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Reidemeister orbit sets
by

Boju Jiang (Beijing), Seoung Ho Lee (Daejeon)
and Moo Ha Woo (Seoul)

Abstract. The Reidemeister orbit set plays a crucial role in the Nielsen type theory of
periodic orbits, much as the Reidemeister set does in Nielsen fixed point theory. Extending
Ferrario’s work on Reidemeister sets, we obtain algebraic results such as addition formulae
for Reidemeister orbit sets. Similar formulae for Nielsen type essential orbit numbers are
also proved for fibre preserving maps.

0. Introduction. Nielsen fixed point theory has been extended to a
Nielsen type theory of periodic orbits [6, Section II1.3]. In fixed point the-
ory, the computation of the Nielsen number often relies on the knowledge of
the Reidemeister set, that is, the set of Reidemeister conjugacy classes in the
fundamental group. Ferrario [2] made an algebraic study of the Reidemeister
set in relation to an invariant normal subgroup. He obtained addition for-
mulae for Reidemeister numbers, and applied them to the Nielsen number
of fibre preserving maps. Our aim in this paper is similar, but in the more
complicated setting of periodic orbits: to study the Reidemeister orbit set of
a group endomorphism in relation to an invariant normal subgroup, to ob-
tain addition formulae for Reidemeister orbit numbers, and as application,
to find addition formulae for Nielsen type essential orbit numbers of fibre
preserving maps.

Given a group endomorphism f : G — G, the Reidemeister set of f,
denoted by R(f), is the set of orbits of the left action of G on G via >

2000 Mathematics Subject Classification: Primary 55M20.

Key words and phrases: Reidemeister sets, Reidemeister orbit sets, Nielsen type es-
sential n-orbit numbers, essential n-orbit representatives.

This work was started during the visit of the first author to Korea University, Seoul, in
Spring 2003, under the Brain Pool Program of KOFST. He has been partially supported
by a MOSTC grant.

The third author is supported by a Korean Research Foundation program of the year
2002.

[139]



140 B. Jiang et al.

g7vf(g™1), and its cardinality is the Reidemeister number R(f) of f. When
f is the homomorphism induced by a map X — X on the fundamental
group 71(X), R(f) is an upper bound for the Nielsen number N(f); N(f)
is usually the minimal number of fixed points in the homotopy class of the
map. For many spaces, such as nil and solvmanifolds, the computation of
the Nielsen number reduces to that of R(f) (see [3]).

For a given integer n > 0, f acts on the Reidemeister set R(f™) of the
nth iterate f™. An orbit of this action is called a Reidemeister orbit, the
set of all such orbits is the Reidemeister orbit set RO™(f). When f is
the homomorphism induced by a map X — X on m(X), its cardinality
ﬁRO(”) (f) is an upper bound for the number of essential n-orbits, the latter
being a lower bound for the number of n-orbits in the homotopy class.

Let f : G — G be a group endomorphism. If H C G is an f-invariant

normal subgroup and G = G/H, then the short exact sequence 1 — H -
G — G — 1 induces an exact sequence (in the category of pointed sets)

RO (fy) 25 ROM(f) = ROM () — 1

of Reidemeister orbit sets. We shall find conditions for the function 7. to be
injective. Under certain conditions, we will prove an addition formula of the
form
ROM(f) = Y, RO,
JEROM ()
where m; = n/{;, ¢; being the length of the orbit j, and 0;- :H — Hisa
twisted version of fﬁ}.

Turning to the topological context, we consider a fibre preserving map
f: E — E of a Hurewicz fibration p : E — B of compact ANR’s. It
induces a map f : B — B. Let K be the kernel of the homomorphism j, :
m1(F) — 1 (E) induced by the inclusion of the fibre. Denote by EO™(f)
the number of essential n-orbit classes of f, and by EO%L) the number of

mod K essential orbit classes on a fibre. Under suitable conditions, we have
an addition formula of the form

EO™(f) =" BOY" (hy),
beg

where the summation runs over a set £ of essential n-orbit representatives
for f, ¢ is the length of the essential f-orbit class containing b, m = n/¢,
and hy : [, — Fy is a variant of f¢|F.

The paper consists of two sections. In the first section we show our results
on Reidemeister orbit sets using the method of Ferrario’s algebraic results
in [2] on the Reidemeister sets. In the second section we apply them to fibre
preserving maps.
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For the basics of Nielsen fixed point theory, the reader is referred to [1]
and [6].

1. The Reidemeister orbit set. Let f : G — G be a group endomor-
phism. The Reidemeister set of f, denoted by R(f), is the set of equivalence
classes for the following Reidemeister equivalence relation in G: v, € G are
equivalent if and only if 4/ = gyf(g~!) for some g € G. The Reidemeister
class of v € G will be written [v]f.

If H C G is an f-invariant normal subgroup, then the short exact se-
quence

1-HL5G%G -1,
where G = G/H, and i : H — G and ¢ : G — G are the inclusion and

quotient homomorphisms, induces an exact sequence (in the category of
pointed sets)

(R(fa), [ 1a) = (R(F).[5) S (R(F). [1]5) — 1

of Reidemeister sets, where R(fr) is the Reidemeister set of the restriction

map fg : H — H, and R(f) is the Reidemeister set of the induced map
f:G—G.

The function i, is not injective in general. In Davide Ferrario’s paper
[2], an f-invariant normal subgroup Tf(K) in H is identified so that under
certain conditions, the image i.R(fx) is in one-to-one correspondence with
the Reidemeister set R(fz) of the induced map fz : H — H, where H =
H/Ty(K).

DEFINITION 1.1. Let n > 0 be a given integer. Then f acts on the Reide-
meister set R(f™) by [v]» EN [f(7)]#n. The f-orbit of a Reidemeister class

[] f» will be called a Reidemeister n-orbit, denoted by [v] Spn). The set of all
such Reidemeister f-orbits will be called the Reidemeister n-orbit set of f,
denoted by RO™ ().

The length of the orbit [’y]gcn) is the smallest integer ¢ > 0 such that
(V] = = [£4(7)] f=. Clearly ¢ divides n.

REMARK 1.2. RO™(f) is the set of equivalence classes in G of the
following equivalence relation: v, € G are equivalent if and only if

(%) S gfi(y)f"(g_l) for some ¢ > 0 and g € G.

For any integer n > 0, there is an exact sequence (in the category of
pointed sets)

(RO™(fr). [UF;)) = (RO™(£), ) & (RO™(F), [1)f) — 1
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of Reidemeister orbit sets, where RO™ (fy) is the Reidemeister orbit set
of the restriction map fy : H — H, and RO™ (f) is the Reidemeister orbit
set of the induced map f : G — G. For any v € GG we shall always write
7 = q(7), so that ¢.([+] ) = 77 and ¢.((1}") = 7).

We now consider the algebraic results in [2], applied to the endomorphism
f" G — G. Since the endomorphisms fy, f etc. are all induced by f, the
maps established between their Reidemeister sets R(f™) etc. are equivariant

under the f-action, so they induce maps between the Reidemeister orbit sets
ROM(f) ete.

DEFINITION 1.3. Suppose K C G is an f-invariant subgroup of G and
KH = q ' Fix(f").

Such K exist, for example the subgroup ¢~! Fix(f™) itself. Let [K, H] denote
the subgroup of G generated by all khk~'h~! such that k € K and h € H.
Let K¢ denote the smallest normal subgroup of G containing K. Define

Of’nK = {kfn(k_l) | k S K}
Let
Tfn(K) = [KG,H] U Oan
be the smallest subgroup of G containing [K¢, H] and O K.

Ferrario’s proofs ([2, pp. 5-7] with f replaced, whenever it occurs, by
f™) establish the following results 1.4, 1.5 and 1.6.

PROPOSITION 1.4. The subgroup Ty~ (K) is normal in H and f-invariant,
and it equals {akf*(k™Y) | a € [K®, H], k € K}.

LEMMA 1.5. For any f-invariant subgroup K of G such that
KH = q ' Fix(f"),
there exists a surjection
A g7 (1)) = L ROW () — RO (fty : H/ Ty (K) — H/ Ty (K)
defined by A([h];n)) = [p(h)];?{) for all h € H, where p is the projection

p: H — H/Tim(K), and fr is induced by fr. Moreover, A is injective
whenever RO™ (f) = RO™(f: G/|K%, H] — G/|K®, H]).

COROLLARY 1.6. If Fix(f") = {1}, then
i : ROW(fir) = ¢ (1) € ROM(f)

s a bijection.
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How do we deal with q;l([a];-”)) c ROM™(f) for an arbitrary a € G?

LEMMA 1.7. Let n > 0 and o € G. Suppose the orbit [@ ](n) e ROM(f)

has length £, and let m := n/l. We have a commutative dzagmm of exact
sequences in the category of pointed sets:

(RO™(f),[a]2%) - (RO™(F). [a)27) —=1

|

(RO™(f), o] ") (RO™(F), [@) ") ——1

where the vertical maps o and T are induced by inclusions, and they are
surjective. Furthermore, o restricts to a bijection

o qgl([a]}’?)) — q;l([a](‘n))'

Proof. First we will show that o(q; ! ([@ ](m))) C g ([a ](")) If [B] 5 (m) ¢

¢ ([@}"), then (3] = [@)7”, and hence

B=4(f) @) =7/ @7
for some i > 0 and § € G. Therefore g. o o ([3] (m)) [a]g;n).
Suppose [ﬁ] € ¢ ([a ](")). Then @ = 7f4(B)f* () for some i > 0

and 7 € G. There exists [fl(ﬁ)](T) e RO (f%) such that

F@N =@ and o(f(8)) = (8]
Thus the restriction map o is surjective.
Clearly

'@ = U @M ng @),
1815 eq= ([@™)
and

o (18157) = {181, LF ) 121, B

By definition of the length ¢ of the orbit [@ ] , each orbit [f'(@ )](m)
consists of a single Reidemeister class [f*(@)] 7, and the orbits {[f*(5 )](m) |
0 < i < (} are different from each other. If some element [f7 (ﬁ)]gff) of
o ([ﬁ](n)) 0<j</isin ¢ ([a ]( )) we have
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F@)% = q. (@) =@,
so we must have j = 0. Therefore ]J_l([ﬂ](n)) Ng (e }(m))\ =1 for every
5] gc") €q; Y ]( )) which proves the last statement of the lemma. m

For ¢|n, we have a commutative diagram of pointed sets

RKQ Rf%
ROU(f) —>ROM(f)

where the vertical maps are projections, and the horizontal maps are induced
by the level-change function ¢y, : G — G defined (as in [5, Definition 1.9])

by ¢ 20 ¢
ven(B) = B (B)FT(B)--- [ (B)-

DEFINITION 1.8. We say that an f-orbit [oz]gcn) e ROM(f) is reducible
to level h if there exists a [ﬁ];h) e ROM(f) such that Lhyn([ﬁ];h)) = [a];").
The lowest level d = d([a];n)) to which [a]}n) reduces is its depth. Clearly,
the length ¢ of the orbit [o] Scn) divides the depth d.

A Reidemeister orbit [a]gcn) e ROM(f) is said to have the full depth
property if its depth equals its length, i.e., d = /.

For example, [1]50") S 72(’)(”)( f) always has full depth because its depth
is 1. Example of nonfull depth: If f : G — G is the identity automorphism,
then any orbit [a] gcn) has length £ = 1, but the depth d varies.

COROLLARY 1.9. Let n > 0 and a € G. Assume that the orbit [ ]( ") ¢

RO(”)(f) 1s irreducible and has the full depth property. Then in the com-
mutative diagram of exact sequences

mzuml[ahn> — T (R(f™), [af) —1
(RO™(f),[a] (") = <Rdmf[1w> 1

o restricts to a bijection
o (@) = a ' (@),

Proof. If the orbit [a }5;") is irreducible, then the depth of the orbit is n.
Apply Lemma 1.7to f =d=mn. =
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NOTATION. For o« € G, let 7, : G — G denote the conjugation defined
by 7(8) = afBa!.

LEMMA 1.10. For any o € G, there is a canonical bijection of the Reide-
meister orbit sets of Tof and f, denoted by a, : RO™ (Taf) — RO(")(f),
given by

ax((glih) = lgaf(@) - 7M@),
Proof. Clearly we have
(raf)"(9) = (af(@)- fHa)) [ (g9)(af(a) - f* 7 (a)) ™!

for all g € G. By [2, p. 4], there is a canonical bijection
oyt R((1af)") = R(f™)

defined by a.([g](r. p)n) = [gaf(a) - f""Ha)]» for all g € G.

We will show that under this bijection a., the 7, f-action on R((74f)")
corresponds to the f-action on R(f™). That is to say, we show the commu-
tativity of the following diagram:

R((Taf)") —==R(f")
Y
R((Taf)") —==R(f")

Then a clearly induces the desired bijection between the Reidemeister orbit
sets.

Let [g](r, )= be an arbitrary element in R((74.f)"). Then

T f([9)(rapyn) = ([Taf (@) (rapyn) = [Taf(@)af (@) - [ )]
= [af(gaf(e) - [ Ha)) fH(a™ )]
= [f(gaf(a) - f* " (@) n = Foullg)rapyn)-

This is exactly what we need. m

Combining Lemma 1.7 with Lemma 1.10 (applied to the endomorphism
%), we have

COROLLARY 1.11. Let n > 0 and o € G. Suppose the orbit [&}}") €

RO (F) has depth d, and let m := n/d and tan(B) = @ for some B € G.
Then we have a commutative diagram of exact sequences in the category of
pointed sets:



146 B. Jiang et al.
(ROU™ (7511, [1]) ——= (ROU™ (r51%), [1]) ——=—= (RO (r5F*). [1]) — 1
5. 5.
(RO (54, [3{™)m)y 2> (RO(’”)(fd),[B&m)]}T)) -1

(o) T

(RO (f),[a] {") —— (RO(D), @) = 1,

where the vertical maps B, and B, are induced by the element 3 € G. The
notation [1] in the middle of the upper sequence stands for [l]i;n}d, and the

other ocurrences of [1] have a similar meam’ng The notation ﬂ ™) stands
for BfL(B)--- f=4B), and similarly for Bé Furthermore, if [a ]( ") has
the full depth property and tq4 n(ﬁ) = @, then we have a bijection

oo f g (U05) = ¢ (@F)):

Proof. In the notation of Lemma 1.10, the canonical bijection (3, is given
by B.([9]")) = [98FUB) -+ ()]0, Then we have

7o B, 0 a1 =70 B(U5) = a(BF(B) - ' ()
= [BFUB) - B = (3] = @,

When [a ]; ") has the full depth property, the depth d is the same as the
length ¢. Hence the last statement follows by Lemma 1.7. =

LEMMA 1.12. Fix(7o.f™) = {1} implies the full depth property of [a];n).

Proof. Let d and ¢ denote the depth and length of [¢] Sc"), respectively.
Clearly ¢ divides d.
Since @ and f*(a) are in the same Reidemeister class of f", there is an
w € G such that o = wff(a)f™(w™). Let p:= wf*(w)--- f"*(w). Then
o =wf'(a) @™
= wf Wf ()M w N W) = wf (W) ) f (™)
= uf™ (@) f"(n) = (paaf"(ap™),
and ap~! € Fix(1, f™).
When Fix(74f") = {1}, we have a = g = wf(w) - f**(w). By defini-
tion this means [«] ;n) is reducible to level £. Therefore d < ¢ by the definition
of depth. But ¢|d, so f =d. m
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Note that the converse of Lemma 1.12 does not hold. If we let f : G — G
be the identity map and o = 1 € G, then the orbit [a] Scn) has the full depth
property, but Fix(7, f") = G

COROLLARY 1.13. Suppose t4.,(3) = @. Then (’Tﬁ—fd)m = Taf". If
Fix(ref") = {1}, then

v : RO f) — o (@) < RO™(f)
s a bijection.
Proof. By direct computation, (Tgfd)m =17, n(ﬁ)f" = Taf™.

When Fix(r5f") = {1}, Lemma 1.12 tells us that [a]}") has the full
depth property. Thus by Corollary 1.11 we have a bijection

o0 Bt a; ([177,) — o (@1F).
On the other hand, since Fix((7 fd) ) = {1}, by Corollary 1.6 the map
i : RO™ (1) — ¢ (1]77,) € ROT (75
is a bijection. Combining the two bijections, we have the assertion. m

THEOREM 1. 14 Let n > 0. For an orbit [ ](n) e ROM(F), let dg be

the depth of [a@ ] , Mo = n/dy, and tq, ,(B,) = @ for some B, € G. If
Fix(rsf") = {1} for all [@)}") € RO™(f), then
ROW(f) = D 4RO (m, fi7).

@ eROM (f)

Proof. Clearly the Reidemeister orbit set R(’)(”)( f) is the disjoint union
of ¢ *([@] ") for all [a] ") € RO™(f). By Corollary 1.13,

i RO (15, fi1) = ¢ ([@ ) C RO™(f)
is a bijection for every [a ]( " e RO™(f). This completes the proof. m

EXAMPLE 1.15 (Semidirect product of finitely generated free abelian
groups). Let H = Z" and G = Z* be two (additive) finitely generated free
abelian groups and let M : G — Aut(H) be a homomorphism from G to
the automorphism group of H. Denote by Mg := M (g) the image of each
G € G. Let G be the external semidirect product of H and G via M it is the
set of all pairs (g, h) € G x H with the group operation (g, k1) + (92, hs) =
(g1 + Go, Mg, (h1) + ha). Let f : G — G be an endomorphism such that
f(H) C H. Then f:G — G and fy : H — H are defined by two matrices
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F € Maty (Z) and Fy € Mat,...(Z) (see [2, Example 3]). Since the sequence

0 — Fix(/") — @ =L @ = @/tm(1 - f*) — 0

is exact, Fix(f") # {0} if and only if det(I — F"') = 0, and this happens if
and only if fRO™(f) = co. Therefore either RO™(f) and RO™ (f) are
infinite, or Fix(f™) = {0}. In this last case, since G is abelian, Theorem 1.14
can be used; thus

ROMW(f) = Y RO (fie).

@Y eROM (f)

ExAMPLE 1.16 (The Klein bottle). Let G be the fundamental group of
the Klein bottle, i.e., G := (o, 3 | Ba = a~!8). The subgroup H := (a) is
a fully invariant normal subgroup of G and if M : Z — Aut(Z) = {1, -1}
is the homomorphism defined by M(k) = (—1)* for all k € Z then G is
the semidirect product of H and G := Z via M. So let f : G — G be an
endomorphism. Then fg : H — H and f : G/H = G — G are defined by
elements of Mat 1(Z), i.e. by integers u and w. In other words, fg(a) = ua
for all a € H and f(b) = wb for all b € G/H = G (see [2, Example 4]).

We will calculate RO® (f) when u = 2 and w = 3. Using the exact
sequence in the previous example for n = 2, we can identify the 2-periodic
point classes of f, i.e., the elements of R(f2), with the elements of Zg. Thus

ROC(F) = {07, (17, &7, (47 B,

forp e
where [0]'2 = {[0]7=}, (1% = {[1] 2, 8172}, 2% = {[2] e, (62}, (4] =
{[4] 2} and [5]”) = {[5] 2, [7] j2}. For period 1, the set ROM(f) = R(f) =

Zs is {[0] 7, [1] 7}. Since 71 2 is multiplication by 1+ 3 = 4, the f-orbits [0 ];2)
and [4 ];2) are reducible to 1, the others are irreducible. Thus any orbit of

ROP) (f) has the full depth property, and by the previous example, we have
tROP)(f) = A4ROP (fir) + 34R(fF)-

Furthermore, the set RO (fy) is {[0 ]502;,[ ](2)} where [O](Z) = {[0lsz }
and [1]%) = {[1]}2,[2];2 }; and the set R(f7) = Zs is {[0]2, [1]2, [2] 2 }-
Therefore

ROP (f) =13.

2. Nielsen type essential n-orbit numbers. Let X be a compact
connected ANR. Let f : X — X be a map. The set of fixed point classes
will be denoted by FP(f).
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Let n > 0 be a given integer. Fixed point classes of the iterate f* : X —
X will also be called n-periodic point classes of f. Then f acts on the set
FP(f") by Agn — f(Agn). The f-orbit of a class Ay will be called an
n-orbit class, denoted by Agc"). The set of n-orbit classes will be denoted by
O().

The length of the orbit Agcn) is the smallest integer £ > 0 such that
A = fY(Ayn). Clearly ¢ divides n because Apn = f*(Ajsn).

Standard fixed point index theory provides an integer index ind(A ¢») for
each periodic point class Ayn. A periodic point class Agn is essential if its

index is nonzero. We let £(f™) be the set of essential periodic point classes
of f. Then N(f™), the Nielsen number of f™, is the cardinality of E(f™).

DEFINITION 2.1. Let n > 0 be a given integer. Then f acts on E(f™) by
Fyn — f(Fyn). The f-orbit of an essential fixed point class Fyn of f™ will
be called an essential n-orbit class, denoted by FJS"). Since ind(f(Fyn)) =

ind(Ff» ), the index ind(FJEn)) of an essential n-orbit class equals
((F") - ind(Fyn),

where K(FJE”)) is the length of FJE”). The set of essential n-orbit classes will
be denoted by EO™ ().

We define the essential n-orbit number EO™ (f) to be the cardinality
of the set EO™ (f). This number is a homotopy invariant (see [6, I11.3.3,
I11.3.4]). It is a Nielsen type number in the general sense of [6, I11.4.8].

Let xo be the base point in X, and take a path w from x¢ to f(z¢) as the
base path for f. The induced endomorphism f¥° : w1 (X, xg) — m (X, xo) is
defined by

frUy)) == (wf(y)w™")  for any loop 7 at z.
Note that although the base path w is not shown in the notation, the en-
domorphism f¥° depends on the homotopy class of w. For n > 1, (f™)% =
(fZo)™ if the base path for f™ is taken to be wf(w)--- f*~(w).

It is well known that every fixed point class of f is assigned a Reidemeis-
ter class in R(f7°), called its coordinate. We get an injection

p: FP(f) = R(f),
where R(f°) is the Reidemeister set in 71 (X, xo) as in Section 1, defined
by
p(Ag) = lef(eHw™ o
for any path ¢ from z( to a point = in A;. Thus we also get an injection

p: OM(f) — ROM(fro),
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defined by
p(Agcn)) = [Cfn(cfl)fnfl(wfl) . f(wfl)wfl](?z)

for any path ¢ from zg to a point x in A;"). If /| n and an f-orbit class B](f)

lies inside an n-orbit class Agcn), then their coordinates are related by

n 0
p(AF") = ten(p(BY)),
where ¢4y, is the level-change function of Section 1, hence p(Agc")) is reducible

to level £. The depth of an n-orbit class A;n) is defined to be the depth of

its coordinate p(Agc")).

Recall the effect of a homotopy. For a homotopy H = {h: : X — X}o<i<1
connecting f = hg and g = hy, we have g¥° = fro if the base path for g
is taken to be wH(z() (i.e. w followed by the trace of H), where H(x)
stands for the path {h.(zo)}o<t<1. Now an n-periodic point class Agn of f
corresponds to an n-periodic point class By» of g under the homotopy H if
and only if p(Afn) = p(Byn) in the (same) set R((fI°)") = R((g5°)").

REDUCING LEMMA 2.2. Let X be a compact connected ANR, and f :
X — X be a map. Suppose x € Fix(f™) lies in an n-orbit class Agc") of

depth d. Then there exists a homotopy H = {h; : X — X }o<i<1 connecting
f = ho and g = hy such that

(1) = € Fix(g%).

(2) The loop H™(x) = {h}(z)}o<i<1 is contractible in X .

(3) H equals f outside an arbitrarily given neighbourhood of the point

(@),

Note that in (2) the notation H™ = {h} : X — X} stands for the
homotopy from f™ = h{j to g" = h] consisting of hy', the n-fold iterate of
hy : X — X. The loop H"(xz) = {h}(z)}o<i<1 is the trace of the point z
under this homotopy.

Proof. Take the point x as the base point, and take a path w from x
to f(x) as the base path for f. Denote the induced endomorphism f7 :
m(X,2) — 7 (X, ) by ¢. For any k > 0, using wy := wf(w)--- fF=1(w)
as the base path for the iterate f*, we have (f*)? = (f2)* = oF.

The n-periodic point class A~ containing = has coordinate p(Afn) =
[(w;;})]n (by using the constant path at z as the path ¢ in the definition

n

of p).
The depth assumption means that there exists a loop (8 at x such that

(w, ') = (B)p™((B)) -~ " ~((8))-
Let u be the path fwy from z to f(x).
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The depth assumption ensures that the points {f‘(z) | 0 < i < d}
are all different. (If not, fi(z) = f/(z) for some 0 < i < j < d. Then
z = fr(2) = () = [P () = Fi () = @) So o = f4(a)
where k = ged(n,j — ). Now that Ay~ contains a k-periodic point z, its
coordinate p(A¢n») would be reducible to the level k which is smaller than
the depth d. This contradicts the definition of depth.)

By the homotopy extension property of ANR spaces, there exists a ho-
motopy H = {h; : X — X}o<i<1, differing from f only in a small neigh-
bourhood of the point f¢~1(x), such that hg = f and h¢(x) = u(1 —t) for
all t. Let g = h;. Clearly g%(x) = u(0) = =.

It remains to verify (2). The trace of the homotopy H? = {h{ : X — X}
is H(x) = u~'. Let m := n/d; then H" = (H%)™. We shall construct a
homotopy that contracts the trace H™(z) to a point. The symbol ~ means
homotopy between paths, relative to end points. Note that two paths can
be multiplied only under conditions on their end points, and the product of
paths is not commutative. Since on the cube I™ the diagonal is homotopic
to a product of m edges, we have

H"(2) = {(h{)"(@)}er = [ {fnig™ D) bier

i=m—1

FUHY ) since g4(z) =

<.
—_

1
I I I
o B B B

i

=

g

|

=

—_

since H(z) = u™! ~ w3}

<.

(Wiikyyqwiaf(B71)  since wyiyg = wia f* (wa)

<.

Hence
0 0
(H"(z)) = (w, ") | T s = (w, ") | II ¢« =1

This completes the proof of the lemma. =

We will need the mod K version of the Nielsen theory. If f, X and z are
as above, and if K is an f-invariant normal subgroup of 71 (X, z), then we
denote the induced homomorphism on (X, x)/K by f;. We then have

the set R(’)(")(ff/K) of Reidemeister [, j-orbits, and the mod K essential
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n-orbit number EO([?)(f), that is, the cardinality of the set SO%)(f) of mod
K essential n-orbit classes. We also have an injection

prc s OW) (f) == ROM(f2,0).

We will omit the subscript K when the normal subgroup K is clear from
the context.

In this paper we will assume that all of our fibrations F' — E — B (with
projection p : E — B) are Hurewicz fibrations with path connected fibres
(see [7]). We say that f : E — E is a fibre preserving map provided there is
a well defined map f: B — B with pf = fp. When such a map exists it is
unique, and when B is a path connected locally path connected space it is
enough that for all b € B the restriction of f takes the fibre F}, := p~1(b) to
another fibre. We will refer to the pair (f, f) as a fibre preserving map. If
(f, f) is a fibre preserving map, then for any b € Fix(f™) we will denote the
restricted map on Fy by f;'. For x € E let j : Fj,,) — E be the inclusion
and let K denote the kernel of the homomorphism

st T (Fp), ) — m(E, ).

PRrROPOSITION 2.3. Let p : E — B be a fibration of compact connected
ANR’s with path connected fibres, and let f : E — E be a fibre preserving
map. If x € E is in an essential n-orbit class FJS") of f, and p(x) is a fived
point of f', where £|n, then the sequence (with m := n/f)

(O (fyw): i F Y ) 25 (€O (), FyY) 25 (E0™ (), Fii)

p(z)

is an exact sequence of pointed sets, where je and pg are induced by the
inclusion j : F) — E and the projection p : E — B respectively, and the
base points are the essential orbit classes containing either x or p(x).

Note that fﬁ(w) means the map (f¢)
does not make sense.

p(@) * Fp(a) = Fp(a)» because (fy(a))"

Proof. If x is in an essential n-orbit class of f, then x is in an essential
m-orbit class of f*. Applying [4, Theorem 1.1] to f* = (f*)™, we have a
commutative diagram of pointed sets

(SK((f,f(x))’”),KF(f;;m)m)L(s((ff)m),Fw)m)L(s((ﬂ)m),F-@ )

| | |

(EOR (Fpa) ke F ) —I5m (0 (), F) 25 (€00 (F4), F )

p(x)
where the vertical maps are projections and the upper sequence is exact.

Thus the proposition follows from the exactness of the upper sequence. Note
that pg is not necessarily surjective. m
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We call a subset ¢ C Fix(f™) a set of essential n-orbit representatives
for f if € contains exactly one point from each essential n-orbit class F}n) €
g0 (f).

For each b € &, let d be the depth of the essential f-orbit class F}n)
containing b. Now b and f¢(b) are in the same fixed point class of f* (because
the depth is always a multiple of the length, of the f-orbit class F}n)), but

not necessarily f¢(b) = b. By the Reducing Lemma, there exists a homotopy
H = {h; : B — B} connecting f = hg to some § = h; such that
b € Fix(g?), and the n-orbit class of f containing b corresponds to the
n-orbit class of g containing b because the trace H"(x) is a contractible
loop. We can do this for all b € ¢ simultaneously, because the H above only
changes f in a small neighborhood of the f-orbit of b.

By the homotopy lifting property of the fibration p, the homotopy H in
B lifts to a fibre preserving homotopy H = {h; : E — E};c; connecting
f = hg to some g = h;.

THEOREM 2.4. Suppose p : E — B is a fibration of compact connected
ANR’s with path connected fibres, and f : E — E is a fibre preserving map.
Let &€ = {by,...,by} be a set of essential n-orbit representatives for f. If
Fix((f™)%) = {1} for every b; € &, then

EO™(f) =Y BO™ (g3,
b;eg

where g is the fibre preserving map from the Reducing Lemma, K is the
kernel of the homomorphism j. : m (Fp,) — mi(E) induced by the inclu-
sion of the fibre, d; is the depth of the n-orbit class of f containing b;,
and m; = n/d;. In the condition Fix((f")%) = {1}, the endomorphism
(fM)% @ 7 (B,b;) — m1(B,b;) is meant to have the constant path at b; as
base path.

Note that when b; € Fix(f%), the term EO?i)(ggi") in the summation
can be replaced by F Og?”) ( fli"), because we do not need to use the Reducing
Lemma at b;.

Proof. By homotopy invariance we have EO™ (f) = EO™ (g). So with-
out loss of generality (by taking g for f) we may assume that b; € Fix(f%)
and g is the same as f.

For each b; € &, let FET? be the essential n-orbit class containing it.

Clearly EO™(f) = U, pgl(F}rz)). So we only need to show

e (FI)| = BOZ (f) when  Fix((f")2) = {1}.

In the following proof we shall drop the subscript ¢ from our notation.
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Suppose b € ¢ is in the essential n-periodic point class Fg. which in turn

is in the essential n-orbit class F}"). Since d is the depth of F}n), F7. alone
constitutes an essential m-orbit class Fgm) - an) Suppose pgl(F }T)) # .

Choose F;Zn) € pe (F( )) and = € F(m) such that p(z) = b. Let j :
Fp, — FE be the inclusion of the fibre. We have the exact sequence

1— m(Fy,2)/K 25 m(E,2) 5 m(B,b) — L.

Let KF(Z;H) € 5(’)%”)(]”5) be the mod K essential orbit class containing z.

Then by Proposition 2.3 we have a commutative diagram of exact sequences
in the category of pointed sets:

(EO(m)(f ) F) #)( (fd) F(m )L)(go(m)(fd)’F]gn))
p E ]
(RO 1), (1 ) 2 (RO (F4)2), p(FG)) —L (ROUD(FY), (1]

The notation F stands for KF]S?) and [1] stands for [1]5;%))2. Note that
here we regard f? as a self-map of the pair (E, F}). The base path is taken
to be a path in F, from x to f%(x), whose image in B is the constant
path at b. Hence the coordinate of F}T) is the [l]gfl))b in the lower left
corner.

When Fix((f%)’™) = Fix((f*)%) = {1}, Corollary 1.6 tells us j* is
injective, and so jg¢ is injective. Since p, and o preserve essentiality, we
have a commutative diagram of exact sequences in the category of pointed
sets:

1— (Eog?l)(fl;i)vKF;?)) jg ( (fd) (m)) ( f F(m )
(g@(n)(f) F(n)) (50(" P, F(")

By Lemmas 1.12 and 1.7, ¢ restricts to a bijection from pgl(F]gT)) to
pgl(F}n)). We thus get the desired equality \pgl(F}"))] = EO%n)(flfl). "

Let IEO™ (f) denote the number of irreducible essential f-orbit classes
of f. Note that IEOW (f) = N(f), and IEO™(f) = (1/n)NP,(f) (as
defined in [6, p. 69]). The proof of Theorem 2.4 also leads to the following
consequence, which is comparable to [3, Theorem 3.4].
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COROLLARY 2.5. Under the conditions of Theorem 2.4, we also have

BO™(f) = Y IEOY™ (g). m
b;eg
The principal application is to fibrations over tori. It should be useful in
calculations on nil and solvmanifolds.

COROLLARY 2.6. Suppose p: E — B is a fibration over a torus (of any
dimension). Then for any fibre preserving map f : E — E, the summation
formulae of Theorem 2.4 and Corollary 2.5 hold true:

Eo(n)(f) _ Z EO%nl)<féiL‘), IEO(n)(f) _ Z IEO%nl)(f::)

biei bi€£

Proof. For the torus map f, the conditions of Theorem 2.4 are always
satisfied, because torus maps are n-toral in the sense of [5, Definition 3.4
and Remark 3.6]. Moreover, if an essential orbit class of a torus map is
reducible, it always reduces to an essential orbit class of the depth level, so
we can assume b; € Fix(f%). m

On the Klein bottle, Corollary 2.5 can be applied to establish the fol-
lowing interesting example (cf. [3, Example 4.1]). We omit the details.

EXAMPLE 2.7 (The Klein bottle). Represent the Klein bottle K? as the
quotient R? /G, where G is the group of automorphisms on R? generated by
a:(z,y)— (z,y+1)and §: (z,y) — (z+1,—y).

Given any odd integer 7, the map (z,y) — (rz, —y) on R? induces a
well defined self-map f of K?2. This f is fibre preserving with respect to the
fibration S* < K2 % S, where p is induced by the projection on the first
factor. (It corresponds to the case w = r and v = —1 in Example 1.16.)
Note that f induces a standard map f of degree r on the base, and so f™
has exactly N(f") = |r™ — 1] fixed points.

Then, for n = 2%, k > 1, we have

BO(f) = 0™ (1) = ~ n(pmy = 4,
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