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MAD families with strong combinatorial properties
by

Jorg Brendle and Greg Piper (Kobe)

Abstract. In his paper in Fund. Math. 178 (2003), Miller presented two conjectures
regarding MAD families. The first is that CH implies the existence of a MAD family that
is also a o-set. The second is that under CH, there is a MAD family concentrated on a
countable subset. These are proved in the present paper.

1. Introduction. Let [w]¥ denote the infinite subsets of the natural
numbers w. Two sets a, b € [w]|* are almost disjoint if aNb is finite. A family
A C [w]¥ is almost disjoint if all its members are pairwise almost disjoint,
and mazimal almost disjoint (a MAD family, for short) if for all z € [w]*,
a Nz is infinite for some a € A. In our work we construct MAD families
with additional strong topological properties.

We think of MAD families as sets of reals and, accordingly, we identify
elements of [w]* with their characteristic functions, i.e., with elements of 2%
which are not eventually 0. Conversely, we usually equate a € 2% with the
corresponding set {i € w : a(i) = 1}.

An uncountable set of reals X C 2¥ is a )-set if every subset of X
is a relative Gy set, and a o-set if every relative Borel subset is a relative
Gy set, i.e., for all Borel B C 2“ there is a G§ set G C 2“ such that
BNX =GnNX. Every Q-set is a o-set. Miller [8, Theorem 1] proved it is
consistent with ZFC that there is a MAD @-set. Such a set necessarily has
size less than ¢ = |2¥|. A modification of his argument showed it is consistent
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that there is a MAD o-set of size ¢ where ¢ can be arbitrary [8, Theorem 3].
The existence of a MAD o-set is a ©? sentence. Thus, by Woodin’s Y2
absoluteness (see [3, Theorem 3.2.1]) which asserts that if x is a measurable
Woodin cardinal, CH holds and P is a forcing notion of size less than x then
any %2 sentence true in V¥ is also true in V, Miller deduced that there is a
MAD o-set under CH + there is a measurable Woodin cardinal [8, Remark
on p. 279]. Accordingly he conjectured such a set could be constructed under
CH alone [8, Conjecture 4]. We prove this is indeed the case.

THEOREM 1. CH implies there is a MAD o-set.

Note that some assumption is necessary because there may be no o-set
[5, Theorem 22].

A set of reals X C 2% is concentrated on Y C 2% if for any open U D Y,
X \ U is at most countable. Miller [8, Theorem 5] also proved the generic
MAD family adjoined by Hechler’s standard forcing notion [1] is concen-
trated on a countable subset of itself. Using the same large cardinal consid-
erations, he conjectured such a MAD family existed under CH [8, Conjec-
ture 7]. We confirm this.

THEOREM 2. CH implies that there exists an infinite MAD family which
is concentrated on a countable subset of itself.

Again, this is not true in ZFC alone because all concentrated sets may
be countable. (The latter holds, e.g., in Laver’s model for the Borel con-
jecture [4] because every set concentrated on a countable set has strong
measure zero [6, Theorem 3.1].)

We prove Theorem 2 in Section 2 by singling out one property of the
generic MAD family (of [1]) used to prove Theorem 5 of [8] and then setting
up a recursive construction which preserves this property along with creating
a MAD family and turning it into a concentrated set. The proof of Theorem 1
is much harder. We use a topological argument, successively creating the
members of the MAD family A as Cohen reals in an appropriate Polish
space, roughly, the space of reals almost disjoint from previous members of
A, equipped with a natural topology finer than the standard topology. This
approach has two advantages. First, we get maximality for free because for
each real z, the set G, of reals which have infinite intersection with x is a
dense Gy set, even in the finer topology. Second, we guarantee that the set
of reals V, on which a given Borel set B, and a generically adjoined Gy set
U, agree is also a dense G4 set. Thus any later member of A will belong
either to both B, and U, or to neither, and B, N A = U, N A will follow.
See Section 3 for details. In Section 4, we briefly discuss generalizations of
our results under Martin’s Axiom MA.
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2. A MAD family concentrated on a countable subset. In this
section, we prove Theorem 2. Assuming CH, we define a suitable MAD
family inductively.

First choose an almost disjoint family (a, : n < w) with the following
property:

(x) VF Cw finite Vs € 2<% In < w
(s Cay and J{am : m € F}Nay, C |s]).

This technical property is a strengthening of denseness and is needed in the
inductive definition of the MAD family. It is easy to construct such a family.
In fact, the standard forcing for adding a countable almost disjoint family [1]
generically adds a,, satisfying (*).

We now proceed by induction to produce a,, for w < a < wy. Let (U, :
a < wi) list all the open subsets of 2 that contain all of the a,. That is,
{an :n <w} CU, for all @ < w;. Let (ry : w < o < wy) list all the infinite
elements of 2¢.

We construct a,, a > w, satisfying the following conditions.

(1) VB8 < a (Jag Naa| < No).

(2) VB8 < a (aq € Up).

(3) 36 < a (Jra Nag| = Ro).

(4) VF C a+1 finite Vs € 2<% In < w (s C ap and J{ag: 6 € F}Na,
< lsl)-

The last condition is the analogue of (x) above. Notice that (1) and (4)
hold for @ < w by construction. (Properties (2) and (3) are irrelevant for
a<w.)

We construct a, by recursively producing countably many of its initial
segments s;, j < w, with |s;| > j as well as finite sets X, j < w, which will
identify the ag that must be avoided when we extend s;. Let (3; : j < w)
enumerate «, and let ((¢;,F};) : j < w) list all the pairs in 2<% X [a]<¥ in
such a way that |t;| < j. As usual, [s] = {y € 2¥ : s C y} denotes the clopen
set defined by s € 2<v.

STAGE 0. Let sg € 2<¢ be such that [so] C Ug,. Let Xo = {ag, }-

STAGE k + 1. Assume that we have already defined s; and X; for all
J < k such that [s;] C Up, and ag, € X;. We define sy 2 32+1 D s;, and
Xit1 2 Xg-

First we take care of property (2). Since Xj is finite, by the induc-
tive hypothesis (using (4)) we can find n; < w such that s C a,, and
UXk Nan, C |sk|l.- Now let jr > max{k + 1, |sk|} be such that [ay,, [jr] C
Up,,.,- There must be such an jj since an, € Ug,,,. Let 324_1 = an, | Jk-
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Note that this will imply that once we have defined s; for all j < w,
ao =U{sj:j <w}e Ubiis-

Next we ensure that (4) holds for finite sets containing «. By the induc-
tive hypothesis, we know that (4) holds for finite F' C «.. Let F}, = F,U{ny}.
Given t; and FJ, there is ¢ such that ¢, C a;, and (J{ag: 5 € F|} Na;, C
|tx|. To obtain {ag : B € F, U {a}} Na;, C |t it suffices to ensure that
aq N a;, = ap, Na;,. We achieve this simply by adding a;, to Xj. Thus, let
X1 = XU {aﬂk+1} U {alk}

If ro Nag is infinite for some 3 < «, let sp1 = SQCH. If not, we need to
guarantee condition (3) as well: let i > |s ;| be minimal such that r,(i) = 1
but a(i) = 0 for all @ € Xj41. There must be such an i since 7, is infinite
and almost disjoint from all of the elements of Xy 1. Let sx1 be a sequence
of length i 4 1 extending s; ., and with s;11(i) = 1 and sp41(j) = 0 for
|8}41| < j < i. Note that this will imply that aq = U{s; : j < w} and 74
will have infinite intersection.

Once we have defined s; for all j < w, we let aq = [J{s; : j < w}. We
must now check that each of the conditions (1)—(4) hold.

(1) By construction, for all k < w, ag, Naq C |si| because ag, € X}, and
X, is the set of reals which are avoided when extending sy.

(2) and (3) are immediate as we observed during the induction.

(4) This follows from the fact that we put a;, into Xj11. Indeed, the latter
implies aq Na;, C |8}, |- Also an[jr = sj, 11 = an, [jr, where ji > k+1, and
an, Nag, C|tg| < k. Thus aq Na;, = apn, Na;, and we remarked earlier this
was exactly what was needed to ensure (4).

This completes the recursive construction of the family (aq : o < wy).
By (1), it is an almost disjoint family, by (3) it is maximal, and by (2)
it is concentrated on {a, : n < w} because for any a < wi, {f < w; :
ag ¢ Uy} € a+ 1\ w, which is countable. This completes the proof of
Theorem 2.

3. CH implies there exists a MAD o-set

3.1. The framework of the proof. Before going into the actual combina-
torial details, we describe the framework of the proof of Theorem 1.

Assume we have models (M, : @ < wy) and (Ny @ @ < wy) of ZFC such
that:

Ma c Na c Ma—l—l;

M, is countable in N,

« is countable in M, and all Ng, § < «, are countable in M, (so
(Ng: [ < a) € M, is countable in M,),

2¢ - Ua<w1 Ma = Ua<w1 Na‘
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We shall build perfect Polish spaces (Xq, Sa), (Yo, 7o) (where S, 7, denote
the respective topologies) such that:

Xoe—l—l - Ya - Xom

Xo =Npca Xp =Np<a Yp = Ya for limit «,

the topology 7, refines the topology S, (restricted to Y,),
the topology Su+1 refines the topology 7, (restricted to Xy ),
To =Up<a T3 = Upcq Sg = Sa for limit a,

Yo € My, Xoy1 € Ny,

Xo =Yy =2¥ and S = 7y = the standard topology.

Notice that for limit «, we indeed have Y, = ﬂﬁ <aXp € M, because
(Ns: B < a) € M. While we are mainly interested in (X4, So) and (Yo, 7o),
we shall often think of S, and 7, as refining the standard topology on 2“.

More explicitly, there will be sets F$, F,,, HY, H, C 2% (s € 2<% n € w)
such that:

all F3, H] are closed in the standard topology,

Fo = Ugeo<w F§ and Hy = e, HY are F; sets,

Xos1 = Yo N Fy,

the topology Sa+1 (on X441) is generated by (the restriction of) 7, U
{F?:s€2<“} (so all the sets F are made clopen).

The description of the space Y,+1 and its topology 7,41 is somewhat more
difficult. There are closed P, C X,+1 and open O, C X,+1 (in the topology
Sa+1) such that:

P, U Oa = Aa+1,

P,N0O, =0,

Ya+1 = Pa U (Xa+1 ﬂHa) == Pa U (Oa ﬂHa),

the topology 7441 (on Y,41) is generated by (the restriction of) Su1
as well as sets of the form F'N H]} where F'N Xq+1 C O, and F' is
open in So4+1 and n € w.

The latter stipulation means that the family F,y1 of sets F € Syy1 with
FNX,y1 C P, and of sets Fﬂﬂj<m H} with FNXa41 € Oy and F € Saiq
is dense in the topology 7,11. That is, Fo11 C Toy1 and every F € Ty
contains a member of Fy 1.

Also notice that, more generally, the topology S, is generated by the
standard clopen sets together with Fﬂs (s € 2<%, 3 < «) and certain (not
all!) intersections of the latter sets with sets of the form Hp (new, B <
a — 1), where for limit a we set o — 1 = .. Similarly 7, is generated by the
standard clopen sets together with I3 (s € 2<%, 3 < «) and some (not all!)
intersections of the latter with Hy (n € w, f < a).
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OBSERVATION 3.1. The spaces (Xq,Sa) and (Y, 7,) are indeed Polish.

Proof. By the characterization of S, directly preceding 3.1, all basic
open sets of S, are closed in the standard topology Sp. This means that
by [2, Lemmata 13.2 and 13.3], (X0, Sy) is Polish. Similarly for the 7,. We
prove by induction on § < «a that all (Zg,U,) are Polish as well where
Ze{X,Y}andU € {S,7T} (and (Y3, S,) is only considered for 3 < av—1).

If =~ +1 is successor, (Xg,U,) is Polish because Xg = Y, N F, is
open in (Y,,Uy). Similarly, P, is closed and O, N H, is open in (Xg,Uy). So
Y3 is G5 in (Xg,Uy) and thus Polish [2, Theorem 3.11] (here & = 7 in case
B =a).

Let § be a limit ordinal. Since all (X,,U,), v < B3, are Polish, the X,
form a decreasing sequence of G subsets of (Xo, U, ), their intersection Xg =
,<p Xy is still such a Gs, and thus (Xg,Ua) is Polish [2, Theorem 3.11]. u

We shall see below (Lemma 3.5) that all (X, Sy) and (Yy, 74) are also
perfect.
Let i, = 2™ and put I = {iy, : n € w}. (In fact, the exact nature of the

in is irrelevant; what we need is that the sequence of i,, is increasing very
fast.) Clearly I € My. We will have sets U} C 2¥ (n € w) and U, such that:

o U =2¥\ HJ is open,
o Uy =2\ Ha, i Uy =, U is Gg,
e each U is a union of basic clopen sets [sa”], j € w, such that:

new

— |sa”] € I, |sa”| = in+j,

— for each k € w, there is at most one s’ such that |sp?| = ij, (so
k>n+j),

— if |sP7| = iy, then there is [ € (iy_1,4)) such that s (1) = 1.

3.2. The MAD family A = {aq : o < w1} (construction of the space
Xa+1). We come now to the details of the construction. We begin with the
construction of the space X,t1 and associated objects.

For each « let a,, be a Cohen-generic real belonging to the space Y, over
the model M, in the model N, (i.e. My[as] € N, ). Such an a, clearly exists
because M, is countable in N,,.

Welet F ={y:s Cyand (VI > |s]) (aa(l) =1 = y(l) =0)}, the set
of reals y which contain s as an initial segment and which are disjoint from
A, beyond |s|. This is clearly closed, as required. Note also that F C [s].

Let F, = Use2<w F7, the set of reals almost disjoint from a,. Define
Xat1 and Sy as stipulated earlier.

LEMMA 3.2. {aq : a <wi} is an almost disjoint family.
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Proof. For 3 < a, Fp is the set of reals almost disjoint from ag. Since
Y, € X, C Fj by construction, Y, only contains reals almost disjoint from
ag. Thus a, is almost disjoint from ag. =

OBSERVATION 3.3. A typical basic open set of (Xu,Sqa) is of the form
ﬂj<m0 Fﬁsjmﬂqu H;ij #0(s€2%¥ n; cw, B < a,v; < a—1). Similarly
for (Yo, 74).

Proof. Since Fj C [s], there is no need to consider basic clopen sets of
the standard topology, and a typical basic clopen set is of the form F =
ﬂj<m0 F;j N ﬂj<ml H:,LJ? # 0. For j,j' < mo we must have s; C s; or
sjr C s5. Put s = Uy, 85 Clearly I C [s]. Since F;]]ﬂ[s] # (0, we must have

HY . w

S4 S
Fj C Fy . Tnfact, F§ NF = F NF. Thus F = (\;_,,, F§ 02, H:

The following is crucial for several subsequent results (see Lemmata 3.5
and 3.6).

LEMMA 3.4. Given any m, fj < w1 (j < m), n and k, there is | > k
such that |(ig,i341) \ Uj<m ag,;| > n.

Proof. This is a standard Cohen-genericity argument, using the fact that
I € My. Fix n. We proceed by induction on m. Let 3;, j < m, be given
such that Gy < 81 < --- < Bp—1. Assume the statement is true for m — 1
for all k. Put a« = (,,_1. Then ag, € M, for 5 <m —1 and aq = ag,, ,
is Cohen-generic over M, in Y,. By 3.3, a typical basic open set of the
topology 7, (equivalently, condition in the Cohen forcing) is of the form
p = ﬂj <mo 5, N ﬂj <my ng # (. Without loss of generality, we assume
|s| € I. Apply the induction hypothesis with k& replaced by max{|s|, k} and
find I > max{]s|, k} with [(i, 91+1)\U,<n—1 ag;| = n. Notice that |s| <1 <.
Thus, we may strengthen the condition, replacing s by ¢ 2 s such that
|t| =141 and t(i) = 0 for i € [|s|,4;41), to get ¢ = ﬂj<m0 thj N ﬂj<m1 H(;;.
To see that this works, notice that by the definition of the Fjj and H(Z], we
must indeed have [t] N[ £5, N Nj<pm, Hg_j # (). The stronger condition

q clearly forces [(ir, i1+1) \ (Uj<p—1 a8, U @a)| = n so we are done. m
LEMMA 3.5. All spaces (Xa,Sa) and (Y, T,) are perfect Polish spaces.

Proof. We already observed that S, and 7, were Polish. So it suffices
to show X, and Y, are perfect. Consider X,, and let {3; : j € w} = a,
{vj : j € w} = a — 1. Recursively construct ¢;,n; € w and s;(7) € 2<%
(7 € 27) such that

o Uj <Lty forj<j,
o [s;i(7)] = iy,
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o ifj<j and7 C 7,7 €2, 7 €2 then s;(r) C s;(7'), s;(7') €
ng(T) and s (') € Hy? .

Here, s € ng(T) (s € ng?', respectively) means that s belongs to the tree
defining the closed set F ;;(T) (HY?, resp.).

For j = 0, let ¢y = 0, choose so(()) of length ig = 2° = 1 arbitrary and
let ng be such that so(()) € HYO.

Suppose ¢;, n;, and sj(7) have been defined. By Lemma 3.4, we can
choose lj11 > €; such that [(ig,,—1,90,,,) \ Ujy<jas,| = J+2. Set A =
(i 41-1500,,) \Uj<jag,- Fix 7 € 27, Let Tr = {s : s5(1) C s, |s| = ig;,,
and Vi € [s]\ (|s;()|UA) (s(i) = 0)}. Clearly |T;| > 272 and s € Fy/"")

J
all i/ < j, 7 C 7andall s € T,. For each j/ < j, at most one s € T} does not
M./ .
belong to H, . Since 2012 > j 43, we can find sj11(7 — 0),8j41(7 ~ 1) €
T NNj<; Hsj,,, as required. Finally, let n;;1 be such that s;1(7) € Hy//}

for

Yi+1
for all 7 € 271, This completes the construction.
For x € 2¥, define y = y, by ylig; = sj(x[j) for all j. Then y €

N EZ“Y N, HY € N Fs, 0 Hy,. Thus {ys : = € 29} C (); Fp, N
ﬂj H,, C X, is a perfect set. Since Xq11 C Ya, Y, is perfect as well. m

In fact, a straightforward generalization shows that if F' C X, is a non-
empty basic clopen set, then F' contains a perfect subset. Similarly for Y.
For z € 2 infinite (i.e. z € [w]¥), let

G = {y : there are infinitely many [ such that y(I) = z(l) = 1}.

This is the set of all y which have infinite intersection with x. Clearly, G,
is a G5 set. More explicitly, Gy = (), ¢, G&, where

G ={y: 3o, ..., l,—1 distinct such that y(l;) = z(l;) =1 for j < n}.

This is the set of all y whose intersection with z is of size at least n. Clearly,
each G is dense open in the standard topology of 2. So G is dense Gj.

LEMMA 3.6. Assume x does not belong to the ideal generated by ag,
B < a. (That is, x is not almost contained in a finite union of ag, B < «.)
Then G is dense open in the space (Yo, 7s).

Proof. This is similar to the proof of Lemma 3.5. By 3.3, basic open
sets of the topology 7, are finite intersections of the form ﬂj <mo F/st N

mj<m1 H:,ij # (), where s € 2<“ and (3;,7; < . By extending s if necessary,
we may assume |s| € I and, by Lemma 3.4, if we let i, = |s| then |(ik, ix+1) \
Ujcme 3,1 = (n 4+ 1)my. Next choose lo, ..., ln—1 € 2\ U;pp, ap; and I >
k41 with dgy1 < lp < li < -+ < lp—1 < 4;. Consider the set T of all
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t O s with [t| =i, t(l;) = 1 for all j < n and ¢(i) = 0 for all ¢ such that
i# 1 (J<n)and i ¢ (i, ik41) \ Ujorm, a8, -

Clearly, |T| > 200+ 0m - Also, [t] 0 (jpmg FS, # 0 for all t € T. By the
definition of H;l]? , it is easily seen that at most n 4+ 1 many ¢t € T do not
belong to the tree defining H7’. Hence for at most (n+1)my such t € T, we
may have [t] V[, F5 N jcm, HY7 = (. Since 2™ > (n 4 1)my, we
can find ¢ € T such that [t] ﬂﬂj<m0 F3 NN jem, HY # 0. Clearly, [t] C G™.
Thus, (;<m, Féj Nj<rm, HY? C G" and we are done. m

COROLLARY 3.7. A={aq:a <wi} is a MAD family.

Proof. Let z € 2. We need to show that there is an o < w; such that
| N aq| = Ng. Without loss of generality, we may assume that = does not
belong to the ideal generated by the a,. (Otherwise, the proof is trivial.)
Find o such that x € M,. By the previous lemma, G is dense open in
(Yy,7,) for all n € w. Since a, € Y, is Cohen-generic over M,, it follows
immediately that a, € G} for all n € w. Thus, as € (¢, Gy = G- Hence,
|aa N l’| =Np. =

3.3. The Gy sets U, witnessing that A is a o-set (construction of Yo11).
We now consider the second part of the construction: the construction of
the space Y,41 and its associated objects.

Assume we have a list (B, : @ < wy) of all Borel sets such that B, € N,,.
In N,, Bo N X441 has the property of Baire (because it is Borel) in the
space (Xq41,Sa+1). Therefore there are disjoint sets P, and O, with P,
closed and O, open, such that P, U O, = X441 and B, N P, is comeager,
while B, N O, is meager. Let P, O be decreasing sequences of open sets in
(Xat1,Sar1) such that P = int(P,), 0% = O, P C PYis dense, O" C O,
is dense, ,,c,, P € Ba, and (¢, O4 N Ba = 0.

The forcing IP consists of finite consistent sets p of conditions of the form:

e (n,ag) where § < a and ag ¢ Ba,

e (n,s) where s € 2<“ and |s| € I,

e (n,F) where F is a typical basic clopen subset of S,11 (see Observa-
tion 3.3),

such that:

o if (n,s) € p and |s| = 4; € I then there is i € (i;_1,7;) such that
s(i) =1,

e for each i € I and n € w there is at most one s with (n,s) € p and
sl =1,

e if (n,s) € pand |s| =i, € I thenl > n,

e if (n,ag) € p then (n,ag[m) ¢ p for all m,
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e if (n,F) € pthen FNX,y1 C PV,
e if (n, F') € p then there is s such that F' C [s] and (n,s) € p.

The ordering < is by extension. That is, ¢ < p < ¢ 2 p. This is a modifica-
tion of Silver’s standard forcing notion for turning a given set into a relative
Gy (see [7, Section 5], see also [8]).

[P is a countable forcing notion in N,. (Recall that M, is countable in
N, and so is M,[as], which contains X1 etc.)

Let us first check that we can always extend conditions appropriately.

LEMMA 3.8. Assume ag ¢ Bo and p € P. Then there are n € w and
q < p such that (n,ag) € q.

Proof. Choose n sufficiently large that no (n,s) appears in p and let
q=pU{(n,as)}. =

LEMMA 3.9. Assume ag € Bo, p € P and n € w. Then there are m € w
and q < p such that (n,aglm) € q.

Proof. First choose mg sufficiently large that:

e aglmg # a,[myg for all v such that (n,a,) € p,
e mg > |s| for all s with (n,s) € p,
e My > ip.

Then find 4;_; <7 <4 with mg < 4;_; such that ag(i) = 1. (This is possible
because I € My and such i ¢ I must exist by Cohen-genericity.) Let m = i,
and ¢ = pU {(n,ag[m)}. Clearly, all the requirements are satisfied. m

LEMMA 3.10. Assume F'N Xo41 C PY is non-empty open (in the sense
of (Xat+1,Sa+1)) and p € P. Then there are ) # H C F and q < p such that
(n,H) € q.

Proof. Shrinking F if necessary, we may assume without loss that ag ¢ F'
for all 8 with (n,ag) € p. Again choose mg such that

e [aglmo] N F =0 for all 5 such that (n,ag) € p,

e my > |s| for all s with (n,s) € p,

® Ny > Zn
Then find 74,1 < 7 < 4; with mg < 4;_1 and t € 2<% with t(i) =1, |t| =4
and FN[t] # 0 (in Xat1). The argument showing there is such a t is
similar to, but easier than, the proof of Lemma 3.6. Let H = F' N [t] and

let ¢ =pU{(n,t),(n,H)}. It is easy to see that ¢ is indeed a condition and
that ¢ < p. m

Let G be P-generic over N, with G € My11 (80 Ni[G] C My+1). Such a
G clearly exists because N, is countable in M, 1.
Set

U =J(lsl: 3p € G (nos) e p)},  HE =22\ UL
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Clearly, U7 is open in 2“ and H}} is closed in 2¥. Also, Uy = (), UJ is
a Gs set and Hy = (U, ¢, Hy is an F, set (in the standard topology). It is
immediate from the definition of the partial order PP that the U} and H[
satisfy all the stipulations required earlier.

Also set
v = (UtF:3p € G (1 F) € p)} N Xaya) U (04N Ha)

and let Vo, =), V"
Finally, as stipulated earlier,

Ya+1 =P, U (Xa—i-l N Ha) =P, U (Oa N Ha)

and 7,41 is the topology generated by S,+1 and by sets of the form FFNH[
where F'N X411 C Oy, F € Spq1-

COROLLARY 3.11. VB < « (ag € Uy & ag € B,).

Proof. (=) This follows by Lemma 3.8.
(«=) This follows by Lemma 3.9. =

LEMMA 3.12. All V' are dense open in (Yo+1, Zo+1). Consequently, V,
is dense Gs in (Yo+1, Ta+1)-

Proof. For (n,F) € p with p € G, FN X441 is open in Sy41 and thus in
Ta+1. Also all Ol N H]', m € w, are open in 7,41. Hence V' is indeed open
in Ya+1.

Therefore it suffices to show that the V' are dense. Let F' € 7,11 be
non-empty. We need to show V' N F # (). Without loss of generality, we
may assume F'N Xo411 C P, or FFN Xot1 € Og. In the first case, we must
have F' € Sy41, by definition of 7,41. By further shrinking F' if necessary,
we may assume F'N X,41 C PP By Lemma 3.10 and genericity, there is a
non-empty H C F, H € 8,41, such that HN X441 C V. Thus VN F # ().

Therefore we may assume F N X411 € Oy. Then F = F' N ﬂj<m HY
where F' € Sy1 with F/' N X411 C O,.

Work in the model N,, and assume p € P forces F' N ﬂj<m HY # 0.
By 3.3, F' = Vo 3, N Njem, Ho with 3; < @+ 1 and 7; < a. Without
loss of generality |s| € I. Since F’ C [s], we must have (n;,s') ¢ ¢ for any
j <m,s Csandq < p. (This means that for each such (n;,s") with
|s'| = i € I, either £ < n; or (n;,t) € p for some t # s with [t| = iy
or §'[(ig—1,i¢) = 0 or (nj,ag) € p for some  with s’ C ag. Otherwise
q=pU{(nj,s)} <p, a contradiction.)

Let sp O s, |so| € I, be such that so(i) = 0 for all ¢ with |s| < i < |sg]
and |so| > |s'| for all ' with (n;,s’) € p for some j. By the definition of P,
p still forces [so] N F' N (), Hy’ # 0. (The point here is that no (n;,s')
with s C sp and |s| < |¢'| < |sp| can belong to any ¢ < p.)
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Since O C O, is open dense (in the topology Su+1), we may find 0 #
k; .

H = ﬂj<m2 ngl N ﬂj<m3 H,! C [so] N F" with H' N Xqq1 € O} where
ma > mg, ms > mq, and so C s1. Without loss of generality |s1]| € I. Now
strengthen p to ¢ by adding appropriate conditions of the form (nj,s") with
s & s1, |s'| €I, |so| < |s'| <|s1] so as to guarantee that (nj,s’) ¢ r for any
j <m, s C sy and r <g. This means that q forces H' N[, _,, Hy # 0.

So, in the generic extension, we have () # H' N ﬂj<m HY NYa C
FNOlNH,=FnNV}. This completes the proof of Lemma 3.12. =

COROLLARY 3.13. V, NP, CU,NB,.

Proof. Clearly V' NP, C P} by definition of the forcing. Since ¢, Py
C By, it follows that Vo, N Py = (,,c,,(Val N Pa) € Ba. The definition of the
forcing also gives V) N P, CUJ}. Thus, Vo, NP, CU,. =

COROLLARY 3.14. (Vo N O,) N (B, UU,) = 0.

Proof. It is immediate from the definition that Vo, N Oy = (e, Oa) N
H, C H,. Since U, = 2%\ H,, it follows that (Vo N O4) N U, = (. Also,
Nhew OaNBa =050 (VaNOy)NBy=0. m

COROLLARY 3.15. V, is dense Gs in (Yat1,Za+1) such that for all x €
Vo, x €Uy & x € B,

Proof. This is immediate from Lemma 3.12 and Corollaries 3.13
and 3.14. u

The point for having this result is that if we add x to Y,4+1 by Cohen
forcing (e.g. if we add an+1) then x belongs to U, if and only if it belongs to
B. So we can hope that Corollary 3.11 also holds for § > «. However, for
this we need that the denseness of V,, is preserved along the construction.

LEMMA 3.16. For alln € w, § < a, V&' NY, is dense open in (Yo, 7o)
and Vi 0 Xaq1 is dense open in (Xa+1,Sa+1)-

Proof. Fix § and n. The proof is by induction on «a.

Basic step: « = f+ 1. Then VinY,=Vg and the claim for Y, follows
from Lemma 3.12.
For X,41, argue as follows. Let s € 2<% and let F = (), i<mo F3

Vi

Nj<ma Hg_j # () be a basic clopen set in (Y4, 7,) where v;,d; < a (see 3.3).
Assume [s| € I. We need to show that F'NF3N VN Xap1 # 0.

Work in the model M. Let p = (; 4, Ff NNj<ky Hlj # () be a condition
in the Cohen forcing in the space (Ya, 74). Assume |t] 6 I. We need to find
a stronger condition ¢ < p forcing that F' N F¥ N Vin Xoq1 # 0.

If |s| > |t| then let sp = s. Otherwise, define 50 as follows. Extend s to

so with |so| = |t| and so(¢) = 0 for all ¢ with |s| < ¢ < |sg|. Notice that by
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definition of the F7}. and Hnjj, we must have [so] N (;,0 Fy, N (j<my gjﬂ
# 0. That is, (;<pmy F5° N Njcim, H;jj is still basic open in (Yaﬂ;).

Since V§' MY, is dense open in Y, (Lemma 3.12), we may find () # H =
Nj<ms 5 N j<ms H{7 C [so)NF with HNY, C Vi MY, where ma > my,
ms > m and so C s1. Assume |s1| € I.

Extend ¢ to t; with |t1]|=|s1| such that ¢;(:) = 0 for all ¢ with [¢t] < i < |t1].

Again by the definition of the thj and Hé;, qg=1[]lNp = FEJ N

ﬂj<k1 Héi # () is a condition strengthening p. Clearly, ¢ forces H N FSt % ().
Since t1(i) = 0 for [t| < i < [t1], ¢ also forces F$1 C F%. Furthermore, since
so(i) = 0 for |s| < i < [so|, q forces F50 C F.

So, in the generic extension, we have ) 2 HNF' N X, C FNESN
Vi N Xaq1. This completes the basic step.

Induction step (successor): o = ag + 1. First deal with Y, = Ya,41. We
assume V' N X, is dense open in (Xo,Sa). Let F'=F'N(;_,, Hpyl where
F’' € 8,. Work in the model N,, and repeat the second part of the argument
of the proof of Lemma 3.12 with O} replaced by %

We leave the details to the reader.

The induction step for X,4+1 = Xqy42 is like the basic step.

Induction step (limit): cv is a limit ordinal. Then X, =Y, = ﬂ7<a X, =
(V<o Yy If I is a basic clopen in (Xq,Sa) then by construction there is
v < acsuch that F is basic clopen in (X, S,). Thus, there is a basic clopen
H C Fwith § # HN X, C FNVgNX, by the induction hypothesis. Now
simply notice that H N X, # 0 (see Lemma 3.5 and the comment after its
proof), so we are done.

This completes the proof of Lemma 3.16. =

COROLLARY 3.17. Vo, 8 < wi (ag € Uy & ag € B,).

Proof. For 8 < « this is simply Corollary 3.11. So assume 3 > «. Fix n.
By Lemma 3.16, V' N Y3 is dense open in Yj. Since ag is Cohen-generic in
Y over Mg, ag € V! follows. Thus, ag € () = V,. By Corollary 3.15,
ag € U, & ag € B,. =

new

COROLLARY 3.18. A= {aq:a <wi} is a o-set.

Proof. By Corollary 3.17, AN B, = ANU, for all & < w;. Since for
every a < wi, U, is a Gy set, we conclude that every Borel set is a relative
Gs and we are done. =

4. Generalizations. Theorem 2 can be generalized under the assump-
tion that a large enough fragment of Martin’s axiom MA holds. Say a set of
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reals X C 2¥ is c-concentrated on Y C 2% if for any open U D Y, we have
| X\ U] < ¢ (see [6]).

THEOREM 4.1. Assume MA(o-centered). Then there is an infinite MAD
family which is c-concentrated on a countable subset of itself.

Sketch of proof. This is like the proof of Theorem 2 in Section 2, but we
need to replace the recursive construction of the a, by a forcing argument.

As before, we assume (x) for (a, : n € w) and construct a,, a > w,
satisfying conditions (1) through (4). At stage «, we consider the p.o. R
which consists of pairs (s, X) where s € 2<“ and X C {ag : # < a} is finite,
ordered by (t,Y) < (s,X) ift D s, Y D X, and (i) = 0 for all |s| <i < |¢|
with ¢ € |J X. This is the standard o-centered forcing notion for adding a set
almost disjoint from all ag, 8 < «. The arguments in the proof of Theorem 2
now translate to density arguments which show that, if the generic a,, meets
all relevant dense sets, then it will satisfy conditions (1) through (4). Thus,
using M A (o-centered), the construction can be carried out. m

We do not know whether Theorem 1 can be generalized as well.

CONJECTURE 4.2. Assume MA(o-centered). Then there is a MAD o-
set.

The approach taken in Section 3 does not seem to generalize easily: if
a > wi, the spaces (Xq,Sa) and (Ya, 7o) would not be second-countable
(and thus not Polish) anymore, and while this does not affect much Sub-
sections 3.1 and 3.2 (Cohen forcing would have to be replaced by the o-
centered partial order Q consisting of conditions of the form p = F ng N

N i< H;lf # (), of course), it does affect the argument at the beginning of
Subsection 3.3: there we used the fact that B, N X411 has the property of
Baire in the Polish space (Xa+1,Sa+1)-

j<mo

Also we do not know to what extent the assumption MA (o-centered)
can be weakened in Theorem 4.1.
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