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Superstability in simple finitary AECs
by

Tapani Hyttinen and Meeri Kesila (Helsinki)

Abstract. We continue the study of finitary abstract elementary classes beyond No-
stability. We suggest a possible notion of superstability for simple finitary AECs, and
derive from this notion several good properties for independence. We also study con-
structible models and the behaviour of Galois types and weak Lascar strong types in this
context.

We show that superstability is implied by a-categoricity in a suitable cardinal. As
an application we prove the following theorem: Assume that (K, <x) is a simple, tame,
finitary AEC, a-categorical in some cardinal x above the Hanf number such that cf(k) > w.
Then (K, k) is a-categorical in each cardinal above the Hanf number.

1. INTRODUCTION

Saharon Shelah developed the context of abstract elementary classes as
a platform to study classification theory for non-elementary classes. In this
context one does not study structures in any specific language, but a class
K of structures of the same similarity type with an abstract elementary
substructure relation k. This framework is very general, and one might
need to refine the axioms of the class to generalize machinery from stability
theory for AECs. Several different contexts have been studied, and most
of them assume at least amalgamation (see [21], [22], [23], [25], [4], [7], [17]
or [2]). We introduced the context of finitary abstract elementary classes. We
assume amalgamation, joint embedding and arbitrarily large models in order
to work inside a monster model. In addition we assume the Lowenheim—
Skolem number being countable and a property we call finite character.
When & and % are models in the class K, finite character says that we can
detect whether &/ <g £ by only looking at finite tuples a € 2/ and checking
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whether the Galois type of the tuple a in o/ agrees with its Galois type
in 4. The main non-elementary examples of finitary classes are homogeneous
classes (see [18] or [14]), and excellent classes (see [20] or [16]). There are
several frameworks of AECs with an abstract notion of independence, where
the definition is not specified but only axioms for the independence calculus
are given; see for example Shelah [24], Grossberg and Kolesnikov [5] or
Grossberg and Lessmann [6]. See also Adler [1] for a first-order framework.
Our work differs from these in that we construct the actual notion.

In the papers [11] and [12] we studied the Ryp-stable case. (See also [10].)
We introduced a notion of weak type and weak A-stability for a cardinal A.
We also studied a notion of strong type called Lascar strong type, written
Lstp, which is the equivalence class of a tuple in the finest invariant equiva-
lence relation with a bounded number of equivalence classes. We defined a
notion of independence with a built-in extension property in the style of [14].
We also found useful the concept of simplicity, which is the property that |
satisfies @ | 4 A for all tuples @ and finite sets A (1). In the Ro-stable case,
simplicity guarantees that we have the independence calculus for all sets,
not only for Rp-saturated models. This approach generalizes the one in [13]
for excellent classes.

The main point of interest in this paper is again a notion of indepen-
dence. We find the obvious notion of superstability, namely weak stability in
large enough cardinals, insufficient to gain good behaviour for the notion of
independence. We call this notion weak superstability and take as the main
notion the following.

DEFINITION 1.1. We say that the class (K, xk) is superstable if it is
weakly stable in at least one cardinal and the following holds. Let (A )n<w
be an increasing sequence of finite sets such that J, ., A, is a model, and
let @ be a tuple. Then there is n < w such that a |4, Apy1.

The properties of the notion of independence under superstability are
collected in Theorems 3.5 and 3.13. In Theorem 3.5 we study a super-
stable simple finitary AEC. In Theorem 3.13 we also assume the Tarski—
Vaught property and gain all the usual properties of non-forking of com-
plete types. The Tarski—-Vaught property makes it possible to have count-
able constructible models. It says that we have countably many “abstract
formulas” such that each set which is “existentially closed” relative to them
is a K-elementary substructure of the monster model. We also prove that
Ng-stable simple finitary classes are superstable (Corollary 3.28) and have
the Tarski—Vaught property (Remark 3.9).

(*) In [11] and [12] we actually studied an a priori stronger notion but we will see that
the notions agree under No-stability.
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The most important notion of type in the context of AEC is Galois type.
The notion was introduced by Shelah, and named Galois type by Grossberg
in [4]. In our context two tuples @ and b have the same Galois type over
a set A, written tp8(a/A) = tp8(b/A), if there is an automorphism of the
monster model mapping @ to b and fixing A pointwise. The behaviour of
these types is a key question in model theory.

Grossberg and VanDieren have studied abstract elementary classes with
amalgamation and p-tameness for some p (see [7]-[9]). The class (K, k)
is said to be u-tame if for any tuples @ and b and a model <7, tp&(a/</) #
tpe(a/<7) implies that there is a submodel o <k & such that |« < p
and tp®(a/ <) # tp8(a/ ). This assumption implies many good properties
for an abstract elementary class, for example we gain upwards categoricity
transfer from a successor cardinal k™ > max{LS(K)™, u}. However, in many
examples Galois types have finite character, that is, if the Galois types of a
and b differ over a set A, there is some finite subset Ag C A such that their
types differ already over Agp. Elementary classes as well as homogeneous
classes have this property. Also in excellent classes the same holds when
A is assumed to be a model, and in Ng-stable finitary classes when A is a
countable model.

We take as our basic notion of type the weak Lascar strong type, which
has finite character by definition. Two tuples @ and b have the same weak
Lascar strong type over A, written Lstp%(a/A) = Lstp™(b/A), if for all
finite Ag C A we have Lstp(a/Ag) = Lstp(b/Ag). We study the relation
between these types and Galois types in simple finitary classes. Assuming
superstability and the Tarski—Vaught property we deduce that when A is a
countable set and tp&(a/A) # tp8(b/A), there is a finite Ay C A such that
Lstp(a/Ag) # Lstp(b/Ag) (Theorem 3.19). If we also assume Ng-tameness,
the same holds when A is an arbitrary model (Theorem 3.20), and fur-
thermore if A is an a-saturated model, we find a finite Ay C A such that
tpe(a/Ag) # tp8(b/Ap) (Theorem 3.21). A model & is a-saturated if every
Lascar strong type over a finite subset is realized in <.

In the Np-stable case, the class of Ng-saturated models of K, written K,
is an interesting subclass of K. Splitting behaves well in this class and we
have the full categoricity transfer in (K, k), when (K, <) is an Rg-stable
and Np-tame simple finitary class (Corollary 4.14(1) of [12]). In this paper
we study the class (K,, k), where K, is the class of a-saturated models
of K. Note that when (K, k) is a finitary class, the class (K,, k) is an
abstract elementary class but not necessarily finitary, since its Lowenheim—
Skolem number might be uncountable. We define a-categoricity to mean
categoricity for the class (K,, <k), and show that a-categoricity in certain
cardinals implies superstability for (K, k). In Section 4 we define an iso-
lation notion for weak Lascar strong type and a concept of an a-primary
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model. We prove an a-categoricity transfer result and state some open ques-
tions.

After this paper was submitted, David Kueker announced new results
that are very relevant to our framework [15]. His results state that any fini-
tary class is closed under Loo,-equivalence, <x coincides with the notion
of Loo,-elementary substructure over Ng-saturated models and weak types
equal Loo,-types in the monster model. Furthermore, if a finitary class is
No-stable, the class (K, <k) is definable with a complete sentence in Ly,
and L., can be replaced with a countable fragment of L, .. We decided
not to change the notation in this paper, although some notions like “ab-
stract formula” can now be seen in a different light. However, we decided
to rewrite the paper [12] taking these results into account. The paper will
include discussion on how our work fits into the study of non-elementary,
syntactically defined classes and will present several examples. The exam-
ples also show that there are simple, superstable finitary classes with the
Tarski—Vaught property which are not definable with a sentence in L,,,,. We
will also give a proof that the example studied in [3] is simple, and hence
there is a simple, finitary, Ng-stable class which is not tame and thus neither
homogeneous nor excellent.

We assume the reader to be familiar with the notions of abstract elemen-
tary classes and the most common concepts in stability theory for these, like
amalgamation, Galois type and the monster model. We also refer to the re-
sults in [11] and [12] without proof.

2. INDEPENDENCE

In [12] we studied finitary AECs (K, k), which are abstract elementary
classes with Lowenheim—Skolem number Ry, amalgamation, joint embed-
ding, arbitrarily large models and finite character. Models in these classes
are models of a countable vocabulary 7. First we defined a notion of a Galois
type over the empty set for a tuple @ in a model &7, written tp2(a/0, ),
such that

tpt(a/0, ) = tps(b/0), B)
if there is ¥ € K and K-embeddings f : & — % and g :  — € such that

f(a) = g(b). Then we defined finite character to be the following property.

AssuMPTION 2.1 (Finite character). Assume that o C % are models
and for all tuples a € o,

tp®(a/0, o) = tp*(a/0, 2).
Then of is a K-elementary submodel of A.

A wuseful consequence of the finite character property is that, when
g P and f . &/ — 9B is an embedding, then f is a K-elementary
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embedding if and only if f preserves the Galois types of finite tuples, i.e.
tpt(a/0, #) = tp*(f(a)/0, #)

for all tuples a € /. With the usual Jénsson—Fraissé construction we obtain
the following theorem.

THEOREM 2.2 (Monster model). Let pu be a cardinal. There is M € K
such that:

(1) Universality: For all o € K such that | /| < p, there is a K-
embedding f : of — 9.

(2) K-homogeneity: For all of g 9 such that |/| < p and K-element-
ary f: o — M, there is g € Aut(IM) extending f.

We say that a set A C M is M-bounded if |A| < p.

We will always assume that all sets we consider are contained in a mon-
ster model M, and are MP-bounded. We say that o7 is a model if &7 € K
and & <g M.

We will only consider such monster models when p is a limit cardinal.
With finite character we get an even stronger version of (2), namely:

2 or a <K M such that < p and mappings f : — M suc
") For all & M such that |«7| < p and i f 9/ — 9M such
that for all finite tuples a € <7,

tp&(a/0, ) = tp#(f(a)/0,M),
there is g € Aut(9M) extending f.

The monster models are p-saturated in the following sense: if 9 <k MM are
two monster models and A C 9, B C MM are M-bounded sets, there is an
automorphism of M’ fixing A and mapping B into 9.

When @ and b are in a monster model 90, we have tp2(a/0, M) =
tpe(b/0, M) if and only if there is f € Aut(91) mapping @ to b. Also for
an arbitrary set A we write tp&(a/A, ) = tp8(b/A, M) if and only if there
is f € Aut(9/A) mapping a to b, where

Aut(M/A) = {f € Aut(ON) : f[A is the identity}.
We define another notion of type, called the weak type, by_tpw(d/A, m) =
tp%(b/A, M) if for each finite Ag C A, tps(a/Ag, M) = tp(b/Ao, M).

REMARK 2.3. Let A and sequences I, J be bounded in a monster model
9. Let also a monster model M’ extend M. Then there is f € Aut(M/A)
sending I to J if and only if there is g € Aut(9/A) sending I to J.

By Remark 2.3, if a,b € M, A C M is M-bounded and M <k M are

monster models, then

tp#(a/A, M) = tp(b/A, M)
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if and only if

tps(a/A, M) = tpe(b/A, M).
Since we assume that all the sets under discussion are bounded subsets of
the monster model, we write only tp#(a/A) for Galois type and tp%(a/A)
for weak type.

For any 9M-bounded ordinal a, we say that a sequence (a@;);<q of tuples
is strongly A-indiscernible in 901 if for any 91-bounded ordinal § > « we can
extend the sequence to (@;);< such that for any partial order-preserving f :
B — B we can find F' € Aut(9/A) mapping a; to ay;) for each i € dom(f).

The proof of the following lemma is skipped, but it is proved as Propo-
sition 2.13 in [12].

LEMMA 2.4 (Shelah). For every 9M-bounded cardinal k there exists a
cardinal H(k) such that the following holds. Whenever A is a set of size k
and (ELZ')KH(K) C M are distinct tuples, there exists a strongly A-indiscernible

sequence (b;)i<w n M such that for each n < w there are iy < -+ < ip <
H(k) such that

tp®(bo, . .., bn/A) = tp®(aig, - . . , @i, [A).
Furthermore, if I is any linear ordering, there exists a monster model I
extending M and (a;);er in M such that for anyn < w and jo < -+ < j, € I
there are ig < --- < iy, < H(k) such that

tp(bo, . .., bn/A) = tp®(aiy, - . . , @i, [A).

We write H(Ro) = H. We know that H = Jyx,)+, which is the so called
Hanf number of abstract elementary classes with LS(K) = Ry. We will always
assume that the cardinal y related to the monster model is closed under the
operation H(-), that is, when a set A is bounded in 9, also the cardinal
H(|A]) is bounded in 9. We can find arbitrarily large such cardinals: for
any &, define g = & and prp 41 = H(pn). If =, o, tin, then A < g implies
H(\) < p.

Now we see that also the notion of any finitely many tuples being in-
cluded in a strongly A-indiscernible sequence is independent of the mon-
ster model for bounded A. Let (ag,...,a,) be included in some strongly
A-indiscernible sequence (a;)i<o in 9. We can extend this sequence to the
bounded length H(|A|). Then in any monster model 9 such that 9 <x MV,
there is a strongly indiscernible (b;);<» and ig < --- < i, < H(|A|) such that

tp®(bo, . .., bn/A) = tp®(aig, - . ., a;, JA) = tp8(ao, . .., an/A).
Thus we have f € Aut(9/A) mapping by to @ for each 0 < k < n. The
sequence (f(b;))i<y is strongly indiscernible in the extended monster model.

Similarly, Lemma 2.4 implies that if there are more than H(|A|)-many
distinct tuples, then for any n < w we can find some n of these tuples such
that they are the beginning of a strongly A-indiscernible sequence.
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We say that a weak type tp%¥(a/A) Lascar-splits over a finite £ C A if
there is a strongly E-indiscernible sequence (a;);<. such that ag,a; are in A
and tp¥(ap/a U E) # tp“(a1/a U E). The notion of Lascar-splitting is also
independent of the monster model. We define our notion of independence
with built-in extension property.

DEFINITION 2.5. We say that a is independent of B over A, written
a lA Bv

if there is a finite £ C A such that for all monster models 9’ extending 9
and D C 9V such that AU B C D there is a monster model 9" extending
M’ and b € M” such that tp™ (b/AU B) = tp“(a/AU B) and tp" (b/D) does
not Lascar-split over FE.

If M <k M’ are monster models and a, A U B C 9 are bounded, then
als BinMif and only if @ |4 B in M’. Also by p-saturation, if D in the
above definition is M-bounded, then we can find b in 9.

We study several monster models instead of one, since we want to be
exact with our notion of boundedness. Usually the monster model is only
assumed to be “large enough” and all sets in question “small enough”, but
we want to be clear with the details. The main difficulty with only one
monster model would be in the proof of Proposition 2.7, where we would
have to assume that a bounded union of bounded sets is also bounded. On
the other hand, we want the least unbounded cardinal in 91 to be a limit,
and hence it would have to be a regular limit cardinal. It is consistent with
ZFC that such cardinals do not exist above Ng.

The following properties are clear by the definition.

PROPOSITION 2.6.

(1) Invariance: Assume that f is an automorphism of M, a, A, B C M
are bounded and a |x B. Then f(a) 4y f(B). Also if tp”(b/B) =
tp¥(a/B), then b | 4 B.

(2) Monotonicity: Assume that A C B C C C D and a |a D. Then
alpC.

(3) Restricted local character: Assume that a |4 B. Then there is a
finite E C A such thata |p (AU B).

Now we see that “built-in extension” truly gives us the extension prop-
erty.

PROPOSITION 2.7 (Extension). Assume that a |4 B and A C B C D
(where all the sets are bounded in ). Then there exists a’ (€ M) such that
tp¥(a/B) = tp¥(a'/B) and @' |4 D.

Proof. By Proposition 2.6(3), we may assume that A is finite. Enumerate
all types tp“(b;/D), i < k (in 9M), such that tp“(b;/B) = tp“(a/B) and
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tp¥(b;/D) does not Lascar-split over A for all i < . This set is nonempty,
since @ | 4 B. For each i < k, if b; 44 D, let E; C 9M; be a set witnessing this,
i.e. some set in some monster-extension 9M; such that D C E; and tp™ (b;/ D)
does not have a non-splitting extension to E;. If bi laD,let E; =D.

The set E = |J,.,, E; is bounded in some monster-extension 9. But
a |4 B alsoin 9V, and thus there is b € 9 such that tp¥(b/B) = tp“(a/B)
and tp“ (b/E) does not Lascar-split over A. Now tp¥(b/D) does not Lascar-
split over A either, and by p-saturation, there is i < & such that tp%¥(b/D) =
tp%(b;/D). But tp™ (b;/D) has a non-splitting extension to F;, namely b, and
thus b; |4 D, and b; is as required. m

We use both notations ab and EL’_\E for the concatenation of tuples. We
can also abbreviate a U b for {a} U {b} and a € A for a € A8(@),

PROPOSITION 2.8 (Finite Pairs Lemma). Let B be finite and A C B.
Assume thata |4 B and b | a0z BUa. Then a™b |4 B.

Proof. Assume, for contradiction, that a~b 44 B. In particular, the finite
set A does not witness that a~b | 4 B. Hence, there is D containing B such
that whenever tp%(a’,b'/B) = tp¥(a,b/B), then tp%(a', b’ /D) Lascar-splits
over A. We may increase the set D if necessary, and assume that it has the
following property: For every finite A C D and tuples ag,a; € D such that
they are a beginning of a strongly A-indiscernible sequence (a;);<p, there is
one such sequence in D.

By definition there is a’ € 9’ such that tp¥(a’/B) = tp“(a/B) and
tp%(a’'/D) does not Lascar-split over A. Since B is finite, we have f €
Aut(9V/B) such that f(a) = @. Now tp“ (@, f(b)/B) = tp“(a,b/B), and
thus f(b) |auar B U @'. Again by definition there is b’ € 9 such that
tpV(¥'/BUa) = tp“(f(b)/BU@) and tp¥(b'/D Ua’) does not Lascar-split
over AUa’. Hence also tp%(a’,b'/B) = tp™ (@, f(b)/B) = tp“(a,b/B).

Let (¢;)i<. be strongly A-indiscernible such that tp8(¢q/A U a’ Ub) #
tps(e1/AUa Ub) and ¢, ¢ € D. By strong indiscernibility, this sequence
extends to a strongly A-indiscernible (¢;);<u. By the above property of D,
we may assume that (¢;);<m is in D. Since there are either H-many ¢; not
realizing tp(éy/A U a’ Ub') or H-many & not realizing tp?(¢,/A U a’ U b'),
we may assume that

tps(co/AUa Ub) # tpd(e;/Aua Ub)
for each ¢ < H.
We claim that (¢;);<p has the property that for any ig < i3 < H,
tp™ (¢, ¢, JAU @) = tpW (o, e1 /AU T).
Assume, for contradiction, that there are ig < i1 such that the above does
not hold. We check the following three possibilities:
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(1) 1 <o,
(2) ip =0,
(3) o = 1.

Assume that (1) holds. Since H is an infinite cardinal, we may skip fewer than
H-many tuples if necessary and assume that g = 2 and 7; = 3. The sequence
(d;)i<n, where d; = (Cat2n, Casont1) for i = a+n < H, a limit and n < w,
is strongly A-indiscernible and tp#(dy/AUa’) # tp8(di/AUa’). Then we find
that tp%¥(a’/D) Lascar-splits over A, a contradiction. If we have (2), then
the sequence (Cy, ¢;);<p is strongly A-indiscernible with tp¥ (&, ¢;, /AUa@’) #
tp%(co,c1/A U @’). We infer again that tp%(a’/D) Lascar-splits over A, a
contradiction.

Assume that (1) or (2) does not hold, and thus for all indices iy < i1 such
that tp™ (&, ¢, /AU a’) # tp¥(co,é1 /AU @), we have ip = 1. We can study
the strongly A-indiscernible sequence (&;)i<H, i1, since tp&(co/AUa’ U V) #
tpe(c2/AUa’ Ub) and ¢, € D. The claim holds for this sequence.

We have shown the claim. Now by Lemma 2.4, there is a strongly (AUa’)-
indiscernible sequence (¢});<. such that tp(¢y, ¢} /AU a’) = tp(é,, ¢, JAUa)
for some ip < iy < H. By the previous claim we have f € Aut(9'/A U a’)
mapping (¢, &) to (¢o,¢1) and thus may assume that ¢, = ¢y and ¢, = ¢;.
Since tp®(co/(AUa' )Ub') # tpé(e1/(Aua’)ub'), it follows that tp¥ (b'/D U @)
Lascar-splits over AU a’, a contradiction. m

Let A C 9 be a bounded subset and a € M a tuple. We say that
tp¥(a/A) is bounded if the set {b € M : b = tp¥(a/A)} is bounded in M.
We see that if tp%¥(a/A) is bounded, then

{beM:bl=tp¥(a/A)} < H(|A)]).

Namely, if the set had some bounded size x > H(]A|), we could find a
strongly A-indiscernible sequence of distinct tuples realizing tp%¥(a/A). Hence
by strong indiscernibility, there would be at least x*-many tuples in 90t
realizing tp%¥(a/A). This is a contradiction. Since in any monster model
H(|A]) is bounded if and only if A is bounded, a type tp“(a/A) is bounded
in 90 if and only if it is bounded in all extending monster models. Also
by p-saturation, if A is bounded in 9, tp%(a/A) is bounded and MM’ is a
monster model extending 91, then {b € M : b = tp™(a/A)} ={be M : b |
tp*(a/A)}.
LEMMA 2.9. Let A be finite.

(1) Iftp¥(a/A) is bounded, then a |4 B for any B.
(2) If tp¥(a/A) is not bounded, then a {4 a.

Proof. Let M’ be any monster-extension and D C M’ any set. Assume

that tp%(a/B) does split over A. Let (b;);<u be strongly A-indiscernible
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such that tp8(bg/A U {a}) # tp8(b1/A U {a}). There has to be either H-
many i such that tp8(b;/A U {a}) # tp(bo/A U {a}) or H-many i such that
tpe(bi/A U {a}) # tp8(bi/A U {a}). Thus we may assume tp" (b;/A U {a})
# tp¥(bo/A U {a}) for all 0 < i < H. By strong A-indiscernibility, for each
i < H, there is f; € Aut(9V/A) such that f;(by) = b,y for all k < H. Now
if i < j then f;j(a) # fj(a). Otherwise we would have (f;'o f;)(@a) = a
and (fi' o f;)(bo) = by, for k > 0. Now (fi(a));<n are different realizations
of tp¥(a/A), and the type tp¥(a/A) is not bounded. Thus if tp¥(a/A) is
bounded, tp%¥(a/D) does not split over A for any D or monster-extension 9.
This proves (1).

To prove (2), assume that tp“(a, A) is not bounded. There are H-many
tuples b such that tp#(b/A) = tp8(a/A). By Lemma 2.4, there is a strongly
A-indiscernible sequence (a;);<, of distinct tuples such that tp%(ag/A4) =
tp8(a/A) and hence tp#(a;/A) = tp#(a/A) for each i < w. Furthermore,
since we have f € Aut(9t/A) mapping ag to a, we may assume that ap = a.
Assume, for contradiction, that @ | 4 a. Let @’ be such that tp%¥(a’/AU {a})
= tp¥(a/E U {a}) and the type tp¥(a'/A U {a; : i < w}) does not Lascar-
split over A. But now we must have @’ = @ and this is a contradiction, since
tp8(ap/AU{a}) # tp?(a1/A U {a}) and thus tpV(a/AU{a; : i < w}) does
Lascar-split over A. This proves (2). =

PROPOSITION 2.10. Let A C B be finite, a |4 B and B C D. There is
a’ such that (a,a’) is a beginning of a strongly B-indiscernible sequence and
a |aD.

Proof. If tp%¥(a/A) is bounded, we can take the constant sequence, which
is strongly A-indiscernible, by Lemma 2.9(1). We assume that tp¥(a/A) is
unbounded. By extension there are a; for ¢ < H such that tp“(a;/B) =
tp“(a/B) and a; |4 BUJ;,{a;}. By Lemma 2.9(2) and monotonicity we
have a; # a; for any j # 4. Thus there are jo,j1 < H such that (a;,,a;,) is
a beginning of a strongly B-indiscernible sequence. Since B is finite, there
is f € Aut(9M/B) mapping aj, to a. Define a* = f(a;,). Now (a,a*) is
the beginning of a strongly B-indiscernible sequence and a* |4 B U {a}.
Again by extension there is @’ such that @’ |4 D and tp%¥(a’/B U {a}) =
tp¥(a*/BU{a}). Let g € Aut(B U {a}) be such that g(a*) = @’. Then also
(9(a),g(@*)) = (a,a’) is a beginning of a strongly B-indiscernible sequence. m

2.1. Lascar strong types. We say that an equivalence relation F in a
monster model M is A-invariant if it is preserved by each f € Aut(9/A).
We also say that an equivalence relation E is bounded if the number of
equivalence classes of E in 9t is bounded. If F' is a bounded and A-invariant
equivalence relation and (a;);<, a strongly A-indiscernible sequence, then
E(a;y,a;,) for each ip,i1 < w. Otherwise due to A-invariance we would
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get = E(a;,a;) for each a;,a; in the sequence. If the number of equivalence
classes of E is x, we could extend the sequence to the length of kT, and get
a contradiction.

We conclude that if an A-invariant equivalence relation has a bounded
number of equivalence classes in 91, the number must be strictly less than
H(|A|). Also by u-saturation it cannot have any other equivalence classes in
any extending monster model.

DEFINITION 2.11. We say that sequences @ and b have the same Lascar
strong type over A, written

Lstp(a/A) = Lstp(b/A),

if ¢(a) = £(b) and E(a,b) holds for any A-invariant and bounded equivalence
relation E of ¢(a)-tuples.

Each tuple in a strongly A-indiscernible sequence has the same Lascar
strong type over A. Thus the number of Lascar strong types over a set A
is strictly smaller than the cardinal H(|A|). This holds by Lemma 2.4, since
for any sequence (a;)i<, for k > H(A), there are indices i < j < K such
that the tuples a;,a; are in the same strongly A-indiscernible sequence. As
a corollary of Proposition 2.10 we get the following.

COROLLARY 2.12. Let AC BC D anda |4 B, where B is finite. Then
there is @' such that Lstp(a'/B) = Lstp(a/B) and @ |4 D.

We give an equivalent condition for two tuples to have the same Lascar
strong type over A.

PRrROPOSITION 2.13. The following are equivalent.

(1) Lstp(a/A) = Lstp(b/A).

(2) There ezists n < w, a; for i < n and strongly A-indiscernible se-

quences J; for i < n such that ag = a, a, = b and a;, ;41 € J; for
1< n.

Proof. Since elements in a strongly A-indiscernible sequence have the
same Lascar strong types over A, (2) implies (1). We show that (1) im-
plies (2). It is enough to show that the relation defined by (2) is an A-
invariant equivalence relation with a bounded number of classes. It is clearly
A-invariant, transitive and symmetric. The trivial strongly A-indiscernible
sequence (a);<, shows that it is also reflexive. It remains to show that it is
bounded. Assume that it would not be bounded, and thus there would be
H(]A])-many inequivalent tuples. But by Lemma 2.4, at least two of these
elements would be included in some strongly A-indiscernible sequence, a
contradiction. =

At least by the previous proposition it is clear that the relation Lstp(a/A)
does not depend on the possible extension of the monster model.
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If (@;)i<q is a strongly EUc-indiscernible sequence, the sequence (@;¢);<q
is strongly FE-indiscernible. The above proposition implies that

Lstp(a/E Ue) = Lstp(b/EUe) = Lstp(ac/E) = Lstp(be/E).

DEFINITION 2.14. We say that f € Aut(9/A) is a strong automorphism
over A if Lstp(a/A) = Lstp(f(a)/A) for each tuple a.

We define Saut(9t/A) to be the group of strong automorphisms fixing A
pointwise. The group Saut(90t/A) is a normal subgroup of the automorphism
group Aut(9/A).

PROPOSITION 2.15. The following are equivalent for a bounded A.

(1) Lstp(a/A) = Lstp(b/A). )
(2) There is f € Saut(9M'/A) such that f(a) = b.

Proof. By the definition of a strong automorphism, (2) implies (1). To
prove that (1) implies (2), we show that the equivalence relation defined
by (2) is A-invariant and has a bounded number of equivalence classes.
First, it is A-invariant due to the normality of the subgroup Saut(9t/A)
of Aut(9M/A). To prove that it is bounded, assume to the contrary that
(@i)i<m(m(4)) arve distinct tuples. We remark that the cardinal H(H(|A[))
is bounded. Let o/ be a model of size H(|A|) such that A C &/ and each
Lascar strong type over A is represented in /. By Lemma 2.4 there are
iop < i1 < H(H(JA])) = H(|«/|) such that (a;,,a;, ) is the beginning of a
strongly «7-indiscernible sequence. Thus there is f € Aut(9/.</) mapping
i, t0 @i, . We show that this automorphism is actually strong over <7, which
implies that a;, and a;, are equivalent. For this, let a € 91 be arbitrary.
There is @’ € & realizing Lstp(a/A). Since Lstp is an A-invariant notion
and f(a') = a’, we conclude that

Lstp(f (a)/A) = Lstp(f(a') /A) = Lstp(@'/A) = Lstp(a/A). =

The above equivalence implies that if Lstp(a/A) = Lstp(b/A) and ¢ is an
arbitrary tuple, we can always find d such that Lstp(ad/A) = Lstp(bc/A).
LEMMA 2.16. Assume that &7 is an Ng-saturated model. Then the fol-
lowing are equivalent.
(1) tp¥(a/’) Lascar-splits over finite E C </ . B
(2) There are tuples ¢,d € </ such that Lstp(¢/E) = Lstp(d/E) but
tpt(¢/E Ua) # tps(d/E Ua).

Proof. Item (1) implies (2) by the definition. We show that if (1) does
not hold, then neither does (2). For this, assume that tp“(a/<) does not
Lascar-split over E and ¢, d are distinct tuples in 7 such that

Lstp(¢/E) = Lstp(d/E).
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By Proposition 2.13 there are strongly FE-indiscernible sequences I and
tuples (@y,apr1) € I for 0 < k < n such that a9 = ¢ and @,41 = d.
Since &7 is Nyp-saturated, we may assume that each a is in /. But now,
since tp%¥(a/FE) does not Lascar-split over E, we must have tp¢(ap/F Ua) =
tp8(a1/EUa) = - - = tp8(an/E Ua) = tp8(ans1/EUG). u

We define that a model & is a-saturated if each Lascar strong type over
a finite subset of &7 is realized in <.

2.2. Restricted properties with simplicity and weak stability.
We introduce new properties called weak stability and simplicity. We say
that (K, xk) is weakly stable in a cardinal \ if whenever |A| < X and (a;);<\+
are tuples, there are ¢ < j < AT such that tp%(a;/A) = tp¥(a;/A).

DEFINITION 2.17. We say that (K, <k) is weakly stable if there is a
cardinal A such that (K, 5k) is weakly stable in \.

DEFINITION 2.18. We say that (K, 5k) is simple if a | 4 A for each tuple
a and finite set A.

In the Rg-stable case in [12] we defined simplicity as the assumption that
for any a and arbitrary A there is a finite A’ C A such that a | 4+ A. Here
we call this property local character. With Ny-stability, the above notion of
simplicity is equivalent to local character (?).

In this section we collect those properties of the notion | which we can
derive from these restricted versions of simplicity and stability. From now
on we will always assume that (K, <) is simple and weakly stable.

Weak stability and simplicity are needed to prove finite symmetry for |.
Then we will use simplicity and finite symmetry to prove several other prop-
erties.

PROPOSITION 2.19. Assume that A is finite, a |4 b and b §aa. Then
there are a;,b; for i <H such that b; | 4 a; if and only if i > j.

Proof. Let ag = @ and by = b. Define @;, b; by induction such that
(1) tp¥(a; bi/A) = tp¥(a~b/A) for all i < H.

(2) tp¥(a;/AUDb) =tp™(a/AUD) for all i < H.
(3) The pair (b, b;) is a beginning of a strongly A-indiscernible sequence
for each 0 <4 < H. B
(4) @;'b; La B for every finite B C U,_;{a;, b;}.
Note that due to simplicity, item (4) holds also when ¢ = 0. Assume we

have defined a;,b; for i < a. Since a |4 b, by extension we get a, such
that tp%(aa/AUDb) = tp¥(a/AUDb) and an |4 U;c,{a:, bi}. By simplicity,

(%) The equivalence follows from Corollaries 3.28 and 3.15. In the No-stable case we
always have the Tarski-Vaught property (Remark 3.10).
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b lava, AU g, and then by Proposition 2.10 we find b, such that (b, b, )
is a beginning of a strongly (A U @, )-indiscernible sequence and b, | Aua,
Uica AU {aa} U{a;,b;}. Now both (2) and (3) hold for i < a.

Let f € Aut(9M/AUb) be such that f(a) = dn, and g € Aut(M/AUa,)
such that g(b) = bs. Now g o f(@~b) = g(@ab) = @aba, and thus (1) holds.
Then let B C |, {a, b;} be finite. By monotonicity, we have a, |4 B and
ba | aua, B, and by the finite pairs lemma we get G bs |4 B. Thus (4) also
holds.

Finally, we see that b; | o a; if and only if ¢ > j. The case i = j follows
from (1) and the assumption. Also if i > j, from (4) it follows that b; | 4 a;. It
remains to study the case when ¢ < j. Let 0 < ¢ < j. By item (4), tp¥(a; /AU
bUb;) does not Lascar-split over A. Since (b, b;) is a beginning of a strongly
A-indiscernible sequence, we must have tp“(b/A U a;) = tp“(b;/A U a;).
Furthermore by (2), b ¢ a;, and hence bi 44 aj. m

Finally, we get symmetry as in the Ng-stable case, with a suitable linear
ordering contradicting weak stability.

PROPOSITION 2.20 (Finite symmetry). Let A be finite. Then a | A b if
and only if b | 4 a.

Proof. Assume to the contrary that @ | 4 b but b 4 @ for some @, b and
finite A. By the previous proposition, there is a sequence (ai,Ei)KH such
that b; |4 a; if and only if ¢ > j. Let A be a cardinal such that (K, <k) is
stable in A. Then let I be a linear ordering such that |I| > A, and there is a
dense set Iy C I of size .

By Lemma 2.4, there are (a;,b;)ic; such that b; |4 a; if and only if
i > j. But now there are |I|-many different types over the set (b;,@;)icr,, a
contradiction. m

We continue to prove other restricted properties of |.

LEMMA 2.21. Let E be finite and ¢ | a”b. If Lstp(a/E) = Lstp(b/E),
then tp¥(a/E U {c}) = tp¥(b/E U {¢}).

Proof. Let </ be an w-saturated model containing E U {a,b}. Let & be
such that tp%(¢/E U {a,b}) = tp“(¢/E U {a,b}) and tp"(¢'/</) does not
Lascar-split over E. Let f € Aut(9/E) be such that f(¢') = ¢. Hence,
tp¥(¢/f(<7)) does not Lascar-split over E. Since f(47) is an w-saturated
model containing E U {a,b}, and Lstp(a/E) = Lstp(b/E), we must have
tp¥(a/E U {¢}) = tp%(b/E U {¢}) by Proposition 2.16. =

LEMMA 2.22. Assume that E is finite. Ifa | g ¢, blpcandLstp(a/E) =
Lstp(b/E), then tp¥(a/E U {c}) = tp¥(b/E U {c}).
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Proof. Since a |g ¢, from Corollary 2.12 we get some a’ such that
Lstp(a’/E U {¢}) = Lstp(a/E U {¢})

and @ |g {b,¢}. By the finite pairs lemma (Proposition 2.8) since b | ¢,
we must have (a’)"b |g ¢ Then, by symmetry we have ¢ | g {b,a’}. But
Lstp(a’/E) = Lstp(a/E) = Lstp(b/E), so tp™ (a’'/EU{¢c}) = tp™ (b/EU{c})
by the previous lemma. By the choice of @/,

tp”(a/EU{c}) = tp"(b/EU{c}). =

PROPOSITION 2.23 (Restricted finite character). Let E be a finite set. If
a g B, then there is a finite b € B such that a ¢gb.

Proof. By simplicity, @ | g E. From Corollary 2.12 we get a’ such that
Lstp(a’/E) = Lstp(a/FE) and @’ | g B. Now we cannot have tp%(a'/EUB) =
tp"(a/EUB), and thus there is some finite b € B such that tp¥(a’/EU{b}) #
tp%(a/E U {b}). By monotonicity, @ | b. Thus @ 45 b by Lemma 2.22. =

As a corollary we get the following.

~ LEmMMA 2.24 (Pairs Lemma). Let A C B. Assume that a |4 B and
b lAu{a} Bu{a}. Thena™b |4 B.

Proof. By Proposition 2.6(3), there is a finite A" C A such that a | o+ B
and b laugay BU{a}. We need to show that a~b | 4 B. But by the finite
pairs lemma, a~b | 4 B’ for each finite B’ C B, and thus the claim follows
from restricted finite character. m

Also the following proposition is clear by symmetry, monotonicity and
restricted finite character.

PROPOSITION 2.25 (Left transitivity). Assume that A, B are finite and
aUB |4 C. Thena |aup C.

PROPOSITION 2.26 (Transitivity). Let A € B C C. If a |a B and
alpC,thena |5 C.

Proof. By Proposition 2.6(3), there are finite A’ C A and finite B’ C B
such that a | 4 B and a | 4.yp C. It is enough to show that a | 4 C. By
Proposition 2.23, it is enough to show that a | 4/ ¢ for each finite ¢ € C,
and by finite symmetry, it is enough to show that ¢ | 4~ a for each finite
¢ € C. Let ¢ € C be finite. Write ¢ = b"¢y, where b € B and ¢ € C \ B.
We may assume that b contains B’. Then @ | 4 b as well as a | AufB} €0, and
furthermore b |4 @ and & | Aufpy @ by symmetry. Hence, ¢ | 4~ a by the
pairs lemma. This completes the proof for transitivity. =

PROPOSITION 2.27 (Stationarity of Lascar strong types, version 1). Let

E be finite and assume that a |p B, b |p B and Lstp(a/E) = Lstp(b/E).
Then tp¥(a/E U B) =tpY(b/E U B).
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Proof. Otherwise, there is a finite ¢ € B such that tp“(a/E U¢) #
tp%(b/E U ¢), which contradicts Lemma 2.22. m

PROPOSITION 2.28. Let AC B with B finite, and assume that Lstp(a/A)
= Lstp(b/A), a |4 B and b |4 B. Then Lstp(a/B) = Lstp(b/B).

Proof. By Proposition 2.12 there is ¢ realizing Lstp(a/B) such that

¢laBUaUb.

By monotonicity and symmetry, a | p ¢, and then by transitivity,a |4 BUc.
Similarly, b | 4 BU¢. Now by Proposition 2.27, tp%(a/BUc) = tp™ (b/BUc).
Since B U ¢ is finite, there is f € Aut(9/B U ¢) mapping a to b. Now
Lstp(a/B) = Lstp(c/B) implies Lstp(f(a)/B) = Lstp(f(¢)/B), and thus
Lstp(a/B) = Lstp(¢/B) = Lstp(b/B). =

DEFINITION 2.29. We say that a@ and b have the same weak Lascar strong
type over A, written Lstp™(a/A) = Lstp“(b/A), if Lstp(a/B) = Lstp(b/B)
for every finite B C A.

From the above proposition and monotonicity we get the following.

PROPOSITION 2.30 (Stationarity of Lascar strong types, version 2). Let
E be finite and assume that a |g B, b |g B and Lstp(a/E) = Lstp(b/E).
Then Lstp¥(a/E U B) = Lstp“(b/E U B).

We state a lemma about building Morley-type indiscernible sequences.

LEMMA 2.31. Assume that A is finite and a a tuple. For any ordinal A
there exists a strongly A-indiscernible sequence (a;);<x such that ag = a and

a; la Udj for each i < .
i<t
Proof. By strong indiscernibility and finite character it is enough to find
a sequence for A = w.
Again if tp%(a/A) is bounded, we can take the trivial sequence by Lemma
2.9(1). Assume that tp“(a/A) is unbounded. Using simplicity and extension
we define (b;);<u such that each b; realizes tp8(a/A) and

bi la Ul_)j for each ¢ < H.
Jj<i
By Lemma 2.9(2) these b; are distinct and we can use Proposition 2.4 to find

strongly A-indiscernible sequence (a;);<. such that for each n < w there are
19 < -+ < i, < H such that

tp8(ao, - - ., an/A) = tp&(biy, - . ., bi, JA).
Hence a, |a U<, @i for each n < w. Also ag realizes tp#(a/A) and thus

there is an automorphism f € Aut(9t/A) mapping ag to a. We may assume
that ag = a. =
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3. SUPERSTABILITY

We would like to find a notion of superstability which would imply all
the usual properties of non-forking for |, especially local character. We will
suggest notions of superstability and weak superstability, and discuss the
relation between them. We will also assume simplicity and weak stability in
at least one cardinal, as we did in the previous section. Note that our notion
of superstability uses the fact that LS(K) = Rg. We also need simplicity to
show that Rg-stability implies superstability (see Corollary 3.28).

DEFINITION 3.1. We say that the class (K, xk) is superstable if it is
weakly stable and the following holds. Let (A,,), <, be an increasing sequence
of finite sets such that | J,,_, An is a model, and let a be a tuple. Then there
is n < w such that a |4, Any1.

DEFINITION 3.2. We say that the class (K, <k) is weakly superstable
if there is a cardinal A such that (K, <k) is weakly stable in all cardinals
above A.

LEMMA 3.3 (Local character for models). Assume that a simple finitary
(K, =k) is superstable. Let o/ be a model and @ a tuple. Then there is a
finite A C of such that a |4 <.

Proof. Let a and & witness the contrary.

We recall the so called presentation theorem for abstract elementary
classes with LS(K) = Y. This is the main tool in general abstract elementary
classes introduced by Shelah. There is a vocabulary 7% with n-ary function
symbols F¥ for k,n < w such that for each model % in K there is a 7*-
structure £* such that Z* [t = % and whenever a subset B C %* is closed
under the functions (FJ")?", then B <g %. Let &/* € K* be such that
/T = /. Define increasing and finite sets A,, C &, n < w, such that

(1) (Fp)? ([An)™) C Apyy for kym < n,
(2) ata, Apsq for all n < w.
We can take Ag = (). Assume we have defined Ay, for k < n. By assumption,

a 44, <, and by Proposition 2.23 there is a finite A}, ; C &/ such that
ada, Ay, .. We take

Anir = Ay U{(FR) 7 ([A]™) - kym < n}.

Then a t4, An+1 by monotonicity.
Finally, |, .., An is closed under the functions (F¥)“" for m, k < w, and
thus is a model. We get a contradiction with superstability. m

COROLLARY 3.4. Assume that a simple finitary (K, k) is superstable.
Then it is also weakly superstable. Furthermore, let L(K) be a cardinal such
that there are at most L(K)-many Lascar strong types over any finite set.
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For any k > L(K), there are at most k-many weak Lascar strong types over
a set of size k.

Proof. Assume that (K, <) is superstable. Let L(K) be the cardinal
as above. (By the argument at the beginning of Section 3.4 we know that
L(K) < H.) We show the latter claim and thus (K, <) is weakly stable in
each k > L(K).

Let (@;);<.+ be finite tuples and o/ a model such that |«7| = k > L(K).
It is enough to find ¢ < j < k™ such that Lstp™(a;/«/) = Lstp¥(a;/</). By
local character for models, there are finite E; C &7 such that

a; g, o for each i < kT,

Since there are only x-many finite subsets of &/, we can find a subsequence
(@), )p<r+ such that E;, = E for some fixed finite £ C & for all k < k™.
There are only L(K)-many different Lascar strong types over E, and thus
there are k, k" < x* such that Lstp(a;,/E) = Lstp(a;,, /E). But now by
stationarity of Lascar strong types, Lstp™(a;,/</) = Lstp™(a;,, /</). =

We collect here the properties of | that we gain from simplicity and
superstability. Since we only have local character for models, these properties
are still incomplete: we only have the independence calculus for models and
finite sets. We will gain local character and the full independence calculus for
all sets in Theorem 3.13, where we also assume the Tarski—Vaught property.

THEOREM 3.5. Assume that (K,<k) is a simple, superstable, finitary
AEC. Then the relation | has the following properties.

(1) Invariance: If A |c B, then f(A) L) f(B) for any f € Aut(9M).

(2) Monotonicity: If A |p D and B C C C D then A |¢ D and
AlgC.

(3) Local character for models: For any finite a and any B there exists
a finite E C B such that a |g B.

(4) Transitivity: Let B ¢ C < D. If A |p C and A |¢ D, then
Alp D.

(5) Restricted finite character: Assume that C is finite. A |¢ B if and
only if a |c b for every finite a € A and b € B.

(6) Finite character for models: Assume that € is a model. A |¢ B if
and only if a |4 b for every finite a € A and b € B.

(7) Reflexivity for finite sets: Assume that C is finite and tp™(a/C) is
not bounded. Then a {¢c a.

(8) Reflexivity for models: Assume that € is a model and tp¥(a/%) is
not bounded. Then a {4 a.

(9) Stationarity: If Lstp¥(a/C) = Lstp%(b/C), @ ¢ B and b |¢ B,
then Lstp™(a/B U C) = Lstp™(b/BUC).
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(10) Extension for finite sets: For any finite C, a and any B contain-
ing C, there is b such that Lstp(b/C) = Lstp(a/C) and b |¢ B.

(11) Extension for models: For any a, € a model and B containing €,
there is b such that Lstp™ (b/%) = Lstp™(a/€) and b |4 B.

(12) Restricted symmetry: Assume that C' is finite. A ¢ B if and only
if B lc A.

(13) Symmetry over models: Assume that € is a model. A |4 B if and
only if B |y A.

Proof. Items (1) and (2) were studied in Proposition 2.6, and local char-
acter for models was proved in Lemma 3.3. Transitivity was stated in Propo-
sition 2.26 and restricted finite character in Proposition 2.23. The other
direction of finite character for models follows from monotonicity. Assume
that % is a model and that A {4 B. By definition, there is @ € A such that
a t¢ B. By local character for models, we can choose finite £ C % such
that @ |p €. Let b € € U B be finite. We have E C ¢ C € U{b}, a |p €
and @ |4 b. Hence @ | b by transitivity. Since b was arbitrary, we have
@ | g € U B by restricted finite character, a contradiction. This proves finite
character for models.

Reflexivity for finite sets is Lemma 2.9(b). For models, assume the con-
trary. Let tp%¥(a/%) be unbounded such that € is a model and @ |4 a. By
local character for models there is a finite F C 4 such that a |g ¥. By
transitivity and monotonicity, a |g a. Since the type tp“(a/E) cannot be
bounded, we get a contradiction with (7).

Stationarity follows from Proposition 2.30. Extension for finite sets is
Corollary 2.12 with simplicity. We prove extension over models. By local
character for models, there is a finite E C % such that a |g 4. Then by
extension for finite sets there is b realizing Lstp(a/E) such that b |z D. But
now by stationarity, b also realizes Lstp%(a/%). Finite symmetry follows
from Proposition 2.20 and restricted finite character. To prove symmetry
over models, it is enough to prove that @ |¢ b implies b |4 a for each
a € Aand b € B. Then symmetry over models follows by finite character for
models. Assume that @ |4 b. By local character for models, there is a finite
E C % suchthata |p € and b | €. Then also @ | g € Ub by transitivity.
Let & € € be an arbitrary finite tuple. We get ¢ | g b by symmetry and since
a |g {¢, b}, the pairs lemma implies that ¢~a |z b. Hence by symmetry
again, we have b | p {a,¢c} for each finite ¢ € €. ThlS implies b |p € U {a}
by restricted finite character, and thus b |« G. =

We recall the following lemma from [11]. The proof uses finite character
of (K, k), and this is the first place in this paper where we really use it.
Without finite character we should assume that each A, is a model. This
lemma is needed in several places where we deal with models built from finite
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sets, in particular in the tree constructions in Lemma 3.7 and Proposition
3.26, and in the essential Proposition 3.11, which we use to build primary
models.

LEMMA 3.6. Assume that (K, <k) is a finitary AEC. Let (A, : n < w)
be an increasing sequence of sets such that |, ., An is a model in K. Let
(bn)n<w be a sequence of finite tuples of the same length such that

tp8(bim/An) = tp8(by/An)  for eachn < m < w.
Then there exists a tuple a such that
tp8(a/A,) = tps(bn/An)  for each n < w.

We give a sufficient condition for (K, k) being superstable. We will also
see in Theorem 3.38 that this condition is implied by a very weak version of
categoricity. Finite character is needed here, since we work with finite sets,
not models.

LEMMA 3.7. Let (K, xx) be a simple finitary AEC. Assume that there
are infinite cardinals k and X such that k80 < X, AN > X\ (K, k) is weakly
stable in A and the following holds for k. For all @ and finite A there is a
strongly indiscernible sequence (@;)i<x such that for any b the set {i < k :
biaa;} has size strictly smaller than k. Then (K, <x) is superstable.

Proof. Assume to the contrary that A, are increasing and finite, | J
is a model and a ¢4, Ap+1 for each n < w.

We define sets Af;m and tuples a,, foralln:w — Aandn <k <w
such that

(1) Ak Ak‘*'1 are finite and the type tpW(AI;FFnl /Ag tn) is unbounded,

An

n<w

(2) ano—aandA o= A forall k < w,
(3) tpg(an nt1/AL) = tp8(ayn /AL,,) and ayi 4 ax Akgjﬂ,
(4) A = A

1nd1scernible,

(5) for all b, we have |[{n(n) < A:b tan, A”++1}! < K.

and the sequence (A n(n)< 18 strongly APy

n+1)

First define a,o and Ag o as in (2). Assume we have defined Gy pm and Af; tm
forallm:w — XAand m < k < w for m < n. Let (b;)i<x be the Af][n—
indiscernible sequence implied by the assumption, such that by = AZF;}. We
can stretch this sequence to (l_)i)K y, and still, for any b, the set

{i <A b i’AZrn BZ}
is of size strictly less than . There is an automorphism f;* € Aut(9/Ay,,)
mapping AZF;I to b; for each i < A, and we can take f§ = Idgy. When
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n(n) = i, we define
A1 = Ay
Agmﬂ = fi"(Agm) for each n < k < w,
ayint1 = fi'(ayn)-
This completes the construction.
For n:w — Xand n <w, write gy = f)(, 0+ 5(1) o fv?(o) € Aut(om),

where the automorphisms f/* are as in the previous construction. Always
gi 1 An = g7 Ap. By finite character of (K, k), the set

U A5 = U (4n)

n<w n<w

n’

is a model. Using Lemma 3.6 and (3), we find a,, for each  : w — X such
that

tp®(a,/Ay),) = tpé(aym/Ayy,)  for each n < w.
We look at the types of the tuples a, over the set

B= U 4
nw—A,n,k<w
which has size \. First we claim that for a fixed 17 : w — A, there are fewer
than £™0-many @, realizing tp“(a,/B).

We prove the claim by pruning the tree of 1’’s at one level n < w at a
time leaving out all the branches 7’ such that a,, cannot realize tp%(a,/B)
for a simple reason. We leave at most ™ branches at each level n, and the
final tree will be of size at most £™0. At level 0 there is only one branch 7[0.
Assume that at level n < w there remain at most k™ branches n'[n : n — A.
Let n'[n be one such branch with possible extensions 7/(n) < A. If a,, realizes
tp™ (@, Fn+1/AZ’TT1L+1)’ we must have a, $A2’rn+l A;‘,‘R}LH by (3). But by (5),
this can only happen for at most k-many 1'(n) < A. We leave only those
extensions to the tree. We do the pruning for each branch n’[n of the tree
and are left with at most " !'-many branches 7[n + 1 at level n + 1. This
proves the claim.

Let us partition the tuples @, into equivalence classes according to their
weak types over the set B. Now by A-stability, there are at most A-many
classes, and by the previous claim, each class is of size at most 80, This is
a contradiction, since the number of tuples is A¥0 > A\ x xN0. u

3.1. Tarski—Vaught property. In [12] we used finite character and
Ng-stability to construct models. These properties imply that whenever a
set A has the property that each Galois type over each finite subset of A
is satisfied in A, then A is actually a model. Since in this case there are
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only countably many Galois types over each finite set, we had a useful tool
for extending an arbitrary set A to a model of size |A| + Xy. Here we need
a similar property. The finite character property generalizes the idea that
<k would be induced by a language with finitely many free variables in
each formula. Respectively the Tarski—Vaught property can be seen as a
generalization of the “countable” Tarski—Vaught criterion for elementary
classes: To check whether a set is an elementary submodel, it is enough to
see that it is existentially closed with respect to all formulas in the countable
language. We use sets of Galois types over the empty set to generalize the
notion of a formula in a language.

DEFINITION 3.8. We define an abstract n-formula ¢ to be a set of Galois
types tp&(a/0) of n-tuples @ over the empty set. For an n-tuple b € %, write
B = ¢(b) if tps(b/0, B) € ¢.

AssuMPTION 3.9 (Tarski-Vaught property). Let S be a set of abstract
formulas. We say that a set A C 9 is S-saturated if the following holds. For
any finite @ € A, b € M and ¢ € S, if M = ¢(ab), then there is d € A such
that 9 = ¢(ad).

We define the Tarski—Vaught property to be the following: There is
a countable set S of abstract formulas such that any S-saturated subset
A C M is a K-elementary submodel of 9.

REMARK 3.10. Assume that (K, 5k) is an Ng-stable finitary AEC. Then
it has the Tarski-Vaught property.

Proof. We can take as S the set of all singletons of Galois types over the
empty set. By Ng-stability, there are only countably many of them. By finite
character, any Np-saturated subset is a model (Lemma 3.8 of [11]). m

The following useful proposition uses finite character of (K, <k) in the
form of Lemma 3.6.

PROPOSITION 3.11. Assume that o finitary (K, k) is simple, super-
stable and has the Tarski—Vaught property. Let (A;)i<. be finite and increas-
ing and let (@;)i<w be tuples such that fori < j, Lstp(a;/A;) = Lstp(a;/A;).
Then there is some i < w such that a;11 |4, Ait1.

Proof. We define tuples b; and finite increasing sets B; as follows:
(1) Bi=A,UlU; bj for each i < w.
(2) b; B, (Ujcwai UU, o, 4j) for each i <w. . )
(3) B = U;<,, Bi satisfies the following: For each finite b € B, d € M
and ¢ € S such that 9 = ¢(bd) there is ¢ € B such that 9 = ¢(be).
When we have defined B, let (E?) j<w be tuples such that whenever there
exists a tuple ¢ such that M = ¢(b,¢) for some ¢ € S and finite b € By,
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then one such ¢ is listed as ¢} for some j < w. Then let d, contain & for
every j,n' < n. If each tp8(d, / By,) is realized in B, then clearly (3) holds
First let By = Ag. Assume we have defined B,, and b; for each i < n.
Since d,, | B, Bpn by simplicity, we can use extension to get b, such that
tp?(bn/Bn) = tp8(d,/By) and (2) holds for n. Then let B, .1 = A, UlJ;
This completes the construction.
We claim that when i,j > n,

z<n

a; la; B
We prove the claim by induction on n and for all ¢, > n simultaneously.
By simplicity, a; |a; Aj for each i,j > n. Since By C A; for each j, this
implies the claim for n = 0. Assume we have shown the claim for n and
let i,j > n+ 1. By (2), b, |, @ U A;, and thus by monotonicity and
finite symmetry, a; |B,ua4, b,,. Induction and finite transitivity imply that
a; la; BnU b,,. Since Bn+1 B,Ub,UA, 1 C B, Ub, U Aj, this gives the
claun
Now we have Lstp(a;/Ay) = Lstp(an/An), @n |4, Bn and a; | 4, By for
each n < j < w, and thus by stationarity,

tp®(a;/Bn) = tp®(an/B,) for each n < j < w.

Since B = |
a such that

<w Bn is a model by (3), we can use Lemma 3.6 to get a tuple

tp®(a/By) = tp®(an/By) for each n < w.

Since B is a model, by superstability there is n < w such that a |, Bn+1,
and furthermore by invariance, any1 |p, Bnt+1. By the previous claim,
Gn+1 la, Bp, and thus by finite transitivity, ap+1 |4, Bp+1. Since 4,41 C
By 41, this a1 is the one required for the proposition. =

We can easily derive the following corollary, using the restricted finite
character property of |.

COROLLARY 3.12 (Local character). Let (K,<k) be a simple, super-
stable, finitary AEC with the Tarski—Vaught property. Assume that a is a
tuple and A is an arbitrary set. Then there is a finite E C A such that
alp A.

Finally, we get the usual properties of non-forking for complete types
over arbitrary sets. The proof of the following is analogous to the proof of
Theorem 3.5.

THEOREM 3.13. Assume that (K, <k) is a simple, superstable, finitary
AEC with the Tarski—Vaught property. Then the relation | has the following
properties.

(1) Invariance: If A ¢ B, then f(A) Loy f(B) for any f € Aut(9MN).
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(2) Monotonicity: IfA |p D and BC C C D then A |¢ D and A |p C.

(3) Local character: For any finite a and any B there exists a finite
E C B such that a |g B.

(4) Transitivity: Let BC C C D.IfA | C and A ¢ D, then A |p D.

(5) Finite character: A |¢ B if and only if @ |¢ b for every finite a € A
and b € B.

(6) Reflexivity: If tp“(a/A) is not bounded, then a 4 a.

(7) Stationarity: If Lstp¥(a/C) = Lstp¥(b/C), @ lc B and b ¢ B,
then Lstp¥(a/B U C) = Lstp¥(a/B U C).

(8) Extension: For any a, C and B containing C there is b such that
Lstp™(b/C) = Lstp™(a/C) and b |¢ B.

(9) Symmetry: A |¢ B if and only if B |¢ A.

3.2. Weak Lascar strong type and superstability. In this section
we study the behaviour of weak Lascar strong types in superstable simple
finitary AECs. First we study when so called abstract weak Lascar strong
types are realized. We say that p is an abstract weak Lascar strong type
over A if p is a collection

p = {Lstp(ap/B) : B C A finite},

where B C B’ C A implies Lstp(ap//B) = Lstp(ag/B). For finite B C A,
the type Lstp(ag/B) € p may also be denoted as p[B. We say that p is
realized by a if Lstp(a/B) € p for all finite B C A. We will show that
abstract weak Lascar strong types over models are realized in superstable
simple finitary classes, and if in addition the class has the Tarski—Vaught
property, then all abstract weak Lascar strong types are realized. For these
proofs we need versions of local character for abstract types. When p is an
abstract weak Lascar strong type over A, we say that p is independent of A
over F, written
ple A,

if ap | g B for all finite B C A such that F C B and Lstp(ag/B) € p.

LEMMA 3.14. Assume that (K, k) is a simple, superstable finitary AEC.
Let o be a model and p an abstract weak Lascar strong type over A. Then
there is a finite E C </ such that p |p <.

Proof. Let & and p witness the contrary. The proof is analogous to the
proof of Lemma 3.3. Let again F* for k,n < w be function symbols from
the presentation theorem and .@7* be the extension of &7. Define increasing
and finite sets A, C & and tuples a,, for n < w such that

(1) Lstp(a,/Ay) € p for each n < w,
(2) (Frlfq)p{* (Ap) C Apyq for k,m <,
(3) Gn+1 44, Any1 for each n < w.
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We can take Ay = () and ag realizing p|). Assume we have defined A; for
k < n. By assumption, p 44, &/, and thus there is some finite A}, | C &
such that A, C A}, and (pA] ;) 44, Ans1. Let

Apir = Ay U{(ER) (A0) < kom < )

and an41 be a tuple realizing p[A, 1. Since a1 also realizes p[A],_ |, we
have a1 44, A}, and thus (3) holds by monotonicity.

Finally, |, A» is closed under the functions (F¥)“" for m, k < w, and
thus is a model. We can use Lemma 3.6 to find a realizing tp#(a,/A,) for
each n < w. Now a and (A, )n<w contradict superstability. =

Assuming the Tarski—Vaught property we can prove a stronger lemma.
The proof is analogous to the previous one. We do not need the functions
FF to contradict superstability, but obtain a contradiction with Proposition
3.11 instead.

LEMMA 3.15. Assume that (K, 5k) is a simple, superstable finitary AEC
with the Tarski—Vaught property. Let p be an abstract weak Lascar strong type
over a set A. Then there is a finite E C A such that p g A.

Now we can use extension to prove the following theorem.

THEOREM 3.16. Assume that (K, <k) is a superstable, simple, finitary
AEC. Then each abstract weak Lascar strong type over a model is realized. If
in addition (K, <k) has the Tarski—Vaught property, then all abstract weak
Lascar strong types are realized.

Proof. We prove the first claim. Then it is clear how to prove the second
claim using Lemma 3.15. Let p be an abstract weak Lascar strong type over
a model «. By Lemma 3.14, there is a finite F C « such that p |p <7. Let
b realize p|E. By simplicity, b | g F, and thus by Corollary 2.12, there is a
realizing Lstp(b/E) such that @ | 7. This a realizes p by stationarity. m

Another consequence of superstability and the Tarski—Vaught property
is that weak Lascar strong type is a stronger notion than Galois type over
all countable sets. The proof of this theorem is a similar construction to the
one in the Ny-stable case, when we proved that equivalent Galois types imply
equivalent weak types over countable models (see [11]). Again we introduce
a notion of an isolated type.

DEFINITION 3.17. We say that the Lascar weak strong type Lstp"(ac/A)
is isolated over the pair (¢, E), for some finite £ C A, if for every b such
that Lstp(be/E) = Lstp(ac/E) we have Lstp%(bc/A) = Lstp™(ac/A).

We remark that Lstp(bc/E) = Lstp(ac/E) does not necessarily imply
that Lstp(b/E U¢) = Lstp(a/E U¢), although the converse holds. Hence the
previous notion of isolation is needed for the proof of Theorem 3.19.
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ProposITION 3.18. Let (K, <xk) be a superstable simple finitary AEC
with the Tarski—Vaught property. For every set A, finite B C A and tuples
b, ¢, there is a and a finite E C A such that ac realizes Lstp(bé/B) and
Lstp%(ac/A) is isolated over the pair (¢, A).

Proof. Let B, A, b and ¢ witness the contrary. We define finite and
increasing sets A, C A and tuples a,, for n < w such that

(1) b= ap and B C Ap,

(2) LStp(an—HE/An) - LStp(C_LnE/An),

(3) @nt1€ ta, Any1,

(4) € la, A.

This will contradict Proposition 3.11. The construction runs as follows. First,
by local character, there is a finite £’ C A such that é | ;» A. We take ag = b
and Ag = E' U B. Assume we have defined A,,, and a,, for m < n.

By Theorem 3.13(7) there is d realizing Lstp(a,, /A, U¢) with d | 4, Uz A.
Then dc realizes Lstp(a,é/A,). Since Lstp™ (dé/A) cannot be isolated over
the pair (¢, A,), there is @, 1 such that Lstp(a@,;1¢/A,) = Lstp(de/A,) =
Lstp(@,¢/A,) but Lstp™ (@, 1¢/A) # Lstp™ (de/A).

Now we cannot have a,41¢ |4, A, since otherwise, as d la,ue A and
¢ la, A, the pairs lemma implies that dé | 4, A. But then Lstp%(dc/A) =
LstpY(an+1¢/A) by stationarity, a contradiction. Thus by finite character
there is a finite A,41 C A such that A, C A,4+1 ant1€ ¢ 4, Any1. This
completes the construction. m

THEOREM 3.19. Assume that (K, k) is a simple, finitary superstable
AEC with the Tarski—Vaught property. Let A be a countable set. Then

Lstp%(a/A) = Lstp™(b/A) implies that tps(a/A) = tp8(b/A).

Proof. Enumerate A = {c,, : n < w}. We define sequences a,, and finite
A, C A for each n < w such that

(1) a = ao, a, is an initial segment of a,4; and ¢, € A, C Ap41 C A,
(2) LstpY(an41an,/A) is isolated over the pair (a,, A),
(3) # = AU, <, Gn is S-saturated for the countable set S of ab-
stract formulas from the Tarski—Vaught property: for all finite b € £,
d € M and ¢ € S such that M = ¢(bd) there is ¢ € B such that
M = p(be).
We define simultaneously tuples (¢});<. and dp, € M.
First let ap = a and Ag = {cp}. Assume we have defined A,,, a,, for
m < n. Let (E?) j<w be tuples such that whenever there exists a tuple ¢ such
that M |= ¢(b, ¢) for some ¢ € S and finite b € B,,, then one such ¢ is listed
as ¢j for some j < w. Then let d,, be finite such that Ef Cdy, forall k,j <n.
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By Proposition 3.18 there is @’ and finite A’ C A such that
Lstp(a'a,/Ay) = Lstp(dnan/Ay)
and Lstp(a’a, /A) is isolated over the pair (a,, A’). Let 4,11 = A,UA'Ucp41
and Gp41 = Gpad’.
This completes the first construction. Now clearly (1) and (2) hold. Also

(3) holds by the construction and the fact that having the same Lascar
strong type implies having the same Galois type. Thus

B=AU )= ] A0 an
n<w nw n<w
is a model.
Secondly, we construct, by induction on n < w, tuples b,, such that
(3.1) Lstp™ (b, . . . bo/A) = Lstp™ (ay, . . . ag/A).
First let bp = b. Then (3.1) holds by assumption. Assume that we have
defined by, for m < n. Let b,y1 be such that Lstp(byi1by ... bo/Ant1) =
Lstp(Gnti1Gn - - - ao/An+1). We claim that (3.1) holds for b,1. If not, there
is a finite B C A such that
Lstp(byy1bp . .. bo/B) # Lstp(@ny1ay, . . . ao/B).
We may assume that A,+1; C B. By induction,
Lstp(@y, . ..ag/B) = Lstp(by, . ..by/B).
Let ¢ be such that
Lstp(€ay, . .. ao/B) = Lstp(b,11by ... bo/B),
and hence also
LStp(Ean v aO/An+1) = LStp(EnJrll_)n cee EO/AnJrl)
= LStp(C_Ln+1C_ln - aO/An—i-l)-
But now by isolation, also
Lstp(cay, . ..ap/B) = Lstp(an+iay ... ao/B),

and thus Lstp(bpy1by . ..bo/B) = Lstp(@ni1@y . ..ao/B), a contradiction.
Now the second construction is complete.

For each finite A, C A, Lstp(bo . ..b,/A,) = Lstp(ag . .. @, /A,) implies
that tp8(bg . ..b,/An) = tp8(dg . .. an/Ay). There are automorphisms f,, for
n < w, witnessing this. By finite character of (K, k), the mapping

U fnr(AnUC_Lo...dn):@—)f)ﬁ

n<w

extends to an automorphism f € Aut(9t/A) such that f(a)= f(ag)=bo=>b.
This proves the theorem. =
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We recall that (K, k) is said to be k-tame if for every model &/ and
tuples b and a such that

tp®(a/ /) # tps(b/ ),
there is & <k & of size < k such that
tp®(a/B) # tp(b/%).

We say that (K, k) is tame is it is LS(K)-tame. Assuming tameness we
can generalize the previous result to weak Lascar strong types over models
of arbitrary size.

THEOREM 3.20. Assume that (K, <xk) is a tame, simple, superstable,
finitary AEC with the Tarski—Vaught property. If </ is a model, then
Lstp%¥(a/<?) = Lstp™(b/ <) implies that tps(a/</) = tpe(b/ ).

Proof. Assume that <7 is a model and Lstp%(a/.«”) = Lstp™ (b/</). Then
also Lstp%(a/%) = Lstp"(b/%) for all countable % <k /. Theorem 3.19
implies that tp®(a/%) = tp&(b/A) for all countable # <k 7. But now by
tameness, tp8(a/<) = tp(b/.a). m

THEOREM 3.21. Assume that (K,<xk) is a tame, simple, superstable,
finitary AEC with the Tarski—Vaught property. If of is an a-saturated model,
then the following are equivalent:

(1) Lstp¥(a/«/) = Lstp™ (b/ 7).
(2) tpe(a/ o) = tp8(b/ ).
(3) tp™(a/) = tp™(b/ ).

Proof. By the previous theorem, (1) implies (2). Clearly (2) implies (3).
It is enough to prove that equivalent weak types over o/ imply equivalent
weak Lascar strong types over /. Let A C & be finite. We want to show
that Lstp(a/A) = Lstp(b/A). Since « is a-saturated, there is ¢ € & realizing
Lstp(a/A). Now since tp%(a/«/) = tp¥(b/</), there is f € Aut(9M/A U )
such that f(@) = b. Then by invariance Lstp(f(a)/A) = Lstp(f(¢)/A), and
thus Lstp(b/A) = Lstp(¢/A) = Lstp(a/A). m

In Section 3.3 we show that Rg-stability implies superstability in simple
finitary classes. Since Ng-stability and finite character also imply the Tarski—
Vaught property, the above equivalence also holds in simple, tame Ny-stable
finitary classes. There all Rp-saturated models are moreover a-saturated, and
hence have countable a-saturated models. The implication of Theorem 3.19
does not need tameness, and thus holds in Rg-stable simple finitary classes.

By Corollary 3.4 and Theorem 3.21 we get the following.

THEOREM 3.22. Assume that a simple, tame finitary (K, <x) has the
Tarski—Vaught property and is superstable. Then it is Galois-stable in each
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cardinal p > L(K), where L(K) is the least upper bound for the number of
Lascar strong types over a finite set.

3.3. Characterization of superstability. In this section we study
how the concepts of superstability, weak superstability and Ng-stability are
related. We show that a nice behaviour of weak Lascar strong types im-
plies our notions of weak superstability and superstability being equivalent
(Corollary 3.27) and that simple Np-stable finitary classes are superstable
(Corollary 3.28). We also characterize superstability with some equivalent
conditions in Theorem 3.29.

We define an auxiliary notion of dominating weak Lascar strong types.
We say that the class (K, k) has A-dominating weak Lascar strong types if
for every model .7 of size < A and tuples @ and b, whenever Lstp% (a/«/) =
Lstp%(b/.<7), then tp8(a/<’) = tp&(b/</). We say that the class has domi-
nating weak Lascar strong types if it has A-dominating weak Lascar strong
types for all A. Tameness, Tarski—Vaught property and superstability imply
dominating weak Lascar strong types in a simple, finitary (K, k) by Theo-
rem 3.20. We will show that also weak superstability and dominating weak
Lascar strong types imply superstability.

LEMMA 3.23. Assume that a simple finitary (K, <k) has \-dominating
weak Lascar strong types. Assume that a |4 B U A, where B is a model,
|B| < X and A is a finite set, not necessarily a subset of . Assume also

that # C C, where C is a set. Then there is g € Aut(9/A U B) such that
g9(a) 4 C.

Proof. By Corollary 2.12 there is b realizing Lstp(a/A) such that b | 4
AU C. We write the finite set A as a sequence @’. Now by stationar-
ity (Proposition 2.30), Lstp¥(a/% U A) = Lstp“(b/% U A), and further-
more Lstp%(a~a’ /%) = Lstp™(b~a’'/%). Then by A-dominating weak Las-
car strong types, there is ¢ € Aut(91/%) such that g(a~a’) = b~a’. Hence
g(@a) la AUC and g € Aut(o//BUA). »

LEMMA 3.24. Assume that a simple, finitary, weakly stable (K, <x) has
A-dominating weak Lascar strong types. Let A C 9B, where A is finite and
A is a model of size < A\, and let a be an ordinal. If a | 4 B, then there is
a strongly AB-indiscernible sequence (a;)i<q such that ag = a and

dz‘lA«%UU@j for each i < a.
1<t

Proof. If tp%¥(a/A) is bounded, we can take the trivial sequence. Thus we
may assume that tp“(a/A) is unbounded. Using Proposition 2.12 we define
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(Ei)i<H(|g‘) such that each b; realizes Lstp(a/A) and

b la BU U bj for each i < H(|4)).
7<i
By stationarity of weak Lascar strong types, each b; realizes Lstp™(a/%)
and by A\-dominating weak Lascar strong types, also tp®(a/%).

For each i < H(|4|), the type tp™(b;/A) = tp™(a/A) is unbounded, and
thus by Lemma 2.9(2) these b; are distinct. We can use Lemma 2.4 to find
strongly %-indiscernible sequence (a;);< such that for each n < w and
Jo < -+ < jn < a there are ig < - - < i, < H(|#)|) such that

tpg(@jo, ceey Eljn/,%) = tpg(gio, ey an/,%))
Hence by finite character, a; |4 £ U Uj<i a; for each n < w.
Now ag realizes tp®(a/#) and thus there is an automorphism f in
Aut(9M/AB) mapping ap to a. We may assume that ap = a. m

In the following lemma we again use the finite character of (K, k).

LEMMA 3.25. Assume that a simple finitary weakly stable (K, k) has -
dominating weak Lascar strong types. Let (Ag)k<w be an increasing sequence
of finite sets such that | J, ., Ay is a model, AyUa |4, € and Apy1 la,ua €
for k > 2. Assume also that € is a model of size < X\ and € C D. Then
there is an increasing sequence (By)r<w of finite sets and finite b such that

(1) tpE(By UB/A, U%) = tpE(Ay Ua/Ar UE),
(2) BaUb |4, D,

(3) Bi+1 lp,up D fork > 2,

(4) Ui<o Br is a model.

Proof. Since AyUa | 4, €, by Lemma 3.23 there is g2 € Aut(9M/A; UF)
such that go(As U a) |4, D. We let b = go(a@) and By = go(As). Since
A3 la,ua €, by invariance also ga(As) |5, 5 ¢ and again by Lemma 3.23,
there is g € Aut(9M/By UbU ¥) such that g(g2(A3)) lp,up D- We let
g3 = go g2 and B3 = g3(A3).

Let k > 3 and assume we have defined g € Aut(9M/gr_1(Ax—1Ua)) such
that gy—1(a) = b, gx[(A1 UE) = 1d(A41 UE) and gx(Ak) Ly (A sua) D-
We set By, = gi(Ag).

Since Ag11 la,ua €, also gr(Akt1) Ly, (a,ua) € and thus by Lemma 3.23,
there is g € Aut(M/gr(Ar Ua) UE) such that g(gr(Ars1)) Lg,(a,ua) D- We
let g1 = g © gr. Now, if Byy1 = grg1(Aps1), we have tp8(By Ub/A; UE)
= tp®(Ax Ua/A1 UE) and Biy1 |, 5 D when k > 2.

Finally, the mapping Uy, 9% [ 4, : U< Ak — Uj<,, Bk preserves Galois
types of finite tuples, and thus by finite character of (K, <xx) it is a K-
embedding. We conclude that | J,_,, By is a model. m
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PROPOSITION 3.26. Assume that (K, <k) is a simple, finitary AEC. As-
sume also that (K, xk) is stable in A and has A-dominating weak Lascar
strong types for some X\ such that XX > X. Let (Ay)p<w be an increasing
sequence of finite sets such that | J,_, Ax is a model and let a be a tuple.
Then there is k < w such that @ | 4, Ag+1.

Proof. Assume the contrary. Let (Ag)r<, be an increasing sequence of
finite sets such that | J, ., Ak is a model and a ¢4, Ay for all k < w.

For each mapping £ : w — A and k,n < w, we define finite A’grn, agin
and a set 7, such that

) Ay C i and || < A for each n < w,

) @ = Ay is finite but 7, is a model for each 0 < n < w,
) Uﬁn—O\ C ‘/Q{na

1) when €n — ¢'fn and €/(n) < &(n).

tp%(Ag i1 /AL a 1) 7 05 (Aer i1 /AL 1),
(5) for m < n < w, tp#(a¢n/Dm) = tp&(a¢im/ Zm)-
Then by Lemma 3.6, for each £ :w — X, we will gain a¢ satisfying tp®(ag n/e,)
for each n < w. By (4), these a¢ will contradict A-stability. We carry out the
construction maintaining the following three conditions.

(i) We have Algrn C A’gF;ll for each k < w and J,,, Algrn is a model.
(ii) For each £ : w — X and n < w,

(a) €'In =&l and €(n) < &(n) imply AZHL ) Lag o WAL,

(b) (A” n +1) ¢(n)<x 18 a strongly ,an—mdlscermble sequence with

A"Jrl Agrﬁ for £(n) =0

In+1 —

(c) for each n < w, j < A there is an+1 € Aut(M/.a,) such that
FPHi (A = AgEL, for € such that &(n) = j,
(d) the model 47,1 is closed under the functions F j"+1 and their

inverses for j < A.
(iii) If £ > n, then A lAk Ut G, Qgin &Ak Ag + and

An+ U agn lA” oy,

First let A’gro = Ay, for each k < w, agjp = a and o = Ay = Agm. Then
(ii) holds trivially, and (i) and (iii) hold by simplicity, monotonicity and the
assumption. Also (1)—(5) hold trivially.

Assume we have defined everything for m < n. Since A?F;ll l Az Ay,

by (iii), we can use (Proposition 2.31 or) Lemma 3.24 to find a strongly
oy, -indiscernible (A?rtzlJrl)ﬁ(nK A such that A?E;{H = A?F;l for £(n) = 0 and
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(ii)(a) holds. Then define an+1 and o7, 1 as desired, F' " being the identity.
We require that o7, U U (11)—x A?;ﬁrl C i1, | Dpy1] < X and 4 is
closed under each F;-”l and (Fj”“)(_l).

By (iii), we have Ag# lAgﬁ,‘juagrn o, and Ag# U Gepp lA?rn . The

pairs lemma and left transitivity imply that
2~
A?W Uagm, lA?FZI oy,

On the other hand, we have AIEF;} lA’ErnUfl&rn <y, and agpy, iAIErn AIEF;} for

each k > n+ 1. By Lemma 3.25, there are b and finite By for n+1 < k < w,
such that Bj+1 = A?# and for each k > n + 1,

(bl) By U b realizes tpg(A’gm U ag rn/Agr—;l U .%,) and thus b 4p, Byi1,
(b2) Bn+2 U l_) J,Agﬁrl efyn+17

(b3) Bk+1 lBkUl_) f,(yn_i_l when k >n+ 2,

(b4) By C Byq1 and |J,., By is a model.

Since Bj11 = Agrtbl, we have

Fim (Brer) = AgiL

For each {(n) < A and n+ 1 < k < w, define

agint1 = F&Z;(E) and  Afy, g = Fg::)l(Bk)-
Since each an+1 maps %41 to itself, we see from (b1)-(b3) that (iii) holds
for n + 1. Also by (b4), (i) holds. We check that (1)—(5) hold. Items (1)—(3)
hold by the definition of .27, 1. Also (5) holds, since b realizes tp®(a¢ /%)
and Fj"Jrl € Aut(M/ <o, for each j < A\. We claim that (4) holds.

Let &'In = ¢l and ¢'(n) < &(n). Since Ggpnir Lynis P by (i)
n+
and AZT . C i, we find that agpia bagen, A

Ag;ﬁrl ! Az Agfrri 41 by (ii). The pairs lemma and monotonicity imply that

Furthermore,

_ +1
g1 Laz  Adnir

On the other hand, gy, 4ag, Ag' by (iii), and thus b 4ap  AZF! by (b1).

The automorphism F; 6",?;11) gives

_ +1
Qg1 447, Ayt

We conclude that tp®(ae T"H/A?’JEH) # tp(ag rn+1/A?'Té+1)' ]

From the above proposition we get two important corollaries.
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COROLLARY 3.27. Assume that (K, <) is a simple finitary AEC with
dominating weak Lascar strong types. Then (K, <k) is superstable if and
only if it is weakly superstable.

Proof. The “only if” direction is Corollary 3.4. If (K, k) is weakly su-
perstable and has dominating weak Lascar strong types, we can clearly find
the A required for Proposition 3.26. =

COROLLARY 3.28. Assume that (K, k) is an Ng-stable simple finitary
AEC. Then it is superstable.

Proof. By Theorem 3.12 of [11], in Rg-stable finitary AECs, equivalence
of weak types implies equivalence of Galois types over countable models.
Thus any Ng-stable finitary AEC has Ng-dominating weak Lascar strong
types. Superstability follows by Proposition 3.26. =

Finally, we give a list of properties equivalent to superstability.

THEOREM 3.29 (Characterization of superstability). Let (K,<k) be a
simple finitary AEC with the Tarski—Vaught property. The following are
equivalent.

(1) The class (K, <xk) is weakly stable and for all finite and increasing
An, n < w, and all @ there is n < w such that @ | o, Apt1.

(2) Superstability: The class (K, k) is weakly stable and for all finite
and increasing Ap, n < w, such that | A, is a model and all a
there is n < w such that a | A, Ant1.

(3) The class (K, k) is weakly superstable and there is an infinite car-
dinal k such that for any a and finite A, there is a strongly A-
indiscernible (@;)i<. such that for any b,

n<w

Hi<k:biaa;}| < k.
(4) There are infinite cardinals A\ and & such that kX0 < X\, AN > )\

(K, <Kk) is weakly stable in X\ and for any a and finite A, there is a
strongly A-indiscernible (a;)i<, such that for any b,

i <k:blaa;}| < k.
If the class is also tame, (1)—(4) are equivalent to
(5) The class (K, <x) is weakly superstable and whenever a finite tuple b

realizes Lstp™(a/</), where &/ is a model, there is f € Aut(9M/</)
such that f(b) = a

Proof. Ttems (1) and (2) are equivalent by Proposition 3.11. By Lemma
3.7, (4) implies (2). Clearly also (3) implies (4). We show that (1) implies
(3), which completes the proof of the first part of the theorem. By Corollary
3.4, (1) implies weak superstability. To prove (3), let a and A be finite. We
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prove (3) for the infinite cardinal k = Xy. By Lemma 2.31, there is a strongly
A-indiscernible sequence (ay,)n<, such that ap = a and

an 1A U a,, for each n < w.
m<n
We claim that this is the required sequence. We assume the contrary, that
there would be some b such that b 44 a, for infinitely many n < w. Let
(b )n<w be this infinite subsequence. Then we claim that

BiAUU 3 5, bn  for each n < w.

To prove this second claim, again assume the contrary that b | AU, b by,

for some n. But now b, | a Um<n b, by the definition of the sequence, and
by symmetry and transitivity we get b, |4 b U U, <, Om- Then b |4 b,
by monotonicity and symmetry, a contradiction. This proves the second
claim. To prove the first claim we define increasing and finite sets A, :=
AUUpen b,,. Now b $4, Ant1 for each n < w, a contradiction with (1).

Item (5) follows from (2) by Corollary 3.4 and Theorem 3.20, where we
need tameness. Item (2) follows from (5) by Proposition 3.26, since weak
superstability clearly implies weak stability. =

We note that in the previous theorem implication from (4) to (2) also
holds without the Tarski-Vaught property.

3.4. a-categoricity. One of the basic results for abstract elementary
classes with amalgamation, joint embedding and arbitrarily large models,
shown by Shelah, is that categoricity in any uncountable cardinal implies
stability in LS(K). We also proved in [11] that in our case stability in
LS(K) = Xy implies weak stability in each infinite cardinal. Since we now
want to study the case without Rg-stability, we will consider a weakening of
categoricity called a-categoricity, and study when a-categoricity implies su-
perstability. We recall that a model is said to be a-saturated if every Lascar
strong type over a finite subset is realized in the model.

DEFINITION 3.30. We say that the class (K, k) is a-categorical in k if
there are exactly one a-saturated model of size k, up to isomorphism.

Let us denote by L(K) the supremum of the number of Lascar strong
types over any finite set. For any single finite set F, we know by Lemma
2.4 that the number of Lascar strong types over this set is strictly less than
the number H = Jgn5)+. To count the value of L(K), we should take the
supremum over each finite subset in the monster model 9t. On the other
hand, if there is an automorphism f € Aut(9%) mapping a finite set E; to
another finite set Fs, there are exactly the same number of Lascar strong
types over E; and Es. Since there are at most 2% different isomorphism
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types of countable structures in K, there are at most Xg times 280 finite sets
in the monster model, up to automorphism. Now since cf (H) > 2%, we get

L(K) < H.

There exists an a-saturated model in every cardinal x > L(K).

When (K, 5k) is a finitary abstract elementary class, we can study the
class (K,, <Kk), where K, is the class of a-saturated models of K. The class
(Ka, <Kk) is an abstract elementary class with amalgamation, joint embed-
ding, arbitrarily large models and LS(K,) = L(K). Also LS(K)-tameness
of (K, k) implies LS(K,)-tameness for (K,, k). Many results from more
general theory of abstract elementary classes can be adapted for (K,, <xk).
Also a-categoricity transfer follows for certain cardinals (see Theorem 4.12).

We state the following results which adapt the presentation theorem and
the construction of Ehrenfeucht—Mostowski models for AECs by Shelah.

ProprosITION 3.31. There is a class K* of 7*-structures with 7™ = 7 U
{FF:k <w, i <L(K)}, where each FF is a k-ary function symbol and the
following holds.

(1) If &* € K* and B C & a subset such that B is closed under
functions Ff , then B is an a-saturated K-elementary substructure of
AT,
(2) For every a-saturated o/ € K there is o/* € K* such that &/* |1 = o .
When «7* € K* and A C &/*, we denote by SH(A) the closure of A under
the functions FF, k < w, i < L(K). By the previous theorem, SH(A) is an
a-saturated K-elementary substructure of .7 | 7. The following formulation of
the Ehrenfeucht—Mostowski model construction is tailored for the purposes
of this paper. The proof of this theorem is similar to the proof of Proposition
2.13 in [12]. First we recall the concept of a tidy sequence from [12].

DEFINITION 3.32. Let iff < --- < iy € I for each a < A, where I is
a linear order. We say that the sequence (iff, ..., )a<x is tidy if for each
0 < k < n one of the following holds.

(1) The index at k is constant, that is, iff = § € I is fixed for each
a < A
(2) The index at k is included in some (m + 1)-block, that is,

ke{p,p+1,....,p+m}

where

(a) p+m+1>nor for each 5 < A, we have

B . )
Uprmt1 2 SUP{Tppm - @ < A,
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(b) p—1 <0 or for each 5 < A, we have

%

i, < min{iy :a < A},

B

. .G .
p < <l <dp <t <y,

P
PROPOSITION 3.33. For any linear order I and set A there is a sequence

(ai)ier and a model EM (I, A) € K* with AU (a;)ier C EM (I, A) such that
(1) |[EM(I,A)| = [I] + |A] + L(K).
(2) Each element in EM(I,A) is a T*-term from some a;,,...,ai, and
a withn <w, ig<---<i, €I and a € A.
(3) Each partial order-preserving f : I — I extends to an T*-isomorphism

F:SH({a;:i€dom(f)} UA) — SH({a; : i € rng(f)} U A)

mapping a; to ag) for each i € dom(f) and fixzing A pointwise.
(4) Let (i, ...,15)a<r, 1§ < --- <i% € I, be a tidy sequence and let

(c) for each o < B < A, we have i

Bi = E(aig,. .-,Gi%)

for a fived sequence t of terms of T*. Then (b;)i<a 5 a strongly
A-indiscernible sequence.

We identify (a;)ier with I. The proof of the following theorem is stan-
dard, using Ehrenfeucht—Mostowski models.

THEOREM 3.34 (Shelah). Let (K <xg) be an AEC with amalgamation,
joint embedding, arbitrarily large models and LS(K) < L(K). Assume that
the class (K, 5k) is a-categorical in some k > L(K) and let k > p > L(K).
Then (K, <k) is Galois-stable in p.

From this theorem it follows that when a simple finitary AEC (K, <)
is a-categorical for some xk > L(K), it is weakly stable, and we can use the
restricted properties of | studied in Section 2.2. We also get the following
corollary as usual.

COROLLARY 3.35. Let (K <k) be an AEC with amalgamation, joint
embedding, arbitrarily large models and LS(K) < L(K). Assume that (K, <x)
is a-categorical in some k > L(K) and let v be such that cf(k) > . Then the
categorical a-saturated model of size K is p-saturated with respect to Galois

types.

The next lemma gives another property that we want the a-categorical
model to have.

LEMMA 3.36. Assume that (K, k) is a simple finitary AEC. Let \ >
L(K). There is an a-saturated model </ of size \ with the following property:
For any A C o such that |A| < L(K), any finite B C A and any tuple a
there is b € </ realizing Lstp(a/B) such that b | p A.
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Proof. We construct the model & as an increasing and continuous union
of a-saturated models & of size A, for i < L(K)", such that the following
holds: for any finite B C 7 and any tuple a there is b € .27 realizing
Lstp(a/B) such that b | g .%%. Then since L(K)¥ is regular, for any A C .o/
such that |A] < L(K) we can find i < L(K)" such that A C <. We see that
the model & is as required by monotonicity.

The construction is as follows. First let o be any a-saturated model of
size A. At the limit step we take union, so it is enough to construct the model
at each successor step. Assume we have defined 7. Let (B;);<) enumerate
all finite subsets of 7. Then let (%)KL(K) enumerate representatives for
each Lascar strong type over a set B;. For any finite B; C 4/ and a tuple
ELZ;, there is some l};g realizing Lstp(di /Bj) such that 17)2; IB; ;. This follows
from simplicity and Corollary 2.12. Now let 71 be an a-saturated model
of size A containing

AV G

G<A, k<L(K)
The construction is complete. m

In the following proposition we assume that the a-categoricity cardinal
has uncountable cofinality. This is needed to ensure that the categorical
a-saturated model satisfies all weak types over countable subsets. Hence
we are only able to prove superstability from a-categoricity in a cardinal
with uncountable cofinality. This is a flaw also in our a-categoricity transfer
theorem, and we would like to know whether it is possible to drop this
assumption.

PROPOSITION 3.37. Let (K, xk) be a simple finitary AEC. Assume that
(K, =k) is a-categorical in k > L(K) with uncountable cofinality. For each
and finite A there is a strongly A-indiscernible sequence (a;)i<w such that
o = a and for any b, the set {i < w:bkaa;} is finite.

Proof. Let I = Q+k+w. The model EM (I, A) has size k and thus is the
one a-saturated model of size k. This model has the property of Lemma 3.36
and is Ry-saturated by Corollary 3.35. It is enough to study any a’ realizing
tp%¥(a/A), and hence, by Lemma 3.36, we may assume that a C EM (I, A)
and a |4 SH(QU A).

Let a = t(ig,...,in, Ag), where ¢ is a sequence of terms of 7%, ig <
-+ <ip €I and Ag C A. We can definite a tidy sequence (ji', ..., j/" Jm<w:
Jot < --- < ggt €I, such that

(1) j9 =iy for each 0 < k < n,

(2) j;”“ = 1}, is constant if and only if i), € Q,

(3) when k is minimal such that i, ¢ Q, the indices at k,...,n form an

((n — k) 4+ 1)-block which is cofinal in x + w.

a
a
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Now the sequence (Gm)m<w, Where apy, = (53", ..., ", Ao), is strongly A-
indiscernible by Proposition 3.33(4). Also ap = a. Since for any m < w we
have a 7*-isomorphism

h:SHQUAU{T,...,i™}) — SHQUAU{,...,5%})

fixing Q U A and mapping a,, to a, it follows that a,, |4 SH(QU A) for
each m < w.

We claim that (@, )m<w is the sequence we need for the proof. To prove
the claim, let b be any tuple. Again it is enough to study any V' realizing
tp" (b/A U (@m)m<w), and since EM (I, A) is Nj-saturated, we may assume
that b € EM (I, A). Now b= t(hg, ..., hp, A’) for some sequence ' of terms
of 7%, hg < --+ < hy, € I and A’ C A. We assume to the contrary that b4 dm
for infinitely many m < w. But then by (3) we can find m < w such that
biagamandhy < --- < hy < j;* for all k such that j;* ¢ Q. There is a partial
order-preserving f : I — I fixing j{", ..., j;/" and mapping hy into Q for each
0 < k < p. By Proposition 3.33(3), this extends to a 7*-isomorphism F' with
domain SH({j&*,..., 5™, ho,..., hy} UA), fixing @, U A and mapping b into
SH(QU A). Furthermore, since dom(F') and rng(F') are models, F' extends

to an automorphism of 9. By invariance we get F'(b) {4 G, But on the

other hand, since F\(b) € SH(QU A), @, |4 F(b). This is a contradiction
with finite symmetry. =

THEOREM 3.38. Assume that a simple finitary (K, k) is a-categorical
in k > H with uncountable cofinality. Then (K, xk) is superstable.

Proof. Since cf(H) > w and max{2" L(K)} < H, we have
(max{2% L(K)}))™ < H < .

Define A = (max{2" L(K)})*“. By Theorem 3.34, (K, <x) is stable in
A < AR, Now by Proposition 3.37, for any @ and finite A such that tp“(a/A)
is unbounded, there is a strongly A-indiscernible sequence (a;);<. such that
for any b, the set {i < w : b {4a;} is finite. Also Ngo < A. Then by Lemma
3.7, (K, <k) is superstable. m

In the above theorem it is enough that (K, k) is a-categorical in some
k> A > max{L(K), 2%}, where A* > X\ and cf(k) > w.

We will prove an a-categoricity transfer result in Section 4.1. For this
we need that under superstability, the a-categorical model of size > L(K) is
L(K)*-saturated with respect to weak Lascar strong types. We will prove
a stronger result: the a-categorical model is strongly saturated. We say that
& is strongly saturated if all weak Lascar strong types over subsets of size
< || are realized in 7. We also say that (K, k) is strongly stable in X if
there are at most A-many weak Lascar strong types over a model of size .
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THEOREM 3.39. Assume that (K,<k) is a superstable simple finitary
AEC and \ > L(K). There is a strongly saturated model of size .

Proof. In Corollary 3.4 we show that (K, 5k) is strongly stable in each
cardinal A > L(K). Let A > L(K) and let (4);<\ be an increasing and
continuous chain of models of size A such that each weak Lascar strong
type over . is realized in /1. We claim that < = J;_, 4 is strongly
saturated. If A is regular, this is clear. We may assume that A is a limit.

Let @ be a tuple and B C & such that |B| < A\. We want to realize
Lstp%¥(a/B) in «/. By local character for models and since A is a limit
ordinal, there is v < A such that a |, /. Set o = v+ |B|* < A. Similarly
for any finite ¢, there is ¢ < « such that ¢ | o <. Since cf(a) > |B|, there
is @ such that v < 8 < a and

C |y “o  for each finite tuple ¢ € B.

Choose b € /3,1 realizing Lstp™(a/ /). Then ¢ | A b for each finite tuple
¢ € B. By symmetry and finite character over models, b | « B. Furthermore
by stationarity, b is the realization of Lstp%(a/B) in /. m

To justify the notion of a-categoricity, we give an example of a L, -

definable class of structures which is not categorical but is a-categorical in
each cardinal > 2%,

ExXAMPLE 3.40. Let F' and Fj;, ¢ < w, be binary relation symbols. Let T'
be the following set of axioms:

(1) Axioms stating that each E; and F' are equivalence relations.
(2) Ey divides the structure into two classes, that is,
E|£L'3y(—\E0(£L', y) N VZ(E()(:L‘, Z) v EO(y7 Z)))
(3) The relation E, ;1 divides all classes of E,, into two, that is, for all
n < w,
vleyzlz(En(y7 .’IJ) N En(zv ;U) A n+1<y7 Z) A
V! (En(a',2) < (Buy1 (2/,9) V Buia (2, 2))).
(4) The relation E,, is an intersection of the relations E,, n < w, that
is,
vay(Ew(x,y) A En(w,y)>-
n<w
(5) All equivalence classes of E,, are of equal size (F' defines a one-to-one
and onto function between any two classes), that is,
VaVy3lz(F(x, z) A Eu(y, 2)).

This example is not categorical, since in a model of T" it might happen
that some intersection of equivalence classes corresponding to a branch in



260 T. Hyttinen and M. Keséla

2¥ is empty. Not even the class of Nyp-saturated structures of this theory is
categorical. If each Lascar strong type over the empty set is realized in a
model of T', no empty intersections can occur. When &/ is an a-saturated
model of T and is of size k > 280, then each equivalence class of E,, must
be of size k. Thus all such models is isomorphic.

4. PRIMARY MODELS

In this section we assume that (K, <k) is a simple, superstable, finitary
AEC with the Tarski—Vaught property.

DEFINITION 4.1. Let @ be a tuple and A a set. A weak Lascar strong
type Lstp“(a/A) is a-isolated over a finite £ C A if whenever b realizes
Lstp(a/E), then b | g A.

The property of being a-isolated is invariant under automorphisms, that
is, if Lstp%¥(a/A) is a-isolated over E C A and f € Aut(9), then the type
Lstp™(f(a)/f(A)) is a-isolated over f(FE).

LEMMA 4.2. For every tuple a, set A and finite B C A there is b and
finite Ag C A such that Lstp(b/B) = Lstp(a/B) and Lstp%¥(b/A) is a-
isolated over Ag.

Proof. Assume that a, A and finite B C A witness the contrary. We
define tuples a; and finite sets A; for i < w to contradict Proposition 3.11.
First let ag = a and Ag = B. Then assume we have defined a,, and A,, for
1 < n such that

(1) Lstp(a;/B) = Lstp(a/B),

(2) the sets A; are finite and A; C A1 C A,

(3) Lstp(a@it+1/A;) = Lstp(a;/A;),

(4) @iv1 44, Aig1-

Since we have (1), the type Lstp%¥(a,/A) cannot be a-isolated over finite
Ay, C A. Thus there is a tuple @, such that Lstp(an+1/Ay) = Lstp(an/An)
but ap+1 44, A. Furthermore, by finite character of independence, there is a
finite A,,4+1 C A such that a,4+1 $a, Ant1. We may assume that A, C Ay,41.
This construction contradicts Proposition 3.11. =

DEFINITION 4.3. We say that o/ is S-primary over a set A if for some
ordinal £ there are tuples a; and finite sets A; for i < & such that

(1) the weak Lascaf strong type Lstp™(a;/AU;; @;) is a-isolated over
A; C AUU]-<Z-CLJ',
(2) o = AU, . a; is S-saturated.

If in addition & is a-saturated, we say that it is a-primary.

1<€
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We say that 7 is a-constructible over A if (1) in the above definition
holds. Analogously to the similar result in [12], we can prove the following
lemma.

LEMMA 4.4. For every set A there is a model 2 of size |A|+ Ry which is
S-primary over A. Furthermore, if %' is an a-saturated model containing A,
we can choose B such that B <k #'.

Proof. We prove the last claim. Write |A| + Xy = A. By induction on
n < w we define sets B,, C %’ of size A, tuples a]' € %' and finite sets
A? C A for i < \. First let By = A.

Assume we have defined B,,. Enumerate all finite subsets of By, as (b;) <
and let S = {¢p : k < w}. Let (¢ )J<>\ k<w be tuples such that whenever
there exists a tuple ¢ such that m ): ¢r(bj, ¢) for ¢ € S and finite b; € By,
then one such ¢ is listed as ¢;. k If such a & does not exist, ck can be arbltrary
Then let (¢;);<) enumerate all (¢ )Kw J<A-

Let @ < X\ and assume we have defined a} for ¢« < . Let & be the tuple
listed as ¢,. We use Lemma 4.2 to find a tuple d realizing Lstp( / b;) and
a finite subset A? C B, U|J,., @? such that Lstp¥(d/B, U UKa a;) is a-
isolated over A”. By a-saturation, there is @ € %' realizing Lstp(d/b;UAR).
Then also Lstp¥(ay, /B, U, @) is a-isolated over A7,. Finally, let Bn+1 =
B U Uz<)\ 72 :

Clearly 2 = U,«, Bn = AU Uiyewxn @i is S-saturated and thus a
model. Now £ is an S-primary model over A and is of size \. m

We can easily see how to change the above construction to obtain an
a-primary model. In B,;; we should also realize all Lascar strong types
over finite subsets of B,. We obtain the following result.

LEMMA 4.5. For every set A there is a model A of size |A|+L(K) which
s a-primary over A. Furthermore, if ' is an a-saturated model contain-
ing A, we can choose B such that B <k #'.

We define domination as usual.

DEFINITION 4.6. We say that a set A dominates a set B over an a-
saturated model < if for every tuple ¢,

clog A = c¢clyB
We show that a-primary models have similar properties to f-primary

models in [12]. Since the concept itself is here different, we need to reprove
some of these.

LEMMA 4.7. Let B be a set and A1, Ay C B finite such that
(1) Lstp%(aop/B) is a-isolated over Ay,
(2) LstpY(a1/BUag) a-isolated over Ay U ag.

Then the type Lstp™(ap, a1/B) is a-isolated over A = Ay U As.
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Proof. We assume to the contrary that there is some finite tuple ¢gc;
realizing Lstp(ao,ai/A) such that ¢yc; ¢4 B. By finite character there is
some b € B such that

coC1 44 b.
There is f € Saut(9/A) such that f(¢oc1) = Goa1. By 1, & | b and then by
invariance, ag |4 f(b). Since also ag |4 b, from symmetry and stationarity
we get
Lstp(b/A U ag) = Lstp(f(b)/A U ap).
Let g be a strong automorphism mapping f(b) to b and fixing A U @y. Now
Lstp(g(a1)/AUag) = Lstp(a1 /A U ap) and since by (2),

g(al) lAUfzo B)
the pairs lemma implies that g(a1)ao |4 b. Since g~ ! € Aut(9M/agUA) maps

b to f(b), we have a1ag |4 f(b) by invariance. Again using the automorphism
f ~* and invariance, we infer that ¢yc; |4 b a contradiction. m

PROPOSITION 4.8. Let &7 be an a-saturated model and B a set. Let
o* = UBU U ai
1<§

be a-constructible over o/ U B and let d be a tuple in a/*. Then there are
a = Gy, - - ., 0q;, forig<---<i,<E, finite AC & and b C B such that

(1) dc Aubua,

(2) Lstp™(a/«” Ub) is a-isolated over AUD,

(3) the tuple b dominates aUb over o .

Proof. The proof of items (1) and (2) is identical to the proof of the
analogous result in [12], using Lemma 4.7. We now assume that we have
found @, b and A satisfying (1) and (2) and then show that (3) holds.

Assume to the contrary that ¢ | b but ¢ ¢,bUa for some tuple é.
By symmetry, also b |, ¢ Let A’ C & be finite such that A C A/,
¢la o/ Uband b |4 o/ Uc. By finite character, there is a finite B’ such
that A c B'Cc &/ and c 44 B'UaUec.

Since & is a-saturated, there is d € ./ realizing Lstp(¢/B’). Since b | p/
o/ UG, we get ¢ | band d | g b by symmetry. By stationarity there is an
automorphism g € Aut(9t/B’ U b) mapping ¢ to d.

By a-isolation, g(a@) | 413 /, and furthermore g(a) | 413 dU B'. On the
other hand, by monotonicity and invariance, d | 4+ B'Ub, ~and by symmetry,
bU B’ | 4 d. Now by the pairs lemma, g(a) UbU B’ | 4 d

But since ¢ ¢4 @ U bU B’, by invariance d ¢4 g(@) UbU B’, and by sym-
metry, g(a@) UbU B’ {4 d, a contradiction. =

By finite character we obtain the following corollary.
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COROLLARY 4.9. Let # = o/ UB U (a;)i<¢ be an a-constructible model
over o/ U B, where o/ is an a-saturated model. Then B dominates 9B over

the model < .

4.1. Morley sequences. In this section we assume that (K, <xk) is a
simple, superstable finitary AEC. The following result is again adapted from
Shelah for this context. We sketch the proof.

PROPOSITION 4.10. Let A be a cardinal, &7 an a-saturated model, |o/| >
AT > L(K) and let B C < be such that |B| < A*. Then there is an a-
saturated model B <k o, finite E C B and a sequence (a;);«\+ such that

Lstp" (a;/#) = Lstp" (d0/ 2)
and
a; lE@UUEzj for each i < A\7.
j<i

Proof. Define a continuous and increasing chain of a-saturated models
o <k </ and tuples a; € 7, i < AT, such that B C @, |«%| = |B| + L(K)
and a; € 11 \ <. By superstability, for each i there is a finite E; C <
such that a; | g, 7. By Fodor’s lemma we may assume that AT-many F; are
included in @, for a fixed iy. Taking a subsequence, we may assume that
10 = 0 and furthermore, using the pigeon-hole principle, we may assume that
a; | g o for a fixed finite E C &% and for each i < A*. Also since AT > L(K),
we may assume that Lstp(a;/E) = Lstp(a;/FE) for each ¢ < j < AT. Then
by stationarity, Lstp™ (a;/<%) = Lstp%(a;/<%) for each i < j < AT. We can
take B = o). =

We call the sequence (a);-y+ from the above proposition a Morley se-
quence over 9. The finite set F C 4 is called the base set.

LEMMA 4.11. Let (a;)i<a be a Morley sequence over an a-saturated A,
and let E C A be the base set. Then for alln < w and jo < -+ < jn < @

(1) bjo; -- -+ bj L& B, } _
(2) LstpY(bjq, - - b]n/%) = LstpY(bo, ..., bn/AB).

Proof. Item (1) can be shown by induction on n, using the pairs lemma.
We also prove (2) by induction on n. The case n = 0 is clear by definition.
We assume that (2) holds for n. To prove it for n + 1, let jo < -+ < jp <
Jn+1 < a. Let C C % be an arbitrary finite subset. By induction, there is
f € Saut(M/C U E) such that f(b;,) = by for 0 < k < n. By invariance,

f(l_)]n+1) lECUbo,.. b i)
and then by stationarity,

Lstp(f(bj,,,)/EUC Uby,,...,by) = Lstp(by41/EUC Uby,..., b).
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Hence Lstp(bj,., ., - -, bjo/C) = Lstp(f(bj,,1):bn, - .-, bo/C), and also

LStp(bjn+1,. . .,BjO/C) = LStp(B,H_l,Bm e ,BO/C) n

4.2. a-categoricity transfer. We use a-primary models to prove an
a-categoricity transfer theorem for simple tame finitary AECs. Grossberg
and VanDieren have already a categoricity transfer result in [7] for tame
classes which can be applied here. The class of a-saturated models of a
simple tame finitary AECs with the induced notion <k forms an abstract
elementary class with amalgamation, joint embedding, arbitrarily large mod-
els, Lowenheim—Skolem number L(K) and tameness in L(K). Thus the result
of [7] implies that a-categoricity in a successor cardinal strictly greater than
L(K)* gives upwards a-categoricity transfer. Furthermore, we then get a-
categoricity for all cardinals above Hy(L(K)) by the downward categoricity
transfer result presented by Shelah [22] (see also Baldwin [2]). Combining
these results we get the following theorem.

THEOREM 4.12 (Grossberg, Baldwin, Shelah, VanDieren). Let (K, k)
be an AEC with amalgamation, joint embedding, arbitrarily large models and
tameness in x. Assume that (K, <k) is a-categorical in a successor cardinal
kT > max{L(K)*, x}. Then it is a-categorical in every

A > min{xt, Ha(L(K))}.

Here Ho(L(K)) is the second Hanf number for the class (K,, k), that is,
H(H(L(K))). Our result does not assume the a-categoricity cardinal being a
successor, but we still have to make some assumptions on the cardinal. Also
the class studied in [7] is more general.

The following proposition is an analogue of the weak categoricity transfer
of [12]. Tameness is not needed for this proposition.

PrOPOSITION 4.13. Let (K, xk) be a simple, superstable finitary AEC
with the Tarski-Vaught property. Assume that there is k > L(K) such that
each a-saturated model of size Kk realizes all weak Lascar strong types over
subsets of size < L(K). Then any a-saturated model o/ such that |</| > L(K)
1s saturated with respect to weak Lascar strong types.

Proof. Let o/ be an a-saturated model such that |.<7| > L(K) and let
B C @, |B| < ||. Let also d € 9 be a finite tuple. By Proposition 4.10
there is a Morley sequence (b;);<., C &/ over an a-saturated model & <x &/
containing B. Let E7 be the base set. By local character, there is a finite Fo
such that d |, . We show that Lstp™(d/%) is realized in <.

Let ¢ <k % be a-saturated and of size L(K) such that £y U Ey C €.
We use extension to continue the Morley sequence to ((7),-),-<,i. Let

cr=¢ulJuul]a

i<k j<€
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be a-primary over ¢ U |J,_,. b; such that |¢*| = k. By assumption, the
model ¢* is L(K)*-saturated with respect to weak Lascar strong types.
Let d* € €* realize Lstp™(d/%). We find finite A C €, b = (biy,---,bi,,),
ig < -+ <y < K, and @ = (ajy,...,a5,), jo < -+ < jn <&, as in Propo-
sition 4.8. We use again local character to find a finite £3 C % such that
a~b e, €.

Define b* = (by, ...,bn) € &/. By Lemma 4.11(2), we have

Lstp™ (b/%) = Lstp™ (b* /%),

and thus there is f € Saut(9/E; U F3) such that f(b) = b*. By Corollary
2.12 and simplicity, there is @ realizing Lstp(f(a)/E1 U E5 U b*) such that
@' | p,up,up € By Lemma 4.11(1), b* | g, €, and thus by the pairs lemma,
a'~b* | puE, €. But now by stationarity,

(4.1) Lstp™(a'~b* /€) = Lstp™ (a"~b/%).

Since 4 is a-saturated, there is a* € o/ realizing Lstp(a’/AUb*). By invari-
ance, Lstp™(a’/% U b*) is f-isolated over A U b*. We gain that

d* lAUE* (g
By stationarity, a* realizes Lstp(a’/% U b*). Furthermore by (4.1),
(4.2) Lstp¥(a*"b*/€) = Lstp™ (a"b/€).

By Proposition 4.8(3), b* dominates b* U a* over €. Since b* |p, % by
Lemma 4.11(1), using monotonicity, symmetry and dominance we get

(4.3) a*ub* |4 A.
But now Lstp%(d/%) is realized by d € AUaUb, and d |4 2% by mono-

tonicity. By (4.3) and stationarity, Lstp™(d/%) is realized in A U a* U b*
€. n

We recall the following well-known fact about Galois types.

LEMMA 4.14 (Shelah). Let (K, <xk) be an AEC with amalgamation, joint
embedding and arbitrarily large models.

(1) Let o <x B, o <x B, || < |B'| < k and B be k-saturated. Then
there is an automorphism f € Aut(9/ <) such that f(A#') <k L.

(2) Two saturated models By, Ba containing o, such that || < |%1| =
| B3|, are isomorphic over o .

We can embed any countable model into an Ny-saturated model. The
previous lemma implies that when two models are saturated with respect to
Galois types, they are isomorphic.
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THEOREM 4.15. Let (K, <k) be a simple, tame finitary AEC with the
Tarski—Vaught property. Assume that (K, 5k) is a-categorical in some K >
A > max{L(K), 2%}, where A*0 > \ and cf(k) > w. Then it is a-categorical
in any k > L(K).

Proof. By Theorem 3.34, (K, <k) is stable in A. Then by Proposition
3.37 and Lemma 3.7, the class (K, k) is superstable. By Proposition 3.39,
the only a-saturated model of size k is strongly saturated. Furthermore by
Proposition 4.13, then any a-saturated model of size > L(K) is saturated
with respect to weak Lascar strong types. Furthermore, by tameness and
Theorem 3.20, any a-saturated model of size > L(K) is saturated with re-
spect to Galois types. Then any two a-saturated models of the same size
> L(K) are isomorphic. m

Arguing as in Theorem 3.38, we can show the following corollary. The
result is analogous to the Categoricity Conjecture of Shelah, except for
the flaw that we assume the a-categoricity cardinal to have uncountable
cofinality.

COROLLARY 4.16. Assume that (K, 5k) is a simple, tame finitary AEC
with the Tarski—Vaught property. If (K, <) is a-categorical in some k > H
with uncountable cofinality, then it is a-categorical in any k > H.

4.3. Questions. The first question is motivated by the fact that we
would like to drop the assumption of uncountable cofinality in Corollary
4.16. We need this assumption in Proposition 3.37 to ensure that the a-
categorical model realizes all weak types over countable subsets.

QUESTION 4.17. Assume that (K, k) is a simple finitary class, a-cat-
egorical in some k > L(K) (or k > H) with countable cofinality. Does the
unique a-saturated model of size k realize all weak types over countable sub-
sets?

We believe that this question is related to the next question.

QUESTION 4.18. Assume that (K, <k) is a simple finitary class, a-cat-
egorical in some k > L(K) with countable cofinality. Is (K, k) weakly stable
mK?

One motivation for the study of finitary classes is to generalize the the-
ory of (simple) excellent classes. We have also adapted many methods and
concepts from excellent classes (see [13]). Since excellent classes are usually
assumed to be Ng-stable, this paper can be thought of as an attempt to
generalize the study of excellent classes beyond Ng-stability. We study the
superstable case, but one could as well try to study the theory assuming only
weak stability. In particular, can we prove a stability hierarchy theorem for
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weak types? Some preliminary results on the behaviour of independence in
this case have been studied in Section 2.2.
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