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Thermodynamic formalism, topological pressure,
and escape rates for
critically non-recurrent conformal dynamics

by

Mariusz Urbanski (Denton, TX)

Abstract. We show that for critically non-recurrent rational functions all the def-
initions of topological pressure proposed in [12] coincide for all ¢ > 0. Then we study
in detail the Gibbs states corresponding to the potentials —tlog|f’| and their o-finite
invariant versions. In particular we provide a sufficient condition for their finiteness. We
determine the escape rates of critically non-recurrent rational functions. In the presence
of parabolic points we also establish a polynomial rate of appropriately modified escape.
This extends the corresponding result from [6] proven in the context of parabolic ra-
tional functions. In the last part of the paper we introduce the class of critically tame
generalized polynomial-like mappings. We show that if f is a critically tame and crit-
ically non-recurrent generalized polynomial-like mapping and g is a Holder continuous
potential (with sufficiently large exponent if f has parabolic points) and the topological
pressure satisfies P(g) > sup(g), then for sufficiently small § > 0, the function ¢t — P(tg),
te (1—94,149), is real-analytic.

1. Introduction and preliminaries. A rational function f : C — C
is called critically non-recurrent if no critical point contained in its Julia
set is recurrent. In [17] and [18] we explored some geometrical and dynami-
cal properties of critically non-recurrent rational functions. In this paper we
continue the investigations originated in these two papers. More precisely, in
Section 2 we deal with various generalizations of topological pressure P(t)
of the potential —tlog|f’|, ¢ > 0, proposed in [12]. We demonstrate (see
Theorem 2.6) that for critically non-recurrent rational functions all these
definitions of topological pressure coincide for all t > 0. In Section 3 we deal
with thermodynamic formalism of critically non-recurrent dynamics. We
study in detail the Gibbs states corresponding to the potentials —tlog |f’|
and their o-finite invariant versions. In particular we provide a sufficient
condition for these invariant measures to be finite. In Section 4 we deal with
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98 M. Urbanski

escape rates. We show that in the critically non-recurrent case this rate is
equal to P(2). In the presence of parabolic points we establish a polynomial
rate of appropriately modified escape. This extends the corresponding result
from [6] proven in the context of parabolic rational functions. Our approach
differs from Haydn’s and Isola’s in that we estimate moduli of appropriate
annuli and we use McMullen’s result relating such moduli to hyperbolic di-
ameters of the corresponding sets enclosed by these annuli. In Section 5,
we deal with generalized polynomial-like maps and Hoélder continuous po-
tentials. We show that if f is a critically tame and critically non-recurrent
generalized polynomial-like mapping and ¢ is a Holder continuous potential
(with sufficiently large exponent if f has parabolic points) and the topolog-
ical pressure satisfies P(g) > sup(g), then for sufficiently small § > 0, the
function t — P(tg), t € (1 — 9,1+ 9), is real-analytic.

2. Various pressures. Let f : C — C be a rational function on the
Riemann sphere C of degree > 2. In [12] F. Przytycki proposed several ways
of extending the concept of topological pressure of the potential —tlog |f'],
t > 0, to the general case. Let us describe them briefly:

1. Variational pressure:

Prar(t) = sup {h(f) = t{log | ' dp

where the supremum is taken over all ergodic f-invariant measures on J(f).
2. Hyperbolic variational pressure:

Prypvar(t) = sup { (/) = t{log || du},

where the supremum is taken over all ergodic f-invariant measures on J(f)
with positive Lyapunov exponent, i.e. such that x,(f) = {log|f’| du > 0.

3. Hyperbolic pressure. We call a forward invariant compact set X C J(f)
hyperbolic if there exists n > 1 such that for every x € X, |(f™) (z)| > 1.
The hyperbolic pressure is

Phyp(t) = SEP{P(f‘Xa —t IOg |f/’)}7

where the supremum is taken over all f-invariant hyperbolic subsets X of
J(f) such that an iterate of f|x is topologically conjugate to a subshift of
finite type.

4. DU pressure. Let V be an open subset of J(f) such that J(f) N
Crit(f) C V and let

KWV)y=JH\ ).
n>0

Since K (V) is compact, f-invariant and disjoint from Crit(f), we can con-
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sider the standard topological pressure P(f|x vy, —t {log|f’[). Put
Pou(t) = sup{P(flx(v), ~tlog 1D},

where the supremum is taken over all open sets V' considered above.

5. Minimal conformal eigenvalue. The minimal conformal eigenvalue
A(t) is defined to be the infimum of all A > 0 for which there exists a
Borel probability measure m such that

d(TZ ° f) — >\|f/|t
m
We set

P.(t) = log A(t).

6. Point pressure. Given z € C\ Unso f*(Crit(f)) and ¢ > 0 put

: 1 n .
P.(t) = limsup— > |(f") ()"
T T aer )
F. Przytycki proved in [12] that there exists a set G C C\ Unso f(Crit(f))

such that HD(C \ G) = 0 and P_(t) = P,,(¢) for all z,w € G. This common
value will be denoted by P (¢). It is not difficult to check (see [12]) that the
following proposition is true.

PROPOSITION 2.1. All the pressures defined in items 1-6 are Lipschitz
continuous and monotone with respect to the variable t.

The following fact has been proved in [12] (cf. [4] and [14]).

THEOREM 2.2. There exists a number h = h(f) called the Poincaré ex-
ponent of the function f in [12] and called the dynamical dimension of the
Julia set in [4] such that all the pressures defined in items 1-6 coincide on
the interval [0, h], are positive on [0, h) and vanish at h.

Our aim in this section is to extend this equality of pressures to the
whole set [0,00) in the case of critically non-recurrent dynamics. We start
with the following.

LEMMA 2.3. If f is critically non-recurrent and y € J(f) is a periodic
point of f, say of period q, then there exists a sequence {yn}o>, C J(f) of
periodic points of f, all different from vy, of respective periods qy, such that
limy, oo Y =y and

Jim o (/7 ()] < ¢ Tog (/) (0]

In addition, if there exists no k > 1 such that f~*(y) \ {f(y)
0<j<q-—1} CCrit(f) orif y € 2, then this inequality can be replaced
by equality.
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Proof. Our strategy is to approximate y by periodic points of f9. With-
out loss of generality we may assume that ¢ = 1. Regardless of whether y
is repelling or rationally indifferent there exist § > 0, z € J(f) N B(y,0)
and € > 0 such that all the local holomorphic inverse branches f, ™ of all
iterates of f are defined on B(z,2¢) C B(y,0)\ {y}, the closed ball centered
at x and with radius 2e. Local means here that lim, . f,"(z) = y and

fy " (B(z,2¢)) C B(y,0). In the case when y is a repelling point all these

branches are defined on the entire ball B(y, 6) for § > 0 small enough. Since
U0 f*(Crit(f)) is, by Lemma 5.2 of [17], nowhere dense in J(f)), there
exists a closed ball B C 2B C B(z,¢) centered at a point w € J(f) such that
2B NU,,> f™(Crit(f)) = 0. This implies that f,"(2B) N U, > f™(Crit(f))
= () for every n > 0, and since f : J(f) — J(f) is topologically exact, there
exists [ > 1 independent of n and a holomorphic branch f; ! : fy"(2B) — C
of f~! sending fy "(w) to B. Therefore, for every n > 1 large enough,
filo Iy "(2B) C 2B. Hence by the Brouwer fixed point theorem there exists a
fixed point 4,4 € 2B of f! of,":2B — 2B. Hence I (yYps1) = Yy and
Yntl 7 Y as, by the choice of €, y & 2B. It is clear that in the repelling case

21) Tim log |(£")'(ya)] < log |7/ (y)];

in the parabolic case this follows from the fact that [(f, ") (w)| < n~(P+1)/p
for allw € B(z,¢), where p > 1 is the number of petals of the point y. If there
exists no k > 1 such that f=*(y)\{f7(y) : 0 < j < ¢—1} C Crit(f), then f!
extends holomorphically onto B(y, k) for some x > 0 sufficiently small and
the inequality (2.1) becomes an equality. If y € £2 and f~*(y)\ {f/(y) : 0 <
j < q—1} C Crit(f), then |(f;™) (yng)| = 0= PP and | £, (yng1) -yl =
n~1/P If | < k, we conclude the proof as above. If k < [, passing to a subse-
quence, we may assume that lim,, ., yn41 = ¢, a critical point of f! belonging
to f~!(y). Denote the order of the critical point c of f! by s. We then obtain

o 8™ W)l = 1 (" a1 1™ ()|

= (n~ /Pyl = )/p — gy =(141/(sp))
Thus |(f* ) (yn)| < '/ P) and therefore

n+0\/ _
o108l W) = 0. .
Let 2 be the set of all parabolic points of f, i.e.
N={we J(f): 3114 (w) =w and (f9) (w) = 1}.

LEMMA 2.4. Assume that f is critically non-recurrent. If p is a Borel
probability f-invariant ergodic measure supported on J(f), then either

Xu :S10g|f’]du >0 or w(2)=1.

lim
— 00
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Proof. Suppose that p(£2) < 1. Since {2 consists of periodic points and
since p is ergodic, this implies that p(£2) = 0. Since no critical point con-
tained in the Julia set of f is periodic, we conclude that

(U @ unis(n) nan)) =o.
n>0
Hence, by Birkhoff’s ergodic theorem there exists z € J(f) \ U,,>o f~"(£2U
(Crit(f) N J(f))) such that -

(2.2) Jlog |/l di = Tim ~log |(f")(=)].

In view of Proposition 6.1 from [17] there exist a sequence {n;}22; (depend-
ing on z) increasing to infinity and a number 7(z) > 0 such that

Cn; (2, B(f™(2),n(2))) N Crit(f™) =0,
where Cy,(z, F') is the connected component of f~"(F') containing z. We may

assume that 7(z) < n, where n > 0 is the constant appearing in Lemma 7.7
of [18]. It therefore follows from Koebe’s distortion theorem that

(2.3) (/") (2)] =< diam(Ch, (2, B(f" (2), 1(2)/2)))-

Choose # > 0 used in the definition of the operation Comp? from [18].
Then for every n > 1 there exists a unique n* < n such that z €
Comp?" (B(f"(2),1(2)/2)) = Cn(z, B(f"(2),n(2))). Combining (2.3) and
Lemma 7.7 of [18] we obtain

1
(2.4) lim inf — log |(f™7)"(2)| > 0.
J—00 ’I’Lj
Since u(§2) = 0, we may require 6 > 0 to be so small that u(B(f2,20)) < 1/2.
Applying now Birkhoff’s ergodic theorem we deduce that we could choose
z to satisfy
n* 1 n—1
liminf - > lim ~ ) 1 I(z) > 1/2.
minf 2 2 lim 2 ]Z::D T(P\B(220) © [ (2) > 1/
Combining this, (2.4) and (2.2), we conclude that {log|f'|dp > 0. m
As an immediate consequence of this lemma we get the following.

COROLLARY 2.5. If f is semi-hyperbolic (critically non-recurrent and
2 =0), then {log|f'| du > 0 for every Borel probability f-invariant ergodic
measure {1 supported on J(f).

The main result of this section is the following.
THEOREM 2.6. Assume that f is critically non-recurrent. Then

(a) All the pressures defined in items 1-6 coincide throughout the whole
interval [0,00); denote their common value by P(t).
(b) If 2 =10, then P(t) <0 for all t > h.
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(c) If 20, then P(t) =0 for all t > h.
(d) h =HD(J(f)), the Hausdorff dimension of the Julia set J(f).

Proof. Item (d) is an immediate consequence of the results obtained
in [17]. It follows from the facts established in the course of the proof of
Theorem A2.9 in [12] that

PC(t) = Pp(t) > Phypvar(t) = Phyp(t> < Pvar(t) > PDU<t)~

Thus, in order to complete the proof of item (a), it suffices to show that

(25) Pvar(t) = Phypvar(t)
and
(2'6) PDU(t) > Pc(t)‘

Indeed, if 2 = 0, then (2.5) follows immediately from Lemma 2.4. If 2 # ()
and ¢ > h, then in view of Proposition 2.1, Py, (t) = 0. Using in addi-
tion Lemma 2.4, we see that also Ppypvar(t) = 0. Therefore, applying Theo-
rem 2.2, we conclude the proof of formula (2.5).

In order to prove (2.6) we shall construct a Borel probability measure m
on J(f) such that d(m o f)/dm = eP@|f'|! for some P(t) < Ppy(t). Indeed,
for every ¢ € Crit(f)NJ(f) there exists y. € w(c)\U,,>o f~"(Crit(f)NJ(f)).
For every n > 1 let

ceCrit(/)NJ(f)

Then for all n large enough, V;, N Crit(f) = 0. In addition, for every ¢ €
Crit(f) N J(f) there exists k(c) > 1 such that f*()(c) € V;, and

Kvyck( U o).

ceCrit(f)NJ(f)
Thus

(2.7)  Pu(t) :=P(flx ), —tlog|f'])
S PR Ueconirynn £ ~H108 1f]) < Ppu(t).

Since it is not difficult to see that f| KU ) is expansive

cecriv(nnacp) £ O (Va)
and consequently so is f|g(y;,), it follows from Theorem 3.12 of [2] that there

exists a Borel probability measure m,, supported on K (V) for which
(2.8) ma(f(4)) = | O dm,,
A
for every Borel set A C K(V;,) \ 0V, (0V;, is the only set where the map
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flx(v,) may fail to be open) such that f|4 is 1-to-1, and

(2.9) ma(f(4)) = § O dm,
A

for every Borel set A C K(V,,) such that f|4 is 1-to-1. A straightforward
analysis (see [4] for details) shows that (2.8) continues to hold for all sets
A C J(f)\ Vi, and (2.9) continues to hold for all sets A C J(f) satisfying
in each case the requirement that f|4 is 1-to-1. Let m be a weak limit of
the measures m,, as n /" oo. Since P, (t) is an increasing function, the limit
ﬁ(t) = lim,, .o Py (t) exists and by (2.7), ?(t) < Ppy(t). Proceeding as in
the proof of Lemma 5.5 in [4] (cf. [14]) we conclude that

(2.10) m(f(A)) = § LO 17 dm

A
for every Borel set A C J(f) \ {yc: ¢ € Crit(f)} such f|4 is 1-to-1, and
(2.11) m(f(A)) = § O dm

A

for every Borel set A C J(f) such f|4 is 1-to-1. In order to proceed further
we need to impose more restrictions on the choice of points y.. Namely, since
for every ¢ € Crit(f), w(c) is compact and f(w(c)) C w(c), there exists a
Borel probability f-invariant ergodic measure p. supported on w(c). Fix an
arbitrary point y. € supp(w(c)) which is recurrent and such that

o1 n
(2.12) Jim = log (") (ye)| = xp. = {log || dpic

Our aim is to show that (2.10) is also satisfied for the singleton A = {y.}.
Suppose first that y. is eventually periodic. Since y. is recurrent, it must be
periodic. Fix € > 0. In view of Lemma 2.3 there exists a periodic point x.
whose periodic orbit is disjoint from Crit(f) and such that

1
5 08l (f) (o)l < xue + e,

where ¢ > 1 is the shortest period of z.. Let ug be the atomic probability
measure equidistributed on the forward orbit of z.. Of course p, is ergodic
and f-invariant. Since z. € K(V},) for all n > 1 large enough, we get

~ 1
P(t) 2 Pu(t) > by, — tlog|f| dug = —t PR (1) (@e)| = =t — te.

Letting £ \, 0 we therefore get P(t) > —tXpu. = —(t/p)1log|(fP) (yc)|, where
p > 1 is the shortest period of periodic point y.. Equivalently,

PO (o) =1 or PO Y ()] = 1.
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Using this and applying (2.11) consecutively to the sets { f?(y.)}, {f?~*(ye)},
o {f ()} we get
m(f(ye)) =m(f(fPye) > | e"Of | dm
fp(yc)
> | PO () dm >
fp_l(yc)
> | PO (£ (o)) dm
f(ye)
= POI(PY (f(ye))lm(f (ye)) = m(f (ye))-
So, all the inequalities in this formula are in fact equalities and in particular
m(fye) = | O dm= | LOf ) dm,
fp(yc) Ye
and we are done in this case.

So, suppose that the point y. is not eventually periodic. Since y. €
supp(w(c)), along with Lemma 2.4 and (2.12) this implies that

: 1 ny\/
Jim = log [(f*) (ye)| = Xue > 0.
It is not difficult to demonstrate (see [14] for instance) that there exists

R >0 such that for every n > 1 the holomorphic inverse branch f, " :
B(f™(y.),4R) — C of f" sending f™(y.) to y. is well defined. Since by
Corollary 6.2 of [17] and by Koebe’s distortion theorem,
1
lim — diam(f, "(B(f"(yc),2R))) = 0,
n—oo N

and since the point y. is recurrent, there exists a sequence {ny }x>1 of positive
integers increasing to infinity such that

Fy M (B(f"™(ye), R)) C B(f"™*(ye), R).-
Therefore, by Brouwer’s fixed point theorem for every k£ > 1 there exists
a point zp € B(f™*(yc), R) such that f, "*(zx) = zj. This implies that
f™(x) = x and by Koebe’s distortion theorem,

(2.13) (™) (@)l = 1) (@)l = K" (£ (ye)

= KH(™) (ye) |,
where K > 1 is the Koebe constant corresponding to the Koebe factor 1/2.
Since limy_.o 1 = Y. and all the points xj are different from y., infinitely

many of them are mutually distinct and (since these are periodic) their
forward trajectory is disjoint from {y, : a € Crit(f)}. Hence, for every
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k > 1 there exists j > 1 such that z;, € K(V},). Therefore

B(t) > Py, (1) > by (f) — tlog |f'] du, = ;—: log |(£™) (x|,

where v, is the ergodic f-invariant probability measure equidistributed on
the forward orbit of xj. Thus, it follows from (2.13) that

POI(F1Y (ye) | > PO K () ()| > K.
So, applying (2.11) we obtain

o
1> m({f™(ye) k> 1}) = > K 'm(ye),
k=1
which implies that m(y.) = 0. Replacing in the above considerations y. by
f(ye), we see that also m(f(y.)) = 0, and in particular

m(f(ye)) = | SO dm.
Ye
Consequently, (2.10) holds for every Borel set A C J(f) such f|4 is 1-to-1.
Thus P.(t) < f’(t) < Ppuy(t), which completes the proof of part (2.6) and
the whole item (a) of Theorem 2.6.

In order to prove (b) notice that it follows immediately from Theorem 2.1
of [1] and Koebe’s distortion theorem that if £2 = (), then there are constants
C > 0 and 8 > 1 such that for every 2z € J(f) \ U,>q f"(Crit(f)), every
n > 1 and every z € f~"(z), we have |(f™) (z)| > C3"™. Write ¢ in the form
6 +mn,n > 0. Then for every n > 1,

Yo U@ =y U @O @)

z€f—n(z) zef~"(2)
<cgTm (M (@)
zEf(2)
Hence
. 1 _ 1 n _
Py(t) < hylln_?ip - log(C™") —nlog f + nh_)ngo - fz:( )|(f ) (x)[7°
rzef~"(z

= —nlog f + Pp(6) < —nlog § < 0.
Let us finally prove (c). If w € £2, let v be the purely atomic probability mea-
sure equidistributed on the forward orbit of w. The measure v is f-invariant
and ergodic. It follows from item (a) of our theorem that for each ¢t > 0,
P(t) = Pyar(t) > hy, — tlog|f'|du = 0 — 0 = 0. The proof of Theorem 2.6 is
complete. m
REMARK 2.7. As Feliks Przytycki has pointed out to me, the equality

P,(t) = Pyar(t) follows easily for all rational functions and all t > 0 from
the results proven in [13].
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3. Conformal and invariant measures. Throughout the entire sec-
tion, as in the previous one, f : C — C is assumed to be a critically non-
recurrent rational function. Given ¢ > 0, a Borel probability measure m;
supported on the Julia set J(f) is called a t-conformal Gibbs state if f is
non-singular with respect to m; and moreover

dimgo f) P(t)| ¢/t

S Lo
It follows from Theorem 2.6 that a t-conformal Gibbs state exists for all
t > 0. Since no critical point in the Julia set is periodic, for every ¢ €
Crit(J(f)) = Crit(f) N J(f) there exists p(c) > 1 such that fP-1 ¢
Crit(J(f)) and

(3.1 {P(0)+ 3 2 ple)} NCrt(f) = 0.
Let
X(©) = limint 3 log (Y (@) o= min{ X e e crin() ]

where ¢(c) is the order of the critical point ¢ for the function fP(¢). We have
the following.

PROPOSITION 3.1. If f : C — C is a critically non-recurrent rational
function, then

me(|J £1(Crit(J(£))) =0
n>1
for each t-conformal Gibbs state my. If in addition t € [0, HD(J(f))] (the
case t = HD(J(f)) is established in [17]), then m:(§2) = 0.

Proof. Since the set J,,~, f*(Crit(J(f))) is nowhere dense in J(f), the
desired equality can be proved in the same way as Corollary 7.2 and Lem-
ma 7.1 in [17]. For an elaborated argument in a more complex situation
see [16]. =

The same reasoning as in Theorem 4.2 of [18] gives the following.

THEOREM 3.2. If my is a t-conformal Gibbs state and if m(§2) = 0,
then up to a multiplicative constant there exists a unique f-invariant o-
finite measure p; absolutely continuous with respect to my. Moreover py is
equivalent to my and it is conservative and ergodic.

The measure p; will be frequently called an invariant t-conformal Gibbs
state. The critical question for our purposes is when the measure p; is finite.
In order to give at least a partial answer to this question we need to know
how the measure p; is constructed. This is done in the paper [8]. So, let us
describe the relevant theorem and construction from that paper. Suppose
that X is a o-compact metric space, m is a Borel probability measure on X,
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positive on open sets, and that a measurable map T : X — X is given
with respect to which the measure m is quasi-invariant, i.e. m o T7! < m.
Moreover we assume the existence of a countable partition a = {4,, : n > 0}
of X into subsets which are all o-compact and of positive m-measure. We
also assume that m(X \ {J,~4n) = 0, and if additionally for all m,n > 1
there exists k£ > 0 such that

m(T (A, NA,) >0,
then the partition « is called irreducible. Martens’s result comprising Propo-

sition 2.6 and Theorem 2.9 of [8] reads as follows.

THEOREM 3.3. Suppose that o = {A,, : n > 0} is an irreducible partition
for T : X — X. Suppose that T is conservative and ergodic with respect to
the measure m. If for every n > 1 there exists K, > 1 such that for all
k > 0 and all Borel subsets A of Ay,

L mA) _ m(TA) L m(A)
m(An) = m(T7F(4,)) = " m(An)’
then T has a o-finite T-invariant measure p absolutely continuous with

respect to m. Additionally u is equivalent to m, conservative and ergodic,
and unique up to a multiplicative constant.

Ky

Since in what follows we make use of the method in which the invariant
measure claimed in Theorem 3.3 is produced, we shall also describe this
procedure briefly. Following Martens one considers the following sequences
of measures:

Sk(m) = ki:lmoT_i and Qi(m) = M
2 Sh(m)(4o)

It is proven in [8] that each weak limit u of the sequence @,,(m) has the prop-
erties required in Theorem 3.3, where a sequence {vj : k > 1} of measures
on X is said to converge weakly if for all n > 1 the measures v, converge
weakly on all compact subsets of A,. In fact it turns out that the sequence
Qn(m) converges and

p(F) = lim Qp(m)(F)

for every Borel set ' C X. Let us now describe the construction of a par-
tition « in the context of critically non-recurrent rational functions. Set
Y =J(f)\(PC(f)U2), where PC(f) = U,,>; [*(Crit(f)). For every y € Y
consider a ball B(y,r(y)) such that r(y) > 0, m(dB(y,r(y))) = 0, and
r(y) < 3 dist(y, PC(f) U £2). The balls B(y,r(y)), y € Y, cover Y and since
Y is a metric separable space, one can choose a countable subcover, say
{A,, : n > 0}. We may additionally require that the family {A,, : n > 0} is
locally finite, that is, each x € Y has an open neighborhood intersecting only
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finitely many balls A,, n > 0. We now define the family o = {4, :n >0}
inductively setting

Aozg[) and An+1:ﬁn+1\Uzn

(and throwing away empty sets). Obviously « is a disjoint family and

U 42 IO\ PC(H U\ | 04n,
n>1 n>0
whence in view of Corollary 7.2 in [17], m(U,,>¢ 4n) = 1.
In order to provide some sufficient conditions for the measure p; to be
finite, we need an assumption stronger than critical non-recurrence. Namely,

from now on throughout this section we assume that f : C — C is parabol-
ically semi-hyperbolic, that is, ¢ ¢ w(Crit(f)) for all ¢ € Crit(J(f)) and
w(Crit(J(f))) N 2(f) = 0.

THEOREM 3.4. Suppose that f : C — C is a parabolically semi-hyperbolic
map and that P(t) > —xt. If my is the t-conformal Gibbs state and
my(§2) = 0, then the set of points of infinite condensation of the invariant
t-conformal Gibbs state i is contained in 2(f).

Proof. By the standard normal family argument there exist © > 1 and
A > 1 such that

[(F*)' ()] > A
for all z € w(Crit(J(f))). Thus

(3.2) [(F) (F ()] = A

for every ¢ € Crit(J(f)) and all n large enough. Since the conformal measure
my is positive on non-empty open sets, inf{m;(B(x,r)) : x € J(f)} > 0 for
every r > 0; even more, there exists a(r) € (0,7) such that

(3.3) M(r) = inf{my(B(z,r) \ B(z,a(r))):xz € J(f)} > 0.

It follows from (3.1) and (3.2) that there exists 6 > 0 such that for every
c € Crit(J(f)), k > 1 and every n > p(c) the holomorphic inverse branch
f]?f(c) : B(f"**(c),40) — C sending f"**(c) to f™(c) is well defined. It also
follows from (3.2) that for all u large enough, all ¢ € Crit(J(f)), all £ > 0
and all 0 <7 <wu—1,

(BA) [ pinn (BUPOTHERIY ) 25)) € B(fPOTHR(c), a(6)).

p(c)+itku

For every ¢ € Crit(J(f)), all 0 < j <wu —1 and all 7 > 0 define now
(35) Rigle) = £ (BUPHH(0),20) \ 91 (B frH+0+D(c) 25))
= ffp-H (B(fp+i+ju(c)a 25) \ ffp+i+ju(c) (B(f(p+i+(j+1)u(c)a 25)))7
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where p = p(c). Applying Koebe’s distortion theorem and using (3.3) along
with (3.4) we conclude that

(3.6)  mu(Ri(c) = e POM|( 7y (fFi(e))|
X ma( BP0, 20)\ [0 (BUPHHITD(C), 26))

= e POy (i),

Fix now a point § € (J,,5q f"(Crit(J(f))). Obviously, because of parabol-

ical semi-hyperbolicity of f, the latter set is disjoint from 2. Let = = f*(¢),
where s > 1 is so large that

(3.7) {f™(x) :n>0}NCrit(f) = 0.

Since Crit(J(f)) Nw(Crit(J(f))) = 0, it follows from Lemma 2.13 in [17]
that there exists 0 < v < §/2 such that if n > 1 and y € f7"(x),
then f*(C,(y, B(z,47))) N Crit(f) consists of at most one point for ev-
ery 0 < k < n — 1. Without loss of generality we may assume that the
set Ag involved in the definition of the invariant measure p; is contained in
B(x,7). Suppose first that Cy,(y, B(x,2v)) N Crit(f™) = (). It then follows
from Koebe’s distortion theorem that

my(Cnly, B(z,7))) o m(Blz,y)
mi(Cn(y, B(w,7)) N f~"(A0)) =  mu(Ao)
Suppose in turn that C,(y, B(x,2y)) N Crit(f") # 0 and let 0 <k <n —1
be the least integer such that fk(C’n(y,B(x,élfy))) N Crit(f) is not-empty.

Denote by c its only element. Note that by (3.7), k+p(c) < n. Put p = p(c).
Taking v > 0 sufficiently small, we may assume that

(3.8)

Crit(f) N | fH(Cu(y, B(z,7))) C {fi(c) : 0<j <p—1}.
k=0

In particular

(3.9) ce f*C.(y, B(z,27))).
We have
(3.10) I(FPTY (2)] = |2 — 7O

forall 0 <i<wu—1andall z € Cp+i(c,B(fp+i(c),25)) (note that g(c) is
also the order of ¢ for the function fP**). Write n —k —p =su+r, s > 0,
0<7r<wu-—1. Since

fk(cn(ya B(ilj‘, ’7))) C CP+T+SU(C7 B(fp—l—’r‘—‘rsu(c)’ 5))7
using (3.6) and (3.10), we get
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me(f*(Cu(y, B(x,7))))
<D (P (o)) e PRI (| (£7) (£ ()| 7/ el
j>s
< 3 PO iy (o)) |1/t
Jj=s
Since Ag C B(z,v) C B(fPT"5%(c), ), using Koebe’s distortion theorem,
we get

me(f¥(Culy, B, 7)) N f =M (Ap))
< ()| (7Y (177 (€))| e POy (e () [ -1
- e—P(t)(p+r+su) | (fSU)/(fp—H"( ))‘ t/q(c
(

Therefore, using the assumptlon P(t) > —xt, we conclude that
m(f*(Cn(y, ( 7)) N f‘ (n=k)(Ao))
< Ze Ytriu)| (piuy (pprrsuc))|=t/ae) < §(c)

7>0

(3.11)

for some number S(c¢) depending only on c. Using (3.9) we conclude that

(f*(Culy, Bz, 49)) \ F¥(Culy, B(z,27)))) N Crit(f" %) = 0

and therefore Mod(fk( Cn(y, B(x, 47)))\fk( (Y, B(x,27)))) > (log2)/q(c).
Hence, applying Koebe’s dlstortlon theorem and (3.11), we obtain
mt(0n<y7 B($7 7)))
mi(Cr(y, B(z,7)) N f~"(Ao))

_ I @) te PR me(f*(Culy, B(x,7))))
TR W) e POF my(fH(Caly, B, 1)) N R (Ag))
=< S(c).

Therefore
m(f"(B(z,7))
my(f~"(Ao))
and consequently Qn(B(z,v)) = max{S(c) : ¢ € Crit(J(f))} for all n > 1.
Thus p(B(z,7)) < oo and x is a point of finite condensation of ;. Since y; is
an invariant measure, we conclude that £ is also a point of finite condensation

of pur and we are done. If & € J(f) \ (U,>o f™(Crit(J(f))) U £2(f)) the

argument is easier. m

=< max{S(c) : c € Crit(J(f))}

A parabolically semi-hyperbolic map f : C — C is called semi-hyperbolic
if 2(f) = 0. As an immediate consequence of Theorem 3.4, we get the
following.
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COROLLARY 3.5. Suppose f: C — C is semi-hyperbolic. If P(t) > —xt,
then the invariant t-conformal Gibbs state p; is finite.

Allowing parabolic points we still get the following remarkable

THEOREM 3.6. Suppose that f : C — C is parabolically semi-hyperbolic.
If t € [0,HD(J(f))) (then m¢(£2) = 0 by Proposition 3.1, x > 0 follows from
parabolical semi-hyperbolicity, and P(t) > 0 > —xt), then the t-conformal
Gibbs state g is finite.

Proof. Since h = 6(f) and t € [0,h), it follows from Theorem 2.2 that
P(t) > 0. Hence, for every k > 1 and every w € {2,

[e.e]

my(Bw, k™VP@D)) =< 37 e POIjmmpe)tD/p()
j=k1/p(w)

S Z eiP(t).] = B,P(t)kl/P(w).
j=k1/p(w)

Therefore, proceeding exactly as in the proof of Proposition 6.2 from [18],
instead of (6.2) we would get

n—1

— _P(t)k.l/p(w) STL k mt —P(t k.l/p(w)
Q)= 3 b)) Z ‘

Since P(t) > 0, this last series converges and all the numbers @, (B) are
bounded above by its sum multiplied by a universal constant. This shows
that w is a point of finite condensation of us, which finishes the proof in
view of Theorem 3.4. m

4. Escape rates. Throughout this section f : C — C is a critically
non-recurrent rational map. Let A be the normalized Lebesgue measure on
the sphere C (with respect to the spherical metric). Following the reasoning
from Lemma 5.3 of [18] we shall prove the following.

LEMMA 4.1. If f: C—C is critically non-recurrent, then for every >0
there exists € > 0 such that if D is an open ball centered in J(f)\ B(12,0)

with radius € and B is an open ball such that 2B C D\ U, f*(Crit(f)),

then
inf { ;g:i } > 0,

where the infimum is taken over all integers n > 0, all connected compo-
nents Dy, of f~™(D), and all connected components By, of f~™(B) con-
tained in D,.
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Proof. Using Koebe’s distortion theorem we obtain

A\(B,) < diam?(B,) = <$$4$3)2dlam (Dy) = A(D )<$$4g3>2

and applying Lemma 3.3 in [18] we get
diam(B) > 2
. n

A(Bp) = AM(Dn) (m

THEOREM 4.2. If f is critically non-recurrent, then for every ¢ > 0

sufficiently small
limsup ~ log A(f " (B(J(f),¢))) = P(2).
n—oo

Proof. Fix e > 0 so small as required in Lemma 4.1 and such that there
exists 2 € G\ U,»; ["(Crit(f)) for which B(z,2¢) N, f*(Crit(f)) =0
(by topological exactness of f: J(f) — J(f), U,,>; [*(Crit(f)) is obviously
a nowhere-dense subset of J(f) in the critically non-recurrent case), where
G is the set coming from item 6 of the definition of topological pressures.
Applying Koebe’s distortion theorem we obtain

(4.1)  limsup — log)\(f "(B(J(f),¢€)))

: 1 “n
>hff£pnlogA(f "(B(z.€))) = limsup ~log > A(f;"(B(2,)))
yef—"(2)
—hmsup log Z "(y)| 72 = P(2).

yef (= )
Since obviously
1
lim sup - log A\(f™"(B(J(f),¢))) <0,

combining this, (4.1) and Theorem 2.6(c) concludes the proof in the case
when 2 # (. If £2 = 0, cover J(f) by balls {D;}¥_; centered respectively at
some points {z;}*_; in G and with radii so small as required in Lemma 4.1.

Since, as already observed, |J,,~; f*(Crit(f)) is nowhere dense in the Julia
set J(f), each ball D;, i = 1,...,k, contains a non-empty open ball B; such
that 2B; C D; \ U,;> f™(Crit(f)). Thus, applying Lemma 4.1 and Koebe’s
distortion theorem, we get for every i = 1,...,k,

hrrisolipnlogk(f (Dz))—hgf;jp log A(f"(Bi))
—timsup tlog 37| ()7 = P(2).

e yef~"(xi)
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Hence, assuming € > 0 to be so small that B(J(f),e) C D1 U...U Dy, we
get L
. 1 _ . 1 _
limsup —log A(f~"(B(J(f),¢))) < hmsupglog/\< U f "(DZ)) =P(2). n
i=1

n—oo TN n—00

In particular, it therefore follows from Theorem 2.6(b) that if 2 = 0,
then the rate of escape is exponential. In the case when 2 # (), something
more can be said about a modified rate of escape. Let p(w) > 1 be the
number of petals of a parabolic point w and let

-1
(4.2) p=max{p(w):we N}, &= ( H q(c)) ,
ceCrit(f)
where ¢(c¢) > 2 is the order of the critical point ¢ of f. Let 6 have the same
meaning as in [18]. We will need the following.

LEMMA 4.3. If f is critically non-recurrent, then there exists a constant
B > 1 such that if € > 0 is small enough, n > 1 is an integer, z € J(f),
and f"(z) & B(£2,0), then
diam(Cy (2, B(f™(2),€))) < Bn=$¢+/p,
Proof. Since
lim sup{diam(C,,(w, B(f™(w),¢))) : w € J(f), f"(w) & B(£2,0)} =0,

there exists ¢ > 1 such that for every n > ¢, w € J(f), f"(w) & B(£2,0), we

have
diam(Cy, (w, B(f"(w),€))) < ¢/4.

Suppose now that n > ¢ + 1. We shall inductively define the sequence

o = fko(z)v = fkl(z)v ceey I = fkl(z)
(I < n) of points from the set {z, f(z),..., f"(2)} as follows. We declare
ko = n and zog = f"(z). If all other points from {z, f(z),..., f"(z)} are
contained in B({2,0), we put x; = z and stop the inductive procedure.
Assume now that @; = f%(2) € {2, f(2),..., f"(2)} \ B(2,0) has been
defined for all j € {0,1,...,n}. If k; < g, we stop the inductive procedure.
If {2, f(2),...,f%9(2)} C B(£2,0), we stop the inductive procedure by
setting z; 1 = z. Otherwise we define z;,1 = f¥(2), where 0 < k < k; —q is
the largest integer such that f¥(z) & B(£2,0). For every 0 < j < [—1 define
first the sets

Cj = ij,k].Jrl (.T}j_H, B(l’j,é‘)) and Bj = ij (Z, B(xj,a)).
Since k;j — kjy1 > ¢, we have C; C B(z;41,¢/2) and define the set
Aj = C”fj+1 (z, B(xj—I—lv )\ ij+1 (z, Cj) = Bj \ B;.
Since Cj C B(zj4+1,€/2), we obtain B; C Bj41 if j <1 —1 and
(43) 455 Cy, (Bwy41,2)\ Cy)
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where Cy, ,(B(zj+1,€) \ Cj) is the connected component of the set
fR+1(B(xj41,€) \ Cj) that encloses B; in Bjy1. Improving slightly Lem-
ma 3.1 of [18] we get

(4.4) Mod(A;) > &log2.

It follows from the local behavior of f around parabolic points and the

definition of the sequence {ZL‘j}éZO that there exists a constant L < 1 such
that forall 0 < 5 <1 -1,

(4.5) diam(Cy) < (L(kj — kj1))~ 0D,
Fix now an integer u > 1 so large that for every t > 2,
t@Mt P
(4.6) = <1, where M = —<logL+ P 10g5>.
We define

Rz{j6{0,1,...,l—1:kj—]€j+1 Zu}
It then follows from (4.5) that for all j € R,
Mod(B(zj+1,¢€) \ Cj) > loge — logdiam(C})

+1
log(kj — kj+1)

1
210g€+1ilogL+p
p

p+ 1
(log(kj — kjt1) — M).

Proceeding in the same way as in the proof of Lemma 3.1 in [18] and us-
ing (4.3), we deduce that if j € R, then

p+1
(4.7) Mod(4;) > S (log(kj — kjt1) — M).
Combining this with (4.4) and using the Grétzsch inequality, we conclude

that
(4.8)  Mod(B(z,¢) \ Cn(z, B(f"(2),¢)))

> €log2(l — 1 — #R) +§—<Zlog (kj — kj1) M#R).
JER
If #R > 2, then using (4.6) we obtain

xp (€8 (X jerlog(ky — kjs1) — M#R))
(Cjen(ks — ki) SwF 0P
= <6M#R ZjGR(kj - kj+1)>£(p+1)/p

M#R 1 >£(p+1)/p< (#LM#R>€(19+1)/10
[icr\ iy (Fi—kit1) =\ T #R1

(4.9)

<l1.

= (e
JER
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Since, by our inductive construction,

1 1
11— > o — R > _ R
I-1-#R> (n—a >k k1)) = 7 (n > k1))
JER JjER
for all n large enough, we therefore obtain
(4.10)  exp(=Mod(B(z,¢) \ Cn(z, B(f"(2),¢))))

< exp (%;%2 (n—Z(kj - kj+1)>> <Z<kj _ ij))*&(pH)/p

JER
< Blnfi(PJrl)/P

for a sufficiently large constant Bj. Since in the case #R < 1, (4.10) follows
immediately from (4.8), the formula (4.10) is always true. In view of The-
orem 2.4 of [11], the hyperbolic diameter of Cy,(z, B(f"(2),¢)) in B(z,¢) is
bounded above by

By exp(—Mod(B(z,¢) \ Cn(z, B(f"(2),€)))) < BoByn S t1/P
for some universal constant By, and the inequality sign was written due
to (4.10). Since z € Cp(z, B(f™(2),¢)) and lim,, oo BaBin=¢®H)/P =, the
euclidean and hyperbolic diameters of Cy,(z, B(f"(z),e)) become compara-
ble, and consequently there exists a constant B > 1 such that
diam(Cy (2, B(f"(2),¢€))) < Bn ¢@H/p
forallm>1. =

REMARK 4.4. In the proof of Lemma 4.3 one shows in fact that Mod(A4;)
> &, where &, is the degree of f™ restricted to Cy(z, B(f"(2),¢)). In par-
ticular if Cy(z, B(f™(z),e)) contains no critical points of f™, then &, = 1
and

diam(Cy (2, B(f™(2),¢))) < Bn®P+1/P,

So, in the parabolic case (no critical points in the Julia sets), we get the
result proven in [6].

Recall that in view of Theorem 2.6, h = HD(J(f)) and P(h) = 0. Devel-
oping now the approach from [6] we shall prove the following.

THEOREM 4.5. If f is a critically non-recurrent rational function, then
for every 0 < § < diam(J(f)) there exist constants € >0 and C > 1 such
that

Cln 200 < A (FTYBI(f) \ B(82,0),€))) < CnSh=2@H0/p,

Proof. Fix w € §2 such that p(w) = p. Let ¢ > 1 be the period of w. Fix
alsoy € B(J(f)\B(£2,0),e)\U,>; f"(Crit(f)) and then z € f~H(y) for some

[ > 1, so close to w that the inverse branches f., ok of f9% are well defined on
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some neighborhood B(z,7) of # and limy_.o0 f ©*(B(z, 7)) = w. Take then
0 < n < e so small that B(y,n) C B(J(f)\ B(£2,6),e) and f;Y(B(y,n)) C
B(x,r). It follows from the local behavior of f around parabolic points that
for every k > 1,

A~ P(BI(f)\ B(2,6),¢)) = Mf5 " (B, 1))
= (5 ™) (@) = (qk) 2@/

and the first inequality of Theorem 4.5 easily follows. In order to prove
the opposite inequality fix k > 0 ascribed to § > 0 so small as required in
Lemma 4.1 and cover J(f)\B({2, ) with finitely many open balls D, ..., Dy
with radii x centered at points of the set J(f)\ B(£2,6). Since J(f)\ B(£2,9)
is a compact set, there exists € > 0 such that

(4.11) B(J(f)\ B(£2,6),e) C D1 U...U Dy.

For every i € {1,...,k} fix then an open ball B; such that 2B; C D; \

U,>1 f*(Crit(f)) and denote its center by z;. Now, applying Koebe’s dis-
tortion theorem and Lemma 4.3 (with 6 = 0), for every i € {1,...,k} and
for every n > 1 we obtain

(4.12)  A(f7"(Bi))

:A(Uf())SZA

xef~ n(zz

= 3@

r€f~"(2i)

=AB) Y M @R @)

=ABi) Y, diam(Cu(w, B(zi,7))* "(f") ()"

z€f~"(2i)

SAB) YD nSmREE (o))

z€f~"(2i)

= MBS (Y ()|

Z‘Effn(zi)
= ABi)nt=20EDE Ny (™ (B(2,7)))
Z‘Effn(zi)

= ABnE DD oy (70 (B(zi, ) = A(BnE 20,
Applying now Lemma 4.1 and (4.11), for every n > 1 we obtain
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AfTM(B(I(f)\ B(£2,0),¢)))
k k
<N OATD) =2 YA T(BY) = Z A(BnE -2+ 1/
i=1 i=1

< kmax{\(B;) :i € {1,...,k}}nsh=2I P+1)/P, .
Since in the parabolic case (no critical points in the Julia sets) £ = 1, as

an immediate consequence of Theorem 4.5 we get the corresponding result
proven in [6].

5. Real-analyticity of topological pressure. This section differs
from the previous sections in two points. We consider the generalized poly-
nomial-like mappings (defined below) instead of rational functions, and we
consider Holder continuous potentials instead of the functions —t log | f'|. No-
tice that each generalized polynomial-like mapping with one critical point
was proved in [7] to be quasiconformally conjugate to a polynomial. The
case of a larger number of critical points can be treated similarly. Since
such a conjugacy is Holder continuous, it might turn out to be helpful in
some parts of this section if one wants to deal with maps without parabolic
points only. Since this conjugacy is usually not Lipschitz continuous, it is
rather useless if parabolic points are present. In order to define the gen-
eralized polynomial-like mappings let U C C be an open Jordan domain
with smooth boundary and let {U; }é-:l be a finite family of Jordan domains
contained in U and with mutually disjoint closures. A map

l
fJu—vu

j=1
is called a generalized polynomial-like mapping (GPL) if f extends holo-
morphically to an open neighborhood of Ui’:l Uj and for all j = 1,...,1,
the restriction f \Uj : Uj — U is a surjective branched covering map. The
branched points of f coincide of course with Crit(f), the set of all critical
points of f, and we denote by Br the set of i € {1,...,1} such that U; con-
tains a critical point of f. We call Br the set of branched indices. If j € Br,
then we denote by C; the set of critical points of f contained in U;. We also
assume that if OU;NOU # ) for some j € {1,...,1}, then this intersection is
a singleton consisting of a periodic parabolic point. Following tradition we
call the branched conformal GPL f critically non-recurrent if for all j € Br,

;0 ey =0

n>1

We finally call a GPL critically tame if there exists 1 < j <1 such that

uyn{J f(Cit(f) =0, T;cU, U;nJ(f)#0,

n>1
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where J(f) is the Julia set of f,i.e. the boundary of the set of those points in
U whose forward iterates under f are all well defined. In the context of crit-
ically tame GPLs we will always assume without loss of generality that the
distinguished index j is equal to 1. Notice that each critically non-recurrent
GPL with one critical point is critically tame if for the branched index j,
U j C U. There are of course critically tame GPLs which are not recurrent.
It can be easily verified that everything proven so far for rational critically
non-recurrent functions can also be proven for critically non-recurrent GPLs.
Let g : U — R be a Holder continuous function such that

P(g) = P(g, fls(r)) > supiglin}
Similarly to [3] but more easily, due to the fact that the disk U is already
given, we can prove the following.

THEOREM 5.1. Let f be a generalized polynomial-like mapping and let
g:U — R be a Hélder continuous function such that P(g) = P(g, flapy) >
sup{glsc)}- Then

(a) There exists a unique Borel probability measure m supported on J(f)
such that

m(F(A)) = | PO dm
A

for every Borel set A C ngl Uj such that f|a is 1-to-1. The measure m is
atomless.

(b) There exists a unique Borel probability f-invariant measure p ab-
solutely continuous with respect to m. In addition, p is ergodic and the
Radon-Nikodym derivative v = du/dm : J(f) — [0,00) has in L'(u) a
continuous version which is bounded away from zero.

We will need the following technical mixing type result.

LEMMA 5.2. Assume the same as in Theorem 5.1. Then there exists 0 <
n < 1 such that

n—1
w(Fowhm) <o
j=0
for all n > 1.
Proof. Tt follows from Theorem 5.1 that

0 < ¢ :=inf{(2) : z € J(f)} < ¢ :=sup{tp(z) : z € J(f)} < 0.
Consider a partition Dy, ..., Dy (modulo a set of p-measure zero) of U such
that all holomorphic inverse branches of f are well defined on each Dj,
j=1,...,q. Such a partition exists since, due to Theorem 5.1, the measures
m and p are atomless (in particular m(f(Crit(f))) = u(f(Crit(f))) = 0).
Notice also that due to the same theorem the map f is non-singular with
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respect to both m and p. For every i € {1,...,q} choose one holomorphic
inverse branch f;l of f mapping D; into U;. Applying Theorem 5.1 we get,
for every Borel set A C U,

pU NS A) 2 n(J 271 (AN DY) = 3o u(s (AN D))
> yim(fgl(A ND;)) = q_pgq: e9°fi P9 gy

q
> e PWemlole N "m(An D;) = e POFle)m(4)
=1
= yu(A),

where v = ¢y~ le=(P@+lglle) > 0. Therefore
p(UN\UD) N FHA)) = u(fH(A) — U f7H(A))

= p(A) — p(Ur N f71(A4))
< u(A) —pu(A) = (1 —7)u(A).
Thus
n—1 n—2
w(NF7wNm) =p(@\oyns (N 7 w\m))
§=0 =0

(ﬂf v \)

and the lemma follows by induction upon takmg n=1—~.m

From now on we assume that

l
fJu—-vu
j=1

is a critically tame GPL. Our first aim is to associate with f a conformal
infinite (hyperbolic) iterated function system satisfying all the requirements
from [9]. Since f is critically tame, there exists an open topological disk
V O U; whose closure is contained in U and is disjoint from Uy U ... U Uj.
In particular
(5.1) Vo frcrit(f)) = 0.

n>1
For every n > 1 let

Ro={z€U:f'z)eUyand Uy Nn{fF2):k=1,...,n—1} = 0}.

That is, R, is the set of those points in U; whose first return time to Uj is n.
Let now x € R,,. In view of (5.1) there exists a unique holomorphic inverse
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branch f;™ : V — C of f" sending f"(z) to x. Notice that f;"(V) C
Uy C V. Since if y is another point in Ry, then either f™ = ™"
V)N f7(V) = 0, we conclude that there exists a finite set A, C Ry,
such that f,;"(V) N f,"(V) = 0 for all z,y € Ay,  # y, and for every
z € R, there exists w € A,, such that f>" = f_". Therefore, the countable
family _ .
S = {fac_n V- V7 fx—n : Ul - Ul}nZl,xeAn

forms a conformal iterated function system in the sense of [9]. We will fre-
quently denote the elements of S by ¢;, ¢ € I. Given w = wy ...w, € I", we

put
Ow = Gy ... 0Py, .

Let N(i) denote the only integer satisfying ¢; = f, Vi for some z € Ay;,.
Given t > 0 and s € R we introduce the family Gt s = {git+s : V — R}ier
by the formulas

Gits(T —tZgOf] oi(x)) — sN (7).

Recall that p = max{p(w) : w € Q} Let us prove the following.

LEMMA 5.3. Suppose that f is a critically tame and critically non-recur-
rent GPL. If f has no parabolic points, then all the functions g; s, 1 € I, are
Holder continuous with the same Hélder exponent and the same Holder con-
stant. If f has parabolic points, then the same is true assuming additionally
that the Holder exponent of g is greater than p/(p + 1).

Proof. Notice first that U; has no parabolic points. In the case of the
lack of parabolic points, this immediately follows from Lemma 7.7 of [18]
(the stars can be dropped there); cf. [1]. So, suppose that 2 # (. It then
follows from (5.1) and Remark 4.4 that diam(V;,) < Bn~®TU/P for all n > 1
and all connected components V,, of f~"(V'). Hence, it follows from Koebe’s

distortion theorem that |(f;™)(x)| < B(n + 1)~ @®+D/? for all n > 0, all
holomorphic inverse branches f;™ : V. — U of f", all € Uy and some
B > 0. In particular if y, 2z € Uy, then for all i € I,

1Zgoff¢z Zgom )| < Z\gomﬁz — g0 [ (di(y))

IN

N;
Z P (6(2) = F(6l))°

gu

CB(N; +1—j)~®tD/p|5 —y|o < Z Eme@t/p gyl
j=1

IN
1

where « is the Holder exponent of g and C' is the Holder constant. m
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LEMMA 5.4. Forallt> 0 and s € R, G5 is a Holder family of functions
in the sense of [5] and [10].

Proof. By Montel’s theorem the family {¢; : V' — Uj }ier is normal, and
since Uy N J(f) # 0, all its limit functions are constant. Therefore all the
limit functions of the derivatives ¢ of ¢; are equal to the constant function 0.
Thus, there exists ¢ > 1 such that ||¢], || < 1/2 for all w € I"™ with n > ¢,
where || - ||oo is the supremum norm on U;. Notice also that by Koebe’s
distortion theorem (and since Uy C V),

Q=sup{[|¢,||lc:wel™ 1 <n<qg—1} < 0.

Fix now n > 1, w € I"™, and two points z,y € U;. Write n — 1 = kq + r,
where 0 < 7 < g— 1. Then ||¢,]|o0 < (1/2)*Q < Q(1/2)(»~1)/4 and therefore

diam(¢,(T1)) < Q2791

where @ is the constant depending on @, the diameter of U;, and the maxi-
mal number of segments needed to join each point in U; with an arbitrarily
frozen point in U; (note that U; is not assumed to be convex nor of the
star shape). Using Lemma 5.3, with the Holder exponent « following from
Lemma 5.3, we conclude that

’gwl,t,s(¢g(w) (y>) - gw17t,8(¢a(w) (1‘))’ < Cl‘¢a(w) (y> - ¢a(w) (x)‘a
< C1Q2 /1!
for some universal constant C; depending on t. m

We recall (see [10]; cf. [5], where a different terminology was used) that
a Hoélder family {q; : U1 — R}i¢; is called summable if

Z eSP(4) < oo,

el
Using Lemma 5.2 let us prove the following.

LEMMA 5.5. Assume the same as in Lemma 5.3. If P(g) > sup(g), then
there exists § > 0 such that if (t,s) € (1 —0,14 ) x (P(g) — 0,00), then
Gt 1s a summable Hélder family of functions.

Proof. The fact that the families G; ¢ are Holder has been proved in
Lemma 5.4. Since

R =00 () £\ 0 A0 © (ﬂf v\))
7j=1
and since the measure p is f-invariant, it follows from Lemma 5.2 that
w(Ry,) < 7™t Applying now Theorem 5.1(b), we infer that there exists a
constant Cq > 0 such that
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m(R,) < Cin"

for all n > 1. Combining this, Lemma 5.3 and Theorem 5.1, we conclude
that there exists a constant Cy > 0 such that

> e (swp (Y90 0 £ Plon)) < o’
wEAR Ur " j=1

for all n > 1. Hence, for every ¢t > 0 and all s € R, we get
n
Z exp (sup (Ztgofj ofl;1 — sn))
U1 j=1

wEAp
= Z exp (SEP(ZQijOf;1 —P(g)n

wEA, Ui =1

F(E=1)D g0 f o fil + (Plghn—sm)))

< exp(|t — 1| ||glloon) exp((P(g) — s)n)
X ) exp (S}p (Zg oflofut - P(Q)”))
wEAR Ur " j=1
< Cyexp(—rn) exp((P(g) — s)n) exp(|t — 1 [|lgllecn),

where k = —log7. Taking now § = x(4(1 + ||g|lec) ™", we conclude that for
all (t,s) € (1—6,14+6) x (P(g) —d,00) and all n > 1

Z exp (slljllp (]Zn;tgo flof,t— sn)) < Cyexp(—kn/2)

wEA,
and therefore

Z Z exp(sup(ZtgofJ fu 1—sn>> < 00. m

n>1weAy,

Since both functions g — P(g) and g — sup(g) are continuous, we get
the following.

LEMMA 5.6. If P(g) > sup(g), then there exists 6 > 0 such that P(tg) >
sup(tg) for all t € (1 —6,1+49).

Given w =wj ...wp, € I", n > 1, let 0(w) = wi ...wp—1. Recall from [5]
and [10] that the topological pressure P(Gy ) of the family Gy, is defined
as follows:



Critically non-recurrent conformal dynamics 123

P(G:s) = nhm —log Z H exp <Zgwj,t,s ¢aﬂw>H

|w|=n
=t 2o 37 e (500 Y 00060
jw|=n Ur j=1
Consider the iterated function system
S={f":V -V, f":U1 — Uiln>1 zea,-

Its limit set is defined as follows:
= U ¢-@)
n=1|r|=n

For an alternative definition and further properties of Jg see [9] and [10] for
example. Let us also recall ([5], [10]) that the G s-conformal measure mg, ,
supported on Jg is uniquely determined by the following two properties:

may s (¢2(A)> = S exp(gi,t,s - P(F)) det,s> Viel,
A

m(qﬁz(Ul)ﬂgb](Ul)) =0 forall i #j.

Let §(g) > 0 be the minimum of the numbers § from Lemmas 5.5 and 5.6.
For t € (1—40,14+9) let m; be the measure produced by Theorem 5.1(a) for
the potential ¢¢.

We now prove the following.

LEMMA 5.7. If t € (1-6(g),1+0(g)), then
P(Gt7p(tg)) =0 and MG, prg) = mel -

Proof. Denote P(Gypy)) by 13(75) and mg, p,, by m¢. By the definitions
of the measures m¢, m; and by Lemmas 5.4, 5.6 and Theorem 5.1, for every
7€ I"=,> I", we have
u(6-(U1)  Sexp(XLy g7, p(eg)) exp(—P(8)|7]) difiy
t(é-(U1)) SGXP(Z‘]'T:‘1 r; t.P(tg)) At

= exp(—P(t)|7]).

So, if P(t) > 0, then 7y (Jg) = 0, and if P(t) < 0, then my(Jg) = 0, which
contradicts the fact that my(Js) = m(U1) > 0; the latter follows by a
straightforward induction from the formula m(J;c; ¢:(U1)) = m¢(Uy) re-

(5.2)

3

sulting from Poincaré’s recurrence theorem. Thus f’(t) = 0 and the first part
of our lemma is proven. The equality m; = my| 4 follows now from (5.2) con-
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sidered as two formulas: one for the numerator and one for the denominator,
along with either Theorem 3.1.7 of [10] or Corollary 2.12 of [5]. m

Following [10] and [5] we call g; s : I°® — R defined by the formula

9,5(T) = gry 1.s(7(07))
the amalgamated function of the family G;s. Here m : I*® — C is the
projection associated with the conformal iterated function system S and
o : I*® — I is the shift map. We are now in a position to prove the
following.

THEOREM 5.8. Assume that f is a critically tame and critically non-
recurrent GPL, and that ¢ is Hélder continuous, with exponent greater than
p/(p+1) if f has parabolic points. Then the function t — P(tg), t € (1 -9,
1+9), is real-analytic.

Proof. Let iy = mg, p,,,- In view of Theorem 2.6.12 of [10] (see also [19]
and [5]) and Lemma 5.5, the function

(t’ 5) = P(gt,s) = P(Gt,s)a (ta 3) € (1 - 5’ 1+ 5) X (P(g) - 5a P(g) + 5)7
is real-analytic. In view of Lemma 5.7 and the implicit function theorem,
it is therefore now enough to demonstrate that %—E(t, s) # 0 at the point
(t,P(tg)) for every t € (1 — 9,14 9). Indeed, let s, t € (1 — 9,14 9), be
the shift invariant measure on I*° equivalent to ﬁlt, the lift of m; to the
coding space I*°. Since p;, the measure appearing in Theorem 5.1(b) for

the potential tg, is f-invariant and the system S is defined according to the
first-return time, p; is S-invariant in the sense that

(i) =D ne(0i(4)) = pa(4)
iel icl
for every Borel set A C Jg. Hence, using the last part of Lemma 5.7, we
deduce that p|s, = iz o 7~ 1. Therefore applying Proposition 2.6.13 of [10]
(see also [19] and [5]) along with Kac’s lemma, we obtain

OP ~ B
E(t’P(tg)) = —I§O N(r)dp = —JSSNd,ut|Js = _Mt(Js) #0,

where after the second equality sign, we treated (slightly informally) the
function N as defined on Jg. =

After this paper has been written the analogous result for potentials of
the form —tlog|f’| was established in [15].
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