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The dimension of graph directed attractors with
overlaps on the line, with an application to a
problem in fractal image recognition

by
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Karoly Simon (Budapest) and Boris Solomyak (Seattle, WA)

Abstract. Consider a graph directed iterated function system (GIFS) on the line
which consists of similarities. Assuming neither any separation conditions, nor any re-
strictions on the contractions, we compute the almost sure dimension of the attractor.
Then we apply our result to give a partial answer to an open problem in the field of
fractal image recognition concerning some self-affine graph directed attractors in space.

1. Introduction. Mauldin and Williams [6] computed the Hausdorff
dimension of the attractor for a Graph Directed Iterated Function System
(GIFS) of similarities in R? assuming that the cylinders are, in some sense,
well separated. If we drop the separation condition in the Mauldin—Williams
theorem, we can expect only “almost all” type results. In this paper we prove
such a result on the line assuming neither any separation conditions nor any
restrictions on the contraction ratios. The only thing we have to assume
is that the matrix of the directed graph is irreducible. Our research was
motivated by an open problem in the field of fractal image compression. This
problem is about the box-counting dimension of a certain graph directed
non-conformal attractor in space. Using techniques similar to the ones in [4],
we can reduce this problem to the computation of the attractor of some GIFS
on the line with overlapping cylinders.

2. The results and the motivating example. This section is orga-
nized as follows: First we state our theorem about the almost sure dimension
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of GIFS on the line. Then we introduce the non-conformal graph directed
attractor coming from fractal image compression which motivated our re-
search. Then we compute the almost sure box-counting dimension of this
attractor.

2.1. GIFS on the line. Let I' be a directed graph with vertex set V =
{1,...,m} and edge set £. We assume that I" is strongly connected. For
every w € & there exists a contracting similarity f, : R — R,

(2'1) f:,(l’) =AM T+ tw,

0 < Ay < 1. The reason for this notation is that we consider the contrac-
tion ratios A, as fixed and the translations t = {¢,},cs as parameter. Let
0 := #&. By a fixed enumeration of £ we assign to any t € R’ a family of

maps {f%}oee of the form (2.1).
Then, as proved in [6] (see also [3]), there exists a family of non-empty

compact sets A%, ..., At such that for every 1 <i < m,
m

(2:2) A= U reay),
j=1 we&j

where &;; is the set of directed edges in I" connecting 7 to j, with entries 0
if &; = 0. We call the family {A%,..., AL} a family of graph directed sets
and say that

(2.3) At = ) A8
j=1

is the attractor of {ft},ce. Next we introduce a number o which plays the
role of similarity dimension for graph directed systems (see [6]).

DEFINITION 1 (The definition of «). For § > 0 consider the following
m X m matrixz (recall that I’ has m vertices):

(2.4) Ag = [ Z )\g}

ij<m

Let o be the number for which the spectral radius o of the matriz A, satisfies
0(Aqy) = 1.
The symbol £,, denotes the Lebesgue measure in R"™. Our main result is:

THEOREM 1. For L;-almost every t € RY we have
(i) dimy A* = min{1, o},
(ii) if o > 1 then L£1(A%) > 0.

2.2. An affine GIFS in space. The following attractor arose naturally in
the field of fractal image compression:
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Fix K € N. Let m := 25 x 2K By definition, the domain squares
Q1,...,Qn are the 275 x 27K grid squares of the unit square [0, 1] x [0, 1].
More precisely, for all 1 < ¢ < m there exist some 0 < 4,5 < K — 1 such
that Q, = [i/275, (i + 1)/2 K] x [ /27K, (j + 1)/27K]. If we divide all the
domain squares )y into four identical squares, we obtain the family of range
squares Qz (=1,...,m; i =1,...,4) by the following convention about
the placement of Q;:

1 2
Qp | Qf

3 4
Q| @
We associate a domain square to every range square (see Figure 1). That is,
we are given a function

e {L,...,m} x{1,...,4} = {1,...,m}.

Qv =

e
Qs % Qr,
Qk,

Fig. 1. We assign a big square to every small square. Here k; := ¢(4,1).

Using ¢ we define a directed graph I' := (V,€) in the following way:
The set of vertices is V := {1, ..., m}. By definition, there is a directed edge
w € & from vertex ¢ to vertex k iff there exists i € {1,...,4} such that
k = o(£,4). In this case we write w = w(¢’, k). So there are exactly 4 edges
leading out of every vertex.

PrINCIPAL ASSUMPTION. We always assume that the directed graph
(V, ) is strongly connected.

The reason we call Q. and Q@ a domain square and a range square is
that for every 1 < /¢ < m and 1 < i < 4 we are given a one-parameter family
of affine maps (see Figure 2)

SZ:Q]CXRHQ;XR,
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Fig. 2. Sf, maps the box on the right onto the box on the left, where k = (£, i) and
w=w(l' k).

where w = w(¢’, k) and the parameter t is in R#€. Moreover,
Se(x,1) = (Tu(x), [5(v)),

where T, is the similarity which maps @} onto Qz with DT, = [1(/)2 1(/)2]
and f8(y) = A\ -y +tw, 0 < A, < 1. That is, the affine map S in the
horizontal direction is a similarity with contraction ratio 1/2 and in the
vertical direction it is of the form (2.1). The vector whose components are
the translations ¢, is used as a parameter.

As on the line, we define the graph directed sets {A%,... At} as the
unique non-empty compact sets satisfying

A= U st
j=1 wESi]—
for all i = 1,...,m, and the attractor of {S%},c¢ is

m
A= A%
j=1
Note that the projection of At to the z-axis is A*, the attractor of {f Y oee
defined in (2.3).

2.3. Calculating the almost sure box-counting dimension of At Similarly
to [4], we can express the almost sure box-counting dimension of A% in terms
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of the almost sure dimension of A%. Define
d(t) := dimy A*.

Note that the box-counting dimension dimp A* exists and equals d(t) as
well, by [3, Corollary 3.5].

PROPOSITION 1. For all t € RY, the boz-counting dimension of At exists
and equals

~ log o( A

dimg A® = max { 2,d(t) + M .
log 2

This, together with Theorem 1, allows us to compute the almost sure

box-counting dimension of A*:

THEOREM 2. For almost all t € RY we have

(2.5) dimg At = max { 2,1 + 0824V |
log2

REMARK 1. Recall our principal assumption that the directed graph
(V,€) is strongly connected. Without this assumption we could not verify
the results above.

The rest of the paper is organized as follows: In the next section we prove
Theorem 1. Then in the last section we prove Proposition 1 and Theorem 2.

3. Proof of Theorem 1. First we need some notation. If w € &y, then
we call £ and k the source and the target of edge w respectively, and we
write s(w) = ¢ and t(w) = k. When we want to refer to an edge in I" we
usually write w or 7. On the other hand, when we refer to a finite or infinite
path in I we usually write @ or 7.

3.1. Symbolic space and invariant measure. Our symbolic space is
XY= {w € E>: t(wj) = S(wj‘+1)}.

That is, the alphabet of our symbolic space is the edge set, and X is the set
of all possible infinite paths in I'. Obviously this is a subshift of finite type.
In fact, let £ := #& and

£ .= {61,. . .,6[}.
Further, let R = [r;;]; j<¢ be the £ x £ matrix defined by
{ 1 if t(e;) = s(ej),
rij = :
0 otherwise.
Then X can be identified in a trivial way with

Sk = A{(ir i, .. ) € {1, .., 0 vy, = 1,VE > 1}
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The set of all k-paths of the directed graph I is denoted X*. We denote
by X, the set of all infinite paths in I" which originate at the vertex p, for
p=1,...,m. That is, for k € Nand 1 <p <m,

= {(wy . wp) €EF L t(w)) = s(wig1)},  Zpi={Te X s(wr) =p}
For a path (w1,...,w;) € X* we write
Aot owr = Awp - - Awg s

and let A\g := 1 where ) is the empty word. Further, let fu'jlmwk = ff)l o...
o ff,k. The natural projection IT% : X — R is defined by

o0

Ht(w) = nh—>Holo f:;l...wn (O) = Z by - )‘w1...wk_1'
k=1

As usual, we write o for the left shift on X .

There is a natural Markov measure on X' associated with the GIFS.
Recall that « is such that o(Ay) = 1. By the Perron-Frobenius theorem,
since A, is irreducible, there is a unique strictly positive right eigenvector
(v;)f_, for A,, with eigenvalue 1, normalized by Zle v; = 1. Then one can

set, for any k > 1 and any wi,...,w; € EF,
H([wlv s 7wk]) = Acaul...wkvwkv
where [wi,...,w;] = {T € ¥ : 71 = wi,..., 7k = wi}. It is easy to

check (see [6]) that p is consistently defined and o-invariant. Alternatively,
we can define u as the Gibbs measure for the Holder potential w +—
alog(fE ) (IT*(0w)) = alogA,,. In any case, there exist ¢1,c2 > 0 such
that for all k and all (w1, ...,wy) € X*,

(3.1) AL, < w1, s w]) < €20

w1...wWE "

Let P be the set of pairs from X' having the same initial vertex. That is,
P ={(w,7):s(w1) =s(m)},

where @ = wiws ... and 7 = 772 ... Let 7 = (m1,...,m%) € X*. Then we
write

Pr={(@,7) e P:WAT =T},

where W A T denotes the common initial segment of the words @ and 7. In
particular, we consider Py for n = (), the empty word. Obviously,

(3.2) P:PQ)LJ(H Lg Pﬁ).
>1nexk

For 7 € X* we define &7 : Py — Py by ¢(w,7) := (0Fw, o*F). Put py :=
(1 x p)|p and consider pg := &!(uzlp,). Then we deduce from (3.1) that
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there exist constants c3,cq4 > 0 such that for every A € Py,

n A)
(3 3) 03)\77 ~ MQ(A) ~ 64)\,]

3.2. A condition which implies that At contains an interval almost surely

DEFINITION 2. The weight of a path @ € X* is defined by w(@) := Ag.
For an edge w € £ let K(w) be a cycle (i.e. a path with identical initial and
terminal vertices) starting with w and having maximal weight. Let

Ty = w(K(w)).
LEMMA 1. If there exist distinct w, T € £, with s(w) = s(7), such that
(3.4) To+1rs > 1,

then for all t € RY\ F the attractor A® contains an interval, where F is a
hyperplane of codimension 1 (hence for Lebesgue almost all t).

Proof. Let K (w) = (w1,...,wy) and K(7) = (71,...,7p), so that w1 = w
and 71 = 7. Then

t _ t _
W1 5eee s (@) = Awr,wn @ + twn s Ty Tp (z) = Aty ® by

where
tw1,~~~,wk - twk)‘wlw,wkﬂ ..ot tUJu tle-,Tp = tTp/\Tl,pr—l +.o+ tTl'

Consider the iterated function system (IFS) {f§ . fﬁh_.jp} on the line.
Its attractor consists of all points IT%(7) where 7 € Yy(w) is an arbitrary
infinite concatenation of the cycles K(w) and K(7). Thus, the attractor of
{ff,hm’wk, fﬁl’m,fp} is contained in Ag(w). The sum of the contraction ratios
of the maps of the IFS is greater than one by assumption. It follows that
the attractor of the IFS contains an interval, as long as f&  , and ff
have different fixed points. (This is an elementary fact, see e.g. [9].)

It remains to note that the set of t for which the fixed points coincide is
a hyperplane. Indeed, the fixed points coincide if and only if

tW17--~7wk(1 - )\Wlwwwk)il = tle~-'7Tp(]‘ - )‘7'1,-~7Tp)71’

which is a linear equation in t. It is non-trivial, i.e. not identically satisfied,
since t, = t,,, occurs in ty, ., only once and does not occur in ¢, . -, by
the choice of K(w) and K(7) as cycles of maximal weight. m

oo Tp

3.3. Establishing a kind of transversality condition. We fix an arbitrary
o > 0 for the rest of the paper. In all the proofs it is sufficient to restrict
ourselves to t € B,y = {x € R’ : x| < gp}. Recall that £ = #&. We will
need the following elementary fact.
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LEMMA 2. For any oo > 0 there exists cs = c5(00) > 0 such that for
every § > 0 and for every v € RE,
(3.5) Lo{t € By, : |t-v] <8} <esdlv]h

The following function will play an important role in the rest of the
proof.

DEFINITION 3 (The definition of the function v : P — Rf). For any
(0,7) € P let v(w,T) := (v1,...,v¢) be such that for every 1 <mn </,

Up = Up (W, T) 1= E Aoty E At eyt

wr=én Tp=€n

where £ = {ey,...,e;} and Ay = 1 by definition.

The reason we will use the function v often is that

(3.6) Y w) — %7 =t - v(w, 7).
It is immediate from the definitions that if |&@ A 7| = k then
(3.7) V(@ 7) = Ay, o V(0F@, 7).

LEMMA 3. Assume that for all w,7 € € with s(w) = s(7) and w # T,
we have

T +rr < 1.
Then there exists ¢* > 0 such that for all (@, T) € Py we have
vp(W,7T) > ", VYn <L
Proof. Let

Tw

c* ::min{l—1 tw, T EE; s(w):s(T);wyéT}.

By assumption, ¢c* > 0. Let @, T € Py. Assume that w; = e, and 71 = ep;
then we know that s(ey,) = s(ep). Then, since A; > 0 for all j € £, we have

T

>c*>0. =

2 _
anl—rep—repren—repren—...—l—1 ;
— le

Under the assumption of Lemma 3, it follows from (3.7) that for
(0,7) € P, [wAT| =k, we have

(3.8) Un (@, T) > Aoy, €y V< L.

n

LEMMA 4. Under the assumption of Lemma 3, for any oo > 0 there
exists cg > 0 such that

A(r) = [ Left € By, : |IT*(@) — IT*(7)| < r} dp(F) dp(@) < cor.
Py
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Proof. Using (3.5) and (3.6) we get
Lo{t € B,y : |IT'@) — IY7F)| <7} <cs-r-(v(@,7) " <r-c5- ()7L

So we can choose cg == c5 - (¢*) L. =

For k> 1 and 7 € X* we define

Ag(r) == \§ Le{t € By, : [IT*(@) — T(7)| < r} du(®) du(7).
P

LEMMA 5. There exists ¢; > 0 such that for all k > 1 and for all 7 € X*

we have

Ag(r) < err(Amax)™ ™D ().
Proof. For every r > 0 and (i,j) € P we introduce the function
9r(1,j) := Lo{t € By, : [II*(@) — IT*(F)| < r}.
Then, since W AT =17, by (3.7),
gr(ivj) = gr/)\ﬁ(gkiv ka)
Thus, first making a change of variables, then using (3.3), definition of A’(r),
and finally Lemma 4, we obtain

Az (r) =\ g0 /0 (081, 073) dpa(3,3) = §\ g1, (1,3) dpd (3, )
Pr Py

< 2 W g0 (103) dpa(i,§) = cad2*A'(r/Az)
Py

< 06041")\%0‘_1.

Since u([]) < A7 by (3.1), there exists c7 > 0 such that
Ag(r) < errAd™ () < err(Amax) V(7). =

Now we are in a position to prove Theorem 1. The argument involves inte-
gration over the parameters and the Fubini theorem, and uses the “transver-
sality condition.” By now such arguments are rather standard, but we pro-
vide all the details for the reader’s convenience. Some of the early references
for this method are [8] and [7].

3.4. Proof of Theorem 1(ii). Here we assume that o > 1. If the assump-
tion of Lemma 3 does not hold, then by Lemma 1, for almost all t € R?, the
attractor A% contains an interval, which proves the claim of Theorem 1(ii).
So, from now on we may also assume that the assumption of Lemma 3 holds.

We recall that we defined X1 = {@ € Y : s(w) = 1}. Let 1p =
(IT]5,).(1)- Let

D(vg,x) := 1imi[§1f vl —27“,:5 i T])
r— T
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Fix an arbitrary gg > 0. We will be done if we can prove that

I:= S Sl_)(l/t,.%') dyg dt < o0.
By R
Observe that

Voe(z—rz+r)de= \{ Yen me-mem)< @) du@)
R El><21

<\W@mn imt@-mm<ry @) du().
P
Using Fatou’s lemma, (3.2), and Lemmas 4 and 5 we get

I <liminf (2r) W\ Ldt € By, : [T @) — T¥(7)| < v} dp(@) du(7)

= hmmf 2r) I(A’ —i—i Z Aﬁ(r))
k=1mnexk
!

<timint @) eor+ 3" 3 crrChman V(7))

k= 177€2k
o0

< const -Z(Amax)k(a_l) < 00,
k=1

since we assumed that « > 1. =

3.5. Proof of Theorem 1(i). Now we may assume that o < 1. Otherwise,
from the second part of Theorem 1 proved above, we would immediately get
the first part. Further, we may also assume that the assumption of Lemma 3
holds. Indeed, otherwise Lemma 1 implies that A% contains an interval for
almost all t € RY and hence dimy A* = 1 almost surely. Using the trivial
observation that « is always an upper bound for the dimension of At, we
would find that o > 1, proving the statement of Theorem 1(i).

As above, we write vy := (II*|5,)«(u) and recall that IT* : X1 — A%
is onto. Fix an arbitrary o9 > 0. It follows from the potential-theoretic
characterization of the Hausdorff dimension (see e.g. [5] or [3]) that it is
enough to prove that the following integral is finite:

I:= S SS |z — y| ™% dg(x) dg(y) dt < oo,
Bog At x At
for every 0 < s < a, since in this case dimy A* = dimyg At > s almost surely.
Thus, it is enough to show that
I<Iy:= | \\|I*'®@) — I*7)|* du(®) dp(7) dt < co.
Boy P
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By (3.6), Lemma 2, and (3.8) we see that there exists cg > 0 such that

Lot € By, : |IT' @) — I*(7)| < r} < csmin{1,r- A '}
Thus,
\ [T @) - 1*(7)|*dt = | Lo{t € By, : |IT*(@) — I°(7)| < r~'/*} dr
By r=0

< cg S min{1,7 /% Ao r-}dr
r=0
Ei’f oo

< cg S ldr + )‘wAT S VS dp = CONSn7s
r=0 T=An

for some cg > 0. Therefore, using (3.2) and (3.1) we have

Iy < co \\AS3- dp(@) du(7)
P

<09+09ZZ 5 < cg+ cacy - ZZ )\as

k= 17]627“ k= lneZk

(o ¢]
<o+ eacg A D ul() = co + eac Z M
k=1 Tesk

since s < a. This completes the proof of Theorem 1(i). m

4. Proof of Proposition 1 and Theorem 2

Proof of Proposition 1. This proof is very similar to that of [4, Theo-
rem 5.2], which is credited to Falconer in [4]. In this proof we always omit
the superscript t. When we write A, A, S we always think of At, At, St for
an arbitrary fixed t € R,

First we need some additional notation. For a bounded set A C R3 we
denote by M,—«x(A) the smallest number of cubes of side 27 needed to
cover A, such that their sides are parallel to the axes and the projections of
the cubes to the xy plane are dyadic squares. Clearly,

dimgp A = lim
k—oo klog 2

if the limit exists. For a bounded set B C R and r > 0, we denote by N, (B)
the smallest number of intervals of length r required to cover the set B. It
is immediate that for any ¢ > 0,

N (c-B) = N,.(B).

log My« (A)
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Let d := dimp A (recall that d exists and equals dimy A by [3, Corollary 3.5]).
Fix ¢ > 0. By the definition of the box-counting dimension, there exist
cy, ¢y > 0 such that for every 1 <i < m,

(4.1) & max {1, (%)d_} < N (A), Ny (Ay) < dymax {1, (%)H}

Let I and I; be the hulls of A and A; respectively (i.e. the smallest
closed intervals containing the respective sets). The union of boxes R; :=
Q; x I; provides a natural first level approximation of A. The kth level
approximation of A is the union of all boxes Ruy...won = Sor,wn (Bigy))-
Since R R

A = U St (At(wk))
(W1 g ) EXDF
s(w1)=1
we have R
Ac U PRuw
(W1,e.wp)EXE

The dimensions of the box Ry, ..., are 9~ (E+k) 5 o—(K+k) o A oo Hi(wp) |-
Therefore,

M2*<K+k>(RW1,---7Wk nA4) = N2*<K+k)()\W17---7wk/1t(wk))

,,,,, wk)_l(/lt(wk))'

By the definition of our GIFS (see Subsection 2.2), the projections of the
boxes R, ..., to the xy plane are distinct dyadic squares whose union is

the unit square. Thus we can sum over all possible sequences w1, . ..,w; and

use (4.1) to obtain
42) ¢ max{#zk? o(k+K)-(d—e) . Z A ’wk}
(W1,e.wp ) EXE

~

My (k11 (A)

< d, <#2k 1 o(k+K)-(d+e) | Z )\iia 7‘%)'
(wl,...,wk)eEk

2—(K+k)()\w

IN

We claim that .
lim —log#X* = log4.
k—oo k

In fact, consider the m x m matrix B = [b; j]; j<m defined by b;; 1= #&;;.
Let B* = [0]; j<m. It is well known that #zk =Y iem b So,

Elog#Ek log Z b — log o(B) = log 4,

,5<m
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where the last equality follows from the fact that every row sum of B is four
(the out-degree of every vertex in I" is four), hence the spectral radius of B
equals 4.

Now we take the logarithm in (4.2), divide by klog2, and pass to the
limit to obtain

1 ~
li log M.
~ log2 kggo k 08 My—ici (4)

1
¢ max {2, d—e+ oz 2 log Q(Ads)}

1
< Cﬁlma‘X{Za d+e+ 10g2 IOgQ(Ad-‘rE)}?

where we used the fact that for 5 > 0,

1
lim % log Z )‘gl,-~7wk = log o(Ag).

k—oo
(W1, ) EXE

Since € > 0 is arbitrary,

~ log(A
dimBA:max{Q,d—l— og( d)},
log 2

as desired. m

Proof of Theorem 2. By Theorem 1, d(t) = dimy A* = min{1,a} for
almost all t € R, where « is such that o(A,) = 1. If a > 1, then d(t) =
for a.e. t € RY, and Proposition 1 implies (2.5). If a < 1, then for a.e. t € R
we have "

lo
go(duw) _ . logo(Aa)
log 2 log 2
so dimp A* = 2 by Proposition 1. On the other hand, 0(A1) < 0(An) =1,

since 3 +— p(Ap) is decreasing, hence the right-hand side of (2.5) equals 2
as well. m

=a<1l<?2,
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