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Brunnian loal moves of knots andVassiliev invariantsbyAkira Yasuhara (Tokyo)Dediated to Professor Takao Matumoto for his 60th birthday
Abstrat. K. Habiro gave a neesary and su�ient ondition for knots to have thesame Vassiliev invariants in terms of Ck-moves. In this paper we give another geometriondition in terms of Brunnian loal moves. The proof is simple and self-ontained.
1. Introdution. We will de�ne loal moves via tangles. Our de�nitionfollows [11℄, [12℄. A tangle T is a disjoint union of properly embedded arsin the unit 3-ball B3. Here T ontains no losed ars. A tangle T is trivial ifthere exists a properly embedded disk in B3 that ontains T . A loal moveis a pair of trivial tangles (T1, T2) with ∂T1 = ∂T2 suh that for eah ompo-nent t of T1 there exists a omponent u of T2 with ∂t = ∂u. Two loal moves

(T1, T2) and (U1, U2) are equivalent, denoted by (T1, T2) ∼= (U1, U2), if thereis an orientation preserving self-homeomorphism ψ : B3 → B3 suh that
ψ(Ti) and Ui are ambient isotopi in B3 relative to ∂B3 for i = 1, 2. A loalmove (T1, T2) is trivial if (T1, T2) is equivalent to the loal move (T1, T1).Note that (T1, T2) is trivial if and only if T1 and T2 are ambient isotopi in
B3 relative to ∂B3.Let (T1, T2) be a loal move, and let t1, . . . , tk and u1, . . . , uk be the om-ponents of T1 and T2 respetively with ∂ti = ∂ui (i = 1, . . . , k). We all
(T1, T2) a k-omponent Brunnian loal move (k ≥ 2), or Bk-move, if eah lo-al move (T1− ti, T2−ui) is trivial (i = 1, . . . , k) [10℄. If (T1, T2) is Brunnian,then (T2, T1) is also Brunnian. For example, a rossing hange is a B2-move,the delta-move de�ned in [7℄ is a B3-move, and a Ck-move de�ned in [3℄, [4℄is a Bk+1-move.2000 Mathematis Subjet Classi�ation: Primary 57M25.Key words and phrases: Brunnian move, Vassiliev invariant, band sum.[289℄



290 A. YasuharaLet K1 and K2 be oriented knots in the three-sphere S3 with a �xedorientation. We say that K2 is obtained from K1 by a loal move (T1, T2)if there is an orientation preserving embedding h : B3 → S3 suh that
(h−1(K1), h

−1(K2)) ∼= (T1, T2) and K1 − h(B3) = K2 − h(B3) as orientedtangles. Two oriented knots K1 and K2 are Bk-equivalent if K2 is obtainedfromK1 by a �nite sequene ofBk-moves and ambient isotopies. This relationis an equivalene relation on knots.We have the following geometri ondition for knots to have the samevalue of Vassiliev invariant.Theorem 1 (f. Goussarov�Habiro Theorem [4℄, [2℄). Two knots K1 and
K2 are Bl+1-equivalent if and only if their values of any Vassiliev invariantof order ≤ l − 1 are equal.
Remark. The authors of [5℄ and [6℄ showed independently that Bl+1-and Cl-equivalene lasses oinide. Therefore, the theorem above and theGoussarov�Habiro Theorem are onsequenes of eah other. Although The-orem 1 an be obtained as a orollary of the Goussarov�Habiro Theoremthe author believes that a new and self-ontained proof is worth presenting.Moreover, the arguments used in our proof are shorter and simpler omparedto those given in [4℄, [2℄ and [12℄ for the proof of the Goussarov�Habiro The-orem.Let l be a positive integer and let k1, . . . , kl (≥ 2) be integers. Supposethat for eah P ⊂ {1, . . . , l} we have an oriented knot KP in S3 and thereare orientation preserving embeddings hi : B3 → S3 (i = 1, . . . , l) suh that:(1) hi(B

3) ∩ hj(B
3) = ∅ if i 6= j,(2) KP −

⋃l
i=1 hi(B

3) = KP ′ −
⋃l

i=1 hi(B
3) for all P, P ′ ⊂ {1, . . . , l},(3) (h−1

i (K∅), h
−1
i (K{1,...,l})) is a Bki

-move (i = 1, . . . , l), and(4) KP ∩ hi(B
3) =

{
K{1,...,l} ∩ hi(B

3) if i ∈ P ,
K∅ ∩ hi(B

3) otherwise.Then we all the set {KP | P ⊂ {1, . . . , l}} of oriented knots a singularknot of type B(k1, . . . , kl). Let K be the set of knots, A an abelian group,and ϕ : K → A an invariant. We say that ϕ is a �nite type invariant oftype B(k1, . . . , kl) if for any singular knot {KP | P ⊂ {1, . . . , l}} of type
B(k1, . . . , kl), ∑

P⊂{1,...,l}

(−1)|P |ϕ(KP ) = 0.Sine a B2-move is realized by some rossing hanges we see that an invariant
ϕ : K → A is a �nite type invariant of type B(2, . . . , 2

︸ ︷︷ ︸

l

) if and only if it is aVassiliev invariant of order ≤ l − 1.In order to prove Theorem 1, we need the following theorems.



Brunnian loal moves of knots 291Theorem 2 (f. [4, Theorem 5.4℄). The set of Bk-equivalene lasses,denoted by K/Bk, of oriented knots in S3 forms an abelian group underonneted sum of oriented knots.Theorem 3 (f. [12, Theorem 1.2℄). Let l (≥ 2) and k1, . . . , kl (≥ 2)be integers, and k − 1 = (k1 − 1) + · · · + (kl − 1). Then the projetion
pk : K → K/Bk is a �nite type invariant of type B(k1, . . . , kl).
Remark. Sine a Ck-move is the same as a Bk+1-move, Theorem 2follows from [4, Theorem 5.4℄. Theorem 3 is similar to [12, Theorem 1.2℄. Inorder to give a self-ontained proof of Theorem 1, we will give self-ontainedproofs of Theorems 2 and 3. Although the reasonings given in the proofs ofTheorems 2 and 3 are analogous to those in [4℄ (and also in [11℄ and [12℄)we provide simpler and shorter arguments.2. Band desription. It is known that any knot an be expressed asa �band sum� of the trivial knot and a split union of some Hopf links [8℄,[13℄ (or Borromean rings [14℄). K. Taniyama and the author showed that iftwo knots are Ck-equivalent, then one an be expressed as a band sum ofthe other and a split union of ertain (k+1)-omponent Brunnian links [11℄,[12℄. By similar arguments to those in [11℄, we desribe a relation between

Bk-equivalene and a ertain band sum.Let (T1, T2) be a k-omponent Brunnian loal move. Let T ⊂ B3 be thetrivial k-string tangle illustrated in Figure 1, and let D be the disjoint unionof the k disks bounded by T and ars in ∂B3 (see Figure 2). Sine T2 is atrivial tangle, there is a tangle S suh that (S, T ) and (T1, T2) are equivalent.Then the pair (S, ∂D − T ) is alled a Bk-link model (see Figure 3).

Fig. 1 Fig. 2

Fig. 3



292 A. YasuharaLet (αi, βi) be B̺(i)-link models (i = 1, . . . , l), and K an oriented knot(respetively a tangle). Let ψi : B3 → S3 (respetively ψi : B3 → intB3) bean orientation preserving embedding for i = 1, . . . , l, and let b1,1, . . . , b1,̺(1),
b2,1, . . . , b2,̺(2), . . . , bl,1, . . . , bl,̺(l) be mutually disjoint disks embedded in S3(respetively B3). Suppose that they satisfy the following onditions;(1) ψi(B

3) ∩ ψj(B
3) = ∅ if i 6= j,(2) ψi(B

3) ∩K = ∅ for eah i,(3) bi,k ∩K = ∂bi,k ∩K is an ar for eah i, k,(4) bi,k ∩⋃l
j=1 ψj(B

3) = ∂bi,k ∩ψi(B
3) is a omponent of ψi(βi) for eah

i, k.Let J be an oriented knot (respetively a tangle) de�ned by
J = K ∪

( ⋃

i,k

∂bi,k

)

∪
( l⋃

i=1

ψi(αi)
)

−
⋃

i,k

int(∂bi,k ∩K) −
l⋃

i=1

ψi(intβi),where the orientation of J oinides with that of K on K −
⋃

i,k bi,k if K isoriented. We all eah bi,k a band. Eah image ψi(B
3) is alled a link ball. Weset Bi = ((αi, βi), ψi, {bi,1, . . . , bi,̺(i)}) and all Bi a B̺(i)-hord. We denote

J by J = Ω(K; {B1, . . . ,Bl}), and say that J is a band sum of K and hords
B1, . . . ,Bl, or a band sum of K and {B1, . . . ,Bl}.From now on we onsider knots up to ambient isotopy of S3 and tanglesup to ambient isotopy of B3 relative to ∂B3 without expliit mention.By the de�nitions of a Bk-move and a Bk-link model, we have:Sublemma 4 (f. [12, Sublemmas 3.3 and 3.5℄).(1) A loal move (T1, T2) is a Bk-move if and only if T1 is a band sumof T2 and a Bk-link model.(2) A knot J is obtained from a knot K by a single Bk-move if and onlyif K is a band sum of J and a Bk-link model.Note that, by Sublemma 4(1), a set K of knots is a singular knot oftype B(k1, . . . , kl) if and only if there is a knot K and a band sum J =
Ω(K; {B1, . . . ,Bl}) of K and Bki

-hords Bi (i = 1, . . . , l) suh that
K =

{

Ω
(

K;
⋃

i∈P

{Bi}
) ∣

∣
∣P ⊂ {1, . . . , l}

}

.Sublemma 5 (f. [12, Sublemma 3.5℄). Let K, J and I be oriented knots
(or tangles). Suppose that J = Ω(K; {B1, . . . ,Bl}) for some hords B1, . . . ,Bland I = Ω(J ; {B}) for some Bk-hord B. Then there is a Bk-hord B′ suhthat I = Ω(K; {B1, . . . ,Bl,B

′}). Moreover , if for a subset P of {1, . . . , l} thelink ball or the bands of B interset either the link ball or the bands of Bi onlywhen i ∈ P , then Ω(Ω(K;
⋃

i∈P {Bi}); {B}) = Ω(K; (
⋃

i∈P {Bi}) ∪ {B′}).



Brunnian loal moves of knots 293Proof. If the bands and the link ball of B are disjoint from those of
B1, . . . ,Bl then I = Ω(K; {B1, . . . ,Bl,B}). If not, then we deform I up toambient isotopy as follows. By thinning and shrinking the bands and thelink ball of B respetively, we may assume that the link ball of B intersetsneither the bands nor the link balls of B1, . . . ,Bl. And by sliding the bandsof B along J , we may also assume that the intersetion of the bands with Jis disjoint from the bands and the link balls of B1, . . . ,Bl. Then we sweep thebands of B out of the link balls of B1, . . . ,Bl. Note that this is always possiblesine the tangles of a loal move are trivial. Finally, we sweep the intersetionof the bands of B and the bands of B1, . . . ,Bl out of the intersetion of thebands of B1, . . . ,Bl and K. Let B′ be the result of the deformation of Bdesribed above. Then it is not hard to see that B′ is the desired hord.By repeated appliations of Sublemmas 4 and 5 we immediately have thefollowing lemma.Lemma 6 (f. [12, Lemma 3.6℄). Let k be a positive integer and let Kand J be oriented knots (or tangles). Then K and J are Bk-equivalent if andonly if J is a band sum of K and some Bk-link models.Sine the loal moves illustrated in Figures 4 and 5 are a Bk+1-moveand Bj+k−1-move respetively, the following two lemmas follow from Sub-lemma 5.

Fig. 4

Fig. 5Lemma 7 (f. [12, Lemma 3.8℄). Let K, J = Ω(K; {B1, . . . ,Bl,B0}) and
I = Ω(K; {B1, . . . ,Bl,B

′
0}) be oriented knots, where B1, . . . ,Bl are hordsand B0,B

′
0 are Bk-hords. Suppose that J and I di�er loally as illustrated inFigure 4, i.e., I is obtained from J by a rossing hange between K and a band



294 A. Yasuharaof B0. Then I is obtained from J by a Bk+1-move. Moreover , there is a Bk+1-hord B suh that Ω(K; (
⋃

i∈P {Bi}) ∪ {B0}) = Ω(K; (
⋃

i∈P {Bi}) ∪ {B′
0,B})for any subset P of {1, . . . , l}.Lemma 8 (f. [12, Lemma 3.9℄). Let K, J = Ω(K; {B1, . . . ,Bl,B0j ,B0k})and I = Ω(K; {B1, . . . ,Bl,B

′
0j ,B

′
0k}) be oriented knots, where B1, . . . ,Bl arehords and B0j ,B

′
0j (respetively B0k,B

′
0k) are Bj-hords (respetively Bk-hords). Suppose that J and I di�er loally as illustrated in Figure 5. Then

I is obtained from J by a Bj+k−1-move. Moreover , there is a Bj+k−1-hord Bsuh that Ω(K; (
⋃

i∈P {Bi})∪{B0j ,B0k}) = Ω(K; (
⋃

i∈P {Bi})∪{B
′
0j ,B

′
0k,B})for any subset P of {1, . . . , l}.We all the hange from J to I in Lemma 8 a band exhange.For a Ck-move, �band desription� is also de�ned, and Sublemmas 4, 5,Lemmas 6, 7 and 8 hold [12℄. However, the proofs given in [12℄ are not asobvious as ours. In fat, more ompliated arguments are needed. In ontrast,we need some arguments to prove the following lemma, whih is trivial fora Ck-move.Lemma 9. Let (T1, T2) be a Bk-move. For any integer l (≤ k), T2 isobtained from T1 by Bl-moves. In partiular , Bk-equivalent knots are Bl-equivalent.Proof. Let t1, . . . , tk and u1, . . . , uk be the omponents with ∂ti = ∂ui

(i = 1, . . . , k) of T1 and T2 respetively. We may assume that (T1, T2) has adiagram in the unit disk suh that T1 − t1 and T2 have no rossings.Sine (T1 − t2, T2 − u2) is a trivial loal move, T2 is obtained from T1by B2-moves that orrespond to rossing hanges between t1 and t2. ByLemma 6, T1 is a band sum, Ω(T2;B2), of T2 and a set B2 of B2-hords.Note that no band of B2-hords intersets T2 − (u1 ∪ u2).Sine (Ω(T2;B2)− t3, T2−u3) = (T1− t3, T2−u3) is a trivial loal move,
T2 is obtained from T1 by B3-moves that orrespond to rossing hangesbetween t3 and some bands of B2-hords. By Lemma 6, T1 is a band sum
Ω(T2;B3) of T2 and a set B3 of B3-hords. Note that no bands of B3-hordsintersets T2 − (u1 ∪ u2 ∪ u3).Continuing this proess we obtain the onlusion.3. Proofs of Theorems 1, 2 and 3Proof of Theorem 3. Let K0 be a knot and K1 a band sum of K0 and
Bkj

-hords Bkj ,j (j = 1, . . . , l). It is su�ient to show that
∑

P⊂{1,...,l}

(−1)|P |
[

Ω
(

K0;
⋃

j∈P

{Bkj ,j}
)]

= 0 ∈ K/Bk,where [K] is the Bk-equivalene lass whih ontains the knot K.



Brunnian loal moves of knots 295Set
KP = Ω

(

K0;
⋃

j∈P

{Bkj ,j}
)

.

Claim. The knot K1 (= K{1,...,l}) is Bk-equivalent to a band sum of K0

(= K∅) and a set ⋃

i,j{Bi,j} of loal hords suh that(1) Bi,j is a Bi-hord (i < k) and it has an assoiated subset ω(Bi,j) ⊂
{1, . . . , l} with ∑

t∈ω(Bi,j)
(kt − 1) ≤ i− 1,(2) for eah P ⊂ {1, . . . , l},

[KP ] =
[

Ω
(

K0;
⋃

ω(Bi,j)⊂P

{Bi,j}
)]

.

Here a hord Bi,j is alled a loal hord if there is a 3-ball B suh that
B ontains all the bands and the link ball of Bi,j , B does not interset anyother bands or link balls, and (B,B ∩K0) is a trivial ball-ar pair.Before proving the Claim, we will �nish the proof of Theorem 3. Suppose
K1 is Bk-equivalent to a band sum of K0 and some loal hords Bi,j . Eah
Bi,j represents a knot Ki,j whih is onneted summed with K0. So the bandsum is a onneted sum of K0 and Ki,j 's. Then we have

∑

P⊂{1,...,l}

(−1)|P |
[

Ω
(

K0;
⋃

ω(Bi,j)⊂P

{Bi,j}
)]

=
∑

P⊂{1,...,l}

(−1)|P |
(

[K0] +
∑

ω(Bi,j)⊂P

[Ki,j ]
)

=
∑

P⊂{1,...,l}

(−1)|P |[K0] +
∑

P⊂{1,...,l}

(−1)|P |
( ∑

ω(Bi,j)⊂P

[Ki,j ]
)

= 0 +
∑

i,j

( ∑

P⊂{1,...,l}, ω(Bi,j)⊂P

(−1)|P |
)

[Ki,j ].

We onsider the oe�ient of [Ki,j ]. Sine ∑

t∈ω(Bi,j)
(kt −1) < k−1, ω(Bi,j)is a proper subset of {1, . . . , l}. We may assume that ω(Bi,j) does not ontain

a ∈ {1, . . . , l}. Then
∑

P⊂{1,...,l}, ω(Bi,j)⊂P

(−1)|P | =
∑

P⊂{1,...,l}\{a}, ω(Bi,j)⊂P

(−1)|P |

+
∑

P⊂{1,...,l}\{a}, ω(Bi,j)⊂P

(−1)|P∪{a}| = 0.

Thus, we have the onlusion.Now we will show the Claim.



296 A. YasuharaProof of Claim. We �rst set ω(Bkj ,j) = {j} for j = 1, . . . , l. Then wehave ∑

t∈ω(Bkj,j)
(kt − 1) = kj − 1 < k − 1 and

KP = Ω
(

K0;
⋃

ω(Bkj,j)⊂P

{Bkj ,j}
)

.

Note that a rossing hange between bands an be realized by rossinghanges between K0 and a band as illustrated in Figure 6. Therefore wean deform eah hord into a loal hord by (i) rossing hanges between K0and bands, and (ii) band exhanges.(i) When we perform a rossing hange between K0 and a Bp-band of a
Bp-hord Bp,q with p ≤ k− 2, by using Lemma 7, we introdue a new Bp+1-hord Bp+1,r and we set ω(Bp+1,r) = ω(Bp,q) so that onditions (1) and (2)still hold. By Lemma 7, a rossing hange between K0 and a Bk−1-band is re-alized by a Bk-move and therefore does not hange the Bk-equivalene lass.(ii) If we perform a band exhange between a Bp-hord Bp,q and a Br-hord Br,s with p + r ≤ k, then, by using Lemma 8, we introdue a new
Bp+r−1-hord Bp+r−1,n and set ω(Bp+r−1,n) = ω(Bp,q)∪ω(Br,s) so that on-ditions (1) and (2) still hold. By Lemmas 8 and 9, a band exhange betweena Bp-hord Bp,q and a Br-hord Br,s with p+ r ≥ k+ 1 does not hange the
Bk-equivalene lass.

Fig. 6Proof of Theorem 2. It is su�ient to show the existene of an inverseelement for a given knot K. Suppose that there is a knot J suh that K# Jis Bk-equivalent to a trivial knot O. Then, by Lemma 6, O is a band sumof K # J and some Bk-hords. By using Lemma 7, we deform O up to
Bk+1-equivalene so that the Bk-hords are loal hords. Then the result isa onneted sum of K # J and some knots K1, . . . ,Kn that orrespond toloal hords. Hene K # J #K1 # · · · #Kn is Bk+1-equivalent to O. Thus
J #K1 # · · · #Kn is the desired knot.Proof of Theorem 1. It is not hard to see that Bl+1-equivalent knots arealso l-similar [9℄ ((l − 1)-equivalent [1℄).By Theorem 3, the projetion pl+1 : K → K/Bl+1 is a Vassiliev invariantof order ≤ l− 1. If two knots have the same values of any Vassiliev invariantof order ≤ l − 1, then they are Bl+1-equivalent.
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