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From double Lie groups to quantum groups
by

Piotr Stachura (Washington, DC, and Warszawa)

Abstract. It is shown, using geometric methods, that there is a C*-algebraic quan-
tum group related to any double Lie group (also known as a matched pair of Lie groups
or a bicrossproduct Lie group). An algebra underlying this quantum group is the algebra
of a differential groupoid naturally associated with the double Lie group.

0. Introduction. The theory of objects we now call Quantum Groups
is from the very beginning related to group factorizations. First construc-
tions are due to Kac [5]. Then important contributions, algebraic (double
cross product of Hopf algebras) as well as functional-analytic (in the context
of locally compact groups and Kac—von Neumann algebras) were made by
Majid [7, 8]. (See also [9] for Lie group factorization and a detailed expo-
sition of the algebraic structure.) The Kac algebras framework is covered
in [4]. Afterwards, Baaj and Skandalis created their theory of multiplica-
tive unitaries [1] and showed that such a multiplicative unitary is defined
by any factorization of a locally compact group. From this moment on one
could expect that there is a C*-algebraic quantum group behind any (locally
compact) group factorization. And indeed, before this work was finished, a
very general construction of C*-algebraic quantum groups related to even
more general situations (cocycle matched pairs of locally compact quantum
groups) had appeared [15].

This paper is devoted to a construction of C*-quantum groups from
factorizations known as double Lie groups (DLG) [6] and also as matched
pairs of Lie groups. Although this situation is obviously less general than the
one considered in [15], precisely for that reason we are able to use different,
more geometric methods.

Objects used in our constructions are defined on a smooth level and we
try to remain within the smooth category as long as possible. All of these
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objects have a clear geometric interpretation as objects related to differential
groupoids naturally associated with DLGs. Starting from a concrete algebra
of such objects we construct (at this smooth level) various mappings which
appear in the theory of quantum groups. Then by using density arguments
we lift those mappings to the C*-algebraic level.

An additional advantage of the geometric approach we use in this paper
is that, after recognizing the geometric content of a formula, we can usually
prove it using only the very standard and well known results from calculus:
the Fubini theorem and change of variables for the Riemann integral of
smooth functions.

Although from a theoretical point of view this work adds nothing to
the pure theory of quantum groups, it shows, we believe, interesting links
between the theory of quantum groups and differential geometry. In the
examples constructed this way we have a natural, dense *-subalgebra of
“smooth” elements in our C*-algebra, which, putting aside subtleties with
densities, is an algebra of smooth, compactly supported functions, with a
kind of convolution as product. As a result, we can use various techniques
and estimates from the theory of integral and appeal to geometric intuition
in order to perform our computations.

There are also connections of our work with “quantization” of some
semidirect product Poisson—Lie groups, among them the x-Poincaré group.
However, in this case the situation is not so good. Namely, the construction
presented in this paper does not directly apply, since the set of decompos-
able elements in G, i.e. {g € G : g = ab = ba, a,a € A, bb € B} is
only open and dense in G, instead of being equal to G. Nevertheless, the
methodology we propose can be applied also in this case and may give cor-
rect results.

This paper is full of long integrals and other technical details. Therefore,
in order to improve its readability, we sketch the conceptual framework,
which, we believe, is simple and natural. For any DLG (G; A, B) there is
a naturally defined multiplicative unitary operator (in fact there are four
of them). This operator is manageable in the sense of Woronowicz as was
proved in [12]. Therefore, by the results of Woronowicz from [16], there is a
quantum group (modulo the problem of Haar measure) associated with any
DLG.

Additionally, given a triple (G; A, B), one can define two differential
groupoid structures on G: G4 and Gp over A and B, respectively. It turns
out that the multiplication of one of the groupoids, say G g, defines a mor-
phism in the sense of Zakrzewski [17] from G4 to G4 X G 4. This morphism
is coassociative. Using a construction presented in [13] we get a coassociative
morphism from C*(G 4) to C* (G4 xG 4). We may suppose that C*(GaxG4)
is (some sort of ) C*(G4) ® C*(G 4). Therefore, the morphism constructed as
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above begins to resemble a comultiplication, one of the main ingredients of
a quantum group structure. Completion of such construction of comultipli-
cation is complicated by the fact that we are not able to prove the equality
C*(Ga x G4) = C*(G4) @ C*(G4). Nevertheless, we have a corresponding
morphism of reduced C*-algebras. It turns out, as one can expect, that this
morphism is implemented by the multiplicative unitary.

Due to great richness of the structure of a DLG, its other components
enable us to find natural objects giving us almost a Hopf algebra structure.
Moreover, they permit constructing an invariant positive functional on it
with a natural modular group. To be more specific, the group inverse im-
plements the unitary part of an antipode; a natural cocycle on the groupoid
implements a scaling group; a distinguished fiber gives a “counit”; and Haar
density on the set of units of the groupoid gives an invariant functional. We
give explicit formulae for all of these mappings.

Let us now briefly describe the content of the paper. In Section 1 we
collect basic facts about differential groupoids, their morphisms and related
algebras, in order to make the paper more self-contained. Section 2 is de-
voted to proofs of some technical results used later on. In the third section
we present groupoids related to DLG. In Section 4 we prove that our con-
structions indeed provide a comultiplication in the sense of the theory of
quantum groups. In Section 5 we show that the algebra of a groupoid G4 is
very similar to a Hopf algebra, by identifying other ingredients of its struc-
ture and proving some formulae. The sixth section is devoted to the Haar
measure. We use the results from [13], where it was shown that there is
a natural class of KMS weights on any differential groupoid. Since in the
groupoid G4 the set of units is the group A, one can distinguish invariant
half-densities on A. These half-densities give us a Haar measure on a quan-
tum group based on G 4. In the last section we collect all the constructions
and results. Finally, there are two appendices, where we give a geometric in-
terpretation of a cocycle implementing a scaling group, and relate an algebra
associated to a multiplicative unitary with a groupoid algebra.

To end this introduction, the author wants to record that the idea of the
construction presented in this paper was born during his collaboration with
Stanistaw Zakrzewski. The author also wishes to thank Robert Owczarek
for his useful comments.

1. Differential groupoids, their morphisms and algebras. In this
section we introduce notation and recall basic facts about groupoids, their
morphisms (in the sense of S. Zakrzewski) and action of morphisms on
groupoid algebras. For a detailed exposition of the subject we refer to [17]
(differential groupoids and morphisms) and [13] (constructions related to
groupoid algebras).
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The category of differential groupoids. Let us recall that a differential
relation v from a manifold X to a manifold Y is a triple (X, Y’; R) such that
R =: Gr(r) is a submanifold in Y x X. By a submanifold we always mean an
embedded submanifold. All manifolds considered here are smooth, Hausdorff,
and have countable bases of neighborhoods. A relation r from X to Y will
be denoted by r : X —Y. For a relation r : X —>Y, we denote by ! the
transposed relation, i.e. 77 : Y —> X is given by Gr(r?) := {(x,y) € X xY :
(y,x) € Gr(r)}.

A composition of differential relations may fail to be a differential re-
lation. Therefore, in a definition below we assume that there are composi-
tions which give again differential relations. There are also other conditions
which, together with this composition property, are contained in the notion
of transversality [17]. Transversality of differential relations r and s will be
denoted by r 4 s. A differential relation r : X —>Y is a differential reduc-
tion if r = fiT, where i is the inclusion mapping of a submanifold C C X
and f:C — Y is a surjective submersion.

Now we recall the definition of a differential groupoid.

DEFINITION 1.1 ([17]). Let I' be a manifold. A differential groupoid
structure on I is a triple (m,s,e), where m : I' x I'—> I is a differential
reduction, e : {1} —> I is a differential relation, s : I' — I" is an involutive
diffeomorphism and the following conditions are satisfied:

1. m(m x id) = m(id x m).

m(e x id) = m(id x e) = id.

m(s x s)~ = sm, where ~: ' x I' 3 (z,y) — (y,x) € ' x I.
For any z € I', 0 # m(z, s(x)) C e({1}).

m A (m xid), m 4 (id x m), m 4 (e x id), m + (id x e).

It follows that objects defined in this way coincide with standard dif-
ferential groupoids. The set E := e({1}) is a submanifold of I" called the
set of identities. There are also two projections (surjective submersions): the
source or right projectioner : I' 3 x +— m(s(x),x) € E, and the target or left
projection er, : I' 3 x — m(xz, s(x)) € E. The fiber of ey, passing through g
(i.e. the set {x € I' s ep(z) = er(g)}) will be denoted by Fj(g), and similarly
the fiber of er by F,(g).

Now comes the definition of a morphism. It should be stressed that
this definition does not coincide with the standard one. For examples and
motivations see [17, 13].

DEFINITION 1.2 ([17]). Let (I',m,s,e) and (I',m’,s',¢’') be differential
groupoids. A differential relation h : I'—>I" is a morphism from I" to I" iff

1. hm =m/(h X h),
2. hs = s'h,

CUk W



From double Lie groups to quantum groups 199

3. he=¢,
4. m' A (hxh), h e

In the next proposition we collect basic properties of objects associated
with a morphism.

PROPOSITION 1.3 ([17]). Let h : I'—>1I" be a morphism of differential
groupoids.

1.

9.

10.

The formula Gr(fy) := (E x E"YNGr(hT) defines a smooth mapping
fn:E — E.

. For each b € E', the relation h™ restricted to Fy(b) x Fy(f,(b)) defines

a smooth mapping hE : F(fn(b)) — EFy(b). The same is true for
restriction to right fibers with the resulting map hi* : F.(fx(b)) —
F.(b).

The set I' xp, I'" := {(x,y) € T' x I : er(x) = fu(e)(y))} is a
submanifold of I' x I".

The set I' s, I'" := {(z,y) € I' x I" : er(z) = fu(e(y))} is a
submanifold of I' x I".

The sets I' x;, E' and I' X}, E' are submanifolds and the mappings
RE . Ixp E' > (2,0) — hE(z) € T" and hE : ' x, E' 5 (2,b) —
hi(z) € I'" are smooth.

. The mapping my, : I xp, I 3 (z,y) — m/(hE(x, e} (y)),y) € [ is a

surjective submersion.

The mapping t, : I' xp, I" 3> (x,y) — (x,mp(z,y)) € I'xp I is a
diffeomorphism.

The mapping: 7o : I' X, I'" 3 (x,y) — y € I is a surjective submer-
sion and 7, ' (y) is diffeomorphic to Fy(fu (e} (v))).

The mapping 7o : I' xp, I'" 3 (z,y) — y € I is a surjective submer-
sion and Ty *(y) is diffeomorphic to Fi(fu(e](y))).

Items 6-9 remain true if we replace I'' by F,(y) for any y € I'" and
restrict the corresponding mappings in the obvious way. m

Bidensities. Let I' be a differential groupoid and let 2'/2(er) (resp.
2'2(eR)) be the bundle of smooth, complex-valued, half-densities along left
(right) fibers of I'. We denote by A(I") the linear space of compactly sup-
ported, smooth sections of the bundle 2'/2(er)® 2V/2(eR) (see [2]). Its ele-
ments will be called bidensities and usually denoted by w. So w(z) = A(z) ®
o(z) € QVPTLN @ QYV2TIT, where TLI := Ty (Fy(x)) and TE T := Ty (F(x)).
In the following we also write Qé/z(x) = QY27 and Q}%/Q(:c) = Q27T

We also use the following notation: if M, N are manifolds, ' : M — N
and 1 is some geometric object on M which can be pushed forward by F,
then we denote the push forward of ¥ simply by F1. What it really means
will be clear from the context. So below we write for example s(v) instead
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of AT,s(v) for v € AMXTLL (for a vector space V we denote by A™**V the
maximal non-zero exterior power of V).
The groupoid inverse induces a star operation on A(I"):

wH(z) (v @ w) = w(s(x))(s(w) @ s(v)), veE AXTLL we A>T,

Because s is an involutive diffeomorphism which interchanges left and right
fibers, the *-operation is a well defined antilinear involution.

One can define a multiplication on the vector space A(I"). This multi-
plication introduces a #-algebra structure on A(I"). The formula for multi-
plication is a special case of a more general construction presented in [13]
and will be given later on. Before giving the formula, we define some special
sections of 2'/2(er)®2'/%(er), which are very convenient for computations.

Since left (right) translations are diffecomorphisms of left (right) fibers,
we can define in a natural way left(right)-invariant sections of £2'/2(er)
(2'/%(eR)). Any left-invariant section of 2'/2(ey) is determined by its value
on E and, conversely, any section of £2/2(ep)| can be uniquely extended
to a left-invariant section of 2/2(er).

So let A be a non-vanishing, real, half-density on F along left fibers
(one constructs such a density by covering F with maps adapted to the
submersion e;, and using an appropriate partition of unity to glue them
together). We define

Xo(2)(v) := Aer(2))(s(z)v), ve A™>TLD
This Ao is a left-invariant, real, non-vanishing section of £2'/2(er). Now,
0:= As is a non-vanishing, real half-density on F along right fibers, and gg
defined by

oo(z)(w) := o(ep(z))(ws(x)), we AT,
is a right-invariant, non-vanishing, real section of Y 2(eR). Let wo := Ao®p0;
this is a real, non-vanishing bidensity (of course, it does not belong to A(I")
but we will still call it a bidensity). From now on the symbol wy will always
mean a bidensity constructed in this way.

When wy is chosen any element w € A(I") can be written uniquely as

w = fwq for some smooth, complex-valued function f with compact support.
Note the following simple:

LEMMA 14. Ifw = fwy then w* = f*wy, where f*(x) := f(s(z)). =

Action of groupoid morphisms on bidensities. It turns out that groupoid
morphisms act on bidensities, i.e. for a morphism h : I"—> I one can con-
struct a linear mapping h : A(I") — Lin(A(I")) which behaves nicely with
respect to the composition of morphisms and the x-operation. This construc-
tion depends in a crucial way on Proposition 1.3. Let us briefly describe the
construction here.
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Let a € E', (z,y) € I' xXp, Fr(a), ty(z,y) =: (x,2) and b := €/ (2). Due to
Proposition 1.3 we have the following isomorphisms:
i1 2 (@) © Qi (y) = QT (T %0 Frla)),
th 2 Q2T ) (I xp Fr(a)) — Q2T (I %, Fr(a)),
iz : 21 (2) © Qf*(2) = 27T ) (I 4 Fr(a)).

Thus (i2) " *pi1(0x ® 0y) =: Ay ® 05 for some \; ® 0, € Qé/z(x) ® 011{/2(2).
Moreover, since the mapping F;(y) 3 u — hfi (y)(x)u € Fi(z) is a diffeomor-
phism, it defines an isomorphism between Qi/ 2 (y) and Qi/ 2(2).

Now let w = A® o € A(T), ' = N ® ¢ € A(I"). Then (ig) "tpi1(o(z) ®
d(y)) = Az ® 02, and hi(y)(a:))\’(y) =: )\, so the expression [A\(z)\;] ®
X, ® 0. defines a 1-density on Fj(f)(b)) with values in the one-dimensional

vector space Qi/ 2(2) ® !211{/ 2(z). In this way we can define the mapping h
mentioned above:

(h@))(z) = | Mol es
Fi(fa(b))
Choose wp = A\g ® g0 and wf) = Ny ® gfy. Then (iz) ttni1(00(z) ® 0h(y)) =
th(z,y)Xo(z) ® gf(2) for some smooth, non-vanishing function 5, : I' xp I"’
— R and hf} )(:c))\f)(y) = Ny(2). For w = fiwp and v’ = fow] we get the

)
explicit expression

1) G@)E =] R@A@REL)] )
Fi(fn (b))
=: (f1#1 f2)(2) wp(2),
where y is defined by t,(z,y) = (2, 2), i.e. y = s'(h¥(z))z.

Now taking h = id : I'—>I" we get an algebra structure on A(I"): the
formula for the product is wiws =: (f1 * f2)wo where

) (fixf)@) = § NWhWhiswe) = | @@ fi@sy)fy)

Fi(z) Fp(z)

It seems that there is no natural, geometric, norm on A(I”), but one can
introduce a family of useful norms “indexed” by wp’s [11, 13]. A chosen Ao
defines wy and any bidensity can be written as w = fwg. Define

lolly := sup V81wl = sup |\ obIrl,
(3) “€I” Fi(a) a€l )

[wllo == max{fjwl [[w]-}-
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It can be shown that ||w|;, ||w|lr, ||w|lo are norms, and (A(L),x, || - |lo) is a
normed *-algebra.

Representation of the algebra of a groupoid associated with a morphism.
Let ¥ be a smooth half-density on I'" with compact support and w € A(I'),
w=A®p. Let (z,y) € I x; " and t(z,y) =: (z,2). As in the definition
of ﬁ, o(x) ® ¥(y) can be viewed as a half-density on T(Ly)(l“ xp I'") and
tn(o(2)®@V¥(y)) is a half-density on T(, .y (I"*,I"). Since Qi/2(x)®QI/QTZF’ ~
Ql/zT(x,z)(F s, ') this half-density can be written as X\, ® W,(z), where
X; is a half-density on TL(I') and W,(z) a half-density on T,(I"). Then
AMz) Ay ® Wy (2) is a 1-density on TLI" with values in half-densities on T, (I").
Integrating A(z)A, ® ¥, (z) we get a half-density on T, (I"). In this way we
get an operator 7, (w) for w € A(I") defined on a dense linear subspace of
LX(I1),

(mR(@)P)(2) = | M@)A(@)] @ T(2).
Fi(fn(b))

Choose wy and write w = fwy. Since e;% is a surjective submersion, there
is a natural isomorphism V2T, " ~ Q}{Q(w) ® Ql/QTeh(w)E’ for any
w € I". Therefore, if we choose g, and a non-vanishing, real half-density
vy on E', then o) ® vy defines a non-vanishing, real half-density on I". So
any other smooth half-density ¥ with compact support can be written as
U = o@uy =: ¢ ¥y for some smooth, complex-valued function ¢ with com-
pact support. It is easy to see that t;,(go(x)®0)(y)@vo(a)) = th(x, y)(Ao(z)®
0 (2) @1p(a)), where t, is as in the definition of /. So the explicit formula is

(4) @)= | B @i )ow)|w(e),

Fy(fn(b))
where b := €/ (z) and t)(z,y) = (z, 2). In the next proposition we collect
the essential properties of the mappings h and 7.

PROPOSITION 1.5 ([13]). Let I,I",I"" be differential groupoids, and let
h:I—>I"and k : I"—>I" be differential groupoid morphisms. For any
we A, ', wi € A(I") and " € A(I):

)
(a) B((h(w)w"))w" = kh(w)(k(w)w").
(b) ik (h(w)w') = mpn(w)mr(w').

(0) (@)*(h(w)wh) = (Alw*)w')wi.

(d) 7, is a x-representation of A(I') by bounded operators on L*(I"'),

and for any wy we have the estimate ||mp(w)|| < [|w|lo (the norm on
the right hand side is defined in (3)).

24
3
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(e) Choose some *-invariant w, and let ||-||; denote the associated norm.
For any o' € A(I") there exists a sequence w, € A(I') such that
limy,— oo || 2(wp)w’ — &/ |l) = 0. =

Due to these properties one can define a C*-norm on A(I"), then complete
A(I") in this norm and get a kind of universal C*-algebra of the differential
groupoid. For any morphism h, the mapping h can be uniquely extended
to a morphism between the corresponding C*-algebras, and m to a non-
degenerate representation [13].

It is also easy to see that the representation g is faithful on A(I"), so
the function w +— ||mq(w)|| defines a C*-norm on A(I"). The completion of
A(I") in this norm is called the reduced C*-algebra of I' and will be denoted
by Cx(I").

Bisections and their action on groupoid algebras. Recall that a subman-
ifold B C I' is a bisection iff er|p and er|p are diffeomorphisms. The set
of bisections of a groupoid I is a group under the natural multiplication of
subsets of I" and inverse given by B! := s(B). Bisections act (from the left)
on I' by diffeomorphisms: for g € I, Bg = ¢'g, where ¢ is the unique point
in B composable with g. One can immediately verify that BF,.(g) = Fy(g)
and BFj(g) = F;(Bg). These facts enable us to define an action of bisections
on A(I") according to the formula

(Bw)(Bg)(Bv ® Bw) := w(g)(v ® w), where v € AmaxTéF, w e AT

It is easy to see that for wy = Ag ® go and Bwg =: fwp, the function f is
given by
(5) f(Bg)oo(Bg)(Bw) = 0o(g)(w), —w € A™TT.
It turns out that if B is a bisection of I" and h : I'—>I" is a morphism,
then the set h(B) is a bisection of I". In the next lemma we collect the
basic properties of the action of morphisms on bisections which allow us to
interpret bisections as multipliers on C*(I") and C(I").

PROPOSITION 1.6 ([13]). Let I',I" be differential groupoids, B a bisec-
tion of I' and h : I'—>I" a morphism. For any w,w; € A(I') and w' €
A(T):

1. wj(Bwl) = (S(B)w)iwl
2. (h(Bw))w" = h(B)(h(w)w')
3. ﬂh(Bw) = (B)ﬂ'h(w). ]

2. C*-algebra of the Cartesian product of differential groupoids.
In this section we collect some technical results about the C*-algebra of the
Cartesian product of differential groupoids. We are not able to prove that
C*(I x Iy) is equal to (some kind of) C*(I) ® C*(I%). However, we have
the following (expected) result.
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PROPOSITION 2.1. Let I, Iy be differential groupoids. Then C} (I X
I) = CHI) ®s Cf (o), where ®, denotes the minimal tensor product.

Proof. We adopt the following notation: A; := A([}), H; := L*(I3),
m; + A; — B(H;) the identity representation of A;, || - ||; the operator norm
on B(H;), A; :=C}([;) = Wi(AZ-)H'”i, i = 1,2, and the corresponding objects
fOI‘Fl XFQZ .A:Z.A(Fl XFQ), HZ:LQ(Fl XFQ) :H1®H2, 7T:.A—>B(H),
|| -]| the operator norm on B(H) and A := C}(I'1 x [3) = W(A)H.”
that A1 ® A2 C A and 7| 4,04, = ™1 ® 2.

Choose non-vanishing, real, left-invariant half-densities A\ and )¢ along
left fibers on I7 and I% respectively. Then A\g ® Ag is a non-vanishing,
real, left-invariant half-density along left fibers on I'7 x I3, and we have

the corresponding right-invariant half-densities and *-invariant bidensities:

. It is clear

w(l) = A ® 00, wg = A ® g and wg = wé ®w(2). Let ||-]|o be the corresponding
norm on A. We begin with the following

LEMMA 2.2. A; ® Ay is dense in A in the topology defined by || - ||o-

Proof. Let D(-) denote the compactly supported, smooth functions. The
following result is standard: for any f € D(I x ) there exist compact sets
K; C Il and K9 C Iy such that

Ve >0 3g € D(I1) ® D(I2) : supp(g) C K1 x Ko and sup|f —g| < e.

Let w € A(I'y x I»). Then w = fwy for some f € D(I x Iy). Let Ki, Ko
be subsets as above, choose some h € D(I x I,) such that h(x) >0, h=1
on K1 x Ky, and let M := ||hwollo. Take ¢ > 0 and let ¢ = > f; @ k; €
D(I1) ® D(I%) be such that sup|f — g| < ¢/M. Define w} = fiw} and
w? := k;w3. Then simple computations show that [|w — > w! ® W?|lop <e. =

Since ||w|| < ||wllo, for w € A the closure of (.41 ® A2) contains the
closure of m(A), i.e.

ActA o) A @ mA) !

This means that A C A; ®, As. On the other hand, for 4; 3 a1 = limw,,
with w, € A1 and Az 3 ay = limw), with W/, € Ay we immediately verify
that m1(a1) ® ma(a2) = limm(a1) ® ma(w),) = lim7(w, ® w),). In this way
7T1(A1) X 71'2(142) C 7T(.A) = C:(Fl X Fg) and

Al ®y Ag = 7T1(A1) X 772(142) C C:(Fl X FQ). ]

From now on, if A and B are C*-algebras, a tensor product A ® B means
the minimal tensor product.

In the next lemma w(w; ®I) and w({®w; ) mean products in M (C;(I"x I"))
(i.e. the multiplier algebra).
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LEMMA 2.3. Let w = F(wo ® wo) € A" x I') and wy = fwy € A(I).
Then w(wy @ I) and w(I @ wy) are elements of A(I' x I') given by

wlwi @) =: (F*(f @) (wo ®wo), wl @wr)=:(Fx(I® [))(wo®wo),

where

(Fx(foD)(gg) = | N©)F(g90)f(s@)qn)

Fi(g1)

(Fx(I® g = | N@F(99)f(s(9)9).

Fi(92)

Proof. 1t is enough to show that

(Fx(fal)*(i®f)=Fx(f*fi®f),
(Fx(I®f)*(f1® f2) =Fx(fi® f*f)

Let us compute the LHS of the first equality:

(Fx(fel))x*(fi® f2)91,92)
= | (8(9) @ (W) (EF * (f @ 1))(g, k) f1(s(9)g1) fa(s(R)g2)

Fi(91)xFi(g2)

= | 8@ @XM isg)g) fals(h)g2) | A(R)F (k. h)f(s(k)g)-
Fi(g1)x Fi(g2) Fi(g)
Since Fi(g) = Fi(g1) the above integral is equal to
| (A (9) @A (R) @A (1)) f1(5(9)g1) f2(5(h) g2) F (k. 1) f (s(k)g).-
Fi(g1)xFi(g1)x Fi(g2)

And the RHS:

Fx(f*fi® f2)(g1,92)
= S (A3(9) ® A5 () F (g, h)(f = f1)(s(9)g1) f2(s(h)g2)

Fi(g1)x Fi(g2)

= | O3 @) F(g.h) fa(s(h)ga) | 0b(k)f(s(9)grs(k)) fr(k)

Fi(g1)x Fi(g2) Fr(g1)

= | (39) @ X)) F (9, h) fa(s(h)g2)

Fi(g1)x Fi(g2)

x b M) F(s(a)gik) fuls(k))

Fi(er(g1))
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= | 892N M)E(g, ) fals(h)g2) | AJ(R)F(s(9)k)) fr(s(k)gn)

Fi(g1)xFi(g2) Fi(g1)

= | 8k ©A3(9) @ A8 (1)) f1(s(k)g) fa(s(h)g2) F (g, ) f (s(9)k);

Fi(91)x Fi(g91) < Fi(g2)

the passage from the second to the third line follows from the fact that s
restricted to F.(g1) is a diffecomorphism onto Fj(er(g1)), and s(go) = Ao; the
equality of the third and fourth lines is a consequence of the diffeomorphism
Fi(er(91)) 2 k— g1k € Fi(g1).

The equality (F (I ® f))*(f1 ® fo) = F*(f1 ® f % f2) can be proved
in the same way. =

Later on we will need the following technical result:

LEMMA 2.4. Let @ : I'x I' — I' X I' be a diffeomorphism, and ¢ : I" x I
— R be a smooth, non-vanishing function. Let Ao be a left-invariant, real,
non-vanishing half-density and wy the corresponding x-invariant bidensity.
Then Ay ® Ao is a left-invariant, real, non-vanishing half-density on I' x I
and wy @wy 1is the corresponding *-invariant bidensity. Let || - ||, || - ||+, || - [lo
be the norms on A(I" x I') associated with Ao ® Ao as defined in (3). Define
S AN @A) — A(I' x I') by

S(Zw@wg) =0 1@ ) (wo @ wo),

where w; =: fwo, w! =: flwy and (Pg)(z) := g(®~(x)) is the push-forward
of the function g. Then S(A(IN)®A(L)) is dense in A(I'x I') in the topology
defined by | - [lo.

Proof. Let w =: F(wy ® wg) € A(I' x I') and K := supp F. Define
F := F/vy and Fy := & 'F. Then supp F; = & }(K) is a compact set.
There exist compact sets Ky, K5 such that @‘1(K) C K1 x K9 and

Ve 3fi, gi - supp fi C K1, supp g; C Ka, sup ‘Fl -> fiog|<e

Then supp®(>_ fi ® gi) C P(K; x Kz). Choose a smooth function h €
D(I'xI') such that 0 < h < land h=1on KUP(K; x K3). Let M := ||hl|o
and N := sup{|¢¥(g1,92)| : (91,92) € K UP(K; x K2)}. Let ¢ > 0 be given
and let f;,g; be as above, and sup |[F1 — > fi ® gi| < ¢/MN. Now for
W= Z fiwo ® giwg we have

[lw = S(@)ls

= sup | A3(91)®X5(92)[F (g1, 92) = (91, 92) (Zf@gz) 91,92)‘
(61762)6E><EF1(61,€2)
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We can estimate the integral as follows:

| MNoe A%(g2)}F(91,92) —¥(91,92) (Zfl ®gz) 91,92)‘
Fi(e1,e2)

= | N9 ® X3(92)Ih(g1, 92)
Fi(e1,e2)

>ﬂﬂmﬂﬁ—¢mﬂz(§:ﬁ®%)mﬂﬂ

= | 29 @ 23(92)|hl91, 92)]
Fi(e1,e2)

x (g1, g2) |}F 91, 92) (Zfz@gz) 91,92)‘

<Nswp|F-o(Y fiog)| | Ao @Mkl

Fy(e1,e2)

= sup |(@F) —2( 3 fi @ 1)
= sup‘Fl—Zfiéi)gi <e/MN.

we get ||[w — S(@)]|; < . In the same way we can estimate ||w — S(@)||,. =

Since

sup ’ﬁ —@<Zfi ®gi>

3. Double Lie groups and related objects. In this section we intro-
duce basic objects of our investigations: groupoids related to a double Lie
group (DLG). We begin by recalling the definition of a DLG (also known as
a matched pair of Lie groups or a bicrossproduct Lie group).

DEFINITION 3.1 ([6]). A double Lie group is a triple (G; A, B) of Lie
groups such that A, B are closed subgroups of G, ANB = {e} and G = AB.

The structure of a DLG defines four projections:
ar,agp: G — A, br,bp: G — B by g=ar(9)br(g) ="br(g)ar(g).
We also define a relation m4 : G x G—>G by
Gr(ma) := {(braby; bra,abs) : a € A, by, by € B},
and a diffeomorphism
sa:G 3 g ar(g)br(g)™" =brlg) 'arly) € G.

It turns out [17] that G4 := (G, ma, A, s4) is a differential groupoid. The
same is true for Gp := (G, mB, B, sp), where mp, sp are defined similarly
to my, s4. Moreover § := mB Ga—>Gp X Gy and s : G4—>Gy are
morphisms of differential groupoids. In the “extreme case” A ={e},B=G
we have G4 = G (the groupoid G4 is a group) and Gp = (G, diag!, G,id),
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where diag : G 3 g — (g,9) € G x G is the diagonal mapping. The basic
example of a DLG the reader may think of is an Iwasawa decomposition of
a semisimple Lie group G = K(AN).

In the next lemma we explicitly describe the mappings and sets related
to the morphism §. We use the same notation as in Proposition 1.3. The
proof is straightforward.

LEMMA 3.2. Let (G; A, B) be a double Lie group and let § := mg.

1. GI‘( ) = {(agbg,bgag, agbgag) ag,as € A, by € B}
f5 AxA> (al,ag) — ajag € A.
GA Xs (GA X GA) = {(blagag, agbg,agbg) bl, bg, bg (S B ag, as € A}
GA ><5F (ag,ag) = { blaL(bgaQ)aL(bgag) bgag,bgag) bl,bg,bg c B}
GA *§ (GA X GA) = { agagbl,agbg,agbg) bl,bg,bg €B GQ,ag € A}
GA *§ F (CLQ, a3) = {(aL(bgag)aL(bgag)bl, bgag, bgag) bl, bg, b3 c B}
0" (g15 a2, a3) = (a2br(azbr(91)), asbr(g1)), ar(g1) = azas.
0%(g1; as, az) = (br(g1)az, br(br(g1)az)as), ar(gr) = azaz.
9. ms(915 92, 93) = (br(91)92,br(bL(91)aL(g2))g3)-
10. t5(g15 92, 93) = (9150L.(91)92, br(bL(91)ar(g2))gs). =

Sl B i

For any DLG one can define the pentagonal diffeomorphism
(6) W :GxG>(st)— W(s,t):= (sar(t)}, br(sar(t) 1)) € G x G.

Then W~1(s,t) = (sap(bg(s)~'t),bgr(s)"'t). By push-forward of half-
densities, W defines a multiplicative unitary operator on L?(G) ® L?(G),
which will also be denoted by W. Then W* is the push-forward by W 1.

Now we give an interpretation of W in terms of the groupoids G4 and
Gp. We need this to prove easily that W € M(CB(L*(G)) ® C}(Ga))
(CB(H) stands for compact operators). However, this interpretation can
also be used to show that W is a unitary bicharacter on quantum groups
with some universal properties and to construct a quantum double. For a
groupoid I' = (I',m, E, s) we denote by I'°P the groupoid with the reverse
multiplication, i.e. (I, m°, E,s). As shown in [18], the pentagonal diffeo-
morphism W is equal to (1d >< ma)(m% x id) and the pentagon equation
follows from the fact that mB is a morphism G4—>G4 x G4. (Now it
is clear that there are four multiplicative operators, since one can inter-
change A and B; one can also consider Gi‘p and G%p.) But W is not only
a diffeomorphism but a diffeomorphism of a very special kind, namely, it is
implemented by a bisection. Consider the set U := {(g,sp(g9)) : g € G}.
This is clearly a submanifold in G x G. The following lemma is a result of
direct computations.

LEMMA 3.3. U is a bisection of G§ xGa, and U-(s,t) = W (s, t) (the left
hand side is understood as the action of a bisection on a groupoid element). m
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Because a bisection of a differential groupoid I is an element of M (C}(T"))
we conclude that W € M (Cy(GE x Ga)) = M(CHGP)®@Cy(Ga)). The al-
gebra C7(GY) acts on L*(GY) = L*(G) in a non-degenerate way, therefore
W € M(CB(L*(®)) ® C*(G 4)).

In what follows we will also need various modular functions related to
DLG, so now we fix notation:

(7) Ya(a) = det(PaAd(a)lq), ¢p(a)=det(PgAd(a)lp), ac€ A,
(8) wa(b) =det(P4 Ad(b)|a), ¢p(b) =det(PgAd(b)ls), b€ B,
where Pp and P4 denote the projections in g corresponding to the decom-
position g = a $ b.

The last object we define is a smooth function @ : G — R\ {0}. Let

Ad(g) =: <91 92)
g3 94

be the decomposition of the adjoint representation with respect to the direct
sum structure g =a @b, i.e. g1 : a — a, go : b — a, etc. Then @ is defined
by

(©) ¢3¢ Q) = HAdY)

= Tet(gn) det(gn) <\ O

For b € B and a € A we have

Ad(a) = (g‘l Zj) Ad(b) = (g; 24)

_ det(Bsou)
Qlba) = det(B3a2 + Bacs)’

The function @ is related to the modular functions by the equalities

(10) Q(g) = valar(9)ealbr(9)) _ vBlar(9))ps(bi(g))
Yalar(g))ealbe(g))  ¢slaw(g))es(br(g))

The relationship between @) and the groupoids G4 and Gp is described in

the following lemma, the proof of which is straightforward.

LEMMA 3.4. Q is a 1-cocycle on G4 and Gp, i.e. Q(ab)Q(ba’) = Q(abd’),
Q(ba)Q(ab’) = Q(bab') for any a,a’ € A, b,/ € B. Moreover, Q is invariant
with respect to the group inverse, i.e. Q(g) = Q(g™'). m

and

The function @ is exactly the one which appears in the definition of
manageability of W [16, 12]. For the geometric meaning of () see Appendix.

Multiplication in A(G 4). Choose a real half-density pg # 0 on T, B and
define

(11) Mo(9)(v) == polg™ '), wve AmaxTéGA.
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It is easy to see that this is a left-invariant, non-vanishing half-density on
G 4 and the corresponding right-invariant half-density is given by

(12)  oo(9)(w) = [¥B(ar(g))| " uolwg™), we A™T;G4.
We put wg = A\®pgp, and from (2) we obtain the expression for multiplication
in A(Ga):

((fiwo)(fowo))(g) =: (f1 * f2)(g9)wo(g)

where

(13)  (f1* f2)(9) = | ni (1) fi(ar(9)b) f2(brlar(g)b) "g)

W

= | 1R(0) [¥B(ar(bar(9)| " filgbr(bar(g)) ") fa(bar(g)),
B
and pr and pug are the left- and right-invariant half-densities on B defined
by 1o (we use the fact that left and right fibers are diffeomorphic to B).
We finish this section with a simple observation, which will be used
later on.

LEMMA 3.5. For gy € G the sets {g € G : (go,9) € §(G)} = br(go)A
and {g € G : (g,90) € 6(G)} = Abr(g0) are bisections of G4. m

4. Comultiplication. This section is entirely devoted to the proof that
indeed ¢ can be used to obtain a comultiplication in the sense of the theory
of quantum groups.

THEOREM 4.1. Let (G; A, B) be a double Lie group, G4 = (G, m4,s4, A)
and G = (G,mp, sp, B) the corresponding differential groupoids, and let
§:=mk.

(a) The mapping S extends uniquely to A € Mor(Ck(Ga),ClH(Ga) ®

Cr(Ga)).

(b) A is coassociative, i.e. (A®id)A = (id® A)A.

(¢c) For any a,b € C}(Ga), the elements A(a)(b® 1), A(a)(I®Db) belong
to CX(GA)RC}(Ga). Moreover, the linear spaces span{A(a)(b®@1) :
a,be Ci(Ga)} and span{A(a)(I ®b) : a,b € C}(Ga)} are dense in
Cr(Ga) ® Ci(Ga).

In general we know [13] that 0 extends to a morphism from C*(G4) to
C*(G4 x G4) and it is not a priori clear that it also defines a morphism
of reduced algebras. However, it is easy to see that, for w € A(G4), g(w)
defines a multiplier on C} (G4 x G4).

Indeed, let mq denote the identity representation of A(G4 x G4) on
L?(GA x Gy). Proposition 1.5 yields ||7Tid(3\(w)w1)|| = ||ms(w)ma(wr)| <
|75 (w)]|||7ia(w1)]|. From this inequality we infer that &(w) is a bounded, lin-



From double Lie groups to quantum groups 211

ear mapping, defined on a dense, linear subspace of C'(G 4 X G 4). Therefore,
it can be extended in a unique way to the whole C}(G 4 x G 4). Moreover,
since wg(g(w)wl) = (g(w*)wg)*wl, we see that g(w) is adjointable. Thanks
to this property, g(w) defines a multiplier.

Choose wj, € A(Ga x G4) and let w € A(Ga x Gy4). Take w, € A(G4)
as in Proposition 1.5(e). We have Hmd(g(wn)w) — ma(W)]| < [|6(wp)w — wl|o;
since this tends to 0, we see that any element of A(G4 X G 4) can be approx-
imated in the norm defined by the identity representation by elements from

~

S(A(GA))A(G4 x G4). So the same is true for the whole C*¥(G4 x G4).

In this way to prove statement (a) of the theorem we need continuity of
§ as a mapping defined on a dense subspace A(G4) C C*(G4). This will
follow immediately from

PROPOSITION 4.2. Let W be the pentagonal diffeomorphism defined
in (6). The representation ws is implemented by W, i.e.

7r5(w) = W(md(w) ® I)W*.

Proof. Clearly this result should be expected, taking into account the
close relationship between the algebra defined by W in a “standard way”
and C}(G4) (see Appendix B). We start by giving a formula for §. For
w =: fwyg € A(G4) and w1 =: F(wy ® wp) € A(Ga x G4), by (1) and

-~

Lemma 3.2 we have d(w)wy = (f *s F)(wo ® wp), and
(f x5 F')(a1b1, azbz)
= S A (a1a2b) f(arasb) ts(arasb; by ' (arazb)arby, ag(azb)b™ ' bs)
Fy(aias)
x F(b}*(a1azb)aibr, ar(asb)b'by).

As proved in [13], for any morphism h of differential groupoids, the function
tp is right-invariant with respect to multiplication in the second groupoid,
ie. tp(x,y) = tp(z,er(y)). In the next lemma we prove a formula for this
function.

LEMMA 4.3. t5(biagas; az, az) = |pp(br(biag))| /2.

Proof. We use the notation and results of Proposition 1.3 and Lemma
3.2. Let x := brasas, y := (ag2,as3) and z := ms(xz,y) = (braz, br(biaz)as).
Let W = T, (Ga X5 F;(y)) and U := kerma C W. Vectors from U are
represented by curves u(t) := (by(t)azas; az, as) with b1(0) = by. It is easy
to see that the subspace V' C W of vectors represented by the curves

v(t) := (brar(ba(t)az)ar (bs(t)as); ba(t)az, bs(t)as),  ba(0) = b3(0) = e,

is complementary to U. So an isomorphism ¢ : 92/2 ()® Q}%/Q(y) — V2w
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is given by

(14) i1(o(7) ® 04(y))(u A v) == go(x)(m1u)gh(y)(mav),
where u € AMY p € AMAXY, N .

Let W := T, .y(Ga %5 F;(y)). Then U := kermy C W is the subspace
of vectors represented by the curves u(t) := (biazasbi(t); brag, br(biag)as)
with b1(0) = e. Choosing some V' C W complementary to U we can write
an isomorphism i : Qi/Q(x) ® Q}lf(z) — D2 as
(15) iz(Xo(2) ® 06(2)) (WA D) = Xo(2)(F11) g5 (2) (720)
for 4 € A™U and ¥ € AMY,

The function ¢5 is defined by tsi1(00(z) ® 04(y)) =: ts(x,y)ia(Ao(z) &
2(2)), Le.

(16)  i1(eo(z) @ gp(y))(u A v) = ts(z, y)ia(Ao(2) ® gp(2))(ts(u) A t5(v)).

Since the subspace t5(V') is represented by the curves
t— (blaL(bg (t)ag)aL(bg(t)ag); ble (t)ag, bR(blaL(bg(t)ag))bg(t)ag),

one immediately sees that it is complementary to U. So to _compute t5 we
need a decomposition of t5(u) with respect to the direct sum W = U @ t5(V).
This is given by curves u(t),v(t) such that tsu(t) = (tqu(t))(z~1, 2= Hu(t)
(group multiplication in G x G x ). Using our parametrization we see that
for a given curve by(t) with bi(0) = by we have to find curves by (t) with
b1(0) = e and by(t), bs(t) with by(0) = bg(0) = e such that

(bl (t)agag; b1 (t)ag, bR(b1 (t)ag)ag)
= (byar(ba(t)az)ar (bs(t)as); biba(t)az, br(biar (ba(t)asz))bs(t)as)

- (bragaz; brag, br(braz)az) ™" (biagasb (t); bias, bp(biaz)as).

The solution of this equation is given by
(17) gl(t) = bR<bl_lbl(t)a2a3), b2<t) = bl_lbl(t), bg(t) = bR(bl_lbl(t)ag).

Now we know enough to perform computations for the function ts5. Let
(X1,...,X,) be a basis in T. B such that puo(X; A --- A X,,) = 1. Then
(X1z,...,Xpx) is a basis in T, G4 and u; = (X;2;00,,045), 1 = 1,...,n,
form a basis in U. We also have the corresponding bases in T, G4 and
T;.Ga, and (vi,...,vn,0],...,0;,), where v; := (biar(X;a2)as; Xiaz,0q;)
and v} := (biagar(X;a3); 04y, Xias), is a basis in V. For g = 00 ® g0, 00 as
in (12), equation (14) gives

i1(00(z) ® 0h(y))(ur A -+ Avpy) = [Yplar(x))vp(a)ts(as)| /2.

Let P be the projection onto U corresponding to the decomposition W =
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U & t5(V). Using (15) we can now rewrite (16) as
[Vp(ar(@)vp(az)yp(as)| "/
= t5(; az, az)ia(Ao(x) ® 00(2))(ts(ur) A -+ Ats(un) A+ Ats(oy,))
= ts(z; az, az) No(x) (71 Ptsur A - - AT Ptaur) 0f(2) (Ratsvr A -+ - A Tatsul,).
From (17) we get
71 Pu; = zbr(z ' Xiz),  Totsv; = (b1 Xia2, br(brar(X;az))as),
Totsv; = (0p ay, br(b1a2) Xia3),
therefore
Xo(z) (71 Ptsuy A - -+ AT Ptauy) op(2) (Fatsvr A -+ A Tatsol)
= |[¢¥p(ar(braz))dp(ar (br(bias)as))| "'/
x |det(Pp Ad(z1)[o)|"/?|det (Pp Ad(b1)]s)|/?
x |det(Pg Ad(bg(braz))|e)|*2.
But since we have ¥ p(aja2) = ¥p(a1)p(az) and ar(biag)ar(br(biag)as) =
ar(biagasz) = ar(x), our equation for ¢5 reduces to
Y5 (asas)|~*/?
= t5(; a2, az)|det(Pp Ad(z ") Pg Ad(b1) P Ad(br(bia2))|s)| /2.
Since x = byasas we have
Pp Ad(x~1)Pg Ad(b1) Pg Ad(br(bra2))|e
= Pp Ad(az'a; ") Pp Ad(br(b1a2)) e,

|—1/2' .

and finally we get ts5(biazas; as,as) = |¢p(br(biag))

In this way we arrive at a formula for 5 (we recall that f x5 F' is defined

~

by §(fwo)(F(wo ® wo)) =: (f *s F')(wo ® wo)):
(18)  (f *s F)(a1b1,azb2)
= | X(arazb)lep(brlash))|~/*f(arazb)
Fi(a1a2)

X F(b;l <a1a2b)a1b1, aR(agb)b_lbg)

= | 1l (0)len(bL(azb))|~/* f(a1a2b) F (b, (arasb)arby, ar(azb)b™"bo).

B
Now we can prove the main formula of Proposition 4.2. Let gy be the
right-invariant half-density defined in (12). Choose a real half-density 1y on
T.A and let v; be the corresponding left-invariant half-density on A. Then
Yo := 09 ® vy is a non-vanishing half-density on G. Define ¥y := 1y ® 1o;
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this is a non-vanishing half-density on G x G. An explicit formula for ¥ is
Uy(s,t)(YsAsX AYit AN tXy)
= 00(s)(Y's)eo(t)(V1t)vi(ar(s))(ar(s) X)vi(ar(t))(ar(t) X1)
= [¥p(ar(s)ar(®)™ 2 uo(Y)o(Y1)ro(X)wo(X1),
YY1 € AT, B, X, X1 € AT A.
In the next lemma we compute the action of W on ¥.

LEMMA 4.4. Let (s,t) € G x G, (3,t) := Wl(s,1), X, X, € A>T, A
and Y,Y7] € AM¥XT, B . Then
o(br(s)Valar) W HYsAsX AYit AtX]) = Y3ASX AYIEALX].
Proof. For (s,t) € G x G let iz :bDa®bda— T,y (G x G) be the

isomorphism given by the decomposition T{, ;) (G x G) = bs @ sa @ bt @ ta.
Then

W Ys AsX AYit AtX1) = det(i T (W )ige) (YSASX AYIEAEXD).

Set F := z';tvlT(s’t)(W_l)ist and write F' in a block form corresponding to
the decomposition T, (G X G) =b©adbd a:
Fin Fia Fiz Fu
Fo1 Fag Foz Foy
F31 F3p F33 F3
Fyn Fp Fy3 Fy
From the formula for W~! given in (6) we easily obtain
Firyw=1=Fy and Fio=F3=Fy4=Fy="Fp=F3=0,

so det F' = det (%2 %i), and the mappings Fao, Fbs, F30, F33 are given by:

Fp:a3 X — Ad(ar(2)")X — PaAd(ba(2)ar () ") Pp Ad(br(s) ™)X,
Fy3:63Y s Py Ad(bp(2)ar(t) )Y,
F3:a3 X — —Ad(bgr(s) ) Pg Ad(bg(s) )X,
F33:63Y — Ad(bg(s)™1)Y,
1

where z := bg(s) "ar(t). Now it remains to compute the determinant and
compare it with the definitions of ¢p and ¥ 4. =

Having these results we are ready to prove Proposition 4.2. Let w :
G x G — R be defined by Wy =: w¥y and W (F') by W(F¥y) =: W (F)¥.
Then W(F)(s,t) = F(W~1(s,t))w(s,t). From the preceding lemma we get

w(s,t) = lop(br(s)¥alar())yp(ar(f))|™/? where &= br(s)”'t.
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Now let us compute 75(w)W. For w =: fwg and ¥ =: F¥, using (18) we get
(f *s W(F))(a1b1, azbs)
() n(br(asgh))| /2 f(aragh) W (F) (b (a1a2b)arby, ar(ash)b™ " by)

) i
B
= [ ui®)len(bLlazh))|™/? farazb)w(by ' (arasb)aibr, ar(azb)b™"bo)
B
X

F(bLl(alagb)alagbL(aQ bl) b azbg)
= WA(GL(IH Lag))¢B(ar (b az))| "1/
(b)|B(br(azb)) s by (azb)by)| "'/ f(arasb)

X

aL(bl Lag))vp(ar(by taz))pn (b))~

a1a2b) (bzl(alagb)alagbL(aglbl), bl_lagbg).

) i

B
X F(bLl(alagb)alagbL(aQ bl) b azbg)
= [l

<

On the other hand, using the formula (13) for multiplication and Lemma 2.3
we can write

W((f@[)*F)(albl, a2b2) = w(albl, @bQ)((f@I)*F)(alblaL(bl_lcm), bl_lagbg)
= |valaL(by taz))vp(ar(by  az))es(bi)| '/

x S 117, (b) f (arazb) F (b} ' (ayagb)arasby (ag 'b1), by azbs).
B
Comparing both expressions we see that m5(w)W = W (mq(w) ® I). Propo-
sition 4.2 is proved. =

In this way the proof of statement (a) of Theorem 4.1 has been com-
pleted, i.e. § can be extended to a morphism A from C*(G4) to C¥(G4) ®
Cr(Ga).

(b) Proposition 4.2 immediately yields coassociativity of A by a standard
proof based on the pentagonal equation.

(¢) Density conditions. Our proof of the density conditions will be the
following. First, note that, by using standard density arguments, one easily
shows that if §(w)(w1 ®I) € A(G 4 x G4) then also A(a)(b® 1) € CF(G4)®
C(Gy) for any a,b € C¥(G ), and the same holds for the second inclusion.

We begin by giving explicit formulae for &(w)(I®ws) and &(w) (w1 ®1I) for
w,wi, w2 € A(G4) based on some geometric considerations. These objects
will be elements of A(G4 X G4). Next, we verify that our guess is correct.
Finally, we check the density conditions.
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_ Let us first give some heuristic arguments for our formulae. Let us write
(w) = > w) ®wy and formally compute

-~

(W) (I @wi)(g1,92) = > whlgr)(wiwi)(g2)
= [(wh@wt) o1, w1 (92) = B() (g1, )n)92).

What kind of object is 6(w)(gl,-)? Since § = mkL, we can expect that

5(w)(g1,”) = w(mp(gr,-)). Now using Lemma 3.5, we can interpret
w(mp(g1,-)) as a function on the bisection br(g1)A, and this can be iden-
tified with a multiplier on A(G4). Therefore, the natural candidate for

S(w)(I @ wy) is w(mp(g,-))wr. It follows that (almost) the same is true
in the differential case. Let 6 and §* be the mappings associated to the
morphism ¢ described in Lemma 3.2:

5" (g1; a2, as) = (asbr(asbr(g1)), asbr(g1)), ar(g1) = asas,
6%(g1;a2,a3) = (br.(g1)az, br(br(g1)az)as),  ar(g) = azas.

In the following lemma we denote the tangents to these mappings by the
same letters.

LEMMA 4.5. For any (g1, g2;9) € 6 the mappings

L .l l _ il [
1) .TgGA—>T(gl7g2)(GAXGA)—TglGAEBTgQGA
and
R . 1 T _r T
) -TgGA_’T(gth)(GAXGA)—TQIGA@TgQGA

are injective. Moreover, the mappings w1 6% : TéGA — TélGA, Tt T,Ga—
15, Ga, ool TglGA — TngGA, oot TgGA — Ty,G a, where w1, are the
projections from Ga X G4 to G4, are isomorphisms.

Proof. Let g1 := a1bi = bidy, g2 := biaz = agby, g := 0" (g1,92) =
arbias = biaias = ajashs. Let X € TglGA and Y € T;G4 be represented
by curves ajagba(t) with by(0) = by and gl(t)ﬁlﬁg with 51(0) = 31 respec-
tively. Then (5L(X) and 07(Y) are represented by (a1br,(azbs(t)), asbe(t)) and
(b1 (t)ar, br(by(t)ay)as) and the first statement is clear. Direct computations
also prove that (m6%) 71, (med™) ™1, (716%) 7! and (m26%)~! are given by:

(7T15L) 1 albl(t) — alagbL(CL;lbl(t)), bl( ) == bl;
(7T2(5L) 1 ang(t) — a1a262(t), bQ(O) = bg;
(m16™) 7 by (t)ar = ba(t)ardn, b1(0) = by

(m26™) ™1 ¢ by(t)dn — br(ba(t)ar Varas, ba(0) =by. m

Now suppose we are given w € A(G4), g1 € G4 and u; = v; @ wy €
AmaXTgllGA ® AMXTT G 4. For each go such that (91,92) € 0(G4) we can
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define the number

51(w; g1, u1)(g2) = w(07 (g1, 92)) ((m16%) o1 @ (716%) Ly,

Since the set of possible gy is the bisection bgr(g1)A, in this way we get a
function on this bisection. In the same way for each g5 € G4 and uy :=
vy @ wo € AMIXT éQG A @ AT G4 we get a function on the bisection
Aby(g2) given by

d2(w; g2, u2)(g1) = w(5T(91,gz))((7T25L)_1U2 ® (725R)_1w2)-

Having a bisection U and a function f on it, we can define a natural action of
this pair on bidensities by the formula ((fU)w)(g) := f(¢')(Uw)(g), where ¢’
is the unique point in U such that ar,(¢") = ar,(g). Now for w, wi,ws € A(G4)
we define Kj(w,w1) € A(Ga x G4) and Ka(w,ws) € A(G4 X G4) by

(19)  Ki(w,wi)(g1,92) (w1 @ uz) := [61(w; g1, u1) (br(g1) A)wi](g2) (u2),
(20)  Ko(w,w2)(g1,92)(u1 ® uz) := [62(w; g2, u2)(AbL(g2))w2](g1) (u1)-
It is clear that these formulae are bilinear, so in fact Kl,KQA: A(G4) ®

A(G4) — A(G4 x G4). These mappings are our candidates for 6(w)(I @ w1)
and 0(w)(w; ® I). In the next lemma we compute the functions §; and d.

LEMMA 4.6. Let (g1, 92) € 0(Ga) and let uy,uz be as above. Then

81(fwo; g1,u1)(g2) = F(67 (g1, 92)) [0 (ar(92))| "2 wp(ar(g2))| " wo(g1) (ur),
82(fwo; g2, u2)(g1) = f(67 (g1, 92))wo(g2) (ug).

Proof. Let g1 = aiby, g2 = biaz, g := 67 (g1,92) = arbiaz and uy =
v1 ® wy. Using the definitions of wg and d; we compute

61(w; g1, u1)(g2)
9)((m16%) " oy @ (m167) )

w(

Flg)wol((md™) " o1 @ (m18%)~ uwn)

F(g)nolg™ (&™) " on)[p(ar(9)| ™ 2uo((m16™) " wig™).
Let us represent elements from T} ! ,Ga by g1 X for X € T.B and elements

from T, G4 by Xg1 for X € T¢ B Then from Lemma 4.5 we see that the

mapping T.B > X — ¢ ' (mdé*)"'g1X € T.B is equal to Pp Ad(ﬁv_l)7
and T.B > X +— (m6%)71Xg1g7! € T.B is the identity mapping. Since
ar,(g) = ar(g1)ar(g2) the first formula is proved. In the same way one can
prove the second. =

To find explicit expressions for K and K5 we also need formulae for the
actions of the bisections bA and Ab on A(G4).
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LEMMA 4.7. For by € B the actions of the bisections by A and Aby on wy
are given by
—1/2

wB(aL(balg)) wO(g)7

¥p(ar(g))

((Abo)wo)(9) = I (bo) |~ 2w (9).

Proof. Let (bpA)wy = fwo and h := (bpA)-g = bog. Using (5) we get
(

((boA)wo)(g) = |5 (bo)| /2

Vvglar(g))|” fo(w)
T =T aam)|  m((GoA)- (wg)A )

Let X € T.B be represented by a curve b(t); then ((boA) - (Xg))h! is
represented by bob(t)by 1 and this gives us the first formula.

for w € A™*T,B.

To prove the second one, again put h := (Abg)-g and (Aby)wp =: fwp, but
now h = br(ar(9)by") g = ar(ar(g)by")bobr(g) and g = by (ar(h)bo)~'h
= aR(aL(h)bo)bale(h). For X represented by a curve b(t), the vector ((Abg)-
(Xg))h_1 is represented by

B(t) = b (az (b(1)9)b5 )~ b(8)bL ar ()b ™).
To simplify expressions write g =: ab. Now we observe that b(t) =: by (£)ba ()
for by(t) = br(ar(b(t)a)by) Tbr(abyt) with b1(0) = e and by(t) :=
br(aby ) 1b(t)br (aby ') with ba(0) = e. One easily verifies that
b1 (t) = br[br(boa  )aar(a " b(t) " ta)a " br(boa™t) 1]
From this decomposition it follows that the tangent mapping is given by

T.B 3 X — Ad(bg(bpa 1)) X — P Ad(bg(boa™)a)Ps Ad(a™1) X

Let
[ a1 iy [ B0
Ad(a) =: ( 0 o ) and  Ad(br(bpa™ ")) =: ( 5 B, >

be the decompositions as in (9). With this notation, our mapping is equal
to B4 + ﬁgagaéfl. Substituting it into the expression for f and using the
formula for h one gets

. Yp(ar(g)) ~1/2 —1y,—1/2
f(h) = Inlan(ab D) |det(Bs + Bzazay )
_ | det(Bacy + Bzaz) ~L/2
¥p(ar(aby "))

But since b(bpa")a = ag(aby b, we get (k) = [ (bo)| /2. u
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Now, using Lemmas 4.7 and 4.6, we easily derive the formulae for the
mappings K and Ks (we write K;(fwo, fiwo) =: K;(f, fi)(wo ® wp)):

(21)  Ki(f, f1)(a1b1, azb2)

= |vp(as(by a2))| " op(b)| "2 farbras (by 'az)) f1(by tazbs),
(22)  Ka(f, f2)(a1b1, azb2)

= |op(bL(92))| /2 f(a1azb2) f2(b]  (a1br(g2))arby).

~

LEMMA 4.8. Kl(w,wl)(wg & I) = 5(w)(w2 ® wl) = Kg(u),ug)(f & wl).
Proof. Using (21) and Lemma 2.3 we compute
Ki(f, f1) * (fo @ I)(a1b1, azbs)

= Vi ®)len®) 2 lvpar (b az))| !
B

X f(albaL(b_lag))fg(bzl(alb)albl)fl (b_lang).

The mapping B 3 b — by, (ay 'b) € B is a diffeomorphism. Applying it to the
integrated density one gets exactly (18). The second equality is immediate
from Lemma 2.3. »

Now we know enough to get rid of K; and Ko, i.e. identify them with

S(w)(I ® wi) and d(w)(wy @ I).

_ PROPOSITION 4.9. Let w = fwo, w1 = fiwo € A(Ga). Then S(w)(I @ wy),
0(w)(w @I) € A(Ga x Ga). Moreover, for f xs (I®fQ and f x5 (f1 1)
gwen by §(fwo)(I® fiwo) =: (f*s (I ® f1))(wo®@wo) and §( fwo)(frwo® 1) =:
(f*5 (f1®1))(wo ® wo) we have the following expressions:

(f *s (1@ £1))(g1:92) = [¥B(ar(br(gr) "g2))| " s (br(gr))|
x f(grar(br(g1) " g2)) f1(br(91) " g2),
(f *s (1 @ D)(g1.92) = le(br(92))|"*f(ar(g1)g2) f1(br(ar(g1)g2) " gn)-

~

Proof. This proposition simply states that §(w)(I ® wi) = Kij(w,w)

~

and d(w)(w1 ® I) = Ka(w,wi). Let us verify the first equality. We know
that K1 (w,w1), K2(w,w1) and d(w) are multipliers on C;(G4 x G4). Using
Lemma 4.8 we have the following sequence of equalities for any w, w1, ws, ws
in A(Ga):
K1 (w, wl)(wg X wg)
= Kij(w,w1) (w2 ®I)(I @wsz) = d(w) (w2 @wr)({ ®ws)

= (W) (I @w) (w2 @T)(I ®ws3) = 6(w)(I ® w1 )(w @ w3).

-~

Therefore, the multipliers K (w,w;) and 6(w)(I @ wy) agree on a dense sub-
space A(G4) @ A(Ga) C C:(Ga) ® C:(Ga), so they must be equal. The
second equality can be proved in the same way. =
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In this way the first part of statement (c) of Theorem 4.1 is proved.
Now we will prove the density conditions. Comparing the formula for
Ki(f, f1) with the expression for W given in (6) we see that

Kl(f7 fl)(87 t) = kl(sa t)(f ® fl)(Wil(& t))7
where
ki (s, t) == [¢(ar(br(s)~'t)| " ep(br(s) 2.

Because ki(s,t) # 0, we can apply Lemma 2.4 to conclude that elements
in A(Ga x G4) can be approximated by elements of the form K;(w,w:)
in the norm given by wp ® wg. Then from Proposition 1.5(d) they can
be approximated also in C)(Ga x Ga) = C}(Ga) ® C;(Ga), and since
A(G4 x G4) is dense in Cf(G4 x G4) we arrive at the conclusion that
span{A(a)(I @ b) : a,b € C}(G4)} is dense in C}(G4) @ C¥ (G ).

The same argument can be applied to Ks(f, f1) since one easily checks
that the mapping

G x G 3 (s,t) = (ar(s)t,br(ar(s)t)'s) € G x G
is a diffeomorphism of G x G with the inverse
(s,8) = (br(s)t,ar(br(s)t)~1)s).
This completes the proof of the theorem.

In this way we have the main component of a quantum group structure
on C}(G4) and in the next section we will look for the other ones.

5. Hopf-like structure of A(G4). In this section we identify other
mappings which appear in the theory of quantum groups and show that the
structure of the algebra A(G,) is very similar to the structure of a Hopf
algebra. Of course, because 0 is not a mapping from A(G4) to A(Ga) ®
A(G4) and even not to multipliers of A(G4) ® A(G4) (in the sense of van
Daele [3]), the pair (A(Ga), 3\) is not a true Hopf algebra.

“Coinverse”. Let @ be the function described in (9) of Section 3. For
z € C we define a mapping 7, by

(23) 7, A(Ga) 2w — |Q|*w € A(Ga).
Let us also define a mapping R : A(G4) — A(G4) by
(24) R(w)(9)(v®@w) :=w(g ) (w ' @v),

where v € AmaXTglGA, w € AMTIG 4 and v~h w™! denote the images of
v,w under the mapping g — g~ 1.

Defining Rf by (Rf)wo := R(fwo) we easily get
(Rf)(9) = [¥Blar(g)ar(g)'*f(g™h).
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Finally, if we define x : A(G4) — A(G4) by
(25) Ki=R-Tiy then (kf)(g) =|Q9)| " lvn(ar(9)ar(g)"*f(g™").

It is clear that all these mappings are linear.

PROPOSITION 5.1.

T, 1S a one-parameter (complex) group of automorphisms of A(G 4).
Ty ok = % - T5.

R is an involutive x-antiautomorphism of A(Ga).

R-7,=1,-R.

K(wiws) = K(w2)k(wr)-

K%« K% =id.

OOt W=

Proof. Ttems 1 and 2 are immediate consequences of Lemma 3.4. They
are true for any cocycle @ on a differential groupoid [13].

3. Since R is implemented by a group inverse, it is clear that R is in-
volutive. From the formula for Rf it follows immediately that R commutes
with the *-operation on A(G4). To prove that R is an antiautomorphism
we compute:

R(f1 * f2)(9) = [¥B(ar(g)ar(g)|*(f * f2)(g7)

= [p(a@)[" | 13 0) 1@ ) falbr @) g,
B

where g =: ab = ba. On the other hand,
(Rf2) * (Rf))(9) = | i (V) (Rf2)(ab)(Rf1) (br(ab) " g)

B
= Vui(¥) filg™ br(ad) f2(0" oY) 9o (aar(ab))yp(ar(ab’)a)| '/
B
= [p(aa)[? | pi (V) |en(ar(ab))] filg~ br(ab) f2(6 o).
B

Now apply the diffeomorphism B > b’ + by (ab~'b') € B to this integral to
get the previous one.

4. This follows directly from the definitions of R and 7.

Items 5 and 6 are direct consequences of the definitions and the previous
statements. =

“Counit”. Since Fj(e) = F,(e) = B (e is the neutral element in G), for
any b € B there is a mapping Qé/z(b) ®!211{/2(b) SA®0— Ao € RYTyB). In
this way restriction of w € A(G4) to B defines a smooth 1-density on B (with
compact support). Integration of this density defines a linear functional e
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on A(Ga), A(Ga) 2w {zw|p € C. It is easy to see that

(26) e(fwo) = § ui(0)len(®)V2f ().
B

In the next proposition we denote by x ®id, id® k, e ®id, id ® € the natural
extensions of these mappings to A(G4g X G4), and by m : A(Gg x G4) —
A(G 4) the natural extension of the multiplication map of A(G4).

PROPOSITION 5.2.

1. € is a character on A(Ga).

~ ~

2. (e®id)d(w)(I @wi) = ww and (Id® e)(w; @ I)i(w) = wiw.

'~ ~

3. m(k®id)d(w)(I®@wr) = e(w)wi and M(Id@ k) (wRT)d(w1) = e(w)w.

Proof. 1. The definition of € is a special case of the following one. Let I
be a differential groupoid and let a € E be such that Fj(a) = Fy(a). Then

we can define a linear functional £, on A(I") by e4(w) := SFZ(Q) W|Fy(a)- We

will prove that e, is a character on A(I"). Let w1 = fiwy and we = fowp.
Then

calwiwn) = | No(@)eo(@) | Nw)fi() fa(s(y)e)
Fi(a) Fi(a)
= | uEwh@)fsi)e),
Fi(a)x Fi(a)
where p is a 1-density on Fj(a) x Fj(a) defined by
w(z,y) (v@w) = Ao(z)(v)oo(x) (W) N2(y)(w), ve A>T w e AmaXTéF.

Now consider a diffeomorphism @ of Fj(a)x Fj(a) given by (z,y) — (s(y)x, y).
A short computation shows that (Pu)(z,t) = v(z,t) for v(z,t)(v @ w) =
Ao(x)(v)oo(x)(v)Ao(y)(w)eo(y)(w). In this way our integral is equal to

| vy h@)fy

Fi(a)xFi(a)
= (| M@e@ @) ( | Aweow)f2() = alwr)ealws).
Fi(a) Fi(a)

To prove the second property, notice that the density og(z)\o(x) is real and
invariant with respect to s : Fj(a) — Fj(a). So we get

ca@) = | fr@ho@eo@) = | f(s(2) do(@)oo(z)

Fi(a) Fi(a)

(
| 7@ Mo(@)oo() = 2alw).
(

Fi(a)
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2. For w = F(wp ® wg) we have

(e @ id)(F(wo @ w0))(9) = ( | m3®)len®)/2F (b, 9) )wlo).
B

Using Proposition 4.9 we compute

(e ®id)3(fwo) (I © frwo)(9) = (| 3 ®)len®)/2(f 55 (1 f1))(b,9) )wn(s)

B
= (§ 1 ®)enlan® o) Fbar b~ 9) 1™ ) Jwo(9).
B

Now apply the diffeomorphism B > b ~ br(ar(g)~'b) € B to get the
formula (13) for ww.

-~

Since (w1 ® I)g(w) = (0(w*)(wf ® I))*, Proposition 4.9 easily yields
(fiwo ® 1)3(fwo)(g1, 2)
= |oa(br(g2)V%f(ar(ar(91)br(g2) " )g2) f1(91bL(g2) 1) (wo @ wo) (g1, g2)

and we compute

(1d@2)(frwo © D3(Fe0)(9) = ( | OIen®I*((f1 9 1) %5 )(9.5) Jun(9)
B

= (113 0)len®)lf1(9™") f(ar(ar(g)b™)b) )wn(s).

B

Again, applying the diffeomorphism B 3 b+ br(g)b~! € B we arrive at the
formula (13) for wjw.

3. For F(wy ® wp) € A(G4 x G4) the mapping m is given by (cf. (13))

f
m(F(wo ®wo)) = (mF)wo,  (mF)(g) = | ui (0)F(ar(9)b, br(ar(9)b)'g).
B

From the formula (25) for x and Proposition 4.9 we get
(k®id)d( fwo) (I frwo) (g1, 92) = (r@id)(f*5(I® 1)) (g1, 92) (wo@w0) (91, g2),
(r@1d)(f *5 (I @ f1))(91,92)

= Qg™ 2len(ar(gi)ar(gn)l2(f *5 (I © f1))(91 ", g2)-

Let g = ab. We need a value of this last function for g1 = ab and go =
b, (ab)~tab. For these points we have br(g; ') = br.(ab)~! and

(k@ id)(f *5 (I ® f1))(ab, by, (ab) ' ab)
= |Q(ab)|"V2¢p(aar(ab))|Y2(f x5 (I ® £1))(b'a™, br(ab)'ab)
= |Q(ab)|~[¢5(aar(ab)) [V 2[5 ()|~ @ (b (ab)| /£ (b~1) f1(ab)
= les®)[2f(b") fu(ab),
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where the last equality follows from (10). In this way
m(k@id)(f *s (I ® f1))(9) = f1(9) { k2O en®)V?FB7) = e(fwo) fi(g).

B

The second equality can be proved by similar computations. =

REMARK 5.3. The first two statements of the above proposition can also
be proved by the following observation. If in a differential groupoid I" there
is a € E such that Fj(a) = F,(a), then the relation h, : I'—> {1} defined by
Gr(hg) :={(1,9) : g € Fi(a)} is a morphism of differential groupoids. Since
A({1}) = C the associated mapping ha takes values in C and the functional
€4 is just hg. For the functional ¢, a = e (the neutral element) and the
relation is €L (ep being the identity of Gg). So the second statement is a
consequence of (e§ xid)§ = (id x e£)§ = id, and this is just the transposition
of the equality mp(ep x id) = mp(id x eg) = id.

The statements in the last proposition are just axioms for a Hopf algebra
rewritten in a way that makes sense in our situation. Whether this need be
formalized is a question of finding other interesting examples.

Now we describe how & commutes with R and 7.. Define a mapping
~:A(Gg X Gy) — A(Ga x Ga) by (~w)(91,92) :=w(g2,91)-

PROPOSITION 5.4. For any z € C and w,wi,ws € A(G4),

(27) S(Riu)(Rwl ® Rws) = ~(R® R) A((“’Q ® wy)d(w)),

(28) 0(Tow) (w1 @ wa) = (12 @ 7)) (H(W) (T w1 @ T—,w2)).

Proof. Let w =: fwo, w1 =: fiwp and wy =: fawp. Using the same nota-
tion as before, and the formulae for ¢ (see 18)) and R, we compute the left
hand side of the first equality:

(Rf) %5 (Rfi ® Rf2)(a1by, asba) = | 7 (b)]@p(br(azb))| "/
B

X (Rf)(ara2b)(Rf1) (b, " (arazb)arbr) (R f2)(ar(azb)b™'by)

= | 17 (0)en(bL(azb) | |¢p(arazar(arasd) | F (b~ ay  ay )
B

x [¢p(ar(arazb)ar (b~ ay Yar(arby))[V? f1(b;  ay 'br(a1asb))
x |5 (ar(azb)ar(ashs))|'/* f2(by "bar(azb) ")

= | u2(0)oB(br(a2b)) |72 p(a1azar(ara2b) ar(arbr)ar(azbs))|
B

x f(b~ ay ay ) fu(by tay T (arash)) fa(by Tbar (azb) )
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= [¢Y(arazag(aiby)ag(agbs))|/?

X S 13 (0)0p(br(azb)| 2| (ar(arasb))]
B

x f(b~ az ar ) f1(by ay ' bi(a1agb)) f2(by ' bar(agh) 7).
And the right hand side is

~(R @ R)((f2® f1) *s [)(a1b1, azbs) = (R® R)((f2 @ f1) *s f)(az2b2, a1b1)
= [¢p(azarar(azb)ar(aib))|V2(fo ® f1) =5 f)(b3 'ay ', by tay )

= [¢p(azarar(azb)ar(arb))|? (f* #5 (f3 ® f;))(sp(azbs), sp(aiby))
= [¢p(agarar(agbe)ar(arby)) |2 (f* x5 (f3 @ f)) (a5 br (azbs), a; br(a1br))

1/2

= |¢Yp(ar1a2ar(a1br)ar(azb2)) 12 (b)|pp(b(ay 'b))|~1/2

e
oz

x f*(ag tay ') f3 (b (ag ay 'b)ag i (azbs)) fi (ar(ay '0)b~1br (a1b1))

= [¢¥p(atazar(arbr)ar(asby))|*/?

<\ ui®)lep(brlar )72 f(brlag ar ') ag ar )
B

x f1(b7 a;td) fa(by tay tor(b " ar) ™).

Now use the diffeomorphism b — by (a; a;'b) to get equality of the two
integrals.

To prove the second equality one immediately verifies that it is enough
to prove that

Q(arazd) = Q(a1b1)Q(azb2)

Q(bL(alagb)—1a1b1)Q(aR(a2b)b—1b2)'
But since @ is a cocycle on G4 and Gp, we have the equalities Q(ajasb) =

Q(a1br(a2b))Q(azd), Q(br(arazd) aib) = Q(br(arazd) 'a1)Q(arbr) and
Q(a1br(azb)) = Q(br(arazb)~ta;)~!. Using them we easily arrive at the
desired result. m

6. Haar measure. This section is devoted to the construction of a Haar
weight on C(G4). We refer to [14] and [10] for a detailed explanation what
a Haar weight is on a locally compact quantum group. Let us also note
that, in contrast to the theory of locally compact groups, the existence of a
Haar weight is (up to now) contained in the definition of a (locally compact)
quantum group. (It can be proved only for the compact case.)
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Let us begin by recalling some results from [13]. Let (I, m,s, E) be
a differential groupoid. Choose a real, non-vanishing, right-invariant half-
density gg. Let Wy = Ag ® gg be the corresponding bidensity. Also choose a
real, non-vanishing half-density v on E. For such data we define:

e A smooth function o : I' — R\ {0} by o(g)(20 ® v)(9) = (Ao ®@ v)(9).
We call o the modular function associated with the pair (oo, ). This
function is a l-cocycle on I' (i.e. 0(g192) = o(g1)o(g2) for any com-
posable g1,g2 € I'). Therefore, it defines a one-parameter (complex)
group of algebra automorphisms (though not x-automorphisms!) of
A(D): 0.(w)(g) = o (g) 7w (g).

e A positive linear functional h on A(I") by h(f@o) := §, 2 f.

e A linear mapping h: A(I') 3 f& — foo ® v € LX(I).

The next proposition describes the basic properties of these objects.

PROPOSITION 6.1 ([13]). For any w,w; € A(I'):

o hw'w) = (/};(w) |lAz(w)) (scalar product in L*(I)).

o ho:(w)wr) = h(wio:—i(w)).

o h(wwy) = mq(w)h(w). =

Now we specify the choice of gy and v for our groupoid G4. Let pg # 0
be a real half-density on T, B and define a right-invariant half-density g on
G 4 by the formula

o0(9)(w) = po(wg™), we APTIG g

Let Xo be the corresponding left-invariant half-density and wy = Xo ® 00-
A short computation shows that Go(g) = [¢¥5(ar(g)ar(g))|"/?wo (where wy
denotes our standard bidensity constructed from g as in (11), (12)). Also
choose a real half-density vy # 0 on T, A and let v, be the corresponding
right-invariant half-density on A. In our standard representation of bidensi-
ties we get
h(fwo) = | v7(a)[dp(a)| " f(a).
A

From the definitions of h, o and 7 it is clear that A7, = h and 0,7, = 70
In the next lemma we give a formula for the associated modular function.

LEMMA 6.2. Let 99 and v, be as above. Then the modular function o is
given by

Yalaz(9))ealbr(e)|"”
oB(br(9))valar(g))|

Proof. From the definition of Ao one can easily see that
Xo(9)(gv) = [VB(ar(g)*uo(v), v e A™T.B.

o(g) =
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The subspace gTe A C TG is complementary to TG 4 and TéGA, ie. T,G =
JLA®T;Ga = gT.A® TéGA. Therefore, for u € AT A, v € A, B
we have the equalities
(G0 @vr)(9)(vg Agu) = no(v)ve(ar(g))(ar(gu)) = [Yalar(9))]"*uo(v)ro(w),
(Mo @ 1) (9)(9v A gu) = [¥p(ar(9))]' *uo(v)vr(ar(g))(ar(gu))
= [¢5(ar(@)]"leabr(9))"[Yalar(9))]uo(v)vo(u).
Now, since vg A gu = g(g~vg) A gu = det(Pg Ad(g)|s)(gv A gu), we get
the expression for o(g):
o(9) = [Wn(ar(9)'?|0abr(g)"*$alar(g)]"/?
x |det(Pp Ad(g~")[s)|2|¥alar(g))| "/,
and the equality det(Pg Ad(g~1)|s) = ¥B(ar(g)) tep(br(g))~! implies the

result. m

Let h®id : A(Ga x G4) — A(G4) be the natural extension of h ®id :
A(Ga) ® A(Ga) — A(Ga), ie

((h ®id) (F(wo ® w0))(9) = ( | [¥(a)| " v2(@)F(a,9) )wnls).
A

The next proposition states that the functional h is “right-invariant”, relates
h to k, and describes the commutation of § with the modular group o,.
Recall that a functional ¢ on a Hopf algebra (A, A) is right-invariant iff

(¢ ®id)A(a) = ¢(a)l.
PROPOSITION 6.3. For any w,wy,ws € A(G4):

(29)  (h®@id)(0(w)(I ® wp)) = h(wi)ws,

(30)  (h@id)((w)) (w2 ® 1)) = s((h ®id)((w} ® I)d(w2))),

(31) 5(0(w)) (W1 @ wa) = (02 @ 72)(8(w)(0—sw1 ® T—sw3)).
Proof. Using Proposition 4.9 and right-invariance of v, we get
(h®id)(3( fiwo)(I @ fowo))(9)

= (§v2@en@) ™ [walar(e)| ™ fi(aar(9) f2(9) )wolg)

A

= ([ @ls(a01(9))| ™ rlaar(9)) ) walg) = hlwr)ws(o).
A
To prove the second formula, we again use Proposition 4.9, right-invariance

of v, and the formula for (wj ® I )g(wg) given in the proof of Proposition 5.2
to obtain the left hand side of (30):
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(h @) [((frw0)*) (a0 © D](9)
= ([ @@ (i * (f2© D)(a.g) )wolg)
A
= (len(bu(9) 72 § v2(@) 65 (@) Fi(5a(ag)) f2(br(ag) " a) )wilo).

A
And the right hand side of this equality is

r((h@id)(((frwo)" @ I)g(fzwo)))(g) = (IQ(Q)|_1/2Iﬂuse(aL(g)aR(g))Il/2

% [ (@) [p(@) (@ D s fo)(a, g7 Jwolg)
A

(\Q(g)|_1/2!¢B(GL(9)GR(9))\1/2\903(9_1)|1/2
x {v(@ls(@) ™! fi(salabr(g))) fz(aR(abR(g))9*1)>wo(g)-

A
Now we use the relationship between @ and modular functions (10)

convert this expression into

(Iesar o) 2en(buio)|
x [ v(@)ls (@) Fi(salabr(9) falan(aba(g)g ™) )wolo).

A
-1

Since abr(g) = aar(g9)~'g, ar(abr(g))g~" = br(aar(g)~'g) ' aar(g)
v, is right-invariant, this expression is equal to the left hand side.

From the formula (18) for 5 and the definitions of o and 7 it easily follows
that to prove the third statement it is sufficient to show the equality

and

Pa(araz)pa(b)

Ya(ar(arazd))pp(br(aiasb))
Pa(a1)a(b1)Q(azbs)ep(br(by ' (arazb)arby))

~ ealbu(arb)palan(aib))balar (b; (aazb)arby))
sz(aR(bL (aragb)aiby))

@a(br(b; (arazb)aibr))Q(ar(azb)b=1by)’
and this is straightforward because of the equalities
br (b, (alagb)albl) =b, (alagb)bL(albl), aR(bzl(alagb)albl) = agr(aiby),
aL(bLl(alagb)albl): aR(alagb)a?(agb), bR(bzl(alagb)albl): El(agb)bl,

Q(azbs) = Q(ar(azb)b™b2)Q(asb),

and equation (10). =
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__ Therelationships among h, hand o given in Proposition 6.1 suggest that
h can be extended to a GNS mapping and h to a KMS weight on C}(G4).
This is indeed the case, and was proved in [13] for a general differential
groupoid.

PROPOSITION 6.4 ([13]). The mapping h is closable and defines a GNS
mapping from C}(GA) to L*(G). Consequently, the linear functional h can
be extended to a densely defined, lower semicontinuous weight on C)(G4),
which s a KMS weight with the modular group oy.

In the remaining part of this section we show that this weight is right-
invariant. The crucial (although not difficult) step is Lemma 6.5, and then
we use results from [14] and [10].

Let H be a Hilbert space. For two vectors x,y € H, we define a linear
functional 7., on B(H) by ngy(a) := (z|ay). Then for « € B(H ® H)
we define operators (id ® ngy)a and (nzy ® id)a by (2| ((id ® ny)a)t) =
(@] alt @) and (= | (g @ [d)a)t) i= (2 & = | aly 1)),

LEMMA 6.5. Let h : C(Ga) — L*(G) be the GNS mapping associated
with the weight h and W the multiplicative unitary defined in (6). For x,y €
L*(G) and a € D(h) the element h((id ® 0y )ms(a)) belongs to D(h) and

R((id @ Nay)7s(a)) = ((id @ 1ay)W)h(a).

Proof. First, notice that since T is a closed mapping and A(G,4) is its
core, it is enough to prove the formula for z,y € D(G) and a € A(Ga).
Indeed, let a € D(/H) and v = iAL(a). This means that ¢ = limw,, for some
wn € A(G4) and & = lim h(wy). It is shown below that (id ® Ny )T (Wn) 18
a sequence in A(G4) and it converges to (id ® 7y)7s(a). So

h((id ® 1y )15 (wn)) = ((id © 0y )W) h(wn).

But since lim /ﬁ(wn) = z, the sequence on the right hand side is convergent to
((1d®@mngy)W)z. Therefore (id®@mnyy)ms(a) is in D(h) and ﬁ((id@nwy)m(a)) =
((id® nxy)W)/f;(a). Since D(G) is dense in L?(G), similar arguments show
that it is enough to check the equality for z,y € D(G).

Now we compute (id ® 1,y )75(w) for z,y € D(G) and w € A(G4). Let
P := 09 ® V., where gg is our standard right-invariant half-density defined
in (12) and v, is as in the definition of h. We write x =: fy10, y =: fytbo
and w =: fwp. With this notation we get (id ® 1y )75(w) = fzywo, where

(32)  fay(ab)

= lop®) 7 § ¥3(92) fulg2) [ (ar(ay'b))| f (aazby (a3 ') fy (b~ " g2).
G
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To prove this formula it is enough to show that
(z| ma(faywo)t) = (2@ 2| m5(w)(t ®y)) for any z,t € D(G).
Let z =: f,1pg and t =: fi1)y. From the formula (18) for 5 we get
zow|mw toy)= | (t®)(9,90) f-(91)fz(92)

GxG
x| 13 (0)oB(br(azb))| 72 f(a1a2b) fi(br(a1azb) ~tarby) fy(ar(azb)b™"by)

W

W( 1) f=(g1) § 43 (92) fulg2)

G
x | 17 (0)@n(br(azb))| 7 f(ara2b) fu(br(arazh) " aiby) fy(ar(azb)b™'b),
B
where g1 = a1b1, g2 = agbe. Applying the diffeomorphism B 3 b — by (agb)
€ B, we can rewrite the integral over B as

[ 13 0) )72 v p(ar(ar D))

B
X farazbr (a5 b)) fy (b~ azba) fi(br(arb) " arbr),
and interchanging the order of integration we get

(z@z|msW)(t®y) = | 9§91 f(g1) | ni(0)len(b) 7/

G B
X [ | 5 (92) fu(g2) \wB(aR(aflb))\f(a1a2bL(a2_lb))fy(b_192)]ft(bL(alb)_lgl)-
G

Comparing this with the formula (13) for multiplication in G4 and the
definition of f;, we obtain the result.
To prove the lemma it remains to show that

(2| h(foywo)) = (z @ 2| W (h(w) @ y)).

Using the definition of h we get h( fwo) = f1o for f(g):=f(9)[vp(ar(g))| /2
Let us compute the right hand side of our equality:

(z@z|W(hw)oy) = | (o ® 10)*(91,92) f=(g1) o (92) W (F @ £,)] (91, 92)

GxG
= {48(g0) F=(o0) | 3 (92) Fe(g2) (W (F ® £,))(91. 92)-
G G

Thus we have to prove the equality

(o) fay(9)0n(an(9))| 7 = {03 (92) falg2) W (F @ £,))(9, 92),

G
where W (f1o ® ko) =: W (f @ k) (1o ® o).
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The formula for the action of W was given after Lemma 4.4. Notice that
now ¢ is not the same as ¢ defined before that lemma, so the expressions
for W(f ® f,) are different. But since both 1y’s can be easily compared, we
immediately deduce the needed formula from the one in Lemma 4.4:

W (f® f,)](g,92)
= lon(br(9))¥s(arbr(9) " g2)) "2 F(gar(br(9) " 92)) fy(br(g) g2).

To verify the equality (*) use this expression and the expressions for fy,
(see (32)) and f. This completes the proof of the lemma. =

Now we can prove right-invariance of h with respect to positive vector
functionals in a GNS space for h. It follows immediately from

PROPOSITION 6.6. For any a € D(ﬁ) and © € L*(G),
h((id @ nee)ms(a”a)) = ||z|*h(a*a).
Proof. Let e; be an orthonormal basis in L*(G). For z € L*(G) let

By =) [(id® ne,a)m5(a)]*[(id @ ne,a)ms(a)].
i=1
Then B, € Cf(G4) and B, converges strictly to (id ® 7g.)ms(a*a) (see
Lemma 9.5 of [14]). On the other hand,

h(By) = Z(ﬁwd@ne 2)75(a)] | B[(id  e,0)5(a)])

Z [(1d ® 7e,2)W]R(a) | [(id @ 7o) W]R(a))

(ﬁ 12 (1d © 1e,0) W11 @ )W IB(a) ).

Because W e M(C’B(LQ(G))®C’;T(GA)) (see remarks after Lemma 3.3), it fol-
lows that the sequence >, [(id ®7e,z)W|*[(id ® 1,z ) W] converges strongly
to (id ® 0z )(W*W) = ||z||?I. Therefore h(B,) converges to ||z||*h(a*a).
Since the weight h is strictly lower semicontinuous, we get the result. =

The last step is to prove that this is enough for full right-invariance. To
this end we use the following

THEOREM 6.7 ([10]). Let h be a densely defined, lower semicontinuous
weight on a separable C*-algebra A and (H,np, ) be a GNS triple. There
erists a sequence of vectors §2, € H such that:

1. mh(A) 82, and 7 (A) 2y, are orthogonal for m # n.
.a € D(np) & X |lmn(a)2,]? < .

2
3. nu(a) = > mh(a)f2,
i H=@H, Hy:=717(A) 2. u
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To simplify notation we put 7; := ng,n, and, for a,b € D(ﬁ), Nig =
Noia): Mab *= Mh(a)h)" From Lemma 6.5 and the theorem above we easily
obtain three useful formulae:

(m ®@id)A(a) = (ni @ i)W,  a € D(h),
Ala)(2, ®2) = (pp @ HW (h(a) ® z), a € D(h),
(Niara) @IW = (7, @ id) (W™ (p; @ )W),

where p; denotes projection onto the closure of C¥(G 4)f2;. Indeed, let z,y, z
€ L*(G). Then

(2] (i @ i) Wy) = (2 @ | W (h(a) @ y)) = (%] (1d @ 12y )Wh(a))
= (2 | 2((id ® nay) A(a))) = (2; | (id @ 1y A()2) = (| (: ® 1d) Aa)y),
and this proves the first formula. To prove the second, compute
(x@ 2| W(h(a) ®y)) = (] (id @ 1) Wh(a)) = (2| h((id © 1) A(a)))
=) (2| (1d ® nzy) Ala)2,),
(@@ 2| (pn @ W (h(a) @ ) = (x| (id ® 12y) Aa) 2,)
= (2® 2] A(a) (2, ®)).
And the third formula
(2] (i) RIA)Wy) = (202 | W(h(a*a)2y)) = (202 | W (a*®I)(h(a)®y))
= (2;® 2| A(@)W(h(a) @ t)) = (Ala)(2 ® 2) | W(h(a) @ y))
= (h(a) ® 2| W*(p; @ IWh(a) ® y) = (2| ((ne @ id)W*(p; @ )W )y).

Now, let ¢ be a positive linear functional on C)(G4) and (K, m,, £2,)
the associated GNS triple. We compute

ni((id & @)A(a*a)) ((77@ ® 1d) ( )) = 90((771'((1 *a) ® ld)W)
= ¢((na @ id)(W*(p; ® I)W)).

But since W € M(CB(L*(G)) ® C(G4)) and Y. | p; converges strictly
(in B(H) = M(CB(H))) to I, we conclude that ), n;((id ® p)A(a*a)) =
h(a*a)p(I). This shows that h((id ® ¢)A(a*a)) is finite and equal to
h(a*a)p(I). This way we have proved:

PROPOSITION 6.8. Let a € D(ﬁ) and ¢ be a positive linear functional
on CF(Gy). Then

h((id ® ¢)A(a*a)) = h(a*a)p(I). m
Therefore, the weight h is right-invariant.
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7. Putting all together. In this section we lift some objects from
Section 5 to the C*-algebraic level and review the structure we got. Let us
start by showing that R defines a *-antiautomorphism of C(G4). To this
end it is enough to prove its continuity. This will follow immediately from

LEMMA 7.1. There exists an antiunitary operator J on L%(G 4) such that
ma(Rw) = Jma(w*)J, we A(Ga).

Proof. Since sp (inverse of the groupoid G p) is a diffeomorphism of G 4,
it defines a unitary operator on L?(G4) (by push-forward of half-densities),
which we also denote by sg. On L%(G4) there is a canonical antiunitary
involution, namely complex conjugation: ~. We define J:="0s B and check
that this is the right choice. We choose a non-vanishing, real half-density
Yo = 00 ® v on G4 as before Lemma 4.4. Then a short computation shows
that

(33)  sp(YgAgX)=1vplar(9) " alar(9) ()" (Ysp(g) A sp(g)X)
for X € AM™T, A, Y € AT, B.
From this formula we deduce that
(sBv0)(9) = [¥8(ar(g)]"*[Valar(9)"*o(g).

Defining spv for any smooth, compactly supported function ¥ on G4 by
sp(Yiho) = (spY)ho we get

(s5)(9) = [¥a(ar(9)*[Yalar(9)|*)(sp(g))-

As usual, writing w = fwp, we have to show (Rf) * 1 = sp(f* * spy). We
compute the left hand side using the formulae (24) for R and the multipli-
cation (13):

(Rf)*¥)(9) = | nZ(0)(RS)(arL(9)b)¢(brlar(g)b) " g)

=¢n(ar(g)"*| ki (0)l¢s(ar(ar(9)b)|/f (67 arlg) )y (brlar(g)b) " g).

QN e—

And the right hand side equals

sp(f** sp¥)(9) = [¥p(ar(9) " [valar(9)|V? (f* * sp¥)(sB(g))
= !¢B(GL(9))!1/2|¢A(CLR(9 )12

)
x | ug (6) f* (ar(s5(9)b)(s59) (be(ar(s5(9))b) " sp(g))
B

= [¢n(ar(y >>rl/2|m<a3<g>>|1/2
% § 1. (0) f(s4(ar(9)™0)(559) (br(az(9) ") s (9))
B
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= [¥5(ar(9)|”[va(ar(g))?

% | () (b1 (an(9)18) " ar (9) 1) (5190) (b (ar (9)~'0) s (9)).
B
Now apply the diffeomorphism B > b~ by (az(g)~'b) € B to the integral
over B to convert it into

[¥s(ar(@)'*lpalar(9)]'?
x Vi (0)1¥s(ar(ar(9)b)fb arle) ™) (spv) (07 s5(9)

B
and use the definition of s to conclude that this is equal to the left hand
side. =

Now we pass to the group 7¢. The following proposition was proved
in [13]:

PROPOSITION 7.2. Let I' be a differential groupoid and o : I' — 10,00[ a
smooth cocycle. The mapping A(I') 3 w — o(w) := o%w € A(I') extends to
a strongly continuous one-parameter group on C)(I"). Let /2 be its analytic

-1/2

generator. Then A(I') is a core for 05 and 0;)5(w) = o~ /w for w €

A(D).

From this proposition we infer that 7y defined by (23) extends to a
strongly continuous one-parameter group on C}(G4). Moreover, from Pro-
position 5.1 this group commutes with R. Since now we know that R7y and o}
are continuous, using Lemma 5.4 and Proposition 6.3, we easily obtain the
following equalities on C(G4):

ATt == (Tt®Tt)A, AR:N(R®R)A, AO’t == (O’t®Tt)A.

We finish this work with a short résumé. Let (G; A, B) be a double Lie
group.

e There are naturally defined differential groupoids G 4, G over A and

B respectively. Let C := C;(G4) be the reduced C*-algebra of G 4.

e The relation ¢ := m% defines A € Mor(C, C' ® C') which is a comulti-

plication in the sense of the theory of quantum groups.
e The inverse of the group G defines an involutive x-antiautomorphism
Rof C.

e There is a strongly continuous one-parameter group of *x-automor-
phisms 7 on C', which commutes with R.

e There exists a right-invariant, densely defined, lower semicontionuous
weight h on C' which is a KMS weight with a modular group o;. More-
over the weight h is 7-invariant.

e The groups o; and 7 commute.
(] ATt: (Tt®Tt)A, AR:N(R@)R)A, AO’t: (O’t®Tt)A.
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Because the positions of the groups A and B in a DLG (G; A, B) are com-
pletely symmetric, in fact, there are two quantum groups based on C(G 4)
and C)(Gp) respectively. One can think of them as duals, but the precise
sense of this duality is to be understood. If these algebras coincide with the
algebras defined by the multiplicative operator W in the “standard way”
(see Appendix B), then one can say that this is the meaning of duality.
However, here we have more, namely, there is a natural duality (in fact two
of them) between A(G 4) and A(Gp) (see Appendix A). This duality enables
us to think about these algebras as “dual Hopf algebras”. There is also a
class of representations of (say) C)(Gp), the ones coming from morphisms
of differential groupoids Gp—> 1", which define, via W, representations of
the quantum group based on C(G4).

8. Appendices

A. Geometric interpretation of the function ). Let V be a finite-
dimensional vector space (over C or R). Suppose we are given four subspaces
Li,Lo, Ry, R C V such that dim L; = dim Ry, dim Lo = dim Ry and V =
Li® Ry =R ® Ly = L1 &Ly = Ry & Ry. Moreover let A\;, 05,71 = 1,2,
be half-densities on L; and R; respectively. The quadruple (A1, 01, A2, 02)
defines two densities di,dy on V as follows: d; := (A ® 02)(\2 ® 01) and
do := (A1 ® A2)(01 ® 02). One can check that dy,ds depend only on \; ® o1
and A2 ® oo and the dependence is bilinear. Therefore, di,ds are actually
bilinear mappings d1,dz : (2V/2(L1) @ 2Y2(Ry)) x (2V/2(L2) @ 2'/%(Ry)) —
21(V). Since the space 21(V) is one-dimensional we infer that d; = cds for
some ¢ € C. To find the constant c it is sufficient to compare di; and ds
on some basis in V. Let us recall that a p-density d on V is a mapping
d: V"=V x..-xV —C, n=dimV, which satisfies the condition

d(vi, Ai1,s -« -, 00, Aiyn) = |det AJPd(vr, ..., v,)  (summation),

for any A € M,xn(R) (or A € M,x,(C)) and any vi,...,v, € V. If
(vi,...,v,) =: v is a basis in V then we write the above condition as
d(vA) = |det APd(v).

Choose bases 1 := (l1,...,ln), v := (r1,...,m), 1:= (E,...,Tm), T =
(P1,...,7m) in L1, Ry, Lo, Ry, respectively. Let I denote the identity ma-
trix (of appropriate dimension) and let matrices A, B,C, D, J, K,G, H, M,
M, My be defined by

@3:@ﬂ<2 g):@ﬂM,

@B:@B(i?):@ﬁw aﬂ:ua(éG):@ﬁm.
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Now we can compare di and ds:

di(L1) == (M ®02) (L) (A2 ® 1) (L1) = (M @ 02)((1,
= |det H|['/2|det J|*/2\; (1) 02 (F) A2 (1) 01 (r)

da(L,1) := (M @ A2)(L1)(01 ® 02)(L 1) = A1 (DA2(1) (01 ® 02)((r, T)M)
= [det M|"2x; (1) Ao (T) 01 (r) 02 ().

L) M) (A ® 01)((r, 1) M)

)

Hence Idet M]|1/2

d
|det H|1/2|det J[1/2 "

dg =

But from the equalities
1=rA+%B, 1=rC+tD, l=rJ+1K, 1=I1G+TH,
we infer that C = AG, B = DK, J = A(I - GK), D = (I — KG) and we

can write det Adet D 1/2
det M b
Now for a DLG (G} A, B), fix a point g € G and define
L1 :=T)Gp, Ly=T)Ga, Ri:=T)Gp, Ry:=T,Ga, V:=T,G.

Let X := (X1,...,Xpn), Y = (Y1,...,Y,,) be bases in T, A and T.B, re-
spectively. Then ¢X, gY, Xg,Yg are bases in L, Lo, R1, Ra, respectively.
Moreover, if M = ( g g) is the matrix of the adjoint representation of g in
(X,Y), then (¢X,gY) = (Xg,Yg)M. Comparing this with the definition
of Q we conclude that d; = |Q(g)|"/?ds.

In this way we see that the function @ relates two natural dualities
between A(G4) and A(Gp) given, for wg = Ag ® 04 € A(G4) and wp =
AB ® op € .A(GB), b

(wa,wp)1 = S(AA ®0B)(AB®04), (wa,wp)2:= S()\A ® AB)(04 ® 0B).
G G
B. Comparison with the standard approach. Let W € B(H ® H)
be a multiplicative unitary operator. As shown by Baaj and Skandalis [1]
the set

C:={(n®id)W :n e B(H).} = span{(ngy ®id)W : z,y € H}

(bar denotes norm closure) is a C*-algebra with a comultiplication. This is
the “standard procedure”.

In this appendix we consider the following problem. For a DLG (G; A, B)
there is a multiplicative unitary (manageable) W € B(L?(G) ® L?*(G)) and
we have the C*-algebra C' defined as above. It is easy to see that in the
definition of C| it is enough to consider vectors z,y from a dense subspace
of H. So a “typical” element of C' is obtained from two vectors z,y by
Agy = (Ngy ® id)W, in particular it is defined by two smooth half-densities

do =
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on G with compact support. On the other hand, we have the groupoid
G 4 and its reduced C*-algebra defined in a different way, and its “typical”
elements are bidensities on G 4. We can suppose that those algebras are in
fact the same. We will not prove this equality here, but we will show that
C C C:(G4). From the remark above, it follows that we have to interpret
elements (1, ® id)W as elements of A(G4) for x,y smooth with compact
support. The question is: how from two smooth half-densities on G and W
can we get an element of A(G4)?

Suppose we are given two half-densities o, 1) with compact support on G.
Let U be the bisection implementing W and let ¢ € G be given. Consider
the set U(g, A) € G x G. Tt is easy to see that U(g, A) = 6(g) (recall that
§ =m%). Let (g1,92) € 6(g). There are the following natural isomorphisms:

VAT, G) ~ VAT, B) ® VAT Gp),

VAT, G) ~ QVA(Ty, ) B) ® V(10 G),
91/2( 0B) = Ql/2(TrGA
91/2(TbR \B) =~ QYA(TLG ),
DT, 40)8(9)) = 2VA(T,,Gp),

QYT (g, 40(9)) = 2'2(T;,Gp).
The first two isomorphisms follow from the fact that by, and bg are surjective
submersions; the third and fourth are given, respectively, by Ty, ()B > X —
Xag(g) € T;Ga and Ty, ()B 2 Y — ar(9)Y € TéGA; the last two are due

to the fact that m : 6(g) 3 (g1,92) — g1 € F5(g) and 72 : 5(g) > (g1, 92) —
g2 € Fg(g) are diffeomorphisms. Consequently,

QYT G) =~ QVHTIG ) @ 22Ty, 42)0(9)),
Ql/z(ngG) = Ql/z(TéGA) ® Ql/z(T(gl,gz)é(g))'

In this way, having »(g1),%(g2), we can define a 1-density on T, ,y0(9)
with values in the one-dimensional vector space £2'/2 (TglG’ 1) @ N2 (Ty G a).
Denote the resulting mapping by @,. The explicit formula for @,(p, 1) is

[Dg (0, ¥)(w)](v Aw) = @(g1)(wa A ()Y (g2)(av A ma(u)),

where u € AT, 1,16(g), v € AmaXTéGA, w € NMTIGa, a = g g1,

G = gog~! and 7y, T2 are defined above. Integrating @,(p,v) we get a

bidensity on G4, which will be denoted by @(¢,%). Finally, we define a

mapping

D: (p,9) Q" *B(sp(p),v), ie. d(o,¥)(g) =1Q1"*(9) | By(s8(p),v),
3(9)

and prove the following
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PROPOSITION 8.1. Let ¢, ¢ be smooth, compactly supported half-densities
on G. Then $(p, ) € A(Ga), k(P(p,¥)) = (D(¢,¢))" and (ngy @)W =
mid(P(p, 1))

Proof. We begin by computing the mapping ®. Choose real, non-zero
half-densities pg,v9 on T.B and T.A, respectively, and let pu;, v, denote
the corresponding left- and right-invariant half-densities on B and A. Then
vy @y is a real, non-vanishing half-density on A x B and, since the mapping
A x B > (a,b) — ab € G is a diffeomorphism, this half-density defines a
half-density on G which will be denoted by . Explicitly,

() (XgANgY)=vo(X)uo(Y) for X € AM™T,AY € A™™T.B.
Now we can write ¢ =: fue, 1 =: fye and (5(90,1/1) =: foywo. Define
a:A>a ala) = (mp(g, splag)),ag) = (gar(ag) ™", ag) € i(g).

This is clearly a diffeomorphism. Set v := gY, w := }79, Y,XN/ € AT, B,
u:=Xa, X € AM*T,A. Then

ma(i) = (—1)%™ Ap (b (abr(9)) "splabr(9) X,  meali) = Xag.
Inserting this into the formula for @, and using (33) we get
(B4 (s5(p), ) ((Xa))(gY AYg)
=[pa(br(abe(9)))| " sp(p) (Vsp(abr(g)) A sp(abr(g))X) v (agY A Xag)

_ V() V—
= | U (an(abi @) eatbiiabLia)) e(Yabr(g)Nabr(g)X) Y (agY A Xag),
and since
_ alar(g))palbr(g))
IXNY = panie)enon(g) "I
we obtain

Dy (sp(),¥)(a(Xa))(gY AYg)
= |op(br(9))| "2 p(abr(9)Y A Xaby(g)) ¥(agY A Xag).

Finally (we also use (10)),
¥B(ar(9))

¢vB(br(9))

1/2

\ v2(a) fo(abL(g)) fy(ag).

A

(34) fwﬁ(g) =

From this equation it is clear that f,ywo € A(G4). Having the above ex-
pression and using (25) one easily proves that x(®@(p, 1)) = @(¢, ¢)*.
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Now we are going to prove the last equality of the proposition. Clearly,
it is enough to prove that

(p @z | W @1t) = (2| ma(P(p,9))t)
for compactly supported, smooth half-densities z,t on G. Let g =: 09 ® v,
where v} is the left-invariant half-density on A defined by vy (the g is
as defined before the proof of Lemma 4.4). We can write t =: f;1pp and

z =t f21. .
Using (13) we have miq(P(p, )t = (fou * fi)to and

(fow  J)(9) = § 17 (0) fou(ar(9)) fe(br(ar(g)b) ~1g)

B

= | i () [vp(ar(asle) ™ b)) fpu(arlg)brlar(g) b)) £~ g)
B
| ¢e(ar(as(g)bilar(9)1b) 12
op(br(ar(g)=1b))

= | 2 )vE(ar(ar(e) o)If:(b g
B

x \ v2(a) fo(ab) fy(aar(g)br(ar(g)~'b))

1/2

Fo(9) fu(gar(br(9) " 9)) fi(br(9) " 9)

1/2

fo@ (fo ® f)(WL(G, 9))-

¢ 2| ¥Blar(ar(g) " br(9)))
= 0| Grta ) Ta))

In the second equality we use the diffeomorphism B 5 b+ br(ar(g)b) € B,
then the expression for f,, and finally the definition of € (g := ab), and the
formula (6) for W 1.

On the other hand, computations similar to the ones in the proof of
Lemma 6.5 yield (¢ @ 2z | W (¢ ® t)) = (2|y) for y =: fy1hg and f, given by

fo(9) = V€@ (@) W (£ ® 101G 9),
G
where W (fy ® f;) is defined by W(fype ®@ fitho) =: W(fy @ fi)(e ® o).
Since we can easily compare € ® 19 with g ® 1y, the expression for the
function W (f; ® fy) follows from the action of W on ¢y ® 19 given in the
proof of Lemma 4.4. In this way we obtain

agr(a -1 12
W(fs ® £)(9.9) = (fo ® f)W'(g,9)) ii((bf((af((j))‘lgg((%)))) '

Now insert this into the formula for f, and compare with the expression for
fouw * fr. This completes the proof of the proposition. =
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