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Inscribing compact non-o-porous sets
into analytic non-o-porous sets

by

Miroslav Zeleny and Ludék Zajicek (Praha)

Abstract. The main aim of this paper is to give a simpler proof of the following
assertion. Let A be an analytic non-o-porous subset of a locally compact metric space E.
Then there exists a compact non-o-porous subset of A. Moreover, we prove the above
assertion also for o-P-porous sets, where P is a porosity-like relation on E satisfying
some additional conditions. Our result covers o-(g)-porous sets, o-porous sets, and o-
symmetrically porous sets.

1. Introduction. There are many papers in real analysis and Banach
space theory dealing with different kinds of porosity and o-porosity. We
refer to survey papers [Zas] and [Zas] for definitions and applications of
these notions. This paper is a continuation of [ZP], [ZZ1], and [ZZs], where
structural properties of o-porosity are studied. Namely, we consider, for
several types of porosity, the following question:

(Q) Let A be an analytic non-o-porous subset of a metric space E. Does
there exist a closed non-o-porous set K C A?

For ordinary (Denjoy—Dolzhenko) porosity this natural question was
mentioned in [Zas] and an affirmative answer was given independently
by J. Pelant (in the case of a topologically complete metric space E) and
by M. Zeleny (in the case of a compact metric space F) in an unpub-
lished manuscript [Ze]. In the present article, we prove the same result for
(g)-porosity (in a locally compact metric space E), for symmetrical porosity
(in R), and also for several other types of porosity. Especially the notion
of o-symmetrical porosity has found interesting applications (see [Zag] and
[Zas)] for references).

Pelant’s proof giving an explicit construction of a closed non-o-porous set
was rather complicated; its modification can be found in [ZP]. The method
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of construction of non-o-porous sets from [ZP] works in general complete
metric spaces and is applicable to a number of problems but it is more com-
plicated than the method of the present article and it uses some special
properties of the ordinary (Denjoy—Dolzhenko) porosity. One can proba-
bly use that approach also for some other types of porosity (the case of
o-(g)-porosity is promising) but then the construction would become ex-
traordinarily technical.

The proof in [Ze] is non-constructive; it uses a version of the well known
“overspill method” (see [K, p. 290]). No explicit construction of a compact
non-o-porous set is given; instead, a coanalytic rank is defined for certain
systems of compact sets and “very complicated” compact o-porous subsets
of A are constructed by transfinite induction to show that the rank is un-
bounded. Then the existence of the desired non-o-porous set is deduced by
applying a theorem of descriptive set theory.

The present paper is based on the idea of [Ze]. In fact, this idea was
already used in [ZZ;] and the present article uses a number of concepts and
results of [ZZ;]. In particular, we do not use a version of the overspill method
here but it is used in [ZZ1] in the proof of the basic lemma to which we refer
(Lemma 2.24 below). However, the transfinite construction presented here
is more complicated than that of [ZZ;] and requires new ideas.

In [ZZ;], we proved that the set of all compact o-porous subsets of
an arbitrary separable locally compact metric space F is a coanalytic
non-Borel subset of the “hyperspace” of all compact subsets of E. To
prove this result not only for ordinary porosity but also for a number
of other types of porosity, we introduced some new concepts concerning
point-set relations (recalled in Section 2). This abstract setting enables us
to prove a general theorem, which easily implies an affirmative answer to
Question (Q) not only for ordinary porosity, but also for (g)-porosity (in
a locally compact metric space E), symmetrical porosity in R, and sev-
eral other types of porosity (see Remark 5.5). On the other hand (in con-
trast to the “complexity problem” in [ZZ;]) our methods do not work for
strong porosity (see e.g. [ZZi] for the definition), for which (Q) remains
open.

Our abstract setting has also another important advantage. It enables
us to prove the affirmative answer to Question (Q) in a transparent way in
two steps: In Section 3, we prove it (for some types of “abstract porosities”)
in the case of a G5 set A C E, and in Section 4 we show that the general
case is a relatively easy consequence of this special case, if we apply it to a
suitable “abstract porosity” in F x C', where C' is the Cantor set. This proof
is not standard even for ordinary porosity since we have to apply the G
case in ¥ x C not to the ordinary porosity but to another suitably defined
porosity on E x C.
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Section 5 is devoted to applications of the abstract result to (g)-porosity,
ordinary porosity, and symmetrical porosity.

Further, note that Question (Q) has an affirmative answer for “o-lower
porosity” (i.e., for o-very porous sets in the terminology of [Za;]|) and for

similar types of porosity. In these cases, the proof is significantly easier
(see [ZZ3]).

2. Notation and definitions. Let (X, p) be a metric space. The open
ball with center x € X and radius » > 0 is denoted by B(z,r). Let
AC X, A # (,and € > 0. Then the symbol B(A,¢) stands for the set
{y € X; o(y, A) <e}.

We say that R is a point-set relation on X if it is a relation between
points of X and subsets of X. Thus a point-set relation R is a subset
of X x 2X. The symbol R(z, A), where z € X and A C X, means that
(z,A) € R, i.e. R holds for the pair (z, A).

We consider the following properties of a point-set relation R on X.

(A1) IfACBCX,zeX,and R(z, B), then R(z, A).
(A2) R(z,A) if and only if there is 7 > 0 such that R(z, AN B(z,r)).
(A3) R(z, A) if and only if R(z, A).
We say that a point-set relation P on X is a porosity-like relation if P
satisfies the “axioms” (A1)—(A3). Note that virtually all types of porosity
satisfy (A1)-(A3).

Let P be a porosity-like relation on X. We say that A C X is

e P-porous at x € X if P(z, A),

e P-porous if P(z, A) for every z € A,

e o-P-porous if A is a countable union of P-porous sets.

NoTATION 2.1. Let (X, 0) be a metric space and R be a point-set rela-

tion on X. If A C X and B C X, then R(A, B) €& Va € A : R(a, B). Let

moreover I be a nonempty index set and R,, ¢ € I, be point-set relations

on X. Then the point-set relations =R, |J,c; Ry, ,c; R, on X are defined

in the natural way; namely (~R)(z, 4) €5 =(R(z, A)), (U,; Ro)(x, A) <5

Jeel:R,(x,A)and ((,c; R.)(z, A) Lver: R, (z,A).

LEMMA 2.2. Let = be a nonempty countable set, and Q be a porosity-
like relation on a metric space X such that Q = UgeE U¢, where US’s
satisfy (Al). If A C X is a 0-Q-porous set, then A can be written as
A =2, By, where each By, satisfies US(B,, By,) for some £ € =.

Proof. We can write A = |J;~; A, where each A,, is Q-porous, and each
Ay can be written as A, = Ugez C§, where C5 = {z € A,; Us(z, A,)}.
Using property (A1) of Ut we have U¢(CS, C%) and we are done. u
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Let X be a metric space. The symbol C,(X) denotes the space of all
nonempty bounded closed subsets of X with the Hausdorff metric

h(F, C) = max{sup{o(z, F); x € C},sup{o(y,C); y € F'}},

and KC*(X) is its subspace of all nonempty compact subsets of X. The symbol
K(X) denotes the space of all compact subsets of X. The space (X)) is also
equipped with the Hausdorff metric; the empty set is considered to be an
isolated point of K(X). (To have a fixed metric on K(X), we choose a € X,
and the distance of () to a nonempty compact subset K C X is defined as
h(0, K) := dist(a, K) + diam(K) + 1.)

The next lemma is easy to prove and therefore the proof will be omitted.

LEMMA 2.3. Let X be a compact metric space.

(i) Let K; € K(X),i €N, and K1 C Ko C ---. Then K; — U2, K;
in K(X).

(ii) Let K € K(X), K; € K(X), 1 €N, and K; — K in K(X). Then
KU Uzoil K; € ’C(X)

(iii) If G C X is a Gs set, then {K € K(X); K C G} is a Gs set
in K(X).

(iv) Let L € K(X) be clopen. Then K — KNL is a continuous mapping
of K(X) to itself.

(v) Let f be a continuous mapping of X to a metric space Y. Then
K — f(K) is a continuous mapping of K(X) to K(Y).

DEFINITION 2.4. Let X be a metric space. Let R be a point-set relation
on X and P be a porosity-like relation on X.

e If A C X, then we define

N(R, A) = {z € 4; (-R)(z, A)}.
e If the set

{(ZL’,K) € X x Cb(X)7 R(.CL‘,K)}

is open, then we say that R is stable.
e If A C X, then we define

kerp(A) = A\ U{O; O C X is open, AN O is o-P-porous}.

The next property was introduced in [ZZ1], where it is called (D2). It
is a technical notion which is necessary for the proof of the basic lemma of
[ZZ1] (see Lemma 2.24 below). Although virtually no porosity-like relation
is stable, many of them are obtained from stable relations using countable
unions and countable intersections. Stability of a relation is an important
notion in proofs that some point-set relations have (D).
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DEFINITION 2.5. Let X be a metric space. Let R be a point-set relation
on X. We say that R satisfies the condition (D) if the set

{(L,K) e K*(X)x K*(X); 30 € X open: LNO # 0, (-R)(LNO,KNG)}
is analytic for every G C X open.

LEMMA 2.6. Let P be a porosity-like relation on a metric space X and
AC X. Then
(i) kerp(A) is closed in A.
(ii) If A is not o-P-porous, then kerp(A) is nonempty and kerp(A)NG
is non-o-P-porous for every open G C X intersecting kerp(A).
(iii) kerp(kerp(A)) = kerp(A).
(iv) If kerp(A) = A, then kerp(ANG) = AN G whenever G C X is

open.

Proof. Assertions (i) and (iv) follow immediately from the definition
of ker. Assertion (ii) follows easily from the fact (see [Za4, Lemma 3]) that
a set M C X is o-P-porous if and only if for each y € M there exists r > 0
such that B(y,r) N M is o-P-porous. Having (ii) it is easy to infer (iii). m

LEMMA 2.7. Let X be a metric space, and R be a stable point-set relation
on X with (A3). Let A C X be bounded. Then N(R, A) is closed in A.

Proof. Since R is stable, the set {x € X; R(x, A)} is open. Using also
property (A3) of P we conclude that N(R,A) = A\ {z € X; R(z,A)} =
A\ {r € X; R(z,A)} is closed in A. =

LEMMA 2.8 ([ZZ1, Lemma 3.7]). Let E be a separable complete met-
ric space. Let Ry, k € N, be stable point-set relations on E with (A1)
and (A3). Then the relations Vi := (i Ry and Vo := (72, Ure,, R
have the properties (A1), (A3), and (D).

For technical reasons and only for the purposes of this paper we define
the following notions.

DEFINITION 2.9. Let € > 0, n € N, E be a locally compact metric space,
and (R}), (R?) (k € N) be two sequences of point-set relations on E. We
say that the condition C(g, (RL), (R2),n) is satisfied if, for every H C E,
k € N, k > n, and every compact set KX C E with (ﬂR%)(K, H), there exists
a finite system S of open sets in E such that

(i) each element of S intersects H,
(i) US C B(K,e),
(iii) if J C E intersects each element of S, then (~R})(K, J).

Perhaps a few words about this definition are in order. Suppose that
(-R2)(K,H) for k > n. Roughly speaking, it would be helpful in fur-



24 M. Zeleny and L. Zajicek

ther constructions if we could replace H by a suitable set J C H so that
(=R?)(K,J) for k > n. In the applications of interest, this is not possi-
ble in general. But if we know that C(e, (R}), (R?),n) holds, then we get
(=R1)(K,J) (for k > n and any suitable J) and it makes the desired con-
structions still possible.

DEFINITION 2.10. Let Z be a o-ideal of subsets of a locally compact
metric space . We say that Z is good if there exists a porosity-like relation
P on F such that 7 is the o-ideal of all o-P-porous sets and there exist a
nonempty countable set = and point-set relations R% on £, £ € 5, neN,
such that

(G1) P =gz V¢, where VE =2, U2, R;,

(G2) RS, satisfies (A1), (A3), and is stable for every £ € =, n € N,

(G3) for every € > 0 and every & € = there exist & € Z and n € N
such that C(e, (Ril), (R%), n) holds.

The upper limit of Ri’s in (G1) is motivated by the fact that
(g)-porosity, symmetrical porosity, and some other types of porosity can
be naturally expressed in this form (see Section 5). Condition (G3) is a
type of condition which naturally appears in constructions of non-porous
(or even non-o-porous sets). Simpler conditions of this type are e.g. (A5)
from [ZZ;] and that of [ZZs, Definition 2.2].

Our aim is to prove that Question (Q) has an affirmative answer for
o-P-porosity if the o-P-porous sets form a good o-ideal. Since we have to
prove several lemmas before the proof of the main result, we fix the meaning
of the symbols E, o, P, =, V¢, Rg, and &F in the rest of this section and in
the next section.

SETTING 2.11. Let (E, o) be a fixed compact metric space, P be a fixed
porosity-like relation on E, = be a nonempty countable set, V&, £ € =, be
fixed point-set relations on E, and R%, ¢ € =, n € N, be fixed point-set
relations on E such that (G1)-(G3) are satisfied. Let {¢¥}2° | be a fixed
sequence containing each element of = infinitely many times.

Let € > 0, &1,& € =, n € N. We employ the symbol C(e, &1,8&2,n) to
denote that the condition C(e, (Ril), (R%), n) holds.

LEMMA 2.12. Let A C E. Suppose C(e,&1,&2,n), and let B be a sub-
set of E. Let x € E be such that B(xz,e) C B and (-V)(x, A). Then
(=V&)(z, AN B).

Proof. There exists m € N such that m > n and (—\R?)(CC, A) for every
j = m. Fix j > m. According to (G3) there exists a finite system S of open
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sets such that

e cach element of S intersects A,

e S C B(z,¢),

e if J C F intersects each element of S, then (—|R§1)(CII, J).
Since A N B intersects each element of S, we have (—\Rgl)(:(}, AN B). Thus
(ﬂRﬁl)(a:, AN B) for every j > m and, consequently, (=V&)(z, AN B). =

Note that V¢ need not be a porosity-like relation. However, the following
lemma holds.

LEMMA 2.13. The relations V¢ satisfy (A1), (A3), (D), and P is nec-
essarily a porosity-like relation.

Proof. Lemma 2.8, (G1), and (G2) imply that V&’s satisfy (A1), (A3),
(D), and P satisfies (A1) and (A3). We check (A2) for P. Let ¢ > 0,
x € F,and A C E be such that P(z, AN B(z,¢)). Then for some &; € = we
have V& (z, AN B(x,¢)). Find & € = and n € N with C(g, £y, &2, n). Using
Lemma 2.12 we obtain V&2(z, A). m

DEFINITION 2.14. Let 4 € NN, k € N, and s = (s(1),...,s(k)) be a
finite sequence of elements of N. Then we define
p(k) = kth member of p,
plk = (p(1),..., u(k)),
sop=(s(1),...,s(k),p(k+1),u(k+2),...).

Let us note that the next definition uses the sequence {{"}, which has
already been fixed in Setting 2.11.

DEFINITION 2.15. Let m,n,l € N, A Cc E, p € NY, and s = (s(1),...
..,8(m)) be a finite sequence of natural numbers. Then we define
I(A) =k N(RS, A)),  fo(A) = gm0+ 0 gay(A)
g1 erp ) ) s 9s(m) 9s(1) .
j=l
Let A C E, B C E. Then the symbol B <5 A stands for B C Moty fue(A).

Observe that g;'(A) C A by the definition of ker and N(R, A) (Defini-
tion 2.4).

DEFINITION 2.16. Let p,v € NY. Then the symbol y < v means that
w(k) < wv(k) for every k € N.

The next observations are easy to prove.
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OBSERVATION 2.17. (i) Let s be a finite sequence of natural numbers,
7 € NV, and A, B be subsets of E such that A;fs(B). Then

AL B.
(ii) Let 7 € NN and A, B be subsets of E such that A5 B. If v e NN

and T < v, then A B,

DEFINITION 2.18. We will define systems C,, a@ < wi, of nonempty
compact subsets of E inductively. We put Cy = K*(E). The system C,,
0 < a < wi, is defined by

KeCy & (KeK*(B)& (V8<aVie s

VB C Eopen, KNB#03L€Cs:LC KNB,(-V%(L, KN B))).

The last definition enables us to define a rank needed for an application
of the overspill method (via Lemma 2.24). Note that we do not know whether
it is a coanalytic rank. However, we will not need this information.

DEFINITION 2.19. Let K € K*(E). Then rk(K) = sup{a; K € Cy}.

REMARK 2.20. It is not difficult to see that rk(K) > « if and only if
K € C, and thus rk(K) = max{a; K € Cy}.

The next lemma, follows directly from the above definition.

LEMMA 2.21. Let a < wy. Let K C K*(E), K # 0 and rtk(K) > «a for
each K € K. Then tk(JK) > a.

LEmMA 2.22. (i) Let K € K*(E), tk(K) > a. If G is an open set
intersecting K, then there exists F' € K*(E) with F C KNG and
rk(F') > a.

(ii) Let {0}, be a nondecreasing sequence of countable ordinals
and lim(a; + 1) = a. Let K; € K*(E), i € N, be such that rk(K;)
> «, (ﬂV’:i)(Ki,KZ-H), and K; C K;i1 for every i € N. Then
rk(UiZ; Ki) = o

Proof. (i) Find an open set H intersecting K with H C G. Put F =
KNH. Wehave FC KNG .

Let 8 < a, £ € Z, and B C E be an open set intersecting F'. Then
K NHNB # 0 and, consequently, there exists L € Cg such that L C
KNHNBCFNBand (-V¢)(L, KN HN B). Since V¢ satisfies (A1) by
Lemma 2.13, we have (=V¢)(L, F N B). Thus rk(F) > a.

(i) Define K = |J;2 K;. Let 8 < a, & € =, and B be an open set
intersecting K. We find ¢ € N such that K; N B # (0 and rk(K;) > S.
According to (i) there exists L € K*(E) such that rk(L) > fand L C K;NB.
Find € > 0 with dist(L, E \ B) > . There exist £&2 € = and n € N with
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C(e,&1,&,n). For some j > i we have (—V®)(K;, Kj11). We also have
LCK; CK;CKjt1 CK.Now (A1) for V&'s implies (=V%)(L, K), and
so Lemma 2.12 gives (—=V¢!)(L, K N B). This shows that rk(K) > a. =

LEMMA 2.23. Let G be an analytic subset of K*(E) with
sup{rk(K); K € G} = w;.

Then G contains a non-o-P-porous set.

The previous lemma follows immediately from Lemma 2.13 and from the
next basic lemma of [ZZ;].

LEMMA 2.24 ([ZZ1, Lemma 5.2]). Let X be a separable locally compact
metric space and = be a nonempty countable set. Let Q = UgeE W¢ be a

porosity-like relation on X, where each W& satisfies (A1), (A3), and (D).
Let tk be the rank corresponding to the relations W¥, i.e., the one we obtain
by replacing V& by W¢ in Definitions 2.18 and 2.19. Let G be an analytic
subset of K*(X) with sup{rk(K); K € G} = wy. Then G contains a non-o-
Q-porous set.

3. Inscribing into a G; set

LEMMA 3.1. Let G C E be a Gs set with kerp(G) = G # (). Then there
exist 1 € NN and x € G such that {x} La.

Proof. First observe that if A C E is not o-P-porous, then for every
n € N there exists m € N such that g;,(A) is not o-P-porous. Indeed, the

set
T:=A\ U ﬂ N(RS", A)
p=1j=p
is P-porous, since V&" (T, T). Thus Uz N2, N(Rgn A) is non-o-P-porous.
Hence we can find m € N such that (32, N(Rg , A) is non-o-P-porous.
Now Lemma 2.6(ii) shows that g},(A) is non-o-P-porous.

Let 7 be a complete metric on G equivalent to ¢ on G. We will find a
sequence {ky }2° ; of natural numbers and a sequence {H,, }>° , of closed sets
in (G, 1) such that Hy = G and for every n € N we have

e diam, H,, < 1/n,

e H, C g,?n(anl),

e H, is non-o-P-porous.

Suppose that we have defined H,, and k,,. Then there exists k,+1 € N
such that g”'H (H,,) is non-o-P-porous. The set gZ::l (H,,) is closed in H,, by
Lemmas 2.6(i ) and 2.7. Therefore g”Jrl (Hy,) is closed also in (G, 7). Take an
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open ball B in (G, 7) with diam, B < 1/(n + 1) intersecting g"+1 (Hy) and

put Hy11 = gan(Hn) N B(G7). Using Lemma 2.6(ii) we deduce that H, 11
is non-o-P-porous. This finishes the construction of the desired sequences

We have (2, H, = {z}. Putting pn = {k,}2, we obtain {z} LG

Roughly speaking, our aim is to show that inside a G5 non-o-P-porous
set one can find a compact set with arbitrarily large countable rank. Having
this we can apply Lemma 2.23. We use transfinite induction on the rank.
The precise assertion is formulated in the next lemma. The previous lemma,
in fact verifies the first step of the induction, and Lemmas 3.3 and 3.4 help
us to prove the general induction step.

LEMMA 3.2. Let a be an ordinal number with o < w1. Let G C E be a
Gs set with kerp(G) = G # (. Then there evist K € K*(E) and p € NN

such that K <G and tk(K) > a.

LEMMA 3.3. Assume that the assertion of Lemma 3.2 holds for an ordi-
nal number a < wy. Let
e >0,
nkeN, n<k,
peNY. meN and € € E be such that u(k) < m and C(e,&,£%,m),
F c{jeN;j>m} be a finite set,
G C E be a G set with kerp(G) = G # 0,
K € K*(E) and K& G.
Then there exist L € K*(E) and v € NN such that
(@) pln = vjn
b) KULS G,
)

) for every p € F' we have (—|R§)(K L),
d) rk(L )>a

e) WL, K) <
Proof. Since K <G and k > n, we have K C Jup(G) C gﬁ(k)(an(G)).

Thus (ﬂng)(K, fun(G)) for every p € N with p > u(k). Using the condition
C(g,&, 6% m) we find for every p € F a finite system Sp of open sets such
that

(
(c
(
(

(1) each element of S, intersects f,,(G),
(ii) USp € B(K, ),
(iii) if J C E intersects each element of S,, then (—|R§)(K, J).

Adding finitely many appropriate open sets to the system S, if necessary,
we may suppose that S, also satisfies
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(iv) if J C B(K,¢) is a compact set intersecting each element of S,, then
hJ,K)<e

Indeed, it is sufficient to add to S, the sets of a finite system Z of open
balls with radii less than £/2 such that each ball from Z intersects K and
KcUZz

Put § = e p Sp- We know that f,,(G) is a G set (according to Lem-
mas 2.6(i) and 2.7) with kerp(f,,(G)) = fun(G) # 0 (Lemma 2.6(iii)).
Thus kerp (f,n(G)NS) = fun(G)NS # B for every S € S (Lemma 2.6(iv)).
Since we assume that the assertion of Lemma 3.2 holds for a, we can find
for every S € S a nonempty compact set Kg and vg € NN such that
sty—%fu‘n(G) NS and rk(Kg) > a. According to Observation 2.17(i) we

M|TL<>I/5 N
have Kg' — G for every S € §. We choose v € N" so that u|ln = v|n,

uw < v, and plnovs < v for every S € S. The desired L is defined by
L:=J{Ks; S € S}.

Properties (a) and (e) are obviously satisfied. Property (b) follows from
the definition of v and Observation 2.17(ii), (c) follows from (iii), and (d) is
a consequence of Lemma 2.21. u

LEMMA 3.4. Assume that the assertion of Lemma 3.2 holds for an ordi-
nal number o < wy. Let

e >0,

n €N,

peNY ¢ez,

G C E be a G set with kerp(G) = G # 0,
K € K*(E) and K & G.

Then there exist L € K*(E) and v € NN such that
pln = vin,

(a)

(b) LG,

(c) (ﬂVg)(K L),
E )T

k(L) >
)KCLCMK@.

Proof. Using (G3) and the definition of the sequence {¢¥}%° | we find
sequences {k;}5°,, {n;}3°; of natural numbers such that
C(ﬁ/’i, 57 fki) TLZ'),
ki >n+1,
(ki) < ni,
{n;}?2, is an increasing sequence.

PutFi:{jEN;ni§j<ni+1},iEN.
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Using Lemma 3.3 we find for every i € N a set L; € K*(E) and v; € NY
such that

(1) pl(n +1) = vil(n + 1),

(2) KUL; &6,

(3) for every p € F; we have (-RS)(K, L;),

(4) rk(Li) > a,

(5) h(L;, K) <€/z
Put L .= KU Ui:l L;. Since lim; . €/i = 0, we see that L is a compact
set (Lemma 2.3(ii)). Because of (1) we can find v € NY such that uln = v|n
and v; < v for every i € N. Thus condition (a) clearly holds. We now verify
b)—(e).
" (53)) follows from (2), Observation 2.17(ii), and the definition of v.

(c) If p > ny, then there is i € N with p € F; and (—|R§)(K, L;). Thus
(=R$)(K, L). This implies (-V¢)(K, L).

(d) follows from Lemma 2.21 since L = |J{L;; i € N} according to (5),
and (e) clearly follows from the definition of L and (5). =

Proof of Lemma 3.2. We proceed by transfinite induction over countable
ordinals.

CASE a = 0. According to Lemma 3.1 there exist © € NN and z € F
with {z} £ G We put K = {z} and we are done.

CASE a > 0. Suppose that the assertion holds for every § < a. Find
a nondecreasing sequence {ag}o2; of ordinal numbers such that oy < «,
g € N, and lim(ay + 1) = a.

Now we will construct a sequence {uq}g‘;l of elements of NN and a se-
quence {Kg}72, of elements of K*(E) such that for every ¢ € N we have

(1) uq+1\q = f1glq,
2

( ) > aQJ
there is a complete metric kg on K(f,,(G)) equivalent to the Haus-
dorff metric such that h (K Kji1) <277 for every j €N, j > g,
(6) Kq C Kq+1.

(2)
(3) (= ng)(vaKq-‘rl)’
(4) r
()

By the induction hypothesis there exist K7 and p; satisfying (2) and (4)
for ¢ = 1. Since f,,|1(G) is a G5 subset of E, K(f,,11(G)) is a Gs subset
of K(E) (Lemma 2.3(iii)). We find a complete metric hy on K(f,,1(G))
equivalent to the Hausdorff metric. Now assume that we have constructed
Ki,...,Km, 41, -, fbm, and metrics hq, ..., hp,.
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We have f, 1m(G) C fu._1jm=1(G) C --- C fu(G). Thus K, C
fu;1i(G) for every i < m. We find ¢ > 0 so small that if a compact C' C
fum|m(G) satisfies C' C B(Kp,,¢), then hi(Kp, Kn UC) < 27 for every
1 < m.

Using Lemma 3.4 for this € and a 1= amy1, n:=m, g = py, & =&,
G =G, K := K,, we obtain K,,11 € K*(E) and p;,+1 € NV such that

o fimialm = pmlm,

Km+1 Mcm_-‘;l G,
(_‘ng)(Kvam—i-l)a
rk<Km+1) 2 Qmil,

Ky, C K1 C B(Kp,,e).

We finish the construction of the desired sequences by choosing a com-
plete metric A1 on K(f,,, . jm+1(G)) which is equivalent to the Hausdorff
metric on K(f,,.  jm+1(G)). The desired K and y are defined by

K=|JKy p(m)=pm(m), meN,
q=1

Let ¢ € N. Using (5) we infer that {K,}p2 is a Cauchy sequence
in (K(fulq(GQ)), hq). Thus { K} }72 , converges to some K* in (K(f,4(G)), hg)-
Since the Hausdorff metric on KC(f,4(G)) is equivalent to hy, it follows that
{Kp}p2, converges to K* with respect to the Hausdorff metric. Lemma 2.3(3)
shows that K* = K. Thus K C fu‘q(G) for every ¢ € N and therefore
K& a.

Finally, we have rk(K) > o by Lemma 2.22(ii). m

LEMMA 3.5. Let G C E be a Gs non-c-P-porous set. Then there exists
a non-o-P-porous compact subset of G.

Proof. Put H = kerp(G). Then H is a nonempty Gy set with kerp(H)
= H (Lemma 2.6(i)—(iii)). According to Lemma 3.2 we have

sup{rk(K); K € K*(H)} = w;.

The set K*(H) is a G5 subset of K*(F) and so Lemma 2.23 implies that H
contains a non-o-P-porous compact set. m

4. Inscribing into an analytic set. Let (E, ), P, = R%, V¢, and &F
be as in Setting 2.11. Let C' = 2N be the Cantor set and let gy be a metric
on C giving the product topology on C.

Let O, n € N, be finite systems of pairwise disjoint clopen sets in C
such that for every n € N we have
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e O, =C,
e Ve O, :diamI < 1/n,
VIO 1120, I CZ.

Let 7 be the projection of E xC onto E. We will work with the maximum
metric o* on FE x C, i.e.

0 ((x1,¢1), (w2, c2)) = max{o(z1,x2), 00(c1,c2)}.

Thus (E x C,p*) is a compact metric space. Let Z be the o-ideal of all
o-P-porous subsets of E. We define a o-ideal Z* of subsets of F x C' by

AeT* & n(A) el

We put =* = = x N and for £* = (£,q) € =* and n € N we define point-set
relations on £ x C by

RS (2,4) & I €O,:ze ExI&RE(n(z),7(AN(E x I))),
VN URS. P | v
n=1k=n Erezx
Let € > 0, 1,65 € =%, n € N. The symbol C*(¢,£7,£5, n) means that

the condition C(e, (f{?), (f{ig), n) holds (cf. Definition 2.9).
Our goal is to prove the next lemma.

LEMMA 4.1. The o-ideal T* is good.
To this end we need the following lemmas.
LEMMA 4.2. Let £&* = (§,q) € E*,n e N. Then RS satisfies (A1), (A3),

and is stable.

Proof. (A1) is obviously satisfied for RS .

(A3) Suppose that z € Ex C, A C E x C, and ﬁ%*(x,A). This im-
plies z € E x I and RS(w(z),7(AN (E x I)) for some I € O,. Since RS,
satisfies (A3), we have

R;,(n(x), 7(AN (E x I)).
Since F x I is clopen and 7 is continuous, we have
T(AN(ExI)=7m(AN(E xI)) C m(AN(E x I)).
This implies RS (7(z), 7(A N (E x I)) and, consequently, RS (z, A).
To prove stability of ﬁg* we define

A={(z,K) € (ExC)xK(ExC); R§ (z, K)},

T ={(2,L) € E x K(E); RS (2, L)},

fr:K(ExC)—KE), fi(K)=rnKn(ExI), Iec0,.
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The mapping K — K N (E x I) is continuous, since E x I is clopen
(Lemma 2.3(iv)) and K +— w(K) is a continuous mapping of K(E x C)
to K(F) (Lemma 2.3(v)). Thus fr is continuous. It is easy to see that

A= J (= x )TN ((E x I) x K*(E x C))).

€0,

The set J is open since R% is stable. Thus A is open and we are done. =

LEMMA 4.3. Let C(g,&1,&2,n) and q € N. Then there exists p € N such
that the condition C* (e, (&1,q), (&2,p),n) is satisfied.

Proof. Choose p € N such that p > ¢ and 1/p < e. Set £ = (&1,¢q) and
& = (&2,p). Let H* C ExC, k € N, k > n, and let K* C E x C be a
compact set with (ﬂf{?)(K*,H*). Fix I € Op. Put K =n(K*N(E x I))
and Hy = n(H* N (E x I)). We have (—|R§2)(K1,H1) and therefore there
exists a finite system Sy of open sets in E such that

(i) each element of Sy intersects Hy,
(i) USr € B(K7,e),
(iii) if J C F intersects each element of St, then (ﬂRil)(K[, J).

We put
Si={SxI;Se8}, & =(}SHTc0,}.

The system S* witnesses that the condition C*(¢, (£1, q), (§2,p), n) holds:

(1) Each element of S* clearly intersects H*.

(2) Since diam, I < € for each I € O,, (ii) implies |JS* C B(K*,¢).

(3) Suppose that J* C ExC intersects each element of S*. Take x € K*.
There exists I € O), with x € E'x I. Then (ﬁRil)(w(x), m(J*)) since

m(J*) intersects each element of S;. This gives (ﬁf{if)(:n, J*). =

Proof of Lemma 4.1. First we show that P*, \~7§*, and f{%* have the
properties (G1)—(G3).

(G1) is satisfied for P* by the definition of P*.

(G2) holds for RS by Lemma 4.2.

(G3) Take ¢ > 0 and & = (&1,q9) € =*. There exist & € = and
n € N such that C(g,&1,&2,n). Using Lemma 4.3 we find p € N such that
C* (g, (&1,9), (&2,p), n) is satisfied. Put £ = (&2, ¢) and we are done.

Using Lemma 2.13 we infer that P* is a porosity-like relation. It remains
to show that Z* is the o-ideal of all o-P*-porous sets.

Take A C E x C with V& (A, A) for some £* = (¢,q) € 5*. For every
I €Oy, everyx € AN(ExI) and every n € N there exists k € N, k > n, such
that Ri(ﬂ'(l‘), m(AN(E x I))). Thus (AN (E x I)) is P-porous. Therefore
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m(A) € T and A € 7*. Using Lemma 2.2 we conclude that each o-P*-porous
set is in Z*.

If B C E satisfies V&(B, B) for some & € =, then obviously V(&P)(Bx C,
B x O) for every p € N and so B x C' is P*-porous. Further, if A € 7*, then
m(A) € T and 7(A) = S5, By, where each B, satisfies V&(B,, B,,) for
some ¢ € = (Lemma 2.2). Thus A is covered by countably many P*-porous
sets, since A C |J;2,(By, x C). We conclude that A is o-P*-porous. =

LEMMA 4.4. Let A be an analytic set with A ¢ I. Then there exists a
compact set K C A with K ¢ T.

Proof. We find a Gy set G* C E x C with 7(G*) = A. Since A ¢ T
we have G* ¢ Z*. By Lemma 4.1 the o-ideal Z* is good. Thus there exists
a compact set K* C G* not in Z* (Lemma 3.5). Then K := 7(K*) is as
desired. =

THEOREM 4.5. Let X be a locally compact metric space, J be a good
o-ideal of subsets of X, and A C X be an analytic subset with A ¢ J. Then
there exists a compact set K C A with K ¢ J.

Proof. According to Lemma 2.6(ii) there exists an open set G C X such
that ANG ¢ T and G is compact. Let P, V¢, RS, be relations witnessing that

J is good. Let P, W, Rg denote the restrictions of P, V¢, R%, respectively,
to the set G, i.e.

P(x,D) ifandonlyif =€ G, D CG,P(x,D),

and similarly for the ot_her relations. Let J be the set of all a—l3—porous
sets. We haive ANG ¢ J. Having Lemma 4_.4 and since ANG is an analytic
subset of G it is sufficient to show that J is good (cf. Setting 2.11). We
show that the relations P, V& and R, satisfy (G1)—(G3) of Definition 2.10.
Conditions (G1) and (G2) are clearly satisfied.

(G3) Let € > 0 and & € =. Then there exist {&; € = and n € N such
that C(e, &1,&2,n) is satisfied for the original relations on X. Let H C G,
k € N, k> n, and K C G be a compact set with (ﬂRiQ)(K, H). Then
(—.R%)(K , H) and there exists a finite system S of open sets in X such that

(i) each element of S intersects H,

(i) US c B(K,2),

(iii) if J C X intersects each element of S, then (ﬁRil)(K, J).

Using the system S = {W N G; W € S} one can easily finish the proof of
the validity of (G3) for our modified relations. m

REMARK 4.6. Theorem 4.5 can be easily strengthened by replacing
analyticity of A by the assumption that A is Suslin. Indeed, if A is Suslin
then AN G in the above proof is analytic.
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5. Applications to concrete porosities. Now we will apply our ab-
stract Theorem 4.5 to (g)-porosity, ordinary porosity, and symmetrical po-
rosity.

5.1. Definitions. First of all we recall the definitions of the above-mentio-
ned porosities. We set

G :={g:]0,00) — [0,00); g(0) =0, g(z) > x for every z > 0,
g is nondecreasing and continuous}.

The symbol g,, o € R, will stand for the function x — ax, x € [0, 00).
Let X be a metric space, A C X, z € X, and g € G. We say that

e Ais (g)-porous at x if there exists a sequence {B(zp,)}0> of balls
such that € B(xy, g(ry)), limx, = z, B(zp,r,) N A =0,

e A is (ordinary, i.e. “upper”) porous at x if A is (go)-porous at z for
some o > 1.

The point-set relations which correspond to (g)-porosity and ordinary
porosity are denoted by P, and P, respectively.
Let ACR, x € R, and ¢ > 0. We say that

o A is symmetrically porous at x if there exists ¢ > 0 and a sequence
{B(xn, )} of balls in R such that limz,, = x, z € B(x,, cry) and
(B(xp,rn) UB(z + (x — xy), 1)) N A= 0.

The point-set relation which corresponds to symmetrical porosity is denoted
by Psgy.

It is easy to see that Py, P, and Pg, are porosity-like relations.

5.2. The case of (g)-porosity and ordinary porosity. For g € G and
k € N, define point-set relations Ri on E by

R} (z, A) & Jye E3r>0:

1/(k+2) < o(z,y) < 1/k, o(z,y) < g(r), Bly,r)NA=0.
Clearly P, = ;2 Up—,, RY. We will need the following lemma.

LEMMA 5.1. Let h,h* € G and let E be a compact metric space. Then
the following assertions hold.

(a) For every k € N, the relation R} satisfies (A1), (A3), and is stable.

(b) Let h < h*, H C E, k € N, K C E be a compact set, and suppose
(=R¥")(K, H) holds. Then there exists a finite system S of open sets
in E such that

(i) each element of S intersects H,
(i) US  B(K,2/k),
(iii) if J C E intersects each element of S, then (=R})(K,J).
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Proof. (a) Let k € N. It is obvious that R satisfies (A1) and (A3).
Since h is continuous, we easily see that R} (z, A) if and only if

(1) IyeEIr>0: 1/(k+2)<olz,y) <1/k,
o(x,y) < h(r), dist(B(y,r), A) > 0.
It is easy to see that for each y € E and r > 0 the set

{0, F) € B x Co(B); 1/(k+2) < o) < 1/k,
o(z,y) < h(r), dist(B(y,r), F) > 0}

is open in E x Cp(E). Consequently, (1) implies that R} is stable.

(b) Choose § > 0 such that h(d) < 1/(k + 2). Clearly 6 < 1/k. Since
min{h*(t) — h(t); t € [0,1/k]} > 0, by uniform continuity of 2* on [§/2,1/k]
we can find 0 < 1 < 6/2 such that

(2) h*(s —2n) > h(s) for each s € [0,1/k].

Now find a finite set Z C HNB(K,2/k) such that HNB(K,2/k) C B(Z,n)
and put S := {B(z,n)NB(K,2/k); z € Z}. Clearly (i) and (ii) are satisfied.

To prove (iii), suppose to the contrary that J C FE intersects each
element of S, but (ﬁRZ)(K, J) does not hold. Consequently, there exist
x € K,y € E, and r > 0 such that 1/(k +2) < o(z,y) < 1/k, o(z,y) <
h(r), and B(y,r) N J = (. Put s := min{1/k,r}. Since h(r) > o(z,y)
> 1/(k + 2) and h(5) < 1/(k + 2), we have r > § and thus s €
[0,1/k]. Since h(1/k) > 1/k > p(x,y), we have po(z,y) < h(s) and (2)
implies h*(s — 2n) > o(x,y). Therefore (—R!")(K, H) yields a point w €
B(y,s — 2n) N H. Since clearly w € B(K,2/k), there exists z € Z with
o(z,w) < n. Since J intersects B(z,n), we obtain J N B(y,s) # 0, which
contradicts B(y,r)NJ =0. m

THEOREM 5.2. Let E be a locally compact metric space, g € G, and
A C E be an analytic set which is not o-(g)-porous. Then there exists a
compact set K C A which is not o-(g)-porous.

Proof. First suppose that E is a compact space. By Lemma 4.5 it is
sufficient to prove that the o-ideal Z of all o-(g)-porous subsets of E is a
good o-ideal. For n € N, put ¢ :==go---0yg (n-fold composition).

Let = := N and for ¢ € = put V¢ := P o), Ri = Ri(g); further put
P = ez V&

We will show that the o-ideal Z* of all o-P-porous sets is good and then
we will observe that 7 = Z%.

Condition (G1) from Definition 2.10 is clearly satisfied and (G2) holds
by Lemma 5.1(a). To prove (G3),let e > 0and & € = = N. Put & := & +1
and choose n € N for which 2/n < e. Since g€ (t) < g(&)(t) for t > 0,
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Lemma 5.1(b) immediately implies C(e, (Ril), (R%), n); consequently, (G3)
holds. Thus Z* is a good o-ideal.

The equality Z = Z* is an easy consequence of the fact (see [Za;, Propo-
sition 4.1]) that, for each n € N, a set M C E is 0-(g(™)-porous if and only
if it is o-(g)-porous. Indeed, suppose that A C E is P-porous. For £ € =,
put A¢ := {z € A; V&(x, A)}. Then clearly A = Ugez A¢ and each A is
Vé-porous (i.e., (¢¢)-porous). By the above mentioned result of [Za] each
Ag is o-(g)-porous and therefore A € Z. Thus we have proved Z* C Z. Since
Z C T* is obvious, the first part of the proof is complete.

Now suppose that F is an arbitrary locally compact metric space. Then
we can choose z € kerp,(A) and r > 0 such that B(x,r) is relatively com-
pact. The set A* := AN B(x,r) is clearly non-o-(g)-porous in the compact
space E* := B(xz,r). By the first part of the proof we can find a compact
set K C A* C A which is not o-(g)-porous in E*. Since clearly K is not
o-(g)-porous in E, the proof is complete. m

COROLLARY 5.3. Let E be a locally compact metric space and A C E
be an analytic set which is not o-porous. Then there exists a compact set
K C A which is not o-porous.

Proof. This is a special case of Theorem 5.2 for ¢g(z) := 3z. Indeed, in
this case A C E is o-porous if and only if it is o-(g)-porous; this follows
easily from [Zag, Section 4]. =

5.3. The case of symmetrical porosity

THEOREM 5.4. Let A C R be an analytic set which is not o-symmetri-
cally porous. Then there exists a compact set K C A which is not o-
symmetrically porous.

Proof. By Theorem 4.5 it is sufficient to prove that the o-ideal Z of all
o-symmetrically porous subsets of R is good.

To prove this, define for & > 1 and k € N a point-set relation R§ on
R by

3) Rz, A) €L YeR I >0:1/(k+2) < |z —y| < 1/k,

lr—y| <ar,((y—ry+r)UQRzr—y—r2z—y+r)NA=0.
Put & =N\ {1} and

VE::ﬂURi

n=1k=n

P, = V&
ez

for £ € Z. Clearly
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Each Ri clearly satisfies (A1) and (A3) and it is easy to prove that the
relations Ri are stable. Indeed, this follows (cf. the proof above that Rz

are stable) almost immediately from the obvious fact that Ri (z,A) if and
only if

JyeRIr>0: 1/(k+2) <|z—y| <1l/k|z—y| <ar

dist((y —my+r)U2x —y—r2c —y+r),A) >0.

Thus conditions (G1) and (G2) from Definition 2.10 are satisfied. To
prove (G3), let ¢ > 0 and & € £ = N\ {1}. Then C(e, (Ril),(R%),n)
holds for £ := &, + 1 and any n € N such that n > 3 and 2/n < ¢.

To prove this, we can proceed quite similarly to Subsection 5.2. Suppose
that H C R, k € N, k£ > n and a compact set K C R with (ﬂR?)(K, H)
are given. Choose 0 > 0 such that £&16 < 1/(k+2) and 0 < n < 4/2 so
small that £15 < &(s — 2n) for each s € [0,1/k]. Then find a finite set
Z C HN B(K,2/k) such that H N B(K,2/k) C B(Z,n). Now it is easy to
verify that the choice S := {B(z,n) N B(K,2/k); z € Z} works. Thus 7 is a
good o-ideal and the proof is complete. m

REMARK 5.5. Proceeding similarly, we can easily prove that Question
(Q) also has an affirmative answer for several other types of porosity. First let
us mention right (or left) porosity on R, which is defined in the obvious way
(see [Zag, p. 316]). (We can also deal with (g)-right porosity or with several
generalizations of right porosity in R™.) In 5.3, we could work with shell
porosity in R™ (see [V] for the definition) as well, which is a generalization
of symmetrical porosity.

Finally, let us mention another application concerning symmetrical
porosity, which can be useful. Let z > 1, A C R, and z € R. We
will say that PZ (z,A) holds if there exist ¢ € (1,2) and a sequence
(B(xp,r)) of open balls in R such that limz, = z, © € B(xy,cry,)
and (B(xp,rn) U B(x + (. — x,),7)) N A = 0. The system Z, of all o-
Pg,-porous sets is strictly smaller than the system of all o-symmetrically
porous sets. (This follows from [EH;|.) However, Z, is a good o-ideal. To
prove this, define R} as in (3) and put & = QN (1,2). Then clearly
P = Ueges V¢, where V& = >0, U, Ri. We have proved that all

Ri satisfy (A1), (A3) and are stable; (G3) can be proved by a sim-
ple modification of the proof of Theorem 5.4. Note that the o-ideal Z =
(.~1Z. naturally appears in several papers (e.g., [EH2] and [Zag]). Since
each 7, is a good o-ideal, we easily obtain the following interesting re-
sult:

If A C R is analytic and A ¢ I, then there exists a compact K C A such
that K ¢ T.
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