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D. L. Gongalves (Sao Paulo), D. Penteado (Sao Carlos) and
J. P. Vieira (Rio Claro)

Abstract. The main purpose of this work is to study fixed points of fiber-preserving
maps over the circle S* for spaces which are fibrations over S* and the fiber is the torus 7.
For the case where the fiber is a surface with nonpositive Euler characteristic, we establish
general algebraic conditions, in terms of the fundamental group and the induced homo-
morphism, for the existence of a deformation of a map over S! to a fixed point free map.
For the case where the fiber is a torus, we classify all maps over S* which can be deformed
fiberwise to a fixed point free map.

INTRODUCTION

Given a fibration ¥ — B and a fiber-preserving map f : £ — F over B,
the question if f can be deformed over B to a fixed point free map has been
considered by many authors (see for example [Do-74], [F-H-81] and [Go-87]).
In [F-H-81], E. Fadell and S. Husseini showed that the above problem can
be stated in terms of obstructions (including higher ones). This is obtained
under the hypothesis that the base, the total space and the fiber F' are
manifolds, and the dimension of F' is greater than or equal to 3. The case
where the fiber has dimension 2 is not considered. This case, even when
the base is a point, is still a main open problem; when the total space is a
surface with negative Euler characteristic it is known that the vanishing of
the Nielsen number is not equivalent to the existence of a deformation to a
fixed point free map (see [Ni-27], [Ji-85] and [Ke-87]).

Consider a fiber-preserving map f : M — M, where M is a fiber bundle
over the circle S' and the fiber is a closed surface S. Such fiber bundles are
obtained from S x [0,1] by identifying (z,0) with (¢(x),1), where ¢ is a
homeomorphism of S. The main purpose of this work is to study in detail
the case where the fiber is a closed surface. We develop a few generalities
when S # S? and S # RP2. For the cases when the fiber is either the
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sphere S? or the projective plane RP? the classical obstruction theory can
be used. Then we specialize to the case where the fiber is a torus.

In this latter case we denote the total space by M A. We classify the
fiber-preserving maps f : MA — MA over S', i.e. po f = p, which can
be deformed to a fixed point free g by a fiberwise homotopy over S'. The
homotopy class of f is given in terms of the induced homomorphism f :
m1(MA) — w1 (MA) on the fundamental groups. This is Theorem 4.1.

In [Pe-88], for fiber-preserving maps, one defines the abelianized obstruc-
tion to deforming a fiber-preserving map over B to a fixed point free map
as a cohomology class, and then computes this class on the principal torus
bundle. It is shown that, in general, the vanishing of this class is not sufficient
to guarantee that the map can be deformed over S to a fixed point free map.
We analyze this question for the fiber bundles M A — S! in [G-P-V-03].

This paper is organized into four sections. In Section 1 we consider the
general case of a surface bundle over the circle S'. We solve the problem
in terms of obstructions and a certain algebraic diagram of groups (see Re-
marks 1.1 and Proposition 1.4). The fundamental groups of several spaces
which are relevant to our algebraic diagram are computed (see Proposi-
tions 1.8 and 1.9). In Section 2 we restrict to the case where the fiber is
a torus. We classify all T-bundles over S' and bundle maps which, when
restricted to the fiber, can be deformed to a fixed point free map. This is
Theorem 2.1. Then we compute the fundamental group of T-bundles mi-
nus the zero section S'. In terms of generators of this group, we obtain
a system of equations which has a solution if and only if the map can be
deformed fiberwise to a fixed point free map. This is Theorem 2.2. In Sec-
tion 3 we discuss what we call the main equation, i.e. an equation such that
the existence of its solution is equivalent to the fact that the corresponding
fiber-preserving map can be deformed to a fixed point free map. First we
reduce the study of all those equations to the study a certain family of equa-
tions. This is done in Theorem 3.3 and Corollary 3.4. The main equation
can be regarded as an equation in a subgroup of the free group on two gen-
erators. Then we consider this equation in the abelianization of this group
and deduce some necessary conditions for the existence of a solution. This
is Corollary 3.8. In Section 4 we prove the main result, which is Theorem
4.1. The calculation is done for all six cases according to the classification
of fiber-preserving maps.

1. PRELIMINARY AND GENERAL RESULTS
1.1. The general problem. Let f: E — FE be a fiber-preserving map

over B. When is f deformable over B to a fixed point free map g by a
fiberwise homotopy over B?
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E. Fadell and S. Husseini [F-H-81] considered this problem in the case
where the fiber F', the base space B and the total space M are closed
manifolds. They considered the fiber square M xg M — M, i.e. the pull
back fiber bundle of p : M — B by p : M — B. Then the inclusion
MxpM—A— M xpg M, where A is the diagonal in M x g M, is replaced
by the fiber bundle ¢ : Eg(M) — M x M, whose fiber is denoted by F. So
we have the following diagram:

F F

R
(1.1) ! —— Ep(M)

qu (.7 M xl; M

where gy : Ep(f) — M is the fiber bundle induced from ¢ by (1, f). From
[F-H-81] we have

THEOREM 1.1. The map f is deformable to a fized point free map g
over B if and only if there exists a lift o in diagram (1.1).

REMARKS 1.1. (1) The fiber F has homotopy groups
Wj_l(f) = Wj(MXBM,MXBM — A) = Wj(F,F — l‘),
where x is a point in F.

(2) Let dim F' = k. If k > 2, in [F-H-81] classical obstruction theory was
used to find a cross section. Hence, there is the primary obstruction
to finding a cross section:

Op(f) € H*(M; {m,_1(F)}),

which is the primary (obstruction) fized point indez of f. This class is
the obstruction to constructing an extension of a cross section from
the (k — 1)-skeleton to the k-skeleton of M. There may be other
obstructions that preclude finding a global cross section.

(3) When the dimension of the fiber is two, in [Pe-97] a cohomology
class Ap(f) € H?(M;{H;(F)}) is defined, called the abelianized
obstruction to deforming f over B to a fixed point free map, where
{H1(F)} is the induced abelianized local system of coefficients on M.

(4) When the fiber is the sphere S?, then mo(S?, 5% — x) is isomorphic
to Z and we have a primary obstruction defined in dimension 2. So
this case can be treated as in item (2).
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(5) When the fiber is a surface with Euler characteristic < 0 then we
will see by Proposition 1.5 that it is enough to build a cross section
over the 2-skeleton. Proposition 1.6 gives a necessary and sufficient
condition for the existence of such a partial section.

1.2. Classification of surface bundles over S'. Let S be a closed
surface and ¢ : S — S a homeomorphism which has one fixed point de-
noted by xg (in Corollary 1.3, we will see that there is no loss of generality
in making such a hypothesis). We denote by M(¢) the quotient space ob-
tained from S x I by identifying (z,0) with (¢(x), 1). The elements of M (¢)
are denoted by (x,t). This space is an S-bundle over S! with fiber S and
projection p : M(¢) — S' = I /g1, given by p((x,t)) = (t).

PROPOSITION 1.2. Let ¢1,¢2 : S — S be two homeomorphisms. Then
M(¢1) is homeomorphic to M(¢p2) by a fiber-preserving homeomorphism
over S* if and only if ¢1 is isotopic to a conjugate of ¢s.

Proof. Suppose that ¢ and h o ¢ o h~! are isotopic. So we have a map
G:Sx1I— S xIsuch that G(,0) = ¢; and G( ,1) = hopyoh™ L. Let
G'(,t)=h"1oG(,t), t€{0,1}. We have

G'(,1)ogr=h""ohogyoh  og1=gaoh ™ o =¢y0G(,0).

Hence we have a homeomorphism over S* between M (¢;) and M (¢2). The
converse is similar and we leave its proof to the reader. m

COROLLARY 1.3. The classes of S-bundles over S* are classified by the
conjugacy classes of isotopy classes of homeomorphisms which preserve base
points.

Proof. From [F-L-P-79, exposé 2] we know that every homeomorphism
is isotopic to a homeomorphism which is base-point-preserving. So the result
follows from Proposition 1.2. =

1.3. Fixed point free fiber maps of surface bundles over S'. We
will assume from now on that the surface has Euler characteristic < 0. If
f: M(¢) — M(¢) is a map over S, we define fy : S — S by fo(x) = y if
f({x,0)) = (y,0). This map is well defined since (y1,0) = (y2,0) if and only
if y1 = yo.

PROPOSITION 1.4. The map ¢o food~! is homotopic to fo. Conversely,
if fo: S — S is a map with ¢ o foo ¢~ ' homotopic to fo, then there exists
amap f: M(p) — M(¢) over S* such that f restricted to the fiber is fo.

Proof. Define fi(z) =y if f({z,1)) = (y,1). Since (z,0) = (¢(z), 1), it
follows that (fo(x),0) = (f1 o ¢(x), 1), which implies that f; = ¢o foop 1.
Now we observe that if ¢t ¢ {0,1} then f((z,t)) = (g(x,t),t). Extending
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g toamap g : S xI — S by continuity, we have g(z,0) = fo(x) and
g(xz,1) = fi(z), and the first part follows. The converse is quite similar.
Define f by the homotopy which connects fo and ¢po foo ™. m

PROPOSITION 1.5. If M = M(¢), then there exists a cross section o (see
diagram (1.1)) over M if and only if it exists over the 2-skeleton.

Proof. One direction is clear. So suppose that we have a cross section
over the 2-skeleton. Since the homotopy groups of the pair (S, .S — y) vanish
in dimensions greater than or equal to 3, by a standard obstruction argument
the result follows. =

PROPOSITION 1.6. There is a cross section over the 2-skeleton if and
only if the following diagram of fundamental groups admits a lifting 1:

m1(F) = me(S, S — xo)

|

(1.2) m1(Eg1(M(9)))
T

m1(M(9)) Wﬂl(M(éb) xg1 M(9))

Proof. This follows from [Ba-77, Theorem 4.3.1, p. 265]. =

Let so : ST — M(¢) be given by sq(t) = (x0,t). This is a section of the
bundle p : M(¢) — S*, hence 1 x (sg o p) is also a section for the pullback
M(¢)x 1 M(¢) — M(¢p). With respect to these sections we have:

PROPOSITION 1.7. We have a short ezact sequence 1 — m(S) —
m(M(9)) — m(SY) — 1 which splits, and the action Z — Aut(m1(9))
which comes from the section sy is given by ¢ - a = cac™' = (), where
c = pu(so) is the generator of m(S1). Hence m(M(¢)) = m(S) % Z,
a semidirect product.

Proof. By the homotopy long exact sequence of the fibration, the short
exact sequence follows since the base and the fiber are K (m,1)’s. Since Z
is free the short exact sequence splits. Hence it remains to calculate the
action. Let v : I — S x I be the path ~(t) = (x¢,t). The loop obtained by
the juxtaposed paths v * (¢(a),1) * v~ is homotopic to the loop (¢(a),0).
In the quotient space M (¢), this leads to ¢ - a = cac™! = ¢4 (a), and the
result follows. m

PROPOSITION 1.8. The fundamental group m (M (¢)x g M(¢p)) is iso-
morphic to the semidirect product w1 (S) x w1 (M (p)). Further, the action of
m1(M(9)) on w1(S) is given by B-a = BaB~! = pu(B) - a. The last action
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is the one which comes from the bundle p : M(¢) — S, i.e. the action is
given by the following composition:

m1(M(9) ~5 m (') = Aut(ri(S))
where if we denote by c the generator of mi(S') then I'(c) = ¢, so that if
p4(8) = c* then py(B) o v = ¢*(a).
Proof. The result follows by naturality and the fact that M (¢)x o1 M (¢)

— M (¢) is the pullback of p : M(¢) — S'. A splitting of the short exact
sequence

0 — m1(S) w1y (M() x 1 M(6)) 25 w1 (M(9)) — 0

is S1 = (80 © p, Lar(g))# and the isomorphism @1 : 71 (M (¢)x g1 M(9)) —

m1(S) x w1 (M(9)) is given by @1(y) = (i74(7-S1 0 pag (Y1), P2y (7). =
Let o(sp) be the subset of M(¢) given by (zo,t), 0 < t < 1. So we

have the bundles p : M(¢) — o(sg) — S', where we denote the projection

also by p and the fiber is S — zg. Another useful space is the pullback
M(¢)x g1 (M(¢) — o(s0)), and we will calculate its fundamental group.

PROPOSITION 1.9. The fundamental group m (M (¢)x g1 (M(¢) —o(s0)))
is isomorphic to the semidirect product w1(S) x w1 (M (¢) — o(so)). Further,
the action of m (M (¢) — o(s0)) on w1 (S) is given by B-a = Baf~t =
p#(B) - o, where the last action is the one which comes from the bundle
p: M(¢) —o(sg) — S as in Proposition 1.8.

Proof. Similar to the proof of Proposition 1.8. In this situation the fi-
bration provides the short exact sequence

0 = m(S) 5 m (M(6) x 1 (M() — 7(s0))) 22 71 (M(8) — 0 (s0)) — 0

and the homomorphism sy = (sgop, 1M(¢)_J(SO))# is a section, and we define
an isomorphism

Py : m(M(9)X g1 (M() — 0(50))) = m1(S) 3 m1(M(¢) — o (s0))

by @o(y) = (i;;(y.Sz o pag(771)),pax(7)). The result about the action
follows by naturality. =

The above proposition shows the relevance of 71 (M (¢) — o(sp)).

2. THE TORUS CASE AND REDUCTIONS OF THE LIFTING

In this section we restrict to the case where the fiber is the torus denoted
by T. Features of the torus are used to facilitate computations. We use some
homeomorphisms of the torus to describe all T-bundles over S'. We also use
the group structure of T" to simplify the analysis of our algebraic problem.
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Let T be defined as the quotient space R x R/Z x Z; we denote by (i)
and [g] the elements of R x R and T, respectively.

Let A be a homeomorphism of T' induced by an operator in R? that
preserves Z x Z. We identify A with a matrix with integer coefficients and
determinant either 1 or —1.

As in Section 1 let M A be the quotient space of T x [0, 1], where we
identify ([5],0) with ([A(y)],1).

The class of ([y],t) in the quotient is denoted by ([y],t). The space
MA is a fiber bundle over the circle S, where the fiber is the torus. The
projection map p : MA — S is given by p(<[§j],t>) =(t) €[0,1]/o~1 = St

Let f : MA — MA be a map over S', i.e. po f = p, and we consider the
question raised in 1.1: when is f deformable to a fixed point free map g by
a fiberwise homotopy over S'?

From Section 1 we know that the problem is equivalent to finding a lift
in the following algebraic diagram:

Wl(f)g 7T2(T,T— 1)

|

T (Bgi (MA)) 2 7 (MA xg1 MA— A)
7
i - iq#

7T1(MA) 4>7T1(MA X g1 MA)
(L)
with suitable base points.

The base point of the domain of f is <[8] , O>, denoted by 0, and we can
suppose that f(0) is <[g],0>, denoted by q. Otherwise we can replace the
map f by a map f; homotopic to f which has the property above. This can
be done using the homotopy lifting property of the fibration p : M(A) — S*.

We denote by B the matrix of the homomorphism induced on the fun-
damental group by the restriction of f to the fiber T. The next theorem
provides a relationship between the matrices A and B.

THEOREM 2.1. (1) m(MA,0) = (a,b,co : [a,b] = 1, cpacy™! = a®b%2,
cobco ™t = a%3p).

(2) B commutes with A.

(3) If f restricted to the fiber is deformable to a fixed point free map then
the determinant of B — I is zero, where I is the identity matriz.

(4) If v is an eigenvector of B associated to 1 (for B # 1d) then A(v) is
also an eigenvector of B associated to 1.

(5) Consider w = A(v) if the pair v,w generates Z x Z, otherwise let w
be another vector so that v, w span Z X Z. Define the linear operator
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P:RxR—RxR by P(v) = (}) and P(w) = (9). Consider an
isomorphism of fiber bundles (also denoted by P) P: MA — MA",
where A = P o Ao P~'. Hence MA is homeomorphic to MA!
over S'. Then we have one of the cases of the table below, with
Bl =PoBo P! and B # I, except in case I:

Case I | A'=(33a3), B'=(39) | Case IV| A'=(3%), B'=(43)

as # 0 ag(b4 — 1) = —2b3
Case II | A= (§9), B =(412) [ Case v [AT=(3'%), B'=(31)
a3(b471)=0

Case II1 | A' = (}23), B = (1b3) |[ Case VI| AT = (%), B =(30)

a3(b4 — 1) = 2b3

Proof. Consider the following loops in M A with base point O:

a(t) = ([6,0), o) =([2].0),  eo®) = ([8].1),

for t € [0,1]. From Proposition 1.7 it follows that w1 (M A) = 71 (T)XZ, and a
presentation is 71 (M A, 0) = {(a,b,co : [a,b] = 1,coaco™ = a®b%2, cobcy ™! =
a® by,

Recall that B = (2; 22) is the matrix of the homomorphism induced on
the fundamental group of the fiber T' by the restriction of f to T, and f is
a map over S'. Then the induced homomorphism f4 on 71 (M A, 0) is given
by fy(a) =abb?2, fu(b) = abb% and fu(c) = a“b%ec.

Since f is a map over S it follows from Proposition 1.4 that B commutes
with A.

Since f is deformable over S! to a fixed point free map g, the Lef-
schetz number of f|r is 0, so det(B — I) = 0. Now (4) follows from (2). To
prove (5) define P(([5],t)) = ([P(%)].t). Thus P#f#P#1 :m(MAL0) —
71 (M A, 0) maps the generator a(t) to a(t). So the first column of B! is
[é] and therefore B! = ((1) Zi).

Now the commutativity of B! with A! yields the table. We remark that
Case I occurs when v and A(v) span Z X Z. =

2.1. The fiber bundle isomorphism h. Now, we define a fiber bundle
isomorphism h: MA xg1 MA — MA xg1 MA by

r({[5] 0.5 )0) = (Lo ] = [5].6):

This isomorphism maps MA xg MA — A onto MA xg1 (MA — S'). This
last space is the fiber square of the maps p|j4_g1 : MA — S' — S! and
p: MA — S' and the circle S* in MA is the image of co(t) = ([3],¢) for
all t € [0, 1].
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So, we have the commutative diagram

TXT-A———>Tx(T—1)
/ /

T———>TxT———>TxT
(2.1) MAxg MA—A—— MAxg (MA-S")

|

MA /u;f? MA xgt MA—"" = MAxg MA

Therefore, the problem of existence of the section o in diagram (1.1) is equiv-
alent to the existence of a lift v. By the same argument as in Proposition
1.6, the existence of v is equivalent to the existence of a certain homomor-
phism on the level of fundamental groups. Since M A x g1 (M A — S*) is the
total space of the pull back of p by p|yra_g1, by the universal property of
the pullback and using the isomorphisms @; and @5 of Propositions 1.8 and
1.9 respectively, it is easy to show the equivalence of the existence of the
lifting homomorphism in diagram (2.1) and the lifting homomorphism I
that makes the diagram below commutative:

1

T (F(MA - SY)) 2 mo(T, T — 1)

(2.2) T (MA— SY)
F/ _ 7
T (MA) - 1 (MA)
1

We will describe the horizontal map (paoho (1, f))y : m(MA) — m(MA)
in the next theorem in terms of generators. Here py : M A xg1 MA — MA
denotes the projection on the second factor.
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2.2. The generators of the fundamental groups in diagram (2.2).
The next theorem describes the groups and the maps of diagram (2.2).
Consider the following loops in M A with base point 0, and loops in M A—S*

or M A with base point q with ¢ small positive and [§] # [#]:

a(t) = ([§],0), o) =([?],0), ) =([B].1),
e(t) = ([74'],0),  dt) = ([%].0), ) = ([v(B)].#),
where y(t) is (1 —t)(&) +t(A(F)) if A(%) # (Z1); otherwise, it is an arc
which runs counterclockwise around the origin from (§) to (:Z ). Here, we
suppose that (A( g )) belongs to the square centered at the origin (0,0) with
side two.
Finally, let W (t) be the circle around the origin having (g, q) as the base
point and oriented counterclockwise.
We denote the homotopy classes of the loops a(t), b(t), co(t) in 71 (M A, 0)
by a, b, co respectively. We denote the homotopy classes of the loops e(t), d(t),
c(t) in m (MA — S',q) by e, d,c respectively, and in 71(MA,q) by €& d,é
respectively.
The next theorem describes the homomorphisms of diagram (2.2).

THEOREM 2.2. Let A and B be as in one of the siz cases given by Theo-
rem 2.1 and let fy be the homomorphism induced by f on the fundamental
group. Then:

(1) T (MAxgMA,(0,q)) = (a,b,&,d,¢: [a,b] = 1,[a,é] = 1,]a,d] = 1,
[b,e] =1, [b,d] =1, [6,d] = 1, éa é_l = a™b®2, ¢bé™! = a%b™,
cee ™t = é“lc_la2, ede=t = end” >, where ¢ is the homotopy class of
the loop given by the pair of loops (co(t),é(t)).

m(MA—Sl,q)

Case 11 A=(39), B={(g,2) withbs #0 orbs #1
(e,d,c:cec™ =e, cde™" = d)
Case 111 A:(é"f’),B:(égi)withagaéOandb;;;éO
(e,d,c:cec™ =e, cdc™" = e*3d)
Case IV A=(5%), B={(4*) with az(bs — 1) = —2b3 and by # 1

if as > —1 then (e,d, c: cec™* = eW, cdc™! = d~'e)
if as < —2 then (e, d,c: cec™" = We, cde™" = Wd™ e W)

Case V. | A= ('), B=(g,*) withaz(bs — 1) =0 and bs # 0 or by # 1
if as > 1 then {e,d,c: cec™' =W le ™ cdc™" = d e W)
if as <0 then {e,d,c: cec™ = e "W, cde™' = Wd™'e)
Case VI A= (3'%), B=(43®) with ag(bs — 1) = 2bs and by # 1

(e,d,c:cec™ =e™t, ede™ = e dW ™)

where W is homotopic to the loop e 'd ed.
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(3) The homomorphism (paoho (1, f))y is given by

(ba—1)

b —_
. b—e®d . co—ed”c.

ar— ebr=Dg”?
(4) The homomorphism iy : m(MA — S') — m(MA) is given by

e—é d—d, c+—¢C

(5) The homomorphism I exists if and only if we can find elements
21,2, Z3 € ker(m (T — 1) — m(T)) such that

F(a) — Zleln—ldbz7 F(b) — Z26b3db4_1, F(Co) _ Z3661d62c,

and
[I'(a), I'(b)] = 1,
I(co)(a)T(co™t) = I'(a®1b%2),
T(co)T(b)T(co™t) = I'(a%b™).
Proof. (1) It follows from Proposition 1.8 that
71 (M(A) % M(4), (0,)) = m(T, 0) w1 (M(4), @

and a presentation is

< d [ ) ]: [avé}:la [a,d]zl,
[b, €] = [bd]—l[cf]zl,
éaé—l = a®b®2, ¢bé !t = a3 p™,
cee ™t =end”, ede™t = emd™).

(2) We illustrate the cases V: a3 = 0 and VI: ag > 1. For the other
cases the calculation is similar and we leave the details to the reader. Recall
that W is the loop around the origin which runs counterclockwise. So it
represents the class of the element e~ 'd~led.

CASE V: ag = 0. We are going to construct liftings of the paths ¢, e
and ¢! to (R? — (Z x Z)) x I, denoted by &, & and ¢!, respectively, so
that the projection of the juxtaposed path éé¢—! on MA — S! is cec™!. In
(R? — (Z x Z)) x I we give a homotopy of the path ¢é¢~! to a new path
which clearly projects to e"'W 1. Consider

e(t) = (v(t), 1),
et) = (4(%"). 1),
S = (v -t —(3).1-1).

The sequence of diagrams below shows a homotopy between ééé~—! and a
path in the face (R? — (Z x Z)) x 0 of (R? — (Z x Z)) x I.
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-1 0 1  (®-@xz)xo

{ ] od

(R2—(ZxZ))x1

-1 0 1 (R2—(Zx7Z))x0

(R2—(ZxZ))x1

1 0 1  (R-@xZ)x0

2N

re /—<.q 0
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-1 0 1  (®-@xm)xo

1
<-o/* | o 0
-1
-1 0 1 (R?—(ZxZ))x0
1
G
-1

This last path when projected on M A — S' gives e"'W~! and therefore
cec ! = e WL,

Now the relation cdc™! = Wd~! is obtained as follows. We are going to
construct liftings of the paths ¢, d and ¢! to (R? — (Z x Z)) x I, denoted
by ¢ d and ¢!, respectively, so that the projection of édé=! on MA — S!
is cde™. In (R? — (Z x Z)) x I we give a homotopy of &dé' to a new path
which clearly projects to Wd 1.

Consider ~ - q
&t) = (y(t).t), d(t) = (A(g%¢), 1),
)= (v(1 =) —(9),1-1).
The sequence of diagrams below shows a homotopy between éde=! and a
path in the face (R? — (Z x Z)) x 0 of (R? — (Z x Z)) x I.

1 0 1  (R-@x2)x0

® .0

(R2—(ZxZ))x1




14 D. L. Gongalves et al.

-1 0 1  (®-@xz)xo

e .0

(R2—(ZxZ))x1

-1 0 1 (R2—(ZxZ))x0
1
q
g} 0
-1
-1 0 1 (R2—(ZXZ))x0
1
q
x%\ 0
—1

This last path when projected on M A—S* gives Wd~! and therefore cdc™! =
Wd1.

CASE VI: a3 > 1. We are going to construct liftings of the paths ¢, e
and ¢! to (R? — (Z x Z)) x I, denoted by ¢, & and ¢!, respectively, so that
the projection of &¢ ! on MA — St is cec™!. In (R? — (Z x Z)) x I we give
a homotopy of éé¢~! to a new path which clearly projects to e~ 1.

Consider

&) = (v(®),1), &)= (A(95).1), &'t)=(v1—-t) —(§),1—1).

The sequence of diagrams below shows a homotopy between ¢! and a
path in the face (R? — (Z x Z)) x 0 of (R? — (Z x 7)) x I.
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This last path when projected on M A — S gives e~! and therefore cec™! =
-1

e .

Now the relation cdec™' = e®dW ! is obtained as follows. We are going
to construct liftings of the paths ¢, d and ¢! to (R? — (Z x Z)) x I, denoted
by & d and ¢!, respectively, so that the projection of édé=' on MA — St
is cdc™!. In (R? — (Z x 7)) x I we give a homotopy of ¢! to a new path
which clearly projects to e®3dW 1.

Consider

(t) = (A1) 1).
U0 = (=) + (§),1-1)

We observe that since q was chosen such that Aq belongs to the square
centered at the origin (0,0) with side two, the path d must pass by a point
with z-coordinate between az — 1 and a3 and with y-coordinate 1.

The sequence of diagrams belows shows a homotopy between éde! and
a path in the face (R? — (Z x Z)) x 0 of (R? — (Z x Z)) x I.
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This last path when projected on MA — S 1 gives e®dW ! and therefore
ede™! = esdw 1.
(3) In fact,

(p2oho (1, f))(a) = (p2 0 h)(1, fly(a) = (20 h)y(a, fy(a))

Similarly we argue for b and cg.

(4) The proof is trivial.

(5) First we observe that if I'(a) = « then iy(z) = ig o I'(a) = (p2o
ho(l,f))u(a) = &®1=1g" On the other hand, iy (e ~1d?) = glbi-1g".
Therefore xd~"2e!=% = Z;, where Z; € mF(MA — S') =2 mo(T, T — 1) =
ker(m (T — 1) — m1(T")). Similarly we argue for b and cy. Now the equations

[['(a), I'(b)] = 1,

(o) [(a)T(c;") = [(a™b%),

I(eo) D(4)I(ey") = D(a®b)
follow from the relations on 71 (M A). =

PROPOSITION 2.3 (Case I). Let f: MA — MA be a map over S' where
f corresponds to case I where the matriz B is the identity. Then f can
always be deformed to a fixed point free map by a fiberwise homotopy.
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Proof. Define a lift for (p2 o ho (1, f))# by
I'(a)=1, I'(b)=1, I(cy)=e"dc.n

Now we derive a necessary algebraic condition for f to be deformable to
a fixed point free map.

ProroSITION 2.4. If f: MA — M A corresponds to the remaining cases
other than I and f can be deformed to a fixed point free map by a fiberwise
homotopy, then Z1 = 1. In this case in order to have the homomorphism I'
it is necessary and sufficient to solve the equation

T(co) T (D) (cyt) = D(a®b%) = ['(a®)[(b%) = ['(b™).

Proof. In the remaining cases, since (b —1,b2) = (0,0) and (b3, by —1) #
(0,0), we have I'(a) = Z;. But by Theorem 2.2(5), [Z1,I'(b)] =1.If Z; # 1
then we must have Z; = u® and I'(b) = u®, where u € m(T,T — 1). But
this is impossible, since iy o I'(b) = (paoho (1, f))(b) = gha g~V # 1. On
the other hand, i o I'(b) = i,(u®) = 1 since u € mo(T,T — 1). Therefore
Z1 = 1; the second part is immediate. m

3. GENERALITIES AND PROPERTIES OF THE MAIN EQUATION

In this section we first write in a more explicit form the main equa-
tion given by Proposition 2.4, interpreted as an equation in the free group
mo(T,T — 1). We derive some general results which are useful in solving
the equation. Then we study the main equation in the abelianization of
mo(T, T —1). We derive a necessary condition for the existence of a solution.

3.1. Main equation. Consider the equation given by Proposition 2.4.
Let E, D be any elements such that ju(E) = ju(ed®) and ju(D) =
ju(e?3d~1). Then we have:

ProrosiTiON 3.1. Let E and D as above. Then the equation given by
Proposition 2.4 can be written either

(1) in the form

Z3EcZsDe 'E7 251 = (Z9D)™, or
(2) in the form
Z3.EcZyc ' E"Y . E(cDc 1D E~L[E, D%]
'Da4ZB—1D7a4‘D(a471)/2Z2—a4D(17a4)/2 — 1.

Furthermore, cDc 1D~ ¢ ker ju and the existence of a solution of the
above equation is independent of the choices of E and D, for Zy, Z3 € ker j4.

Proof. (1) As ju(E) = ju(e“1d®?) and ju(D) = ju(eb2d®~1), there exist
ap,ap € kerju so that e“d®? = apFE and ebsgbi—1 = apD. Now the
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equation
I(co) I (D) (co™") = I(0*)
is
Zge d2cZye® d" T e TP e 25 = (ZpedM )™,
Substituting e*d*? = apF and ebsdbs—l = o, D we obtain
ZsaEcZyapDe 'E7 a1 257 = (Zyap D)™,

For simplicity, we denote Zsap and Zsap again by Z3 and Zy and so we
obtain the equation

Z3FBcZoDe ' B~ 72 = (Z,D)*.
(2) The equation above is the same as
Z3BcZyc 'E'EeDe ' D™ E ' ED“E"' D% D% 2,1 (Z,D) "% = 1
and therefore
Z3.EcZsc ' E7 . E(cDe ' D™ E[E, D*].D* Z; 1 (Z,D) ™ = 1.
Now it is sufficient to observe that
(ZyD)~% = D~ plas—1)/2 z-as p(i-as)/2

since a4 = *1.

To prove that cDc™1D 7% € ker jy it suffices to see that ju(cDc™ 1 D™%)
= cju(D)cju (D7) = 0, where the last equality is obtained by using the
action of ¢ and the fact that 71(7") is abelian.

For the last part observe that any two choices of either E’s or D’s differ by
elements of ker j4. So, the equation given by Proposition 3.1 has a solution
for one choice if and only if it has a solution for the other choice, and the
result follows. m

Motivated by the proposition above we make:

DEFINITION 3.2. An input datum for the main equation given by Propo-
sition 2.4 is a quadruple (b, by, c1, c2).

From Proposition 3.1 we see that the existence of a solution of the main
equation depends only in the input. Also, observe that the input defines the
map f.

By | |e,| |¢: m (T —1) — Z we denote the homomorphisms which map a
word w to the sum of the exponents of the generator e and the sum of the
exponents of d, respectively.

The next theorem shows that, for a fixed group 71 (M A), the existence
of a solution for one equation implies the existence of a solution of other
equations. This is done in terms of the inputs (b3, by, c1, c2). More precisely:
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THEOREM 3.3. Let A and B be fixed.

(1) The equation given by Proposition 3.1 has a solution for given E, D
if and only if it has a solution for wEcw™te™ wDw™!.
(2) The equations given in (1) have the coordinates c1, ca of the input
related as follows:
{ lwEcw e, = |E|, + [wew el
1
|

e’
lwEcw e, = |E|; + |lwew™ e,

Proof. (1) In fact, there exists a lifting homomorphism I" in diagram
(2.2) for the input data (A, B, E, D) if and only if there exist Zs, Z3 €

(T, T — 1) so that
Z3EcZaDe 'E7 251 = (Z9D)™
if and only if for all w € m (T' — 1),
wZ3EcZaDe ' E7 2 o = w(Zo D) 4wt = (wZy Dw ™)
= (wZyw fwDw™1)™,
Therefore

ng,w_lecw_1

c_lchgw_lew_lwc_1E_1w_1w23_1w_1

= (wZyw fwDw™1)™

if and only if there exist Zo = wZow ™!, Z3 = wZ3w™! € m(T, T — 1) so
that
23.chwi1cfchQwa71wcflE71w71Z;l = (ZowDw ™)
if and only if there exists a lifting homomorphism I" in diagram (2.2) for the
input data (A, B,wEcw ¢!, wDw™1).
(2) In fact, we have

lwBcw et = lwBw twew e,
= lwEw ™, + |wew e

= |B], + wew e ..

e

The other case is similar. =

COROLLARY 3.4. Let H be the image of the homomorphism m (T — 1)
— Z® Z which maps « to the pair (|cac™ a™t|,, |cac™ta™L|,). If two input
data (b3, by, c1,c2) and (bs, ba, ), cy) have the property that the pairs (c1, c2)
and (c},cy) belong to the same equivalence class in Z & Z/H, then there is
a solution for the equation with one of the inputs if and only if there is a
solution for the other.

Proof. Suppose that for the input datum (bs, b4, c1, c2) there is a solution,
and (bs, ba, ¢}, ¢y) is another input datum so that (ci, c2) and (¢}, ¢}) belong
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to the same equivalence class in Z @ Z/H. Then there exists w € w1 (T — 1)
so that
(ch,ch) = (e1,¢2) = (Jewe™ 'w™ e, [ewe™ w ™ a).

Let E be such that (|Ele, |E|q) = (c1,c2). Then the equation has a solution
for a suitable D. Define E' = wEcw~!c™1. By Theorem 3.3(1), the main
equation also has a solution for E’. Also by Theorem 3.3(2),

(1B le, |E'a) = (lwBew™ ¢!, [wBew™ ™).

Therefore, for the input (bs, by, ¢}, ¢5) we also have a solution and the result
follows. =

REMARK 3.1. Let A and B be given, and C be a set of representatives
of the equivalence classes of Z @ Z/H. In order to analyze all the cases it
suffices to analyze the equation for the set of inputs (bs, by, c1, c2) such that
(c1,c2) runs over the set C.

3.2. Equation on the abelianization. Let my = mo(7,T — 1) denote
the kernel of the map ju : (e,d) = m (T — 1) — mT = (e,d : [e,d] = 1)
and B = [e,d]. We will study the equation given by Proposition 2.4 on the
abelianization (7g)a1, = ma/[m2, m2] of mo and also on some quotients of this
group. Whenever the equation in one of these quotients has no solution,
we can infer that the original equation has no solution. The group ms is
isomorphic to m (F), where F — E(T' —1) — T is the fibration obtained by
making the inclusion 7' — 1 — T into a fibration. So the group 71 (T") acts
on Hl(f) = 7T2/[7T2,7T2].

PROPOSITION 3.5. (1) We have

H\(F) = Zm(T) = P Beea,
T,YEL
where Bezgy = By ) = A(e"d?[e, d|d"Ye™™) is a generator of a copy
of Z. Here A : mo(T, T — 1) = my — mo/[ma, ma] = Zm(T) is the
natural projection.

(2) If, by means of this isomorphism, an element of Hi(F) corresponds
to the generator 1, of the copy Z, indexed by an element w € w1 (T),
then the action of a € m(T) on By, is the generator of the copy of
Z indezxed by the product aw, namely By, .

Proof. Let p : R?> — T be the universal covering map and let &y and
be the base points of R? — p~1(1) and T — 1, respectively.

From Remarks 1.1, 71 (F) = ma(T, T — 1; x0).

Take o € m(T — 1, x0) such that jx(a') = «, where jy is the epimor-
phism induced by the inclusion j : T'— 1 — T. We consider the following
diagram:
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Q|

mo(R%R? — p~ ' (1);&0) —— m(R® — p~ ' (1); Zo)

/ h
Py

2\~

[~}

"R

Q

m2(R*R* —p~'(1);90) —— m(R* —p~'(1); 7o) Pl#
Pl l
Py | o mo(T, T — ;20— m1 (T — 1;30)

’
T T 7
o @
= =

m (T, T — 1, a:o)>6—> m (T — 1, z0)

The map h,, is the deck transformation corresponding to « and go = ha(Zo).
The isomorphism 7/, is the action of o/,

From these isomorphisms, we conclude that H;(F) is the abelianization
of m(R2, R2—p~1(1); Zg) = m1(R2—p~1(1); &) ; therefore item (1) is proved.

Note that the left face of the diagram is not commutative, but if we look
at this diagram on homology groups that face is commutative.

Geometrically, if we suppose o = ¢™d", then h,, translates a small circle
around the point (x,y) € p~!(1), which represents a generator By €
Hi(R*—p~1(1)), to a circle around (x +m,y +n). When we identify B,
in Zm1(T), this corresponds to the product « - (e*d¥) and (2) is proved. m

We denote by | | the homomorphism £ o A where A is the abelianization
homomorphism and & : Z(m1 (1)) — Z is the augmentation homomorphism,
ie. E(By) =1€Zfor all w € m(T).

THEOREM 3.6. (1) |aZa™ Y| = |Z| for all « € (T — 1) and Z €

mo(T, T —1).
2) |[e*1d¥, e2d¥]| = det {””1 ”] .

Y1 Y2
(3) |[Zemrdvr, WeP2d¥2]| = |[e®1d¥", e¥2d¥?]| for all Z,W € mo(T, T —1).
(4) Ifc€ m(MA — SY) as in diagram (2.2) then
lcZc™Y| = [sgndet(A)]|Z|  for all Z € mo(T, T — 1).
Proof. (1) By definition |aZa™!| = £ o A(aZa™') = E(jx(a).A(2)),
where jy : 11 (T — 1) — m1(T). So, if j4(a) = e™d™ and A(Z) = B!

| t (z1,y1)
then ]#(Oé)--A(Z) = B(alc1+m,y1+n)

aZa™!| = E(j(a).A(Z)) = € 0 A(Z) = |Z].
(2) We note that

(i) ‘[exldyl’ exzdyQH — |6I1 [dyl’exz]e—mexz [em’dyz]e—xz’
= [l 2] + |[e=r, @)

. Therefore,
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(ii) From [d¥', e™2][e®2,d¥'] = 1, we have |[dY", e™2]| = —|[e™2, dY"]|.
(iii) From [e®,dY]d~Y[e*, dY]dY = 1, we have |[e”,dY]| = —|[e*, dY]|.
Therefore, it is sufficient to prove |[e*,dY]| = xy when y > 0. This follows
by induction on y.
(3) We have

[Ze™dvt, We*2dv?]|
= |ZeMdN Wd Ve L [e" d¥, e2d¥2)e™2d¥2 Z T d Ve 2 |
= |Z| + [ d Wd ¥ e ™| + |[e"d", e*2d¥?]|
+ |6r2dy2Z—1d—yze—x2| — W
= |Z]+ W[+ [[e"d", e™d”]| — [Z]| = |[W]| = [[e"'d"", e"d”]|.
(4) We have cBc™! = cec tede tee te ted et We observe that in
any case cec ! = ae and cde™! = Be®d" with o, 8 € mo(T, T — 1) and
A= <€ a3>’ where en = +1.
U
It follows from (3) that |cBc™l| = [e%[ef,d"] e 9| = sgndet A. In the
general case, Z can be written in the form
T
7 = HO(ZBthéZ_l
i=1

So, cZc™' =i, caic ' (cBe Y tica; et and therefore

_ _ . cBe 1t
lcZc | =Eo0 A(cZc™) = 5(1:[13].#(6%;1))

T T
= Z lcBe™Ht; = |eBe™ Zti =|cBc Y |Z].
i=1 i=1

Now we consider the equation given by Proposition 2.4. We will look at
it in the abelianization of 7o(7T,T — 1), which is Zm(T), and in a quotient
of Zm(T), namely ZH, where H = Z & Z/{(c1, ¢2), (b3, bs — 1)). Denote by
T the image of 2 € my(T, T — 1) either in Zm;(T) or in ZH. Then we have:

PRoOPOSITION 3.7. Let E and D as in Proposition 3.1. Then the main
equation given in Proposition 2.4 is:

(1) of the form
Z3.EcZyc 'E7 V. E(cDc1D~)E-L[E, D%|
.Da4Zg—1D7a4'D(a471)/2Z2—a4D(17a4)/2 -1
in the abelianization, where Zy, Z3 € Zm1(T),
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(2) of the form
cZyc t.cDem1D~4 [E, D). Z, % = 1
mn ZJEI, where Zy € 7Z.H.
Proof. In ZH, where H = Z ® Z/((c1, ¢2), (b3, by — 1)), the equation
Z3.EcZyc ' E7 . E(cDc™1D~4)E-1.[E, Da4]
D% z;Lp-a1 plas—D/2z-as pli-a/2 _ |

reduces to cZoc™'.cDe~ 1D~ [E, Da4].Z; ™ = 1, since ZH is abelian and
in this quotient

ECZQCilEil = CZ26717 E(CDC—lD—a4)E—l — CDC_lD_‘M,
DG4Z3—1D—CL4 — Zg—l’ D(a4—l)/222—a4D(1—a4)/2 — Z2_a4. .

By applying the homomorphism | | to the left-hand side of the equation
given in Proposition 3.7(2) we obtain:

COROLLARY 3.8.
[sgndet(A)]|Za| + |cDe ' D™ | 4 |[E, D™]| + | Z; *| = 0.

Proof. By Theorem 3.6(4), we have |cZac™!| = [sgndet(A)]|Zs| and the
result follows. m

4. THE MAIN RESULT: SOLUTIONS OF THE MAIN EQUATION
In this section we prove the main result of this work:
THEOREM 4.1. A fiber-preserving map f : M(¢) — M(¢p) can be de-

formed to a fized point free map by a homotopy over S' if and only if one
of the cases below holds:

(1) M(9) is as in case I and f is arbitrary.
(2) M(¢) is as in one of cases II, III, IV and c1(by — 1) — cabg = 0.
(3) M(¢) is as in case V and

by(bs + 1)+ c1(1 —bg) + cobs — 1 =0 mod 2

except in the cases listed in the table below:

as (b3, ba) c1,¢2) E D

2r > 0 (25,1) = (0,0) 1 e?*

2r <0 (2s,1) =(0,0) [d' e e

2r+1>0 (25,1) = (0,0) 1 e?*

2r+1<0 (25,1) =(0,0) [d7'e™ e
0 (25,1 + 2k) (0,0) 1 d*e**d*
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(4) M(¢) is as in case VI and either
(I) a3 is even and
(by —1)(c1 — 1 —cor) =0 mod 2

except when by—1 = 2™ py, wherepy > 1 is odd, and co = 2™ po,
where py 15 odd, 1 < ny < ng and ¢ —rco = 0 mod 2, or
(IT) as is odd and

E(1+ c2) =0mod 2

except when (by —1)/L = 2p + 1 and c2 = 2q, where L =
ng(b4 — 1, 62).

The rest of this section is devoted to the proof of this result. We briefly
describe our approach to decide if an equation has a solution or not.

1) First we compute the necessary condition given by Corollary 3.8 and
the set of equivalence classes as defined by Corollary 3.4.

2) Then we choose a set C of representatives of the equivalence classes
in Z@® Z/H given by Corollary 3.4. For some (c1,c2) € C we find elements
E, D which correspond to the input (bs, b4, c1,c2) and satisty

EcDc 'E~ D% =1,

This tells us that the equation given by Proposition 3.7(1), with E, D chosen
as above, admits the trivial solution Zy = Z3 = 1, and allows us to write a
sufficient condition, in terms of the data, which guarantees the existence of
a solution.

3) For some classes (c1,c2) € C we show that there is no solution by
looking at the main equation either in Zm;(T"), which is the abelianization
of mo(T,T—1), or in ZH, where H is Z @ Z/H and H contains the subgroup
((c1,¢2), (bg, by — 1)). Then we use Corollary 3.4 and Proposition 3.7.

CASE I: It was solved in Proposition 2.3.
Case II: A' = (}9) and B! = (é Zi). The equation to be solved is
Z3EcZyc 'E7'E(cDc ' D™YEE, DD Zs 'D71 2,7 = 1.
(1) The condition given by Corollary 3.8, called the necessary condition,
is
lcDc' D7 + |[E, D]| =0,
but for every D we have cDc 'D~! =1, so

b
HE,DH:O:det<Cl 3 )
co byg—1
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(2) The sufficient condition is

b
det <Cl 3 > =0.
Co b4 -1

We consider L = ged(bs, by — 1) and let (K1, k2) be so that (b, by — 1) =
L(k1, k2). If the above determinant is 0 then there exists t € Z that (c¢1,c2) =
t(ky1, k2). We take E = o' and D = v, where v = e¥1d"*?, and it is easy to
verify that [E, D] = 1 and cDc™!D~! = 1, so the equation admits the trivial
solution Zy = Z3 = 1.
Casg II: A' = (§%) and B! = (
solved is
Z3sEcZyc 'E7'E(cDc ' D YWEYE, DD Zs D71 2,7 = 1.
(1) The necessary condition is
lcDc'D™Y| 4 |[E, D]| = 0.

To compute |cDc™'D71|, we take D = e; then ¢cDc™!D~! = 1. So, the
relation above becomes

(1) b13 ) with b3 # 0. The equation to be

b
[E, D]| = 0 = det <Cl 5’) = —cgb3, b3 #0,

C2

which implies c3 = 0.
(2) The sufficient condition is ¢ = 0. If this condition is satisfied we take
E =¢° and D = e and so [E, D] = 1. Therefore, the equation admits the
trivial solution Z9 = Z3 = 1.
Case IV: Al = ({ %), B = (§1?) and ag(bs — 1) = —2b3 with by — 1
# 0. The equation to be solved is
Z3FcZyc 'E7Y(E(ecDe'D)E~YE, D \\D"'Z;"'DD"'Z,D = 1.
(1a) The necessary condition is
lcDe™'D| + |[E,D7!]| = 0.
In order to calculate this condition, first we consider ag > —1. Since by =
—asz(bg — 1)/2, 2 divides either ag or by — 1. If 2 divides az consider v =
e~%/2q otherwise 2 must divide by — 1 and consider v = de~%3d. From the
presentation of the group for ag > —1 we have cve b =pL,
Therefore, if D = v?#~! then ¢Dc¢™'D =1 so |cDc™1D| = 0.
Let a3 < —2 and consider the presentation which corresponds to this
case. If we set 3 = e~ 'd'e, then the presentation is given by
(e,d,c:cec™t = Bef L, cde™! = Be®d~1371).
Take v as in the previous case; similar calculations show that
cvc b = Bdv a7 = et d o d 7 e Y.
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So, if we take D = v~ or D = v®1=1/2 then ¢De™'D = [[e~!,d 1], D]
and therefore |cDc™'D| = 0. Thus, the necessary condition is |[E, D71]| =
0= Cl(b4 - 1) + Cgbg.

(1b) The image of the map 71 (T — 1) = (e, d) — Z ® Z given by

a— (|aca e, Jaca™ e y)
is denoted by im(| [, | |4). We have e — (0,0), d — (—as,2), so
Z®Z AW/

im(| [e, | la)  ((as,—2))
(1c) We have

((ag, —2), (=1, 1))
Z8Z (a3, —2))

12

z if a3 = 2r + 1,

((a3, —2)) ((=1,0), (r, 1)) ~
() R

(2a) The sufficient condition is |[E, D7!]| = 0 = ¢1(1 — by) + cobs. We
are going to prove this in the steps that follow.

(2b) If az = 2r + 1 then a complete set of representatives of F is given
by elements of the form (0, y), where the coordinates are relative to the base
(<a37 _2)7 (_Tv 1)) S0 (617 02) = (—yr, y)'

These values must satisfy the necessary condition ¢1(1 — byg) + cob3 = 0.
Since ag(by — 1) = —2bs, by — 1 # 0 and ag = 2r + 1, it follows that by — 1
is even. The equation c¢1(1 — bs) + c2b3 = 0 with (¢1,¢2) = (—yr,y) now
reads

if ag = 2r.

—ag(by — 1 by —1
yr(bg — 1) +y GS(; >:y 42 [2r —2r —1] =0,

which implies y = 0.

For a3 > —1 and a3 = 2r + 1, take E = 1 and D = v(b4_1)/2, where
v = de~%d, and for a3 < —2 take E = [d~',e—1] and D = v(®+=1/2 where
v = de”%d, so in either case we have EcDc 'E~1D = 1, therefore the
equation admits the trivial solution.

(2¢) If ag = 2r then a complete set of representatives of F is given by
elements of the form (z,7), where (z,y) are the coordinates relative to the
base ((—1,0), (r,—1)) and § means y modulo 2.

So a set of representatives consists of the elements of the form either
(c1,c2) = (—,0) or (c1,c2) = (—x +r,1).

From the necessary condition ¢;(1 — by) + cobs = 0 we conclude that if
E =(—z,0)or E = (—x+7r,—1) then z = 0. So, for E and D below, we have
EcDc 'E~1D =1 and therefore the equation admits the trivial solution.
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as (c1,c2) E D
2r>—-1  (0,0) 1 (e7"d)be—t
2r>-1 (-n1) e’ "d (de=m)ba—t
2r<—2 (0,00 [e7t,d7Y] (eTd)?
2r<—2 (=r1) e Telde (de T)a7!

Case V: Al = (1), Bl = (] gi) and a3(by — 1) = 0. The equation
to be solved is

Z3FcZyc 'E7Y(E(ecDe'D)E~YE, D )\D"'Z;"'DD'Z,D = 1.

(1a) The necessary condition is

2|Zs| + |eDe ™' D] + |[E, DY = 0.
Observe that |cDe~!D| depends on the choice of D, but |[E, D~!]| does not,
since if D1 = aD and E; = BE with «, 8 € mo(T,T — 1), then
lcD1c™ Dy | = 2|a| + |eDe™ D)
and
11, D]l = 1B, D7]|.

We conclude that the augmentation mod 2, denoted by | |2, is indepen-
dent of D, and in order to calculate this condition we can take D = e?3db4+—1
and so [cDc™'D|s + |[E,D71]|2 =0 or

b4<bg + 1) + 61(1 — b4) + cobg — 1 = 0 mod 2.
(1b) The image of the map 71 (T — 1) = (e, d) — Z @& 7Z given by
a— (|aca e, Jaca™ e y)

is denoted by im(] |, ]| |4). We have e — (2,0), d — (—as, 2).
(1c) If ag = 2r, where r > 0, then
LZSL _ <(1,0),(—7’,1)>
(] fe, [ o) (2(1,0),2(=r,1))
Let (|E|e,|E|q) = (c1,c2). If ¢ is odd, then a set of representatives of
E is {(—r,1),(=r + 1,1)}. If ¢ is even, a set of representatives of E
is {(—2r+1,2),(0,0)} or {(1,0),(0,0)}.
(1d) If a3 = 2r + 1 then
Ay 7oL ((1,2),(0,1))
lm(‘ ‘67 ’ ‘d) <2(17 0)7 (_QT -1 2)) <(17 2)7 (074)>
Let (|Ele, |Ela) = (c1,c2). If ¢o is odd, a set of representatives of E is
{(0,3),(0,1)} or {(1,1),(0,1)}. If 5 is even, a set of representatives of F is
{(0,0),(0,2)}.

=79 D Zs.
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(2a) For ag = 2r, where r € Z, the sufficient condition is (c1, c2) #Z (0,0),
that is, ¢; Z 0 mod 2 or ¢o # 0 mod 2. For ag = 2r 4+ 1, where r € Z, it is
(c1,¢2) # (0,0), that is, co Z 0 mod 4.

(2b) For E and D specified below we have EcDc 'E~1D = 1, so the
equation in (1) admits the trivial solution Zs = Z3 = 1:
az=2r>0 ¢ (b3,b4)  (|Ele, |Ela) = (c1,c2) D
r even odd  (b3,1) (=r,1) =(0,1) d ebs
r even odd  (b3,1) (=r+1,1)=(1,1) ed ebs
r odd odd (b3, 1) (—r+1,1) = (0,1) d ebs
r odd odd  (b3,1) (-r,1)=(1,1) ed ebs
even (2s,1) (=2r +1,2) = (1,0) de **'d ede’d™!
a3 =2r<0 ¢ (b3, b4)  (|Ele, |Ela) = (c1,¢2) E D
r even odd  (b3,1) (—r,1)=(0,1) d(d"'e 'de) ebs
r even odd  (bs3,1) (—r+1,1)=(1,1) ed(d ‘e de) ebs
r odd odd (b3, 1) (—r4+1,1)=(0,1) d(d ‘e 'de) ebs
r odd odd  (bs,1) (—r,1)=(1,1) ed(d ‘e 'de) ebs
even (2s,1) (=2r+1,2)=(1,0) de™*"de eSde’d™"
az=2r+1>0 ¢ (b3, b4)  (|Ele,|Ela) = (01,02) E D
odd (b3, 1) 0,3) = (1, ed e
odd  (b3,1) (0,1) = (0, ) d ebs
even (2s,1) (0,2) = (—2r,2) de™*d eded™!
a3 =2r+1<0 Co (bs, ba) (c1,¢2) E D
odd  (b3,1) 0,3) = ( 1) ed(d ‘e lde ebs
odd (b3, 1) (0,1) = (0,1) d(d*e *de) ebs
even (25,1)  (0,2)=(—2r,2) de *'de e°de‘d?
a3 =0 (c1,¢2) (b3, ba) E D
(0,1) bs odd, or e’ 72de  ebsTldbaTle
by —1 =2k and bz even e *3Tl'de  dFedFebs !
(1,0) by—1=2k+1,o0r d*e d**ebsd
bi—1=2kand by =2s d " e'de’d® !
(1,1) bz = 2s or de efd et
bs —1=2k de d*e’sd”

(3) There is no solution for the remaining cases. To see this, consider F,
D as given below:
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as (b3, ba) c1,C2) FE D

2r >0 (25,1) =(0,0) 1 e

2r <0 (2s,1) =(0,0) [d7',e!] e*

2r +1>0 (25,1) = (0,0) 1 e*

2r+1<0 (25,1) =(0,0) [d7'e!] e?*
0 (25,2k+1) =(0,0) 1 d*e*sd*

We write the term
EcDc 'DEYE,D™'| = EcDc'E™'D

in the generators B, of the abelianized group Zm(T).
For a3 # 0 we have EcDc 'E~1D = [d~!,e72%], so

T _ = - _ -1 1 1 1
EcDc 'E-1D = [d~1, (e~1)?s] _B(—L )B( )B( 1) B( 95,-1)"
If Z5 contains B?x y) A5 a summand then
~1p—1 _
EcZye E (n—:c—&-a3y+a3 2,—y—2)’ D~ lZQD B(I—sty)

Let H = ((2s,0)) be the subgroup of 7 = m(T) = Z ® Z. Now in Z(w/H)
the equation reduces to

EcZyc 'E"YEcDcYE-1DD 'Z,D =1
and

— — — 1 -
EcDc 'E-1D = [d~ 1, (e71)?] = B(zs 1_1)B(23 2,—1)

- 1
B(233_1) B 1y

In order to cancel the term B(S_L_l) or B(2s—17—1)’ either B(,_; _q) or
B(2s-1,-1) must be a summand in Zy. Then
—1p—1 1 1
FEcZyc "E = B(s—l,—l) or B(2S_17_1),
D™'ZyD = B(,_y 4y or Blo, | 4y
So, the total exponent in Zs is even, therefore it is impossible to cancel
B! or B!
(s—1,-1) (2s—1,—-1)"
For az = 0, we have
EcDc 'E7'D = ¢De D = [e7td Y d7Fe25d7H],

SO
(cDe D)™t = [d ke 2d7F e7td7

= [d~Fe~2dF, 6_1]6_1[d_k6_28d_k,d_l]e,
and hence
eDe~ 1D = e_l[d_l,d_ke_%d_k] e d e —QSd—kJ]
:e_ld_k[d_l,e_%]dk e, d k —QS]d—k ~2s[e=1 g~ ] 25 gk
_ e_ld_k[d_l,e_%]dk e ]d_ke_%[e_l,d ]QQSdk‘
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—1 nfl[

We now use the formula [z, y"] = [z,y]y[z,y]ly™ ...y ,yly~" T for

the commutators [d~!, (6_1)2 Jand [e7!, (d~ 1) ] (here we suppose that s > 0
and k£ > 0). We have

[d_l,( —l) ] [d_ _1]6_1[d_1,6_1]6. B e—2s+1[d—17€—1]€2s—1.

Le 1l =dlelded le 1 = B(__1 1,1y and therefore,

In Zm we have [d—

[T, (e71)*] = B o B! B!

1
BB s Blas 1y

1)

=le Ld ) d e t,d Ndd2[e " ,d"Yd?...d e L, d aM L.

In Zm we have

[e=l,d™1] = e td~tede1d~ de = B(_y _y)

and therefore,

[e1, (d_l)k] =B 1, -1B1,-2)B1,-3) - - B1,-)-
Finally,
¢Dc 1D =

—1 1
(B (- 2 )B(—3,—1—k) B( 25—1,—1— k;))

-(B<—1,—1>B(—l,—2>B<—1,—3> - Bea-n)
(B—1-2s,—1-k)B(—1-26,—2-k) B(—1-25,—3-k) - - - B(—1-25,—k—k))-
Let H = ((2s,0),(0,2k)) be the subgroup of m = Z & Z. Now look at
the equation in Z(7w/H). The equivalence classes admit B(,,) as a set of

representatives for 0 < z < 2s—1 and 0 < y < 2k — 1. After projecting on
Z(m/H), we get

cDc='D = (B}

- 1 1
(25—2,k— 1)B B B,

@s-36-1) " Boje-1)Bas—1,46-1))
-(3(2571,21{71)3(2871,21%2)3(2371,21673) - Bas—1,2k-k))
(B2s—1,k-1)Bas—1,k-2)B2s—1,k-3) - - - B2s—1,0))-

The term B( ke 1)3(25_1,2,6_1) is different from O since in this case

s # 0 or k # 0 and it cannot be cancelled using the variable Z5 (certainly
also using the variable Z3). In Z(7/H) this reduces to

cZsc YeDe DD ZoD = 1.

If Z5 has the term B(s—l,k—l)B(_g}g_17gk_1) then

1 1
cZac” = Bspi-a,-k+1-2)B o110 _aki1-9)

= B(s—1,-k— 1)B( 25—1,—2k—1)"



Fized points on torus bundles 33

In Z(w/H) we get

1 -1
cZsc 23(5—1,k—1)B(25_1,2k—1)

and

—1 -1 -1
D™ 2D = B(S—1—25,16—2’6—1)B(2372371,2k72k71) - B(—S—lv—k—l)B(fl,fl)
= B(s_1,4-1)B5.

(2s—1,2k—1)

which shows that we cannot make powers of B(,_1;_1) and Bs_1 k1)
become zero.

Case VI: A' = (1%), B = (§1?) and ag(bs—1) = 2bg with by—1 # 0.

The equation to be solved is
Z3FcZyc 'E7Y(E(ecDe 'DYE YE,D))DZs'D 1 2,7 = 1.

The augmentation homomorphism | | applied to the equation provides the
condition

—2|Zs| + |eDe DY + |[E, D]| = 0.

This condition modulo 2 is |cDe~ D713 + |[E, D]|2 = 0 mod 2.
We consider two cases: ag even and ag odd.

SUBCASE a3 = 2r: Then 2r(by — 1) =2b3, Al = ( _01 21’”), Bl= ((1) T(bggl))

with by — 1 # 0. We summarize the data of this case by

-1 2r 1 r(bs—1)
- (2 () )
( |Ele, [Ela) o 1)\ b, c1, 2

(1la) To calculate the necessary condition modulo 2, take v = e"d so
cve™! = e7lwe. Now if D = 0P~ then ¢Dc™'D~! = [e7!, D] and therefore

-1 by —1 by — 1
lcDe™ ' D™y +|[E, D2 = det ( r(bs )> + det (Cl r(ba )>
0 by — 1 c9 by — 1

= 0 mod 2
SO
(bs —1)(c1 —1 —cor) =0 mod 2.
0 solve the equation for the imput datum
1b) T 1 h ion for the i d

-1 2r 1 r(bg—1)
- (2 2) () 00)
( |Ele, |Ela) o 1)\ by 1,02

is equivalent to solving for the input datum

-1 0 1 0
A, B,|E|., |FE|q) = , ,C1 —TCa,Ca |.
etz = () () o) -raa)
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To see this, it is sufficient to consider the isomorphism ¢ : G; — G given
by
e—e, d—e'd cr—oc,

where

Gi1=(e,d,c:cect =e !, cde™ = e e de)

is the group for the first datum, and
Go = (e,d,c: cecl=e ! ede™! = eilde>

is the group for the second datum.
(1c) Now we consider the input datum

1 0\ /1 0
A,B,|E|., |E|q) = , ,Cl —TCy,C
(4, B, |El.. |El) ((O 1)(“4)1 )

satisfying the necessary condition
(bgy —1)(c1 — 1 — cor) = 0 mod 2.
In this case the map m (T — 1) — Z & Z given by
a— (|aca e e, Jaca™ e y)
maps e — (2,0) and d — (0,0).

We consider the quotient group Z @ Z/{(2,0)). So, it suffices to take E
so that (|Ele, |Elq) = (0, c2), (IEle; |Ela) = (1, c2).

(2a) If |E|e = ¢1 —rca = 1 mod 2, then the problem has a solution. Take
D =d" ! and E =d®?eso EcDcT'E~'D ! =1.

(2b) If |Ele = ¢1 — rca = 0 mod 2, then the necessary condition implies
that by—1is even, i.e. by—1 = 2k. Let L = ged(bs—1,¢c2). If (by — 1)/L = 2p,
then ca/L = 2q — 1 and in this case the equation has a solution. Take
v = cdc™! = e~ lde and note that cvc™! = d. Now, if D = (d*v")? and
E = v~ L(vld")9, then

EcDc'E7'D™ = B(whd Y ETI' DT = v (vl db )Pt DT = 1.

(3) Now suppose by — 1 = 2™ py, where p; > 1 is odd, and ¢ = 2"2po,
where po is odd, with 1 < ny < ng and ¢; — rcg = 0 mod 2, where the last
condition is equivalent to ¢y = 0 mod 2, since cs is even. Let us show that
in this case we have no solution.

Let D =d* ! and E = d°?. Then

E(eDc*D™YEY[E,D] = EcDc *E-'D = 4% cd¥* e~ 1d—2q! 0

— dc2€_1db4_1€d_62d1_b4

— e [e_l,db4_1]d_02.
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But since [e=1,d] = B/} . and [e~1,d" 1] = B(_1,-1) we have

(_170)
-1 -1 -1 -1 :
e = | BowBenBag By 121,
B(fl,fl)B(fl,fZ)B(fl,fB) . B(71,17b4) ifbg —1 < —1.
Therefore,
EcDc 'E-1D-1
—1 —1 —1 1 :
_ B(—LCg)B(—1,1+02)B(—1,2+02) .. 'B(—l,b4—2+::2) ifbg —12>1,
B1—14e) B(-1,-2+c) B-1,-34¢2) - - B(-1,1-bater) b4 —1 < -1

The equation is
Z3EcZyc 'E"'EcDc'E-1D-1DZ;' D7 Zy = 1.

If we define Zy = B&y) and Z3 = Bg’w) we have cZyc™! = B(i"mizy),

since CB((]’())C_I — B(__1270). SO, ECZQC_lE_l — B(__n;g—Z,y-FCQ) and DZ3_1D_1

= B(zf?u+b4—1)'

In fact, consider the subgroup H = ((0,L)) of Z @& Z, where L =
ged(bg — 1,¢2) and (bgy —1)/L = 2p + 1. Now, we look at the equation in
Z(m/H). In Zm the equation

ZgEcch*1E*1E0Dc—1E—1D—1D23—1D71Z2—1 -1

is given by

_ - 1 -1 1
1= B(nzl,w)B(—T;:—Q,y—i—cg)B(—l,cg)B(—1,1+02)B(—1,2+02) to

—1 —-m —-n
Bpaten Blwn-nBey
After projecting it on Z(w/H) we get

—n —2p—1p—2p—1 = p—2p—1 -n  _
B o B o By BBy =1

In Z(w/H) we have EcZoc 'E~! = B(_"I_Q ) Therefore, the sum of the
exponents of all B(_y ;) fori=0,..., L—1 which appear in Ecch_lE_lZ2_1
is even. On the other hand, this sum is —2p — 1, which is odd. So, there is
no solution.

SUBCASE ag = 2r+1: Then by—1 = 2k # 0 and therefore b3 = (2r+1)k,
-1 2r+1 1 (2r+1)k
0 1 0 ba
We summarize the input datum of this case by

(AL, BL,|B|., |El,) = ((—1 27"4—1)7 (1 <2T+1)k>,01,02).

0 1 0 by
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(1a) To calculate the necessary condition modulo 2, take v = de?"*1d
so coc™t = e~ ld~'vde. Now, if D = v¥ then ¢cDc™'D™! = [e71d~!, D] and
therefore

-1 (2 1)k 2 1k
|CDC—1D—1|2+|[EaDH2:det< (@r+1) )+det <Cl @r+1) >
-1 2k 2 2k

= 0 mod 2
SO

k(14 c2) = 0 mod 2.
(1b) To solve the equation for the input datum

-1 2r+1 1 (2r+ 1)k
- (2 *0 5))
( [Ele, [Ela) 0 1 0 ka1 ) e

is equivalent to solving it for the input datum

11N /1 k
A, B,|El, |Elq) = , ,C1 —TC2,C2 |.
(4, B, |E|.,|Ely) ((0 1) (0 %H) |~ res )

To see this it is sufficient to consider the isomorphism ¢ : G; — G» given

by
e—e d—e'd c—oc,
where
Gi1=(e,d,c:cect =e™!, cde™ = e e Tde)
is the group for the first datum, and
Gy = (e,d,c:cec ™t = e, cde™ = e tede)

is the group for the second datum.

(1c) Now, we consider the input datum

-1 1 1 k
AaBaEevE = ) 9 - )
slelle = () () gy ) arene)

satisfying the necessary condition
k(1 + c2) = 0 mod 2.
In this case the map m (T — 1) — Z @ Z given by
a— (laca e, Jaca™ e yg)
maps e — (2,0) and d — (—1,0).
We consider the quotient group
YASY/ Y

((2,0),(=1,0))  ((1,0))°
So, it suffices to take E so that (|E|c,|D|q) = (a,c2), where a is fixed and
co € 7.
(2a) If |E|q = c2 = 1 mod 2, i.e. ¢ = 2p — 1, then the problem has a
solution. Take D = (ded)* and E = (ded)?d~" so EcD¢c'E~'D~! =1.
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(2b) If |E|e = c2 = 0 mod 2, i.e. co = 2p, the necessary condition implies
that k is even. Let L = ged(bg — 1, c2); it is even as co = 2p. If (by — 1)/L =
2py then co/L = 2q + 1, and in this case the equation has a solution.

Indeed, first we observe that if w; = ded and wy = cwic™' = dde =
dwid™! then cwsc™! = wy so c(wiwse)®c™t = (wowy)*.

Now, if D = (wf/2w2L/2)p1 and E = wf/z(wQL/wam)q then

EcDc'E7'D !t =1.

(3) If (by —1)/L = 2p+ 1 and ca = 2¢q we are going to prove that the
equation has no solution.

It is sufficient to prove that it has no solution for D = w} and E = wi.

We have
EcDc 'E7ID™ = wiwh (wd) "t = [d, (ded)"],
where
-1 p-1 -1
o dea = 4 PonBas - Bz
’ B Y Bl ., ..B!
(_17_1) (_27_3) (k72k+1)
The equation to be solved is
Z3EBcZsc 'E'EcDcTE-1D-1DZ;' D712, = 1.
the terms of the above equation:

for k > 1,
for k£ < —1.

and Z3 = BZ’ZL w) We obtain the following calculation for

Z3 EcZye 'E7! EcDc'E-'D-' Dz;'D'  Z;!
Biw)  Blaiiytes2uten) [d, (ded)*] B kwion By

We consider the subgroup H = ((1,0),(0,L)) of Z & Z, where L =
ged(by — 1, ¢9) = ged(2k,2q) and 2k/L = (by — 1)/L = 2p+ 1. Now, we look
at the equation in Z(w/H).

So, for k > 1, in terms of representative classes, the equation in Zm is

m -n —1 —1 —1 —m -n __
(z,w)B(fx71+y+02/2,y+cg)B(O,I)B(l,i’)) T B(k*l,Qk*l)B(z+k,w+2k) (zyy) — L.
After projecting it on Z(w/H) we get
—n  p—(2p+l) p—(2p+1) —(2p+1) -n
BawBon Buy " Bup-isp By =1
In Z(w/H) we have EcZyc 'E~! = B(_m"y). Therefore, the sum of the expo-

nents of all B(;_1 9,_1), fori = 1,..., L/2, which appear in Ecch_lE_lZ2_1
is even. On the other hand, this sum is —(2p + 1), which is odd. So, there is
no solution.

We note that if k > 1 then, for all i = 1,...,L/2, the B;_;9;_1) are
different classes in Z(w/H). In fact, if 1 <i < j < L/2 then (j—1,2j—1) —
(i—1,2i—1) = a(1,0) 4+ 5(0, L) and we do not have a solution in Z because
1<j—i<L/2so L{2(j —1).
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If £k < —1, the computation is the same, because in Z(7w/H) we have

—1 —1 —1 —1 —1 —1
B(—1,—1)B(—2,—3) e B(k,2k+1) = B(D,l)B(l,?)) e B(k—l,Qk—l)‘
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