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Abstract. By results of [9] there are models 2 and 9B for which the Ehrenfeucht—
Fraissé game of length w1, EFGy,, (2, B), is non-determined, but it is consistent relative to
the consistency of a measurable cardinal that no such models have cardinality < Ro. We
now improve the work of [9] in two ways. Firstly, we prove that the consistency strength of
the statement “CH and EFG,, (A, B) is determined for all models 2 and B of cardinality
No” is that of a weakly compact cardinal. On the other hand, we show that if 2N < 2N3,
T is a countable complete first order theory, and one of

(i) T is unstable,

(ii) T is superstable with DOP or OTOP,
(iii) 7 is stable and unsuperstable and 280 < R,

holds, then there are A, B =T of power N3 such that EFGy, (A, B) is non-determined.

This paper is a continuation of [9]. Let 2 and B be two first order
structures of the same vocabulary L. We denote the domains of 2l and B
by A and B respectively. All vocabularies are assumed to be relational. The
Ehrenfeucht—Fraissé game of length v of 2 and B denoted by EFG (2, B)
is defined as follows: There are two players called V and 3. First V plays x¢
and then 3 plays yo. After this V plays x1, and 3 plays y1, and so on. If
((g,yg) : B < ) has been played and a < v, then V plays z after which 3
plays yo. Eventually a sequence ((x3,3) : 3 < <) has been played. The rules
of the game say that both players have to play elements of AU B. Moreover,
if V plays his 3 in A (resp. B), then 3 has to play his yg in B (resp.
A). Thus the sequence ((zg,yg) : B < ) determines a relation # C A x B.
Player 3 wins this round of the game if 7 is a partial isomorphism. Otherwise
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YV wins. The notion of winning strategy is defined in the usual manner. The
game EFGi(Ql, B) is defined like EFG., (2, B) except that the players play
sequences of length < § at a time. Thus EFG, (2, B) is the same game as
EFG2 (2, B).

It was proved in [9] that, assuming [J,,,, there are models 2 and B of car-
dinality Ng such that the game G, (2,B) is non-determined. In this paper
we weaken the assumption O, , to “ws is not weakly compact in L” (Corol-
lary 8), but we can do this only if we assume CH. We do not know if this is
possible without CH. In the other direction, it was proved in [9] that if the
non-wi-stationary ideal on wo has a o-closed dense subset, then the game
EFG,, (2, B) is determined for all 2 and B of cardinality < Ny. The assump-
tion is equiconsistent with the existence of a measurable cardinal. In this pa-
per we weaken the assumption to a condition which is consistent relative to
the existence of a weakly compact cardinal (Corollary 13). Thus we establish:

THEOREM 1. The following statements are equiconsistent relative to

ZFC:

1. There is a weakly compact cardinal.
2. CH and EFG,, (A,B) is determined for all models A and B of car-
dinality No.

In [9] we proved in ZFC that there are structures 2 and B of cardi-
nality N3 with one binary predicate such that the game EFG,, (A, B) is
non-determined. We now improve this result under some cardinal arithmetic
assumptions. We prove:

THEOREM 2. Assume that 2 < 2“3 and T is a countable complete
first order theory. Suppose that one of (i)-(iii) below holds. Then there are
A, B =T of power ws such that for all cardinals 1 < 6 < w3, EFGY, (A, B)
1s non-determined.

(i) T is unstable.
(ii) T s superstable with DOP or OTOP.
(iii) T is stable and unsuperstable and 2% < ws.

This result complements the result in [9] that if T is an w-stable first
order theory with NDOP, then EFG,,, (2, 9B) is determined for all models 2
of T and all models 3. This is actually true under the weaker assumption
that T is superstable with NDOP and NOTOP.

NoTATION. We follow Jech [6] in set-theoretic notation. We use S]* to
denote the set {a < wy, : cof(a) = wy,}. Closed unbounded sets are called
cub sets. A set of ordinals is A-closed if it is closed under supremums of
ascending A-sequences (v : i < \) of its elements. A subset of a cardinal is
A-stationary if it meets every A-closed unbounded subset of the cardinal.
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1. Getting a weakly compact cardinal. In this section we show
that if CH holds and EFG,, (2, B) is determined for all models 20 and B
of cardinality Ng, then ws is weakly compact in L (Corollary 8). We use
the results from [8] that if we is not weakly compact in L, then there is
a bistationary S C S3 such that for all o < wo either NS or '\ S is
non-stationary.

If I is a linear order, we use (I)* to denote the reverse order of I. We call
a sequence s = (8¢)e<¢ a coinitial sequence of length ¢ in I if it is decreasing
in I and has no lower bound in I. The coinitiality coinit(I) of a linear order
I is the smallest length of a coinitial sequence in I.

Let 0 =w+ (w1)* +w) - w1.

LEMMA 3. There is a dense linear order I such that:

(i) ] =Ry,

(ii) coinit(I) = Wy,

(iii) I - (a4 1) =TI for all o < wy.

(iV) IgIW—FI (wl)*.

(v)I-04+1=1.

Proof. This is like Lemma 7.17 in [10]. If J; and J; are linear orders, let
H(Jy, J2) be the set of f:ny — Jy UJy, where ny < w is even, f(2i) € J;
and f(2i + 1) € Jy for all i < ny. We can make H(Jy, J2) a linear order by
ordering the functions lexicographically, i.e.

f<g < @m<ng)((Vi<m)(f(i) = g(i) & (m <ny — f(m) < g(m))).

Let Iy = H(Q,w—i—(wl)*) and I} = H(I(),wl). Thus Iy = (1+Io)-(w+(w1)*)‘(@
and It =2 (1411) wi-Ip. By using Q 2 Q+14+Q, w = 1+w and wy = 14wy,
one easily gets the following, first for Iy, and then for Iy:

(1) Iogfo—i-l—FIQ, Ilgll—f—l—i-]—l

Let I be the set of f:w — I; U6, where f(2i) € I and f(2i+ 1) € 0
for all ¢ < w ordered lexicographically. Thus I = -0 - I;. In fact, I is of the
form J-Q, so (ii) is true. By (1) and 6 = 1+ 6 one gets (v) immediately. As
I1=1-0-(14+1) w1y, from (v) we easily get (iii) for &« = w;. From this and
a+w; = w; we immediately get (iii) for & < wy. Note that 0 = w4 (w1)*+6.
If we combine this with 7 = -6 -1 and (w1)* = (w1)* + 1, we get (iv).

As to (i), we only have |I| = 2. We use this lemma in a context where
CH is assumed, so we could simply assume it here. But actually the lemma
is true without CH, as we can construct I in L. Then |I| = N;. Note that
our Iy and I; are in L, and the only property of w; that we used was that
it is a limit ordinal. m

In the following, I denotes the dense linear ordering of Lemma 3.
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DEFINITION 4. Suppose S C S2. We define

1<wa

where
T (w)* ifie S,
AT ifigs.

Let ©@,,5(5) be the suborder >, 5n; of @(5). The rank of z € &(5) is
the least o such that © € @4 o+1(S). We denote this o by rnk(®(5), z).

LEMMA 5. Assume S C S2 is such that there is no o € S7 with both

SNa and (anNSE)\ S stationary. Then
Pop1(5) =1
whenever a < f <ws and o € S.

Proof. This is like Lemma 7.20 in [10]. We use Lemma 3 and induction
on .

Let us first assume 3 ¢ S. If § is a successor ordinal, then @, 5,1(S5) =
I+ 1 =1 by (iii). If B has cofinality w, then @, 541(S) =1 -w+1=1.1f 8
has cofinality w; and B8NS is non-stationary, then I = I -w;+1 = I. Finally,
if § has cofinality wy and 3\ S is non-stationary, then I = 1.6+ 1 = I,
by (v).

Let us then assume 3 € S. Thus § has cofinality w. Therefore @, g11(.5)
2] -w+T-(w) =1, by (iv). =

LEMMA 6. Assume S C S3 is such that there is no o € Si with both
SNa and (anSZ)\ S stationary. Then $o o(S) = Pp (D) whenever o € S3
and S N« is not stationary.

Proof. Let (o¢)e<w, by a continuously increasing cofinal sequence in o
such that ag ¢ S for all £ < w;. By Lemma 5 there is an isomorphism

fe: Qjag,asﬂJrl(S) - ¢a§7a§+1+1(®)-
Let f = U§ <w, Je- This is the required isomorphism. =

PROPOSITION 7. Assume CH and that there is S C S3 such that both
S and S3\ S are stationary but there is no o € S¢ with both SN« and
(an S2)\ S stationary. Then there are models 2 and B of cardinality No
such that EFG, (A, B) is non-determined.

Proof. We may assume that {a € S? : @ N S is non-stationary} is sta-
tionary, for otherwise we work with S’ = S2\S. Let % = &(S) and B = &(0).
We first show that 3 cannot have a winning strategy in EFGq,4+1(2, 9B).
Suppose T is a strategy of 3. Let C be the cub of ordinals o < wy such that
if during the first w rounds of the game, V plays elements of the models of
rank < a, then so does 3 following 7. Let § € C' N S. Let (6,)n<w be an
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increasing cofinal sequence in §. Now we let V play against 7 as follows: On
round n < w we let V play some element of 2 if n is even, and of B if n
is odd, of rank d,. During rounds w + n, n < w, we let V play a coinitial
sequence of length w in @551 (0) C B. As coinit(Pss+1(S)) = wi, the game
is lost for 3. So 7 could not be a winning strategy.

Suppose then g is a strategy of V. We show that it cannot be a winning
strategy. By CH we have an wi-cub set D of ordinals § < we such that if
3 plays only elements of rank < 4, then o directs V to play also elements
of rank < § only. Let § € D N S? be such that § NS is non-stationary. By
Lemma 6 there is an isomorphism f : $g o (S) — P (). Now 3 can beat o
by using f. =

Using the result from [8] referred to above, we now get:

COROLLARY 8. If CH holds and EFG,, (A, B) is determined for all mod-
els A and B of cardinality Na, then wa is weakly compact in L.

2. Getting determinacy from a weakly compact cardinal. In this
section we show that if x is weakly compact, then there is a forcing extension
in which the game EFG,,, (2, B) is determined for all 2 and 9B of cardinality
<N,

We shall consider models 2, B of cardinality No, so we may as well assume
they have ws as universe. For such a model 2 and any ordinal a@ < wo we
let 2, denote the structure 2 N «, and similarly for B,. Let us first recall
the following basic fact from [9]:

LEMMA 9 ([9]). Suppose 2 and B are structures of cardinality Ro. If ¥
does not have a winning strategy in EFGy,, (2, B), then

S={a: A, =B}
18 wi-stationary.

This shows that to get determinacy of EFG,, (,B) it suffices to give
a winning strategy of 3 under the assumption that the above set S is wi-
stationary. In [9] an assumption I*(w) was used. It says that the non-w;-
stationary ideal on wy has a o-closed dense set. The rough idea was that
3 uses the Pressing Down Lemma on S to “normalize” his moves so that
he always has an wi-stationary set of possible continuations of the game.
We now use the same idea. The hypothesis I*(w) is equiconsistent with
a measurable cardinal. Since we assume only the consistency of a weakly
compact cardinal, we have to work more.

Suppose k is a weakly compact cardinal. Let Z denote the ITi-ideal
on k, i.e., the ideal of subsets of k generated by the sets {a : (H(«),¢,
AN H(a)) | —¢}, where A C H(x) and ¢ is a Ili-sentence such that
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(H(k),e,A) = ¢. We collapse k to we and then force a cub to the comple-
ment of every set S C S? in Z. In the resulting model the above “normal-
ization” strategy of 3 works even though the non-w;-stationary ideal on ws
may not have a o-closed dense set.

DEFINITION 10. Let F be a set of cardinality x of regressive functions
k — k and S C k. The game PDG,,, (S, F) has two players called V and 3.
They alternately play w; rounds. During each round V first chooses f; € F.
Then 3 chooses a subset S; of ();;5; (of S if i = 0) such that S; is un-
bounded in x and f; is constant on S;. Player 3 wins if he can play all w;
moves following the rules.

LEMMA 11. Suppose S ={a<ws:a#0, Ay =By} and hy : Ay =B,
for a € S. Let
F={fa:aeStU{gs: €S}

where fo @ wy — wo is the regressive function mapping & (# 0) to he(a) if
£ > «, and to 0 otherwise, and g, is the regressive function mapping & (# 0)
to (he)~L(a) if € > @, and to 0 otherwise. Suppose 3 has a winning strategy
in PDGy,, (S, F). Then 3 has a winning strategy in the game EFG,, (A, B).

Proof. Let H = {hqy : @ € S}, where hy : Ay = B, for a € S. Let 7
be a winning strategy of 3 in the game PDG,,, (S, F). Suppose the sequence
((z4,y;) : © < a) has been played, where a@ < wy, x; denotes a move of V
and y; a move of 3. Suppose V plays next x,. During the game 3 also plays
PDG,, (S, F). Let us denote his moves in PDGy,, (S, F) by S;. Thus S; C S;
for i < 7 < a. The point of the sets S; is that 3 has taken care that for all
i < aand j € S; we have y; = hj(z;) or x; = h;(y;) depending on whether
z; € Aorx; € B. Let S, = ;.o S \ a. The winning strategy 7 gives an
So € 8!, and a y, such that fi(zy) = yq for all i € S, if z, € A, and
9i(Ta) = yq for all i € S, if x, € B. This element y, is the next move of 3.
Using this strategy 3 cannot lose and hence wins.

THEOREM 12. It is consistent relative to the consistency of a weakly
compact cardinal that for every wi-stationary S C we and every set F of
cardinality Ny of regressive functions we — wa, 3 has a winning strategy in
the game PDGy,, (S, F).

Proof. We may assume GCH. Suppose x is weakly compact. Let Q be
the Levy collapse of x to No. In V? we define by induction a sequence Py,
a < k1, of forcing notions. Let (4,),a < kT, be a complete list of all sets
in the IT}-ideal Z on  such that every element of A, has uncountable cofi-
nality. If « is limit of cofinality < w1, then PP, is the inverse limit of all Pg,
B < a. For other limit o, P, is the direct limit of Pg, 3 < a. At successor
stages we let Po+1 = Py x R, where R, is defined as follows: ¢ € R, iff ¢
is a bounded closed sequence of elements of x such that g N A, = 0. R, is
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ordered by the end extension relation. Thus each P, is countably closed.
Let P =P, . Now Q % P satisfies the x"-chain condition. Note also that for
all « < kT, Q x P, has power k. We prove that it is true in V@ that P,
does not add new subsets of k of cardinality < N, hence k remains N also
after forcing with P. It also follows that QxIP and each QxP,, are countably
closed.

We now show that in V@*F the claim is true. Suppose S and a set
F = {fa: a <k} of regressive functions x —  are given in V¥ such that
(in V&P) § C S? is wy-stationary. Suppose a < ¥ is such that g, F and ﬁ
are Q x Po-names for S, F and f;, respectively. Since S is wi-stationary in
V@G is not in the ideal generated by Z in V@*¥, Suppose (p,q) IF S & .
For a contradiction, suppose also that (p,q) forces that 3 does not have a
winning strategy in the game PDG,, (S, F).

Let (Bj, €) be a sufficiently elementary substructure of (V, €) such that
B)| = &, B'g" C B, Q, Py, a, &, F, f;, S are in Bj, and o Uk C Bj. Let
By be the transitive collapse of Bj,. Thus Q, Py, o,k € By, Aj € By for i < a
and ]7, € By for i < k. Let

T={a<r: 30, d)< @)W, ¢) Fee, a€9)}

Clearly T € By and T' ¢ Z. By weak compactness, there are a transitive B
and an elementary embedding j : By — Bi such that s is the critical point
of j, k € j(T) and k ¢& j(A;) for i < . So there is some (p',q’) € j(Q *Py)
such that (p/,¢') < j((p,q)) = (p,q) and (p',¢') IFj(qup,) % € j(S). Note that
Q,P, € By and fl € By for i < k.

By (the proof of) Lemma 3 in [8], there are a Q x P,-generic G over By
and a forcing notion R € B1[G] such that (p, q) € G, R is countably closed in
B1[G], for all R-generic K over B;[G], there is a canonical j(Q P, )-generic
Gk over By such that Bi[Gk| = B1[G][K], and for some K, Gk is such that
(p',q") € G'. Then for every Q«P,-name X € By, there is a canonical R-name
Y € B1[G] such that for all R-generic K over B1[G], j(X) and Y have the
same interpretation in B [G][K]. We do not distinguish j(X) and Y. With
this notation, there is r € R which forces in B1[G] that x € j(S). Then
there is some (p*,¢*) < (p,q) in G that in B forces the existence of such
R and 7. So we may assume that G is generic over V and our V@&« ig the
same as V[G].

We describe in B1[G] a winning strategy of 3 in the game PDG,, (S, F).
This is a contradiction since all possible winning plays of V are in B1[G] and
being unbounded is absolute in transitive models. The strategy of 3 is to
play on the side conditions ¢ in B1[G] and sets S; € By[G] with QP,-names
§,~ in By such that:
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1.¢' €R.

2.¢° <r.

3.1 < k < w; implies ¢* < ¢*.

4.1 < k <w; implies S C5; C S.

5. qi IFr K € ](Sl) in Bl[G]

Suppose 3 has followed this strategy, forming conditions qi and sets S;
for i < k. Let p = inf{q" : i < k}. If we let S be (), S; and S a name for
this, then in B;[G],

plg & € 5(S).
Suppose then V moves f;, € F. Let ¢* < p be such that for some § < & we
have ¢* IFg j(f1)(k) = & in B1[G] and let Sy, be {3 € S : fi(B) = 6} and Sy
a name for this. Then ¢* Iy & € 5(S;) in By[G).

Finally, we have to prove that Q x P, does not add new subsets of k of
cardinality < N; over and above those added by Q. The proof of this is,
mutatis mutandis, like the proof of the Main Fact (page 761) in [8]. Here
we use the assumption k & j(A;) for i < . Thus, if C is a generic sequence
in the complement of j(Ag) in V7(@Pa) then we can continue it to a closed
condition C' U {x} € Rj(g). =

Results similar to Theorem 12 have also been treated in [14] and [15].

COROLLARY 13. [t is consistent relative to the consistency of a weakly
compact cardinal that the game EFG,,, (2, B) is determined for all A and B
of cardinality < Ns.

3. Non-determinacy and structure theory. In this section we prove
Theorem 2, which essentially establishes, under cardinality assumptions con-
cerning the continuum, the existence of non-determined Ehrenfeucht—Fraissé
games of length wy for models of non-classifiable theories. This complements
the observation, made in [9], that the Ehrenfeucht-Fraissé game of length
w1 is determined for models of classifiable theories.

We start by proving Theorem 2 under assumption (iii), which we consider
the most interesting case. That is, we start with a countable complete stable
and unsuperstable first order theory and show that, assuming 2% < ws, it
has two models 2 and B of cardinality N3 for which EFG,,, (2, B) is non-
determined. Actually, we construct 2l and B so that 3 does not have a
winning strategy even in EFG?U +o(R,B) and V does not have a winning
strategy even in EFG? (A, B).

We then prove Theorem 2 under assumption (i), that is, we now start
with a countable complete unstable first order theory and show that, as-
suming 2% < 2“3, it has two models 2 and B of cardinality N3 for which
EFG,, (%, *B) is non-determined.
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Theorem 2 under assumption (ii) can be dealt with in the same way
as under assumption (i). The section ends with some remarks on possible
improvements.

3.1. The stable unsuperstable case. We will prove Theorem 2, case (iii),
in a series of lemmas. We assume w§ = w3 all the time. Let T" be a countable
complete stable and unsuperstable first order theory. As usual, we work
inside a large saturated model M of T. We start by fixing some notation.
By a tree I we mean a lexicographically ordered, downwards closed subtree
of §<«+1) for some linear order 6, that is, I = (I, <, Py, <, H)a<w € K2(6)
(see [5, Definition 8.2] or [12]). For a while, we fix a tree I € K{()), where
A is some large enough cardinal, so that (I, <) is isomorphic to A<@HD) - Ag
in [4], for u,v € P,(I) (= finite subsets of I), we define r(u,v) to be the
unique set R which satisfies:

(D) RC Xy ={H(,8):n€u, v},
(IT) for all v € Xy, \ R, there is v/ € R such that v < v/,
(III) if n and £ are distinct elements of R, then n & &.

We write u < v if 7(u,v) = r(u,u). For more on these definitions, see [4].
In [4], it is shown that there are models A and A, u € P, (I), and sequences
ay from Ag,y, n € I, such that:

(i) A= Uuep,(nAu =T,
(ii) if u < v, then A, C A,,
(iii) for all u,v € Pu(l), Ay L4, (., Ao,
(iv) for all u € P,(I), |Ay| < ws,
v) if P,(n) holds and £ < 7 is an immediate successor of £’, then
an{ Agery €

These models are exactly what we want except that they are too large: we
want the models A,, u € P,(I), to be countable. In order to get this, we
use the Ehrenfeucht—Mostowski construction.

We extend the signature L of T to L, by adding ws new function symbols,
some of which will be interpreted in M so that they provide Skolem functions

for the L-formulas. In addition we interpret the functions so that if we write
SH, (u) for the L,-Skolem hull of {a, : {n} < u} then

(vi) for all u € P, (1), SHy(u) = A,.

By the usual argument (using [12, Appendix Theorem 2.6] and compactness)
we can interpret the new function symbols so that M remains sufficiently
saturated and the following holds:

(vii) if U is a downwards closed subtree of I and f is an automorphism
of U, then there is an L,-automorphism g of UuEPw(U) A, such that for all

ne U, g(an) =ag@y-
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Finally, it is easy to see that we can choose countable L; C L, so that
L C L4, Ly contains the Skolem functions for the L-formulas and if we write
SH; (u) for the L;-Skolem hull of {a, : {n} < u} then

(viii) for all u,v € Py,(I), SHi(u) lsh, (v) SH«(v).

So we have proved the following lemma (for the notion of @ proper for K
and the Ehrenfeucht-Mostowski models EM!(J,®), see [5, Definition 8.1]
or [12]).

LEMMA 14. There are countable Ly O L and @ proper for K such that
the following holds:

(a) For all J € K¥ there are an Li-model EM!(J,®) = T and sequences
an € EM'(J,®), n € J, such that EM'(J,®) is the Li-Skolem hull of {ay :
n € J} (ie {ay : n € J} is the skeleton of EM'(J,®) and as before for
u C J, SH;(u) denotes the Ly-Skolem hull of {a, : {n} <u}).

(b) If U is a downwards closed subtree of J and f is an automorphism
of U, then there is an Li-automorphism g of SHi(U) such that for all
neu, g(an) = Qf(n)-

(c) Assume (s1;)i<w is a strictly <-increasing sequence of elements of
J, mit1 s an immediate successor of n; and 1o is the root. Then (1;)i<, has
an upper bound in J iff there is a sequence a € EM(J, @) such that for all

i <w,afgy, ({mi})ag+1. m

We will write EM(.J, &) for EM!(.J, ®)|L.

Our next goal is to define the skeletons for the models A and B in the
theorem. For this we use the weak square from [9]. We denote by S} the set
{a <wy :cf(a) =wn}.

THEOREM 15 ([9, Lemma 16]). There are sets S, U and C,, a € S,
such that the following holds:

(a) S C S3U S} and SN S} is stationary.

(b) U C S§ is stationary and SNU = (.

(¢) Forall « € S, Co,, Can S is closed in « and of order-type < wy.

(d) For all a € S, if B € Cy, then Cg =Cq N PB.

(e) For all a € SN S}, Cy is unbounded in . m
We will construct trees I, and J,, a < ws, so that the following holds:

(1) If & < B then I, is a submodel of I3 and J, is a submodel of J3; now
for n € I, we will write rk(n) for the least 8 such that n € I and similarly
for n € J,.

(2) For all « € S, there is an isomorphism G, : I, — J,.

(3) If @ € Cp, then G, C Gg.

(4) For all o < 8 and n € I,, if P,(n) does not hold, then there is an
immediate successor £ of 1 such that § € Igy; \ I.
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(5) If (15)i<w is an increasing sequence of elements of I, (for some «)
and the sequence has an upper bound & in I, then rk(&§) = sup, ., rk(n;)
and similarly for sequences from J,.

(6) If (ni)i<w is an increasing sequence of elements of I, (rk(n;))i<w
is not eventually constant and the sequence has an upper bound ¢ in I,
then rk(€) (= sup;.,, rk(n;)) € U; in J, such sequences never have an upper
bound.

(7) |1a] < w3 and |J,| < ws.

(8) In, Jo € Hy(ws3), where H,(ws3) is the least set H such that w3 C H
and if £ C H is of power < w, then F € H.

It is easy to see that such trees can be constructed by induction on a.
However, in order to get what we want we need to do a bit more work when
we define I, and J, in the case o € U. In order to decide which branches
like the one in (6) above we want to have an upper bound, we use a guessing
machine from [13] called the black box, which we formulate so that it fits
exactly our purposes.

_ THEOREM 16 ([1, Theorem 1.3, Chapter XIII]). (w§ = ws.) There are
(M* n%), o < ws, such that:

(i) M® = (M)i<w is an increasing elementary chain of elementary
submodels of some (H,(ws), A, B,o) such that A,B C H,(w3) and o is a
strategy of 3 in EFG2(A, B) (A and B can be viewed as models of empty
signature).

(if) M = (M7, AF, B}, 07') € Hu(ws).

(iii) n® is an increasing function from w to w3, M® € H,(n“(i+1)) and
sup; ., n“(i) € U.

(iv) (n*(4))j<i> (M) j<i € M7

(V) If o # B, then n™ # 1.

(vi) Player I does not have a winning strateqy for the following game:
The length of the game is w. At each move i < w, first I chooses M; and
then II chooses o < ws. I must play so that in the end (i), (ii) and (iv)
above are satisfied. I wins if he has played according to the rules and there

is no a < ws such that ((M;)icw, (4)icw) = (]\70‘,7]0‘).

First we (partially) uniformize the Ehrenfeucht—-Mostowski construction:
We assume that for all 1,1’ € K¢, if I is a substructure of I’ and I’ C
H,(w3), then there is a unique model EM!(I,®), it is a substructure of
EMY(I',®) and EM!(I’,®) C H,,(w3).

So let o € U and assume that Iz and Jg are defined for all 3 < . Write
I3 = Upeo Ip and J = Up, Is- For v < w3, we write M7 for |J,_,, M

<w 7

and A7, BY and o7 are defined similarly. Let W be the set of all v < ws
such that:
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(a) A7 = EM(I* N M7, &) and BY = EM(J: N M7, d).
(b) sup;,, (i) = .
(c) There are &) € I} N M7, i < w, such that &] is the root of I}, £ is

an immediate successor of 5;’ and 5? € Lpiy+1 — Lypray-

Notice that by Theorem 16(v), if v # &, then (£))icw # (£)icw. Let
CJ = SH({¢]}). Then we can find a partial function g7 : A” — B such
that:

(d) dom(g") = U, C7-

<w 1

(e) g7 is a result of a play of EFG2 (A7, BY) in which 3 has used o7.
We let W¢ be the set of those v € W such that:

(f) g7 is a partial isomorphism from EM(I:NM7, ®) to EM(JaNM?, ®).
(g) There is J such that if we let J, = J, then (1), (5)—(8) above are
satisfied and there is a sequence a € EM(J,®) such that for all i < w,

a igv(cg) 97(a§3+1)-

We let W} be the set of all v € W*\ W such that g" satisfies (f) above.

Now we can define I, and J,. First we choose I, so that it consists of
all n € I} together with the supremums for the branches (£])i<w, v € W§.
Jo is chosen so that it satisfies (g) for all v € W¢ (and so especially (1),
(5)-(8)).

Then we let I = U, o, J = Upcry Jay A = EM([,®) and B =
EM(J, ®). Clearly A and B can be chosen so that A, B C H,(ws3).

LEMMA 17. V does not have a winning strategy for EFGZ? (A, B).

Proof. For this it is enough to show that A does not have a winning
strategy for EFG(?(/, J), which is clear by (2) and (3) above and Theo-
rem 15. =

LEMMA 18. 3 does not have a winning strategy for EFG2, (A, B).

w+w

Proof. For a contradiction, assume o is a winning strategy of 3 for
the game EFG2, (A, B). We play a round of the game defined in Theo-
rem 16(vi). We let player I play so that he follows the rules and:

(i) For all i < w, M; < (Hy(ws3), A, B,olw),

(ii) For all 6,8 € M;, it § < ¢, n € Is N M; and P,(n) does not hold,
then there is £ € (Isy41 \ Isr) N M1 such that £ is an immediate successor
of 7.

(iii) The Skolem hulls of {a, : n € I N M;} and {a, : n € J N M;} are
subsets of M; 1.

(iv) AN M; is a subset of the Skolem hull of {a, : n € I N M4} and
BN M; is a subset of the Skolem hull of {a, : n € J N M;41}.

(v) U{rk(n) :m € In Mi} UU{rk(n) : p € J N M;} € Mig.
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By Theorem 16(vi), the round can be played so that V loses. Let «;, i < w,
be the choices 3 made, and v be such that ((M;)i<w, (®i)icw) = (M7,77).
Finally, let o = |, i (€ U).

Now it is easy to see that v € W, in fact v € W} or v € W$ (otherwise
we have demonstrated that o is not a winning strategy). In the first case,
there is a sequence a € A such that for all i < w, a iC? agy, | but in B there

is no sequence b such that for all i < w, b igy(cy) g”(§,7+1), a contradiction.
In the latter case, there is a sequence b € B such that for all i < w, b{ g (CT)

g7(&/,1) but by (the construction,) Lemma 2.3(c) and Theorem 16(v), there
is no sequence a € A such that for all i < w, a { agy, s a contradiction. m

Now Lemmas 2.6 and 2.7 imply Theorem 2(iii).

3.2. The unstable case. We will prove Theorem 2, case (i), again in a
series of lemmas. We assume wy < 2“3. Let T' be a countable complete
unstable first order theory. Let L be the signature of 7.

THEOREM 19 ([12]). Assume T is a countable unstable theory in the sig-
nature L. There are a countable signature Ly O L, a complete Skolem theory
Ty O T in the signature Ly, a first-order L-formula ¢(x,y) and & proper
for (w,T1) (see [12, Definition VII 2.6]) such that for every linear order I
there is an Ehrenfeucht—Mostowski model EMl(I,@ of T1 with a skeleton
{ay :n € I} such that

EM'(I,®) = ¢(ay,ae) iff IlE=n<E

We write EM(I, ®) for EM!(I,®)[L. Notice that by using the terminol-
ogy from [13, Definition III 3.1}, {a, : n € I} is weakly (w, ¢)-skeleton-like
in EM(Z, ®).

In order to use Theorem 19, linear orders are needed. If A is a linear
ordering, x € A and B C A, then by writing z < B we mean that x < y
for every y € B; x > B and C > B for C C A are defined similarly. We
denote by A* the inverse of A. Again let S, U and C,, a € S, be as in
[9, Lemma 16], i.e. Theorem 15 above, with the exception that 0 € S and
for all @ € S\ {0}, 0 € Cy. By induction on i < w3z, we will define linear
orders A’ and B!, a < ws, and for i € S, isomorphisms

G Y - Y B
B<i+2 B<i+2
We write A%(3,a) for > B<r<a Afy, and similarly for B(8,«). We will do
the construction so that:

(1) AY = w* for all @ < w3 and if @ € U, then BY = w*, otherwise
Bg = (wl)*.
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(2) If i < j, then A% C AJ, and BY, C BY, otherwise the sets are distinct;
and if j € C;, then G; C G;.

(3) If cf (o) = w, then AY is coinitial in A%, and similarly for B.

We will do this by induction on ¢. However, in order to be able to show that
(3) holds in each step, we need additional machinery.

Let C € {A, B}. We say that (I,.J) is a (C,4,[)-cut if I is an initial
segment of C}; and J = C}; \ I. We say that the cut is basic if I = (). We
define a notion of forbidden cut by induction on i as follows (we should talk
about i-forbidden cuts, but i is always clear from the context):

(a) For all limit 3, the basic (C,0, #)-cut is forbidden.

(b) If (I,J) is a (C,14,5)-cut, j < i and (C’f3 N1, C’é N J) is forbidden,
then (I, J) is forbidden.

(c) If (1,J) is a forbidden (A,i,@)—cut, I*=1uU U7<ﬂ AfY and G;(I*)
is not boupded by any x € U7<5 B, but some y € Bg bounds it, then
(G;(I*)NB§, Bs\G;(I*)) is forbidden, and similarly for A and B interchanged
(and G; replaced by (G;)™1).

Now we can state the additional properties we want our construction to
have. Let E € {A, B}, i, < ws and (I, J) be an (E, i, §)-cut.

(4) If (1, J) is forbidden, then there are no j < wz and = € E% such that
I <xz<J.

() Assume (I, J) is forbidden and j € S is such that j < i and either
E} NI is cofinal in I or £ N .J is coinitial in J (we say that § is both cofinal
and coinitial in (). Then (EZ; N1, Eé N J) is forbidden.

(6) If B is successor, then Eg is coinitial in E/Zg

LeEmMA 20. Let E € {A, B}.

(i) For all i,0 < ws, if (5) holds up to stage i, then (Eé,@) is not
forbidden, and neither is (@,E%) if B is successor.
(ii) For limit (3, every basic (E,1,3)-cut is forbidden.
(iii) Property (4) implies property (3).
(iv) If i+ 1< B and (1,J) is a forbidden (E,i,[3)-cut, then it is basic
(and [ is limit).
Proof. Immediate. n

Now we are ready to do the construction: For ¢ = 0, the linear orders
are defined by (1) and we let Gy be the only possible one. Clearly (1)—(6)

hold. If i ¢ S or supC; = i, then we let A%, = J,_; 4%, B!, = U,_; B4
and if ¢ € S (and supC; = 4), then G; = G U J;cc, Gj, where G is the
obvious isomorphism from A%(,i + 2) to B%(i,i + 2) (both are isomorphic
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to w* + w*). Now (1), (2), (4) and (6) hold trivially. By Lemma 2.9(iii), (3)
holds. For (5), assume that C € {A, B} and (I, J) is a forbidden (C, 7, 3)-cut.
Now the reason why (I, .J) is forbidden is (b) in the definition of forbidden
cut (if ¢ € S, then this is trivial and otherwise by the definition of G, (c)
does not give forbidden cuts not forbidden by (b)). But then (5) follows
immediately from the induction assumption.

We are left with the case i« € S and j = supC; < . Notice that now
j€Ci.Let @ < j+ 2 and A # () be an initial segment of A). Let AT =
AUU, -, A% Then there is the least 3 < j + 2 such that B™ = G;(A") N

U,<p B = G;(AY). Let A’ = (AL, UA! )\ A, B=G;(A)NB} and B' =

(Bé U B/‘éﬂ) \ B. Assume that at least one of ¢/ = {z € (J,_,(AF U AL ) :

A<z < Atand D = {z € Uk<i(B§UB§+1) : B < z < B’} is non-
empty. Then by the induction assumption, B # (). Let C be a copy of
C’ and D a copy of D'. Then we define A’, so that it contains |J,_; A%
and in each cut as above we add D so that A < ¢/ < D < A’ and
Bé is defined similarly but now B < C < D’ < B’ (this is possible
by (6) in the induction assumption). Then, by (4) in the induction assump-
tion, we can find an isomorphism G} : U, ;49 Al — Ua<jto B¢,. Notice
that by (5) in the induction assumption, for all § < i, the (A,d, a)-cut
(A2\ A(5), A(9)) and (B, 6, B3)-cut (B(9), Bg\B(é)) are not forbidden, where
A)={x € AS .2 > C"} and B(6) = {x € Bg :x < D'}. So we have not
violated property (4).

For all a > j + 1, we let AY, = |J,_; A%, and B! is defined similarly.
However we will still make changes to B; 41 and Al 41! Let A be a copy of
Bi(j + 3,4+ 2) and B be a copy of A%(j + 2,i + 1). Furthermore, extend
A2+1 so that there is an isomorphism g : A§+l — ;+2 such that g(A?H) =
B?JFQ (this is not a problem since A%, = J,., AF,; = w* = B?+2 and by
Lemma 2.9(iv), the sets Af_H, k < i, do not contain forbidden (A, k,i + 1)-
cuts; so we do not violate (4)). Then we add A to (the extended) Al asan
end segment and B to Bj; as an end segment. By Lemma 2.9(i), this does
not violate (4). Now it is easy to extend G, to G; so that G;(A (5 +2,i+1))
=B, Gi(Aj;; —A) =B}, and G;(4) = B'(j +3,i +2).

Now (1), (2) and (6) hold trivially, (4) is already shown to hold and by
Lemma 2.9(iii), (4) implies (3). So we are left to show

LEMMA 21. (5) holds.
Proof. Assume (I, J) is a forbidden (E, i, §)-cut, E € {A,B},and § € S
is such that 6 < 7 and Eg N J is coinitial in J; the other case is similar.

If 3> j+1and both JN Y, A?_H and J N U, B]’-“_H are empty, then
the claim follows easily from Lemma 2.9 and the induction assumption.



94 T. Hyttinen et al.

So we assume that this is not the case. If (I,J) is forbidden because of
(b) in the definition of forbidden cut, the claim follows from the induction
assumption. So we assume that £ = B and there is a forbidden (A4, ,7)-cut
(C, D) such that (I,J) is forbidden by (c) applied to (C, D) (the case of A
and B interchanged is symmetric). Since (I,.J) is not forbidden by (b) in
the definition of forbidden cut, (C, D) must be forbidden because of it, i.e.
for some o < i, (A5 N C, AN D) is a forbidden (A, a,7)-cut.
If

(%) y<AND fornoye ATND,

then by the induction assumption, (Béﬁ[, BéﬁJ) is a forbidden (B, j, #)-cut
and the claim follows from the definition of forbidden cut if § > j and from
(5) in the induction assumption if 6 < j. So we assume that (x) fails. Let y
be the bound. Then () # D' = {z € AN D : 2 <y} C A’ \ dom(Gj). So
by the construction, G;(D’) C J\ Bg and for all z € B9, either z < G;(D’)
or x > G;(D"). By the choice of the cut (C, D), there cannot be x € JN Bg
such that x < G;(D’). But then G4(D’) < J N BY, which contradicts the

assumption that J N Bg is coinitial in J. =

Let A=3" . Uicw, Ab and B =" _ U, ., B Notice that by (1)

and (3), inv},(A) differs from inv] (B) by a stationary set which consists of
ordinals of cofinality w (for the definition of inv]}, see [13, Definition III 3.4)).
Let S, C 83,1 < 293, be stationary sets such that for o < 8 < 243, SaASg is
stationary and define ¥, = Za<W3 Ta, Where 7, = A*if a € S, and 7, = B*
otherwise. Notice that if o # 3, then invZ(¥,) differs from inv? (%) by a
stationary set which consists of ordinals of cofinality w.

Finally, let Ay = EM((¥,)* - w1, D).

LEMMA 22. For all o, < 2“3,V does not have a winning strategy for
EFG?(Aa, Ag).

Proof. For this, it is enough to show that V does not have a winning
strategy for EFGZ? ((Wo)* - w1, (¥g)* - wi), which follows easily from (2) in
the construction of A and B and Theorem 15 (see e.g. [9, Claim 3 in the
proof of Theorem 17]). m

LEMMA 23. There are o < 3 < 2“3 such that 3 does not have a winning
strategy for EFG2 (A, Ag).

Proof. By using the usual forcing notion, we collapse w3 to an ordinal
of power wy. Since this forcing notion does not kill those stationary subsets
of w3 which consist of ordinals of cofinality w and cofinalities < w; are pre-
served, in the extension, invZ(¥,) # invZ (%) for all a # 3. Clearly, the
skeletons of the models A, remain weakly (w, ¢)-skeleton-like in A,. So by
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(the proof of) [13, Lemma ITI 3.15(1)], inv2 (¥, ) € INVZ(A,, ¢) in the exten-
sion (for the definition of INV, see [13, Definition III 3.11] and notice that
A = B implies INV2 (A, ¢) = INV2 (B, ¢)). Also by [13, Lemma ITT 3.13(1)],
IINV2(Aq, ¢)| = wi. Since w§ < 2¢% in the ground model, in the generic
extension, (243)V is a cardinal > wy. So there are o < 3 < (2¢3)V such that
Ao 2 Ap in the extension. Since countable subsets are not added, 3 does
not have a winning strategy for EFGZ (Aq,As) (in the ground model).

Now Lemmas 2.11 and 2.12 imply Theorem 2(i). =

Having proved the theorem, we make some remarks which follow from
the proof.

REMARK 24. In many cases, the assumption on 2% in Theorem 2 can
be removed. For example, this is true of linear orders. An easy proof for
this is given in [3], alternatively this follows immediately from the proof
of Theorem 2(i) by checking where the assumption 2* < 2“3 was needed.
Another case where the assumption on 2 can be removed is when # = w3 in
the stable unsuperstable case. This follows from the proof of Theorem 2(iii)
by noticing that the black box can now be replaced by an argument from [4].
Another remark is that in Theorem 2(i), (ii), ws can be replaced by any
cardinal k > wsg such that x is a successor of a regular cardinal and 2% > k“.
Finally, in Theorem 2(iii), wsg can be replaced by any cardinal k > w3 such
that x is a successor of a regular cardinal and k¥ = k.

References

[1] P. Eklof and A. Mekler, Almost Free Modules. Set-Theoretic Methods, North-Hol-
land, Amsterdam, 1990.

[2] M. Foreman, Games played on Boolean algebras, J. Symbolic Logic 48 (1983),
714-723.

[3] T.Huuskonen, Comparing notions of similarity for uncountable models, J. Symbolic
Logic 60 (1995), 1153-1167.

[4] T. Hyttinen and S. Shelah, On the number of elementary submodels of an unsuper-
stable homogeneous structure, Math. Logic Quart. 44 (1998), 354-358.

[65] T. Hyttinen and H. Tuuri, Constructing strongly equivalent nonisomorphic models
for unstable theories, Ann. Pure Appl. Logic 52 (1991), 203-248.

[6] T. Jech, Set Theory, Academic Press, 1978.

[7] T. Jech, M. Magidor, W. Mitchell and K. Prikry, Precipitous ideals, J. Symbolic
Logic 45 (1980), 1-8.

[8] M. Magidor, Reflecting stationary sets, J. Symbolic Logic 47 (1982), 755-771.

[9] A. H. Mekler, S. Shelah, and J. Vaananen, The FEhrenfeucht—Fraissé-game of
length w1, Trans. Amer. Math. Soc. 339 (1993), 567-580.

[10] T. Huuskonen, T. Hyttinen and M. Rautila, On potential isomorphism and non-
structure, to appear.
[11] S. Shelah, Reflecting stationary sets and successors of singular cardinals, Arch.

Math. Logic 31 (1991), 25-53.



96 T. Hyttinen et al.

[12] S. Shelah, Classification Theory and the Number of Nonisomorphic Models, 2nd ed.,
Stud. Logic Found. Math. 92, North-Holland, Amsterdam, 1990.

[13] —, Non-structure Theory, to appear.

[14] S. Shelah and L. Stanley, A theorem and some consistency results in partition cal-
culus, Ann. Pure Appl. Logic 36, (1987), 119-152.

[15] —, —, More consistency results in partition calculus, Israel J. Math. 81 (1993),
97-110.

Department of Mathematics Einstein Institute of Mathematics

P.O. Box 4 (Yliopistonkatu 5) The Hebrew University of Jerusalem

00014 University of Helsinki, Finland Jerusalem 91904, Israel

E-mail: tapani.hyttinen@helsinki.fi E-mail: shelah@math.huji.ac.il

jouko.vaananen@helsinki.fi
Deparment of Mathematics

Rutgers University
New Brunswick, NJ 08903, U.S.A.

Received 4 December 2001;
in revised form 10 June 2002



