go, @) C Cy ) (X|K,1F). u

LEMMA 2.6. If C(X,I¥) is equipped with the uniform convergence topol-
0gy, then the set-valued map Yy )+ Y — QC(X,H’“)7 defined by the formula
Dimw)(¥) = C(XT) N\ Clon oy (X[ F (), I%), has a closed graph.

Proof. Let G = J{y X Ymuw(y) 1y € Y} C Y X C(X,T¥) be the
graph of ¥, ) and (yo,90) € (Y x C(X, I*)) \ G. We are going to show
that (yo,go) has a neighborhood in Y x C(X,I¥) which does not meet G.
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Since (y0,90) & G, 9o & Y(mw)(yo). Hence, go € Cpypy o) (X[ (0), IF) and,
by Lemma 2.3, there exists a neighborhood U of yo in Y with go|f~*(U)
being (m,w)-discrete, in particular, go € Cy, ) (X|f71(U),IF). We can as-
sume that U C Y is closed, hence so is f~!(U) in X. Then, according to
Lemma 2.5, C’(m7w)(X|f_1(U),]Ik) is open in C(X,I¥) with respect to the
source limitation topology. Consequently, there exists a continuous positive
function @ on X such that B(go, ) is contained in C(y, ) (X|f~H(U),T¥).
Since f~!(yo) is compact, 20 = min{a(z) : z € f~(yo)} > 0 and H =
{x € f~YU) : a(z) > 6} is a neighborhood of f~!(yo). Therefore, there
exists a closed neighborhood V of g in Y with f~1(V) C H (we use again
the fact that f is a closed map). Let Bs(go) be the open ball in C(X,I*)
(with respect to the uniform metric Dy) with center gy and radius . Since
W =V x Bs(go) is a neighborhood of (yg, go) in Y x C(X,I¥), the following
claim completes the proof.

Cram. WNG =0.
Suppose (y,9) € WNG for some (y,g9) € Y x C(X,I¥). Then y € V and

(1) di(g(),g0(7)) <86 < a(x) for every z € f~1(V).
Let us show that the existence of a function g; € C(X,I¥) such that
(2) g1 € B(go.a) and gi|f 71 (V) = glf (V)

contradicts the assumption (y,g) € W N G. Indeed, g1 € B(go, ) yields
g1 € C(mjw)(X]ffl(U),]Ik) and, since f~!(y) Cc f~YU), we have g; €
Clm) (X1 W), T7). So, g € Clnw)(X|f (), IF) because gi|f~'(y) =
glf~Hy) (recall that f~1(y) c f~1(V)). On the other hand, (y,g9) € G
implies g € w(m,w)(y)) le.g ¢ C(m,w) (X‘f_l(y)’ﬂk)

Therefore, the proof is reduced to finding ¢; satisfying (2). And this
can be done by using the convex-valued selection theorem of Michael [21].
Define the set-valued map & : X — F.(I¥) by &(z) = g(x) if 2 € f~H(V)
and @(z) = Byy)(go()) otherwise. Here, Fe(I¥) denotes the convex closed
subsets of I¥ and By, (go(z)) is the closed ball in I* with center go(x)
and radius a(z). By (1), g(2) € Ba(y)(go(x)) for all z € f~1(V). The last
condition, together with the definition of @ outside f~!(V), implies that &
is lower semicontinuous (i.e., {x € X : &(z) N O # 0} is open in X for
any open set O C ]Ik). Then, by the above mentioned Michael theorem, &
admits a continuous selection g;. Since g1(x) € $(x) for any x € X, we have
gilf (V) =glf 1 (V) and g1 € B(go, ). m

LEMMA 2.7. Let K and M be compact spaces such that dim K < n and
M is metrizable. Then for every v € cov(K) and 0 < k < n the set of all
maps h € C(M x K,I*) with each h|({z} x K), z € M, being (n — k,v)-
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discrete (as a map from K into IF) is dense in C(M x K,I¥) with respect
to the uniform convergence topology.

Proof. Suppose first that K is metrizable and let py; : M x K — M and
pi : M x K — K be the projections. Then, by Hurewicz’s theorem [18],
there exists a 0-dimensional map h* : K — [". Consequently, ¢* = h* o px
is a map from M x K into I" such that pps Ag* : M x K — M x 1" is
also 0-dimensional. According to Levin’s [19] and Sternfeld’s [29] results,
the existence of such a map ¢g* implies that the set M, of all maps g €
C(M x K,I") with dim(py A g) < 01is dense in C(M x K,I™) with respect to
the uniform convergence topology. If ¢ : I" — I¥ is the projection generated
by the first k coordinates, then the map g — go g is a continuous surjection
from C(M x K,I") onto C(M x K,I¥) (both equipped with the uniform
convergence topology), so My = {gog: g € My} is dense in C(M x K, IF).
Moreover, since dimg = n — k and each pys A g, g € M, is O-dimensional,
dim(pyr A h) < n —k for any h € My, (the last conclusion follows from the
Hurewicz theorem on closed maps which lower dimension [16]). Therefore,
h, = h|({z} x K) is an (n — k)-dimensional map for every z € M and
h € My.

Let us show that any such h, is (n — k,~y)-discrete. Indeed, for fixed
y € h,(K) we have dim h;!(y) < n — k. So, there exists v € cov(h; !(y))
refining « such that ord(v) < n — k + 1. Applying Lemma 2.1, we obtain
an (n — k,v)-discrete set W, in K which contains h;'(y). Finally, choose
a neighborhood Vj, of y in I* such that h;'(V,) C W, and observe that
h;1(V,) is (n — k,~)-discrete.

Suppose now K is not metrizable and fix § > 0 and hg € C(M x K, 1),
We are going to find h € O(M x K,IF) satisfying the requirement of the
lemma and such that A is §-close to hg. To this end, represent K as the limit
space of a o-complete inverse system S = {K g,ﬂ’ngl : € B} such that
each K3 is a metrizable compactum with dim Kg < n. Applying standard
inverse spectra arguments (see [4]), we can find 0 € B, v, € cov(Kp) and
hg € C(M x Ky,1¥) such that hg o (idys xmg) = ho and 7T0_1(’)/1) refines -,
where 1y : K — Ky denotes the fth limit projection. Then, by the pre-
vious case, there exists a map hy € C(M x Ky, I¥) which is é-close to hyg
and hi|({z} x Kpy) is (n — k,~1)-discrete. It follows from our construction
that h = hy o (idy xmy) is d-close to hy and h|({z} x K) is (n — k,~)-
discrete. m

Recall that a closed subset F' of the metrizable space M is said to be
a Z-set in M if the set C(Q, M \ F) is dense in C(Q, M) with respect to
the uniform convergence topology, where () denotes the Hilbert cube. If, in
the above definition, @ is replaced by I, m € NU {0}, we say that F is a
Zm-set in M.
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LEMMA 2.8. Let o : X — (0,00) be a positive continuous function and
go € C(X,TF). Then Vin—kw)(¥) N B(go, ) is a Z-set in B(go,a) for every
y € Y, where B(go, ) is considered as a subspace of C(X,I¥) with the
uniform convergence topology.

Proof. In this proof all function spaces are equipped with the uniform
convergence topology. Since, by Lemma 2.6, ¢,_j ) has a closed graph,
each ¥, (y) is closed in C(X, I*). Hence, V(n—kw) (V) N B(go, @) is closed
in B(go,a). We need to show that, for fixed y € Y, § > 0 and a map
u: Q — B(go, ) there exists a map v : Q — B(go, a) \ Y(n—k,w)(y) which is
d-close to u with respect to the uniform metric Dy,.

To this end, observe first that u generates h € C(Q x X,1%), h(z,2) =
u(z)(z), such that di(h(z,),go(r)) < a(x) for any (z,z) € @ x X. Since
f~1(y) is compact, we can find A € (0,1) such that Asup{a(z)

r € f~Y(y)} < 6/2. Now, define hy € C(Q x f~ ( ) k) by hi(z,x) =

(1 — A)h(z,z) + Ago(x). Then, for every (z,z) € Q x f~1(y), we have
3) a2, 2), go(2)) < (1 - Na(z) < < )

and

(4) di(hi(z,z), h(z,2)) < da(z) < §/2.

Let ¢ < min{r, d/2}, where r is the positive number inf{a(z) — di(h1(z, x),
go(z)) : (2,2) € Q x f~(y)}. Since dim f~!(y) < n, by Lemma 2.7 (applied
to the product @ x f~1(y)), there is a map hy € C(Q x f~'(y),I*) such that
di(ha(z,7),h1(z,2)) < g and h|({z} x f~1(y)) is an (n — k,w)-discrete map
for each (z,7) € @ x f~1(y). Then, by (3) and (4), for all (z,7) € Q@ x f~1(y)
we have

(5) di(he(z,z),h(z,2)) <6 and dg(ha(z,2),g90(z)) < a(x).
Because both @ and f~!(y) are compact, us(z)(z) = ha(z, ) defines the
map uz : Q@ — C(f~(y),1¥). The required map v will be obtained as a lifting
of uy. The restriction map 7 : B(go,a) — C(f~(y),1¥), m(g) = g|f " (y), is
obviously continuous (with respect to the uniform convergence topology).

CLAM. 7 : B(go,a) — 7(B(go,)) is an open map.
It is enough to show that

(6) m(B(g0, @) N Be(g)) = 7(B(g0, @) N B=((g))

for every g € B(go, ) and € > 0, where B.(g) and B-(m(g)) are open balls,
respectively, in C'(X,1¥) and C(f~'(y),I1¥), both with the uniform metric
generated by dy. Let p € m(B(go, a))NB:(7(g)). Then di(p(x), go(x)) < a(z)
and dy(p(), g(x)) < n < ¢ for every z € f~!(y) and some positive number
1. Define the closed-and-convex-valued map @ : X — F.(I¥) by &(x) = p(z)

if z € f~l(y) and &(z) = Ba(x)(go(a:)) NBy(g(x)) if z & f1(y) (recall
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that By (go(2)) and By, (g(x)) are open balls in I¥). Since g € B(go, ),
&(x) # 0 for every x € X. Moreover, since a, g and gg are continuous,
@ is lower semicontinuous. Therefore, by Michael’s convex-valued selection
theorem, @ admits a selection g; € C(X,I1¥). Then n(g1) = p and g1 €

B(go, ) N Be(g). So, m(B(go,a)) N Be(m(g)) C m(B(go, ) N Be(g)) and,
because the converse inclusion is trivial, we are done.

Before completing the final step of our proof, note that wua(z) €
7(B(go,)) for every z € @ (indeed, consider the lower semicontinuous
set-valued map ¢ : X — Fo(IF), ¢(x) = ua(2)(z) for x € f~1(y) and
¢(z) = By (go(x)) for z ¢ f~1(y), and take any continuous selection g
of ¢). Now, we are going to lift the map us to a map v : Q — B(go, a) such
that v is d-close to u.

To this end, define 6 : Q — F.(C(X,1¥)) by 0(2) = 71 (ua(2)) N Bs(u(2)).
The first inequality in (5) implies that us(z) € Bs(mw(u(z))) for every z € Q.
Since each uz(z) belongs to 7(B(go,)), by (6), 0(z) # 0, z € Q. On the
other hand, since 7 is open, by [21, Example 1.1* and Proposition 2.5],
0 is lower semicontinuous. Obviously, every image 6(z) is convex and closed
in C(X,1¥), which is, in its turn, closed and convex in the Banach space of
all bounded continuous functions from X into R¥. Therefore, using again
the Michael selection theorem [21, Theorem 3.2"], we can find a continuous
selection v : @ — C(X,IF) for . Then v maps @ into B(go,a) and v
is d-close to u. Moreover, for any z € @ we have m(v(z)) = ua(z), and
ua(z), being the restriction ha|({z} x f~1(y)), is (n — k,w)-discrete. Hence,

U(Z) € C(n—k,w) (X‘f_l(y)7ﬂk)a KAS Qa Le. U(Q) - B(.QOa Oé) \w(n—k,w) (y) u

LEMMA 2.9. If Y is a C-space, then Cy,_j ) (X, %) is dense in C(X,TF)
with respect to the source limitation topology.

Proof. It suffices to show that, for fixed go € C(X, Hk) and a positive con-
tinuous function a : X — (0, 00), there exists g € B(go, @) NCn—tow) (X, ).
We equip C(X, ]Ik) with the uniform convergence topology and consider the
constant (and hence, lower semicontinuous) map ¢ : Y — F.(C(X,I¥)),
#(y) = B(go, ). According to Lemma 2.8, B(go, @) N Vin—kw)(y) is a Z-
set in B(go,a) for every y € Y. So, we have a lower semicontinuous map
¢:Y — Fe(E) and a map ¢, ) 0 Y — 2F such that Y(n—kw) has a closed
graph (see Lemma 2.6) and ¢(y) N ¥(,—pw)(y) is a Z-set in ¢(y) for each
y € Y, where FE is the Banach space of all bounded continuous maps from Y
into R*. Therefore, we can apply [14, Theorem 1.1] to obtain a continuous
map h: Y — E with h(y) € ¢(y) \ Y(n—k.w)(y) for every y € Y (Theorem 1.1
of [14] was proved under the assumption that 1, has nonempty val-
ues, but the proof works without this restriction). Observe that h is a map
from Y into B(go, ) such that h(y) & Vin—kw)(y) for every y € Y, ie.
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h(y) € B(g()va) N C(n—k,w)(_X|f_l(y)’Hk)v y € Y. Then g(ZL‘) = h(f(l‘))($),

x € X, defines a map g € B(go, «) such that g € C(n_kw)(X\f_l(y),Hk) for
every y € Y. Hence, by Corollary 2.4, g € C(;,_ ) (X, I%). m

3. Proof of Theorem 1.3. The following proposition proves Theo-
rem 1.3 in the special case when f is o-perfect.

PRrROPOSITION 3.1. Let f : X — Y be a o-perfect map of metrizable
spaces with dim f < n and Y being a C-space. Then the set of all maps
g : X — I" such that dim(f A g) = 0 is dense and G in C(X,I") with
respect to the source limitation topology.

Proof. All function spaces in this proof are considered with the source
limitation topology. Let X be the union of closed sets X;, i = 1,2,..., such
that each restriction f; = f|X; is perfect and Y; = f(X;) is closed in Y. Fix
a sequence {w,} of open covers of X with mesh(w,) < ¢~!. Every Y; is a
C-space (being a closed set in V'), so we can apply Lemma 2.9 to the maps
fi : X; — Y; and conclude that H; = ﬂ;il C(o,wq)(Xi, I") is dense and Gy in
C(X;,1"), i € N. Here, C(g,)(X;,1") consists of all h € C(X;,1") such that
fiDhis (0, wq)-discrete. Since all restriction maps p; : C(X,I") — C(X;,1"),
pi(g) = g| X, are continuous, open and surjective, the sets C; = p;l(Hi) are
dense and G in C(X, "), and hence so is the intersection ;2 C;. It remains
to observe that g € ;2 C; if and only if dim(f; A g;) = 0 for every 4, where
gi = g|X;. Hence, by the countable sum theorem, g € (;2, C; if and only if
dim(fAg)=0.m

We now continue with the proof of the first part of Theorem 1.3. Sup-
pose f : X — Y is a closed n-dimensional surjection with both X and
Y metrizable and Y a C-space. By the Vainstein lemma [12], the bound-
ary Fr f~1(y) of every f~!(y) is compact. Defining F(y) to be Fr f~1(y) if
Fr f~1(y) # 0, and an arbitrary point from f~!(y) otherwise, we obtain the
set Xo = U{F(y) : y € Y} such that X, C X is closed and the restriction
flXo : Xo — Y is a perfect surjection. Moreover, each f~!(y)\ X is open
in X, so dim(X \ Xp) < n.

Represent X \ X as the union of countably many closed sets X; C X
and for each i = 0,1,2,... let p; : C(X,I") — C(X;,I") be the restriction
map. By Proposition 3.1, the set Cy consisting of all ¢ € C(X,I") with
(f A g)|Xo being 0-dimensional is dense and G in C(X,I") with respect
to the source limitation topology. Consequently, Cq is uniformly dense in
C(X,I"). On the other hand, since dim X; < n for every ¢ = 1,2,..., the
set H; C C(X;,1") of all uniformly 0-dimensional maps is dense and Gy in
C(X;,I") with respect to the uniform convergence topology [17] (recall that
amap h: X; — 1" is uniformly 0-dimensional if for every € > 0 there exists
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n > 0 such that if 7 C I" and diam(T) < 5, then h=!(T) is covered by a
disjoint open family in X; consisting of sets with diameter < ¢). Because p;
are open and continuous surjections when C'(X,1") and C(X;,I") carry the
uniform convergence topology, all C; = pi_l(HZ-), i1 =1,2,..., are uniformly
dense and G5 in C(X,I"). Therefore, Coo = (2, Ci is G5 in C'(X,I") with
respect to the source limitation topology. Moreover, f A g is 0-dimensional
for every g € Cw.

It remains to show that Cy is uniformly dense in C'(X,I"). For every
g€ Colet H(g) ={h € C(X,I") : h| Xo = g|Xo}. Obviously, Co = |U{H(9) :
g € Cp} and each H(g) is uniformly closed in C'(X,I"). So, Cx is the union
of the sets A(g) = ey CiNH(g), g € Co. For fixed g € Cpand i = 1,2,. ..,
let p;(g) = pi|H(g). Using the fact that Xy and X; are closed disjoint sub-
sets of X, one can show that every p;(¢g) : H(g) — C(X;,I") is a uniformly
continuous open surjection. Hence, H(g) N C; is dense and Gy in H(g) with
respect to the uniform convergence topology, being the preimage of H; un-
der pi(g). Therefore, A(g) is uniformly dense in H(g) (recall that H(g) is
uniformly closed in C'(X,I"), so it has the Baire property). We finally ob-
serve that the uniform density of Cy in C'(X,1") and the uniform density of
A(g) in H(g) for each g € Cy yield the uniform density of C, in C(X,17).

4. Proof of Theorem 1.4. It suffices to prove this theorem for closed
maps, so we suppose that f : X — Y is a closed surjection. If A, 1 is
constructed, then for k < n — 1, we can find an F,-subset A, C A,_1 with
dim Ay < k and dim(A,,—1 \ Ax) < n — k — 2 (this can be accomplished by
induction, the first step is to represent A,_1 as the union of 0-dimensional
Gs-subsets Bj, j =1,...,n and to set A,,_o = U;”:_ll Bj). Therefore, we only
need to construct A,_1. To this end, we first establish the following ana-
logue of Sternfeld’s [29, Lemma 1] which was proved for compact metrizable
spaces.

LEMMA 4.1. Let M be metrizable and K a compact metric space with
dim K < n. Then there exists a Fy-subset B C M x K such that dim B <
n—1 and mp|(M x K) \ B is 0-dimensional, where 7y : M x K — M s
the projection.

Proof. As in [29], the proof can be reduced to the case n =1 and K =
[0,1]. So, we are going to show the existence of a 0-dimensional F,-subset
B of M x I such that each set ({y} xI)\ B, y € M, is O-dimensional, and
that will complete the proof.

Let h : Z — M be a perfect surjection with Z being a 0-dimensional
metrizable space. Then, by [24, Proposition 9.1], there exists a map g : Z —
Q@ such that h A g : Z — M x @Q is a closed embedding. Next, let D be
the Cantor set and take a surjection p : D — @ admitting an averaging
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operator between the function spaces C(D) and C(Q) [26] (such maps are
called Milyutin maps). According to [6], there exists a lower semicontinuous
compact-valued map ¢ : Q — 2P with ¢(y) C p~'(y) for every y € Q.
We can apply Michael’s 0-dimensional selection theorem [22] to obtain a
continuous selection ¢ for the map ¢ o g. Obviously h A q: Z — M x D is
a closed embedding, so Zy = (h A ¢)(Z) is a 0-dimensional closed subset of
M x D. Finally, considering D as a subset of I, let Z, = {(h(2),q(z) + 1) :
z € Z} C M x 1 for every rational r € I, where addition ¢(z) + r is taken
in R mod 1. Then each Z, is a closed subset of M x I homeomorphic to Z,
so B = |J{Z, : r is rational} is O-dimensional and F, in M x I. Moreover,
({y} x I) \ B is also 0-dimensional for every y € M. m

Let us continue the proof of Theorem 1.4. As in the proof of Theorem 1.3,
there are closed subsets X; C X,i=0,1,2,..., such that f| Xy is a perfect
map onto Y, each X, ¢ > 1, is at most n-dimensional and X \ Xo = [J;2, X;.
For every i > 1 we choose an (n — 1)-dimensional F,-set H; C X; with

A similar subset of Xy can also be found. Indeed, let fy = f|Xy and
take g : Xg — I" such that fy Ag: Xg — Y x I" is O-dimensional (see
Theorem 1.3). By Lemma 4.1, there exists an Fy-set B C Y x I" with
dim B < n—1 and each ({y}xI")\B, y € Y, being 0-dimensional. Then Hy =
(foAg)~Y(B)is F, in Xg. Since fo/Ag is perfect, by the generalized Hurewicz
theorem on closed maps lowering dimension [28], we have dim Hy < n — 1
and dim(f; '(y) \ Ho) <0 for every y € Y.

Finally, set A,—1 = |J;2, H;. Obviously, dim A,_; < n—1. On the other
hand, each f~1(y)\ A,_1, y € Y, is the union of its closed sets Fj(y) =
FHY) N X\ Anoa, i > 0. But Fo(y) = fo ' () \ Ho and F(y) C f~(y) N
(X;\H;) fori > 1, so all F;(y) are 0-dimensional. Consequently, dim(f~!(y)\
Ap—1) <0 for every y € Y, ie. f|(X \ An—1) is O-dimensional.

5. Some applications. Our first application deals with extensional
dimension introduced by Dranishnikov [7] (see also [3] and [8]). Let K be a
CW-complex and X a normal space. We say that the extensional dimension
of X does not exceed K, written e-dim X < K, if every map h: A — K,
where A C X is closed, can be extended to a map from X into K provided
there exist a neighborhood U of A in X and a map g : U — K extending h.
Obviously, if K is an absolute neighborhood extensor for X, then e-dim X <
K iff K is an absolute extensor for X. In this notation, dim X < n is
equivalent to e-dim X <S"™. We also write e-dim X <e-dimY ife-dimY < K
implies e-dim X < K for any CW-complex K.

Dranishnikov and Uspenskij [10] provided a generalization of the Hure-
wicz theorem on dimension lowering maps: if f : X — Y is an n-dimensio-
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nal surjection between compact finite-dimensional spaces, then e-dim X <
e-dim(Y x I"); moreover, this statement holds for any compact spaces (not
necessarily finite-dimensional) when n = 0. We can improve this result
as follows (see also [5] and [9] for other extension-dimensional variants of
Hurewicz’s theorem):

THEOREM 5.1. If f: X — Y is a perfect n-dimensional surjection such
that Y is a paracompact C-space, then e-dim X < e-dim(Y x I").

Theorem 5.1 follows from Theorem 2.2 and the next proposition which
can be extracted from the Dranishnikov and Uspenskij proof of their [10,
Lemma 2.1 and Theorem 1.4].

PROPOSITION 5.2. Let K be a CW -complex and X paracompact. If for
any w € cov(X) there exist a paracompact space Z,, with e-dim Z,, < K and
a perfect (0,w)-discrete map g : X — Z,, then e-dim X < K.

COROLLARY 5.3. Let f : X — Y be a o-closed n-dimensional surjec-

tion between metrizable spaces with Y being a C-space. Then e-dim X <
e-dim(Y x I").

Proof. Let K be a CW-complex with e-dim(Y x I") < K. It suffices to
show that e-dim X < K. Since extension dimension satisfies the countable
sum theorem, the proof reduces to the case of f closed. We can also assume
that K is an open subset of a normed space because every C'W-complex is
homotopy equivalent to such a set. Represent X as the union of closed sets
X; C X, i >0, such that f|Xg is a perfect map onto ¥ and dim X; < n for
each i > 1 (see the proof of Theorem 1.3). Then, by Theorem 5.1, e-dim X
< K. On the other hand, e-dim(Y x I") < K implies that e-dimI" < K,
in particular, every map from S”~! into K is extendable to a map from I”
into K. In other words, K is C"~! and, as an open subset of a normed space,
K is also LC™ 1. It is well known that LO™ ™! and C™~! metrizable spaces
are precisely the absolute extensors for n-dimensional metrizable spaces.
Hence, e-dim X; < K for every ¢ > 1. Finally, by the countable sum theorem
for extensional dimension, we have e-dim X < K. =

Another application is a parametric version of the Bogatyi decomposition
theorem for n-dimensional metrizable spaces [2]: For every metrizable n-
dimensional space M there exist countably many 0-dimensional G-subsets
M;, € M such that M = [ J'} M) for all pairwise distinct k(1), ..., k(n + 1)
in N.

PROPOSITION 5.4. Let f: X — Y be a closed n-dimensional surjection
between metrizable spaces with Y a C-space. Then there exists a sequence
{Ax} of Gs-subsets of X such that every restriction f|Ay is 0-dimensional
and for any P C N of cardinality n + 1 we have X = Jcp Ak
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Proof. Take closed sets X; C X, i > 0, and a map g : X — I" such
that f|X¢ is perfect, X \ Xo = ;> X, dim(f A g) = 0 and each g|X,
i > 1, is uniformly O-dimensional (see the proof of Theorem 1.3). Accord-
ing to the Bogatyi theorem, there exists a sequence of 0-dimensional G-
subsets By C 1" such that 1" is the union of any n + 1 elements of this
sequence. Let Ay = (f A g)~'(Y x By), k € N. The only nontrivial con-
dition we need to check is that each restriction f|Aj is O-dimensional, i.e.
dim f~'(y) N A, <0 for all y € Y and k > 1. For fixed y and k we have
FHy)NAg = U 9; (Bi), where g; denotes the restriction g|(f~(y)NX;).
Since every g; '(By,) is closed in f~1(y) N Ay, it suffices to show that the sets
g; 1(Bg), i > 0, are O-dimensional. For i = 0 this follows from the Hurewicz
lowering dimension theorem [16] because g is a perfect 0-dimensional map.
For i > 1 we use the fact that g|X; is uniformly 0-dimensional and the preim-
age of any O-dimensional set under a uniformly 0-dimensional map is again
0-dimensional. =

A map f: X — Y is said to be of countable functional weight [24]
(notation W (f) < Rg) if there exists a map h : X — @, where @ is the
Hilbert cube, such that f A h : X — Y x @ is an embedding. In [24]
Pasynkov has shown that his results from [25] remain valid for maps f :
X — Y between finite-dimensional completely regular spaces X and Y
such that W(f) < Rg and both f and its Cech-Stone extension have the
same dimension (the last condition holds, for example, if X is normal, ¥
paracompact and f closed). We are going to show that Theorem 2.2 implies
a similar result with Y being a C-space.

THEOREM 5.5. Let f : X — Y be a o-closed n-dimensional surjection
of countable functional weight such that X is normal and Y a paracompact
C-space. Then the set G of all maps g € C(X,1") with dim(f A g) =0 is
uniformly dense in C(X,I™). If, in addition, X is paracompact and f is
o-perfect, then G is dense and Ggs in C(X,I") with respect to the source
limitation topology.

Proof. Since W (f) < Xy, there exists amap h : X — @ such that fAh is
an embedding. For every k € N let ;, be an open cover of Q of mesh < k1.
Suppose f is o-closed and represent X and Y as the union of closed sets
X; and Y;, respectively, such that each f; = f|X; is a closed map onto Y.
Let Z; = (Bf;)~(Y;) and f; = (Bfi)|Z, i € N, where 3f; denotes the Cech—
Stone extension of f;. Because X is normal, each Z; is a closed subset of
Z = (Bf)~YY) and f; : Z; — Y; is a perfect n-dimensional map. Moreover,
Z is paracompact as the preimage of Y. We consider the extension b : Z — Q
of h and the covers w, = h™!(y;) € cov(Z). By Theorem 2.2 (applied to
the maps f;), the sets H; . consisting of all g € C(Z,I") such that f; Ag



50 H. M. Tuncali and V. Valov

is (0, wy)-discrete, i, k € N, are open and dense in C(Z,1") with respect to
the source limitation topology, and hence so is H = ﬂff,;:l H; - Moreover,
H is uniformly dense in C(Z,1"). Therefore, the set Go = {g|X : g € H} is
uniformly dense in C(X,I"). Since h is a homeomorphism on every fiber of
f, Go C G. Hence, G is also uniformly dense in C'(X,1").

Let f be o-perfect and X paracompact. Then substituting f; = f;,
Z; = X; and Z = X in the previous proof, we deduce that G coincides
with H. =

COROLLARY 5.6. Let f: X — Y be a o-closed n-dimensional surjection
having second countable fibers. If X is metrizable and Y a paracompact C-
space, then the set of all g € C(X,I") with dim(f A g) = 0 is uniformly
dense in C(X,I").

Proof. Since f is of countable functional weight (see [24, Proposi-
tion 9.1]), this corollary follows from Theorem 5.5. =

We finally formulate the following result; its proof is similar to that of
Theorem 2.2.

THEOREM 5.7. Let f: X — Y be a perfect surjection of countable func-
tional weight with Y a paracompact C-space. Then all maps g € C(X, Q)
such that f A g is an embedding form a dense Gy subset of C(X,Q) with
respect to the source limitation topology.

COROLLARY 5.8. Let f: X — Y be a perfect surjection between metriz-
able spaces. If Y is a C-space, then the set of all g € C(X,Q) with f A g
being an embedding is dense and Gy in C(X,Q) with respect to the source
limitation topology.

Addendum. In the special case when both X and Y are compact met-
ric spaces, Theorem 1.3 (the existence of a map g : X — I" such that
dim(f A g) =0), Theorem 1.4 and Corollary 5.3 have recently been ob-
tained by Y. Turygin in his preprint Approzimation of k-dimensional maps.
He also proved that if f : X — Y is a k-dimensional map between metric
compacta, then the following two conditions are equivalent: (i) there exists
amap g: X — I* with dim(f A g) = 0; (ii) f admits an approximation by
k-dimensional simplicial maps (see [32] for this notion).
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