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Abstract. Let G4 denote the isometry group of R?. We prove that if G is a para-
doxical subgroup of G4 then there exist G-equidecomposable Jordan domains with piece-
wise smooth boundaries and having different volumes. On the other hand, we construct
a system Fy of Jordan domains with differentiable boundaries and of the same volume
such that F; has the cardinality of the continuum, and for every amenable subgroup G
of G4, the elements of F; are not G-equidecomposable; moreover, their interiors are
not G-equidecomposable as geometric bodies. As a corollary, we obtain Jordan domains
A, B C R? with differentiable boundaries and of the same area such that A and B are
not equidecomposable, and int A and int B are not equidecomposable as geometric bodies.
This gives a partial solution to a problem of Jan Mycielski.

1. Introduction and main results. By a well known theorem of
Tarski [12, Corollary 9.2] every discrete group is either paradoxical or amen-
able. A classical theorem of Tits [11] states that for linear groups this di-
chotomy takes the following sharper form: a linear group G either contains
a free subgroup of rank two (and, a fortiori, is paradoxical), or G is almost
solvable, that is, has a normal subgroup H such that H is solvable and G/H
is finite (and, a fortiori, is amenable). Let G4 denote the group of all isome-
tries of R?. Since Gy is isomorphic to a linear group (see [12, Appendix A]),
it follows that the Tits alternative holds for each subgroup of Gy.

Let G be a subgroup of Gy. We shall say that the sets A, B C R are

G-equidecomposable (and write A g B) if there are finite decompositions
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A= A1U...UA,, B= B1U...UB, and transformations g1, ..., g, € G such
that B; = ¢;(A;) (i =1,...,n). If we want to indicate that we use n pieces in

the decompositions then we shall write A f,n B. It is well known that if d > 3
then G itself contains a free subgroup of rank two. This fact is the basis of
the so-called Banach—Tarski paradox stating that if d > 3 then there exist
G 4-equidecomposable measurable subsets of R? having different measures;
in fact, whenever A and B are bounded subsets of R? with nonempty interior

then A ¥ B (see [12]). As an immediate corollary we deduce that if d > 3
then )y, the Lebesgue measure on R?, cannot be extended to all subsets of R?
as a finitely additive measure invariant under all isometries. This result was
extended to all paradoxical subgroups of R? as follows: if G is a paradoxical
subgroup of Gy then Ay cannot be extended to all subsets of R? as a finitely
additive measure invariant under G. See [12, Theorem 11.20] with a simple
proof due to J. Mycielski.

We may ask whether or not the statement of the Banach—Tarski para-
dox itself can be generalized to all paradoxical subgroups of G4. We cannot
expect that the statement in its full strength generalizes. For example, let
G = Oy, the group of all orthogonal linear transformations of R¢ (that is,
the group of all isometries that leave the origin fixed). If d > 3 then Oy is
paradoxical. On the other hand, it is clear that, say, two balls of different
size cannot be Ogz-equidecomposable. However, we shall prove that when-
ever (G is a paradoxical subgroup of G4 then there are G-equidecomposable
measurable sets of different measure. Moreover, these sets can be chosen to
be Jordan measurable (bounded sets with \;-negligible boundaries), or even
Jordan domains (homeomorphic images of the closed ball) with piecewise
smooth boundary.

THEOREM 1. For every paradozical group G C Gy there exist Jordan

domains A, B C R® with piecewise smooth boundary such that A < B, but
Ad(A) # Aa(B).

For the proof we shall need the following result on groups of isometries.
We shall say that a set H C R? is a K-net if for every x € R¢ there exists
ay € H with |y — 2| < K. By a flat we shall mean a translated copy of a
subspace of R

THEOREM 2. For every subgroup G of Gg exactly one of the following
statements is true.

(i) There exists a flat E in R? such that 0 < dimE < d, and every
isometry g € G maps E onto itself.

(ii) There is a positive number K such that the set {g(z) : g € G} is a
K-net for every x € RY.
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The proof of Theorem 2 will be based on the following result: For every
convez set C C RY, C # 0, C # R, there exists a flat E such that 0 <
dim F < d, and whenever an isometry g € Ggq maps C' onto itself then g
also maps E onto itself (Lemma 5). We shall prove these statements in the
next section. The proof of Theorem 1 will be given in Section 3.

In the second part of the paper (Sections 4 and 5) we shall consider
amenable subgroups of G4. It follows from Mycielski’s invariant measure
extension theorem that if G is an amenable subgroup of R? and if A and B
are measurable and G-equidecomposable subsets of RY, then \g(A) = \g(B).
(See [12, Corollary 10.9].) In other words, if G is amenable then the con-
dition A\g(A) = Ag(B) is necessary for the G-equidecomposability of the
measurable sets A and B. As we proved in [6], if the box dimensions of the
boundaries of A and B are less than d, then \j(A) = A\g(B) > 0 is sufficient
for the equidecomposability of A and B under the group of all translations.
In particular, if A and B are Jordan domains with Lipschitz boundaries
and if \g(A) = A\g(B) holds, then A and B are equidecomposable under
translations. Now the question we address is the following: what happens
under other amenable subgroups of G4? Suppose that A and B are Jordan
domains with A\j(A) = A\g(B). Is it possible that some weaker conditions on

the boundaries of A and B imply A £ B for some amenable group G7 The
case d = 2 is particularly interesting since Gy is amenable. We know that
if A,B C R? are Jordan domains of the same area and having rectifiable
boundaries then they are equidecomposable under the group of translations.
Suppose we impose a weaker condition on the boundaries. Assume, for ex-
ample, that A and B have differentiable boundaries. Can we expect that A
and B are equidecomposable using arbitrary plane isometries? In Theorem 3
below we shall prove that the answer to this question is negative.

In 1977 Jan Mycielski introduced two variants of the notion of equide-
composability using regular-open sets as pieces [10]. A set H C R? is
called regular-open if it equals the interior of its closure. The family of all
bounded regular-open sets in R? will be denoted by B). For A, B € B}, we
shall denote by A vV B the interior of the closure of A U B. We say that
A,B € B} are equidecomposable in B if there are pairwise disjoint sets
Ay, ..., A € B} and isometries gq,..., gy such that A = A; V...V A4y, the
sets g1(A1), ..., grx(Ag) are pairwise disjoint, and B = ¢g1(A41) V...V gx(Ak).

A set is called a geometric body if it is bounded, regular-open and Jordan
measurable. The family of geometric bodies in R? will be denoted by B,. We
shall say that A, B € By are equidecomposable in B if they are equidecom-
posable in B in such a way that the pieces of the decompositions belong
to By. Clearly, if A and B are equidecomposable in B, then they are also
equidecomposable in BY, and \;(A) = \y(B).
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In [10] Mycielski proved that for d < 2, if A;B € By are equide-
composable in B then \j(A) = Ay(B). This is a surprising result, as
A= A1 V...V Ag does not imply A\g(A) = Xg(A1) + ... + A\g(Ag) unless
A1,...,Ax € By (see also [12, pp. 117-119]). Actually, Mycielski’s argu-
ment yields the following generalization. If A, B € By are equidecomposable
in BY under an amenable subgroup of R? then Ag(A) = Ay(B). Indeed, it
follows from Myecielski’s invariant measure extension theorem [12, Theorem
10.8] that the Jordan measure can be extended to all subsets of R? as a G-
invariant finitely additive measure that vanishes on meager sets. It is easy
to see that the existence of such a measure implies the statement above.

In [10] Jan Mycielski posed several problems concerning these notions.
He asked whether or not all nonempty sets in B, for d > 3 are pairwise
equidecomposable in B);. He noted that this problem is equivalent to Mar-
czewski’s problem (see also [12, Theorem 9.5]). Now the solution of Mar-
czewski’s problem by Dougherty and Foreman ([2] and [3]) implies that the
answer to the problem above is affirmative.

Mycielski also asked whether the conditions A, B € By and A\j(A) =
Aa(B) are sufficient for the equidecomposability of A and B in By. In the
next theorem we give a partial answer: we construct sets A, B € By with
Aa(A) = Mg(B) which are not equidecomposable in B; under amenable
groups of isometries. Since G4 is amenable, our theorem provides a negative
answer to Mycielski’s problem for d = 2. (A similar statement for d = 1 was
announced in [9, p. 180] with a sketch of proof based on the results of [8].)
Mycielski’s problem for d > 3 remains open.

Let A denote the boundary of the set A. Let A € R? be a Jordan
domain. We shall say that 0A is differentiable everywhere and infinitely
differentiable everywhere except at one point if there is a homeomorphism
between A and the sphere S = {z € R? : |z| = 1} which is differentiable
everywhere and infinitely differentiable everywhere except at one point. Our
main result is the following.

THEOREM 3. For everyd > 2 there exists a family Fyq of Jordan domains
with the following properties.

(i) Aa(D) =1 for every D € Fy.
(ii) For each D € Fy the boundary of D is differentiable everywhere
and infinitely differentiable everywhere except at one point.

(iii) The elements of Fq are pairwise nonequidecomposable under any
amenable subgroup of Gg.

(iv) The interiors of the elements of Fq are pairwise nonequidecompos-
able in By under any amenable subgroup of Gg.

(v) The cardinality of Fq is continuum.
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COROLLARY 4. There are Jordan domains A, B C R? with differentiable
boundaries such that Ao(A) = Xo(B), but A and B are not equidecomposable,
and int A and int B are not equidecomposable in Bo.

The proof of Theorem 3 is based on the fact that the amenable sub-
groups of G4 are uniformly amenable, that is, they satisfy a uniform version
of Fglner’s condition. In Section 4 we shall prove that all amenable sub-
groups of Gy satisfy one single condition of Fglner type, and so they are,
in a sense, uniformly uniformly amenable. Using this result, we shall give
a necessary condition for the equidecomposability of sets under amenable
groups of isometries (Theorem 9). The proof of Theorem 3 will be given in
Section 5. We shall use the following additional notation.

o By(z,r) ={y e R : [y —z[ <r},

o By(r)={y e R Jy| <1},

o Uy(r) ={z € R%: |z| < r} for every r > 0,

e Uy(H,r) = {x € R?: dist(x, H) < r} for every H C R%,
e Yy is the characteristic function of the set H,

e |H| is the cardinality of the set H,

e N is the set of positive integers.

2. Two results on groups of isometries

LEMMA 5. For every convex set C C R%, C # 0, C # R?, there exists
a flat E in RY such that 0 < dim E < d, and whenever an isometry g € Gy
maps C' onto itself then g also maps E onto itself.

Proof. We may assume that C' is closed because if an isometry g maps
C onto itself then g also maps the closure of C' onto itself. Note that if C'
is bounded then every isometry mapping C' onto itself fixes the center of
gravity of C. Since every point is a flat (being a translate of the subspace
{0}), the statement of the lemma is true for bounded sets.

First we shall prove the lemma in the case when C does not contain a
line. Let V denote the set of vectors v € R? such that the set of real numbers
{v-x:xz € C} is bounded from above. (Here v -z denotes the scalar product
of v and x.) Then V is a cone, that is, if v; € V and \; > 0 (i = 1,2)
then Ajv; + Agve € V. We claim that V' is not contained in any subspace
of dimension less than d. Suppose this is not true. Then there is a nonzero
vector w perpendicular to every v € V. We prove that if x € C then the whole
line z + tw (¢t € R) is in C. Indeed, C' is the intersection of all half-spaces
containing C. These half-spaces are of the form {z : v-z < b}, where v € V.
If x € C and v € V then, as v-w = 0, we have v - (z + tw) = v - x for
every t € R. Therefore, if a half-space contains = then it also contains the
line  + tw (¢t € R). That is, C contains the line x + tw (¢t € R). However,
C does not contain any line by assumption, so that V' cannot be contained
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in any subspace of dimension less than d. Since V is a cone, it follows that
int V| the interior of V, is nonempty. Now we shall distinguish between two
cases.

CasE I: V = R?% We claim that in this case C is bounded. Indeed,
as (1,0,...,0) € V, it follows from the definition of V' that the set C; of
the first coordinates of the elements of C is bounded from above. Since
(—=1,0,...,0) € V, it follows that C; is also bounded from below. Similarly,
the set of all coordinates of the elements of C' is bounded; that is, C' is
bounded. Then, as we saw earlier, the statement of the lemma is true.

CASEIL: V #R%. Since V is a cone, it follows that there is a subspace E
of dimension d—1 such that V lies in one of the half-spaces determined by E.
The set By(1) Nint V' is nonempty, convex, open, and lies in the half-space
described above. Therefore its center of gravity, ¢, belongs to By(1) Nint V,
and is distinct from the origin. If an orthogonal transformation O € Oy
maps V' into itself then it also maps Bg(1) Nint V into itself, and thus O
fixes c.

Now let g € G4 be an isometry mapping C' onto itself. Then there is an
orthogonal transformation O € Oy and a vector d such that g(z) = O(x)+d
for every € R% We prove that O~! maps V into itself. Let v € V be
arbitrary. Then there is a b € R such that v -« < b for every x € C.
If x € C then g(z) = O(z) + d € C, therefore v - (O(z) +d) < b and
O~ Y(v)-z =v-O(x) < b—v-d. Hence the set {O~!(v)-z: x € C} is bounded
from above, that is, O~1(v) € V. This proves O~1(V) C V. Therefore, as we
showed above, O71(c) = c and thus O(c) = c. Let H = {x € R? : ¢- 2 = 0}.
Then H is a subspace of dimension d — 1, and O maps H onto itself.

Since ¢ € int V C V, the set B ={c-z: x € C} is bounded from above.
Let by = sup B. Since g(C) = {O(x) +d : z € C} = C, it follows that

bo = sup{c-O(z) +c-d:x€C} =sup{O " (c)- 2 +c-d:xe€C}
=sup{c-z:x€Ct+c-d=by+c-d,

that is, ¢ - d = 0. Therefore d € H and thus z — g(x) = O(z) + d maps the
subspace H onto itself. This completes the proof of the lemma in the case
when C does not contain a line.

We shall prove the lemma in the general case by induction on d. If d =1
then either C' is bounded (namely, is an interval), and then, as we saw
above, the statement is true, or C' is a half-line. In the latter case the only
isometry that maps C' onto itself is the identity, which fixes every point.
Let d > 1, and suppose that the statement is true for every dimension
less than d. Let C C R? be convex such that C' # () and C # R?. If C
does not contain a line then, as we proved already, the statement of the
lemma is true. Therefore we may assume that C contains a line. Let F
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be a flat of maximal dimension which is contained in C. By assumption,
dim F > 1 and, as C # R?, dim F < d. Let dim F' = k. We may assume that
F={(z1,...,2q) 11 = ... = 24— = 0}. If 2 € C then the closed convex
hull of FU{x} contains F + z. Since C is closed and convex, it follows that
F + x C C for every x € C; that is, C + F = C. Therefore C is of the form
D x R¥, where D c R?*. It is clear that D is closed, convex, D # () and
D # R%*_ By the induction hypothesis, there is a subspace E of R¢* and
a vector a € R9% such that 0 < dim F < d — k, and whenever an isometry
h € G4_; maps D onto itself then A also maps the flat £ + a onto itself.
Let B/ = E x R¥ and ¢’ = (a,0,...,0) € R%. We shall prove that if g € Gy
maps C onto itself then ¢ maps E’ + a’ onto itself.

Suppose g € G4 maps C onto itself. Let g(F) = F' 4+ b, where F’ is a
subspace of R? of dimension k. We show that F’ = F. If this is not true
then there is an element = € F'\ F. Since C'is convex and tx +b € F' +b =
g(F) C C for every t € R, it follows that %f + %x + % € C for every f € F
and t € R. Therefore, the set F” = {1f + Lx: f € F, t € R} is a subspace
of dimension k + 1 such that C' contains a translate of F”. Since k was
maximal, this is impossible. Therefore F’ = F and thus ¢g(F') is a translate
of F.

Let (x9,10) € E' + a’ be fixed, where 29 € E + a and g € R¥. We show
that there is a z € R¥ and a map h : R* — R?* such that g(x,y0) =
(h(x), 2) for every € R?F. Indeed, if z, 2/ € R4~* then the vector (z, yo) —
(2',yo) is perpendicular to F. Since g is an isometry, it follows that g(z, yo)—
g(2',yo) is perpendicular to g(F) = F + b or, what is the same, to F.
Therefore the last k coordinates of g(x,yp) and g(z’,yp) must coincide for
every z, 2’ € R9™*_ This proves that for a suitable z € R¥, we have g(x,y0) =
(h(x), z) for every x € R?F, where h is a suitable map from R?~* into itself.
It is obvious that h must be an isometry. Since C' = D x R* and g maps C
onto itself, it is also clear that h(D) = D. Then, by the choice of E and a,
we have h(E + a) = E + a. Thus

g(xo,y0) = (h(z0),2) € (E+a) xRF = E' +d/.

Since (zg,y0) € E' + o/ was arbitrary, we have g(E' + a') C E' 4+ o/, which
completes the proof. =

Proof of Theorem 2. Suppose that (i) of the theorem holds. Then, for
every x € F, the set {g(x) : g € G} is a subset of E and thus it cannot be
a K-net for any K > 0. That is, in this case, the statement (ii) is not true.

Next suppose that (i) does not hold. We prove (ii). First we show that
the set H = {g(0) : ¢ € G} is a K-net for a suitable K > 0. Suppose
this is not true. Then there is a sequence of points z, € R? such that
rn = dist(z,, H) — oo as n — oo. Choose elements y, € H such that
|Yn — Tn| < Tp+1/n(n=1,2,...). Let y, = gn(0), where g,, € G for every n,
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and put z, = g, (z,). Then dist(z,, H) = r,, and 0 € By(zp,mn + 1/n).
The set U = ;2| Ba(zn, ) contains an open half-space, as r,, — oo and
0 € By(zn,rn +1/n). Also, UN H = (). Let C denote the convex hull of H.
Then C # ) and C # R%, as C N H = (). Also, every g € G maps C onto
itself (as every g € G maps H onto itself). By Lemma 5, there exists a flat F
such that 0 < dim F < d, and whenever an isometry g € G4 maps C onto
itself, then g maps E onto itself. Therefore, every ¢ € G maps E onto itself.
This, however, contradicts the assumption that (i) is false, and thus the set
H = {g(0) : g € G} must be a K-net for a suitable K > 0.

Now we prove that for every z € RY, the set H, = {g(z) : g € G} is a
2K-net. Indeed, let y € RY be arbitrary. Since {g(0) : ¢ € G} is a K-net,
there are isometries g1, g2 € G such that |g1(0) —z| < K and |g2(0) —y| < K.
Then |g2g7 ' () — y| < 9297 ' (x) — g2(0)[ + [g2(0) — y| < 2K, and thus H, is
a 2K-net. Therefore (ii) holds, and the proof is complete. =

3. Proof of Theorem 1. First we shall consider two special cases.

LEMMA 6. For every paradoxical group G C Oy there exist G-equidecom-
posable Jordan domains with piecewise smooth boundaries and different vol-
umes.

Proof. We shall argue by induction on d. For d = 1 the statement is true,
since O does not contain paradoxical subgroups. Suppose d > 1 and that
the statement is true for every dimension less than d. Let G be a paradoxical
subgroup of O4. By the Tits theorem, H contains a free subgroup of rank
two; we may clearly assume that G itself is such a group. Let S be the unit
sphere of R?. We shall distinguish between two cases.

CASE L. The action of G on S is not locally commutative. Then we
can choose noncommuting elements g, h € G having a common fixed point
x € S. Being a subgroup of a free group, the group H generated by g and h is
also free and, as g and h do not commute, it contains a free subgroup H; of
rank two. Let U denote the one-dimensional subspace generated by x; then
the elements of U are fixed under H;. Let V' be the complementary subspace
of U; that is, let V' be perpendicular to U of dimension d — 1. Then V is
Hj-invariant. We may assume that V' = R?!. By the induction hypothesis,
there are Hp-equidecomposable Jordan domains A, B C V with piecewise
smooth boundary having different d— 1-dimensional volumes. Then A x [0, 1]
and B x [0, 1] are also Hj-equidecomposable Jordan domains with piecewise
smooth boundary and different d-dimensional volumes. Since H; C G, this
completes the proof of Case I.

CASE II: The action of G on S is locally commutative. Then, by [12,
Theorem 4.5], S is paradoxical under G. Let ¢ € G be an element dif-
ferent from the identity, and let x € S be selected such that g(x) # =x.
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Let 0 = |z —g(z)|/2, and put S; = S\ By(x,d), So = S\ Ba(g(z),0).
We claim that S, S7 and S5 are pairwise G-equidecomposable. Let T de-
note the type semigroup of the action of G on S (see [12, Chapter 8]).
Then to every set A C S there corresponds a type [A] € T such that
[A] = [B] if and only if A and B are G-equidecomposable. Let [S] = a
and [S1] = [S2] = b. (Note that g(S1) = S2 and thus [S;] = [S2].) Since
S is paradoxical, we have a = 2a. On the other hand, S = 57 U Sy gives
b < a < 2b. Now these relations imply a = b. Indeed, a = 2a < 2b gives
a < b by the inequality version (2a < 2b = a < b) of the cancellation
law [12, Theorem 8.7], and then a < b, b < a give a = b by the Banach—
Schroder-Bernstein theorem [12, Theorem 3.4]. (We can also argue as fol-
lows: 2b = a+c¢c = 2b+c=a+ 2c = 2a+ 2¢c = 2(a + ¢) = 4b, and thus
4b = (a+c)+2b=a+ (20+c¢c) = a+4b = 4a+ 4b = 4(a + b), there-
fore b = a + b by the cancellation law. Then a < b and we infer a = b as
above.)

NowbzameansSlgS.LetE*:{ta::()<t§1, x € E} for
every E C S. Now we put A = (S1)* U {0} and B = Uy(1l) = S* U {0}.
Then A and B are G-equidecomposable. Indeed, If S = F1 U ... U E, and
S1 = FiU...UF, are decompositions such that F; = g;(E;) for some g; € G
(t=1,...,n),then A= EfU...UEXU{0} and B = F}U...UF U{0}; and
F¥ = g;(E}) for every i. Since A and B are Jordan domains with piecewise
smooth boundaries and different volumes, this concludes the proof. =

LEMMA 7. Let G be a paradozical subgroup of G4 such that (1) its action
on R? is locally commutative, and (ii) the set {g(x) : g € G} is a K-net for
every © € R Then there are disjoint balls of the same size, B1 and B,

such that B < By U Bs.

Proof. By the Tits theorem, G contains a free subgroup of rank 2. Let
4o, ho € G be independent elements that generate such a subgroup. It is well
known (and easy to check) that the elements g, = gjhogg (n =1,2,...) are
also independent; that is, they do not satisfy any nontrivial relation. We
define Y i
N = d+ 2)%4 1 M = 0)|.
[(Vd+2)%49 + 1, | mnax gn(0)]
We put By = Uyg(M+2K). Since the set {g(0) : g € G} is unbounded (in fact,
a K-net), there are elements h,, € G such that the balls B,, = h,(By) (n =

1,...,2N) are pairwise disjoint. Our aim is to show that B g B1UBy. We
shall prove this in three steps. First we show that the set X = B1U...UByy
is G-equidecomposable to a subset of the ball Uy(2M + 2K). Next we shall
prove that Uy(2M +2K) is G-equidecomposable to a subset of BjU...UBy.

Finally, we shall prove B £ By U By by using these two statements.
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STEP I. X = Bj U...U Byy is G-equidecomposable to a subset of
Us(2M + 2K).

If z € By and n < 6N then |g,(z) — gn(0)] = |z — 0] < M + 2K, and
thus |gn(2)] < |gn(0)| + M + 2K < 2M + 2K. Therefore each of g1,..., gen
maps By into Ug(2M + 2K). Let Iy denote the set of pairs (z, gn(x)) (x €
By, n=1,...,6N). We consider I as a bipartite graph between the sets
By and Uy(2M + 2K) (multiple edges are allowed). The crucial property of
Iy that we shall exploit is that each component of Iy contains at most one
cycle. This follows from the fact that gi,...,gen freely generate a group
whose action is locally commutative on R? by assumption (i) (see the proof
of [7, Theorem 3]). Now let I, denote the set of pairs (z,y) such that z € B,
and y = gg(n_l)ﬂ-(h;l(x)) for at least one i = 1,2, 3. Then I, is a bipartite
graph between B,, and Uy(2M + 2K), and the degree of each vertex = € B,
equals three (counting the edges with multiplicities). In order to show that
X = B1U...UBay is G-equidecomposable to a subset of Ug(2M + 2K) it is
enough to prove that the graph I' = Uiﬁl I, contains a matching between
X and a subset of Uy(2M + 2K), that is, a set of independent edges that
covers X. Clearly, it is enough to show that every component C of I" contains
a set of independent edges that covers X N V¢, where Vi is the set of the
vertices of the edges belonging to C.

Let C be an arbitrary component of I'. Then the degree of each vertex
x € X N Ve equals three. We claim that C' contains at most one cycle.
Indeed, I" is obtained from Iy by replacing the edge (z,g3(mn—1)+i(2)) by
(hn(x), 93(n—1)+i(z)) for every © € By, n = 1,...,2N and i = 1,2,3. It
is easy to check that this operation does not produce new cycles and, as
each component of Iy contains at most one cycle, the same is true for C.
Therefore either C'is a tree (that is, a connected graph containing no cycles),
or C' contains exactly one cycle. In the latter case we delete one of the edges
of the cycle contained in C. The remaining graph C’ is a tree in which the
degree of each vertex x € X N V¢ is at least two. If C is a tree then we
put ¢’ = C. Now we prove that C’ contains a set of independent edges
covering X N V. Let 9 € X NV be a fixed vertex. For every v € Vi let
n(v) denote the distance between v and ¢, that is, the length of the unique
path from xg to v. If z € X N Vi then the degree of x is at least two, and
thus we can select a vertex y, € Ug(2M + 2K) such that (z,y,) € C' and
n(yz) = n(xz) + 1. Then the edges (x,y;) (xr € X N V) are independent.
Indeed, suppose 1 # x2 and Yy, = Yz, = y. Then n(x1) = n(z2) = n(y)—1,
and thus the path P; from zy to x1 does not contain zo, and the path P»
from xy to z9 does not contain xi. But then the union of the paths P;
and P, together with the edges (z1,y) and (z2,y) contains a cycle, which
contradicts the fact that C” is a tree. Therefore {(x,y;) : @ € X NV} is
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a set of independent edges covering X N V. This concludes the proof of
Step 1.

STEP II. Uy(2M+2K) is G-equidecomposable to a subset of B1U...UBNy.

First we show that if 0 < s < t, then any set H C R? of diameter t can
be covered by at most (vd 4+ 2) - (t/s)? sets of diameter s. Indeed, H can
be covered by a cube Q of side length t. If we cover R% by nonoverlapping
cubes of side length s/v/d, then at most ((t/(s/vd))+2)* < (Vd+2)%(t/s)?
of these cubes can intersect Q. Since these cubes have diameter s and cover
H, the statement follows.

The diameter of the ball U;(2M + 2K) is 4M + 4K. Therefore it can be
covered by sets Hy, ..., Hj of diameter M + K, where k < (\/&+2)d-4d < N.
Let a point x; € H; be selected for every i = 1,...,k. Since {g(z;) : g € G}
is a K-net, there is an isometry uw; € G such that |u;(z;) — hi(0)] < K
(¢ =1,...,k). Since the diameter of H; is M + K, it follows that u;(H;) C
hi(Bo) = Bj, and thus Hy U...U Hy is G-equidecomposable to a subset of
BijU...UB, C BjU...UBjy. As Ud<2M—|-2K) is a subset of H1 U...UHy,
our statement is proved.

STEP I1I. B, < By U Bo.

Let T denote the type semigroup of the action of G on R?. Let a € T
denote the type of Uy(2M + 2K), and let b € T denote the type of Bj.
Since the balls B, (n = 1,...,2N) are pairwise G-equidecomposable (in
fact, G-congruent), the type of each B, is b. By Step I, we have 2Nb < a,
and by Step II, we have a < Nb. Then 2Nb < Nb, and thus 2Nb = Nb.

Therefore, by the cancellation law, 2b = b; that is, B; < BiUBs. u

Now we turn to the proof of Theorem 1. First we note that if the state-
ment of the theorem is true for a group G then it is also true for the conjugate
group Gt = tGt~! for every t € Gy. Indeed, the groups G and G* are isomor-
phic, and thus if G* is paradoxical then so is G. Also, if the sets A and B are
G-equidecomposable then t(A) and t(B) are G*-equidecomposable. Finally,
if A and B are Jordan domains with piecewise smooth boundary and with
different volumes then so are t(A) and t(B).

We shall prove the theorem by induction on d. If d = 1 then the statement
is true, since G1 does not contain paradoxical subgroups. Let d > 1, and
suppose that the statement is true for every dimension less than d. Let G
be a paradoxical subgroup of GG4. We may assume that G is a free group of
rank two, since otherwise we replace G' by a subgroup with this property.

First we suppose that the action of G on R? is not locally commutative.
Then we can choose noncommuting elements g, h € G having a common
fixed point p. We may assume that p is the origin, since otherwise we replace
G by the conjugate group tGt~!, where ¢ is the translation z +— x —p. Let H
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denote the group generated by ¢ and h; then H is a subgroup of O4. Being
a subgroup of a free group, H is also free and, as ¢ and h do not commute,
it contains a free subgroup H; of rank two. In particular, H; is paradoxical.
Summing up: Hj is a paradoxical subgroup of Oy and thus, by Lemma 6,
the statement of the theorem is true.

Therefore we may assume that the action of G on R? is locally commu-
tative. By Theorem 2, one of the following statements is true:

(i) there exists a flat £ C R of dimension k < d such that every element
of G maps F onto itself;

(ii) for a suitable K > 0, the set {g(x) : ¢ € G} is a K-net for every
r € RY.

By Lemma 7, if (ii) holds then the statement of the theorem is true.
Therefore we may suppose that (i) holds. Replacing G by a suitable conju-
gate group, we may also assume that E = {(z1,...,2q) : Tpr1 = Tpao =
...=x4=0}. Then each g € G maps E onto itself.

For every g € G let § denote the restriction of g to E, and put G = {7 :
g € G}. Then G is a group of isometries mapping F into itself. We show
that G is paradoxical. Since G is a free group of rank two, it also contains
infinitely many independent elements (as we mentioned already in the proof
of Lemma 7). Let g1, g2, 93,94 € G be independent. Every word w formed
by the letters g;, g;° 1'(i =1,2,3,4) defines an element of G also denoted
by w. It is clear that if we replace g; and g, L hy g; and g; Lin the word w
then the resulting map equals .

Let G; denote the group generated by g; and gy, and let G2 be the
group generated by g3 and g,. We prove that at least one of G; and Gy is
paradoxical. Since G1 and G5 are both subgroups of G, this will prove that
G is paradoxical.

Suppose that G is not paradoxical. Then, in particular, g; and g,
are not independent. Consequently, there exists a word w; of the letters
9i, gi_]L (1 = 1,2) such that @;, as a map from E into itself, is the iden-
tity map. Similarly, if Go is not paradoxical then there exists a word wo
of the letters g;, 91'_1 (¢ = 3,4) such that wy is the identity map. There-
fore every point of E is a common fixed point of the elements wi,ws € G.
Since G is locally commutative, it follows that w; and we commute, that
is, wiwe = wow;. However, both wjwsy and wew; are words formed by the
letters g;, 91'_1 (i =1,2,3,4) in such a way that in the juxtapositions wjws
and wowi no cancellation can occur between wq and we, since wy and wy do
not contain common letters. It follows then that the words wiws and wowq
are formally different and thus, as g1, g2, g3, g4 are independent, they cannot
define the same map. This contradiction shows that at least one of G; and
G is paradoxical, and then so is G.
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If we identify E with R* then we find that G is a paradoxical sub-
group of G. Then, by the induction hypothesis, there are Jordan domains

C, D C R* with piecewise smooth boundaries such that C g D, but \p(C) #
Ax(D). Let U denote the closed unit ball of R4~* and put A = C x U and
B =D x U. Then A, B are Jordan domains with piecewise smooth bound-

ary, and Ag(A) # Aq(B). We prove that A £ B. Since C' £ D, there are
decompositions C' = C1U...UC,, D =Dy U...UD,, and there are ele-
ments gi,...,9n, € G such that D; = §;(C;) (i = 1,...,n). It is clear that
Ui, Ci x U is a decomposition of A and J;_; D; x U is a decomposition

of B. In order to show A < B it is enough to prove that ¢;(C; xU) = D; x U.

We shall prove the more general statement that whenever C C E = RF
and g € G then g(C xU) = g(C) xU. Let F, = {z} x R4 for every z € R*.
Then F is a translated copy of the subspace {0} x R~ and is perpendicular
to F for every x € E. Since g is an isometry and maps E onto itself, it follows
that g(F) is also perpendicular to E, and thus g(F:) = Fy,). If (z,y) €
C x U then since (z,y) € F, we obtain g(x,y) = (9(z),2) = (g(x), 2),
where z € R¥*, Now (z,y) € C x U C E x U gives |y| < 1, and thus
dist((z,y), E) = |y| < 1. Therefore |z| = dist(g(z,y), E) < 1, that is, z € U,
which proves that ¢g(C x U) C g(C) x U. The same argument shows that
g Hg(C)x U) € C x U, and thus g(C x U) = §(C) x U, as we stated. This
completes the proof of Theorem 1. m

4. Uniformly amenable groups and a necessary condition for
equidecomposability. A group G is called uniformly amenable if there
is a function ¢ : N x (0,00) — N with the following property: for every
nonempty finite subset A C GG and for every € > 0 there exists a nonempty
finite subset U C G such that |U| < ¢(|A4|,¢) and [(UA) \ U| < ¢|U]|. If the
condition above is satisfied then we shall say that c is a uniform amenability
function (uw.a.f.) of G.

It was proved by G. Keller [5] and M. Bozejko [1] that every solvable
group is uniformly amenable; moreover, the class of uniformly amenable
groups is closed under group extensions. As we mentioned in the introduc-
tion, every amenable subgroup G of G is almost solvable, that is, has a
normal subgroup H such that H is solvable and G/H is finite. Since finite
groups are obviously uniformly amenable, the next statement is a conse-
quence of Keller’s and Bozejko’s theorem: Every amenable subgroup of G4
is uniformly amenable. Now we claim that the amenable subgroups of G4
are, in fact, uniformly uniformly amenable, in the following sense.

PROPOSITION 8. There exists a function ¢ : N x (0,00) — N with the
following property. For every almost solvable group G (in particular, for
every amenable subgroup of Gy) there is a positive integer ko(G) such that
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for every monempty finite subset A C G with |A| > ko(G) and for every
e > 0 there exists a nonempty finite subset U C G such that |U| < ¢(|A], )
and |(UA)\ U| < €|U].

Proof. We note first that there is a single function ¢y that is a u.a.f. of
every Abelian group. Indeed, if k and € >0 are given, then let N be chosen
such that (14¢&)V~1> N* and define co(k,e) = N*. If F={a1,...,a;} is an
arbitrary k-element subset of an Abelian group G, then put K, = {ai1 ...aZ’“ :
0<i1,...,ig <n}. Then |K,|<n* for every n. Therefore |K, 1\ K,|<e|K,|
for at least one n=1,...,N —1, since otherwise |K,+1|> (1+¢)|K,| would
hold for every n=1,...,N —1 implying N*>|Kx|>(1+¢)¥~1|K|, which is
impossible. As FK,, C K11, we obtain |[(FK,)\ K| <|Kp+1 \ Kn| <elKy|
and |K,|=n* <N¥. In other words, cj is a u.a.f. of G.

Next we show that there exists a countable system S of functions such
that every almost solvable group G has a u.a.f. belonging to S. Let G,, denote
the class of groups G for which there is a sequence {e} = Gy, Gq,...,G,
= (G such that each GG;_1 is a normal subgroup of G; and the factor group
G;/G;-1 is either finite or Abelian. Since |J;,G, contains every almost
solvable group, it is enough to show that for every n there exists a countable
system S, of functions such that every G € G, has a u.a.f. belonging to S,.

We prove this statement by induction on n. The case n = 0 is trivial since
Go only consists of the one-element group with u.a.f. ¢ = 1. Suppose n > 0
and that there exists a countable system S, _1 such that every G € G,,_1
has a u.a.f. belonging to S,_1. For every G € G, there is a normal subgroup
H of G such that H € G, and G/H is either finite or Abelian. If G/H
is finite and |G/H| = k then the function ¢ = k is a w.a.f. of G/H. On the
other hand, if G/H is Abelian then, as we saw above, ¢ is a u.a.f. of G/H.
By Bozejko’s theorem, G is uniformly amenable. Moreover, what Bozejko
actually proves in [1, Theorem 3| is that to every pair (d1,dz) of functions
there corresponds a function d such that whenever H is a normal subgroup
of G, d; is a w.a.f. of H and dy is a uv.a.f. of G/H, then d is a u.a.f. of G.
Since there is a countable set of functions containing u.a.f.’s of every group
which is either finite, Abelian or belongs to G,,_1, it is clear that there is a
countable system S, containing u.a.f.’s of every group G € G,. This proves
the existence of a countable system S with the required property.

Let c1, ¢, ... be an enumeration of S. We claim that the function c(k, ¢)
= max{cy(k,e) : n < k} satisfies the requirements of the proposition. In-
deed, let G be an arbitrary almost solvable group. Then there is an n such
that ¢, is a u.a.f. of G. We put ko(G) = n. Let A be a nonempty finite
subset of G with |A| > ko(G). Then there is a nonempty finite set U C G
such that (UA)\U| < €|U| and |U| < ¢,(]A|,€). Since ¢, (|4],¢) < ¢(|4],¢)
because n < |A| and by the definition of ¢, the proof is complete. m
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From now on we shall fix a pair of functions c(k, ) and ko(G) satisfying
the requirements of Proposition 8.

THEOREM 9. For everyd > 1 there exists a function Ng : Nx(0,00) — N
with the following properties.

(i) Whenever G is an amenable subgroup of G4, Q C R? is a closed cube,

ABCQ@, A gk B, € > 0, and N > Ny(max(k, ko(G)),e), then there is
a decomposition of Q into convex sets C1,...,Cn and there are isometries
a;j (1,7 =1,...,N) such that a; ;(C;) C Q for every i, j, and

<e€

1 & I v
(1) 'N Z Xa; ;(ancy) (%) = N Z Xai s (BnCy) (@)
ij=1 ij=1

everywhere on R?.

(ii) Whenever G is an amenable subgroup of Gy, Q C R? is a closed cube,
A, B C @ are equidecomposable in By under G using k pieces, ¢ > 0, and
N > Ny(max(k, ko(G)),€), then there is a decomposition of @Q into convex
sets C1,...,Cn and there are isometries a;j (i,j = 1,...,N) such that
ai j(C;) C Q for every i,j, and (1) holds everywhere on R? except at the
points of a nowhere dense set of measure zero.

Proof. For k € N and 0 < ¢ < 1 we define = (4[v/d + 2]%)~,
No = c(k,n), M = [Vd + 2], and Ny(k,e) = [ANgM/e] + 1. We shall
prove that Ny(k,e) satisfies the requirements.

We may assume that @ = [0,1]%, since otherwise we apply a similarity
transformation v mapping @ onto [0, 1]d. Then we apply the theorem with
v(A) and v(B) instead of A and B, and obtain C; and a; ;. Clearly, the
decomposition @ = Ufi 17 1(C;) and the isometries v 'a; jy will satisfy
the requirements for A and B.

Let G, Q@ = [0,1]9, A, B, k, ¢ be as in (i) of the theorem. Then
there are decompositions A = Ui:l A, and B = UZ:l B,, such that B, =
an(Ay) (n = 1,...,k), where ay,...,ar € G. We may assume that k£ >
ko(G), since otherwise we replace k by ko(G), and put 4, = B, = 0 and
an = id for every k < n < ko(G).

Put F = {ay,...,ax}. By Proposition 8, there is a nonempty finite set
K ={c1,...,¢s} C G such that s < Ny and [(KF) \ K| < ns. We have

s

s k
(2) Z(XCiA - XCiB) = Z Z(XCiAn - XciBn)

i=1 i=1n=1

k s k
= ZZ(XCiAn - XcianAn) =: ZO’n.
n=1

n=1 i=1
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In the sum defining o,, the terms X, with ¢; € Ka, and x¢,q, 4, with
c;a, € K cancel out. Since

K\ (Kan)| = [(Kan) \ K| < [(KF)\ K| <ns,

it follows that S°F_ o, = > 1 XD, where m < 2kns = se(2[Vd+2]4)~!
and each D,, is congruent to a subset of A.
Let t1, o, ... be an enumeration of all translations by vectors with integer
coordinates, and let Q, = ¢,([0,1)%). Multiplying (2) by x¢, we obtain
S
(3) Z( X(e; A)NQ, — X(¢;B OQT Z iXDmQr
i=1
Let T, denote the operator T, f(z) = f(t,z) (f :RY = R, z € RY). Then
T, is a linear operator defined on the functions f : R¢ — R, and T}(xg) =
X1y for every H C R, Applying T} to both sides of (3), and taking the
sum over all » we obtain

S o0 m (o.9]
(@ DD (ar(eanen ~ X (eBynen) = D 2 X (DunQr)*
i=1 r=1 p=1lr=1
(Note that for every i and p we have (;A)NQ, = (;B)NQr = D,NQ, =10
for all but a finite number of indices r.)
For every i and r we define P! = (c;'Q,) N [0,1]%. Then, for every i,

0,1]¢ = | U2, P! is a decomposition of [0, 1]¢ into convex sets of which at

most [v/d + 2]? can be nonempty. Let Cy,...,Cr be an enumeration of all
nonempty sets of the form P. N...N P$. Then L < [Vd +2]% < M, and
CyU...UCy is a decomposition of [0, 1] into disjoint convex sets. For every
1 and r we have

(5) t ((cA) N Qr) =t (AN (¢ 'Qr) =t ei(AN PY).

Clearly, for each 1 < ¢ < s and 1 < j < L we can select an r such that
C; C P!. We define a; j = t; 1¢;; then

a; ;j(Cj) C ai,j(Pf) =t 1e;(PY) C t;lci(C;IQr) =1[0,1)%
For every i and 7,
(6) tta(An P =|Jai(ANCy),

where the union is taken for all j’s satisfying C; C P!. Let a j = Xa; ;(ANC;)
and B = X, ;(Bnc;)- The union on the right hand side of (6) consists of
disjoint sets, and hence by (5) we obtain

(7) thr ((ciA)NQr) Zo‘w



FEquidecomposability of Jordan domains 167

A similar equation holds with B in place of A and thus, by (4),

(8) ‘ZZ al,j /BZ,] ‘ S ZZ D#OQ )y = < 86/2

=1 j=1

The second inequality of (8) follows from the fact that for every pu, the set
D,, can be covered by a unit square, and hence the number of indices r with
D, NQ, # 0 is at most [v/d + 2]%. Therefore the middle term of (8) is at
most [vd + 2]%m < se/2.

Now let N > Ny(k,e) be arbitrary, and define a,s14; = aq,; for every
0<v<[N/s], 1<g<sandj=1,...,L. Then, by (8), we have

[N/sls L
9) ] S 3 (i - i) ( [N/s]se/2 < Ne/2.

=1 j=1

Finally, we put C; = ) for every L < j < N and a;; = id whenever
[N/s]s <i<NorL<j<N.Since L<M, s<Ngyand 4NyM/e < N, we
deduce from (9) that

)| o=

e N L
= }ZZ(O‘L] ﬁz,])‘
i=1 j=1
N/s)s L
<| Y0 St ﬂm)M S Sl ) |
i=1 j=1 =[N/s]s+1 j=1

< Ne/2+4s-2L < Ne/2+2NoM < Ne/2+ Ne/2 = Ne.

Dividing (10) by N, we obtain (1), and this completes the proof of (i).

In order to prove (ii), suppose that A, B € B, are equidecomposable in
B, under G using k pieces. Then there are disjoint sets A1, ..., A € By and
isometries g1,...,gr € Gsuch that A= A;V...VA; and B = g1(A;) V...V
91(Ag). It is easy to see that ya(x) = Zle XA, (x) everywhere except at
the points of the boundaries of A1,..., Ar. Since the sets A; are geometric
bodies, it follows that x4 = Zle X 4, holds everywhere except at the points
of a nowhere dense set of measure zero. Therefore we can follow the proof
of (i) step by step, using the convention that by the equality of functions
we mean that the functions are equal at the points of an everywhere dense
open set of full measure. =
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5. Proof of Theorem 3

LEMMA 10. For every N € N, 0 < a < b < 1, and § > 0 there is a
positive number s and a set H C |a, b]d_l with the following properties.

(i) H is the union of finitely many disjoint d — 1-dimensional closed
rectangular boxes.
(ii) Ag_1(H) > (b—a)?1)2.
(iii) Whenever Ay, ..., An are congruent copies of the set

([0, s]9"Y U H) x [0,1]
then A1 U...U AN does not contain any d-dimensional ball of radius §.

Proof. Let P C (a,b) be a nowhere dense closed set with A\(P) >
(b—a)/ “V/2. Let [a,b] D A1 D Az D ... be a sequence of sets such that
ﬂ;’ozl A,, = P, and each A, is a finite union of closed intervals. Our aim is
to prove that there exists an n such that s = 1/n and H = A%"! satisfy the
requirements.

It is clear that (i) and (ii) hold true for every m. Suppose that (iii) is
false for every n, and let C,, = ([0,1/n]4"1U A9=1) x [0, 1]. Then for every n
there are isometries of, ..., aR € G4 such that D, = UZA; 1 a(Cy,) contains
a ball of radius ¢. Clearly, we may assume that B;(6) C D,, for every n. We
may also suppose that |a?(0)| < v/d+d for every i and n. Indeed, otherwise
al(Cy) N By(0) = 0, and we may replace o by the identity map.

Then, selecting a subsequence if necessary, we may suppose that for
every i = 1,..., N, the sequence o (n =1,2,...) converges to an isometry
a; € G4 in the sense that o' — «; uniformly on every bounded subset of R,

Now, it is easy to see, using [~ ; A, = P and lim, .o o] = «;, that

N
(11) L aa([{0} U P2 x [0,1)) > Ba(d).

i=1
Indeed, let y € By(d) be arbitrary. Then y € Uf\il a(Cy) for every n,
and thus there is an i such that y € af'(C,,) for infinitely many n. Since
N, Gy = ({0} U P4=1) x [0,1], it is clear that y € a;([{0} U P?~1] x [0, 1]),
which proves (11). However, the set [{0} U P?~1] x [0, 1] is nowhere dense
in R%. Thus (11) is impossible, which concludes the proof. m

LEMMA 11. If C C [a,b]? is convex then
Aa(Ug(0C, h)) < 4d(b—a+2)"h  for every 0 < h < 1.
Proof. Let f(z) = dist(z,0C). By [4, Lemma 3.2.34],

h

Aa(Ua(0C, 1)) = {1 (f 7 ({y}) dy
0
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for every h > 0, where u¢~! denotes the d — 1-dimensional Hausdorff mea-
sure. For every y < h, f~!({y}) consists of at most two convex surfaces cov-
ered by [a—h, b+h]?. Therefore u?=*(f~1({y})) < 2u?"1(d([a—h, b+h]?)) =
4d(b — a + 2h)*¥1 < 4d(b — a + 2)%!, from which the statement is clear. =

Now we turn to the proof of Theorem 3. First we fix a Jordan domain
A with infinitely differentiable boundary such that A lies in the half-space
{(z1,...,2q) : x4 < 0}, the boundary of A contains the d — 1-dimensional
unit cube [0, 1]97% and A\g(A) = 1/2. We can construct such an A as follows.
Let Ay be a Jordan domain with infinitely differentiable boundary such that
Ap lies in the plane {(z1,24) : 4 < 0}, the boundary of Ay contains the
segment [—/d, v/d] x {0}, and Ay is symmetric about the x4 axis. Then we
rotate Ag in R? about the x4 axis, and apply a suitable affine transformation
of the form (x1,...,24) — (21,...,%4-1,txy) in order to get volume 1/2.
We may assume that A C [-2v/d,2V/d]*! x [-1,0].

We shall construct a sequence of positive numbers 1 = ag > a3 > ...
such that a, < (an—1 /2)2 for every n > 1, and a sequence of functions
fn € C®(R¥ 1Y) (n=1,2,...) such that f,, vanishes outside the set

By, = [an—1/27an—1]d_17
and 0 < f, < a2_,/2 on B,. We define
Fn = {(331, .. 'axd) : (l‘l) .. 'axd—l) € Bna 0< Td < fn(fEl, cee ,fEd_l)}.

Then, for every I C N, we define f; = > ; f, and I = {J,; F. Fi-
nally, we put By = F7 U (t7A), where the number ¢; is chosen such that
Xa(Br) = 1.

It is clear that for every I C N the function f; is infinitely differentiable
everywhere on R4 except at the origin. Also, f; is differentiable at the
origin, since x € B, implies |f;(z)| < a2_;/2 < 2|2/, and f; vanishes
outside | J,, By,. Therefore, for every I, the boundary of By is differentiable
everywhere and infinitely differentiable everywhere except at one point. We
shall prove that for a suitable set Z C P(N) of cardinality continuum, the
Jordan domains By (I € I) are pairwise nonequidecomposable under any
amenable subgroup of Gg.

Let Q = [—4V/d,4V/d]?. Note that for every I C N, we have f; < 1/2
everywhere and thus \;(Fr) < 1/2. Since A\¢(A) = 1/2 and the number ¢ is
selected such that A\g(Br) = A\g(Fr U (t7A)) = 1, it follows that 1 < ¢ < 2.
Therefore

Br C (t7A)U0,1)¢ € [-4Vd, 4Vd]* ! x [-2,1] C Q.

Now we turn to the construction of the sequences (a,) and (f,). We put
agp = 1. Let n > 0, and suppose that ag > a1 > ... > anp—1 > 0 and
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fi,.-., fn—1 have been defined. Then we define

en = alT 2930 (Q) 7Y, N = max Ny(i,e,),
(12) 1<i<n

- 871(}\,2221\72)—17
where Ny is the function defined in Theorem 9. The set S, = 0AUJ,_,, 0
is closed, and A\4(S,,) = 0. Therefore we can select a positive number

bn < nn(12d(8Vd + 2)371N?) 1
such that

(13) Ad(Ua(Sn; 0r)) < m-

According to Lemma 10, we can select a number 0 < a,, < (a,_1/2)% and
aset H, C B, = [a,_1/2,a,_1]%"" such that H, is the union of finitely
many disjoint rectangular boxes, Ag_1(Hp) > Ag_1(Bn)/2 = a®~} 274 and
no ball of radius 6,, can be covered by any N? congruent coples of the set
([0, a,]4"t U H,) x [0,1]. Then we select a function f, € C°®°(R?1) such
that f,, vanishes outside H,,, 0 < f, < a?_,/2 in H,, and {5 B, fndAa—1 >

adtl . 9-d-1,

In this way we have defined the sequences (a,,) and (f,,). Then we define
the sets B as described above. Then we have, for every h > 0,

Aa(Ua(0(t1A), b)) < Xa(Ua(0(t1A), trh)) = t{Aa(Ua(DA, b))
< 2924(Ua(0A, b)),
and thus, by (13),

cod__ T
(14) Aa(Ua(0(t1A),6,)) < 2 3020+ )V?
for every n and 1.

LEMMA 12. If I and J are sets of positive integers such that I\ J is
infinite, then (i) Br and By are not equidecomposable under any amenable
subgroup of G4, and (ii) int By and int By are not equidecomposable in By
under any amenable subgroup of Gg.

Proof. Suppose that By Ek By, where G is an amenable subgroup of G.
Since I'\ J is infinite, there is an n € I'\ J such that n > max(k, ko(G)). Note
that BjUB; C Q = [—4v/d, 4+/d]%. Then, by Theorem 9 and by the definition

of N in (12), there is a decomposition of @ into convex sets C1,...,Cy and
there are isometries a;; (i,j = 1,...,N) such that a; ;(C;) C Q for every
1,7, and

(15) 'N Z Xaii(BINCy) ~ 37 Z Xa; ;(B;nC;)| < En

1,j=1 1,j=1
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everywhere on R?. We put

U1:UFZ,, Us = (t7A)U UF,,, Vi = UF,,, Vo = (t;A)U UF

vel vel veJ ved
v>n v<n v>n v<n

Then By = Uy UU; and By = Vi U V5. Since
oU C 0(t;A) U JOF, and 0Vp c 0(t;A) U OF,

<n <n
it follows from (13) and (14) that
"In Tin
Aa(Ua(0U2,6,)) < (2% +1 =
(16) d( d( 2, n)) ( + )3(2d+1)N2 3N2’
Tin
Ad(Lh(a‘évén)) 3?“2
Since Cj C @, it follows from Lemma 11 that
(17) A(Ua(0C;,8,)) < 4d(8Vd + 2)%~ 3’;\72
for every j =1,...,N. Let
N N
9= Z Xai,j(VanCy) — Z Xaj ;(U2NnCy)-
ij=1 ij=1
Then, by (15), we have
N N N
(18) Z Xai ;(AnCy) = Z Xa; ;(U1NCy) — Z Xai,;(VinCj)
i,j=1 i,j=1 i,j=1
> g — Neg,,.
Let D1,...,Dp be an enumeration of the atoms of the algebra of sets

generated by a;;j(Us N Cj) and a;;(Vo N Cj) (4,5 = 1,...,N) in Q. Then
P < 22N2, Dy U...UDp is a disjoint decomposition of (), and ¢ is constant
on each D,. Consequently, g = 25:1 auXD,, where |ay,| < N? for every p,

since |g| < N? everywhere. For every y=1,..., P, 0D, is covered by
N

U [0(ai ;(U)) U d(as ;(Va)) U d(ai ;(Cy)))-
ij=1
Therefore

Aa(Uqa(0D,, 6y))

N
< N2[(Ag(Ua(0U2, 61)) + Aa(Ua(0Va, 60))] + N Y Aa(Ua(C;, 6r))
j=1

< NQ(TM/NQ) =
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by (16) and (17). Consequently, if \y(D,) > n, then Uy(0D,,,,) does not
cover D,. If x € D\ U4(dD,,, 0,,) then By(x,0,) C D, that is, D,, contains
a ball of radius 6,,. Since

U= |JFc ( U Fl,> UF,  ([0,a,)?" U H,) x [0,1],

vel v>n
v>n

it follows from the choice of H, that N? congruent copies of U; cannot
cover D,,. That is, if Aq(D,) > n, then there is a point y € D, such that
ijzl Xa;;(Uy)(y) = 0, and thus g(y) = oy, < Nej, by (18). Therefore we
have

P
(19) Vgde=> aua(Dy) = D oD+ > aupra(Dy)
Q pu=1 (D) >nn Ad(Dyp)<nn
< Nepha(Q) + PN2p,
< 2NeA\g(Q) = Nadt] . 27472
by (12). On the other hand,
| gda = NXg(V2) — NAg(Ua)

N M) = N1 = M)
= NXg(U1) — NAg(V1)
> NAg(F) = NAg([0, an]%)

> Nattl . 27471 _ Ngd > Nttt . o742

n n—
which contradicts (19). This completes the proof of (i). The second statement
can be proved in the same way, using (ii) of Theorem 9. m

In order to complete the proof of Theorem 3, we take a system Z of
infinite sets of positive integers such that Z has the cardinality of the con-
tinuum, and either I\ J or J \ I is infinite for every I,J € Z, I # J. (We
may take

IT={¢p({reQ:r<c}):ceR}
where ¢ is any injection from Q into N.) It is clear that the system F =
{By : I € T} satisfies the requirements of Theorem 3. m
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