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S(V ),D(V )
N��T�3�@�W @�@�����)�@�@���)�9���@¡|¡@���)�W���

V,
�)�#�3�����#�3��¢P����O�£�¤¥�

F : V → R
�����

G ¦ ���P¢��g�)�§�g�P�
C1 ¦ �¨�g�©�3�@���8�3�@� G ¦ ��ª« @��¢g�g�)�§�g���W���3�g¡@�����P� C0 ¦ �¨�g� ∇F : V → V

���T�"�g��¡©�3�¬N����g¡@�����)�3��N@���
�@�)��¢­��¡@��¡®�3�-�¯�

(∇F )−1(0) ∩ S(V ) = ∅. ° �|���§�g�3�)���§O±�3�@�¬�@�P�0�g�3����O±���§�g�3�)���������g¡@�����3�3��N@���
G ¦ ��ª� @��¢g�g�)�§�g�������3��¡@�������+���g�@� ∇F : (D(V ), S(V ))→ (V, V \ {0}) £

² R�³�Zµ´«]@¶+·�¸�[�´@y¥¶µZWR¹}�º�d|»�����»�~�q�dn~�¼+½�º�¾¿q0»Jo-»�d���¾¿qM½�~À��c�b�d���q�½go-c�b'½�º�d¬½�~�»�~�Á
Â ~�Ã�¾¿Ä«o Â ¾ÅcGÆ�o-��¾Ço-cG½¯q
o�q�q�~ÈÄP¾Ço@½�d«bAÉÊ¾�½�ºAd«ËG��¾�Æ�o-��¾Ço-cG½¬Ã��¯o�b�¾Åd�cG½ÊÌYo-»�qPÍ

ÎÏ~���dx»���d«ÄP¾¿q�d Â a�f�ÉMd®o�q�q���Ìxd
V
¾¿q8o'��d­o ÂTÐ c�¾�½�dPÁ"b�¾ÅÌ®d�c�q�¾Å~�cJo Â ~���½�º�~�Ã�~�cJo Â ��dPÁ

»���d«q�d�c�½go@½�¾Å~�cÑ~�¼¨oÏÄP~�Ìx»Jo�Ä�½ÀÒ+¾ÅdxÃ���~���»
G. Ó cÔ~�½�º�d��©É0~���b�q�f V ¾¿qÕo'��d­o ÂDÐ c�¾�½�dPÁ

b�¾ÅÌxd�c�q�¾Å~�cJo ÂMÂ ¾Åc�d­o-�Àq�»Jo�ÄPd®ÉÊ¾�½�ºÖoKq�Ä«o Â o-�À»���~Èb���Ä�½±o-c�bÔ½�º�d���d×¾¿qÀo-cÑ~���½�º�~�Ã�~�cJo Â
o�Ä�½�¾Å~�cØ~�¼

G
~�c

V
b�d�c�~�½�d«bUÙGa

gx
¼¥~��

g ∈ G, x ∈ V. Ú dxo-��dÕ½�º�d�cØ¾ÅcG½�d���d«q#½�d«b¾Åc×½�º�d|º�~�Ìx~�½�~�»GaYÄ Â o�q�q�d«q0~�¼
G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½ÊÃ��¯o�b�¾Åd�cG½¨Ì×o-»�»�¾Åc�Ã�q0¼¥��~�Ì

V
¾ÅcG½�~

V
f

ÉÊº�¾¿Ä¯ºÛo-��d©c�~�c�Á3Ü�d���~®~�cA½�º�d©��c�¾�½
q�»�º�d���d
S(V )

~�¼
V. Ý d���dÕoÀÌYo-» ∇F : V → V¾¿q0q¯o-¾¿b®½�~¹Ù�d

G
Á�Þgß�à�á¥â-ã�ägá)ã-åJæµ¾Å¼ ∇F (gx) = g∇F (x)

¼¥~��
g ∈ G, x ∈ V. Ú d|ÄP~�Ì±Á

» Â dP½�d Â a8Ä Â o�q�q�¾Å¼Çan½�º�dDº�~�Ìx~�½�~�»Ga©Ä Â o�q�q�d«q�~�¼�q���Ä¯º8Ì×o-»�q+¾Åc©½�d���Ì®q+~�¼�o
G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½

Ã��¯o�b�¾Åd�cG½�b�d�Ã���d�d¬b�d Ð c�d«b×º�d���d�Í�ç¬���9Ã��¯o�b�¾Åd�cG½�b�d�Ã���d�d
¾¿qMo©cJo@½����¯o Â Ã�d�c�d��¯o Â ¾ÅÜ­o@½�¾Å~�c
~�¼T½�º�d±Ä Â o�q�q�¾¿Ä«o ÂWè ��~��GÉMd��|b�d�Ã���d�d¹É¨¾�½�ºÛ½�º�d¹��¾Åc�ÃY~�¼W¾ÅcG½�d�Ã�d���q|��d�» Â o�ÄPd«bUÙGa_o®��¾Åc�Ã
U(G)

b�dP½�d���Ìx¾Åc�d«b®ÙGaÀ½�º�dÊ~���Ù�¾�½D½éaÈ»�d«q9~�¼
G
^�q�d�dÀê ë�ì�¼¥~��T½�º�d¬b�d Ð c�¾�½�¾Å~�c×~�¼

U(G)
egÍ

í�d«q�� Â ½¯q¬~�¼�½�º�¾¿q
½éaÈ»�d±o-��d¹~�¼WÄP~�c�q�¾¿b�d��¯o-Ù Â d¹¾ÅcG½�d���d«q�½nÙ�d«Ä«o-��q�dÀ½�º�dPaÛq�º�~­Éî½�ºJo@½
½�º�d���dÕo-��dnc�~±dPï�½��¯o¹¾ÅcGÆ�o-��¾Ço-cG½¯q�½�~±Ù�dn¼¥~���c�b
ÍJð
~�½�d|½�ºJo@½�½�º�d©q�½���bÈaY~�¼�½�º�d©º�~�Ìx~�Á
½�~�»GaÑÄ Â o�q�q�d«qÀ~�¼

G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½xÃ��¯o�b�¾Åd�cG½¹Ì×o-»�qÕ¾¿qÀoKcJo@½����¯o Â »���~�Ù Â d�Ìño�q8½�º�d«q�d

Ì×o-»�q�o-��¾¿q�dD¾Åc©Ì×o-cGa©o-»�» Â ¾¿Ä«o@½�¾Å~�c�q0^�q�d�d¬êóò�f�ô«õ�fGô�ô�fGô­ö­ìG¼¥~���dPï�o-Ìx» Â d@egÍ@}�º�d9q#½���~�c�Ã�d��
º�~�Ìx~�½�~�»GaY¾ÅcGÆ�o-��¾Ço-c�ÄPd8»���~�»�d���½�¾Åd«q¨~�¼�~����¨b�d�Ã���d�dÕo-��dn��d�÷�d«Ä�½�d«bA¾Åc'½�º�dn»�~�q�q�¾ÅÙ�¾ Â ¾�½éa

øgù�ù�ù�úÕûgüÅý­þ#ÿ0ûgü��������	�	
���þ
��ü�����û������ ���3ûgü��������	����� �!�!"$#!#�%'&(� £
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.��Mû��/.10-ý�-)û���þ2��� ��ª� @��¢g�g�)�§�g����¡@�#�P�)�#� " �#�§�g�3�3�43-���¯�3�����n�P���P�3�g¡@���#������ª� @��¢g���)�����P���@� ¦���g�3����O¨���§�g�3�)����£
5 ���3���g�)�"�
����6�£87¹£ 5 O«N@���29����3 @�@���P���3�#¡
N�O��3�@�:6��"�¯�3�<;
���0�����)�3�#�������=6«�������P�3�>3-� 5 �#�3���g�)�"� "
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D �FE



ø � £8?9£����g�@����� þ#ü
û����
½�~_~�Ù�½go-¾Åc ÄP~�c�c�d«Ä�½�d«b q�dP½¯qÀ~�¼�Ù�¾Å¼¥����Ä«o@½�¾Å~�c q�~ Â ��½�¾Å~�c�q±o�qÕ¾Åc êóò�fMô«õÈfMô�ô�fMô­ö@ì3Í�}�º�d
� ~�c Â dPa'¾Åc�b�dPï'¾¿q�c�~�½
q���¾�½go-Ù Â d©¼¥~���½�º�¾¿q�Í

}0º�d
o-cJo Â ~�Ã�~���qD»���~�Ù Â d�Ìu~�¼
º�~�Ìx~�½�~�»GaxÄ Â o�q�q�¾ Ð Ä«o@½�¾Å~�c×~�¼
G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½0Ì×o-»�Á

»�¾Åc�Ã�qxÉ¨º�d�cl½�º�d���dK¾¿qxc�~ÔÃ��¯o�b�¾Åd�cG½Yq�½�����Ä�½�����dÛ¾¿q±ÉMd ÂÅÂ r�c�~­ÉÊcl¾Åc
G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½

½�~�»�~ Â ~�Ã�a�Í Ó cÏ½�º�¾¿qÊÄ«o�q�dÕÄ Â o�q�q�¾Å¼ÇaÈ¾Åc�ÃY~����Êº�~�Ìx~�½�~�»�¾Åd«qÊ¾¿q¨d«ËG��¾�Æ�o Â d�cG½¬½�~×Ä Â o�q�q�¾Å¼ÇaÈ¾Åc�Ã½�º�dxd«ËG��¾�Æ�o-��¾Ço-cG½ÕÌ×o-»�qn~�¼
S(V )

¾ÅcG½�~A¾�½¯q�d Â ¼éÍ Ó ½©½�����c�q©~���½n½�ºJo@½8¾ÅcU½�º�¾¿q8Ä«o�q�d±½�º�dÄ Â o�q�q�¾¿Ä«o ÂDè ��~��GÉ0d��©b�d�Ã���d�d�f<É¨º�¾¿Ä¯º o�q�q�¾ÅÃ�c�qÕo-cU¾ÅcG½�d�Ã�d��n½�~Ad­o�Ä¯ºØº�~�Ìx~�½�~�»GaUÄ Â o�q�q�f
Ä«o-c Ù�dY��d�» Â o�ÄPd«b ÙGaÖoÛÌx~���dY��d Ð c�d«bÖ¾ÅcGÆ�o-��¾Ço-cG½±É¨º�¾¿Ä¯ºlo�q�q�¾ÅÃ�c�qÀ½�~ÔoKº�~�Ìx~�½�~�»Ga
Ä Â o�q�qMo-c®d Â d�Ìxd�cG½D~�¼�½�º�d è ����c�q�¾¿b�dÊ��¾Åc�Ã

A(G)
~�¼
G. Ó c®Ìx~�q#½¬^zÙ���½Dc�~�½0o ÂÅÂ eWÄ«o�q�d«q�f½�º�¾¿q�c�dPÉ ¾ÅcGÆ�o-��¾Ço-cG½W¾¿q�b�dP½�d���Ì®¾Åc�d«bÕÙGa8½�º�d è ��~��GÉMd��Wb�d�Ã���d�d«q�~�¼�½�º�dM¾Åc�b���ÄPd«b¹ÌYo-»�q

~�c Ð ïÈd«b'»�~�¾ÅcG½Êq���Ù�q�»Jo�ÄPd«q¨~�¼�¾¿q�~�½���~�»GaAq���Ù�Ã���~���»�qÕ^�q�d�d®ê ë�f��@ì�o-c�bY½�º�d|��d�¼¥d���d�c�ÄPd«q
½�º�d���d�¾Åc�egÍ

Ó c ½�º�dÖÄ«o�q�d
G = {e}, V = Rn � o-����q�¾Åp�q�r�¾À»���~­Æ�d«b ½�ºJo@½Û½�º�dÑÄ Â o�q�q�¾¿Ä«o Â

è ��~��GÉ0d��Yb�d�Ã���d�dÛ¾¿qx½�º�dÛ~�c Â al¾ÅcGÆ�o-��¾Ço-cG½Ô^�q�d�d ê
	-ìzegÍMÎK~���dÛ»���d«ÄP¾¿q�d Â a�fMº�d_q�º�~­É0d«b
½�ºJo@½Õ½éÉ0~KÃ��¯o�b�¾Åd�cG½¹Ì×o-»�q8c�~�c�Á)Æ�o-c�¾¿q�º�¾Åc�Ã_~�c ½�º�d×��c�¾�½¹q�»�º�d���d

Sn−1 o-��d×º�~�Ìx~�Á
½�~�»�¾¿ÄKo�q±Ã��¯o�b�¾Åd�cG½®Ì×o-»�q±¾Å¼|o-c�b ~�c Â aÖ¾Å¼Ê½�º�dPalo-��dAº�~�Ì®~�½�~�»�¾¿ÄA¾Åc ½�º�dA~���b�¾ÅcJo-��a
q�d�c�q�d�Í

ç
c ½�º�dÑ~�½�º�d��ÛºJo-c�b
fÊ½�º�d Ð ��q�½_cJo-Ìxd«b5o-��½�º�~��_d«q�q�d�cG½�¾Ço ÂÅÂ a5q�º�~­É0d«b ¾Åc êóò@ì
½�ºJo@½n¼¥~��
½�º�dÀÃ���~���»

SO(2),
½�º�d±o-cJo Â ~�Ã���d±~�¼T½�º�d � o-����q�¾Åp�q�r�¾T��d«q�� Â ½n¼¥~�� SO(2)

Á
d«ËG��¾�Æ�o-��¾Ço-cG½�Ã��¯o�b�¾Åd�cG½0Ì×o-»�qDb�~�d«qDc�~�½Mº�~ Â bYo-c�b®º�d¬ÄP~�c�q�½�����Ä�½�d«b'o-c×dPï�½��¯o©¾ÅcGÆ�o-��¾�Á
o-cG½«Í�}�º�dnÉM~���rYÉ�o�q�¼¥����½�º�d��
¾ÅÌx»���~­Æ�d«bÏ¾ÅcÑê�ô«õ-ì�¼¥~��

SO(2)
Áéo�Ä�½�¾Å~�c�q¬o-c�bA¾ÅcÖê
�@ì�¼¥~��

Ã�d�c�d��¯o Â ÄP~�Ìx»Jo�Ä�½
Ò+¾ÅdnÃ���~���»Ûo�Ä�½�¾Å~�c�q�Í
Ó cÛ½�º�d±»���~�~�¼9~�¼W½�º�d¹Ì×o-¾ÅcU��d«q�� Â ½©~�¼¬ê
	@ì�½�º�d±¼¥~ ÂÅÂ ~­É¨¾Åc�ÃÏÄP~�c�q#½�����Ä�½�¾Å~�c » Â o�a�q©o

¼¥��c�b�o-Ìxd�cG½go Â ��~ Â d
�To�q�q���Ìxd®½�ºJo@½
F = ∇ϕ ¾¿q±oÏÃ��¯o�b�¾Åd�cG½

C0 Á3ÌYo-»Ñ~�c
Rn. � ~��

x ∈ Sn−1 ÉMdÏºJo�Æ�d
F (x) = F0(x) + f(x)x,

É¨º�d���d
F0 = ∇(ϕ|Sn−1).

}0º�d�c
F
¾¿q¹c�~�c�Á)Æ�o-c�¾¿q�º�¾Åc�ÃÑ~�c

Sn−1 ¾Å¼|o-c�b ~�c Â aÖ¾Å¼
F−1

0 (0) ∩ f−1(0) = ∅. }0º���qÀ½�~o-cØo�b�Ìx¾¿q�q�¾ÅÙ Â dÀÃ��¯o�b�¾Åd�cG½¬Æ�d«Ä�½�~�� Ð d Â b
F
~�c
Rn

½�º�d���dÀÄP~�����d«q�»�~�c�b�q¬½�º�dÕÃ��¯o�b�¾Åd�cG½
»Jo-¾Å�

(F0, f)
ÉÊº�¾¿Ä¯º�� Â ¾�Æ�d«q��K~�c ½�º�d

(n − 1)� b�¾ÅÌxd�c�q�¾Å~�cJo Â q�»�º�d���d�Í Ó c ½�º�¾¿qxÉ�o�a
� o-����q�¾Åp�q�r�¾���d«b���ÄPd«qÊb�¾ÅÌ®d�c�q�¾Å~�c<Í

Ó cn~����+»Jo-»�d���f­Ã�d�c�d��¯o Â ¾ÅÜ�¾Åc�ÃÊ½�º�dDo-Ù�~­Æ�dDÄP~�c�q#½�����Ä�½�¾Å~�c<f­É0dT¾ÅcG½���~Èb���ÄPd9½�º�dTc�~�½�¾Å~�c~�¼8d«ËG��¾�Æ�o-��¾Ço-cG½KÃ��¯o�b�¾Åd�cG½Ï»Jo-¾Å��ÍÊÎÏ~���dU»���d«ÄP¾¿q�d Â a�f�Ã�¾�Æ�d�c oÑq�Ìx~�~�½�º í¨¾Åd�Ì×o-c�c�¾Ço-c
Ì×o-c�¾Å¼¥~ Â b

M
ÉÊ¾�½�ºloÛq�Ìx~�~�½�º o�Ä�½�¾Å~�c ~�¼¬oÛÄP~�Ìx»Jo�Ä�½±Ò+¾ÅdYÃ���~���»

G
É0d'ÄP~�c�q�¾¿b�d��

»Jo-¾Å��q
(X, f),

ÉÊº�d���d
X

¾¿qno
G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½©Ã��¯o�b�¾Åd�cG½©Æ�d«Ä�½�~�� Ð d Â b_~�c

M
o-c�b

f¾¿q
o
G
Á3¾ÅcGÆ�o-��¾Ço-cG½¬¼¥��c�Ä�½�¾Å~�cÛ~�c

M.
}0º�d���d8¾¿q
o Â q�~×o±cJo@½����¯o Â c�~�½�¾Å~�cK~�¼�º�~�Ìx~�½�~�»Ga

Ù�dP½éÉ0d�d�c
G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½¬Ã��¯o�b�¾Åd�cG½
»Jo-¾Å��qPÍ

Ó cÑ½�º�¾¿qxo-��½�¾¿Ä Â dYÉ0d'ÄP~�c�q�¾¿b�d��xq�Ìx~�~�½�º í�¾Åd�ÌYo-c�c�¾Ço-c
G
Á3Ì×o-c�¾Å¼¥~ Â b�q

M
É¨¾�½�ºlo

Ð c�¾�½�dYc���ÌÀÙ�d��8~�¼�~���Ù�¾�½À½éaÈ»�d«q�f�¾)Íód�Í
#Φ(M) < ∞ ^�q�d�dA`�d«Ä�½�¾Å~�c ö�egf�o-c�bÑc�~�½�¾¿ÄPd

½�ºJo@½T¾Å¼
Φ(M) = {(H)} ½�º�d�cÀ½�º�d���d0¾¿q�o
Ù�¾ �éd«Ä�½�¾Å~�c±Ù�dP½éÉ0d�d�cÀ½�º�d0º�~�Ìx~�½�~�»GaÕÄ Â o�q�q�d«q~�¼

G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½©Ã��¯o�b�¾Åd�cG½n»Jo-¾Å��q¬~�c

M = M(H)
o-c�bK½�º�d¹º�~�Ìx~�½�~�»GaÛÄ Â o�q�q�d«q|~�¼

Ã��¯o�b�¾Åd�cG½Ê»Jo-¾Å��q0~�c'½�º�dnËG��~�½�¾Åd�cG½ÊÌ×o-c�¾Å¼¥~ Â b
M(H)/G.

ð
dPï�½¨ÄP~�ÌÀÙ�¾Åc�¾Åc�Ã � ~���~ ÂÅÂ o-��a
òÈÍ¿ôMo-c�b � ~���~ ÂÅÂ o-��a��ÈÍ§ö0É0dDÄ Â o�q�q�¾Å¼Ça©½�º�dDº�~�Ì®~�½�~�»Ga8Ä Â o�q�q�d«q�~�¼�d«ËG��¾�Æ�o-��¾Ço-cG½�Ã��¯o�b�¾Åd�cG½
»Jo-¾Å��q¨~�c

M.
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Ó cØ`�d«Ä�½�¾Å~�c ö±ÉMdÀ��d«Ä«o ÂÅÂ q�~�ÌxdÀb�d Ð c�¾�½�¾Å~�c�q|~�¼Wd«ËG��¾�Æ�o-��¾Ço-cG½n½�~�»�~ Â ~�Ã�aUo-c�bÛÃ�¾�Æ�d
½�º�dÕ»���d«ÄP¾¿q�dÀb�d Ð c�¾�½�¾Å~�c�q|��q�d«bK¾ÅcÛ~����
»Jo-»�d���Í+`�d«Ä�½�¾Å~�cØò®ÄP~�cG½go-¾Åc�qÊ½�º�dÕÙJo�q�¾¿Ä8½�d«Ä¯º�Á
c�¾¿Ä«o Â ��d«q�� Â ½¯q�ÍÈ}0º�dÊÌ×o-¾Åc®��d«q�� Â ½¯qD~�¼µ½�º�¾¿qDq�d«Ä�½�¾Å~�c'o-��d¬}0º�d�~���d�Ì òÈÍ¿ô
o-c�b � ~���~ ÂÅÂ o-��a
òÈÍ¿ô�ÍM`�d«Ä�½�¾Å~�c ë ÄP~�cG½go-¾Åc�qx½�º�dAÌYo-¾Åc ��d«q�� Â ½¯qx~�¼
½�º�¾¿qx»Jo-»�d���Í9}�º�d�~���d�Ì ë�Í¿ôAÃ�¾�Æ�d«q
½�º�dÀÄ Â o�q�q�¾ Ð Ä«o@½�¾Å~�cU~�¼�º�~�Ìx~�½�~�»GaKÄ Â o�q�q�d«q
~�¼

G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½|Ã��¯o�b�¾Åd�cG½n»Jo-¾Å��qÊ~�c

Mo-c�b � ~���~ ÂÅÂ o-��a_ë�Í¿ôÀÃ�¾�Æ�d«q¬½�º�d±Ä Â o�q�q�¾ Ð Ä«o@½�¾Å~�cÔ~�¼9º�~�Ìx~�½�~�»Ga_Ä Â o�q�q�d«qn~�¼Mo�b�Ìx¾¿q�q�¾ÅÙ Â d
^zc�~�c�Á)Æ�o-c�¾¿q�º�¾Åc�Ã×~�c

S(V )
e
G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½
Ã��¯o�b�¾Åd�cG½ÊÌYo-»�qPÍ Ó cÛ`�d«Ä�½�¾Å~�c��8ÉMdnº�¾ÅcG½

o@½Yq�~�ÌxdA��d Â o@½�¾Å~�cLÙ�dP½éÉ0d�d�cl½�º�d
G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½ � ~�c Â dPa ¾Åc�b�dPï ½�º�d�~���a o-c�bl½�º�d

G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½®Ã��¯o�b�¾Åd�cG½®b�d�Ã���d�d�Í Ó cÖ½�º�d
	
»�»�d�c�b�¾�ï É0dAÄ Â o�q�q�¾Å¼ÇaÑ½�º�d'º�~�Ìx~�½�~�»Ga

Ä Â o�q�q�d«qÊ~�¼�Ã��¯o�b�¾Åd�cG½
»Jo-¾Å��qÊ~�c
N,

ÉÊº�d���d
N
¾¿q
o±ÄP~�c�c�d«Ä�½�d«bÛq�Ìx~�~�½�ºKí¨¾Åd�Ì×o-c�c�¾Ço-c

Ì×o-c�¾Å¼¥~ Â bKÉÊ¾�½�º
dimN ≥ 1. Ú dÀb�¾¿q�ÄP��q�q � o-����q�¾Åp�q�r�¾���q|»���~�~�¼W~�¼�½�º�d¹o-Ù�~­Æ�dÀÌxd�c�Á½�¾Å~�c�d«bØ��d«q�� Â ½×^�q�d�dKê
	-ìzegÍ�
9q�q�d�cG½�¾Ço ÂÅÂ a_É0d¹��dPÉ¨��¾�½�d¹½�º�¾¿qn»���~�~�¼D��q�¾Åc�Ã'½�º�d Â o-c�Ã��Jo-Ã�d

~�¼DÃ��¯o�b�¾Åd�cG½©»Jo-¾Å��qPÍ Ú dxo-��d±ÄP~�cGÆÈ¾Åc�ÄPd«bU½�ºJo@½n��c�b�d���q�½go-c�b�¾Åc�ÃA½�º�¾¿q©o-»�»���~Go�Ä¯ºÔÌ×o�a
��d«q�� Â ½Ê¾ÅcÛoÀÙ�dP½�½�d��¨��c�b�d���q�½go-c�b�¾Åc�ÃY~�¼�½�º�dn½�d«Ä¯º�c�¾¿Ä«o Â ¾�½�¾Åd«qÊ~�¼�~����¨»Jo-»�d���Í

}0º�d×o-��½�º�~���q©½�ºJo-c�r_½�º�dx��d�¼¥d���d�d«q©¼¥~��n½�º�d�¾Å�8º�d Â »�¼¥� Â q���Ã�Ã�d«q#½�¾Å~�c�qÀÄP~�c�ÄPd���c�¾Åc�Ã
½�º�d©»���d«q�d�cG½go@½�¾Å~�cÛ~�¼�½�º�¾¿q¨»Jo-»�d���Í

� RMQ��<¸�y���X�]-y¥XJZ�´
�J]@XJ·�y¥\ÈZµ´
�ÔX����×XJZ�·���XJy¥]���R Ó cÛ½�º�¾¿q¬q�d«Ä�½�¾Å~�cÛÉ0dÀq�dP½|��»c�~�½go@½�¾Å~�c¹o-c�b|½�d���Ìx¾Åc�~ Â ~�Ã�a�Í@}�º���~���Ã�º�~���½�½�º�¾¿q�o-��½�¾¿Ä Â d
G
q�½go-c�b�q�¼¥~���o0ÄP~�Ì®»Jo�Ä�½�Ò+¾Åd

Ã���~���»<f�o-c�b
V
b�d�c�~�½�d«q9o¬��d­o Â f Ð c�¾�½�dPÁ"b�¾ÅÌxd�c�q�¾Å~�cJo Â fG~���½�º�~�Ã�~�cJo Â ��d�»���d«q�d�cG½go@½�¾Å~�c×~�¼

G
ÉÊ¾�½�º

G
Á3¾ÅcGÆ�o-��¾Ço-cG½¬q�Ä«o Â o-�¨»���~Èb���Ä�½ 〈·, ·〉 o-c�bÏc�~���Ì | · |. `�dP½ D(V ) = {v ∈ V :

|v| ≤ 1}, B(V ) = {v ∈ V : |v| < 1} o-c�b S(V ) = {v ∈ V : |v| = 1}. `�¾Åc�ÄPd©½�º�d��d�»���d«q�d�cG½go@½�¾Å~�c
V
¾¿q�~���½�º�~�Ã�~�cJo Â fJ½�º�d«q�d8q�dP½¯q
o-��d

G
Á3¾ÅcGÆ�o-��¾Ço-cG½«Í

ÎÏ~���d�~­Æ�d���f�É0dÊÉÊ¾ ÂÅÂ b�d�c�~�½�d¬ÙGa
M

o8í¨¾Åd�Ì×o-c�c�¾Ço-c'q�Ìx~�~�½�º
G
Á3Ì×o-c�¾Å¼¥~ Â b
Í�`�¾Åc�ÄPd

½�º�dÀÃ���~���»
G
¾¿q¬ÄP~�Ìx»Jo�Ä�½«f�É¨¾�½�º�~���½ Â ~�q�q¬~�¼TÃ�d�c�d��¯o Â ¾�½éaK~�c�d¹Ä«o-cUo�q�q���Ìxd8½�ºJo@½

M¾¿q8d«ËG��¾Å»�»�d«bÔÉ¨¾�½�ºÑo
G
Á3¾Åc�Æ�o-��¾Ço-cG½¹ÌxdP½���¾¿Ä 〈·, ·〉. }�º�d×o�Ä�½�¾Å~�cÑ~�¼D½�º�d®Ã���~���»

G
~�c

M × [0, 1]
¾¿qxÃ�¾�Æ�d�c ÙGa

g(v, t) = (gv, t)
¼¥~��×o-cGa

(g, v, t) ∈ G × M × [0, 1].}�º�dÏ½go-c�Ã�d�cG½YÙ���c�b Â d
T (M)

¾¿q×ÄP~�c�q�¾¿b�d���d«b o�qYo
G
Á3Ù���c�b Â dKÉÊ¾�½�ºl½�º�dK¾Åc�b���ÄPd«b

~���½�º�~�Ã�~�cJo Â
G
Áéo�Ä�½�¾Å~�c<Í

Ú dÛÉÊ¾ ÂÅÂ b�d�c�~�½�dØÙGa ∇ϕ : M → T (M)
½�º�dUÃ��¯o�b�¾Åd�cG½Ï~�¼Ào

C1 Á3Ì×o-» ϕ :
M → R

Í
}�º�d¹Ä Â o�q�q¬~�¼
G
Á3¾ÅcGÆ�o-��¾Ço-cG½

Ck
Á3Ì×o-»�q

ϕ : M → R
ÉÊ¾ ÂÅÂ Ù�d¹b�d�c�~�½�d«b_ÙGa

CkG(M,R). Ó ½8¾¿q©r�c�~­É¨cÔ½�ºJo@½8¾Å¼ ϕ ∈ C1
G(M,R),

½�º�d�c ∇ϕ : M → T (M)
¾¿q8o

G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½¬ÄP~�cG½�¾Åc���~���q¨Æ�d«Ä�½�~�� Ð d Â b
Í
}0º�d|q�dP½0~�¼�ÄP~�c �#��ÃGo�Ä�aYÄ Â o�q�q�d«q0~�¼�Ä Â ~�q�d«bAq���Ù�Ã���~���»�q�~�¼

G
ÉÊ¾ ÂÅÂ Ù�dnb�d�c�~�½�d«b'ÙGa

Φ(G)
o-c�bÏ½�º�d¹ÄP~�c �#��ÃGo�Ä�aUÄ Â o�q�q¬~�¼9o×Ä Â ~�q�d«bUq���Ù�Ã���~���»

H ⊂ G
ÉÊ¾ ÂÅÂ Ù�d¹b�d�c�~�½�d«b

ÙGa
(H).

	 q���Ù�Ã���~���»
H ⊂ G

¾¿q��gà��! #"-å%$¯à'&Gã�æ"Þ¨½�~'oxq���Ù�Ã���~���»
K ⊂ G

^¥É¨��¾�½�½�d�c
(H) < (K)

e9¾Å¼
H
¾¿q�ÄP~�c �#��ÃGo@½�d©½�~xoÀq���Ù�Ã���~���»Ï~�¼

K
Í�`���ÙµÄP~�c �#��ÃGo@½�¾Å~�cÛb�d Ð c�d«qÊo

»Jo-��½�¾Ço Â ~���b�d���¾Åc�Ã®~�c
Φ(G)

Í
Ò<dP½

Gv = {g ∈ G : gv = v} Ù�dD½�º�dD¾¿q�~�½���~�»GaÀq���Ù�Ã���~���»¹~�¼ v ∈M. � ~�� (H) ∈
Φ(G)

É0dxq�dP½
M(H) = {v ∈ M : (Gv) = (H)} o-c�b Φ(M) = {(H) ∈ Φ(G) :

M(H) 6= ∅}.
ð
~�½�¾¿ÄPd©½�ºJo@½

M(H)
¾¿q¬oxq���Ù�Ì×o-c�¾Å¼¥~ Â bK~�¼

M
o-c�bA½�º�dÕËG��~�½�¾Åd�cG½|Ì×o-»

π(H) : M(H) →M(H)/G
¾¿qWq�Ì®~�~�½�º<ÍGÎK~���d�~­Æ�d���f�½�º�d¨~���Ù�¾�½

G ·v ¾¿qWonq���Ù�Ì×o-c�¾Å¼¥~ Â b



� � £8?9£����g�@����� þ#ü
û����
~�¼
M(Gv)

b�¾���d�~�Ìx~���»�º�¾¿ÄÕ½�~
G/Gv

Í Ú d8É¨¾ ÂÅÂ b�d�c�~�½�dÀÙGa
Ψ(H)(M)

½�º�dÕ¼�o-Ìx¾ Â aÏ~�¼
ÄP~�c�c�d«Ä�½�d«bÛÄP~�Ìx»�~�c�d�cG½¯q¨~�¼

M(H)/G
o-c�b

Ψ(M) =
⋃

(H)∈Φ(M) Ψ(H)(M)
Í

�������
	��
���
��	Lö�Í¿ô��ÀÒ+dP½
F ∈ C1

G(V,R).
	 Ì×o-» ∇F ∈ C0

G(V, V )
¾¿q¬Ä«o ÂÅÂ d«b_o

G
Á�Þ¯ßPàÈá¥â�ã-ä�á)ã-åJæWã����Àá��#�¯á ����Þ &�ä�ã��-á)ÞPåJæ��xã��Ô^¥ÉÊ��¾�½�½�d�c ∇F ∈ G(V )

e�¾Å¼
(∇F )−1(0)∩

S(V ) = ∅.
�������
	��
���
��	_ö�Í§ö��ÀÒ+dP½

H ∈ C1
G(V ×[0, 1],R).

}0º�d0Ì×o-» ∇vH : V ×[0, 1]→
V
¾¿q�Ä«o ÂÅÂ d«b±o G(V )

Á�� "�� "�æ "����D¾Å¼
(∇vH)−1(0)∩(S(V )×[0, 1]) = ∅. Ú d0q�o�a8½�ºJo@½

Ì×o-»�q ∇F0,∇F1 ∈ G(V )
o-��d G(V )

Á�� "�� "�æ "���á� ×¾Å¼�½�º�d���d'¾¿q¹o G(V )
Á3º�~�Ì®~�½�~�»Ga

∇vH : V × [0, 1]→ V
q���Ä¯ºA½�ºJo@½ ∇vH(·, i) = ∇Fi(·)

¼¥~��
i = 0, 1.

Ò<dP½ ∇F ∈ G(V ). � ~�� v ∈ S(V )
É0dnºJo�Æ�dn½�º�d©��c�¾¿ËG��d8b�d«ÄP~�Ìx»�~�q�¾�½�¾Å~�c

∇F (v) = (∇F (v)− 〈∇F (v), v〉 · v) + 〈∇F (v), v〉 · v = X∇F (v) + f∇F (v) · v,ÉÊº�d���d
X∇F = ∇(F|S(V ))

o-c�b
f∇F ∈ C0

G(S(V ),R).`�¾ÅÌx¾ Â o-� Â a�fW¾Å¼ ∇H ¾¿q×o G(V )
Á3º�~�Ì®~�½�~�»GaÖ½�º�d�c ¼¥~��

v ∈ S(V )
É0dAºJo�Æ�dÏ½�º�d

b�d«ÄP~�Ìx»�~�q�¾�½�¾Å~�c
∇vH(v, t) = (∇vH(v, t)− 〈∇vH(v, t), v〉 · v) + 〈∇vH(v, t), v〉 · v

= X∇H(v, t) + f∇H(v, t) · v,ÉÊº�d���d
X∇H(·, t) = ∇(H(·, t)|S(V ))

o-c�b
f∇H ∈ C0

G(S(V )× [0, 1],R).}0º�dÕo-Ù�~­Æ�d Â d­o�b�q¨��q0½�~±½�º�dn¼¥~ ÂÅÂ ~­ÉÊ¾Åc�Ã×b�d Ð c�¾�½�¾Å~�c�qPÍ
�������
	��
���
��	 ö�Í�ò�� Ú d¹q¯o�aK½�ºJo@½ (X, f)

¾¿qno-c Þ¯ßPàÈá¥â�ã-ä�á)ã-åJæ &�ä�ã��-á)ÞPåJæ ��ã-á¥ä®~�c
M

¾Å¼
• f ∈ C0

G(M,R),
• N−(f) = {x ∈M : f(x) ≤ 0} ¾¿q
o¹ÄP~�Ìx»Jo�Ä�½
q���Ù�q�dP½Ê~�¼ M,
• X : M → TM

o-c�b'½�º�d���d©¾¿q
ϕ ∈ C1

G(M,R)
q���Ä¯ºA½�ºJo@½

X = ∇ϕ,
• X−1(0) ∩ f−1(0) = ∅.}�º�d©Ä Â o�q�q¨~�¼�d«ËG��¾�Æ�o-��¾Ço-cG½¬Ã��¯o�b�¾Åd�cG½
»Jo-¾Å��q�~�c

M
É¨¾ ÂÅÂ Ù�d©b�d�c�~�½�d«bÏÙGa P(M).

�������
	��
���
��	 ö�Íóë�� Ú dÕq¯o�a'½�ºJo@½ (X, f)
¾¿q¬o-c Þ¯ßPàÈá¥â�ã-ä�á)ã-åJæ &-ä¯ã��-á)ÞPå�æ���ã-á¥ä!� "#"

� "�æ "����|~�c
M

¾Å¼
• X : M × [0, 1] → TM

o-c�bØ½�º�d���d®¾¿q
ϕ ∈ C1

G(M × [0, 1],R)
q���Ä¯ºÔ½�ºJo@½

X(·, t) = ∇xϕ(·, t) ¼¥~�� t ∈ [0, 1],
• f ∈ C0

G(M × [0, 1],R),
• N−(f) = {x ∈M×[0, 1] : f(x, t) ≤ 0} ¾¿q�oÊÄP~�Ìx»Jo�Ä�½�q���Ù�q�dP½�~�¼ M×[0, 1],
• X−1(0) ∩ f−1(0) = ∅.


9ËG��¾�Æ�o-��¾Ço-cG½
Ã��¯o�b�¾Åd�cG½
»Jo-¾Å�¨º�~�Ì®~�½�~�»�¾Åd«q0ÉÊ¾ ÂÅÂ Ù�d8Ä«o ÂÅÂ d«b P(M)
Á�� "�� "�æ "$�Já)Þ �¯Í

� ��~�Ì c�~­É ~�cY½�º�dnq�dP½�~�¼ G(V )
Á3º�~�Ìx~�½�~�»Ga'Ä Â o�q�q�d«q0É¨¾ ÂÅÂ Ù�dnb�d�c�~�½�d«b'ÙGa G[V ].ÎK~���d�~­Æ�d���f�½�º�dYq�dP½À~�¼ P(M)

Á3º�~�Ì®~�½�~�»Ga Ä Â o�q�q�d«qÀ¾Åc P(M)
É¨¾ ÂÅÂ Ù�dYb�d�c�~�½�d«bÑÙGa

P[M ].
}�º�d©»���¾Åc�ÄP¾Å»Jo Â q�¾ÅÃ�c�¾ Ð Ä«o-c�ÄPdÀ~�¼�½�º�d8c�dPï�½Ê½�º�d�~���d�Ì ¾¿q¨½�ºJo@½
¾�½¬o ÂÅÂ ~­É
qÊ��q�½�~



��� �(���¯û�-2�Åû��-ü��!-)û .��¿þ��@üµÿ0û20	� #

��d«b���ÄPd|½�º�d|Ä Â o�q�q�¾ Ð Ä«o@½�¾Å~�cA~�¼ G[V ]
½�~À½�º�dnÄ Â o�q�q�¾ Ð Ä«o@½�¾Å~�cA~�¼ P[S(V )]. Ó c'¼�o�Ä�½0¾�½�¾¿q½�º�d Ð ��q#½¬q#½�d�»Ï¾ÅcA½�º�d8Ä Â o�q�q�¾ Ð Ä«o@½�¾Å~�cÛ~�¼ G[V ].

� ������� ö�Í¿ô������ÈÞ �xã$�
ΥV : G[V ] → P[S(V )]

��Þ	��åµÞ � �$�
ΥV ([∇F ]) =

[(X∇F , f∇F )]
á��Õã ��á $PÞ  �æ�á�"-å�


Ò<d�Ì®Ì×oÛö�Í¿ô×¾¿q¹o-cÖd«ËG��¾�Æ�o-��¾Ço-cG½±Æ�d���q�¾Å~�c ~�¼ÊÒ<d�Ì®Ì×oÔô×~�¼8ê
	@ìMÉÊ¾�½�º ½�º�d'q¯o-Ìxd
»���~�~�¼éf�½�º�d���d�¼¥~���d8ÉMdn~�Ì®¾�½¨¾�½«Í

� �������Öö�Í§ö��
�+Þ�æ
M0,M1

�¯Þ���á)Þ��xã-å�å�á)ã-å � � "%"�æ �
G
" �xã�å�á � "#�������Tázæ �

G
""á¥å�"

â�ã-ä�á)ã-åJæ �xÞ�æ�ä�á� � �¯à� ��Ñæ ��ã�æ8æ �ÈÞPä�ÞÛÞ��-á���æ �Ïã
G
"�Þgß�à�á¥â-ã�ägá)ã-åJæ �-á �
Þ "�� "�ä ���Gá�� �

Φ :
M0 → M1.

����Þ�å æ �ÈÞ �xã$�
Φ∗ : P(M1) → P(M0)

&�á¥â�ÞPå �$�
Φ∗(∇ϕ, f) =

(∇(ϕ ◦ Φ), f ◦ Φ)
á¥å �-à� gÞ �8ã ��á $PÞ  �æ�á�"-å

[Φ∗] : P[M1]→ P[M0].

}0º�d©d­o�q#a'»���~�~�¼�~�¼�½�º�¾¿q Â d�ÌxÌ×oÕ¾¿q Â d�¼Ç½¨½�~±½�º�dn��d­o�b�d���Í
�������
	��
���
��	Ôö�Í ��� Ú dÊb�d�c�~�½�d¨ÙGa K(M)

½�º�d
ÄP~ ÂÅÂ d«Ä�½�¾Å~�c®~�¼µ»Jo-¾Å��q
(U,X)

q���Ä¯º
½�ºJo@½
• U ⊂M ¾¿q�~�»�d�cÏ¾ÅcGÆ�o-��¾Ço-cG½��
• ½�º�d���d©¾¿q ϕ ∈ C1

G(U)
q���Ä¯ºA½�ºJo@½

X = ∇ϕ;
• X−1(0)

¾¿qÊo¹ÄP~�Ì®»Jo�Ä�½Êq���Ù�q�dP½
~�¼
U.

�������
	��
���
��	lö�Í���� Ú d8q¯o�a×½�ºJo@½ (U,X)
¾¿qÊo K(M)

Á�� "�� "�æ "����×¾Å¼
• U ⊂M × [0, 1]

¾¿q�~�»�d�cK¾ÅcGÆ�o-��¾Ço-cG½��
• ½�º�d���d©¾¿q ϕ ∈ C1

G(U)
q���Ä¯ºA½�ºJo@½

X = ∇xϕ;
• X−1(0)

¾¿qÊo¹ÄP~�Ì®»Jo�Ä�½Êq���Ù�q�dP½
~�¼
U.}+É0~®»Jo-¾Å��q

(U0,X0), (U1,X1) ∈ K(M)
o-��dÀq¯o-¾¿bÏ½�~×Ù�d K(M)

Á�� "#� "�æ "��Já� 8¾Å¼
½�º�d���d©dPïÈ¾¿q�½¯q
o K(M)

Á3º�~�Ìx~�½�~�»Ga
(U,X)

q���Ä¯ºA½�ºJo@½«f�¼¥~��
i = 0, 1,

Ui = {x ∈M : (x, i) ∈ U}, Xi(x) = X(x, i).

Ó c ½�º�¾¿qÏÄ«o�q�d
(U,X)

¾¿qÏÄ«o ÂÅÂ d«b5o K(M)
Á3º�~�Ìx~�½�~�»Ga ÄP~�c�c�d«Ä�½�¾Åc�Ã

(U0,X0)
o-c�b

(U1,X1). Ú d©b�d�c�~�½�d©ÙGa K[M ]
½�º�dÕq�dP½Ê~�¼�o ÂÅÂ K(M)

Á3º�~�Ìx~�½�~�»GaAÄ Â o�q�q�d«qPÍ
}0º�d©¼¥~ ÂÅÂ ~­É¨¾Åc�Ã Â d�ÌxÌ×o8ÉÊ¾ ÂÅÂ Ù�d©��q�d�¼¥� Â ¾ÅcA~����ÊÄP~�c�q�¾¿b�d��¯o@½�¾Å~�c�qPÍ
� �������Lö�Í�ò����+Þ�æ

(U,X) ∈ K(M). � � W ⊂ U
á��Õã-å "���ÞPåUá¥å�â�ã-ä�á)ã-åJæ �¯à �#��Þ�æ

ã-å �
X−1(0) ⊂W æ �ÈÞPå
^)o�e

(W,X|W ) ∈ K(M);^zÙ�e
(U,X)

ã-å �
(W,X|W )

ã-ä�Þ K(M)
" � "#� "�æ "��Já� �


�Dä!"%"���
®^)o�e¨ç¬ÙGÆÈ¾Å~���qPÍ
^zÙ�eD`�dP½

V = U × [0, 1] \ (U \W )×{1} o-c�b Y (x, t) = X(x)
¼¥~��

(x, t) ∈ V.
TÆÈ¾¿b�d�cG½ Â a
(Y, V )

¾¿qÊo K(M)
Á3º�~�Ìx~�½�~�»Ga'ÄP~�c�c�d«Ä�½�¾Åc�Ã

(U,X)
o-c�b

(W,X|W ).



C � £8?9£����g�@����� þ#ü
û����
Ò<dP½

(X, f)
Ù�dÕo-cGa'»Jo-¾Å�¨¾Åc P(M).

}�º�d8o�q�q�¾ÅÃ�c�Ìxd�cG½
(X, f) 7→ K(X, f) = (f−1((−∞, 0)),X|U)b�d Ð c�d«q¬oÕ½��¯o-c�q�¼¥~���Ì×o@½�¾Å~�c K : P(M)→ K(M).

Ó ½�¾¿q�~�ÙGÆÈ¾Å~���q�¼¥��~�Ì ½�º�d�b�d Ð c�¾�½�¾Å~�cÀ~�¼ K ½�ºJo@½�¾Å¼ (X0, f0), (X1, f1) ∈ P(M)
o-��d

º�~�Ìx~�½�~�»�¾¿Ä¬¾Åc P(M),
½�º�d�c K(X0, f0)

o-c�b K(X1, f1)
o-��d¬º�~�Ìx~�½�~�»�¾¿Ä¬¾Åc K(M).}�º�d���d�¼¥~���d K ¾Åc�b���ÄPd«q¬oÕ½��¯o-c�q�¼¥~���Ì×o@½�¾Å~�c

K : P[M ]→ K[M ].
� ������� ö�Íóë������ÈÞ �xã�����á¥å &

K : P[M ]→ K[M ]
á�� ��á $PÞ  �æ�á¥â�Þ�


�Dä!"%"���
��JàÈä $PÞ# �æ�á¥â«ázæ ��Í8Ò+dP½
(U,X) ∈ K(M).

� º�~�~�q�d
ϕ
q���Ä¯ºU½�ºJo@½

X = ∇ϕ.� º�~�~�q�dÀo-cA~�»�d�cÏ¾ÅcGÆ�o-��¾Ço-cG½¬q�dP½
U0 ⊂ U

q���Ä¯ºA½�ºJo@½
U0

¾¿q¨ÄP~�Ì®»Jo�Ä�½
o-c�b
X−1(0) ⊂ U0 ⊂ U0 ⊂ U.� ~�c�q�¾¿b�d��¬o¹q�Ìx~�~�½�ºÏ¾ÅcGÆ�o-��¾Ço-cG½Ê¼¥��c�Ä�½�¾Å~�c

f : M → [−1, 1]
q���Ä¯ºÏ½�ºJo@½

f(x) =

{−1
¼¥~��

x ∈ X−1(0),

1
¼¥~��

x ∈M \ U0.� º�~�~�q�dÕo-cA~�»�d�cA¾ÅcGÆ�o-��¾Ço-cG½
U1 ⊂ U

q���Ä¯ºA½�ºJo@½
U0 ⊂ U1 ⊂ U1 ⊂ U.

� ~�c�q�¾¿b�d��Êo
q�Ìx~�~�½�ºÏ¾ÅcGÆ�o-��¾Ço-cG½Ê¼¥��c�Ä�½�¾Å~�c

µ : M → [0, 1]
q���Ä¯ºA½�ºJo@½

µ(x) =

{
1

¼¥~��
x ∈ U0,

0
¼¥~��

x ∈M \ U1.`�dP½
ψ(x) =

{
µ(x)ϕ(x) + (1− µ(x))

¼¥~��
x ∈ X1,

1
¼¥~��

x ∈M \ U1.Ò+dP½
Y = ∇ψ o-c�b

W = f−1((−∞, 0)).
`�¾Åc�ÄPd

N−(f) ⊂ U0
o-c�b

ψ(x) = ϕ(x)¼¥~��
x ∈ U0, (Y, f) ∈ P(M).

è a ½�º�dAb�d Ð c�¾�½�¾Å~�cl~�¼ K, K(Y, f) = (W,X|W ).
	¨Ä�ÄP~���b�¾Åc�ÃÖ½�~ Ò+d�ÌxÌYoÑö�Í�òÈf

(U,X)
o-c�b

(W,X|W )
o-��dUº�~�Ìx~�½�~�»�¾¿ÄÛ¾Åc K(M).}�º�¾¿q¨ÄP~�Ìx» Â dP½�d«q�½�º�d©»���~�~�¼�~�¼�q���� �#d«Ä�½�¾�ÆÈ¾�½éa�Í

}0º�d©»���~�~�¼�~�¼�¾Åc �#d«Ä�½�¾�ÆÈ¾�½éaA¾¿q¨q�¾ÅÌx¾ Â o-�
o-c�bA¾¿q�~�Ìx¾�½�½�d«b
Í
� R¨SA¶J]�� X���yÇ´gw [�¶�Z�·�yÇ´@y¥¶�Z ��Rx}0º���~���Ã�º�~���½8½�º�¾¿q©q�d«Ä�½�¾Å~�c<f

(H)
q�½go-c�b�q©¼¥~��8o

Ì×o@ïÈ¾ÅÌYo Â d Â d�Ìxd�cG½D¾Åc
Φ(M).

}0º�dÊÃ�~Go Â ~�¼�½�º�¾¿qDq�d«Ä�½�¾Å~�c×¾¿qT½�~©d«q�½go-Ù Â ¾¿q�º'onÙ�¾ �#d«Ä�½�¾Å~�c
^)òÈÍ¿ô­e P[M ] ≈ P[M(H)]× P[M \M(H)].

Ó c ÉÊºJo@½Y¼¥~ ÂÅÂ ~­ÉÊq�fD½�º�dÛ½go-c�Ã�d�cG½AÙ���c�b Â d
T (M(H))

É¨¾ ÂÅÂ Ù�dUÄP~�c�q�¾¿b�d���d«b o�q'o
q���Ù�Ù���c�b Â d¬~�¼µ½�º�d
��d«q#½���¾¿Ä�½�¾Å~�c

T (M)|M(H)
.
`�¾Åc�ÄPd

M(H)
¾¿qDo

G
Á3¾ÅcGÆ�o-��¾Ço-cG½«f�Ä Â ~�q�d«b
f

q�Ìx~�~�½�º q���Ù�Ì×o-c�¾Å¼¥~ Â b ~�¼
M, N = T (M(H))

⊥ ¾¿qxo
G
Á3¾ÅcGÆ�o-��¾Ço-cG½×q���Ù�Ù���c�b Â dK~�¼

T (M)|M(H)

f�Ä«o ÂÅÂ d«bY½�º�dÀå "-ä$�xã#� ��àÈå ���ÅÞD~�¼
M(H). Ú d|b�d�c�~�½�d|ÙGa

π : N →M(H)½�º�d©Ù���c�b Â d8»���~ �#d«Ä�½�¾Å~�c<Í
è a ½�º�d'½���Ù�� Â o-�±c�d�¾ÅÃ�º�Ù�~�����º�~�~Èb ½�º�d�~���d�Ì ^�q�d�dA}�º�d�~���d�Ì ö�Í§öÛ~�¼Àê�ö­ìze©½�º�d���d

dPïÈ¾¿q�½¯q'o-cL~�»�d�c;¾ÅcGÆ�o-��¾Ço-cG½
Ω ⊂ M

o-c�b;oÔq�Ìx~�~�½�º
G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½Ïb�¾���d�~�Ìx~���Á

»�º�¾¿q�Ì
Λ : N → Ω

ÉÊº�¾¿Ä¯ºKÌ×o-»�q¨½�º�d8Ü�d���~Yq�d«Ä�½�¾Å~�cÛ~�¼
N

~�cG½�~
M(H). � ��~�Ì c�~­É
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~�cÑÉMd×¾¿b�d�cG½�¾Å¼Ça
Ω
ÉÊ¾�½�º

N. � q�¾Åc�ÃÛ½�º�¾¿q¹ÄP~�cGÆ�d�cG½�¾Å~�c<f�¼¥~�� r > 0,
É0dYb�d�c�~�½�dYÙGa

Dr(N), Br(N), Sr(N)
½�º�dÀÄP~�����d«q�»�~�c�b�¾Åc�ÃYÙ���c�b Â d«q¬~�¼WÄ Â ~�q�d«b_b�¾¿q�Ä�q�fµ~�»�d�c_b�¾¿q�Ä�q

o-c�bYq�»�º�d���d«qM~�¼��¯o�b�¾Å��q
r,
��d«q�»�d«Ä�½�¾�Æ�d Â a�Í Ú dno Â q�~À»���½

M∞ = M \D1(N). � d Ð c�d
Xν : N → T (N)

ÙGa
Xν = ∇ν, É¨º�d���d ν(x) = 1

2 |x|2.
� Â d­o-� Â a

Xν
¾¿q0ÄP~�cG½�¾Åc���~���q

o-c�b
G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½«Í � ~�� x ∈ N ÄP~�c�q�¾¿b�d��¨½�º�d8b�d«ÄP~�Ì®»�~�q�¾�½�¾Å~�c

TxM = Vx ⊕Hx,ÉÊº�d���d
Vx = Ker(Dπ(x))

o-c�b
Hx = (Vx)⊥.}0º�d©¼¥~ ÂÅÂ ~­É¨¾Åc�Ã®��d«q�� Â ½Ê¾¿q
o¹q�¾ÅÌx» Â d©ÄP~�c�q�d«ËG��d�c�ÄPdÕ~�¼�½�º�d8b�d Ð c�¾�½�¾Å~�cK~�¼

Xν .

� ���������lòÈÍ¿ô�� � � x ∈ N \M(H)
æ �ÈÞPå

Xν(x) /∈ Hx.

Ò<dP½
(U0,∇ϕ0)

Ù�d×o-cGaU»Jo-¾Å�n¾Åc K(M(H))
o-c�b Â dP½

(U∞,∇ϕ∞)
Ù�d®o-cGaU»Jo-¾Å�

¾Åc K(M∞). � d Ð c�d (U,X)
ÙGa

U := Û0 ∪ U∞,
É¨º�d���d

Û0 = π−1(U0) ∩B1(N),

X(x) =

{
∇ϕ0(π(x)) +Xν(x)

¼¥~��
x ∈ Û0,

∇ϕ∞(x)
¼¥~��

x ∈ U∞.ð
~�½�d|½�ºJo@½
(Dπ(x))∗

Ì×o-»�q
Tπ(x)(M(H))

¾¿q�~�Ì®~���»�º�¾¿Ä«o ÂÅÂ a'~�cG½�~
Hx.

`�¾Åc�ÄPd
^)òÈÍ§ö�e ∇(ϕ0 ◦ π)(x) = (Dπ(x))∗(∇ϕ0(π(x))),
í¨d�Ì×o-��rUòÈÍ¿ô¹¾ÅÌx» Â ¾Åd«q¬½�ºJo@½©¾Å¼

x ∈ Û0
½�º�d�c

X(x) = 0
¾Å¼Mo-c�bØ~�c Â a_¾Å¼

x ∈ M(H)o-c�b ∇ϕ0(x) = 0.
}�º���q

(U,X) ∈ K(M)
o-c�b'½�º�d8o�q�q�¾ÅÃ�c�Ì®d�cG½

((U0,∇ϕ0), (U∞,∇ϕ∞)) 7→ (U,X)
b�d Ð c�d«q�oM½��¯o-c�q�¼¥~���ÌYo@½�¾Å~�c E : K(M(H))×K(M∞)→ K(M).

� Â d­o-� Â a E »���d«q�d���Æ�d«q
K(M(H))×K(M∞)

Á3º�~�Ìx~�½�~�»Ga®Ä Â o�q�q�d«q�Í�}�º�d���d�¼¥~���d¬¾�½M¾Åc�b���ÄPd«q�on½��¯o-c�q�¼¥~���Ì×o@½�¾Å~�c
E : K[M(H)]×K[M∞]→ K[M ].

Ú d¹Ä«o-cUc�~­É q�½go@½�dxo±½�º�d�~���d�Ì ÉÊº�¾¿Ä¯º_» Â o�a�q©o-c_¾ÅÌx»�~���½go-cG½n��~ Â d¹¾Åc_~����|ÄP~�c�Á
q�¾¿b�d��¯o@½�¾Å~�c�qPÍ

�	� ������� � òÈÍ¿ô�� ���ÈÞ �xã�����á¥å &
E : K[M(H)]×K[M∞]→ K[M ]

á�� ��á $PÞ  �æ�á¥â�Þ�

è d�¼¥~���dY»���~ÈÄPd�d«b�¾Åc�Ã_½�~K½�º�d×»���~�~�¼éf�ÉMd×¾ÅcG½���~Èb���ÄPd'q�~�Ìxd×c�~�½go@½�¾Å~�c o-c�bÑ»���~­Æ�d

½�º���d�d Â d�Ì®Ì×o�qPÍ
� �������ÏòÈÍ¿ô��
�+Þ�æ

ϕ ∈ C1
G(M,R). � � x0 ∈M(H)

æ ��Þ�å ∇ϕ(x0) ∈ Tx0(M(H)).�Dä!"%"���
Õ`�¾Åc�ÄPd
(H)

¾¿qÀoÏÌ×o@ïÈ¾ÅÌ×o Â d Â d�Ìxd�cG½À¾Åc
Φ(M), M(H)

¾¿qÀoKÄ Â ~�q�d«b
f
G
Á

¾ÅcGÆ�o-��¾Ço-cG½«f�q�Ìx~�~�½�º q���Ù�Ì×o-c�¾Å¼¥~ Â bÔ~�¼
M.

Ò+dP½
Λ : N(M(H)) → Λ(N(M(H)))

Ù�d
o-c ~�»�d�c<f

G
Á3¾Åc�Æ�o-��¾Ço-cG½«fT½���Ù�� Â o-�±c�d�¾ÅÃ�º�Ù�~�����º�~�~Èbl~�¼

M(H)
¾Åc
M.

`�¾Åc�ÄPd
Λ
¾¿qxo

G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½Øb�¾���d�~�Ìx~���»�º�¾¿q�ÌÏfÊ¾�½K»���d«q�d���Æ�d«qK¾¿q�~�½���~�»Ga Ã���~���»�q_o-c�b ½�º�d���d�¼¥~���d

(N(M(H)))(H) = M(H).
ð
~�½�¾¿ÄPd|½�ºJo@½

G(x0,v) ⊂ Gx0

¼¥~��Êo-cGa
(x0, v) ∈ Tx0(M).

� ¾�ï x0 ∈ M(H). Ú d¹Ä Â o-¾ÅÌ ½�ºJo@½
(Tx0(M))(H) ⊂ Tx0(M(H)). Ó cU¼�o�Ä�½8q�¾Åc�ÄPd

(N(M(H)))(H) = M(H),
¾�½Y¾¿q×Ä Â d­o-�×½�ºJo@½Y¼¥~��

(x0, v) ∈ Nx0(M(H))
É0dKºJo�Æ�d

G(x0,v) = Gx0

¾��
v = 0. � ¾�ï (x0, v, w) ∈ Tx0(M) = Tx0(N(M(H))) =



� � £8?9£����g�@����� þ#ü
û����

Nx0(M(H)) ⊕ Tx0(M(H))
o-c�b_c�~�½�¾¿ÄPd¹½�ºJo@½

G(x0,v,w) ⊂ Gx0 .
ÎÏ~���d�~­Æ�d���f+c�~�½�¾¿ÄPd

½�ºJo@½Ê¾Å¼
G(x0,v,w) = Gx0

½�º�d�c
v = 0.

`���ÌxÌ®¾Åc�Ã±��»<f�É0dn~�Ù�½go-¾Åc
(Tx0(M))(H) = (Nx0(M(H))⊕ Tx0(M(H)))(H)

^)òÈÍ�ò�e
= (Tx0(M(H)))(H) ⊂ Tx0(M(H)).

� ¾�ï ϕ ∈ C1
G(M,R). Ó ½Y¾¿qYÄ Â d­o-�×½�ºJo@½ ∇ϕ : M → TM

¾¿q'o ÄP~�cG½�¾Åc���~���q
G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½
ÌYo-»<Í�}�o-r�¾Åc�Ãx¾ÅcG½�~Yo�Ä�ÄP~���cG½À^)òÈÍ�ò�eMÉMdn~�Ù�½go-¾Åc

(∇ϕ)|M(H)
: M(H) → (T (M)|M(H)

)(H) ⊂ T (M(H)),ÉÊº�¾¿Ä¯ºÏÄP~�Ì®» Â dP½�d«q0½�º�d©»���~�~�¼éÍ
� ~�c�q�¾¿b�d��
o¹¼¥��c�Ä�½�¾Å~�c

θ ∈ C1(R,R)
q¯o@½�¾¿q�¼ÇaÈ¾Åc�Ãx½�º�d©¼¥~ ÂÅÂ ~­ÉÊ¾Åc�Ã®ÄP~�c�b�¾�½�¾Å~�c�q �

• θ(τ) = 0
¼¥~��

τ ≤ 2,
• θ′(τ) > 0

¼¥~��
2 < τ < 3,

• θ(τ) = 1
¼¥~��

τ ≥ 3.

� d Ð c�d Θ : M →M
ÙGa

Θ(x) =

{
θ(|x|)x ¼¥~��

x ∈ N,
x

¼¥~��
x ∈M \N.

� ��������� òÈÍ§ö�� Ó ¼ |x| ≤ 2
½�º�d�c

Θ(x) = π(x)
o-c�b

(DΘ(x))∗
Ì×o-»�q

TxM(H)¾¿q�~�Ìx~���»�º�¾¿Ä«o ÂÅÂ a ~�cG½�~
Hx. Ó ¼ |x| > 2

½�º�d�c
DΘ(x) : TxM → TΘ(x)M

¾¿qYo-c
¾¿q�~�Ìx~���»�º�¾¿q�ÌÏÍ

ðÊ~­É8f�ÄP~�c�q�¾¿b�d��
(U,X) ∈ K(M).

� º�~�~�q�d
ϕ ∈ C1

G(U,R)
q���Ä¯º±½�ºJo@½

X = ∇ϕ.
� d Ð c�d Θ∗(U,X) = (Θ−1(U),∇(ϕ ◦Θ)|Θ−1(U)).

� �������lòÈÍ§ö���� "-äÕã-å �
(U,X) ∈ K(M)

�DÞ �Èã-â�Þ
^)o�e

Θ∗(U,X) ∈ K(M),^zÙ�e
Θ∗(U,X)

ã�å �
(U,X)

ã-ä¯Þ K(M)
" � "#� "�æ "��Já� �


�Dä!"%"���
®^)o�e0Ò+dP½
Y = ∇(ϕ ◦Θ). Ú d©Ä Â o-¾ÅÌ ½�ºJo@½Ê¼¥~��

x ∈ Θ−1(U)
f

^)òÈÍóë�e
Y (x) = 0 ⇔ X(Θ(x)) = 0.

}�~±»���~­Æ�dn½�º�¾¿q�ÉMd©ÄP~�c�q�¾¿b�d��¨½�º�d©¼¥~ ÂÅÂ ~­ÉÊ¾Åc�Ã±½éÉM~®Ä«o�q�d«qPÍ
ô�Í
x ∈ D2(N) ∩ Θ−1(U).

	¨Ä�ÄP~���b�¾Åc�ÃL½�~ ½�º�d b�d Ð c�¾�½�¾Å~�c ~�¼
Θ

É0dÑºJo�Æ�d
DΘ(x) = Dπ(x).

}�º���q
DΘ(x)

Ì×o-»�q
Hx

¾¿q�~�Ì®~���»�º�¾¿Ä«o ÂÅÂ aU~�cG½�~
TΘ(x)(M(H))

f
o-c�b

DΘ∗(x)
Ì×o-»�q

TΘ(x)(M(H))
¾¿q�~�Ì®~���»�º�¾¿Ä«o ÂÅÂ aA~�cG½�~

Hx.
`�¾Åc�ÄPd

^)òÈÍ ��e ∇(ϕ ◦Θ)(x) = (DΘ(x))∗(∇ϕ(Θ(x)))
o-c�b
f�o�Ä�ÄP~���b�¾Åc�ÃK½�~_Ò<d�Ì®Ì×oAòÈÍ¿ô�f ∇ϕ(Θ(x)) ∈ TΘ(x)(M(H)),

½�º�d®»���~�~�¼0~�¼M½�º�¾¿q
Ä«o�q�d©¾¿q¨ÄP~�Ìx» Â dP½�d�Í

ö�Í
x ∈ Θ−1(U) \ D2(N). Ó cØ½�º�¾¿qÕÄ«o�q�d DΘ(x)

¾¿qÀo-c ¾¿q�~�Ìx~���»�º�¾¿q�ÌÏf+É¨º�¾¿Ä¯º
¾ÅÌx» Â ¾Åd«qÕ^)òÈÍóë�egÍ
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}0º���q
Y −1(0) = Θ−1(X−1(0)).

� Â d­o-� Â a
Y −1(0)

¾¿q×oÔÄP~�Ìx»Jo�Ä�½Yq���Ù�q�dP½×~�¼
Θ−1(U)

o-c�b'½�º�d©»���~�~�¼�~�¼0^)o�eM¾¿q¨ÄP~�Ìx» Â dP½�d�Í
^zÙ�e � ~�� t ∈ [0, 1]

b�d Ð c�d
Θt : M →M

ÙGa

Θt(x) =

{
[tθ(|x|) + 1− t]x ¼¥~��

x ∈ N,
x

¼¥~��
x ∈M \N.

`�dP½
V = {(x, t) ∈ M × [0, 1] : x ∈ Θ−1

t (U)} o-c�b Z(x, t) = ∇(ϕ ◦ Θt)(x).
TÆÈ¾¿b�d�cG½ Â a
(V,Z)

¾¿qÊo K(M)
Á3º�~�Ìx~�½�~�»GaAÄP~�c�c�d«Ä�½�¾Åc�Ã

(U,X)
o-c�b

Θ∗(U,X).
� ~�c�q�¾¿b�d��
o¹¼¥��c�Ä�½�¾Å~�c

µ ∈ C1(R,R)
q�o@½�¾¿q�¼ÇaÈ¾Åc�Ãx½�º�d©¼¥~ ÂÅÂ ~­É¨¾Åc�Ã×ÄP~�c�b�¾�½�¾Å~�c�q �

• µ(τ) = 0
¼¥~��

τ ≤ 0,
• µ′(τ) > 0

¼¥~��
0 < τ < 2,

• µ(τ) = 1
¼¥~��

τ ≥ 2.

� d Ð c�d µ̂ ∈ C1
G(M,R)

ÙGa

µ̂(x) =

{
µ
(

1
2 |x|2

) ¼¥~��
x ∈ N,

1
¼¥~��

x ∈M \N.
� d Ð c�d Xµ : M → T (M)

ÙGa
Xµ = ∇µ̂. � Â d­o-� Â a Xµ

¾¿q±ÄP~�cG½�¾Åc���~���q®o-c�b
G
Á

d«ËG��¾�Æ�o-��¾Ço-cG½«Í
Ò<dP½

(U,X) ∈ K(M). � d Ð c�d
N (U,X) = (Θ−1(U),∇(ϕ ◦Θ)|Θ−1(U) +Xµ|Θ−1(U)).

� �������lòÈÍ�ò���� "-äÕã-å �
(U,X) ∈ K(M)

�DÞ �Èã-â�Þ
^)o�e N (U,X) ∈ K(M),^zÙ�e N (U,X)

ã-å �
(U,X)

ã-ä�Þ K(M)
" � "�� "�æ "��Já� �


�Dä!"%"���
®^)o�e0Ò+dP½
Y = ∇(ϕ ◦Θ). Ú d©Ä Â o-¾ÅÌ ½�ºJo@½Ê¼¥~��

x ∈ Θ−1(U)
f

^)òÈÍ���e
(Y +Xν)

−1(0) = Y −1(0) ∩X−1
ν (0).

}�~±»���~­Æ�dn½�º�¾¿q�ÉMd©ÄP~�c�q�¾¿b�d��¨½�º�d©¼¥~ ÂÅÂ ~­ÉÊ¾Åc�Ã±½éÉM~®Ä«o�q�d«qPÍ
• x ∈ D2(N) ∩ Θ−1(U).

è a ^)òÈÍ ��egf
Y (x) ∈ Hx.

	
»�» Â aÈ¾Åc�Ã×í¨d�Ì×o-��rAòÈÍ¿ô©ÉMd
~�Ù�½go-¾ÅcÖ^)òÈÍ���egÍ
• x ∈ Θ−1(U) \D2(N). Ó c'½�º�¾¿qÊÄ«o�q�d Xν(x) = 0

f�É¨º�¾¿Ä¯ºÏ¾ÅÌx» Â ¾Åd«q8^)òÈÍ���egÍ
}0º���q

(Y +Xν)
−1(0) ⊂ Y −1(0)

fGº�d�c�ÄPd
(Y +Xν)

−1(0)
¾¿q0ÄP~�Ìx»Jo�Ä�½�o-c�bx½�º�d

»���~�~�¼�~�¼�^)o�eM¾¿q¨ÄP~�Ìx» Â dP½�d�Í
^zÙ�e � ~�� (x, t) ∈ Θ−1(U)× [0, 1]

q�dP½
Z(x, t) = Y (x) + (1− t)Xν(x).

}0º�d�c
(Θ−1(U)×[0, 1], Z)

¾¿qTo K(M)
Á3º�~�Ìx~�½�~�»Ga8ÄP~�c�c�d«Ä�½�¾Åc�Ã N (U,X)

o-c�b
Θ∗(U,X).è a®Ò+d�ÌxÌ×o©òÈÍ§ö�^zÙ�egf

Θ∗(U,X)
o-c�b

(U,X)
o-��d K(M)

Á3º�~�Ìx~�½�~�»�¾¿Ä¬o-c�b®½�º�d
»���~�~�¼
¾¿q¨ÄP~�Ì®» Â dP½�d�Í

�Dä!"%"�� "�� ���ÈÞ#"-ä�Þ���� 
�� 
©Ò+dP½
(U,∇ϕ) ∈ K(M).

`�dP½
U0 = U ∩M(H), ϕ0 =

ϕ|U0
, U∞=Θ−1(U) ∩M∞, R0(U,X)=(U0,∇ϕ0), R∞(U,X)=N (U,X)|U∞.



��ù � £8?9£����g�@����� þ#ü
û����
	¨Ä�ÄP~���b�¾Åc�ÃÖ½�~ Ò+d�ÌxÌ×o òÈÍ¿ô�f R0(U,X) ∈ K(M(H))

o-c�bLÙGal½�º�dUb�d Ð c�¾�½�¾Å~�c ~�¼
N (U,∇ϕ), R∞(U,∇ϕ) ∈ K(M∞).

� d Ð c�dÀoÀÌ×o-» R : K(M)→ K(M(H))×K(M∞)
ÙGa

R(U,X) = (R0(U,X),R∞(U,X)).

Ó ½9¼¥~ ÂÅÂ ~­É
q9b�¾Å��d«Ä�½ Â a±¼¥��~�Ì ½�º�d
b�d Ð c�¾�½�¾Å~�c®~�¼ E ½�ºJo@½ E(R(U,X))
o-c�b N (U,X)

o-��d
K(M)

Á3º�~�Ìx~�½�~�»�¾¿Ä�Í<ð
~�½�dÕ½�ºJo@½ R »���d«q�d���Æ�d«q K(M)
Á3º�~�Ìx~�½�~�»GaÛÄ Â o�q�q�d«q�Í+}0º���q R¾Åc�b���ÄPd«qÀo'Ì×o-»

R : K[M ] → K[M(H)] × K[M∞]. Ý d�c�ÄPd®Ò+d�ÌxÌYoYòÈÍ�òA¾ÅÌx» Â ¾Åd«q½�ºJo@½
E ◦R

¾¿q0½�º�d©¾¿b�d�cG½�¾�½éaAÌ×o-»A~�¼ K[M ]
Í

Ó ½¨��d�Ì×o-¾Åc�q�½�~xq�º�~­É ½�ºJo@½
R ◦ E

d«ËG�Jo Â q�½�º�dn¾¿b�d�cG½�¾�½éa�Í
Ò<dP½

(U0,∇ϕ0) ∈ K(M(H))
o-c�b

(U∞,∇ϕ∞) ∈ K(M∞).
ÎÏ~���d�~­Æ�d���f�b�d Ð c�d

(U,X) = R∞(E((U0,∇ϕ0), (U∞,∇ϕ∞))).
`�dP½

U1 = Θ−1(U∞), X1 = X|U1
,

U2 = Θ−1(π−1(U0) ∩B1(N)) ∩M∞
o-c�b

X2 = X|U2
.
ç
Ù�q�d���Æ�dn½�ºJo@½

^)o�e
U = U1 ∪ U2

o-c�b
U1 ∩ U2 = ∅,^zÙ�e

(U1,X1), (U2,X2) ∈ K(M∞),^�Ä­e
X2(x) = ∇(ϕ0 ◦ π)(x) + α(x)Xν(x)

¼¥~��
x ∈ U2

f�É¨º�d���d
α(x) ≥ 0.`�dP½�½�¾Åc�Ã

W = U2× [0, 1]
o-c�b

Yt(x) = (1− t)X2(x) + tXν(x)
¼¥~��

(x, t) ∈W É0d
~�Ù�½go-¾Åc®o K(M∞)

Á3º�~�Ìx~�½�~�»Ga
(W,Y )

ÄP~�c�c�d«Ä�½�¾Åc�Ã
(U2,X2)

o-c�b
(U2, Y1).

� Â d­o-� Â a
Y1(x) 6= 0

¼¥~��Yo ÂÅÂ
x ∈ U2.

}�º���qPf9¾ÅclÆÈ¾ÅdPÉ ~�¼x^)o�egfDÒ+d�ÌxÌYoÔö�Í�òU¾ÅÌ®» Â ¾Åd«q±½�ºJo@½
(U,X)

¾¿q9º�~�Ìx~�½�~�»�¾¿ÄÊ½�~
(U1,X1)

¾Åc K(M∞).
`�¾Åc�ÄPd

(U1,X1) = N (U∞,∇ϕ∞),ÙGaÑoKq�¾ÅÌx» Â d×��d�»�dP½�¾�½�¾Å~�c ~�¼0½�º�d'o-��Ã���Ìxd�cG½¯qÕÃ�¾�Æ�d�cÖ¾Åc ½�º�d×»���~�~�¼�~�¼¨Ò<d�Ì®Ì×oÏòÈÍ�òÈf
É0dÕq�d�d8½�ºJo@½

(U1,X1)
¾¿q¨º�~�Ìx~�½�~�»�¾¿Ä©½�~

(U∞,∇ϕ∞)
¾Åc K(M∞).

}�º���q�É0d8ºJo�Æ�d
q�º�~­É¨c ½�ºJo@½ R∞ ◦ E((U0,∇ϕ0), (U∞,∇ϕ∞))

¾¿qAº�~�Ìx~�½�~�»�¾¿ÄU½�~
(U∞,∇ϕ∞).`�¾Åc�ÄPd R0 ◦E((U0,∇ϕ0), (U∞,∇ϕ∞)) = (U0,∇ϕ0), R◦E ¾Åc�b���ÄPd«qW½�º�d¨¾¿b�d�cG½�¾�½éa~�c K[M(H)]×K[M∞].

}0º���q0½�º�d©»���~�~�¼�~�¼�}0º�d�~���d�Ì òÈÍ¿ôn¾¿q¨ÄP~�Ìx» Â dP½�d�Í
Ú d Ð c�¾¿q�º;½�º�¾¿qYq�d«Ä�½�¾Å~�cLÉÊ¾�½�º oÑÄP~���~ ÂÅÂ o-��a ÉÊº�¾¿Ä¯º o ÂÅÂ ~­ÉÊqY��q®½�~Ö��d«b���ÄPd_½�º�d

Ä Â o�q�q�¾ Ð Ä«o@½�¾Å~�c ~�¼ P[M ]
½�~ ½�º�dUÄ Â o�q�q�¾ Ð Ä«o@½�¾Å~�c ~�¼ P[M(H)]

o-c�b P[M \ M(H)],ÉÊº�d���d
(H) ∈ Φ(M).

}0º�d×ÄP~���~ ÂÅÂ o-��aÔ¾¿qÀoAb�¾Å��d«Ä�½¹ÄP~�c�q�d«ËG��d�c�ÄPdY~�¼�Ò+d�ÌxÌ×o�qÕö�Í§ö�f
ö�Íóë×o-c�bÏ}�º�d�~���d�Ì òÈÍ¿ô�Í

� ��� ����� ����� òÈÍ¿ô���� �#�¯à��®Þ×ã�� �-ázæ�á�"-åµã#� � �_æ �Èã�æ
#Φ(M) < ∞, á	
¥Þ�
 Φ(M) =

{(H1), . . . , (Hk)}.
����Þ�åUæ �ÈÞPä�Þ8á��8ã ��á $PÞ  �æ�á�"-å

ΓM : P[M ]→ P[M(H1)]× · · · × P[M(Hk)].

Ó ½D¾¿q9ÉM~���½�º×»�~�¾ÅcG½�¾Åc�ÃÀ~���½D½�ºJo@½M¾Å¼µ½�º�d
Ì×o-c�¾Å¼¥~ Â b M ¾¿qDÄP~�Ì®»Jo�Ä�½«fG½�º�d�c
#Φ(M)

<∞ ^�q�d�d×ê�ö­ì3f�ê �@ìzegÍ

� RµtîX�yzZÔ]@\ �«¸ �¥´%��R Ó c¹½�º�¾¿qWq�d«Ä�½�¾Å~�c±É0d0»���~­Æ�d�½�º�d�ÌYo-¾Åc¹��d«q�� Â ½W~�¼J½�º�¾¿q9o-��½�¾¿Ä Â d�Í}�º���~���Ã�º�~���½D½�º�¾¿qMq�d«Ä�½�¾Å~�c®É0d¬o�q�q���Ìxd¬o�b�b�¾�½�¾Å~�cJo ÂÅÂ a®½�ºJo@½
#Φ(M) <∞. ð|o-Ìxd Â a�fÉ0d×Ä Â o�q�q�¾Å¼Ça ½�º�d×º�~�Ìx~�½�~�»GaÑÄ Â o�q�q�d«q P[M ]

^�q�d�dY}�º�d�~���d�Ì ë�Í¿ô­egÍTÎK~���d�~­Æ�d���fTo�qÀo
ÄP~���~ ÂÅÂ o-��a'É0dn~�Ù�½go-¾ÅcÛo±Ä Â o�q�q�¾ Ð Ä«o@½�¾Å~�cÛ~�¼ G[V ].



��� �(���¯û�-2�Åû��-ü��!-)û .��¿þ��@üµÿ0û20	� �!�

Ú d_q�½go-��½YÉÊ¾�½�º ½�º�dUb�d Ð c�¾�½�¾Å~�c ~�¼8o Ã���~���»
U(G,M).

}�º�d_b�d�Ã���d�d_ÉMdUo-��d
Ã�~�¾Åc�Ã'½�~AÄP~�c�q�½�����Ä�½nÉÊ¾ ÂÅÂ Ù�dxo-cUd Â d�Ì®d�cG½|~�¼

U(G,M). � ¾�ï (H) ∈ Φ(M).
`�¾Åc�ÄPd

M(H)
¾¿qTo¬q�Ì®~�~�½�º±í¨¾Åd�Ì×o-c�c�¾Ço-c

G
Á3Ì×o-c�¾Å¼¥~ Â b
f

M(H)/G
¾¿qWo¬q�Ìx~�~�½�º±í¨¾Åd�Ì×o-c�c�¾Ço-c

Ì×o-c�¾Å¼¥~ Â bxo-c�bÀ½�º�d�»���~ �#d«Ä�½�¾Å~�c
π(H) : M(H) →M(H)/G

¾¿qWo|q�Ìx~�~�½�º
G
Á3¾ÅcGÆ�o-��¾Ço-cG½

Ì×o-»<Í � d Ð c�d
I((H),M)

= {W : W
¾¿qÊo¹ÄP~�c�c�d«Ä�½�d«bÛÄP~�Ìx»�~�c�d�cG½Ê~�¼

M(H)/G
É¨¾�½�º

dimW ≥ 1},
U(H)(G,M) =

⊕

W∈I((H),M)

Z, U(G,M) =
⊕

(H)∈Φ(M)

U(H)(G,M).

Ó ½Ê¾¿q���c�b�d���q�½�~�~ÈbA½�ºJo@½Ê¾Å¼ I((H),M) = ∅, ½�º�d�c U(H)(G,M) = {0}.
� ¾�ï [(X, f)] ∈ P[M ]. Ú d|É¨¾ ÂÅÂ b�d Ð c�dÕo-cÏd Â d�Ìxd�cG½

DEG([(X, f)],M) =
∑

(H)∈Φ(M)

DEG(H)([(X, f)],M) ∈ U(G,M),

ÉÊº�d���d
DEG(H)([(X, f)],M) ∈ U(H)(G,M).`���»�»�~�q�d Ð ��q�½¨½�ºJo@½

#Φ(M) = 1,
¾)Íód�Í

Φ(M) = {(H)}. Ó cA½�º�¾¿q¨q�¾�½��Jo@½�¾Å~�c
• M = M(H),
• U(G,M) = U(H)(G,M(H)),
• DEG([(X, f)],M) = DEG(H)([(X, f)],M(H)) ∈ U(H)(G,M(H)).

� ¾�ï;oÔ»Jo-¾Å�
(X, f) = (∇ϕ, f) ∈ P(M).

`�¾Åc�ÄPd
Φ(M) = {(H)}, M/G

¾¿q'o
q�Ìx~�~�½�º'Ì×o-c�¾Å¼¥~ Â bAo-c�b×½�º�d©ËG��~�½�¾Åd�cG½¨Ì×o-»

π(H) : M →M/G
¾¿q0q�Ìx~�~�½�º<Í � d Ð c�d¼¥��c�Ä�½�¾Å~�c�q

ϕ0, f0 ∈ C2(M/G,R)
q���Ä¯ºA½�ºJo@½

ϕ(x) = (ϕ0 ◦ π(H))(x)
o-c�b

f(x) =
(f0 ◦ π(H))(x).ðÊ~�½�¾¿ÄPdn½�ºJo@½Ê¾Å¼

W ∈ I((H),M),
½�º�d�cA½�º�d©Ã���~���»

G
o�Ä�½¯q�½���¾�ÆÈ¾Ço ÂÅÂ a'~�c

W.
Ó ½0¾¿q0Ä Â d­o-�M½�ºJo@½�¾Å¼ W ∈ I((H),M),

½�º�d�c
[(∇ϕ0, f0)|W ] ∈ P[W ].

ÎÏ~���d�~­Æ�d���f
¾�½Ê¾¿q�d­o�q�aY½�~xÄ¯º�d«Ä¯rY½�ºJo@½�½�º�d©ÌYo-»

P(H) : P[M ]→ P[M/G] =
∏

W∈I((H),M)

P[W ]

b�d Ð c�d«b×ÙGa
P(H)([(X, f)]) =

∏
W∈I((H),M)[(∇ϕ0, f0)|W ]

¾¿qMo©Ù�¾ �#d«Ä�½�¾Å~�c<Í�ç¬c®½�º�d
~�½�º�d��¨ºJo-c�b
f�ÉMd©ºJo�Æ�d8o¹Ù�¾ �#d«Ä�½�¾Å~�c

γ(H) =
∑

W∈I((H),M)

γW :
∏

W∈I((H),M)

P[W ]→ U(G,M) =
⊕

W∈I((H),M)

Z,

ÉÊº�d���d|½�º�d©Ù�¾ �#d«Ä�½�¾Å~�c�q
γW : P[W ]→ Z

o-��d©Ã�¾�Æ�d�cAÙGa � ~���~ ÂÅÂ o-��a �ÈÍ§ö�Í � ¾ÅcJo ÂÅÂ a�f�É0db�d Ð c�dÕo¹Ù�¾ �#d«Ä�½�¾Å~�c
DEG(H)(·,M) : P(M)→ U(G,M)

ÙGa
DEG(H)([(X, f)],M) := (γ(H) ◦ P(H))([(X, f)]).

`���»�»�~�q�d'c�~­É ½�ºJo@½
#Φ(M) > 1,

¾)Íód�Í
Φ(M) = {(H1), . . . , (Hk)}, k > 1.

Ó c ½�º�¾¿qxq�¾�½��Jo@½�¾Å~�clÉMdÏb�d Ð c�dÛo_Ù�¾ �#d«Ä�½�¾Å~�c
DEG(·,M) : P[M ] → U(G,M)

o�q



��ø � £8?9£����g�@����� þ#ü
û����
¼¥~ ÂÅÂ ~­É
q �

DEG([(X, f)],M)

= ((DEG(H1)(·,M(H1)), . . . ,DEG(Hk)(·,M(Hk))) ◦ ΓM )([(X, f)]),ÉÊº�d���d
ΓM : P[M ] → P[M(H1)] × · · · × P[M(Hk)]

¾¿qÕ½�º�dYÙ�¾ �#d«Ä�½�¾Å~�c Ã�¾�Æ�d�c ÙGa
� ~���~ ÂÅÂ o-��aKòÈÍ¿ô�Í

ðÊ~�½�¾¿ÄPdn½�ºJo@½¨É0dnºJo�Æ�d �#��q#½
»���~­Æ�d«b'½�º�d©¼¥~ ÂÅÂ ~­ÉÊ¾Åc�Ã±½�º�d�~���d�ÌÏÍ
�	� ������� � ë�Í¿ô��
�+Þ�æ

G
�¯Þ¹ã-å �
 "�� ��ã  Pæ ��á)Þ &�ä!"-à �Öã-å � ��Þ�æ

M
��Þ±ã � � "%"�æ �

��á)Þ��xã�å�å�á)ã-å
G
" �xã-å�á � "#��� �gà� �� æ ��ã�æ

#Φ(M) < ∞ 
 ���ÈÞPå æ �ÈÞØã � "-â�Þ ��Þ	��åµÞ �
�xã$�

DEG(·,M) : P[M ]→ U(G,M)
á��8ã ��á $PÞ  �æ�á�"-å�


`�¾Åc�ÄPd
S(V ) ⊂ V ¾¿qMo©ÄP~�Ìx»Jo�Ä�½«fÈí�¾Åd�ÌYo-c�c�¾Ço-c

G
Á3ÌYo-c�¾Å¼¥~ Â b
f

#Φ(S(V )) <∞.}�º�d���d�¼¥~���dÀÄP~�Ì¹Ù�¾Åc�¾Åc�ÃYÒ+d�ÌxÌ×o×ö�Í¿ônÉÊ¾�½�º_}0º�d�~���d�Ì ë�Í¿ô©ÉMd8~�Ù�½go-¾ÅcÛ½�º�dÕ¼¥~ ÂÅÂ ~­ÉÊ¾Åc�Ã
ÄP~���~ ÂÅÂ o-��a�Í

� ��� ����� �����Øë�Í¿ô��
�+Þ�æ
V

�¯ÞÊã-å
"-ä�æ � "!& "-åµã#��ä�Þ �Jä�Þ �PÞPåJæ"ã�æ�á�"-å " ��ã� #"�� ��ã' �æ���á)Þ
&�ä!"-à��

G.
���ÈÞPå_æ ��Þ �®ã�� ∇G " deg : G[V ]→ U(G,S(V ))

��Þ	��åµÞ �
���

∇G
"
deg([∇F ], B(V )) = DEG(ΥV ([∇F ], S(V )))á��Õã ��á $PÞ  �æ�á�"-å�


� ��������� ë�Í¿ô�� Ó ½8¾¿q|d­o�q�a_½�~KÄ¯º�d«Ä¯rÛ½�ºJo@½ ∇G Á deg = DEG(·, S(V )) ◦ ΥV
¾¿q

c�~�½�º�¾Åc�Ã©~�½�º�d���½�ºJo-c¹½�º�d¨b�d�Ã���d�d�¼¥~��
G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½9Ã��¯o�b�¾Åd�cG½9Ì×o-»�q�b�d Ð c�d«b¹¾ÅcKê
�@ì3Í

� R���y�Z�X��©]@\ �ÔX�]-{���R¹Ò+dP½
F0, F1 ∈ C2

G(V,R)
Ù�dYq���Ä¯º ½�ºJo@½

(∇Fi)−1(0) ∩
D(V ) = {0} o-c�b det∇2Fi(0) 6= 0

¼¥~��
i = 0, 1.

ÎK~���d�~­Æ�d���f�o�q�q���Ì®d|½�ºJo@½
∇G

Á
deg([∇F0], B(V )) = ∇G

Á
deg([∇F1], B(V )).

� ��~�Ì � ~���~ ÂÅÂ o-��aÔë�Í¿ô®¾�½À¼¥~ ÂÅÂ ~­É
q©½�ºJo@½Õ½�º�d���dYdPïÈ¾¿q�½¯q¹oA¼�o-Ìx¾ Â aÔ~�¼�»�~�½�d�cG½�¾Ço Â q
Ft ∈

C2
G(V,R), t ∈ [0, 1],

q���Ä¯º ½�ºJo@½¹½�º�d'ÌYo-»�q ∇F0,∇F1
o-��d �#~�¾Åc�d«b ÙGa o G(V )

Á
º�~�Ìx~�½�~�»Ga ∇vFt : (D(V ), S(V ))→ (V, V \ {0}), t ∈ [0, 1].

Ò+dP½
φ ∈ C2

G(V,R)Ù�d8q���Ä¯ºÏ½�ºJo@½¨½�º�d���dÕo-��d
0 < α, ε < 1

q���Ä¯º'½�ºJo@½
• Dα(V ) ⊂ φ−1(1),
• cl(D1+ε(V ) \D1−ε(V )) ⊂ φ−1(0).

� ¾ÅcJo ÂÅÂ a�fJb�d Ð c�dÀoÀ¼�o-Ìx¾ Â a'~�¼�»�~�½�d�cG½�¾Ço Â q Ht ∈ C2
G(V,R), t ∈ [0, 1],

o�q�¼¥~ ÂÅÂ ~­ÉÊq �

Ht(v) = (1− φ(v)) · Ft(v) +
1

2
· φ(v) · 〈∇2Ft(0)v, v〉.

ð
~�½�¾¿ÄPdn½�ºJo@½ ∇vHt : V → V, t ∈ [0, 1],
¾¿qÊo G(V )

Á3º�~�Ì®~�½�~�»Ga'q���Ä¯ºA½�ºJo@½
• ∇vHt(0) = 0

¼¥~��
o-cGa
t ∈ [0, 1],

• (∇vHi(0))−1(0) ∩D(V ) = {0} ¼¥~�� i = 0, 1,
• ∇2

vHt(0)
¾¿q_olÄP~�cG½�¾Åc���~���qU¼�o-Ìx¾ Â a ~�¼xq�d Â ¼ÇÁéo�b��#~�¾ÅcG½

G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½ Â ¾Åc�d­o-�

Ì×o-»�q �#~�¾Åc�¾Åc�Ã ∇2
vF0(0)

o-c�b ∇2
vF1(0).
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}�º���qD½�º�d���dn¾¿q0c�~¹Ã Â ~�ÙJo Â Ù�¾Å¼¥����Ä«o@½�¾Å~�cÏ~�¼�ÄP~�c�c�d«Ä�½�d«bÏq�dP½¯q0~�¼�c�~�c�Á)½���¾�ÆÈ¾Ço Â q�~ Â ��½�¾Å~�c�q
~�¼+½�º�d|d«ËG�Jo@½�¾Å~�c ∇vHt(v) = 0

~ � {0}× [0, 1]. Ý ~­É0dPÆ�d���f�½�º�d���dn¾¿q Â ~ÈÄ«o Â Ù�¾Å¼¥����Ä«o@Á½�¾Å~�c®~ � {0}× [0, 1]
¾Å¼
iG(∇2

vF0(0), 0) 6= iG(∇2
vF1(0), 0)

f�¾)Íód�Í�½�º�d
G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½

� ~�c Â dPaØ¾Åc�b�¾¿ÄPd«q8~�¼D½�º�d®~���¾ÅÃ�¾Åc o-��d®b�¾��µd���d�cG½«Í�}�º�¾¿q©Ä«o-c Ù�d®»���~­Æ�d«bÔÙGaU½�º�d � ~�c�Á
Â dPa ¾Åc�b�dPï ½�d«Ä¯º�c�¾¿ËG��d«q�ÍM}0º���q±½�º�dKb�d�Ã���d�dK¼¥~��

G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½YÃ��¯o�b�¾Åd�cG½YÌ×o-»�q±¾¿q

½�º�d±cJo@½����¯o Â ¾ÅcGÆ�o-��¾Ço-cG½©½�~Aq�½���bÈa_Ã Â ~�ÙJo Â Ù�¾Å¼¥����Ä«o@½�¾Å~�c ~�¼WÜ�d���~�qn¼¥~��
G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½

Ã��¯o�b�¾Åd�cG½
Ì×o-»�»�¾Åc�Ã�q�Í
Ó ½DÉ0~�� Â b×Ù�d¬~�¼+¾ÅcG½�d���d«q#½�½�~Õr�c�~­É ¾Å¼<½�º�d���d|¾¿q0o-cYdPï�o-Ìx» Â d
ÉÊº�d���d
½�º�d���dno-��d|c�~

c�~�c�Á)½���¾�ÆÈ¾Ço Â ÄP~�c�c�d«Ä�½�d«bÏq�dP½¯q0~�¼�c�~�c�Á)½���¾�ÆÈ¾Ço Â q�~ Â ��½�¾Å~�c�q¨¾ÅcG½�d���q�d«Ä�½�¾Åc�Ã {0} × [0, 1]
o�q

¾ÅcA½�º�d|É0~���rY~�¼ è�� º�Ìxd®ê�ôPì3Í
Ú dUc�d�d«b;½�~ Ù�dÔÄ«o-��d�¼¥� Â ¾Åc ½�º�dU¾ÅcG½�d���»���dP½go@½�¾Å~�c5~�¼n½�º�¾¿qA»�º�d�c�~�Ìxd�c�~�c<Í � ~��Ã��¯o�b�¾Åd�cG½ÏÌ×o-»�qPfD¾�½A¾¿q®ÉMd ÂÅÂ r�c�~­ÉÊcL½�ºJo@½'½�º�d � ~�c Â dPaL¾Åc�b�dPï »���~­ÆÈ¾¿b�d«qAq#½���~�c�Ã�d��

¾ÅcGÆ�o-��¾Ço-cG½¯q9¼¥~��Tº�~�Ìx~�½�~�»Ga±Ä Â o�q�q�d«qW~�¼�Ã��¯o�b�¾Åd�cG½DÌ×o-»�q�Í è ��½T½�º�¾¿qW~�c Â a±o-»�» Â ¾Åd«qTÉÊº�d�c
c�~�½8~�c Â a_½�º�d®ÄP��¾�½�¾¿Ä«o Â »�~�¾ÅcG½¯q©Ù���½Ào Â q�~'½�º�d®ÄP~�c�c�d«Ä�½�¾Åc�ÃÛ~���Ù�¾�½¯q �#~�¾Åc�¾Åc�ÃA½�º�d�Ì b�~
c�~�½×ÄP��~�q�q±½�º�dAÙ�~���c�b�o-��a ~�¼Ê½�º�dÏc�d�¾ÅÃ�º�Ù�~�����º�~�~ÈblÉMdKo-��d'É0~���r�¾Åc�ÃØ¾Åc<Í Ú dÏÄ«o-c
o�Ä�½��Jo ÂÅÂ aÕb�~|o Â ¾�½�½ Â dMÙ�dP½�½�d���f-Ù���½�½�º�¾¿q�b�~�d«q�c�~�½�Ì×o@½�½�d���¼¥~���~�����»���d«q�d�cG½Tb�¾¿q�ÄP��q�q�¾Å~�c<Í
Ó cÔ»Jo-��½�¾¿ÄP� Â o-��f�q���»�»�~�q�dx½�ºJo@½ ∇F0,∇F1 : V → V

o-��d±Ã��¯o�b�¾Åd�cG½
G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½

Ì×o-»�»�¾Åc�Ã�qÊq���Ä¯º'½�ºJo@½ ∇F0(v) 6= 0
o-c�b ∇F1(v) 6= 0

¾Å¼ ‖v‖ ≥ 1.
Ó ¼ ∇G Á deg([∇F0], B(V )) = ∇G

Á
deg([∇F1], B(V ))

½�º�d�c<f�ÙGa � ~���~ ÂÅÂ o-��a'ë�Í¿ô�f
[∇F0] = [∇F1]

fÈ¾)Íód�Í ∇F0,∇F1
o-��d|º�~�Ìx~�½�~�»�¾¿Ä
½�º���~���Ã�ºÏo

G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½ÊÃ��¯o�b�¾�Á

d�cG½Êº�~�Ìx~�½�~�»Ga ∇Ft, t ∈ [0, 1],
q���Ä¯ºA½�ºJo@½ ∇Ft(v) 6= 0

¾Å¼ ‖v‖ = 1.ðÊ~­É q���»�»�~�q�dÊ½�ºJo@½ ∇F0
ºJo�qW½�º�d
»���~�»�d���½éax½�ºJo@½0o ÂÅÂ ½�º�d¬ÄP~�c�c�d«Ä�½�¾Åc�ÃÀ~���Ù�¾�½¯qD~�¼

∇F0
�#~�¾Åc�¾Åc�Ã®Ü�d���~�qÊ~�¼ ∇F0

Â ¾Åd©¾Åc ‖x‖ < 1
o-c�b ∇F1

ºJo�q�½�º�dÕq¯o-Ìxd©»���~�»�d���½éa�Í Ó ¼
∇F0

o-c�b ∇F1
ºJo�Æ�dÀb�¾���d���d�cG½

G
Á3d«ËG��¾�Æ�o-��¾Ço-cG½ � ~�c Â dPaÏ¾Åc�b�¾¿ÄPd«q
~�cK½�º�dÕ��c�¾�½|ÙJo ÂÅÂ f

¾�½¬¼¥~ ÂÅÂ ~­É
qÊ½�ºJo@½¬¼¥~��|o-cGaKd«ËG��¾�Æ�o-��¾Ço-cG½|º�~�Ì®~�½�~�»Ga
Ft, t ∈ [0, 1],

�#~�¾Åc�¾Åc�Ã ∇F0
o-c�b

∇F1
É0d'ºJo�Æ�d'c�~U��c�¾Å¼¥~���ÌñÙ�~���c�b ~�cÖ½�º�dAÜ�d���~�q¹~�¼

Ft
o-c�b ÄP~�c�c�d«Ä�½�¾Åc�ÃÔ~���Ù�¾�½¯q

^z~�½�º�d���ÉÊ¾¿q�dÀ½�º�d � ~�c Â dPaK¾Åc�b�¾¿ÄPd«q|~�c Â o-��Ã�dÀÙJo ÂÅÂ q
ÉM~�� Â b_Ù�d8½�º�d¹q¯o-Ìxd@egÍ Ý d�c�ÄPdÀÉMdq�d�dx½�ºJo@½8½�º�d®º�~�Ì®~�½�~�»GaU½�º�d�~���aØ~�¼�Ã��¯o�b�¾Åd�cG½ÀÌ×o-»�q©¾¿q8ËG��¾�½�dYb�¾���d���d�cG½ÕÉÊº�d�cÔÉMd
Ù�~���c�bA~�c Â a'½�º�d©Ü�d���~�qPfJ~���Ù�~�½�ºA½�º�d©Ü�d���~�q
o-c�b'½�º�d8ÄP~�c�c�d«Ä�½�¾Åc�Ã®~���Ù�¾�½¯q�Í

� R�� � �T\ÈZ�·�y��TR Ó c×½�º�¾¿qMq�d«Ä�½�¾Å~�cYÉ0d¬Ä Â o�q�q�¾Å¼Ça®½�º�d
º�~�Ì®~�½�~�»Ga×Ä Â o�q�q�d«qM~�¼+Ã��¯o�b�¾�Ád�cG½Ê»Jo-¾Å��q¨~�cÛo¹ÄP~�c�c�d«Ä�½�d«bKq�Ìx~�~�½�ºKí�¾Åd�ÌYo-c�c�¾Ço-cÏÌ×o-c�¾Å¼¥~ Â b
N. � c Â d«q�q�~�½�º�d���ÉÊ¾¿q�dq�½go@½�d«b
fW½�º���~���Ã�º�~���½×½�º�¾¿q×q�d«Ä�½�¾Å~�c ÉMdÛo�q�q���ÌxdA½�ºJo@½

dimN > 1.
}�º�dÏ»���~�~�¼|¾¿q

q�¾ÅÌx¾ Â o-�¨¾ÅcÏq�»�¾Å��¾�½¨½�~±½�ºJo@½Ê~�¼0ê
	@ì3Í
Ó c±½�º�d Ð ��q�½Mq�½�d�»xÉMd¨��d«b���ÄPdÊ½�º�d
Ä Â o�q�q�¾ Ð Ä«o@½�¾Å~�c'~�¼µº�~�Ì®~�½�~�»Ga±Ä Â o�q�q�d«q9~�¼
Ã��¯o�b�¾�Ád�cG½|»Jo-¾Å��q
~�cØoxÌ×o-c�¾Å¼¥~ Â b

N
½�~®½�º�d¹Ä Â o�q�q�¾ Ð Ä«o@½�¾Å~�cØ~�¼9o�b�Ìx¾¿q�q�¾ÅÙ Â dÀÃ��¯o�b�¾Åd�cG½|ÌYo-»�q

~�c
RdimN ^�q�d�dÕ}0º�d�~���d�Ì �ÈÍ¿ô­egÍ
Ó cØ½�º�d×q�d«ÄP~�c�b q�½�d�»<f+¼¥~��©½�º�d®ÄP~�cGÆ�d�c�¾Åd�c�ÄPd×~�¼M½�º�dx��d­o�b�d���f�ÉMdxÙ���¾Åd�÷�aÔq�r�dP½¯Ä¯º

½�º�dxÄ Â o�q�q�¾ Ð Ä«o@½�¾Å~�cÔ~�¼Mo�b�Ìx¾¿q�q�¾ÅÙ Â d±Ã��¯o�b�¾Åd�cG½©Ì×o-»�q¬~�c
RdimN ,

b���dÀ½�~ � o-����q�¾Åp�q�r�¾ê
	-ìD^�q�d�dÕ}0º�d�~���d�Ì �ÈÍóë�egÍ
� ¾ÅcJo ÂÅÂ a�f�¾Åc � ~���~ ÂÅÂ o-��a��ÈÍ§ö0É0dDÄ Â o�q�q�¾Å¼Ça©½�º�dDº�~�Ì®~�½�~�»Ga8Ä Â o�q�q�d«q�~�¼�Ã��¯o�b�¾Åd�cG½�»Jo-¾Å��q

~�cÛo¹ÄP~�c�c�d«Ä�½�d«bÛq�Ì®~�~�½�ºÏí�¾Åd�ÌYo-c�c�¾Ço-cÏÌ×o-c�¾Å¼¥~ Â b
N.
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Ú dxr�d�d�»Ø½�º�dxc�~�½go@½�¾Å~�cÑ~�¼9½�º�dx»���dPÆÈ¾Å~���qÕq�d«Ä�½�¾Å~�c�q�f�o Â ½�º�~���Ã�º ¾ÅcØ½�º�¾¿q8q�d«Ä�½�¾Å~�c
G = {e} ÍÒ<dP½

Bn
α = {x ∈ Rn : |x| < α}, Dn

α = cl(Bn
α)

o-c�b
Sn−1
α = ∂Bn

α. Ú d©ÉÊ��¾�½�d
Bn,Dn, Sn−1 ¾Åc�q#½�d­o�bA~�¼ Bn

1 ,D
n
1 , S

n−1
1

f���d«q�»�d«Ä�½�¾�Æ�d Â a�Í
}0º�d±»���¾Åc�ÄP¾Å»Jo Â q�¾ÅÃ�c�¾ Ð Ä«o-c�ÄPdx~�¼D}�º�d�~���d�Ì �ÈÍ¿ôÀ¾¿q¬½�ºJo@½©¾�½8o ÂÅÂ ~­É
q|��q¬½�~'��d«b���ÄPd

½�º�d8Ä Â o�q�q�¾ Ð Ä«o@½�¾Å~�cÛ~�¼ P[N ]
½�~¹½�º�d8Ä Â o�q�q�¾ Ð Ä«o@½�¾Å~�cÛ~�¼ G[RdimN ]

Í
Ó cØ~���b�d��n½�~Ï»���~­Æ�d±½�º�¾¿q|½�º�d�~���d�Ì É0d Ð ��q#½8c�d�d«bU½éÉ0~'½�d«Ä¯º�c�¾¿Ä«o Â9Â d�ÌxÌYo�qPÍ Ú dÂ d­o�Æ�dn½�º�d�¾Å�Ê»���~�~�¼zq0½�~±½�º�d©��d­o�b�d���Í
� ������� �ÈÍ¿ô�����Þ�æ

(∇ϕ, f) ∈ P(N)

 � � (U, h)

á��8ã  $��ã-ä�æ "�å
N

�¯à� ��'æ �Èã�æ
• h−1(DdimN ) ⊂ U,
• cl(U) ∩N−(f) = ∅,
• ϕ á��©ã�� "-ä �PÞ �¯àÈå  �æ�á�"-å "-å

h−1(DdimN ),æ �ÈÞPå
(∇ϕ, f)

á�� P(N)
" � "�� "�æ "��Já� Õæ "Yã ��ã-á¥ä

(∇ψ, f) ∈ P(N)
�gà� ��Yæ �Èã�æ

• (∇ψ)−1(0) ∩ h−1(DdimN ) = ∅,
• ∇ϕ = ∇ψ "-å

N−(f).
� ������� �ÈÍ§ö�����Þ�æ

(∇ϕ, f) ∈ P(N)

 � � (U, h)

á��8ã  $��ã-ä�æ "�å
N

�¯à� ��'æ �Èã�æ
• h−1(DdimN ) ⊂ U,
• cl(U) ∩N−(f) = ∅,
• (∇ϕ)−1(0) ∩ h−1(DdimN ) = ∅,
• ϕ á��©ã�� "-ä �PÞ �¯àÈå  �æ�á�"-å "-å

N−(f),æ �ÈÞPåLæ �ÈÞ���ã-á¥ä
(∇ϕ, f)

á�� P(N)
" � "�� "�æ "��Já� Kæ " ã ��ã�á¥ä

(∇ψ, g) ∈ P(N)
�¯à� ��

æ �Èã�æ
• N−(g) = h−1(DdimN ),
• ψ á��8ã�� "-ä#��Þ �¯àÈå  �æ�á�"-å "-å

N−(g),
• g−1(0) = h−1(SdimN−1).

}�º�dn¼¥~ ÂÅÂ ~­ÉÊ¾Åc�Ã±½�º�d�~���d�Ì ¾¿q0½�º�d Ð ��q#½¬q#½�d�»Ï¾ÅcA½�º�d8Ä Â o�q�q�¾ Ð Ä«o@½�¾Å~�cÛ~�¼ P[N ].
�	� ������� � �ÈÍ¿ô�������Þ�ä¯Þ©á��8ã ��á $PÞ# Pæ�á�"�å

jN : P[N ]→ G[RdimN ]



�Dä!"%"���
 � ¾�ï [(∇ϕ, f)] ∈ P(N). Ó ½Ï¾¿qÏd­o�q�a ½�~lq�º�~­É ½�ºJo@½Ï½�º�d���d ¾¿q
ϕ1 ∈

C2(N,R)
q���Ä¯ºA½�ºJo@½

• ϕ1
¾¿qÊoxÎÏ~���q�d©¼¥��c�Ä�½�¾Å~�cÏ~�c

N−(f) \ f−1(0),
• ϕ1(x) = ϕ(x)

~�c
N \ (N−(f) \ f−1(0)).

Ó ½0¾¿qDdPÆÈ¾¿b�d�cG½0½�ºJo@½ (∇(t ·ϕ1 + (1− t) ·ϕ), f)
¾¿q0o©ÉMd ÂÅÂ b�d Ð c�d«b P(N)

Á3º�~�Ìx~�½�~�»Ga
�#~�¾Åc�¾Åc�Ã

(∇ϕ, f)
½�~

(∇ϕ1, f)
Í+Ò+dP½

(U, h)
Ù�d×oAÄ¯ºJo-��½Õ~�c

N
q���Ä¯ºØ½�ºJo@½

cl(U) ∩
N−(f) = ∅. }�º�d���d�¾¿q�c�~ Â ~�q�q�~�¼�Ã�d�c�d��¯o Â ¾�½éa¹¾Åc®o�q�q���Ìx¾Åc�Ã|½�ºJo@½ h−1(DdimN ) ⊂ U.
Ó ½Ê¾¿q¨Ä Â d­o-��½�ºJo@½¨½�º�d���d8¾¿q ϕ2 ∈ C2(N,R)

q���Ä¯ºA½�ºJo@½
• ϕ2(x) = ϕ1(x)

¼¥~��
x ∈ N \ U,

• ϕ2
¾¿q���d�Ã�� Â o-�Ê~�c

N−(f) ∪ h−1(DdimN ).
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Ó ½�¾¿q�d­o�q#a©½�~
Æ�d���¾Å¼Ça8½�ºJo@½ (∇(t·ϕ2+(1−t)·ϕ1), f)
¾¿q�o¨ÉMd ÂÅÂ b�d Ð c�d«b P(N)

Á3º�~�Ìx~�Á
½�~�»Ga �#~�¾Åc�¾Åc�Ã

(∇ϕ1, f)
½�~

(∇ϕ2, f)
Í è axÒ+d�ÌxÌ×o �ÈÍ¿ô¨½�º�dÊÃ��¯o�b�¾Åd�cG½M»Jo-¾Å�

(∇ϕ2, f)¾¿q P(N)
Á3º�~�Ìx~�½�~�»�¾¿Ä|½�~×oÀ»Jo-¾Å�

(∇ϕ3, f)
q���Ä¯ºA½�ºJo@½

• X−1
3 (0) ∩ h−1(DdimN ) = ∅,

• ϕ3
¾¿qÊoxÎÏ~���q�d©¼¥��c�Ä�½�¾Å~�cÏ~�c

N−(f)
Í

� ��~�Ì Ò+d�ÌxÌ×o �ÈÍ§ö8¾�½0¼¥~ ÂÅÂ ~­É
qD½�ºJo@½0½�º�d���d|¾¿q�oÕÃ��¯o�b�¾Åd�cG½�»Jo-¾Å�
(∇ϕ4, f4) P(N)

Á3º�~�Á
Ìx~�½�~�»�¾¿Ä|½�~±½�º�dn»Jo-¾Å�

(∇ϕ3, f)
q���Ä¯ºA½�ºJo@½

• N−(f4) = h−1(DdimN ),
• f−1

4 (0) = h−1(SdimN−1),
• ϕ4

¾¿qÊoxÎÏ~���q�d©¼¥��c�Ä�½�¾Å~�cÏ~�c
N−(f4).Ò+dP½

φ : RdimN → R
Ù�dÏo-cGa

C1 Á3dPï�½�d�c�q�¾Å~�c ~�¼
ϕ4 ◦ h−1 : DdimN → R. Ú d

b�d Ð c�dno©Ì×o-»
jN : P[N ]→ G[RdimN ]

ÙGa
jN ([(∇ϕ, f)]) = [∇φ]. � ¾Å��d«Ä�½ Â ax¼¥��~�Ì½�º�d8b�d Ð c�¾�½�¾Å~�cÛ¾�½Ê¼¥~ ÂÅÂ ~­É
q0½�ºJo@½

jN
¾¿q0É0d ÂÅÂ b�d Ð c�d«b
Í Ú ºJo@½Ê¾¿q Â d�¼Ç½
¾¿q0½�~®q�º�~­É ½�ºJo@½

jN
¾¿qÊoÀÙ�¾ �#d«Ä�½�¾Å~�c<Í
� d Ð c�d¨oÊÌYo-» kN : G[RdimN ]→ P[N ]

¾ÅcÕ½�º�dM¼¥~ ÂÅÂ ~­ÉÊ¾Åc�Ã¬É¨o�a�Í�Ò+dP½
(U, h)

Ù�d�o
Ä¯ºJo-��½¨~�c

N
q���Ä¯º'½�ºJo@½

h−1(DdimN
1+ε ) ⊂ U. � ¾�ï ∇ϕ ∈ G(RdimN )

o-c�b'b�d�c�~�½�d©ÙGa
ψ∇ϕ ∈ C1(N,R)

o-cGaÏdPï�½�d�c�q�¾Å~�cU~�¼
ϕ ◦ h : h−1(DdimN

1+ε ) → R
Í � ¾ÅcJo ÂÅÂ a�fµÄ¯º�~�~�q�do-cGa

f∇ϕ ∈ C0(N,R)
q���Ä¯º ½�ºJo@½

N−(f∇ϕ) = h−1(DdimN )
o-c�b

f−1
∇ϕ(0) =

h−1(SdimN−1). � d Ð c�d kN : G[RdimN ]→ P[N ]
ÙGa

kN [∇ϕ] = [(∇ψ∇ϕ, f∇ϕ)].
Ó ½n¾¿q|Ä Â d­o-�|½�ºJo@½ kN ¾¿q
É0d ÂÅÂ b�d Ð c�d«b
Í Ú d¹Ä¯º�d«Ä¯rUo@½n~�c�ÄPd¹½�ºJo@½ kN ¾¿q
½�º�d¹¾ÅcGÆ�d���q�d
~�¼
jN ,

É¨º�¾¿Ä¯ºKÄP~�Ìx» Â dP½�d«q�½�º�d©»���~�~�¼éÍ
Ò<dP½

ϕ ∈ C2(N,R)
Ù�d×oÏÎÏ~���q�dx¼¥��c�Ä�½�¾Å~�c q���Ä¯ºÔ½�ºJo@½ ∇ϕ(p) = 0.

}0º�d�cØÉ0d
b�d�c�~�½�dÛÙGa

m−(p,∇ϕ) ∈ N ∪ {0} ½�º�dÛÎÏ~���q�dK¾Åc�b�dPï ~�¼
p. Ó ¼ Ω ⊂ Rn

¾¿q×o-c
~�»�d�c o-c�b;Ù�~���c�b�d«b q���Ù�q�dP½«f¨o-c�b;Ìx~���d�~­Æ�d��

q ∈ C0(cl(Ω),Rn)
¾¿q'q���Ä¯º;½�ºJo@½

q−1(0) ∩ ∂Ω = ∅ ½�º�d�c deg(q,Ω, 0) ∈ Z b�d�c�~�½�d«q�½�º�d è ��~��GÉMd��Êb�d�Ã���d�d�Í
� ������� �ÈÍ�ò�����Þ�æ

(∇ϕ, f) ∈ P(N)
��Þ��gà� ��Yæ �Èã�æ

ϕ ∈ C2(N,R)
á��Õã�� "-ä �PÞ

�¯àÈå  �æ�á�"-å "-å
N−(f).

���ÈÞPå

deg(jN ([(∇ϕ, f)]), Bn, 0) =
∑

p∈N−(f)∩(∇ϕ)−1(0)

(−1)m
−(p,∇ϕ).

�Dä!"%"���
©}�º�dnd­o�q�a'»���~�~�¼�¾¿q Â d�¼Ç½¨½�~±½�º�d©��d­o�b�d���Í
� ��~�Ì }�º�d�~���d�Ì �ÈÍ¿ôÊ¾�½D¼¥~ ÂÅÂ ~­É
qW½�ºJo@½D½�~ÀÄ Â o�q�q�¾Å¼Ça P[N ]

¾�½D¾¿qDd�c�~���Ã�º×½�~ÕÄ Â o�q�q�¾Å¼Ça
G[RdimN ]. Ó cÖ¼�o�Ä�½ G[RdimN ]

ºJo�qÕÙ�d�d�c Ä Â o�q�q�¾ Ð d«bÖ¾Åc ê
	-ì3Í è d Â ~­É ÉMd×��d«Ä«o ÂÅÂ ½�º�d
Ì×o-¾ÅcÏq�½�d�»�q¨~�¼�½�º�¾¿q¨»���~�~�¼éÍ

Ò<dP½ ∇F ∈ G(Rn). � ~�� x ∈ Sn−1 É0dnºJo�Æ�dn½�º�d©��c�¾¿ËG��dÕb�d«ÄP~�Ìx»�~�q�¾�½�¾Å~�c
∇F (x) = (∇F (x)− 〈∇F (x), x〉 · x) + 〈∇F (x), x〉 · x^ �ÈÍ¿ô­e

= X∇F (x) + f∇F (x) · x.
Ó ½¨¾¿q¨Ä Â d­o-�¨½�ºJo@½ (X∇F , f∇F ) = [(∇(F|Sn−1), f∇F )] ∈ P(Sn−1).



� C � £8?9£����g�@����� þ#ü
û����
� ������� �ÈÍóë������ÈÞ �xã��

in : G[Rn] → P[Sn−1]
�GÞ �TåµÞ � �$�

in([∇F ]) =
[(X∇F , f∇F )]

á��Õã ��á $PÞ  �æ�á�"-å�

� ������� �ÈÍ ��� � � F|Sn−1 ∈ C2(Sn−1,R)

á��Õã � "-ä#��Þ �¯àÈå  �æ�á�"-å�f�æ �ÈÞPå

deg([∇F ], Bn, 0) = 1−
∑

p∈N−(f∇F )∩X−1
∇F (0)

(−1)m
−(p,X∇F ).

	
qÊoxb�¾Å��d«Ä�½¬ÄP~�c�q�d«ËG��d�c�ÄPdÕ~�¼�}�º�d�~���d�Ì �ÈÍ¿ôÕo-c�bÏÒ+d�ÌxÌYo�q �ÈÍóë�f �ÈÍ �ÀÉ0dn~�Ù�½go-¾Åc
½�º�d©¼¥~ ÂÅÂ ~­É¨¾Åc�Ã×ÄP~���~ ÂÅÂ o-��a�Í

� ��� ����� ����� �ÈÍ¿ô����Wá �'ã-å �
n ≥ 2.

���ÈÞPå
^�ô­eAæ �ÈÞ �xã$� G[Rn+1]

in+1−→ P[Sn]
jSn−→ G[Rn]

á��8ã ��á $PÞ  �æ�á�"-å�f
^3ö�e � "-ä ∇F ∈ G[Rn+1],

deg((jSn ◦ in+1)[∇F ], Bn, 0) = 1− deg([∇F ], Bn+1, 0).

� ��~�Ì � ~���~ ÂÅÂ o-��a �ÈÍ¿ôK¾�½Y¼¥~ ÂÅÂ ~­É
q®½�ºJo@½×½�~ÖÄ Â o�q�q�¾Å¼Ça G[Rn+1]
¾�½Y¾¿q®d�c�~���Ã�º;½�~

Ä Â o�q�q�¾Å¼Ça P[S1].
�	� ������� � �ÈÍ§ö������ÈÞPä�ÞÖá��Öã ��á $PÞ  �æ�á�"-å

jS1 : P[S1] → Z.
� "�ä�Þ "-â�ÞPäÈfÀá �

(ϕ′, f) ∈ P(S1)
ã�å �

ϕ ∈ C2(S1,R)
á��Õã � "-ä#��Þ �¯àÈå  �æ�á�"-åØæ �ÈÞPå

jS1([(ϕ′, f)]) =
∑

p∈N−(f)∩(ϕ′)−1(0)

(−1)m
−(p,ϕ′).

�
àÈä�æ ��Þ�ä$� "-ä¯Þ�f
jS1([(sinkt, cos kt)]) = k.

Ú d©Ä«o-cÛo Â q�~®Ä Â o�q�q�¾Å¼Ça'½�º�d©Ã��¯o�b�¾Åd�cG½
»Jo-¾Å��q�~�cÛo-cÏ~�»�d�cÏ¾ÅcG½�d���Æ�o Â Í
�	� ������� � �ÈÍ�ò�� ���ÈÞPä�ÞÀá��±ã ��á $PÞ# Pæ�á�"�å

j(0,2π) : P[(0, 2π)] → Z. � � (ϕ′, f) ∈
P((0, 2π))

ã-å �
ϕ ∈ C2((0, 2π),R)

á��8ã�� "-ä �PÞ �¯àÈå  �æ�á�"-åUæ �ÈÞPå

j(0,2π)([(ϕ
′, f)]) =

∑

p∈N−(f)∩(ϕ′)−1(0)

(−1)m
−(p,ϕ′).

� "�ä�Þ "-â�ÞPäÈf
j(0,2π)([(sin kt, coskt)]) = k.

}0º�d©¼¥~ ÂÅÂ ~­É¨¾Åc�Ãx½�º�d�~���d�Ì ¾¿q
o¹b�¾Å��d«Ä�½
ÄP~�c�q�d«ËG��d�c�ÄPd8~�¼�Ò+d�ÌxÌ×o �ÈÍ�òÈÍ
�	� ������� � �ÈÍóë�����"�ä

k > 1
æ �ÈÞ ��á $PÞ  �æ�á�"-å

δk ◦ jS1 ◦ i2 ◦ jS2 ◦ i3 ◦ . . . ◦ jSk−1 ◦ ik : G[Rk]→ Zá���&-á¥â�ÞPå ���

(δk ◦ jS1 ◦ i2 ◦ jS2 ◦ i3 ◦ . . . ◦ jS2k−1 ◦ i2k)([∇F ]) = deg([∇F ], Bk, 0),� �ÈÞPä�ÞÕæ �ÈÞ �gá $PÞ# �æ�á�"-å
δk : Z→ Z

á�� �GÞ �TåµÞ �
�$�

δk(m) =

{
1−m á � � á��8ÞPâ�ÞPå�f
m

"�æ �ÈÞPä �Tá��PÞ�




��� �(���¯û�-2�Åû��-ü��!-)û .��¿þ��@üµÿ0û20	� � �

� ¾ÅcJo ÂÅÂ a�f�ÉMd¨Ä Â o�q�q�¾Å¼ÇaÀ½�º�d¨º�~�Ìx~�½�~�»Ga¹Ä Â o�q�q�d«qT~�¼�Ã��¯o�b�¾Åd�cG½D»Jo-¾Å��qT~�c®o|ÄP~�c�c�d«Ä�½�d«bq�Ìx~�~�½�ºKí�¾Åd�ÌYo-c�c�¾Ço-cÏÌ×o-c�¾Å¼¥~ Â b
N.

� ��� ����� ����� �ÈÍ§ö��
��ÞPæ
N

��ÞÔã  #"-å�åµÞ  �æ"Þ�� ��� "%"�æ � �¨á)Þ$�®ã-å�å�á)ã-å �®ã-å�á � " � �
�Tázæ �

dimN ≥ 1

 ���ÈÞPåUæ �ÈÞPä�Þ©á��Õã ��á $PÞ# Pæ�á�"�å

ΥN : P[N ]→ Z
&�á¥â�ÞPå �$�

ΥN ([(∇ϕ, f)]) =
∑

p∈N−(f)∩(∇ϕ)−1(0)

(−1)m
−(p,∇ϕ),

� �ÈÞPä�Þ
ϕ ∈ C2(N,R)

á��8ã�� "�ä#��Þ �¯àÈå  Pæ�á�"�å 

�Dä!"%"���
 Ú d©b�d Ð c�d

ΥN : P[N ]→ Z
o�q�¼¥~ ÂÅÂ ~­É
q �

ΥN =





δdimN ◦ jS1 ◦ i2 ◦ jS2 ◦ i3 ◦ . . . ◦ jSdimN−1 ◦ idimN ◦ jN¾Å¼
dimN > 1,

jS1

¾Å¼
N ≈ S1,

j(0,2π)
¾Å¼
N ≈ (0, 2π).

� ¾�ï [(∇ϕ, f)] ∈ P(N). Ú ¾�½�º�~���½ Â ~�q�q¬~�¼WÃ�d�c�d��¯o Â ¾�½éaÛ~�c�d¹Ä«o-cØo�q�q���Ìxd8½�ºJo@½
ϕ ∈

C2(N,R)
¾¿qAoÖÎK~���q�dU¼¥��c�Ä�½�¾Å~�c<Í�}�º�d_��d«q#½A~�¼n½�º�d_»���~�~�¼8¾¿qAoÑÄP~�c�q�d«ËG��d�c�ÄPdØ~�¼

Ò+d�ÌxÌ×o �ÈÍ�òxo-c�bÏ}�º�d�~���d�Ì®q �ÈÍ§ö � �ÈÍóë�Í
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���_û��Ûû��8�	� �4� � � �
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